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Abstract: We present new interior regularity criteria for suitable weak solutions of the
3-D Navier-Stokes equations a suitable weak solution is regular near an interior point
7 if either the scaled L/ -norm of the velocity with 3/p+2/q < 2,1 < q < oo, or the
L7 -norm of the Vort101ty with 3/p +2/q < 3,1 < g < oo, or the LY/ -norm of the
gradlent of the vorticity with3/p+2/q <4,1 <gq,1 < p,is sufﬁc1ently small near z.

1. Introduction

We continue our study in [10] of the regularity problem for suitable weak solutions
u,p) : QxI1 — R3 x R of the three-dimensional incompressible Navier-Stokes
equations (NS)

Au +d(i’é MVZ)“()* Ve=1 ihaxr (1)
Here  is either a domain in R> or the 3-dimensional torus T3, I is a finite time inter-
val, u(x, t) is the velocity field and p(x, ) is the pressure. We also denote the vorticity
field by w = curl u. By suitable weak solutions we mean functions which solve (1) in
the sense of distributions and satisfy some integrability conditions and the local energy
inequality (for details, see Definition 2.1 in Sect. 2). For a point z = (x, 1) € R¥ xR
we denote

Bi,={yeR:|y—x|<r}, Q.,:=B.,x(t—r>1.

A solution u is said to be regular at z € Q x I ifu € L*°(Q, ) forsome O, , C Qx I,
r > 0. Otherwise it is singular at z (see [2, p. 780]).

Although the existence of weak solutions was proved by Leray and Hopf [17, 11] in
IR and domains, it is not known whether the solution stays regular for all time even if all
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the data are smooth. One type of condition ensuring regularity involves zero-dimensional
integrals,

3
lull Lp.a@xr) < 00, ;"‘5:1, 3<p=<oo, )

where
||“||Lp.q(52><1) = H””Lfo(QxI) = ” ||M(x»t)||L§(Q) HL?(I)' €)]

These integrals have zero dimension if one assigns the dimensions 1, 2, and —1 to x, ¢
and u. This is related to the scaling property of solutions of (NS): The map

(ux, 1), plx, 0} = ux, A20), 2 pOx, 220} (h > 0), 4)

sends a solution of (NS) to another solution, with a new force 23 f(rx, Azt).

The first contributions in this direction, concerning uniqueness and regularity of weak
solutions, were made by [20, 31, 32, 15] when 3/p + 2/q < 1. The borderline cases
3/p+2/qg = 1,3 < p < oo, for different types of domains were later proved by [8,
33,9, 37]. See [38, 34, 4] for results in the setting of Lorentz spaces. The endpoint case
(p, q) = (3, 00) was recently resolved [7] (also see the references in [34, 7] for earlier
results in subclasses). Similar regularity criteria have been established near the boundary
[36, 12, 28].

In a series of papers [21]-[24], Scheffer began to study the partial regularity the-
ory for (NS). His results were further generalized and strengthened in Caffarelli-Kohn-
Nirenberg [2], which proved that the set S of possible interior singular points of a suitable
weak solution is of one-dimensional parabolic Hausdorff measure zero, i.e. PL(S) =0
(the estimate of the Hausdorff measure was improved by a logarithmic factor in [5]).
The key to the analysis in [2] is the following regularity criterion: there is an absolute
constant € > 0 such that, if u is a suitable weak solution of (NS) in €2 x [ and if for an
interior point z € Q2 x I,

1
lim sup—/ [Vu(y,s)|>dyds < e, )
r QZ,I‘

r—04

then u is regular at z. See [18] for a simpler proof and [16] for more details. See [27, 29]
for extensions when z lies on a flat or curved boundary.

The objective of this paper is to present new sufficient conditions for the regularity
of suitable weak solutions to (NS) in the interior, in terms of the smallness of the scaled
LP-9-norm of the velocity, vorticity or the gradient of the vorticity. We obtained such
results in terms of the velocity either in the interior or on a flat boundary in [10]. We
will assume that the force f belongs to a parabolic Morrey space M> ,,, for some y > 0,
equipped with the norm

2 1 2 4.1
1 Wy, xry) = sup e |f17dz. (6)

Q.,CQx1,r>0 T

5
(This space is trivial if y > 2, and it contains L2 (2 x I) for y < 2.)
Suitable weak solutions will be defined in Definition 2.1 of Sect. 2.
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Theorem 1.1 (Regularity Criteria). Suppose the pair (u, p) is a suitable weak solution
of (NS) in Q2 x I withforce f € M, (2x 1) forsomey > 0.Supposez = (x,t) € Qx1
and Q;, C Q2 x I. Then u is regular at z if one of the following conditions holds, for
a small constant € > 0 depending only on p* (or p, p*), q, and y (but independent of

1S oy, )
(i) Velocity criteria. u € L ' near z and
. —(Z+2-1
limsup r G — @rllLracg,,) <€

r—0;
where (1), (s) = \l;_rl fBr u(y, s)dy, for some p*, q satisfying
1<3/p*+2/qg <2, 1<p*q=<ooc.

