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In this essay I hope to explain what is needed about representations of SL2(R) in the elementary parts of the
theory of automorphic forms. On the whole, I have taken the most straightforward approach, even though

the techniques used are definitely not valid for other groups.

This essay is about representations. In the current version it says almost nothing about what is usually called

invariant analysis, which is to say harmonic analysis of distributions invariant under conjugation in SL2(R).
It says very little about orbital integrals, and equally little about characters of representations. Nor does it
prove anything deep about the relationship between representations of G and those of its Lie algebra, or

about versions of Fourier transforms. These topics involve too much analysis to be dealt with in this largely

algebraic essay. I shall deal with those matters elsewhere, if not in a subsequent version of this essay.

From now on, unless specified otherwise:

G = SL2(R)

K = the maximal compact subgroup SO2 of G

A = the subgroup of diagonal matrices

N = subgroup of unipotent upper triangular matrices

P = subgroup of upper triangular matrices

= AN

gR= Lie algebra sl2(R)

gC= C ⊗R gR .

Most of the time, it won’t matter whether I am referring to the real or complex Lie algebra, and I’ll skip the

subscript.

Much of this essay is unfinished. Theremightwell be some annoying errors, for which I apologize in advance.

Constructive complaints will be welcome. There are also places where much has yet to be filled in, and these

will be marked by one of two familiar signs:

DETOUR

The first should be self­explanatory. The second means that at the moment the most convenient reference is
elsewhere.
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Introduction

SupposeG for the moment to be an arbitrary semi­simple group defined over Q. It will have good reduction
at all but a finite number of primes p, which means thatG defines a smooth group scheme over Zp. Suppose

that for each prime p the groupKp is a compact open subgroup ofG(Qp), and that for all but a finite number
of p it isG(Zp). Let Γ be the subgroup of γ inG(Q) such that γ lies inKp for all p. Then Γ is discrete inG(R)
and Γ\G(R) has finite volume. The group Γ is called a congruence subgroup of G(Q).

The groupG(R) acts on the right on Γ\G(R), and this gives rise to representations on several different spaces

of functions and distributions, among them L2
(
Γ\G(R)

)
. Among the most interesting questions in this

business is this: What irreducible representations ofG(R) occur in the decomposition of L2(Γ\G(R))? There
is a simple conjecture concerning necessary conditions for this, analogous to Ramanujan’s conjecture for the

coefficients of certain modular forms. This might also be considered in some sense a problem in number

theory, since it is known not to be true for some discrete subgroups that are not congruence subgroups,
and a resolution of the conjecture will follow from conjectures of Langlands regarding certain L­functions
associated to automorphic forms. A commutative ring of certain algebraic correspondences called Hecke

operators also acts on this quotient and also interesting is this: What are the eigenvalues of Hecke operators
on these? Associated to the groupG is its adèle groupG(A). It contains the discrete subgroupG(Q) and the

quotientG(Q)\G(A) also has finite volume. The questions above is are subsumed in themore comprehensive
one: What irreducible representations of the adèle group G(A) occur in the right regular representation of
G(A) on L2(G(Q)\G(A))? These questions are related, since ifKf is a compact open subgroup of the finite

adèle groupG(Af ) thenG(Q)\G(A)/Kf is a union of quotients of the form Γ\G(R).

The problems raised by these questions are extremely difficult, even perhaps beyond answering in any

complete fashion. They have motivated much investigation into harmonic analysis of reductive groups
defined over local fields. Representations of semi­simple (and reductive) groups over R have been studied

since about 1945, and much has been learned about them, but much remains to be done. The literature is

vast, and it is difficult to know where to begin in order to get any idea of what it is all about.

For p­adic groups, the problems arising that are the most difficult—and the most intriguing—are those of

number theory and algebraic geometry. But for real groups there are in addition problems of analysis that
do not occur for p­adic groups. These have caused much annoyance and some serious difficulties.

For one thing, there are a number of somewhat technical issues that complicate things. Perhaps the first
is that one does not usually deal with representations of a real reductive group, but rather with certain

representations of its Lie algebra. This has been true ever since the origins of the subject, although not really

understood until a few years later. This is justified by some relatively deep theorems in analysis, and after an
initial period this shift in attention is easily absorbed. The representations of the Lie algebra, which are called

Harish-Chandra modules , are representations simultaneously of g and amaximal compact subgroupK ofG.
These are assumed to be compatible in that the two representations thus associated to the Lie algebra k are the

same. In making this shift, one has to make a choice of maximal compact subgroupK , but the dependence

onK is weak, since all choices are conjugate in G. The important condition on these representations is that
the restriction toK be a direct sum of irreducible representations, each with finite multiplicity. In view of the

original questions posed above, it is good to know that the classification of irreducible unitary representations

of G is equivalent to that of irreducible unitarizable, Harish­Chandra modules. One does not lose much by
looking at representations of the Lie algebra.

The classification of unitarizable Harish­Chandra modules has not yet been carried out for all G, and the
classification that does exist is somewhat messy. The basic idea for the classification goes back to the origins

of the subject—first classify all irreducible Harish­Chandra modules, and then decide which are unitarizable.

The classification of all irreducible Harish­Chandra modules asked for here has been known for a long time.
One useful fact is that every irreducible Harish­Chandra module may be embedded in one induced from a

finite­dimensional representations of a minimal parabolic subgroup. This gives a great deal of information,
and in particular often allows one to detect unitarizability.
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This technique gives a great deal of information, but some important matters require another approach.

