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Consider axisymmetric strong solutions of the incompressible Navier-Stokes equations
in R® with nontrivial swirl. Such solutions are not known to be globally defined, but
it is shown in ([1], Partial regularity of suitable weak solutions of the Navier-Stokes
equations. Communications on Pure and Applied Mathematics, 35 (1982), 771-831) that
they could only blow up on the axis of symmetry. Let z denote the axis of symmetry
and r measure the distance to the z-axis. Suppose the solution satisfies the pointwise
scale invariant bound |v(x,t)| < C.(r? —t)" V2 for —Ty <t <0 and 0 < C,. < oo allowed to

be large, we then prove that v is regular at time zero.

1 Introduction

The incompressible Navier-Stokes equations in cartesian coordinates are given by
v+ (-Viv+Vp=Av, divv=0. (N-S)
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The velocity field is v(x,t) = (v;, vz, v3) : R® x [-Tp,0) — R® and plx,t) : R® x [-Tp,0) — R
is the pressure. It is a long standing open question to determine if solutions with large
smooth initial data of finite energy remain regular for all time.

In this paper, we consider the special class of solutions which are axisymmetric.
This means, in cylindrical coordinates r,0, z with (x;, x>, x3) = (rcos,rsiné, z), that the

solution is of the form
v(x,t) =v.(r, z t)e +vo(r, z, t)ey + v,(r, z, t)e,. (1.1)

The components v, vg, v, do not depend upon 6 and the basis vectors e, e, e, are

X X X2 X
e = (_1,_210), ee:(__zl_llo), eZ:(O'O' 1)
r r

The main result of our paper shows that axisymmetric solutions must blow up faster
than the scaling invariant rate which appears in equation (1.2).

For R > 0, define B(xp, R) C R® as the ball of radius R centered at x;. The parabolic
cylinder is Q(Xy, R) = B(xy, R) x (to — R?, to) C R3*! centered at X, = (xp, to). If the center
is the origin, we use the abbreviations Bg = B(0, R) and Qg = Q(0, R).

Theorem 1.1. Let (v, p) be an axisymmetric solution of the Navier-Stokes equations
(N-S) in D = R® x (—Tp, 0) for which v(x,t) is smooth in x and Holder continuous in ¢.

Suppose the pressure satisfies p € L53(D) and v is pointwise bounded as
lvix, )| < C.r? —t)"'/2, (x,t) € D. (1.2)

The constant C, < oo is allowed to be large. Then v € L*°(Bgr x [-Tp,0]) forany R > 0. O

We remark that the exponent 5/3 for the norm of p can be replaced. However, it
is the natural exponent occurring in the existence theory for weak solutions, see e.g. [28],
[1].

Recall the natural scaling of Navier-Stokes equations: If (v, p) is a solution to

(N-S), then for any 2 > 0, the following rescaled pair is also a solution:

vi(x, t) = arx, A%t), prx, t) = A% plix, A%t). (1.3)
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Suppose a solution v(x, t) of the Navier-Stokes equations blows up at Xy = (xy, tp). Leray

[18] proved that the blow-up rate in time is at least
v, t)llze > Cltg — t) 72

Caffarelli, Kohn, and Nirenberg [1] showed that for such a blow-up solution, the average
of |v| over Q(Xy, R) satisfies

1 17 ¢
( |m3+wpﬁﬂdxdt) >~
|Qrl Jax,,r R

See also [21, 24, 39]. Thus, the natural rate for blowup is at least

o)
S P e 4

Both this and the rate (1.2) are invariant under the natural scaling (1.3).

The Serrin-type criteria [6, 8, 9, 15, 30, 31, 33] states that v is regular if it satisfies

+-<1,sg€(2,00), or (s,q =I(200). (1.5)

2
||U||L§L§(al) < 00, ;

Q| w

Above, for a domain Q ¢ R3, we use the definition

lvllzs La@x ey o) = NIV Ol Lai ey, e

For any X, = (xp, o) € Q;, equation (1.5) implies the following local smallness of v:
1}%&)1 lvllzsz(a(xy,m) = O- (1.6)

Therefore, equation (1.5) is a so-called e-regularity criterion since it implies that the
norm is locally small. For (g, s) = (3, 00), equation (1.6) does not follow from equation
(1.5). Hence, the (g, s) = (3, 00) end point regularity criterion (1.5) proved in [5, 29] is not
an e-regularity-type theory.

However, these criteria do not rule out blowup with the natural scaling rate (1.4).

It is a fundamental problem in the study of the incompressible Navier-Stokes equations
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to determine if solutions to (N-S) with the following scaling invariant bound are regular:

C

= (% — x)2 + tg — t]V/2° (1.7)

lv(x, t

If a self-similar solution satisfies this bound, then it is known to be zero [37] (the self-
similar solution from [24] belongs to L®°L3).

Theorem 1.1 rules out singular axisymmetric solutions satisfying the bound (1.7).
In fact, equation (1.2) is considerably weaker than equation (1.7) and is also not a border-
line case of the Serrin-type criterion. For example, equation (1.2) implies that v € L2(Q,)
for g < 4, but not for g € [4,5). The borderline of the Serrin-type criterion, on the other
hand, is v € L5(Q;). Finally, we remark that the assumption (1.2) has been improved in
two recent preprints [3] and [13].

We now recall the previous results on the regularity of axisymmetric solutions
to the Navier-Stokes equations. Global in-time regularity was first proved under the no
swirl assumption, vy = 0, independently by Ukhovskii—Yudovich [38] and Ladyzhenskaya
[16]. See [17] for a refined proof and [12] for similar results in the half-space setting.

When the swirl component vy is not assumed to be trivial, global regularity is
unknown. But it follows from the partial regularity theory of [1] that singular points
can only lie on the axis of symmetry. Any off-axis symmetry would imply a whole circle
of singular points, which contradicts [1]. Neustupa-Pokorny [25, 26] proved regularity
assuming the zero-dimensional condition v, € LSL} with 3/g +2/s =1, 3 < g < co. Reg-

ularity criteria can also be put on the vorticity field w = curl v,
w(x, t) = wrer + wpey + wzey, (1.8)
where
Wy = —0,09, W = OyUr — Opvy, g = (0 + T )vg.