The same result holds if u — (u), is replaced by u in (7).
(ii) Velocity gradient criteria. Vu € L{"? near z and

(2

(342
limsup r pTa2 IVullpraco,,) <€

r—04
for some p, q satisfying
2<3/p+2/qg <3, 1<qg=<o0.
iii) Vorticity criteria. w = curlu € L{ ' near z an
(iii) Vorticity criteri lu e L)Y d

. (342 9
limsup r (b2 lwllzrao,,) <€
r—0; '

for some p, q satisfying

2<3/p+2/qg <3, 1<g=<o00, (p,g)#(,00).

:
(iv) Vorticity gradient criteria. V2u € L ¥ near z and

, ~(+;-3
limsup r 74 | Vw||

e Lrta.,) =
for some p®, q satisfying
3<3/p+2/qg <4, 1<gq, 1<ph

Furthermore, for p* > 1, Vw can be replaced by curl w.

Comments for Theorem 1.1.

)

®)

)

(10)

(1)

12)

13)

(14)

1. The region defined by (8) corresponds to the union of II and III in Fig. 1, including
all borderlines. The region defined by (10) corresponds to IV, including all border-
lines. The region defined by (12) also corresponds to IV, but without the corner point
(1/p,1/q) = (1,0). The region defined by (14) corresponds to V, including all

borderlines.
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Fig. 1. Regularity Criteria

2. In (8), the lower bound 1 < 3/p* +2/q is only to ensure a non-positive exponent of
r in (7). The true limit is the upper bound 3/p* +2/¢ < 2. Similar comments apply
to (10), (12) and (14).

3. The quantities in (7), (9), (11) and (13) are zero-dimensional, and are invariant under
the scaling (4). Such quantities are useful in the regularity theory for (NS), see e.g. [2].

4. In[10], the authors obtained Theorem 1.1 (i) only for region II, without the borderline
q = 2 (but the result is also valid on a flat boundary of €2). Theorem 1.1 (i) extends
it to region III, and in particular includes the point (1/p, 1/q) = (1/3, 1/2). It does
not further assume the smallness of the pressure, in contrast to, e.g., Theorem 2.2.
Special cases (1/p, 1/q) = (1/3,1/3) and (1/2, 0) were obtained in [39] and [30],
respectively.

5. Theorem 1.1 (ii) contains the special case (p, q)

6. Theorem 1.1 (iii) contains the special case (p, q)

2,2) of [2].
(2,2) of [39].

Theorem 1.1 implies many known regularity criteria. Some of them are summarized
below. For simplicity we assume f = 0. The Lorentz space L ("% for p < oo is defined
with the norm [|v|| .00y = sup,.g0o{|v| > a}|\/p.

Corollary 1.2. Let u be aweak solution of (NS) in Q x I with f = 0and Q, ,, C 2x1
for some ry > 0. Then u is regular at z if one of the following conditions holds.
(i) Zero-dimensional integrals of u [8, 33,9, 37]. If

3 2
u e Lp’q(on,r())a —+t-= 1’ 3 <Pp S 00, (15)
p q

oru € L3’°°(QZO,,0) and ||u||L3,oo(szO) is sufficiently small.

(ii) Lorentz spaces [38, 13, 34, 4]. If u is in L'9° ((to — r2, t9); L'P-°°) (By,.,)) with
3/p+2/q =13 < p <00, and|lull,q.o L2 (0. ) is sufficiently small.
t X 20"
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(iii) Zero-dimensional integrals of Vu [1].

Vu € Lp’q(on,r())a —+-=2, =< p = o0,

or Vu € L3/>°(Qy, »,) and ||Vu||L3/z,o<>(Q70_r0) is sufficiently small.

(iv) Zero-dimensional integrals of w = curlu [3].

3 2 3
w e Lp'q(on,ro)v —+—-=2, —<p<=<oo, (16)
P q 2

orw € L3/2'°°(QZOJO) and ||w||L3/2,oc(Q70 o) is sufficiently small.

Comments for Corollary 1.2.

1.

To prove Corollary 1.2 using Theorem 1.1, we need to show that u is suitable under
the corresponding assumptions. It suffices to show that |u|?|Vu| € L,l’ +» which jus-
tifies the integration by parts and thus one can prove the local energy inequality. In
fact, it is enough to show u € L;"x since [ lu|?|Vuldz < IIuIIi4 IVull ;2.

N 2 2 3
For (i), it follows from [|u|12, < lluell . N1l 7% Il Y5,

For (ii), since 3 < p < 00, one can choose pi,g1 so that

q1<q, pr<p, pi+1l/q1 <1/2, 3/p1+1/q1 <1

Thatis, (1/p1, 1/¢1) lies in region V of Fig. 2 of [10]. By the imbedding of L(P-> ¢
LP' and L@ ¢ L9 wehave u € LP9'. Interpolating with u € L>>° N L%2, we
getu € L} .