The notable exceptions are those representations of G that occur discretely in L2(G), which make up the

discrete series . These are generally dealt with on their own, and then one can look also at representations
induced fromdiscrete series representations of parabolic subgroups. Alongwith some technical adjustments,

these are the components of Langlands’ classification of all irreducible Harish­Chandra modules. One of the
adjustments is that one must say something about embeddings of arbitrary Harish­Chandra modules into

C∞(G), and say something about the asymptotic behaviour of certain functions in the image. This requires

examining solutions of differential equations.

This essay is mostly just about the group G = SL2(R). Although this is a relatively simple group, it is

instructive to see that nearly all interesting phenomena mentioned already appear. I shall touch, eventually,
on all themes mentioned above, but in the present version a few are left out.

Representations of compact groups have been examined for a long time, but the study of unitary representa­
tions of non­compact semi­simple groups begin with the classic [Bargmann:1947]. Bargmann’s initial classi­

fication of irreducible representations of SL2(R) already made the step from G to (g,K), if not rigourously.
Even now it is worthwhile to include an exposition of Bargmann’s paper, and I shall do so, because it is almost
the only case where results can be obtained without introducing sophisticated tools. But another reason for

looking at SL2(R) closely is that the sophisticated tools one does need eventually are for SL2(R) relatively
simple, and it is valuable to see them in that simple form. That is my primary goal in this essay.

In Part I I shall essentially follow Bargmann’s calculations to classify all irreducible Harish­Chandra modules

over (sl2, SO(2)). The unitarizable ones among these will be found. The techniques used here will just be
relatively simple calculations in the Lie algebra sl2.

Bargmann’s techniques become impossibly difficult for groups other than SL2(R). One needs in general a
way to classify representations that does not require such explicit computation. There are several ways to do

this. One is by means of induction from parabolic subgroups of G, and this is what I’ll discuss in Part II (but

just for SL2(R)). These representations are now called principal series . (This is a term used by Bargmann,
but for only a subset of them.)

It happens, even for arbitrary reductive groups, that every irreducible Harish­Chandra module can be
embedded in one induced from a finite­dimensional representation of a minimal parabolic subgroup. This is

important, but does not answer many interesting questions. Some groups, including SL2(R) possess certain
irreducible unitary representations said to lie in the discrete series. They occur discretely in the representation
of G on L2(G), and they require new methods to understand them. This is done for SL2(R) in Part III.

For SL2(R) the discrete series representations can be realized in a particularly simple way in terms of
holomorphic functions. This is not true for all semi­simple groups, and it is necessary sooner or later to

understand how arbitrary representations can be embedded in the space of smooth functions on the group.
This is in terms of matrix coefficients, explained later in Part III. One corollary of this investigation will be

that any admissible representation of (sl2, SO(2)) can be extended to a smooth representation of G, thus

extending a result about irreducible representations due to Harish­Chandra.

In order to understand the role of representations in the theory of automorphic forms, it is necessary to

understand Langlands’ classification of representations, and this is explained in Part IV.

Eventually I’ll include in this essay an account of howD­modules on the complex projective line can be used

to explain many phenomena that appear otherwise mysterious. Other topics I’ve not yet included are the
relationship between the asymptotic behaviour of matrix coefficients and embeddings into principal series,

and the relationship between representations of SL2(R) and Whittaker functions.

The best standard reference for this material seems to be [Knapp:1986] (particularly Chapter II, but also
scattered references throughout), although many have found enlightenment elsewhere. A very different

approach is Chapter I of [Vogan:1981]. Many books give an account of Bargmann’s results, but for most of
the rest I believe the account here has many new features.
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Part I. Bargmann’s classification

1. Representations of the group and of its Lie algebra

What strikes many on first sight of the theory of representations of G = SL2(R) is that it is very rarely
concerned with representations of G! Instead, one works almost exclusively with certain representations of

its Lie algebra. And yet . . . the theory is ultimately about representations of G. In this first section I’ll try to

explain this paradox, and summarize the consequences of the substitution of Lie algebra for Lie group.

I want first to say something first about why one is really interested in representations of G, or at least

something closely related to them. The main applications of representation theory of groups like G are to
the theory of automorphic forms. These are functions of a certain kind on arithmetic quotients Γ\G of finite

volume, for examplewhenΓ = SL2(Z). The groupG acts on this quotient on the right, and the corresponding

representation of G on L2(Γ\G) is unitary. Which unitary representations of G occur as discrete summands
of this representation? As I have already mentioned, there is a conjectural if partial answer to this question,

at least for congruence groups, which is an analogue for the real prime of the Ramanujan conjecture about

the Fourier coefficients of holomorphic forms. It was Deligne’s proof of the Weil conjectures that gave at
the same time a proof of the Ramanujan conjecture, and from this relationship the real analogue acquires

immediately a certain cachet.

As for why one winds up looking at representations of g, this should not be unexpected. After all, even the

classification of finite­dimensional representations of G comes down to the classification of representations
of g, which are far easier to work with. For example, one might contrast the action of the unipotent upper

triangular matrices of G on the symmetric power Sn(C2) with that of its Lie algebra.

The representations one winds up looking at are infinite­dimensional. What might be surprising is that,
unlike what happens for finite­dimensional representations, these representations of g are not usually at the

same time representations of G. It is this that I want to explain.