Chae-Lee [2] proved regularity assuming finiteness of another zero-dimensional inte-
gral: wy € LSL} with 3/q + 2/s = 2. Jiu-Xin [11] proved regularity if the sum of the zero-
dimensional scaled norms fOR(R‘1|w9|2 + R 3|vy|?)d z is sufficiently small for all R > 0
small enough. Recently, Hou-Li [10] constructed a family of global solutions with large
initial data.

The main idea of our proof is as follows. The bound (1.2) ensures that the first

blow-up time is no earlier than t = 0. For t € (—Tp, 0), we show that the swirl component
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vy gains a modicum of regularity: For some small ¢ = «(C,) > 0, equation (1.2) enables us
to conclude that

lvg(t,7,2)| < Cr* 1. (1.9)

We prove equation (1.9) in Section 3. This estimate breaks the scaling, thereby trans-
forming the problem from order one to e-regularity, which is shown to be sufficient in

Section 2.

2 Proof of Main Theorem

In this section, we prove Theorem 1.1. First we show that our solutions are in fact suitable

weak solutions. Then we make use of equation (1.9), to establish our main theorem.

2.1 Suitable weak solution

We recall from [1, 21, 28] that a suitable weak solution of the Navier-Stokes equations in

a domain Q C R® x R is defined to be a pair (v, p) satisfying
veL¥LiQ), Vvel?Q), pelL¥*Q). (2.1)

Further, (v, p) solve (N-S) in the sense of distributions and satisfy the local energy in-

equality:
2/ [Vu|?p < / {lv*(3;:0 + Ag) + (v]* 4+ 2p)v - Vo), Yo € CX(Q), ¢>0. (2.2)
Q Q

To prove interior regularity, we do not need to specify the initial or boundary data.
We define a solution v(x, t) to be regular at a point X if v € L*°(Q(Xy, R)) for some

R > 0. Otherwise v(x, t) is singular at X,. We will use the following regularity criterion.

Lemma 2.1. Suppose that (v, p) is a suitable weak solution of (N-S) in Q(Xjy, 1). Then

there exists an ¢; > 0, so that Xj is a regular point if

3

1
limsup — [v]® < €. (2.3)

ro - R% Jowx,m
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This regularity criterion, which is a variant of the criterion in [1], was proven in
[36]; see [9] for more general results. The condition (2.3) does not explicitly involve the
pressure, but one does require p € L%2(Q(Xo, 1)) because the pair (v, p) is assumed to be

a suitable weak solution.

2.2 Preliminary estimates

In this section, we show that the solution (v, p) in Theorem 1.1 is sufficiently integrable
to be a suitable weak solution, and we derive estimates depending only upon C, of
equation (1.2).

We estimate the pressure with weighted singular integral estimates. We therefore

first estimate v in weighted spaces. Fix 8 € (1,5/3). For t € (—Tp, 0) by equation (1.2), we

/ [v(x, t)[* dx</ 1 C.,rdrdz /‘ +/ +/ LI+ 1
_— < —_— = =1 2 3.
rs  |x]# re x| (r2 —t)? izZi=1 Jiz<1rs1 Jjz<1r<1

Each of these integrals can be estimated as follows:

dz [ C.rdr .
L] < — — o =cltl™,
z=1 1212 Jo  (r2 —1t)

|I,| < oor"gerr <c
S rz—t)2  —

have

1
c
Ll< | A+ ———rdr<clt| 172
|3|_/0 1) = clt|
Summing the estimates and using 8 > 1, we get

1
/ —|vlx, t)|* dx < c+ c|t| A2,
ws |x|P

Define R;'s to be the Riesz transforms: R; = \/JTT We consider the singular integral

1
f)(X,t):/Zi}a Vv (Y 4 ] y:ZRiRj(vivj).

i,j

To show that this singular integral is well defined for every t, we use the LI(R®)-estimates

for singular integrals with A; weight [32]. Specifically, we use g = 2 and the A, weight
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function |x|~#. We have the estimate

1
|x1?

1

| |ﬂlv(x,t)|4dX§ c+ clt|" A2, (2.4)
x

|plx, t)|2dx < c

Choose y € (1/2+58/6, 3). Holder's inequality gives us the bound

B(x, £)[5/3 Bx, )2 5/6 1/6
/ 1P, 017 dx < (/ 1P, 017 dx) (/ |X|—‘V—Zf‘)6dx> < 00.
x|>1 |x|¥ x-1 1x1P Ix|>1

We will use these bounds to show that the pressure p can be identified with p.
Let h(x,t) = plx,t) — p(x,t). Then his harmonic in x, A,h(x,t) = 0, and by assump-

tion p(-, t) € L%3(R?®) for almost every t. For each such t, we have

5/3 2, 5/3
x=1 [x]>1

|x|¥ x|>1 |x|¥

We may thus conclude from using a Liouville theorem that h(x,t) = 0 for all xif y < 3.
To see the last assertion, fix a radial smooth function ¢(x) > 0 supported in 2 <

|x| < 4 satisfying [ ¢ = 1. For any x € R® with R > |x|, we have

hix, t) = f hiy, ) R%(x + y/R) dy.

This is the mean-value theorem for harmonic functions. Define A = Bsg — Bg, then

3/5
|h(x, t)| §CR‘3/ |h(y,t)|dy < cR~3+6+3r)/5 (/ |y|—V|h(y,t)|5/3dy> .
A A

This clearly vanishes as R — oo. Thus, p(x,t) = p(x, t) for all x and for almost every t.
Next we show that (v, p) form a suitable weak solution. From Hélder’s inequality,

equation (2.4), and 8 < 5/3, we conclude that

0 1 3/4
/ |plx, t)]*? dxdt < c/ <f —|p(X,t)|2dX) dt <c. (2.5)
Q; B

-1 L |x|#

The pointwise estimate (1.2) on v implies

ve LSLYQ,), (2.6)

Q|-
N| —
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We will use (s, q) = (3, 3). We also see from equation (1.2) that v € L*(B; x (—Tp, —¢)) for any
small € > 0. Thus, the vector product of (N-S) with ug for any ¢ € C2°(Q,) is integrable
in Q; and we can integrate by parts to get the local energy inequality (2.2) with Q = Q;.
In fact, we have equality.