2 2/q 3/p
For (iii), we have |u|“|Vuldz < ||”||L2,oo||M||L6,2||V”||LP-‘1-

Xt X1 L

For (iv), since ||[Vu|rra(g,) < CllwllLra(g,) + CllullLracg,,) (see Remark 3.7), it
follows from (iii).
Strictly speaking, one also needs to show that p € L3/? so that (u, p) is suitable. But
this has already been done [35, 18]. By [18, Lem. 3.4], onehas Vp € L)° LY/ (0,)
for every weak solution in Q,. Let p(x, 1) = p(x,t) — fB’_ p(x, t)dx. The new pair
(u, p) is suitable since the local energy inequality (22) remains the same if one
replaces p by p,and p € Lff(Qr) by Poincaré inequality.
We now complete the proof of Corollary 1.2. For (ii), since 3 < p < 0o, one can
choose g2 < ¢, pa < p.and 3/pa +2/g> = 2. Being small in L L (0. )
implies smallness in the scaled norm %L%LP2 (Q,) by imbedding. Then one applies
Theorem 1.1. For the rest, one imbeds L”-9 to LP>9 for some suitable pr» < p.
Corollary 1.2 (i) is due to several authors, already quoted above. Theorem 1.1 does

not imply the end point case u € L3'°°(QZO,,O) without smallness assumption, for
which see [7].

. For Corollary 1.2 (ii), [38] proved regularity for small u in the classes qu,oo) L0,

with 3 < p < o0, [13] in the class L;’OL,(C3’°°) (see [14] for improvement), [34] in

the classes L' L% (Q x I) with 3 < p < oo, [4] in the classes L9 1>

LipsOO)Lt(q’OO)

with 3 < p < oo and the classes with 3 < p < oo. It follows from
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these results, in particular, that u is regular at zg if it satisfies, for 8 € [0, 1] and some
e =¢€(0) >0,

lim ess sup |t — 10]%/? |x — x0!' 7% lu(x, 1)| <e. (17)
r—0 Ozo.r

Our Theorem 1.1 does not cover the endpoint cases p = 3, 0o, except the cases
0 =0, 1 in (17) when suitability is assumed.

6. Corollary 1.2 (iii) was proved in [1] for the cases 3/2 < p < oo. The endpoints
p = 3/2 and p = oo were not obtained in [1]. The p = 3/2 case without the
smallness assumption follows from [7] and imbedding.

7. Corollary 1.2 (iv) was proved in [3, Prop. 2]. The main result in [3, Th. 1] shows
regularity near zo assuming only two components of the vorticity belonging to Lf”,q.
Again, the p = 3/2 case without the smallness assumption follows from [7] and
Remark 3.7.

A major motivation for the study of such regularity criteria is to improve the partial
regularity result of [2]. For example, Constantin [6] proved, when = T3, the existence
of suitable weak solutions satisfying

Vwe LY@ x 1), Y0<e< 1. (18)

Note that the integral [ |Vw|*3~€dz has dimension 1 + 3e. Combining this estimate
with Theorem 1.1 (iv), we find that the parabolic Hausdorff dimension of the singu-
lar set S of u is at most one. This is slightly weaker than the CKN theorem that the
one-dimensional parabolic Hausdorff measure of S is actually zero. Note that Scheffer
[25, 26] constructed examples satisfying the local energy inequality and their dimen-
sions of singular sets are arbitrarily close to one. Thus the CKN result is optimal for
functions satisfying only the local energy inequality. However, the proof of (18) uses the
equation for the vorticity, which may not be satisfied by Scheffer’s examples. Therefore
there might be hope to prove other a priori estimates for w and thus improve the partial
regularity.

The rest of this paper is organized as follows. In Sect. 2 we introduce some scaling
invariant functionals, recall the notion of suitable weak solutions and a regularity crite-
rion involving the scaled norms of velocity and pressure. In Sect. 3 we establish some
estimates regarding the velocity, pressure and vorticity, and prove Theorem 1.1.

We finally correct a typo in Lemma 15 of [10]: In the second line from the bot-
tom of p. 615 and the third line of p. 616, the function C(r) should be replaced by

Cr) = r’zer lu — @IQV ul’dz.

2. Preliminaries

In this section we introduce the notation, review suitable weak solutions, and recall a
regularity criterion involving scaled norms.

