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Asymptotic Stability and Completeness in the Energy
Space for Nonlinear Schrodinger Equations
with Small Solitary Waves

Stephen Gustafson, Kenji Nakanishi, and Tai-Peng Tsai

1 Introduction

In this paper, we study a class of nonlinear Schrédinger equations (NLS) which admit
families of small solitary wave solutions. We consider solutions which are small in the
energy space H', and decompose them into solitary wave and dispersive wave compo-
nents. The goal is to establish the asymptotic stability of the solitary wave and the as-
ymptotic completeness of the dispersive wave. That is, we show that as t — oo, the soli-
tary wave component converges to a fixed solitary wave, and the dispersive component
converges strongly in H' to a solution of the free Schrédinger equation.

We briefly supply some background. Solutions of dispersive partial differential
equations (with repulsive nonlinearities) tend to spread out in space, although they of-
ten have conserved L? mass. There has been extensive study of this phenomenon, usually
referred to as scattering theory. These equations include Schrédinger equations, wave
equations, and KdV equations. However, such equations can also possess solitary wave
solutions which have localized spatial profiles that are constant in time (e.g., if the non-
linearity is attractive or if a linear potential is present). To understand the asymptotic
dynamics of general solutions, it is essential to study the interaction between the soli-
tary waves and the dispersive waves. The matter becomes more involved when the lin-
earized operator around the solitary wave possesses multiple eigenvalues, which corre-
spond to excited states. The interaction between eigenstates (mediated by the nonlinear-

ity) is very delicate, and few results are known.
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For NLS with solitary waves, there are three types of results.

(1) Control of solutions in a finite time interval, which does not allow sufficient
time for the excited state interaction to make a difference, and construc-
tion of all-time solutions with specified asymptotic behaviors (scatter-
ing solutions; see [10, 11]).

(2) Orbital stability of solitary waves. A solution stays close to the family of non-
linear bound states if it is initially close. This is usually proved by energy
arguments; see, for example, 6, 14, 25, 38].

(3) Asymptotic stability of solitary waves. Here, one must assume that the spec-
trum of the linearized operator enjoys certain spectral properties (e.g.,
has only one eigenvalue or has multiple “well-placed” eigenvalues). Fur-
thermore, the initial data are typically assumed to be localized, so that
the dispersive wave has fast local decay. Even under restrictive spectral
assumptions, only perturbation problems can be treated for large soli-
tary waves (see [8, 9, 21, 24]; also [3, 4, 5] for 1D results), while more gen-
eral results can be obtained for small solitary waves [22, 26, 27, 28, 32,
33, 34, 35, 36, 37].

In this paper, we study small solutions of the equation

00 = (—A+ V)P +9(W), B(0,:) = € H' (R?), (1.1)

with small data: |[\)o||1 < 1 (this is equivalent to considering a nonlinearity multiplied
by a small constant). Although we only consider the problem for x € R3, the results and
methods can be extended to spatial dimensions d > 3.

Here, g(1) is either a pointwise nonlinearity or a Hartree-type (nonlocal) nonlin-

earity (or their sum), satisfying gauge covariance:

g(pe'™) = g(h)e'*, with g(lp]) € R. (1.2)

More detailed assumptions are given below. In either case, we can find a functional G :

H' — R, satisfying G(pe'*) = G() (gauge invariance), and

006 + en) = =G+ em)],_y = Re (g(th), ). (1.3)

Here we denote the inner product in L? by

(a,b) = L@ ab dx. (1.4)
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Under suitable assumptions, the [?-norm |[{(t)||; > and the Hamiltonian

3| (R v ax -+ 6w (1.5)
R3

are constant in time. Using these conserved quantities and the smallness of |[\o]1, one
can prove a uniform estimate sup, ||{(t)|[+;1 < 1 and obtain global well-posedness.

We do not assume that 1, is localized (o € L' (R?), e.g., or in a weighted space),
as is usually done. As a result, we cannot expect a time decay rate for L¥-norms (p > 2)
of the dispersive part of the solution. However, the space H' is natural, as it is inti-
mately related to the Hamiltonian structure, and persists globally in time (in contrast to
weighted spaces, whose smallness persists only for a short time due to dispersion, and
L', which may be instantaneously lost and so does not seem to have physical relevance).
A related motivation comes from the situation where the linearized operator around a
solitary wave has many “ill-placed” eigenvalues. In this case, the dispersive component
tends to decay very slowly (unpublished work). It is thus essential to be able to remove
the localization assumption on the data.

Asymptotic stability of solitons with initial data in the energy space was first
established for generalized KdV equations [18, 19]. A main tool used is the almost mono-
tonicity of the [?-mass of the dispersion on the right side of the solitons, which is not
available for NLS. The current paper provides such results for NLS. Actually, our re-
sult is stronger, since it describes the asymptotics in the strong topology of the energy
space, while the above papers dealt with weak convergence or convergence on the right,
which neglects anything propagating much slower than the main soliton(s). On the other
hand, it is weaker since it only considers small solitons. In this aspect, note that a recent
preprint of Tao [30] shows that global-in-time radially symmetric solutions of cubic fo-
cusing NLS on R? have a time asymptotic decomposition in H' which is consistent with
the solitary wave plus dispersive wave picture, although not quite that precise. His ap-
proach does not impose spectral assumptions and seems promising.