I’ll begin with an example that should at least motivate the somewhat technical aspects of the shift from G
to g. The projective space P = P1(R) is by definition the space of all lines in R2. The group G acts on R2 by
linear transformations, and it takes lines to lines, so it acts on P as well. There is a standard way to assign

coordinates on P by thinking of this space as R together with a point at ∞. Formally, every line but one

passes through a unique point (x, 1) in R2, and this is assigned coordinate x. The exceptional line is the
x­axis, and is assigned coordinate∞.

x
=

0x
= −

1 x =
2

x = ∞

In terms of this coordinate system SL2(R) acts by fractional linear transformations:

[
a b
c d

]
: x 7−→ (ax+ b)/(cx+ d) ,

as long as we interpret x/0 as ∞. This is because

[
a b
c d

] [
z
1

]
=

[
az + b
cz + d

]
= (cz + d)



az + b
cz + d

1


 .
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The isotropy subgroup fixing∞ is P , and P may be identified with the quotientG/P . SinceK ∩ P = {±I}
andK acts transitively on P, as aK­space P may be identified withK/{±1}.
The action of G on P gives rise to a representation of G on functions on P: Lgf(x) = f(g−1x). (The inverse
is necessary here in order to have Lg1g2 = Lg1Lg2 , as you can check.) But there are in fact several spaces of
functions available—for example real analytic functions, smooth functions, continuous functions, functions
that are locally square­integrable, or the continuous duals of any of these infinite­dimensional topological

vector spaces. Which of these do we really want to look at? We can make life a little simpler by restricting
ourselves to smooth representations (ones that are stable with respect to derivation by elements of the Lie

algebra g), in which case the spaces of continuous and locally square­integrable functions, for example, are

ruled out. But even with this restriction there are several spaces at hand.

Here is the main point: All of these representations ofG should be considered more or less the same, at least
for most purposes. The representation of K on P is as multiplication onK/{±1}. Among the functions on
this space are those which transform by the characters ε2n ofK where

ε:

[
c −s
s c

]
7−→ c+ is .

The way to make the essential equivalence of all these spaces precise is to replace all of them by the subspace
of functions which when restricted to K are a finite sum of eigenfunctions. This subspace is the same for

all of these different function spaces, and in some sense should be considered the ‘essential’ representation.

However, it has what seems to be at first one disability—it is not a representation of G, since g takes
eigenvectors for K to eigenvectors for the conjugate gKg−1, which is not generally the same. To make up

for this, it is stable with respect to the Lie algebra gR = sl2(R), which acts by differentiation.

The representation of SL2(R) on spaces of functions on P is a model for other representations and even other

reductive groupsG. By definition, a continuous representation (π, V ) of a Lie groupG on a topological vector

space V is a homomorphism π from G to Aut(V ) such that the associated map G × V → V is continuous.
The TVS V is always assumed in this essay to be locally convex, Hausdorff, and quasi­complete. This last,

somewhat technical, condition guarantees that if F is a continuous function of compact support on G with
values in V then the integral ∫

G

F (g) dg

is well defined. One basic fact about this integral is that it contained in the convex hull of the image of f ,
scaled by the measure of its support. If f is in C∞

c (G), one can hence define the operator­valued integral

π(f): v 7−→
∫

G

f(g)π(g)v dg

(i.e. taking F (g) = f(g)π(g)v).

If (π, V ) is a continuous representation of amaximal compact subgroupK , letV(K) be the subspace of vectors

that are contained in a K­stable subspace of finite dimension. These are called the K-finite vectors of the
representation. If G is SL2(R), it is known that any finite­dimensional space on whichK acts continuously

will be a direct sum of one­dimensional subspaces on each of which K acts by a character, so V(K) is
particularly simple. Some technical problems arise because K might not be connected, but aside from that

the irreducible representations ofK are well understood (and more or less completely classified).

(1) If (π, V ) is any continuous representation ofK , the subspace V(K) is dense in V .

This is a basic fact about representations of a compact group, and a consequence of the Stone­Weierstrass

Theorem.
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A vector v in the space V of a continuous representation of G is called differentiable if the limit

π(X)v = lim
t→0

π(exp(tX))v − v

t

exists in V for everyX in g. The representation is called smooth if all vectors in V are differentiable, in which

case π(X) is an operator on V for everyX in U(g).

(2) Smooth vectors are dense in any continuous representation.

If f lies inC∞
c (G) and v inV , thenπ(f)v is smooth. The space of such vectors is called theGårding subspace .

In some circumstances, it is the same as the subspace of smooth vectors. Applying a Dirac sequence, any
vector may be approximated by such vectors.

A continuous representation of G on a complex vector space V is called admissible if V(K) is a direct sum of
characters ofK , each occurring with finite multiplicity.

(3) If (π, V ) is a smooth representation of g, the subspace V(K) is stable under g.

If π is smooth, then there is a canonical map from g ⊗ V to V : X ⊗ v 7→ π(X)v. If U is K­stable then so is

the image of g ⊗ U , which contains all π(X)u for u in U .

A continuous representation of G on a complex vector space V is called admissible if V(K) is a direct sum of

characters ofK , each occurring with finite multiplicity.

(4) If (π, V ) is an admissible representation of G, the vectors in V(K) are smooth.

Suppose (σ, U) to be an irreducible representation of K , ξ the corresponding projection operator in
C∞(K). For example, if K = SO2 and σ is a character, then ξ amounts to integration against σ−1

over K . The σ­component Vσ of V is the subspace of vectors fixed by π(ξ). If (fn) is chosen to be

a Dirac sequence of smooth functions on G (i.e. non­negative, having limit the Dirac distribution δ1),
then π(fn)v → v for all v in V . The operators π(ξ)π(f)π(ξ) = π(ξ∗f ∗ξ) are therefore dense in the

finite­dimensional space End(Vσ), hence make up the whole of it. But ξ∗f ∗ξ is also smooth and of
compact support. Any vector v in Vσ may therefore be expressed as π(f)v for some f in C∞

c (G).

