The Cauchy—Riemann Equations

Let f(z) be defined in a neighbourhood of zy. Recall that, by definition, f is differen-
tiable at zo with derivative f’(zg) if
. flzo+Az) — f(20)
A, Az = fi(z)
Whether or not a function of one real variable is differentiable at some zy depends only

on how smooth f is at xg. The following example shows that this is no longer the case for
the complex derivative.

Example 1 Let f(z) = z. Then, writing Az in its polar form re®,

flzo+Az) — f(20) _ 20+ Az -7 — Az _ re”” = ¢ 201

Az Az Az retd

So
o if we send Az to zero along the real axis, so that # = 0 or § = 7 and hence e 2% =1,
f(ZOJrAAZ;_f(ZO) tends to 1, and
3

o if we send Az to 0 along the imaginary axis, so that § = 5 or 5 and hence e~
f(ZO+AAZ)_f(ZO) tends to —1.

204 -1

Y

Thus lima, o L (Z°+AAZ;_f (20) qoes not exist and f(2) = z is nowhere differentiable. Note
that if we write f(z+iy) = = + iy = r —iy = u(x,y) +iv(z, y), then all partial derivatives

of all orders of u(z,y) = z and v(x,y) = —y exist even though f’(z) does not exist.

This example shows that differentiablility of u(z,y) and v(z, y) does not imply the dif-
ferentiablility of f(x+iy) = u(x,y)+iv(x,y). These notes explore further the relationship
between f’(z) and the partial derivatives of u and v. We shall first ask the question “Sup-
pose that we know that f’(zp) exists. What does that tell us about u(x,y) and v(z,y)?”
Here is the answer.

Theorem 2 Let f(z) be defined in a neighbourhood of zy. Assume that f is differentiable

u

at zg. Write f(x +iy) = u(z,y) +iv(x,y). Then all of the partial derivatives 2% (zo,yo),

Ox
Gu(x0,50), G2 (0,y0), and §i(xo,yo) exist and

g—g(ﬂfo,yo) = a—Z(wo,yo) g—Z(ﬂfo,yo) = —%(wo,yo) (CR)
and

f'(xo + iyo) = 2%(z0, yo) + 192 (0, yo)

The equations (CR) are called the Cauchy-Riemann equations.
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Proof: By assumption

flzo +Az) — f(20)

/ - .
f(z0) = Alirﬂo Az
o ulwo + Az, yo + Ay) — u(xo, yo)] + ifv(zo + Az, yo + Ay) — v(w0, Yo))
= lim
Az—0 Az

In particular, by sending Az = Az + iAy to zero along the real axis (i.e. setting Ay =0
and sending Ax — 0), we have

[u(zo + A, y0) — u(wo, yo)| + i[v(zo + Az, yo) — v(70, Y0)]

f(xo +iyo) = lim
Ax—

0 Az
and hence ( A ) ( )
/ . uwl®@o + Az, Y0) — u(®o, Yo
Re f(z0) = Al;rgo Arx
/ . v(mo + Az, yo) — v(T0, Yo)
fm f(z0) = Al;rgo Ax

This tells us that the partial derivatives %(azo, Yo), %(330, Yo) exist and
9u (w0, 0) = Re f'(xo + iyo) 9Y (w0, yo) = Im f'(zo + o) (1)

This gives the formula for f’(zg + iyo) in the statement of the theorem.
If, instead, we send Az = Ax + iAy to zero along the imaginary axis (i.e. set Az =0
and send Ay — 0), we have

f'(xo +iyo) = lim [u(zo, yo + Ay) — u(wo, yo)]'-l- ilv(xo, Yo + Ay) — v(z0, yo)]

Ay—0 1Ay
~ lim [v(20, Y0 + Ay) — v(x0,y0)] — i[u(xo, Yo + Ay) — u(zo, yo)]
N Ay—0 Ay
and hence ( Ay ( )
/ .. U(Zo, Yo + AY) — v(Zo, Yo
Re fi(z0) = Alaltgo Ay
/ o u(@o, Yo + Ay) — u(zo, Yo)
7o) == %, Ay

This tells us that the partial derivatives g—;(xo, Yo), g—Z(xo, Yo) exist and
oo, o) = Re f'(zo +iyo)  Go(wo,yo) = —Im f(z0 + iyo) (2)

Comparing (1) and (2) gives (CR).
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Theorem 2 says that it is necessary for u(z, y) and v(x, y) to obey the Cauchy—Riemann
equations in order for f(z +iy) = u(z + iy) + v(z + iy) to be differentiable. The following
theorem says that, provided the first order partial derivatives of u and v are continuous,
the converse is also true — if u(x, y) and v(z, y) obey the Cauchy—Riemann equations then
f(x+iy) = u(x + iy) + v(z + iy) is differentiable.

Theorem 3 Let zg € C and let G be an open subset of C that contains zy. If f(x+1iy) =
u(x,y) + iv(z,y) is defined on G and
o the first order partial derivatives of u and v exist in G and are continuous at (xg, yo)
o u and v obey the Cauchy—Riemann equations at (xo,Yyo),
then f is differentiable at zo = xo + iyo and f'(xo + iyo) = %(azo,yo) + i%(wo, Yo)-

Proof: Write f(zo+ Az) — f(20)

= U(Az) + iV (Az)

Az
where
A Ay) —
U(Az) = u(zo + Az, yo ZZ y) — u(wo,yo)
A Ay) —
V(AZ) _ U(ZL’0+ T, Yo ZZ y) U(x()vy())