We assume that —A + V supports only one eigenvalue ey < 0, which is nondegen-
erate, and we denote by ¢, the corresponding positive, normalized eigenfunction. More
detailed assumptions on V are given below. (The one-eigenvalue assumption releases us
from tracking excited state components, which usually decay more slowly than the dis-
persion and are harder to control. We will consider two-eigenvalue case in [15].) Under
these assumptions, there exists a family of small “nonlinear bound states” Q = Q[z], pa-

rameterized by small z = (¢o, Q) € C, which satisfy Q[z] — zdo = opzqwi1.1(z) L do and
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solve the nonlinear eigenvalue problem

(—A+V)Q+9g(Q)=EQ, E=E[z]=¢+0(z) €R. (1.6)
See Lemma 2.1 for details. Gauge covariance is inherited by Q:

Q[ze'*] = Q[z]e'™, (1.7)

and so E[z] = E[|z]]. The nonlinear bound states give rise to exact solitary-wave solutions

P(x,t) = Q(x)e Et of (1.1). Q[z] is differentiable in z if we regard it as a real vector
z=21 +izy « (z1,22) € R% (1.8)

We will denote its z-derivatives by

0

D1Qlz):- 5-Qlz),  DxQlz)- a%Q[Z] (1.9)

(we use the symbol D in order to distinguish them from space or time derivatives). Then

DQ]Jz] denotes the Jacobian matrix, regarded as an R-linear map on C:
DQ[z] :C — C, DQ[z]lw+— D1Q[z] Rew +1iD,Q[z] Imw. (1.10)
The gauge covariance of Q[z] implies that

DQ[z]iz =1iQ[z]. (1.11)

Given a general solution (t) of (1.1), it is natural to decompose it into solitary

wave and dispersive wave components:

W(t) = Q[z(1)] +n(t). (1.12)
For any such decomposition, (1.1) yields an equation forn:

10 = H[z]n + E[z]Q[z] —iDQ[z]z + F2(z,7n), (1.13)
where H[z] denotes the linearized operator around Q|z],

Hzln == (—A + V)n +9¢9(Q + ¢en), (1.14)
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and F; collects terms which are higher-order in n:

F2(z,m) = g(Q +n) — g(Q) — 3%g(Q + en). (1.15)

The decomposition (1.12) is, of course, not unique. To specify the path z(t)
uniquely, we impose an orthogonality condition which will make 1 dispersive. Since the
linearization destroys gauge invariance, the linearized operator H]z| is not complex-lin-

ear. It is, however, symmetric if we regard C as R? and use the reduced inner product

(a,b) := Re(a,b) :J (ReaReb+ImalImb)dx. (1.16)
R3

The symmetry of H|z] follows from (1.14) and
(099(Q +¢enm), ¢) = 3%(g(Q +en), ¢) = 3293G(Q + en + 80). (1.17)

We will require n to belong to the following subspace.

Definition 1.1. The “continuous spectral subspace” H[z] is defined as

Helz] = {n € L*: (in,D1Qlz]) = (in, D2Q[z]) = 0}. (1.18)

As we will show in Lemma 2.3, we can uniquely decompose (t) as

b(t) = QLz(v)] +n(t), n(t) € He[2(1)]. (1.19)

The requirement n(t) € H.[z(t)] determines z(t) uniquely. An evolution equation for z(t)
is derived from differentiating the relation (in, D;Q[z]) = 0 with respect to t, and using
(1.13) (see (3.17)). Our goal is to prove the asymptotic stability of Q[z(t)] and the asymp-

totic completeness of n(t).

Remarks 1.2. (1) The subspace H.[z] is an invariant subspace of i(H[z] — E[z]), as follows

from the relation

(Hlz] — E[z])D;Qlz] = (D;E[2]) Q2] (1.20)

(which is the result of differentiating (1.6)), together with (1.11). Restricting to H.|z]

eliminates nondecaying solutions of the linear equation 91 = —i(H]z] — E[z])n for fixed z.
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(2) When z € R*, H,[z] is just the orthogonal complement of {Q, 1(0/9|z)Q} in the
inner product (-,-). This subspace is often used in the literature. The current definition
using z, instead of its magnitude and phase, is more natural because we allow z = 0, for
which case the phase is not well defined.

(3) Note that we impose a time-dependent condition n(t) € H.[z(t)] instead of
simpler conditions such as n(t) € H.[0], that is, (n(t), ¢o) = 0 (which is used in [22, 37]).
The reason is the following. If we assume (n(t), ¢o) = 0, then the equations for z + iEz

yield

2 +1Ez| < (o, An)| + |(do, F2)

(1.21)

)

where A is some linear operator. The term (¢, An) is linear in 11 and hence is not inte-
grable in time, in light of the estimate n € L?W'"°. Thus we cannot conclude that |z| and
E[z] have limits as t — oco. This term drops out if we requiren(t) € H.[z], and the equation

for z + iEz (and hence (d/dt)|z|) becomes quadratic in 1.

We now state precise assumptions on the potential V and on the nonlinearity g.
We denote the usual Lorentz space by LP*9 = (L* L"), s forT <p <ocoand 1 < q < oo

(see [2]). WP denotes the usual Sobolev space.