Now, for any R € (0,1) and ¢, € (—R?,0), we can choose a sequence of ¢ which
converges a.e. in Qg to H(ty — t), the Heaviside function that equals 1 for ¢t < ¢y, and O for

t > to. Since the limit of 9;¢ is the negative delta function in ¢, this gives us the estimate

ess sup |U(X,t)|2dX-‘r/

—R%2<t<0 JBgr Qr

Vol < CR/ (l® + | p*/2). 2.7)
Q;

These estimates show that (v, p) is a suitable weak solution of (N-S) in Qg. Note that

these bounds depend on C, of equation (1.2) only, not on || pl|se®sx(—1,0)-

2.3 Scaling limit

To show Theorem 1.1, it suffices to show that every point on the z-axis is regular. Suppose
now that a point x, = (0,0, x3) on the z-axis is a singular point of v. We will derive a
contradiction. Define X, = (x,,0). Let (v*, p*) be rescaled solutions of (N-S) defined by

vi(x, t) = Mwikx — x,),A%t),  prx,t) = A2pax — x,), A%t). (2.8)

Fix R, > 0 to be chosen; by Lemma 2.1 there is a sequence Ay, k € N, so that Ay — 0 as

k — oo and

1 / 213 1 3
— [v**° = / [v]° > €. (2.9)
R? Jo, (Rak)? Jawx., R

We will derive a contradiction to this statement.

For (v*, p*) with 0 < A < 1, the pointwise estimate (1.2) is preserved,
W (x, t)| < C.r2 —t)7V2, (x,t) € R® x (—Tp,0).

We also have by rescaling
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The argument in the previous section provides the uniform bounds for g € (1, 4),

/ W9+ |pH P2 < c, esssup/ |v’\(X,t)|2dX+/ V2 < C. (2.10)
01 BR OR

—R%2<t<0

Above the bound for p, follows from equation (2.5), the bound for |v*|? follows from
equation (1.2), and the energy bound then follows from equation (2.7).
Thus from the sequence A we can extract a subsequence, still denoted by Ak, so

that (v**, p**) weakly converges to some limit function (v, p)
v —~ ¢ in LYQg), Vv* — Vi inL%*(Qg), p* — p in L¥?(Qg).
Moreover, since (v*, p*) solves (N-S) with bound (2.10), we also have the uniform bound

A
10 v™ | Ler2((— R2,0;,H-2(BR) < C-

We can then apply Theorem 2.1 of [35, Chapter III] to conclude that v** remain in a
compact set of L3/2(Qg). Therefore, (a further subsequence of) v** — o strongly in L%?(Qp).
Since the v** remain bounded in L9(Qp) for all g < 4, we deduce that v** — v strongly in
Li(Qpg) foralll <q < 4.

2.4 The limit solution

The convergence established at the end of Section 2.3 is sufficient to conclude that the
limit function (v, p) is a suitable weak solution of the Navier-Stokes equations in Qg, as
in [1, 21]. Since v satisfies equation (1.2), so does v. Hence v is regular at any interior
point of Qg, and t = 0 is the first time when v(x, t) could develop a singularity.

To gather more information, we use axisymmetry. We will argue in this section
and the next that the estimate (1.9) (proven in the Section 3) is enough to conclude that

our solution is regular. In particular, equation (1.9) tells us that

/ lvj] <CA* >0 asa|o.

Qr

Thus, the limit v has no-swirl, vy = 0.
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Let @ = V x v be the vorticity of v. The 6 component of &, @y = 9,0, — 9,0, solves
- 1Y . Ur _
8t+b-V—A+—2 wg — —wy = 0.
r r
We have used vy = 0. Above

b=19v=1v +1,8, b-V=7u00 +10,9, divh=0.

We record the Laplacian for axisymmetric functions

AP 10
T ar2  ror 9z

Next define Q2 = @y /r. Then Q solves

_ 2
<8t+b-V—A—;8r)Q=O. (2.11)

We now derive L7 estimates on Q2 using estimates for the Stokes system.
Since v satisfies equation (1.2), it also satisfies equation (2.6). We will use both
(s,q) = (5/2,5) and (s, q) = (5/4,5/4). We rewrite (N-S) as a Stokes system with force

(0¢ —A)f)i—i-Vip:ajfij, dive =0, ﬁj = —l_}il_}j.
By the interior estimates of Stokes system (shown in the Appendix), we have

- - 2 -
IVl 501320y = CUI252,50q, , + CllTlsnay0 < C.

L3(Q3/4

Hence, Q2 has the bound
I Q||L20/19(O5/8) < ”VD”LEMLE/z(Os/g) I 1/r||L?oL§0/11(05/8) <C. (2.12)

In Section 2.6, we obtain Q € L*° from equations (2.11), (2.12), and a local maximum

estimate. Then in Section 2.7, we show that this is sufficient to conclude Theorem 1.1.
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2.5 Energy estimates

We derive parabolic De Giorgi-type energy estimates for equation (2.11). To do this we

assume that

|blr,z,t)| < C./r.

This assumption on b is substantially weaker than the one from Theorem 1.1.

Consider a test function 0 < ¢;(x,t) < 1 defined on Q; for which ¢; =0 on 9B; x
[-12,0] and ¢; =1 on Q, for 0 < o < 1. Suppose that ¢;(x, —1) = 0. Now consider the
rescaled test function ¢(x,t) = ¢;(x/R, t/R?) on Qg. Define (u)+ = max{+u, 0} for a scalar

function u. Multiply equation (2.11) by p(©2 — k)flg“z for1 < p<2andk > 0 to obtain

t _ ¢
{'Z(Q—k)i _I_M/ dat’ |V((Q—k)i/2§)|2
Br —R2 p —R? Br
t 0 2— Or i
:2/ dt’ (Q—k)£<§—§+IV§|2+—p§A§—25—{+b'w§)
R Ba ot p r

t
-2 dt’Zn/dzgz(Q—k)i

—R2

r=0

Notice that the last term has a good sign.