As for the second assertion, if v lies in Vσ then π(g)v lies in the direct sum of spaces Vτ as τ ranges over
the irreducible components of the finite­dimensionalK­stable space g ⊗ Vσ .

A unitary representation of G is one on a Hilbert space whose norm is G­invariant. One of the principal

goals of representation theory is to classify representations that occur as discrete summands of arithmetic
quotients. This is an extremely difficult task. But these representations are unitary, and classifying unitary

representations of G is a first step towards carrying it out.

(5) Any irreducible unitary representation of G is admissible.

This is the most difficult of these claims, requiring serious analysis. It is usually skipped over in
expositions of representation theory, probably because it is difficult and also because it is not often

needed in practice. One accessible reference is §4.5 (on ‘large’ compact subgroups) of [Warner:1970].

Other references are [Atiyah:1988] and my own notes [Casselman:2014] on unitary representations.

For G = SL2(R), every irreducible unitary representation of G restricts to a direct sum of characters of

SO2, each occurring at most once. We shall see a proof of this later on.

In fact, admissible representations are ubiquitous. At any rate, we obtain from an admissible representation

of G a representation of g andK satisfying the following conditions:

(a) as a representation ofK it is a direct sum of smooth irreducible representations (of finite dimension),

each with finite multiplicity;
(b) the representation of k associated to that as subalgebra of g and that as Lie algebra ofK are the same;
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(c) for k inK ,X in g

π(k)π(X)π−1(k) = π(Ad(k)X) .

Any representation of the pair (g,K) satisfying these is called admissible. Most of the time I shall be most
interested in those which are finitely generated as modules over the enveloping algebra U(g). These are of

finite length, in the sense that they possess a finite filtration by irreducible representations.

Let me make some more remarks on this definition. It is plainly natural that we require that g act. But why

K? There are several reasons. • What we are really interested in are representations of G, or more precisely

representations of g that come from representations of G. But a representation of g can only determine the
representation of the connected component of G. The groupK meets all components of G, so that requiring

K to act fixes this problem. For groups like SL2(R), which are connected, this problem does not occur, but

for the group PGL2(R), with two components, it does. •One point of havingK act is to distinguish SL2(R)
from other groups with the same Lie algebra. For example, PGL2(R) has the same Lie algebra as SL2(R),
but the standard representation of its Lie algebra on R2 does not come from one of PGL2(R). Requiring that
K act picks out a unique group in the isogeny class, since K contains the centre of G. • Any continuous

representation of K , such as the restriction to K of a continuous representation of G, decomposes in some

sense into a direct sum of irreducible finite­dimensional representations. This is not true of the Lie algebra
k, which is after all the same as the Lie algebra of R or R×. So this requirement picks out from several

possibilities the class of representations we want.

Admissible representations of (g,K) are not generally semi­simple. For example, the space V of smooth

functions on P contains the constant functions, but they are not aG­stable summand of V .

If (π, V ) is a smooth representation ofG assigned aG­invariant Hermitian inner product, the corresponding

equations of invariance for the Lie algebra are that

Xu •v = −u •Xv

forX in gR, or

Xu •v = −u •Xv

for X in the complex Lie algebra gC. An admissible (gC,K)­module is said to be unitary if there exists a

positive definite Hermitian metric satisfying this condition. In some sense, unitary representations are by
far the most important. At present, the major justification of representation theory is in its applications to

automorphic forms, and the most interesting ones encountered are unitary.

Here is some more evidence that the definition of an admissible representation of (gC,K) is reasonable:

(a) admissible representations of (g,K) that are finite­dimensional are in fact representations of G;
(b) if the continuous representation (π, V ) ofG is admissible, the map taking each (g,K)­stable subspace

U ⊆ V(K) to its closure inV is a bijection between (gC,K)­stable subspaces ofV(K) and closedG­stable

subspaces of V ;
(c) every admissible representation of (g,K) is V(K) for some continuous representation (π, V ) of G;

(d) every unitary admissible representation of (gC,K) is V(K) for some unitary representation of G;

(e) there is an exact functor from admissible representations of (g,K) to smooth representations of G.

Item (a) is classical.

For (b), refer to Théorème 3.17 of [Borel:1972].

I am not sure what a good reference for (c) is. For irreducible representations, it is a consequence of a theorem

of Harish­Chandra that every irreducible admissible (g, L)­module is a subquotient of a principal series
representation. This also follows from the main result of [Beilinson­Bernstein:1982].

The first proof of (d) was probably by Harish­Chandra, but I am not sure exactly where.

For (e), refer to [Casselman:1989] or [Bernstein­Krötz:2010].
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Most of the rest of this essaywill be concerned onlywith admissible representations (π, V ) of (g,K), although
it will be good to keep in mind that the motivation for studying them is that they arise from representations

of G.

Curiously, although nowadays representations of SL2(R) are seenmostly in the theory of automorphic forms,

the subject was introduced by the physicist Valentine Bargmann, in pretty much the form we see here. I do
not know what physics problem led to his investigation.