Assumption 1.3. V is a real-valued function belonging to L? + L*. (We note that under
this assumption, —A+V is a selfadjoint operator on [, with domain H?. See, e.g., [23].) Its
negative part V_ := max{0, —V} is further assumed to satisfy ||V_||( 2 1o0)((x/>r})) — O as
R — co. We suppose —A + V has only one eigenvalue ey < 0, and let ¢ be a corresponding
normalized eigenvector. e, is simple and ¢, can be taken to be positive (see [23]). Denote

the projections onto the discrete and continuous spectral subspaces of —A + V by

Pa = do(do,"),  Pc=1-Pa. (1.22)
The following Strichartz estimates are assumed to hold:

e A VIPed |y S b,
(1.23)

< IFliawrors,

t
H J eis(A’v)PcF(s)ds
—00 X

where X := LH! 0 L2W16 012162,



Asymptotic Stability of Solitary Waves 3565

Remark 1.4. The Strichartz estimates of Assumption 1.3 hold when, for example,
V)| <c(1+x) *° (1.24)

for some ¢ > 0, and the bottom of the continuous spectrum, zero, is neither an eigenvalue
nor a resonance. Estimates without derivatives can be proved by applying the L'-L*° de-
cay estimate [13, 16, 39] to the endpoint Strichartz estimate [17], where the stronger esti-
mate in the Lorentz space was actually proved. We need the Lorentz space L% estimate
only to handle the critical case of the Hartree equation (with convolution potentials de-

caying like 1/[x|?). Estimates of the derivatives can be obtained by using the equivalence
1/2
Iblwro ~ [H20 0y Hi==A+V4[[V]w +1, (1.25)

for 1 < p < oo, and the commutativity of e'**~V) with H}’?. The equivalence can be
shown by applying the complex interpolation for fractional powers [31, Section 1.15.3] to
the equivalence in W?? using the boundedness of imaginary powers Hi, which follows

by [7] from the fact that e~*"' is a positivity-preserving contraction semigroup on LP.

Assumption 1.5. The nonlinearity is assumed to be of one of the following two forms or
their sum:
(a) g : C — C is a function satisfying gauge covariance (1.2) which, when re-
stricted to R, is twice-differentiable, with g(0) = ¢g’(0) = 0, and

0"(s)] < C(s" + %) (126
(b) g() = (@ = b|* P, where @ is a real potential, and
O L' 132, (1.27)

Remarks 1.6. (1) Examples of nonlinearities satisfying Assumption 1.5 include

c

d
6(1b) = ahI*/ + bR + KW n W) ‘ uﬂw, (1.28)
where a,b,c,d € R, 0 < ¢ < 1. Note that the small-data assumption allows the consid-
eration of focusing problems globally in time, which could otherwise blow up for large
enough data.

(2) Recall from Remarks 1.2(3) that, using a time-dependent decomposition, the

equation for z + iEz becomes quadratic in 1. Even in this case we need to use an L?-type
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Strichartz estimate for 1 in order to get convergence of |z|, since we cannot have better
decay as long as we start with H' initial data. Thus the endpoint Strichartz estimates
(1.23) are irreplaceable in our argument. As a bonus, they allow us to treat borderline
nonlinearities, such as g(\) = +[p[*\ and g(\) = £p[*/3, which are not covered in the
previous works [22, 26, 27].

(3) Although our primary interest is in the asymptotics in the energy space, our
argument in this paper works in any Sobolev space H*®, s > 1, if the above assumptions
on V are modified accordingly. Indeed, the control of the trajectory of the soliton does
not require much regularity unless V is too rough (it suffices that V is a bounded mul-
tiplier from H® to H®~2). The estimate on the linear error terms for the perturbation is
not affected by the regularity, and the remaining argument for higher-order error terms
is quite similar to the low-energy scattering in H® spaces (see, e.g., [20]), once we assume
the Strichartz estimate for —A + V in H®. In particular, by considering the problem in

H? C L*, one may treat arbitrarily high-power nonlinearities.
We can now state our main theorems.

Theorem 1.7 (asymptotic stability and completeness). Let Assumptions 1.3 and 1.5
hold. Every solution 1\ of (1.1) with data 1, sufficiently small in H' can be uniquely de-

composed as

P(t) = Q[z(H)] +n(t), (1.29)
with differentiable z(t) € C and n(t) € H.[z(t)] satisfying

Inllezwreareonr + [zl S [[Wolly1
. ; (1.30)
2+ €2z ] g oo S (ol

Moreover, there exist z, € C with ||z, | —[z(0)/| < |||, andn, € H' N Ran P, such that

z(t) exp {iE Elz(s)] ds} —zy, [n(t) — e A Vi ||,,, —0 (1.31)

as t — oo. In particular, |z(t)] — |z4| and, if z, # 0, argz(t) + f; E[z(s)]ds — argz, —
Omod 27t O

The corresponding result with no bound state was obtained in [16, 29] for small
H' data and [12] for large data with no potential and g({») = +p|™ '. Results similar
to Theorem 1.7 in the case of localized initial data 1y and g(\) = Ap|™ " were first
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obtained for the case |[n(0)||1~11 < [2(0)] by Soffer and Weinstein [26, 27], and then ex-
tended to all o small in H' and weighted L*-spaces by Pillet and Wayne [22]. The latter
work was extended to the 1D case in [37]. In all [22, 26, 27, 37], the solutions (t) are
decomposed with respect to fixed selfadjoint linear operators. A time-dependent decom-

position similar to (1.19) seems to have first appeared in [3].

Theorem 1.8 (nonlinear wave operator). Let Assumptions 1.3 and 1.5 hold. There exists
& > O such that forany z, € Cwith|z,|=m,, € [0,8] andn, € H' NRan P, with |n, ||+ <
0, there is a global solution {(t) of (1.1) satisfying the conclusion of Theorem 1.7 with
the prescribed asymptotic data z, andn,. O

We do not claim the uniqueness of ¥ (t).