We start with the notation. Let € be either an open domain in R? or the 3-dimen-
sional torus T2, and I be a finite time interval. By N = N(a, B,...) we denote a
constant depending on the prescribed quantities «, S, . . ., which may change from line
to line. For 1 < ¢ < oo, Wk'q(Q) denote the usual Sobolev spaces, i.e. Wk'q(Q) =
{f € LUQ) : D*f € L1(R),0 < || < k}. We denote by f, f the average of f
on E;ie., fp f = [ f/IE|. For a function f(x,t), E C € and J C I, we denote

||f||Lp-q(E><]) = ”f“L(ILI’(EXJ) = ” ||f||Lp(E) HLq(J)'
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Next, we define several scaling-invariant functionals similar to those in [2, 18, 16,
27]. For a suitable weak solution (u, p) and z = (x, 1) € Q x I, let

1 1
A(r) == sup —/B lu(y, )I> dy, E(r):z;/ [Vu(y, s)|* dyds,

t—r2<s<t Z

1 ~ 1
C(r):= r_z/Q lu(y, )I> dyds, C(r):= 72/ lu(y, ) — (), ()] dyds,

z.r

1 3
D0)i= [ posl ayds,
r=Jo.,

where (1), (s) = ﬁ fo . u(-, s)dy. Let p, g and p* be numbers satisfying

3 2 1 1 1
Z+2=3 1<g=<oo, —=——<. (19)
P q p* p 3
Recall w = V X u is the vorticity field of u. We define
~ 1 1
G(r) = () = WO o+ G = IV 9120,
1
W(r) = ; lw(y, s)||L§4L§7(Qz.r) .
When 1 < g < 2, we also define
1 ~ 1
W) 1= Vw0 e WI0) 3= leud wG )l e
where p? is the number satisfying, for p, ¢ as in (19),
3+2 4 1 1 1 1<t<3 20)
—+-=4 —=—-z 1=p =3
' p p* 3 2

We now define suitable weak solutions for the (NS).

Definition 2.1. Suppose that f belongs to the parabolic Morrey space M3, (2 x I)
for some y € (0,2]. A pair (u, p) is a suitable weak solution to the Navier-Stokes
equations (1) in Q x I with force f if the following conditions are satisfied:

(a) The functionsu : Q2 x [ — R3 and p : Q x I — R satisfy
we L®(: LA(Q) N LA W2(Q), pelLi(Qx ). (21)

(b) u and p solve (1) in Q2 x I in the sense of distributions.
(c) u and p satisfy the local energy inequality

t
/|u(x,t)|2¢(x,t)dx+2/ / |Vu(x,t/)|2¢(x,t/)dxdt/
Q o JQ

t
5/ / (|u|2(8l¢+A¢)+(|u|2+2p)u-V¢+2f~u¢) dxdd’ (22)
o JQ

forallt € I = (ty, t1) and all nonnegative functions ¢ € Cgo(Q x I). 0O
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In this definition we impose no initial or boundary condition for u.

The main difference between suitable weak solutions and Leray-Hopf weak solu-
tions (see [2, p.779]) is the additional condition of the local energy inequality (22). The
existence of suitable weak solutions is proved in [22, 2]. Definition 2.1 is the slightly
modified version used in [18]. As remarked in [2, p. 823], it is an open question if all
weak solutions are suitable.

Next we recall a local regularity criterion, which is a refined version of [2, Prop. 1],
and is formulated in the present form with f = 0in [19, 18], and proved with nonzero
f € M3, in [16, Prop. 2.8].

Theorem 2.2. There exists € > 0 depending only on y > 0 (and independent of
||f||M2 ), and ro > 0 depending on ||f||M2 , such that if (u, p) is a suitable weak

solutwn of (NS) with f € M3, then u is regular atz=(x,t) e Qx1if
C(r)+ D(r) < € forsomer € (0, rg). 23)

An important feature of (23) is that it requires only one r, not infinitely many r. We
will prove our regularity criteria based on this theorem. For our proof in the next section,
in order to get (23), it suffices to assume y > —1. The assumption y > 0 is made in
order to apply Theorem 2.2.

3. Local Interior Regularity

In this section, we present the proof of Theorem 1.1. Through the entire section, we
assume (u, p) is a suitable weak solution in € x I. Without loss of generality, we
assume z = (0,0) and Q, = Q,0), C R x I. By Holder inequality, it suffices to
consider borderline exponents, i.e., those exponents p, p*, pjj and ¢ satisfying (19) and
(20). Denote m,, = [ flla, -

Lemma 3.1. Suppose Q2 C Qx [ and0 <r < m;l/(Hy). Then
A(r)+ E(r) < N[1+CQ2r)+ DQ2r)].

Proof. By choosing suitably localized ¢ in the local energy inequality (22), we get

2 1
Ar)+E(r) <N(C32r)+CQ2r)+— + 2d7
() +E() < ( 21+ CQ + = lull gy Il 3, r/erm z)

which is bounded by N[1 + C(2r) + D(2r) + rz(”ﬂ)m)z,]. O
Lemma 3.2. Suppose u € L?"9(Q,) with3/p* +2/q =2, 1 < q < oo, then

C(r) < NAT () E "1 ("G ().