Let vy = (u — k)?’*. To estimate the term involving b, we use Young's inequality

R1+e ¢ R—2+(1+e)/e \Z4 (1+e)/e
2 2.2 1+€ 2.2
bt -V <§ b Cs— —_— .
fRSUif ¢ =< 1+€/};3Ui§|| +Cs 1te Aavif [ c :|

This holds for small § > 0 and € > 0 to be chosen. Further choose ¢ to decay like (1 —

|x|/R)"™ near the boundary of Bg. If n is large enough (depending on ¢), we have

e R—2t(1+e)/e v (14-€)/e
Xty T L) ey
+e R? ¢ B

We also use the Hélder and Sobolev inequalities to obtain

R71+€ 2/3
(S 1 / vi§2|b|1+€ S 8 (R(1+€)3/2/ |b|(1+€)3/2> / |V(vi§)|2
+ € Jgrs Bx R3

< 50/ V(vso)2.
R3




12 C.-C. Chen et al.

The last inequality is satisfied, for example, if |b| < C,/r and € < 1/3. We conclude

/ v2be - V¢ 550/ |V(vi{)|2+CR’2/ v2. (2.13)
R3 R3 B

The key point which we used here to control the more singular drift term was to split
b from the main part of the term v, ¢, using the Young and Sobolev inequalities instead
of standard techniques which utilize the Hardy inequality-type spectral gap estimate to
control |blv2¢? in one step. We choose § sufficiently small in order to absorb this term
into the dissipation.

We have (3,¢)/r = (3,¢)/p, where p = |x| since ¢ is radial, so that the singularity
1/p is effectively 1/R. We thus have

sup / |(sz—k)i|P+f IV(Q — k)P?)? <
Byrx{t}

—02R2<t<0 Q. r - (1 - U)ZRZ

/ (Q—K.?. (2.14)
Qr

Our goal will be to establish LP to L* bounds for functions in this energy class.

2.6 Local maximum estimate

The estimates in this section will be proven for a general function u = Q satisfying
equation (2.14).

Lemma 2.2. Suppose u = Q € LP(Qp) satisfies equation (2.14) for 1 < p<2and R < R.
Then

1/p
supus < C(p,C,) <R—3—2/ |ui|P) )
Qr

Qr/2

O

This estimate can be found in [20] for p = 2. The proof is similar and we include
it so that the proof of Theorem 3.1, which uses Lemma 2.2, is self-contained. Our choice

of pis made merely because those are the ones we need, although others are possible.

Proof. For K > 0 to be determined and N a positive integer, we define

R

kv=ki=01F2"MK, Ry=0+2""R/2, py= oLt

Ry+1 < Ry = (Ry + Ry4+1)/2 < Ry.
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Notice that

RN — RN = (RN — RN+1)/2 = (27N — 27N71)R/4 = PON-
Define Qy = Q(Ry) and Qy = Q(Ry) C Qy. Choose a smooth test function ¢y satisfying
¢y =1 on Qy, ¢ =0 outside Qy and vanishing on it's spatial boundary, 0 < ¢y < 1 and
Vil < p;,l in Qy. Further, let

AE(N)={X € Qy : +(u — ky41)(X) > 0}.

And Ay . = |A*(N)]. Let vy = ¢ulu — kyy1) 72

Holder's inequality gives us

2
/ |(u—kN+1)i|p§f V4]
Qn+ Qn

n/(n+2) ) )
< </ |vi|2(n+2)/n) AL,
Q

We will use the following parabolic Sobolev inequality which holds for functions van-

ishing on 9 Bg:

2/n
f [ul®?/m < cm)( sup u|? / IVul?.
Qg —R%2<t<0JBgrx{t} Qr

See [20, Theorem 6.11, p. 112]. We are interested in the form

2/n
/ |uP/2|2n+2/n < c(n) [ sup / lu|? / |VuP/?2.
Qx —R2<t<0J Bpx{t) 0z

Above and below, n is the spatial dimension, so that n = 3. As in the above followed by

Young's inequality then followed by equation (2.14), we obtain

n/(n+2) 2/in+2) n/(n+2)
(f |vi|2‘"+2’/”) <o sup [ g (/ |wi|2>
Qn —RZ <t<0 Y B(Ry)x{t} Oy

<c| sup |vi|2+/ |Vos|?
—R12V<t<0 B(Ry) x{t} Qy
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<c| sup / l(u — kzv+1)¢|p+/ IV(u— kni1) 2?2
—R2 <t <0 J B(Ry)x{t} Qy

C.
+— I(u— kyi1)el?
ION
C. C.
< — | llu—ky)zl? < — | [u—kyxl?
Py Jay Py Jay

Further assume K? > R™"2 [, o |u|?. And define

Yy = K’pR’”’Z/ (u — ky)+|?.
Qy

Since k3 are increasing for + or decreasing for — and Qy are decreasing, Yy is decreasing.

Chebyshev’s inequality tells us that

A = 1@ 2K ) = O] = [{Qu s £ — k5) = (ki — 5)]]
= |{Qy: +(u — kN) - K/2N+l}| < 2p(N+1)Rn+2Y

Putting all of this together yields

n/(n+2) 2/ns2)
/ l(u — kyy1)+|P ( oy |2+2)/ ) AN/E ,
Qu;1
< < u _ kN):tlp) (zp(N+1)Rn+2YN)2/(n+2)
< ( KpRn+2Y ) (2p(N+1)Rn+2YN)2/(n+2)
C Kp22 N+3) 22pN+1 /(n+2) Rn+2Y

We have thus shown that
Yy < C(N)Y;,Jr"Tz
Here C(N) = C,22W+3)22pW+1)/(n+2) e now choose K as

1
KP = (1 + —) R—"—Z/ luy|P.
Co Qo

Above, the constant Cg is chosen to ensure that Yy — 0 as N — oo. [ |
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2.7 Regularity of the original solution

The limiting solution Q satisfies equations (2.11), (2.12), and (2.14). We conclude from
Lemma 2.2 that

Q e L™(Qs/16).