Special cases of Theorem 1.8, further assuming mey, > [N |11A0 OF Mo = 0 with
Inellirar < 1for g(P) = &%, were obtained in [33, 36].

In Theorems 1.7 and 1.8, one may replace e**~V)n, by et withn, € H' if
asymptotic completeness in H' of the wave operator between —A + V and —A holds. It
holds, for example, if (1.24) holds.

Theorem 1.7 implies in particular that any small solution looks like a solitary
wave for large time locally in space. But due to the fact that the data is not assumed to
be localized, we cannot, in general, have a convergence rate for it. In fact, we have the

following theorem.

Theorem 1.9 (examples of slow decay of dispersion). Let Assumptions 1.3 and 1.5 hold.
For any nonempty ball B C R3, there exists > 0 for which the following holds. For any
positive function f(t) which goes to zero as t — oo, and any z; € Cwith |z;| = ms € [0, 8],

there exists a solution {(t) of (1.1) satisfying the conclusions of Theorem 1.7 and

i fz’ - ' 2
lim sup (m e HII)](CJZ) Ql= ]HL (B>> = 00. (1.32)

Finally, we remark on the case of a large soliton with H' perturbation. In this
case, the derivative of the phase argz(t) does not have fast decay, and there is a com-
mutator term in the equation of the dispersion which is no longer smaller than the dis-
persion itself. One needs to include this term in the linearized operator, which becomes
time-dependent, and an analogue of the Strichartz estimates is not available yet. An ex-
tra difficulty arises when the soliton is allowed to move: the trajectory of a soliton cannot

be treated as a perturbation of a constant-velocity movement.
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2 Preliminaries
In this section, we give three lemmas concerning the nonlinear ground states.

Lemma 2.1 (nonlinear ground states). There exists 6 > 0 such that for each z € C with
z| < &, there is a solution Q[z] € H2 N W' of (1.6) with E = E[z]] € R such that

Qlz] =zdo +qlz], (a,0) =0. (2.1)
The pair (q, zE) is unique in the class

lallnz <9, [E—eo| <. (2.2)
Moreover, Q[ze'*] = Q[z]e'*, Q[|z|] is real, and

qlz] =o(z%), inH*nW"!
DQ[z] = (1,i)do + o(z), D?Q[z] =o(1), inH*NnW"! (2.3)
E[z] = eo + 0(2), DE[z] = o(1),

asz — 0. O

A special case of this lemma is proved in [26, 27], referring to [1]. We will prove
the lemma under weaker assumptions on V and g in the appendix.

The following is an immediate but useful corollary of this lemma.
Lemma 2.2 (continuous spectral subspace comparison). There exists 6 > 0 such that for
each z € Cwith |z|] < §, there is a bijective operator R[z] : H.[0] — H.[z] satisfying

Pelsc.z) = Rlz] 7. (2.4)
Moreover, R[z] — I is compact and continuous in z in the operator norm on any space Y
satisfying H2 NnWhH! c Y C H™2 + L. O

We remark that no corresponding statement holds for the case of large solitary

waves.

Proof. R[z]is given by

Rzln =n + boozn, (2.5)
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where the operator «fz] : H.[0] — C is defined by solving the equations

(n+ o[z, D;Q[z]) =0, j=1,2. (2.6)

These are solvable due to the property D;Q[z] = (1,1)do + o(z). Then R[z] is obviously the

inverse of P, restricted onto H.[z]. For anyn € H.[0], we have

|«lzn| < [(n,DQI2])| < o(2)nlln-2 1, (2.7)

which implies compactness of R[z] —Tin Y. The continuity in z follows from that of DQ|z].
|

Lemma 2.3 (best decomposition). There exists 5 > 0 such that any {p € H' satisfying

[[b]l+1 < & can be uniquely decomposed as

b =Qlz] +m, (2.8)

where z € C,n € H.[z], and |z| + ||l < [ W]w0- O

Proof. We look for a unique solution z of the equation A(z) = 0, where we define

Aj(z) = (i(b - Q[z]), D;Qlz]), j=1,2. (2.9)
Letn := ||{||y1 . The Jacobian matrix of the map z — A(z) is written as

DjAx(z) = ( — iD;Qlz], DxQlz]) + (i(¥ — Q[z]), D;DxkQlz])

(2.10)
=j—k+o(n+lz),
by Lemma 2.1. Let zg := (o, V). So |zo| < n. Then, from Lemma 2.1, we have
A(z0) = (i( —z0do) +0(n?), (1, D)o +o(n)) = o(n?). (2.11)
Now the result is an immediate consequence of the inverse function theorem. [ |

3 Asymptotic stability and completeness

This section is devoted to a proof of Theorem 1.7. We will first estimate the nonlinearity

in Section 3.1 and then prove the theorem in the subsequent subsection.
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3.1 Estimates on the nonlinearity

Before starting the proofs of our theorems, we establish some nonlinear estimates, first

for the pointwise nonlinearity and then for the convolution nonlinearity.