Proof. Leta = 2p*—3)/3p*and B = 1/p*.Note 1/3 = a/2+B/6+(1 —a—B)/p*.
Using the Holder inequality and Sobolev imbedding, we obtain

1
lu = @Ollgas,y < Nl e = @l Nl (u)rlle“(Bﬁ)
o B 3
S N ”u”LZ(B,) ||VM||L2(B") ” (u)r”Lp (B, )
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where we used 1 — o — 8 = 1/3. Raising to the third power, integrating in time and
dividing both sides by r2, we get

ey < / 013 190125 = 0,

N 3y 3 0 % 0 é
< Nriead <r)(/_ VUl d ) (/_ = @l e ) ,

which equals NA%(r)El_é(r)é(")- o
Lemma 3.3. Suppose 0 < 2r < pand Q, C 2 x I. Then
Cry<N (%) c+n (2) ¢
Proof. This follows from the Holder inequality:
cor= 5 [ (10pP +1=w,) a2 =¥ (5) cwren (2) Con.
r=Jo, p r
O
Lemma 3.4. Suppose 0 < 2r < p and Q, C Q2 x I. Then
D(r) <N (g)2 (€(0)+p3 D3y 4 N (2) D(p). (24)

Proof. Let ¢(x) > 0 be supported in B, with ¢ = 1in B,/,. The divergence of (1)
gives —Ap = 9;9; (uju;) — V - f in the sense of distributions. Let

1
pi(x, 1) := /R oy {0:0; [(wi — i) p)uj — (up)p)p] =V - (fP)} (v, D)dy

347 |x

and py(x,t) ;= p(x,t) — p1(x, ). Due todivu = 0, Ap, = 0in B, ;. By the mean
value property of harmonic functions,

1 3 Nr 3 Nr 3 Nr 3
S| Iplidx <= [ iplidx < — [ Iplfdx+ s | Ipil*dx.
r N 1Y By 1Y B, P B,

By Calderon-Zygmund and potential estimates,

r 3 1 3 N 3 N,09/4 3
—3/ |p1|2dx§—2/ |p1|zdxs—2/ i — oy, [P+ 22 (/ LD
Y B, r B, r By r B,

Adding these estimates, integrating in time, and using f r2 — ( /, B, | f |2dx)
Nr73/2m§//2p3+3y/2

-Nw
IA

, we get

1 3 o, 1 3 3,
) lpl2dz < ) |p112 +1p2|? dz < RHS of (24).
Or Qr
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Now we are ready to prove Theorem 1.1 (i).

Proof of Theorem 1.1 (i). It suffices to prove the borderline cases 3/p* +2/q = 2 and
1 < g < oo. The other cases follow by Holder inequality. Suppose 0 < 4r < p. By
Lemmas 3.2 and 3.4, and by Lemma 3.3, we get

corenn =v (5)(¢(§)+p () +n (2) (¢(§) rotr7mi)
v () @) e ()~ ()
(G E () i)

Suppose p < m;, /"Y' By Lemma 3.1,
VP ()5 ()5 ()< (Y acunepnin

Combining the above estimates, we obtain

r p2~
cu)+Dv>sA&((—)+(—)<Hp0(cw)+Dw»
0 r

2 (. 3
+N> (é) (G(p) + pg(”“)m;) .

Choose 6 € (0, 1/4) so that N»6 < 1/4. We fix ro < min{l, - L(%)M}WW

my ’ my
such that G(r) < % min{1, €} for all » < rg, where € is the constant in Theorem
2.2. Replacing r and p by 6r and r, respectively, we get

1
COr)y+D@r) < 3 (C(r)+ D(r))+ 2 Vr < ro.
By iteration,
k P 1 €
CO'ry+D@O"r) < 7 (C(r)y+ D))+ ok Vr < ro.

Thus, for k sufficiently large, C (9" r)+ D(@k r) < €, from which z is a regular point due
to Theorem 2.2.

The last statement of Theorem 1.1 (i), that one can replace u — (u), by u, is because
lu — (u)r ||Lp*,q <N ”””LP*JI- o

The following modification of Lemma 3.2 is all that is needed to prove Theorem 1.1

(ii).
Lemma 3.5. Suppose 0 < 2r < pand Q, C Q2 x I. Then

C(ry < NAYIrE""Y9 ()G (r). (25)
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Proof. The proof is similar to that of Lemma 3.2. When 1 < p < 3, using the same
exponentsoe =1 —1/pand B =1/p — 1/3, we have

3(1—a—p)
Y 0 R 4 A T (O e

2 2-2
< Nl IVully 2o 1Val o,

If p =3 (and g = 1), by Gagliardo-Nirenberg and Poincaré inequalities,

N
” (M)I‘HLZs(B y = < N ”Ll (M)I’HLZ(B ) ”Vu”L’;(B ) t+ =5 3/2 ” - (u)r”iZ(Br)

< N lullZsg,, 1Vutll L3, -

Integrating in time and applying the Holder inequality, we get (25). O

Proof of Theorem 1.1 (ii). The proof is the same as that for Theorem 1.1 (i): we only
need to replace Lemma 3.2 by Lemma 3.5, and replace the quantity G(r) by G1(r). O

The next lemma shows that the gradient of the velocity can be controlled by the
vorticity. This is the key to Theorem 1.1 (iii).