We further know that curl v = wyey € L*°(Qs,16) from the above estimate on €2, since vy = 0.
Also div v = 0 from the equation. Next v € L°LL(Qs/16) by equation (1.2). We thus conclude
Vv € L°L%(Qy/4) by Lemma A.1. Thus, v € L>(Q;,4) by embedding.

Now we can deduce regularity of the original solution from the regularity of the

limit solution. We have shown that
|13(X,t)| < C; in 01/4.

Above, C, depends upon C, but not on the subsequence Ax. Since the constant can be

tracked, we may initially choose R, sufficiently small to guarantee that

-3
= [U]° < €1/2,
Rf Qg,

where ¢, is the small constant in Lemma 2.1. Since v** — o strongly in L2 for k sufficiently

large, we have

1 1

A3 -3 A -3

0] s—RZ/ P+ [ - sa
% 7 Qg, s Qg,

R? Jo,.
But this is a contradiction to equation (2.9). Thus, every point x, on the z-axis is regular;
that is, there is a radius Ry > 0 so that v € L*(Q(x,, Ry)). Since any finite portion of the
z-axis can be covered by a finite subcover of {Q(x,, Ry,)}, we have proved Theorem 1.1.

The rest of the paper is devoted to proving the key Theorem 3.1.

3 Holder Estimate for Axisymmetric Solutions

We now move from cartesian to cylindrical coordinates via the standard change of vari-

ables x = (x1, x», x3) = (rcos 0, rsiné, z). For axisymmetric solutions (v, p) of the form (1.1),
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the Navier-Stokes equations (N-S) take the form

ot ar r2
%er Vo + 27— (A—riz>v9,
9vz +b-Vu, + — = Av,,
ot
la(rvr) % —0
r or 0z

The vector b is given by

b=ve +ve, divb=0.

The equations of the vorticity w = curl v, decomposed in the form (1.8), are

owy 1
+b-Vor — 0,000, — 00,0, = | A — = | oy,
ot r2
ad 1
ﬁ+b-Va)9—2%82v9—&wg= A—— wg ,
ot r r r2
dwy
5t +b-Vw, — 00,0, — 0,00V, = Aw,.

We are interested in the equation for vy, which is independent of the pressure.
Consider the change of variable I' = rvy, which is well known (see the references
in the introduction). The function I" is smooth and satisfies

or 29I
—+b- VL -AT'+ —-—— =0. (3.1)
ot r or

Note that the sign of the term 22L is opposite to that of equation (2.11). It follows directly

Tor
from equation (1.2) that ||T'||.x, < C.; see [2] for related estimates. Since v is smooth, we
have I'(t,0,z) = 0 for t < 0. The smoothness and axisymmetry assumptions also imply
that vy(t,0,2) = 0, but we will not use this fact. The main result of this section is the

following.
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Theorem 3.1. Suppose that I'(x, t) is a smooth bounded solution of equation (3.1) in Q,
with smooth b(x, t), both may depend on 6, and

Ily=o=0, divb=0, |bl<C,/r in Q.

Then there exist constants C and « > 0, which depend only upon C, such that

IT(x,2)| < ClIT llzzi0r®  in Q1.

O

We remark that the condition above is substantially weaker than equation (1.2),
and we do not need I' to be axisymmetric. In the rest of this section, we will prove the
theorem. Here we are facing two difficulties: First, the condition I'|,_; = 0 precludes a
direct lower bound on the fundamental solution and a Harnack inequality on I' (since,
when b =0, I' = r? is a non-negative solution which does not satisfy the usual Harnack
inequality.) Second, the condition b < C/r is weaker than the standard assumption b <
C/|x| (see the discussion). It turns out that one can develop new techniques incorporating
the methods introduced by De Giorgi [4] and Moser [22] to overcome these two points.
However, we do not know if one can follow the approach of Nash [7, 23] which relies
critically on a Gaussian lower bound of the fundamental solution. The proof of Theorem
3.1 is independent of the rest of the paper.

The following related equation has been previously studied by Zhang [41]:

ou
— +b-Vu—Au=0.
at+ u u

He has shown among other things Hoélder continuity of solutions to this equation if
b = b(x) is independent of time and b satisfies an integral condition, which is fulfilled if

say b is controlled by 1/|x|. His proof makes use of Moser iteration and Gaussian bounds.

3.1 Notation, reformulation, and energy inequalities

Let X = (x, t). Define the modified parabolic cylinder at the origin

Q(R,7)={X:|x| <R —tR* <t <0}.
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Here R > 0 and t € (0, 1]. We sometimes for brevity write Qg = Q(R) = Q(R, 1). Let

my=inf ', Mp=supl, M=M,—my;>0.
Q(2R) Q(2R)

Notice that m, < 0 < M, since I'|,—g = 0.
Now we reformulate the problem in Q(2R) into a new function, u, which will be

zero when |I'| is at its maximum value. Specifically, we define

u (3.2)

2(F—m2)/M if—m2 >M2,
2(M; —T)/M else.

In either case, u solves equation (3.1) and 0 < u < 2 in Q(2R). We will further use

2 2
a = Ulr—o = — | sup [I'| | = — max{M, —ma} > I,
' M (Q(ZR) M
which follows from our conditions.