(I) Pointwise nonlinearity. Our assumption (1.26) implies that fork =0,1,2,
k
D*g(z)| < D [aV(lz) 2 *| S [7/3F + 12 - (3.1)
j=0
The nonlinear term F;, defined in (1.15), can be expanded by the mean value theorem as
1

Fa(n) = 9(Q + ) — (Q) — 2%9(Q + en) = L (1-€)029(Q + en)de. (3.2)

Then we can estimate it as

|F2| < sup ’DZQ(Q+EH)|\H\2§(1+|Q|+\ﬂ\)4\ﬂ\2, (3.3)
0<e<l1
P2l oo S (1 1QNe + Inlles)* InllZe. (3.4)

We also need to estimate g(Q + 1) — g(Q). By using the generalized Hoélder inequality,

[9(Q+m) = 9(Q)|[ 165 S [|(Dg(Q+1) —Dg(Q))VQ||,6/5 +[|D(Q +1)Vn|| 65
< (1Qlc= +1mll2) " lles VQYe 2
+ (IQlIs + Imlle ) Il IV QI s
+ (IQUFZ + Imllf2* + Qe + Inlite )il

S CIRQMwz + Il ) Inllwr e,

(3.5)
where C(s) < s/3 + 5%,
(II) Convolution nonlinearity. The nonlinear term F, has the following form:
F2 = Q@ nf* +n® * (2Re(Qn) + l*). (3.6)

By the generalized Young inequality in Lorentz spaces, we have, under the assumption
(1.27),

P21 o0 S (IQNs + Inllie) Inllzs.c (3.7)

This is the only place where we need the Lorentz space L.
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As for g(Q +1) — g(Q), its gradient V(g(Q + 1) — g(Q)) is expanded into a sum of
trilinear forms where one of three functions has the derivative and at least one of them

is 1. By the generalized Young inequality, we have

@5 (W1b2) W3l 65 SNPlar3r2.00 [ o] 2| Wo@) |y 2n6 Vo)1 6 (3.8)

for any permutation o. So we may put ann or Vn in L®, another function without deriva-

tive in L? N L®, and the remaining one in L?. Hence we obtain

19(Q +m) = 9(Qlwr.es < Inllwres (Ml +1QIr)*. (3.9)

3.2 Asymptotic stability and completeness

Now we prove our main result, Theorem 1.7.

Let(x, t) solve the nonlinear Schrédinger equation (1.1) with initial data

lb(O)) :11)0) Hlj)OHHI(RS) <1 (310)

It is easy to prove local well-posedness in H' by using the Strichartz estimate
(1.23) (the discrete spectral part does not bother us on finite intervals). The unique solu-
tion thereby obtained belongs to L H' N LZWe,

Our argument below will yield time-global a priori estimates, so that the solution
1 exists and remains small in H' for all time. More precisely, we take 8’ > 0 much smaller

than any 6 in the previous lemmas, and take the initial data 1o such that

[ ol < ¥ < 8. (3.11)

We will show that

5
Wlicee o <8 = [Wllteorrom < 5, (3.12)

for any T > 0, provided & and &’ were chosen sufficiently small. Then, by continuity in
time, this bound and the solution together extend globally in time. In the argument below
we will not specify explicitly the time interval. The assumption [[}|[[rcc 1 < & allows us
to use all of the previous lemmas.

By Lemma 2.3, we have the decomposition

Y =Qz(t)] +n(t), ne K[z (3.13)
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The equation for n is given in (1.13). We now derive the evolution equation for z(t). Dif-
ferentiating the relation (in, D;Q[z]) = 0 with respect to t and plugging (1.13) into that,

we obtain
0 = (Hn +EQ —iDQz + F2,D;Q) + (in, D;DQz), (3.14)

where H, E, and Q all depend on z (but this dependence is dropped from the notation). By
the symmetry of H and (1.20), we have

<Hn,D]-Q> = <T],HD]'Q> = <n,D,~(EQ)> = <n,EDjQ> = <in,EDjDQiz>, (3.15)
where we used (in, DQ) = 0 and (1.11). By (1.11), we have
(EQ —iDQz,D;Q) = (DQ(iEz + 2),iD;Q). (3.16)

Thus we obtain

> ((iD;Q,DkQ) + (in, D;DkQ)) (2 + iEz) = —(F2,D;Q). (3.17)

k=1,2

The matrix on the left-hand side is the Jacobian matrix in (2.10), and so is estimated as

(iD;Q,DkQ) + (in,D;DxQ) =j — k + 0(3). (3.18)

Inverting this matrix, we obtain

2 +1E2] S [(F2, DQL2])| < [[Fall 1 o0 (3.19)
at any t. Applying estimates (3.4) and (3.7), we obtain

Iz +1Ez[l2 S ||ﬂ||L<30 L6.2 HﬂHL{LM < HHHL?O H! ||T1||L§L6~2 (3.20)
and ||z + iEz[liec < [N[Zc04y1, Where we used the Sobolev embedding H' € L®2,

Next, we estimate n by writing (1.13) in the form

om=(-A+Vn+F (3.21)

with

F:=g(Q+mn)—9g(Q) —iDQ(z + iEz). (3.22)
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Denote 1. := P.n, where P, = 1 — ¢po(do,-) is defined in (1.22). The Strichartz estimates
applied to (3.21) and Lemma 2.2 yield

Imlix < mellx < MO0 + [PeFll 2wrers S (ol + IFllzwres, (3.23)
where

X:=1CH' n1ZWhe N 12182, (3.24)
By Lemma 2.1 and the estimates (3.5) and (3.9) in Section 3.1, we obtain

IFllczwrers S [12+1Ezf2 + 8[Inl[zwr e (3.25)

From (3.20), (3.23), and (3.25), we deduce that

. . 1/2
Imllx + 112+ 3E2] 5% + [Fllzwrers S ol <8, (3.26)

if we take 4 sufficiently small. Choosing &’ even smaller, we obtain the desired bootstrap-
ping estimate (3.12), and so the solution, as well as all the estimates, extends globally.