2. The Lie algebra

The Lie algebra of G is the vector space sl2(R) of all matrices in M2(R) with trace 0. Its Lie bracket is
[X,Y ] = XY − Y X . There are two useful bases of the complexified algebra gC, mirroring a duality that

exists throughout representation theory.

THE SPLIT BASIS. The simplest basis is this:

h =

[
1 0
0 −1

]

ν+ =

[
0 1
0 0

]

ν− =

[
0 0
1 0

]

with defining relations

[h, ν±] = ±2 ν±

[ν+, ν−] = h .

The group G possesses an involutory automorphism θ, taking g to tg−1. The involution induced on the Lie

algebra takesX to−tX . This fixes elements of k and acts as multiplication by−1 on the symmetric matrices.

Thus νθ+ = −ν−. It is sometimes more convenient to have the basis stable with respect to θ and, for this
reason, sometimes in the literature−ν− is used as part of a standard basis instead of ν−.

THE COMPACT BASIS. This is a basis that’s useful when we want to do calculations involvingK . The first
element of the new basis is

κ =

[
0 −1
1 0

]
,

which spans the real Lie algebra k ofK . The rest of the new basis is to be made up of eigenvectors ofK . The

groupK is compact. Its characters are all complex, not real, so in order to decompose the adjoint action of k

on g we so wemust extend the real Lie algebra to the complex one. The kR­stable space complementary to kR

in gR is that of symmetric matrices [
a b
b −a

]
.

and its complexification decomposes into the sum of two conjugate eigenspaces for κ spanned by

x+ =
1

2
·
[

1 −i
−i −1

]

x− =
1

2
·
[

1 i
i −1

]

with relations

[κ, x±] = ±2i x±

[x+, x−] = −i κ .
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By definition, the space of an admissible representation of (g,K) is spanned by eigenvectors for K . The

following is an elementary consequence of the formulas above:

2.1. Lemma. Suppose V to be any representation of (g,K), and suppose v to be an eigenvector for K with
eigencharacter εn. Then π(κ)v = niv and π(κ)π(x±)v = (n± 2)i π(x±)v.

Proof. Since

π(κ)v =
d

dt

∣∣∣∣
t=0

eintv = niv

and
π(κ)π(x±)v = π(x±)π(κ)v + π([κ, x±])v .

THE CAYLEY TRANSFORM. The groupG possesses two maximal tori, the subgroupA of diagonal matrices

and the compact subgroupK . They are certainly not conjugate in G, but they become conjugate in G(C) =
SL2(C). This can be seen geometrically. The groupG(C) acts by fractional linear transformations on P1(C).
The diagonal matrices fix the origin, and the complex matrices

[
c −s
s c

]

fix i. The Cayley transform

C: z 7−→ (z − i)/(z + i)

takes i to 0, and therefore

C K(C)C−1 = A(C)

(
C =

[
1 −i
1 i

])
.

In the Lie algebra
AdCκ = −hi, AdCx± = iν∓ .

In classifying algebraic tori in arbitrary semi­simple groups defined over R, copies of the Cayley matrix C
are crucial.

THE CASIMIR. let Z(g) be the centre of U(g). Suppose (π, V ) to be an irreducible admissible representation
of (g,K). Then any elementX of the centre of U(g) will act as a scalar multiplication, say by ζ(X), on all of

V . The homomorphism from Z(g) taking X to ζ(X) is an important characteristic of π, called (for reasons

that escape me) its infinitesimal character .

What is the centre of U(g)?

2.2. Proposition. The centre of U(g) is the polynomial algebra generated by the Casimir operator

Ω =
h2

4
+
ν+ν−

2
+
ν−ν+

2
.

It has alternate expressions

Ω =
h2

4
− h

2
+ ν+ν−

=
h2

4
+
h

2
+ ν−ν+

=
h2

4
− h

2
+ ν2

+ − ν+κ

= −κ
2

4
+
x−x+

2
+
x+x−

2

= −κ
2

4
− κi

2
+ x−x+

= −κ
2

4
+
κi

2
+ x+x− .
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The alternate expressions follow easily from the first, basic, one. For example, since

ν−ν+ = ν+ν− + [ν−, ν+] = ν+ν− − h

we derive

Ω =
h2

4
+
ν+ν−

2
+
ν−ν+

2
=
h2

4
+ ν+ν− − h

2
.

I shan’t prove all of this result, but just explain why one can construct the Casimir from general principles.

The Killing form of a Lie algebra is the inner product

K(X,Y ) = trace (adXadY ) .

If G is any Lie group, the Killing form of its Lie algebra is invariant with respect to the adjoint action of the
group (as well as its Lie algebra). According to a well known criterion, this Lie algebra is semi­simple if and

only if the Killing form is non­degenerate. For example, if g = sln it is straightforward to verify that the

Killing form is 2n trace(XY ). In particular for g = sl2 with basis h, ν± its matrix is




8 0 0
0 0 4
0 4 0


 .

The Killing form gives an isomorphism of g with its linear dual ĝ, and thus induces an isomorphism of ĝ⊗ ĝ

with ĝ ⊗ g, which may be identified with End(g), and g ⊗ g. The Casimir element Ω is the image of the

Killing form itself through the sequence of maps

ĝ ⊗ ĝ −→ g ⊗ g −→ U(g) .