We now derive energy estimates for equation (3.1). Define vy = (u — k)+ with k > 0.
We have v, < (2 — k), and v_ < k. Consider a radial test function 0 < ¢(x, t) < 1 for which
¢ =0on dBg x [-TR?,0] and % < 0. We multiply equation (3.1) for u — k with ¢%v; and

integrate over R® x [to, t] to obtain

1 ) t t , ¢ ) " e
EURSKUH L+/to S _fto Asvi (bg'V§+¢§+IVCI +75)

t
+27t[(a—k)i]2/ /dz§2|r=o. (3.3)
to R

We need to estimate all the terms in parenthesis.
Choose o € (1/4,1), we require that the test function satisfies { =1 on Q(o R, 7).
If we further choose ¢(x, ) = 0 then, using equation (2.13), we estimate equation (3.3) as

follows:

C
2 2 ok 2 3 2
sup / v +/ [Voi]® < —/ vy + CtR[la —k)+]°. (3.4)
—102R2<t<0 J Blo R)x{t} * Qo R,7) (1 —0)?R? Q(R,7) *
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If we alternatively choose ¢ = ¢(x), then equation (3.3) takes the form

t C t
2 2 2 o 2 3 2
sup v +/ / V] —/ vy < —/ / vy + CtR’[(a — k)+]°.
to<s<t J B(o R)x{s} = to /B R) Brx{to} * (1 —-0)?R? to JBg *
(3.5)

! appearing in this energy inequality (3.5) compared to

Notice that there is no 7~
equation (3.4).

The energy estimates (3.4) and (3.5) are the standard parabolic De Giorgi classes
except for the last term. Our goal will be to use them to show that the set where I is very
close to its largest absolute value or, equivalently, the set where u is almost zero is as

small as you wish. We establish this fact in the following series of lemmas.

3.2 Initial estimates

Later on, we will use the two standard lemmas in a nonstandard iteration scheme of

sorts to show that the set where u is almost zero has very small Lebesgue measure.

Lemma 3.2. Suppose there exists a ty € [-TR?,0], K € (0,1), and y € (0, 1) so that
I{x € Br: ulx,to) < K}| < y|Bgl.

Further suppose that u satisfies equation (3.5) for v_. Then for all n € (0,1 — ,/y) and
w e (y/(1 —n)?,1), there exists 8 € (0, 1) such that

l{x € Bg: ulx,t) < nK}| < w|Bgrl, Vt € lto,to+ (t AH)R.

Here 6 depends only on the constants in equation (3.5) and y. O

We note that, in the proof, it can happen that 6(y) — 0 as y 1 1, but if 7 is
sufficiently small, then we may take 6 = r when y is close enough to zero. And if y is

small, then i can be taken almost as small.

Proof. We consider v_ = (u — K)_. The energy inequality (3.5) for this function is

Z < + CtR[(a — K)_)?
/B(aR)x{t}v__/BRx {to} (l—Gszf / v ‘ ( ) ]

< Kng | + **(7:/\9)
= R y (1 _0)2 *
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We have used (@ — K)_ = 0. The Chebyshev inequality tells us that

|{X€B(0R):u(X,t)SnK}|~(K—nK)2§f vZ.
Blo R)x{t}

The region Bg — B, has volume (1 — ¢®)|Bg|. Thus,

| {x € Bg,ulx,t) < nK}| - |{x € BloR), ulx,t) < nK}| L(1-0?
| Brl |BR
_ ) C**(t/\e) _ -3
<({1-7n <y+—(1_0)2 + (1 —02).

Now let o be so close to one that ﬁ + (1 —¢®) < pu. Then, with 7 fixed, choose @ small

enough that the whole thing is <pu. |

Lemma 3.2 shows continuity in time of the Lebesgue measure of the set where
u is small and Lemma 3.3 below shows that if the set where u is small is less than the
whole set, then the set where u is even smaller can be made tiny. This is an extremely

weak way to measure diffusion.

Lemma 3.3. Suppose that u(x, t) satisfies equation (3.4) for v_. In addition,
l{x € Br:ulx,t) < K}| < y|Bgl, Vteltto+0R1=1,

where K,0 > 0,y € (0,1) and Bg x I C Q(R, 7). Then forall € € (0, 1), there existsa § € (0, 1)
such that

{X € Bg x I : u(X) <48}| <¢|Bgr x I|.

Proof. We denote, forn =0,1,2,3,...,
Ap(t) ={x€ Br:ulx,t) <2 ™K}, A,={xt):t el xec A,lt)}.
Note that A,(t) C Bg and A,, C Bg x I. Clearly, |An+1] < |4n| < |4g| < y|Br x I|. And

|AC(8)| = l{x € Br: ulx,t) > 27"K}| = |Bg| — | An(t)] = (1 — y)|Bgl.
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Since y < 1, we know that A¢(t) does not have measure zero.
We invoke the following known inequality, a version of which can already be seen

in Lemma II of [4]. For any v € W' (Bg) and for any «, 8 € R with a < 8, we have

CR3+1/(IB _ 0{)

x € Bg: v(x) > B} Jppnje<v<p)

{x € Bgr:v(x) <a}| < T [V,

where C > 0 only depends on the dimension. To show it, let E = {x € Bg: v(x) > B} and

we may assume |E| > 0. This inequality can be shown by plugging

B
Ux) =min((8 —v(x))+, B —a), flx)= % 1g(x)

into the Poincaré inequality from [20, Proposition 6.14], which implicitly assumes the

. . o, . 1 _
normalization condition B fBR f=1
Now let 8 =2 "K and o = 27" ' K. We have

Czn-HR Czn-HR B
| < ——— Vu| = ——— [Viu—a)”|.
K1 = y) Jayt)-ann0)

| Ap11(2)
n K1 —y) Ja, -4,

We use the Cauchy-Schwartz inequality to bound this integral as

CszrlR
Apirl = [ 1Ana(t)] < —/ Viw —al
| Al /I| SRS TN N |

CszrlR B 1/2
| Ay — Ap V2 </ IV(u — a) |2) .
K(l - V) An—Ania

The energy inequality (3.4), with o R and R replaced by R and 2R results in

n+1 1/2
Al = <2 By e (%/ |<u_a)—|2)
K(1-y) TR* Ja@Rry)
C2"t1R C R5/2
= Ry A~ Al PIBRRI e = A — A

Square both sides of this inequality and dividing by |Bg x I|? to obtain

|Ania|? - C |An|  [Anpil
|[Be x I|2 ~— 6K2(1 —y)2 \|BgxI| |Bgx1I|/)’
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Summing in n, we get
n

| Anf? -y A7 _ ¢ Z A1l 1A
|BRX I|2 - =1 |BRX I|2 - 9K2(1 —]/)2 =1 |BRX I| |BRXI|

B C Aol 1Al

T OK2(1—y)2 \|Bgx I| |BrxI|

_ C |4l _ Cy .
T OK2(1 —y)2 |BrR x I| ~ OK?(1 — y)?