Moreover, we have

[oulzl]l v < 12+ iBzlir S [nlZzpe S [Wollfyr, (3.27)

so |z(t)] and E[z(t)] = E[|z(t)|] converge as t — oo.

Finally, we prove that 1 is asymptotically free. We have the integral equation

t
e (t) _e“<A—V>{ C(O)—iJ e BA-VIP F(s)ds|. (3.28)
0

By the Strichartz estimate, for any T > S > 0, we have

as T > S — oo, by the Lebesgue dominated convergence theorem and the finiteness of

.
J e’is(A’V)PCF(s)ds

S ||F||L§W1,6/5[S‘T] — 0, (3.29)
S

H!

[Fllzw1.6/5(0,00)- Thus the integral in (3.28) converges in H' ast — oo, and we obtain

o0
tlim e A Vg (1) =1c(0) — iJ e SAVIP F(s)ds =1, (3.30)
© 0

In particular, n.(t) converges to 0 weakly in H'. Then Lemma 2.2 implies that ng(t) =

R[z(t)] — I)nc(t) converges to 0 strongly in H'. Therefore we conclude that
( g 8

[n(t) — ™AV ||,;, — 0. (3.31)
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4 Nonlinear wave operator

In this section, we prove Theorem 1.8. We will construct the desired solution by first
assigning the asymptotic data at large finite time T and then taking the weak limit as
T — co. Recall that my,, | ||+ < 6. For any T > 0, we define ' to be a solution of (1.1)

such that for the decomposition

P =Qz" +n", n'exH.[z'], (4.1)

and the modified parameter

2Tt)=2" [ 2" .
(t) (t) exp {1JO Ez'(s)] ds}, (4.2)
we have

(M =z, Pen'(T)=eT4Vin,. (4.3)

First we need to show that such a solution does exist. For that purpose, we fix T for a
moment and consider a family of solutions {{y}« to (1.1) foraw € S ={z € C | |z] = |z, [}

with the initial condition att = T:

Va(T) = Qo + R[ax]n4, (4.4)

where the operator R[«] is given by Lemma 2.2. We decompose P, = Q[z«]| + 1« as before
and define z, from z, in the same way as in (4.2). It suffices to show that z,(T) = z, for

some « € S. Since the phase factor
T
J Elza(s)] ds (4.5)
0

is continuous from « € S — R, the mapping
axeSr—z4(T)eS (4.6)

has degree (winding number) 1 and so is surjective to S. Thus the solution " exists and

is well defined. Theorem 1.7 implies that ' satisfies

<62, (4.7)

<8, HatZTHL1(T,oo) = !’(i+iEZ)T"L‘(T‘oo) ~

"z cnreon S
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and the integral equation

t
PenT(t) = ettA—Viy iJ ¢it=5)(A=V)p FT () ds, (4.8)
T

where F' is as defined in (3.22). By the same argument as in Section 3.2, we deduce that
forany S <T,

HnTHwalﬁ[s,oo] S HPCHTHl_fwhﬂs,oo]
S Heit(A_v)THHwa'»6[5,00} + HFTHwalvG/S[s,oo]’

HFT||L§WMS/5[S,OO] S H(i+iEZ)T||L2[s,oo] +5H”THL§W1~6[5,OO]
S 6HT]THL%W“6[S,00]’

Therefore, when 6 is sufficiently small, we have

1S [|ettA—Y (4.10)

HnTHL{WW[S,oo )n+Hwah6[s,oo]'

Applying the Strichartz estimate once again, we get

HPcT]T _ eit(AfV)n+| < 5Heit(A7v

|L?°H‘ﬂL€W1v6ﬂL€L5)2[S‘oo] ~ (4.11)

)”+||ng1~6[s,oo]'

T on

Now we take the limit T — oco. By (4.7), z' is equicontinuous on R and so is z
the extended real line [—c0, co]. From the equations, ' is equicontinuous in C(R, w-H")
and so is Pcn' in C([—o0, o], w-H'") by (4.11). Then, by Lemma 2.2,n" = R[z"|P.n" is also
equicontinuous in C([~oo, 0o}, w-H'"). Thereforen’ and z" are convergent along some sub-

sequence in the following topology:

n" —mn® in (CONL®)(w-H') nw-LiW'*®,

(4.12)
2T — 2z inC°R), z' —z® inl®(R).
This implies the convergence of \" itself:
P =Qz"] +n" — Q[z®] +n® = P> (4.13)

in C(w-H")Nw-L?W"-¢ on any finite time interval. Extracting a subsequence if necessary,
we may assume that the nonlinearity g({") also converges in w-L?W"¢/> on any finite

time interval. Then the local convergence of {" in C(LP) for p < 6 implies that the limit
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of the nonlinearity is the desired g({*°). Hence we deduce that > is a solution to (1.1)

belonging to C(R;H") N L

2 (W"6). From the uniform convergence of 2" to z*°, we have

lim z*°(T) = lim z'(T) = z,. (4.14)

T—oo T—oo

From the weak convergence uniform in time, we get

HPdnoo (t)HH, — 0 ast— oo,

[Pen — eit(Aiv)n+HL$° HI(S,00] Hei(AiV)thrHL%W1v5[S,oo] —0 asS-— o0
(4.15)

Thus P> is a solution with the desired asymptotic profile.