Explicitly, it is

Ω = 2
∑

XiX
∨
i

with the sum over a basis Xi and the corresponding dual basis elements X∨
i . It lies in the centre of U(g)

precisely because the Killing form is g­invariant. For sl2 it is now a straightforward calculation to see that

Ω = (1/4)h2 + (1/2)ν+ν− + (1/2)ν−ν+ ,

which, as we have seen, may be manipulated to give other expressions.
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3. Differential operators and the Lie algebra

Elements of g act as differential operators on smooth function on any space on which G acts. Suppose π
is a continuous homomorphism from G to the group of smooth automorphisms of a smooth differentiable

manifoldX . Then

[π(X)f ](x) = lim
ε→0

f
(
π(exp(εX))x

)
− f(x)

ε
=
d

dt

∣∣∣
t=0

f(π(exp(tX))x) .

The groupG acts on itself on the right and left, giving rise to the left and right regular representations:

[Rgf ](x) = f(xg), [Lgf ](x) = f(g−1x) .

The exponent in the left action is often a nuisance in computation, so it is convenient to have also the left

regular action of the opposite group:
[Λgf ](x) = f(gx) .

The definition of π(X) might seem sometimes to involve a formidable calculation, and it is often useful to

use Taylor series to simplify it. The point is that it is essentially a first order computation in which terms of
second order can be neglected. Roughly speaking, up to first order exp(εX) = I + εX , so we can in practice

restrict ourselves to the simplified expression

(I + εX) ·m−m

ε
,

in which wemay assume ε2 = 0. We must just compute the coefficient of ε in the expression for (I + εX) ·x.
Let’s look at SL2(R) acting on the upper half plane

H = {x+ iy | y > 0} .

by Möbius transformations

π(g): z 7−→ az + b

cz + d

(
g =

[
a b
c d

])
.

The group is acting holomorphically, so the natural result of these calculations will be a complex­valued

function f(z). How does this correspond to a vector field? The flow z 7→ π(exp(tX))z will have as Taylor
series z 7→ z + tf(z) + · · ·, so f(z) = p+ iq is to be interpreted as as the real vector field p ∂/∂x+ q ∂/∂y.

3.1. Proposition. We have

Λν+ =
∂

∂x

Λh = 2x
∂

∂x
+ 2y

∂

∂y

Proof. • The simpler is ν+. Here

I + εν+ =

[
1 ε
0 1

]

and this takes

z 7−→ z + ε

1
= z + ε, (x, y) 7−→ (x+ ε, y)

Therefore

ν+  ∂ /∂x .
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•Now for h. Here

I + εh =

[
1 + ε 0

0 1 − ε

]

and this takes

z 7−→ (1 + ε)z

(1 − ε)

= z(1 + ε)(1 + ε+ ε2 + · · · )
= z(1 + 2ε) = z + 2εz

(x, y) 7−→(x+ 2εx, y + 2εy)

so

h 2x
∂

∂x
+ 2y

∂

∂y
.

The Casimir operator Ω commutes withK , hence it induces a differential operator through the right regular

action on on G/K . But this space may be identified withH since K is the isotropy subgroup fixing i. What

is the expression for Ω as a combination of partial derivatives ∂/∂x and ∂/∂y?

We shall see many problems of a similar nature, and there is one extremely simple but nonetheless basic tool

that can be applied in all of them.

3.2. Proposition. ForX in g, g inG
[RXf ](g) = [ΛgXg−1f ](g) .

Informally, this says that g ·X = gXg−1 ·g.
Proof. This follows from the observation that

g ·exp(tX) = exp
(
t[Ad(g)](X)

)
·g .

Let

nx =

[
1 x
0 1

]
, at =

[
t 0
0 1/t

]
.

3.3. Corollary. If p = nxat then

[Rν+f ](p) = t2[Λν+f ](p)

[Rhf ](p) = [Λhf ](p) − 2x [Λν+f ](p) .

Proof. The first because pν+p
−1 = t2ν+. As for the second:

[
1 x
0 1

] [
1 0
0 −1

] [
1 −x
0 1

]
=

[
1 −2x
0 −1

]

so php−1 = h− 2xν+.

3.4. Corollary. If f is a smooth function onH then

ΛΩf = ∆f = y2

(
∂2f

∂x2
+
∂2f

∂y2

)
.

The operator ∆ is the Laplacian of the non­Euclidean metric onH.

Proof. We know that
Ω = h2/4 − h/2 + ν2

+ − ν+κ .

Furthermore, ΛΩ = RΩ. But if p = nxat then p(i) = x + it2, and f may be identified with a function on G
annihilated by Rκ. Apply Proposition 3.1.
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4. Admissibility

Suppose V to be a Hilbert space. A unitary representation of G = SL2(R) is a continuous homomorphism

from G to U(V ). Continuity here means in the strong topology . To each v in V corresponds the semi­norm
‖T (v)‖ on the ring of bounded operators on H , and the map from G to U(H) is continuous with respect to

the topology on U(H) defined by these semi­norms.

I’ll not offer details about basic facts of such representations, since they are covered widely in the literature

and are on thewhole quite intuitive. Themost important thing to know is that as a representation ofK = SO2

the space V is an orthogonal Hilbert sum of isotypic components on whichK acts by characters.

Let Vχ be the χ­component of V . It is the image of the self­adjoint projection operator

pχ: v 7−→
∫

K

χ−1(k)π(k)v dk .

It is a therefore a closedK­stable subspace of V .

4.1. Theorem. If (π, V ) is an irreducible unitary representation of SL2(R), then for any character χ of SO2

the subspace Vχ has dimension at most one.

Proof. Fix (π, V ) and χ.

Step 1. The first step is to verify this for irreducible finite­dimensional representations. Although this will
be done independently in a later section, as part of a more general argument, I’ll include a proof here.