Lemma 3.6. Suppose 0 < 2r < p and Q, C Q2 x I. Suppose Vu € qu(Qp) with

%+%:3and1§q<oo.Then

31

G =N (Z)wip+n (%) " Gio). 26)

Furthermore, if p =3 (so q = 1), then

G =N (£ )W(p)+N( )Gl(p>+g(u;r>, @7)

where g(u;r) — Oasr — 0.

Proof. Choose a standard cut off function ¢ supported in B, such that ¢ = 1 in B3,/4.
Define

1
v(x, 1) :=/ Vi———— xw(y,H)o(y)dy, h=u—v.
R 4m|x —y|

Note that Ayh(x, 1) = 01in B3p/4.
We give the proof of (26) first. By the mean value property of harmonic functions,
for each fixed time ¢,

F\3/p F\3/P
IVhllLrpy < N (;) IVRllLr B, ) =N (p) (”v””LP(Bp) + ||VU||Lp) .

On the other hand, due to Calderon-Zygmund estimates, for each fixed time,

IVullLr = Nlwlprs,) -
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Combining these estimates, we obtain

r\r
IVullpr s,y = IVVllLrs,) + VRl Lr8,) = N lwlLr,) + N (;) IVullprs,) -

Taking L9-norm in time and dividing both sides by r, we get (26).
To prove (27), set p = 3 (so g = 1), use the above estimate for Vv, and modify the
estimate for VA as follows:

||Vh||L3(B,) =< ||Vh - (Vh)r||L3(B,) + ||(Vh)r||L3(B,) . (28)

The second term in (28) is just Nr|(Vh),|. For the first term in (28), use the Poincaré-
Sobolev inequality, the mean-value property, and an interior estimate:

<~n(Z Hv h’
L3/2(By) Y

2 2
r r
<N (;) IVAl3s,) < N (;) IVl s, + V0]l 3]

IV = (Vi) 2,y < N | 92|

LS/Z(B/)/2)

2
-
<N (;) IVullp3p,) - (29)

Combine this estimate with the above estimate for ||Vv||;3, divide by r, and integrate
in time to get

0

Gi(r) < N§W<p)+N£GI<p)+N 1(Vh),ldr. (30)

—r

Since h (and hence Vh) is harmonic in B3z, /4, (VA), = (Vh),/2, and so
N
(V)1 = 1(T1pr2l = - IVA L33,
Thus

0 N 0
g(u;r) = N/ |(Vh),|dt < — IVull3g,) dt.
2 P 2

_ .
Since Vu € L*!(Q,), we have g(u, r) — 0 as r — 0, and so (30) yields (27). O

Remark 3.7. By similar argument, if w = curlu € Llpo’cq near z, then so is Vu, since

VullLraco,) < NllwllLracg,) + NlullLrag,) ift0 <r < p <2r.

Proof of Theorem 1.1 (iii). It suffices to prove the borderline cases 3/p +2/g = 3 and
1 < p < 3. The other cases follow by Holder’s inequality. If p < 3, we use the esti-
mate (26), and if p = 3, we use the refined estimate (27). Choose 6 € (0, 1/4) so that if
p < 3, then No3/P-1 < 1/2, where N is the constant in (26), and if p = 3, N0 < 1/2,
where N is the constant from (27). Replace r, p by 6r and r, respectively. Note that
G1(r) is finite by Remark 3.7. The estimate (26) (p < 3) or (27) (p = 3) then implies

0 if p<3

N 1
G1(9r)§§W(r)+§G1(r)+[Ng(u;gr) =3
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Oe

Choose rg so that SUpP, W(r) < gy, and (if p = 3) g(u;ro) < ﬁ, where ¢ is the
constant in Theorem 1.1 (ii). Then for r < rg, we have
1 €
Gi1(0r) < EGl(r) + 7
Iterating this estimate, we obtain, for all r < r,
GrOr) < ~G1(r) + & 31)
r — r —.
1 =501 5

Choose an integer ko > 3 + supg, _, -, 10g, % Then G (r) < € for r < k0ry. The
regularity of u at z = (0, 0) now follows from Theorem 1.1 (ii)). O

In the next lemma, we show that vorticity and the gradient of velocity can be con-
trolled by the gradient of vorticity in scaled norms, which is the key for Theorem 1.1

(@iv).
Lemma 3.8. Suppose 0 < 2r < pand Q, C Q2 x I. Suppose 1 < q < 2, and p, Pt
satisfy (19) and (20). If Vw € Lf:t’q(Qp), then

-1

p r\?
W) =N (5) Wi+ N (—) W(p). (32)
r p
Furthermore, if 1 < g < 2, we have
o\ ~ F\3/P
Gi(r) = N (2) Wi+ N (—) Gi(p) +g(uir) (33)
r o

with g(u;r) —> Qasr — 0.

