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TOPIC 21—GENERALISING INDUCTION (A BIT)

Demirbas & Rechnitzer



TWO GENERALISATIONS OF INDUCTION



A GENERALISATION

THEOREM: MATHEMATICAL INDUCTION.

Letl € Zand S = {n € Z s.t. n > £} . Let P(n) be a statementforalln € S. Theniif

e P(£)istrue,and
e P(k) = P(k+1)istrueforallintegerk € S
then P(n)istrueforalln € S.

PROPOSITION:

For every integern > 5, 2™ > n?




PROOF
PROOF.

We prove the result by induction. Since 2° = 32 > 25 = 52, the result holds whenn = 5. Now assume
thatk > 5 and that 2° > k2. Then

2k’—|—1 > 2k2 _ k2 _I_k2

> k? + 5k since k > 5
= k* + 2k + 3k
> k% 4+ 2k + 1 since k > 5

Thus the inductive step holds for k£ > 5.

The result follows for all integer n > 5 by induction.



ANOTHER GENERALISATION

THEOREM: STRONG MATHEMATICAL INDUCTION.

let{ € Z and S = {n € Z s.t. n > £} . Let P(n) be a statement foralln € S. Then if

e P(¢)istrue,and
e (PUO)ANPUL+1)NPUL+2)N---NP(k)) = P(k+1) istrueforallintegerk € S
then P(n)istrueforalln € S.

PROPOSITION:
Let 6 € R be fixed.
Let pgo = 1, p1 = cos @, andp, = 2p1p,_1 — Pn_2. Then p, = cos(n@) for all integer n > 0.




ALITTLE TRIGONOMETRIC REMINDER

Recall that

cos(a + b) = cosacosb —sinasinb cos(a — b) = cosacosb+ sinasinb

PROOF.

We prove the result by strong induction. Whenn = 0 we have pg = cos 0 = 1 as required. Now assume
thatp; = cosjf forj = 0,1,2,... k. Now consider py+1 = 2p1pr — Pr—1

Dri1 = 2cosbfcoskl — cos(k —1)0
= 2 cos 6 cos kb — (cos kb cos 0 + sin 0 sin k)

= cos 0 cos kO — sin @ sin k6O
= cos((k+1)0)

as required. So the result holds for all integer n > 0 by strong induction.