5 Examples of slow decay of dispersion

In this section, we prove Theorem 1.9.

For a fixed ball B ¢ R3, choose &, € H' satisfying

HE'OHH1 = 1a HE'OHLZ(B) > O, (d)O»aO) = (d)O)E»O)LZ(B) = 0» (51)

where the first inner product is in L?(R3) as before. The constants below depend on B and
&o. We use a small parameter ¢ > 0 to control the size of solution.

We define an increasing sequence of times T; inductively as follows. Let T; > 1
and, for j > 1, assume that we have defined Ty for k < j. By the Strichartz estimate, there

exists T > maxy.; Tx such that

Z |‘eii<A_V)(t_Tk>aOHL§W‘-G[T,oo] < 82—]', (5.2)
k<j, =
sup f(t) < ¢227%. (5.3)
t>T

Then we can choose T; > T such that

Z ||ejd<A’v)(Ti’Tk)cioHW1)6 <27, (5.4)
k<j, £
We define the final data by

Ny = Z g2 et VI=Tg (5.5)

i>0
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and the asymptotic profile of the dispersive part is given by

Ne = Z 827j€i<A7v><t7Tj)E,o. (5.6)
j

Let{(t) = Q[z(t)] +n(t) be a solution furnished by Theorem 1.8, corresponding to
1, and z, of size at most ¢. By (4.11) and (5.2), we have

[Pen(T5) —me(T) |10 S EHm’fHnghs[Tj ,00] etz (5.7)
By (5.4), we have

[Me(T) —e27 &0 e S 227, (5.8)
Then, by Lemma 2.2, we have

[Pan(T) | s S el[Pen(Ty) [ e < €227, (5.9)
Thus we obtain

[n(T;) — EZij‘ioHLZ(B) < (1) - 8zij‘(*OHLS <ef2. (5.10)
By Lemma 2.1, we have

1Q[2(T)] = Q) = (2(Ty) = 2) ol 25 < 0(e)]2(T;) —z]. (5.11)
Since ¢y > 0 everywhere, we may assume, by choosing ¢ sufficiently small, that

1Q[z(T)] - Qlz] - (2(T;) *Z)d’OHLZ(B) <e|(z(Ty) *Z)‘bOHLZ(B)' (5.12)
Since &y and ¢, are orthogonal in L?(B), we obtain, from (5.10) and (5.12),

n(m) +QL=(T:)] - Q[Z]HLZ(B) 2 827j|‘E’OHL2(B) —ef27 2827, (5.13)

provided ¢ is sufficiently small. Thus we obtain, by (5.3),

inf W (T;) — Q[Z]HLZ(B> > €27 > Df(Ty). (5.14)



3578 Stephen Gustafson et al.
Appendix
Nonlinear bound states

In this appendix, we prove Lemma 2.1.
For the linear potential V, we may weaken Assumption 1.3 to include only those

parts which are relevant for existence of nonlinear bound states.

Assumption A.1. We suppose V € L2 + L*® with |V_||{ 2,1 (x| > R) — 0as R — oo, and
that ey < 0is a simple eigenvalue of —A + V (we do not need the Strichartz estimates and

we do not need ey to be the only eigenvalue or even the ground state).

We need the nonlinearity g to be just superquadratic. Thus, we may replace

Assumption 1.5 by the following.

Assumption A.2. gisasin Assumption 1.5, but, in the pointwise case, is only required to
satisfy (instead of (1.26))

g’(s)=0(1) asseR —0". (A1)

Proof of Lemma 2.1 under Assumptions A.1 and A.2. For each z, we look for a solution
Q=zdo+qgand E =ey + e’ of (1.6) with (¢o, q) = 0small and e’ € R small. Then

(=A+V)q+g(zdo +q) = e'(zdbo + q) + eod. (A.2)

Taking projections on the ¢o and ¢ directions, we get

e'z = (d)O) g(Z(bO + q)))

, (A.3)
Hoq = —Pcg(zdbo + q) +€'q,

where we denote Hp := —A+V—e,. The right sides are of order o(z). We will use a contrac-
tion mapping argument to solve for q = o(z?) in H? and e’ = o(z) uniquely, for sufficiently

small z. Differentiating by z, we obtain the equations for higher derivatives:

zDe’ +e'] = (do, Dg(Q)),

zD%e’ + JDe’ = (¢, D?*g(Q)),

HoDq = —P.Dg(Q) + qDe’ + ¢'Dq,

HoD?q = —P.D?g(Q) + qD?e’ + DgqDe’ + ¢'D?q,
Dg(Q) = ¢'(Q)(Jbo + Daq),

D?g(Q) = g”(Q)(Jbo + Da)” + ¢’(Q)D?a,
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where we have omitted subscripts for D and | := Dz = (1,1), and some constant coeffi-
cients.

Assumption A.1 implies that —A + V is selfadjoint on L? with domain H?, so ¢ €
H?. Furthermore, the assumption ||V_||(121o0)|x=r}) — O implies that —A + V is a rela-
tively compact perturbation of —A 4 V... So, by the Weyl theorem, the essential spectrum
of —A + V is contained in [0, 00). In particular, e is an isolated point of the spectrum.

Since it is a simple eigenvalue, we have
Hy': L3 — H} bounded, (A.5)

where H? and L4 denote the Sobolev spaces restricted to the orthogonal complement of

bo.