Proof. Statement (32) follows from Sobolev imbedding:

lwllLrs,) = ”(w)PHLp(B,) +|w =), “LP(B,,)
3

r\»
<N|- w p + N |Vw .
< (,0) lwllLrs,) VWil s g

Taking the L4 norm in time and dividing both sides by r, we get (32).
The proof of (33) is similar to that of the second part of Lemma 3.6. Choose a standard
cut off function ¢ supported in B, such that ¢ = 1 in B3, /4. Define 2-tensors

Vix,t) :=/ VX; (curlw(y, 1)) ¢ (y)dy, H:=Vu-YV.
Ry dmlx -yl

Note that since V - u = 0, —Au = curlw, and so Ay H (x,t) = 0in B3, /4. Potential
estimates give, if p* > 1, (i.e. g < 2),

WViiLr = Nlleurlwll g 5 -
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The same estimate as in (29) gives

Ta|w

4

r
I1H — (H)rlirs,) <N (;)

)
0
3 3
Using % NCHD v llLr s,y = Nro '(H),| = Nr» '|H|,—o together with the last two
estimates, we find (33) with

IHLr(B,)

L|w

I:”VM”L/’(B/)) + ||curlw||L,,u(Bp)] .

3 0 1/q
g(u;r) := Nrv ! ( 2(|H|r:o)q dt) )
—r

Now arguing as in the proof of Lemma 3.6,

s f [0 N . 1/q
stwin =N~ ([ aparar) = M ([ avauar)

—r

and since Vu € L”9(Q,), we have g(u,r) - Oasr — 0. O

Proof of Theorem 1.1 (iv). It suffices to prove the borderline cases 3/ p® +2/q = 4. The
other cases follow by Holder inequality. We also assume z = (0, 0).

We first consider 1 < g < 2. Let € be the constant in Theorem 1.1 (iii) and we
suppose Wi (r) < €/4 for any r < rg. Our assertion follows a procedure similar to the

proof in Theorem 1.1 (iii). Since % — 1 > 01in (32), we replace r and p by 6r and

r, respectively, after choosing 6 € (0, 1/2) appropriately, and then iterate (32). This
procedure leads to the conclusion that W (6%r) < /2 for r < ro and k sufficiently large,
and so W(r) < € for r < 6%rg. Theorem 1.1 (iii) then implies the regularity.

For 1 < g < 2, we can use (33) instead. Arguing just as in the second part of the
proof of Theorem 1.1(iii), we conclude that G (r) can be made small enough to apply
Theorem 1.1(ii), provided W1 (r) < Wi(r) can be made arbitrarily small. O

Acknowledgements. The research of Gustafson and Tsai is partly supported by NSERC grants. The research
of Kang is supported partly by the Korea Research Foundation Grant funded by the Korean Government (MO-
EHRD, Basic Research Promotion Fund) (KRF-2006-311-C00007). Kang thanks the University of British
Columbia and the Pacific Institute of Mathematical Sciences for their hospitality during his visit in February
2006.

References

1. Beirdo da Veiga, H.: A new regularity class for the Navier-Stokes equations in R". Chin. Ann. of Math.
16(B, 4), 407412 (1995)

2. Caffarelli, L., Kohn, R., Nirenberg, L.: Partial regularity of suitable weak solutions of the Navier-Stokes
equations. Comm. Pure Appl. Math. 35, 771-831 (1982)

3. Chae, D., Kang, K., Lee, J.: On the interior regularity of suitable weak solutions to the Navier-Stokes
equations. Comm. Partial Differ. Eqs. (accepted)

4. Chen, Z.-M., Price, W.G.: Blow-up rate estimates for weak solutions of the Navier-Stokes equations. R.
Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 457(2015), 2625-2642 (2001)

5. Choe, H., Lewis, J.L.: On the singular set in the Navier-Stokes equations. J. Funct. Anal. 175(2), 348-369
(2000)



Interior Regularity Criteria for Suitable Weak Solutions of NS Equations 175

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

Constantin, P.: Navier-Stokes equations and Area of Interfaces. Commun. Math. Phys. 129, 241-
266 (1990)

. Escauriaza, L., Seregin, G., §verék, V.: L3 _solutions of Navier-Stokes equations and backward unique-

ness. Usp. Mat. Nauk 58 (2(350)) 3—44 (2003) (in Russian); translation from Russ. Math. Surv. 58(2),
211-250 (2003)

Fabes, E.B., Jones, B.F,, Riviére, N.M.: The initial value problem for the Navier-Stokes equations with
data in LP. Arch. Ration. Mech. Anal. 45, 222-240 (1972)

Giga, Y.: Solutions for semilinear parabolic equations in L” and regularity of weak solutions of the
Navier-Stokes system. J. Differ Eqs. 62(2), 186-212 (1986)

Gustafson, S., Kang, K., Tsai, T.-P.: Regularity criteria for suitable weak solutions of the Navier-Stokes
equations near the boundary. J. Differ. Eqs. 226, 594-618 (2006)

. Hopf, E.: Uber die Anfangswertaufgabe fi die hydrodynamischen Grundgleichungen. Math. Nachr. 4,