Our goal is to prove that AlimO[U(Az) +iV (Az)] exists and equals g—;(ajo, Yo) —|—i%(mo, Yo)-
z—
Concentrate on U(Az). The first step is to rewrite U(Az) in terms of expressions that

will converge to partial derivatives of u and v. For example u(mo’yO+A§’;_“(mO’yO) converges

to uy (o, yo) when Ay — 0. We can achieve this by adding and subtracting u(xo, yo +Ay):

u(zo + Az, yo + Ay) — u(zo, yo)
Az
u(zo + Az, yo + Ay) — u(wo, Yo + Ay) + u(zo, yo + Ay) — u(xo, Yo)
Az Az

U(Az) =

To express U(Az) in terms of partial derivatives of u, we use the (ordinary first year
Calculus) mean value theorem. Recall that it says that, if F'(x) is differentiable everywhere
between xg and xg + Az, then F(zg + Ax) — F(xg) = F'(x§) Ax for some x between xg
and xg + Az. Applying the mean value theorem with F(z) = u(zx,yo + Ay) to the first
half of U(Az) and with F(y) = u(zo,y) to the second half gives

'l,Lx(.’ES, Yo + Ay)A.’L‘ + uy(x()v yS)Ay

U(Az) = Az Az

for some xj between z¢ and x¢+ Az and some y; between yo and yo+ Ay. Because u, and

u, are continuous, ug (x5, yo + Ay) is almost ug (o, yo) and uy (o, yg) is almost u, (x0, yo)
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when Az is small. So we write

uz (20, Yo) Az n Uy (20, yo) Ay

U(Az) = A A + E1(Az) + Ex(Az)
where the “error terms” are
Az
E1(Az) = [ug (x5, Yo + Ay) — uz (o, yO)]A—Z

E5(Az) = [uy(20,yg) — “y@o’«%”%

Similarly

N **, AUA , ) Al
V(AZ): v (330 yZ:_ y) x+vy(x0A?J;) ) Yy

_ vz(®0, o)Az | vy(z0,y0)Ay
= A + A, + E3(Az) + E4(Az)

for some z§* between zy and zo + Az, and some y;* between yo and yo + Ay. The error

terms are A
* sk {’C
Es(Az) = [vp(z", yo + Ay) — vz (20, Y0)| —

Az
- Ay
Ey(Az) = [vy(zo,y5") — Uy(ifoayo)]A—
z
Now as Az — 0
o both z§ and x§* (both of which are between ¢ and xy + Ax) must approach xy and
o both y§ and y* (both of which are between yy and yo + Ay) must approach yo and
o %‘Slamd}%‘ﬁl
Recalling that u,, u,, v, and v, are all assumed to be continuous at (¢, yo), we conclude
that
Ay Fr(B2) = Jim F2(82) = fim, Bsl82) = {im, Fa(82) =0

and, using the Cauchy—Riemann equations,

f(zo +Az) — f(20)

AT g, A +iv(as)
o (ue(To,yo) A uy(T0,Y0)Ay  vz(To,y0)AT vy (w0, y0)Ay
o Alggo I Az + Az t Az e Az ]
o [ue(Zo,yo) Az va(2o,yo)Ay | va(To,yo) Az ug (0, Yo)Ay
o Alggo I Az Az e Az Tt Az ]
} I Ax + 1A ) Az + 1A
= Al;l’ilo _'U/x(x07 yO)Ty + vy, (.’L‘(), yO)Ty
= Ug (1’0, yO) + ifUm (.’L'(), yO)
as desired. u
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Example 4 The function f(z) = Z has f(x + iy) = x — iy so that
U(l’,y) = x and ’U(l',y) =Y

The first order partial derivatives of u and v are

As the Cauchy-Riemann equation u,(x,y) = vy(z,y) is satisfied nowhere, the function

f(z) = z is differentiable nowhere. We have already seen this in Example 1.

Example 5 The function f(z) = e* has
fz +iy) =T = em{ cosy + isiny} = u(z,y) + iv(x,y)

with

u(z,y) = e” cosy and v(x,y) = e* siny
The first order partial derivatives of u and v are

Uz (z,y) = € cosy  vg(z,y) = e"siny

uy(x,y) = —e"siny  vy(z,y) =€’ cosy

As the Cauchy-Riemann equations ug(z,vy) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied

for all (x,y), the function f(z) = e* is entire and its derivative is

f(z) = fl(@+iy) = us(2,y) + iva(z,y) = €” cosy + ie” siny = e*

Example 6 The function f(z +iy) = 2% +y + i(y? — x) has
w(z,y) =22 +yand v(z,y) =y* —x

The first order partial derivatives of u and v are

As the Cauchy-Riemann equations ug(z,y) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied
only on the line y = x, the function f is differentiable on the line y =  and nowhere else.

So it is nowhere analytic.
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Example 7 The function f(z + iy) = 22 — y? + 2izy has
u(z,y) = 2% — y* and v(z,y) = 2zy
The first order partial derivatives of u and v are

ug(z,y) = 2r  va(2,y) =2y

Uy(%lU) = _2y ’Uy(.ill,y) =2z
As the Cauchy-Riemann equations ug(z,vy) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied
for all (z,y), this function is entire. There is another way to see this. It suffices to observe
that f(z) = 22, since (z +iy)? = 22 — y? + 2ixy. So f is a polynomial in z and we already

know that all polynomials are differentiable everywhere.

Example 8 The function f(z +iy) = 22 + y? has
u(z,y) = 2 +y* and v(z,y) = 0

The first order partial derivatives of u and v are

As the Cauchy-Riemann equations ug(z,y) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied
only at x = y = 0, the function f is differentiable only at the point z = 0. So it is nowhere
analytic. There is another way to see that f(z) cannot be differentiable at any z # 0. Just
observe that f(z) = zz. If f(z) were differentiable at some zy # 0, then z = @ would

also be differentiable at zy and we already know that this is not case.
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