We complete the proof by choosing n sufficiently large.

3.3 Estimate on the measure of the set where u is small
The next lemma allows us to apply all the machinery above.

Lemma 3.4. There exists a k € (0,1) such that 0 < A < min{«xt, 1/8} implies

{X € Q(R, 1) : ulX) < 2%}| < (1 —4M)|Q(R, 1)|.

Proof. We establish a contradiction using energy estimates. Suppose the opposite

X € Q(R, 1) : u(X) < A%} > (1 —41)|Q(R, 1)|.

Or equivalently,

{X € Q(R, 1) : u(X) > A%}| < 4A|Q(R, 1)|. (3.6)

This condition will imply a contradiction to the size condition on a > 1.

We will test equation (3.1) with pu? '¢2 for 0 < p<1 and ¢ > 0. Since u=0
sometimes, in general we should test equation (3.1) for u + € with p(u + €)P~'¢? and then
send € | 0 to obtain our estimates. However, since the result is the same, to simplify the

presentation we will omit these details. We have

ou 0 9
/ pup71§28_ — I:f g-zupi| _/ ung‘—g =1+ 1,
O(R,‘L’) t BR t Q(R,‘L’) at

/ pup—lg.Z(_Au) _ 4(p— 1) / |V(up/z§)|2
Q(R,7) b Q(R,7)

_2
+[ 2uP [—|V§|2+p—§A§] =L+ I,
Q(R7) b
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/ Pup’1§2b~Vu=—/ 2uPb- (V¢ = I,
Q(R,7)

Q(R,7)

2 0
/ pup_lg“z—aru=_/ 4”p§§p//’_/ dt/dZZ(izup”r:OEIﬁer'
Q(R) r Q(R,7) —TR? R

In the computation of Is, we have used ¢-/r = ¢,/p, which follows if ¢ = ¢(p,t) where
p = |x| = v/r%2 + 22. Notice that 23'21 I; = 0. For arbitrary p € (0, 1), we see that I3 and I,
are both non-positive.

We choose ¢ = ¢1(p)¢2(t), where ¢1(p) = 1 in B(R/2) and ¢;(p) has compact support
in Bg; also &(t) =1 if t e [—%‘L’Rz,—éTRz] and ¢,(t) has compact support in (—tR?,0).

Thus, I; = 0 and we have
6 6
ZoR3P <« T, — .
LT < 17_?_2 1.

We estimate each of the terms I, through Is to obtain a contradiction.

By the argument in equation (2.13), we have

2(1 - c
I < 202 IV(WP?g))? + —2/ u?.
p Q(R7) R Jar)

Also note V¢ = 0 in B(R/2) and so the singularity 1/p is effectively 1/R. Thus,

c c

6
I < — u?, Y I< uP.
= ji=
TR Jar = R o)

Assuming equation (3.6) and using 0 < u < 2, we have

c C,
abP < uP < ——{A%P|Q(R, 2P(41r|Q(R, < ZZ(A%P 4 ).
_TZRS/O(R) < 5 (WPPIQR, DI + 2741 QR 1))} < T2 0PP 4 2)
Here C, = C,(C,). Take p=1/2 and « = ﬁ to get aP < 1, a contradiction. [ ]

Lemma 3.4 is the starting point of our iteration scheme. From this lemma, we
know that there is a t; € [-tR%, —2At R?] so that

l{x € Bgr : ulx, t;) < A2}| < (1 — 2))|Bg|. (3.7)
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Then apply Lemma 3.2 with K = A2 to equation (3.7) to see, for say n =X and u =1 — 1,
that

l{x € Br:ulx,t) <% <(1—M|Bgl, Vtelt,ti+6.,R]=I.

Here 6, = 6 A T and 0 is the constant chosen in Lemma 3.2. From here, Lemma 3.3 allows

us to conclude
€
X € Brx I, : ulX) <8,}| < E*|BR x L,

where €, > 0 is as small as you want and 6§, = §(e,).

Then, as in equation (3.7), there exists a t; € I, (so that £, < —AtR?) such that
| {x € B : ulx,t3) <68,}| < €|Bgl. (3.8)

Uptill now, all the small parameters that we have chosen depend upon 7. But above, ¢,
can be taken arbitrarily small, independent of the size of r. This is the key point that
enables us to proceed. It is the reason why we are required to do this procedure twice.
Now suppose 1 —o® = 1/4 and choose first T < 1/8, so that C,.t/(1 —0)? < 1/4.
Then take é, from equation (3.8) with €, < 1/16 playing the role of ¥ in Lemma 3.2. Also

n < 1/2. With all this, from Lemma 3.2, we can choose u < 1 so that
|{x € Br:ulx,t) <né.}| < u|Bpl, Vteltyta+TtRI=1

Further, it is safe to assume that 6, < A; we see that t, < —AtR? and so [-AtR?,0] C I.

Finally, apply Lemma 3.3 again to obtain
H{X € Q(R, A7) : u(X) < 8}| < €|Q(R, 17)], (3.9)

with € > 0 arbitrarily small. This is a key step in what follows.

Let U = § — u, where § is the constant from equation (3.9). U is clearly a solution
of equation (3.1) and U|,—o = § — a < 0. We apply equation (3.4) to U on Q(2d) (with r = 1)
to get

C**
sup / |(U—k)+|2+/ VU -R*? < ﬁ/ (U — k)2
—o2d2<t<0JBlod)x{t) Qlod) (1 —0)*d? Ja
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This holds for all k > 0 and o € (0, 1). So we can apply Lemma 2.2 to conclude

sup (§ —u) <

c , 1/2
<|—== 6 — )*) ) (3.10)
ald/2) ( la(d)| Jaw 0= wl

This inequality combined with equation (3.9) will produce a lower bound.