Now we can solve the equations in the closed convex set
K:={(a,e") e HL x R q[uz <2, le/| <l2l} (A.6)

for sufficiently small z € C (the case z = 0 is trivial). Indeed, we define the map M :
(do, €p) — (a1, e7) by

9o := g(zdo + qo),

Ze{ = (d)ngO)» (A7)

qi:=Hy' (—Pego+€5qo).

Then, under Assumption A.2, we have the easy estimates

[ze1] < llgollyy = < o(lzbo + aolly2) < o(22),

, ; (A.8)
a1 ]|k < llooll iz + les][laolr2 < o(2%),

which implies that M maps K into K. Let (ej, ,, qj+2) := M(e{, q;) and gj := g(zdo + q;) for

j =0, 1. Similarly, we can estimate the difference

|7~(e§ —e§)| S ||Qo — g1 HH,Z < 0( |Z¢o + q)'||Hz)HOI0 — 1 HHz S O(Z)HQO — ||Hz,
la2 = asly2 S [l90 = 912 +[ec = etl[[acl| = + [et[]lao = ar]l s
SIz\(leé—eﬂ+||qo—q1|{Hz),
(A.9)

which implies that M is a contraction on K and hence has a unique fixed point in K.
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Suppose now there is a solution (q, e’) in the class K'={(q, e’) : ||q|luz <7, e/ <y}
We have

lallnz < [[a(zdo + @) . +le’llallcz < oDz +o(1)llal . (A.10)

Thus ||q||12 < o(1)]z?. It follows that ze/| < ||g(zdpo+4q) |l 2 < o(z?), and hence (q,e’) € K.
This shows the uniqueness in the class K’.

Let (q,e’) be the unique solution and Q := zdo + g. Since the equation becomes
real-valued when z € R, the unique solution Q|z] is also real-valued.

By the same argument as above, we have

2[De’l S o(z) + |Dg(Q) |y,
IDdllz < [|Da(Q)], + 22De’| + |zl Dy, (A.11)
Dg(Q)|;> < o(lIQll1z) [[Tbo + Ddl[ . < o(2)(1 +[IDd|ln2),

which imply that De’ = o(1) and ||Dq||y2 = o(z). Similarly, we have

l2[D?e’] S o(1) + [D?9(Q)[,, -
ID%all. < [[D?9(Q)] 2 +0(z*)[D?e’| + o(2)IDe’| + o(2) [ D*q, (A.12)
ID29(Q)]| > S o(D)[Jdo + Da[},. +0(2)[[D?al] o

which imply that [D?e’| = o(1/z) and ||D?q|+;2 = o(1).

Next we establish the estimate in W', Actually, following [1], we will obtain an

exponentially weighted energy estimate. Let

b, ) = (T4, 70) + | Vi ax (A.13)
denote the bilinear form associated to —A + V. It is defined on H' x H'. Set

b:= lim inf {€(p, @) | @ € H', [@]2 =1, @(x) =0for|x| < R}. (A.14)
— 0

Suppose b < 0. Then there exists a sequence @r satisfying || ¢r|l2 = 1, ¢r(x) = 0 for
Ix| < R, and &(@r, er) < 6 for some fixed 6 < 0. It is easy to check that ¢ is bounded in
H'. Since it converges weakly to 0 as R — oo, by the assumption [|[V_ || 2. 100)(x/=r}y) — 0,
the negative part [ V_|pg|*dx of the energy converges to 0, a contradiction. Thus b > 0.
In other words, there exists 5(R) with §(R) — b > 0 as R — oo, such that for any ¢ € H'
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satisfying ¢ (x) = 0 for [x| < R, we have

(0, 0) > 5(R)|l0]3. (A.15)

Now we apply this inequality with localized exponential weight xr defined by

es(X-R 1 (R< x| < 2R),
XRr(x) = { esBR=IX) — 1 (2R < [x| < 3R), (A.16)

0, else,
with some fixed small ¢ > 0. Then we have
|Vxr| S e(xr +1). (A.17)
From (A.15), we have, forany ¢ € H',
5(R)|[xr |3 < €(XR®, XRP)
=&(xr9, @) +J|¢>VXR\2dX (A.18)
~ (ko Hoo) + eolfxe 3 + [ o Txx[ax.

Recall Hy := —A + V — ey. By using (A.17), we obtain for sufficiently large R and small ¢,

Ixrels < (e, How) + 2 [o]3. (A.19)
Also, the Sobolev norm is estimated by
ke Veol3 < IV (xee) 5 + | 0Vxell3

< e(xr0, Xk ®) + |[xr |3 + €2l @l3 (A.20)

< (x@,Hoo) + &*[|oll3-
Thus we obtain the key relation
2
Ixre[[1 S (xre, XxrHow) + [l0l13 (A.21)

for any ¢ € H', sufficiently large R, and small . Now we substitute each of ¢ = ¢y, q,Dq,
D?q into (A.21) and use the equations they satisfy. We find

Ixrol[Z S [|dboll> =1, (A.22)
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and under Assumption A.2, we easily obtain

Ixrallyi S 1Q7" Q) lsgr i)
% (IxrQlyo xrallygs + 1QI1 Ixrallys [xreo ) + l1all3 (A.23)
S (o(z2) + llxrallyy: ) xrallys +o0(z*),

which implies that ||xrq||;;1 = o(z?). Similar estimates hold for xgDq and xgD?q. It fol-

lows that each of these functions is bounded in W1, [ |
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