Let Vn be the subspace on which
π(κ)v = ni v .

It is to be shown that each Vn has dimension one.

Suppose n to be maximum such that Vn 6= 0. Now if

π(κ)v = ki v

then
π(κ)π(x±)v = π(x±)π(κ)v + π([κ, x±])v

= π(x±)π(κ)v + π(±2i x±)v

= (k ± 2i)v .

Therefore if uk = π(xk−)vn then

π(x+)u0 = 0, π(κ)π(xk−)vn = (n− 2k)iuk .

Therefore the Theorem will be demonstrated if I can show that the space spanned by the uk is stable under

g, in which case it must be all of V .

Recall that the Casimir element of U(g) is

Ω = −κ
2

4
− κi

2
+ x−x+

= −κ
2

4
+
κi

2
+ x+x− ,

The first tells us that
Ωu0 = (n2/4 + n/2)u0 .

Since Ω commutes with g, the Casimir element therefore acts on all of V as (n2/4 + n/2)I .
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The second then gives us

x+x− = Ω +
κ2

4
− κi

2
.

This allows us to prove by induction that π(x+)uk is a scalar multiple of uk−1, which proves the claim.

Step 2. The next step is to define the Hecke algebra Hχ. It is the ring of functions F in Cc(G) such that

F (kg) = χ−1(k)F (g) = F (gk)

for all g in G. Multiplication is convolution. If F lies in Hχ then π(F ) commutes with pχ, hence takes Vχ to

itself and contains V ⊥
χ in its kernel.

The F 7→ π(F ) is a homomorphism of Hχ into End(Vχ), the ring of bounded operators on the Hilbert space

Vχ. LetH be its image, and let C(H) be the subring of all T in End(Vχ) that commute with all ofH .

4.2. Lemma. (Schur’s Lemma)Any bounded operator on Vχ that commuteswith all operators inH is a scalar
multiplication.

Proof. Recall that f∨(x) = f(x−1). If f lies in Hχ, then so does f
∨

, since χ(k−1) = χ(k). Furthermore,

π
(
f

∨)
is the adjoint of π(f). Thus H is stable under adjoints, and so is C(H). If T lies in C(H) then so do

(T + T ∗)/2 and (T − T ∗)/2i), and

T =
T + T ∗

2
+ i

T − T ∗

2i
,

so we may assume T to be self­adjoint. But then the projection operators associated to T by the spectral

theorem also commute with H . In order to prove that T is scalar, it suffices to prove that any one of these
projection operators is the identity. So I may now assume T to be a projection operator. Let VT be the image

of T , and let U be the smallest G­stable subspace containing VT . Since VT is stable underH , the intersection

of U with Vχ is VT , and since π is irreducible this must be all of Vχ. Thus T is the identity operator.

Step 3. In finite dimensions, it is easy to see from the Lemma in the previous step that the image of Hχ is the

entire ring of bounded operators on Vχ. In infinite dimensions, we can deduce only a slightly weaker fact:

4.3. Lemma. If (π, V ) is an irreducible unitary representation of G, the image of Hχ is dense in the ring of
bounded operators on Vχ.

The topology referred to here is the strong operator topology.

Proof. The image Hχ of H in End(Vχ) is a ring of bounded operators stable under the adjoint map. Since π
is irreducible, the Lemma in the previous step implies its commutant is just the scalar multiplications. The

operators inH embed in turn into CC(H), the operators which commute with C(H).

Because every function in Cc(G) is a limit of a Dirac sequence, the idempotent pχ is the limit of functions

in H . Therefore this Lemma follows from the following rather more general result. If R is a set of bounded

operators on a Hilbert space, let C(R) be the ring of operators that commute with all operators in R.

4.4. Lemma. (VonNeumann’s double commutant theorem) SupposeR to be a subring of the ring of bounded
operators on aHilbert space V which (a) is stable under the adjoint map T 7→ T ∗ and (b) contains the identity
I in its strong closure. Then R is dense in the ring CC(R) of all operators that commute with C(R).

Proof. I follow the short account at the very beginning of Chapter 2 in [Topping:1968]. It must be shown that
if T commutes with all operators α in C(R), then T is in the strong operator closure of R within End(V ).

I recall exactly what the Lemma means. The strong topology is defined by semi­norms

‖T ‖χ = sup
v∈χ

‖Tv‖

for finite subsets χ of V . An operator τ of End(V ) is in the strong closure of a subset X if and only if every

one of its neighbourhoods in the strong topology intersects X . Hence τ is in the strong closure of X if and
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only if for every finite subset S of V and ε > 0 there exists a point x inX with ‖x(v) − τ(v)‖ < ε for all v in
S.

I do first the simplest case in which there is a single x in S. Suppose T lies in CC(R). Let Rx be the closure

of Rx in V . Since I is in the strong closure of R, it contains x. Since Rx is invariant with respect to R and R
is stable under adjoints, its orthogonal complement is also stable under R. Therefore the projection px onto
Rx satisfies the relations

px r px = r px

for every r in R, and also
px r

∗ px = r∗px .

If we take the adjoint of this we get

px r px = pxr ,

concluding that px r = r px, so px lies in C(R). By assumption, T commutes with px and hence also takes

Rx into itself. But since x lies in Rx, Tx is in Rx.