213-231 (1951)

Kang, K.: On boundary regularity of the Navier-Stokes equations. Comm. Partial Differ. Eqs. 29(7-8),
955-987 (2004)

Kozono, H.: Removable singularities of weak solutions to the Navier-Stokes equations. Comm. Partial
Differ. Egs. 23(5-6), 949-966 (1998)

Kozono, H.: Weak solutions of the Navier-Stokes equations with test functions in the weak-L" space.
Tohoku Math J. (2) 53, 55-79 (2001)

Ladyzenskaja, O.A.: Uniqueness and smoothness of generalized solutions of Navier-Stokes equations,
(Russian) Zap. Naucn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) §, 169-185 (1967)
Ladyzenskaja, O.A., Seregin, G.A.: On partial regularity of suitable weak solutions to the three-dimen-
sional Navier-Stokes equations. J. Math. Fluid Mech. 1, 356-387 (1999)

Leray, J.: Sur le mouvement d’un liquide visqueux emplissant I’espace. Acta Math. 64, 193-248 (1934)
Lin, F-H.: A new proof of the Caffarelli-Kohn-Nirenberg theorem. Comm. Pure Appl. Math. 51(3)
241-257 (1998)

Necas, J., Ruzicka, M., §verék, V.: On Leray’s self-similar solutions of the Navier-Stokes equations.
Acta Math. 176(2), 283-294 (1996)

Prodi, G.: Un teorema di unicita per le equazioni di Navier-Stokes (Italian). Ann. Mat. Pura Appl. 48(4),
173-182 (1959)

Scheffer, V.: Partial regularity of solutions to the Navier-Stokes equations. Pacific J. Math. 66(2), 535-552
(1976)

Scheffer, V.: Hausdorff measure and the Navier-Stokes equations. Commun. Math. Phys. 55, 97-112
(1977)

Scheffer, V.: The Navier-Stokes equations on a bounded domain. Commun. Math. Phys. 73(1), 1-42
(1980)

Scheffer, V.: Boundary regularity for the Navier-Stokes equations in a half-space. Commun. Math. Phys.
85(2), 275-299 (1982)

Scheffer, V.: A solution to the Navier-Stokes inequality with an internal singularity. Commun. Math.
Phys. 101(1), 47-85 (1985)

Scheffer, V.: Nearly one-dimensional singularities of solutions to the Navier-Stokes inequality. Commun.
Math. Phys. 110(4), 525-551 (1987)

Seregin, G.A.: Local regularity of suitable weak solutions to the Navier-Stokes equations near the bound-
ary. J. Math. Fluid Mech. 4(1), 1-29 (2002)

Seregin, G.A.: On Smoothness of L3 »,-Solutions to the Navier-Stokes Equations up to Boundary. Math.
Ann. 332(1), 219-238 (2005)

Seregin, G.A., Shilkin, T.N., Solonnikov, V.A.: Boundary partial regularity for the Navier-Stokes equa-
tions. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 310 (2004), Kraev. Zadachi
Mat. Fiz. i Smezh. Vopr. Teor. Funkts. 34, 158-190, 228; translation in J. Math. Sci. (N. Y.) 132(3),
339-358 (2006)

Seregin, G.A., Sverak, V.: Navier-Stokes equations with lower bounds on the pressure. Ration. Mech.
Anal. 163(1), 65-86 (2002)

Serrin, J.: On the interior regularity of weak solutions of the Navier-Stokes equations. Arch. Ration.
Mech. Anal. 9, 187-195 (1962)

Serrin, J.: The initial value problem for the Navier-Stokes equations. In: 1963 Nonlinear Problems, Proc.
Sympos., Madison, Wis., Madison, WI: Univ. of Wisconsin Press, 1963, pp. 69-98

Sohr, H.: Zur Regularititstheorie der instationdren Gleichungen von Navier-Stokes. Math. Z. 184(3),
359-375 (1983)

Sohr, H.: A regularity class for the Navier-Stokes equations in Lorentz spaces. J. Evol. Equ. 1(4), 441-467
(2001)

. Sohr, H.: Zur Regularititstheorie der instationdren Gleichungen von Navier-Stokes. Math. Z. 184(3),

359-375 (1983)



176 S. Gustafson, K. Kang, T.-P. Tsai

36. Solonnikov, V.A.: Estimates of solutions of the Stokes equations in S. L. Sobolev spaces with a mixed
norm. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 288, 204-231 (2002)

37. Struwe, M.: On partial regularity results for the Navier-Stokes equations. Comm. Pure Appl. Math. 41,
437-458 (1988)

38. Takahashi, S.: On interior regularity criteria for weak solutions of the Navier-Stokes equations. Manu-
scripta Math. 69(3), 237-254 (1990)

39. Tian, G., Xin, Z.: Gradient estimation on Navier-Stokes equations. Comm. Anal. Geom. 7(2), 221-257
(1999)

Communicated by P. Constantin




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