3.4 Regularity from a lower bound

Let d = VAt R so that Q(d) C Q(R, A1). By equations (3.10) and (3.9),

c 1/2
5— inf u<(—— (5—U)+2>
aldy2) ( la@d)l Jaw | |

2 1/2
< (—08 7'00((;;’“”) — Coe'/? ()2,

which is less than % if € is chosen sufficiently small. We conclude

) )
inf u>—.
ald/2) 2

This is the lower bound we seek. From it we will deduce an oscillation estimate.
This entails a bit of algebra. We define

mg= inf ', My = sup .
ald/2) ald/2)

Then from equation (3.2), we have

. 2(mg —my)/M  if —my > My,
inf u=
ald/2) 2(My; — My)/M  else.

Notice that both expressions above are non-negative in any case; thus we can add them
together to observe that

2

8
o = g (M —oscl,d/2)}.
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Here osc(l',d/2) = My — mg and osc(l", 2R) = M, — m,; = M. Werearrange the above equa-

tion as
)
osc(I’,d/2) < (1 — 4_1) osc(l, 2R).

This is enough to produce the desired Holder continuity via the following.

3.5 Iteration argument

Suppose we have a nondecreasing function w on an interval (0, Ry] which satisfies
w(tR) < yw(R),

with 0 < ¥, 7 < 1. Then for R < Ry, we have

1 R\“
R — | = , 3.11
ol )SV(R()) w(Rp) ( )

where ¢ = logy/logt > 0.
Iterating, as in equation (3.11), we get, for Cr = (1 — %)71 supgq I', that

osc(l', R) < CrR*, VRe(0,1), (3.12)

for o = 21og(1 — f‘z)/ log(x7/16) > 0. Thus, I' is Hélder continuous near the origin. We have

proved Theorem 3.1.
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Appendix

Here we collect some estimates needed for Section 2.

Lemma A.1. Let Bg, C Bg, C R® be concentric with 0 < R, < R;. Let v be a vector field
defined in Bg,. Let 1 <q < oo and 0 <« < 1. Then for kK =0,1,... there is a constant c
depending on Ry, Ry, q,«, k, so that

IV 0]l a(sgy) < €l VF AivllLam,) + ¢l VF curl vl Lasy,) + Cllvllzs,)

and

k+1 k 31 Kk
IV vllcapr,) < ClVE divollces,,) + cllVE curlvlicasy,) + cllvlizisg)-

This is well known, see [24].

Lemma A.2 (Interior estimates for Stokes system). Fix Re (0,1).Let1 < s,q9 < 0o, and
f=(f) e LSLYQ,). Assume that v € LSL1(Q,) is a weak solution of the Stokes system

v —Av;+9;p=19;f;, divv=0 1in Q;.
Then v satisfies, for some constant ¢ = c(q, s, R),
IVVllLsraam < Cll fllzsraay + clvilizsiia,)- (A.1)
If instead v is a weak solution of
dv; — Av;+0;p=g;, divv=0 in Qy,
then

2
I1Vovllzsisiam < Cllglisiyay + Cllvlizsiay- (A.2)
O

An important feature of these estimates is that a bound of the pressure p is

not needed in the right side. A similar estimate for the time-independent Stokes system
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appeared in [34]. Note that these estimates improve the spatial regularity only. One
cannot improve the temporal regularity, in view of Serrin’s example of a solution v(x, t) =
f(t)Vh(x) where h(x) is harmonic.

Proof. Denote by P the Helmholtz projection in R3, (Pg); = g; — R; Rcgx, where R; is the
ith Riesz transform. Let t = R/ € (R, 1) and choose ¢(x,t) € C*(R*),¢>0,¢ =1 on Q,
and ¢ = 0 on R® x (—o0,0] — Q;. For a fixed i, define

Ui(x, t) = /: Ix—yt—s) d;(F;j)y s)dyds,
where T' is the heat kernel and F;; = f;j¢ — R;Rx(fi;¢). The function ¥; satisfies
(0 — ATy = 3 F;j = [PO;¢(fihiey ], divd=0.

The L$L%-estimates for the parabolic version of singular integrals and potentials (see
[19, 271, also see [14, 40] and their references), and the usual version of L?-estimates for
singular integrals ([32]), give

IVOllLsraiay) + 10l 25240, < CNF lzsze < cll fllzsran- (A.3)
Furthermore, for some function p(x, t),

(0 =AW+ Vp=09;(¢fij), divi=0.

The differences u = v — v and n = p — p satisfy the homogeneous Stokes system

oku—Au+Vr =0, divv=0 in Q,.

Its vorticity w = curlu satisfies the heat equation (3; — A)w = 0. Let W = {,w, where

Le(x,t) = ¢(x/7T,t/7?). It satisfies
(0 — AW =G := w(d; — A — 2(0m &) 0.

And thus, for (x,t) € Q.2,

t t .
w;(x,t) = W(x, t) =/ /F(X— vt —3s)Gily,s)dyds =/ fH,‘(ji(y,S) u;ly,s)dyds
—1 -1
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where, using w; = —8;x0kuj,
H(y,8) = 8,856 {T(x — y,t — 5)(0; — Az, + 2divIT(x — y, t — 5)VE ]}
The functions H}({ are smooth with uniform L*-bound for (x, t) € Q,s. Thus,
lleurl ullz~(a4) < Cliullziay)-
Since div u = 0, we have for any g < oo, using Lemma A.1,
VullLszya < Cllvllszyay) < cllviizizya + cllvliziio- (A.4)

The sum of equations (A.3) and (A.4) gives equation (A.1). The proof of (A.2) is similar: one

defines

t
0;(x,t) = / C(x— vyt —s)Fly s)dyds, F;=g;t— R;Rlgk¢)
-1

and obtains ||V25||L§L;i(al) + 10llzs29ay) < ClFlizsze < cligllzsza). One then estimates

V(v — D)l 1s19(0, in the same way. [ |
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