If S = {x1, . . . , xn}, consider V n, the orthogonal direct sum of n copies of V . The algebra End(V ) acts on it

component­wise. LetRn be the diagonal image ofR. Its commutant in this is the matrix algebraMn

(
C(R)

)
,

and the double commutant is the diagonal image of CC(R). Apply the case n = 1 to this, and get r inR such
that ‖r(xi) − T (xi)‖ < ε for all i. This concludes the proof of Lemma 4.4.

Step 4. In this step, I show that the claim of the theorem reduces to that for finite­dimensional representations
of G. It is here where the fact that G is an algebraic group plays a role.

4.5. Lemma. If G is the group of R­rational points on any affine algebraic group defined over R, the map
fromCc(G) to

∏
EndC(E), with the product over all irreducible finite­dimensional algebraic representations

E of G, is injective.

By Stone­Weierstrass.

Since every finite­dimensional representation of SL2(R) has K­multiplicity one, we deduce that H is com­

mutative.

Step 5. Now the last step. The Hecke ringH is dense in End(Vχ). Since its image in End(Vχ) is both dense

and commutative, the subspace Vχ has dimension at most one. This concludes the proof of Theorem 4.1.
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5. Classification of irreducible representations

In this section and the next I shall classify all irreducible admissible representations (π, U) of (g,K) and

classify all maps in Homg,K(U, V ) for arbitrary (g,K)­modules V .

At first, suppose (π, V ) to be an arbitrary (g,K) module. According to Lemma 2.1, the space V will contain

an eigenvector vn forK such that π(κ)vn = ni vn. The U(g) submodule U of V generated by vn will also be

spanned byK­finite vectors. I now pose the questions:

• Under what circumstances is U an irreducible admissible representation of (g,K)? And if it is, how
can it be characterized?

Step 1. First suppose U to be an irreducible admissible representation of (g,K). The Casimir Ω commutes

with K , hence takes each K­eigenspace into itself. Since each eigenspace has finite dimension, there exists
an eigenvector v 6= 0 for Ω, say π(Ω)v = γ v. Since π is irreducible:

• The vector vn must be an eigenvector for Ω.

If π(Ω)vm = γ vm then, because Ω commutes with all of U(g), π(Ω) = γ ·I on all of U .

Step 2. There are some useful criteria fromwhich one can infer the eigenvalue of vm with respect toΩ. Recall
that

(5.1)
x+x− = Ω + κ2/4 − κi/2

x−x+ = Ω + κ2/4 + κi/2 .

If vm 6= 0 and π(x−)vm = 0 then

π(x+x−)vm = 0 = (π(Ω) −m2/4 +m/2)vm, π(Ω)vm = (m2/4 −m/2)vm .

Something similar can be said for π(x+)vm. Hence I have proved one half of this:

5.2. Lemma. Suppose U to be a (g,K)­module, vm an eigenvector for κwith eigenvaluemi. If π(x±)vm = 0
then vm is an eigenvector for Ω with eigenvalue m2/4 ±m/2. Conversely, if π(Ω)vm = (m2/4 ±m/2)vm
andm 6= 0 then π(x±)vm = 0.

Proof. Suppose
π(Ω)vm = (m2/4 +m/2)vm .

Then π(x−x+)vm = 0 as well. Let vm+2 = π(x+)vm, also an eigenvector for π(κ). Then on the one hand
π(x−)vm+2 = 0, so that

π(Ω)vm+2 =

(
(m+ 2)2

4
− m+ 2

2

)
vm+2 = 0 .

while on the other

π(Ω)vm+2 =

(
m2

4
− m

2

)
vm+2 .

These equations are consistent if and only ifm = 0.

Step 3. From now on, suppose that π(Ω)vn = γvn, hence that π(Ω) = γ ·I on U . For k > 0 set

(5.3)
vn+2k = π(xk+)vn

vn−2k = π(xk−)vn

so that π(κ)vm = mi vm for allm.

Note that vm is defined only form of the same parity as n.
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• The space U is spanned by the vm.

Proof. It suffices to prove that the space spanned by the vm is stable under U(g). Since each vm is an
eigenvector for κ, this reduces to showing it to be stable under x±. Let U≤n be the space spanned by the vm
with m ≤ n, and similarly for U≥n. Since π(x+)U≥n ⊆ U>n and π(x−)U≤n ⊆ U<n, the claim will follow

from these two others: (i) π(x+)U<n ⊆ U≤n; (ii) π(x−)U>n ⊆ U≥n.

By (5.1)

vn−2k−2 = π(x−)vn−2k

π(x+)vn−2k−2 = π(x+x−)vn−2k

= (γ −m2/4 +m/2)vn−2k

vn+2k+2 = π(x+)vn+2k

π(x−)vn+2k+2 = π(x+x−)vn+2k

= (γ −m2/4 −m/2)vn+2k .

Step 4. As a consequence of Step 3, the dimension of the eigenspace for each εn is at most one. Hence

•Whenever vℓ 6= 0 and ℓ ≤ m, saym = ℓ+ 2k, then vm is a scalar multiple of π(xk+)vℓ,

Step 5. It may very well happen that some of the vm vanish.

• The set ofmwith vm 6= 0 is an interval, possibly infinite, in the subset of Z of some given parity.

Say vm 6= 0, vm+2 = 0. Ifm ≥ n, then vm = π(x
(m−n)/2
+ )vn and vm+4 = π(x+)vm+2 = 0 and by induction

vm+2k = 0 for all k ≥ 1. Similarly form ≤ n.

I’ll call such an interval a parity interval, and I’ll call the set ofmwith vm 6= 0 theK­spectrum of π.

Step 6. Suppose that π(x±)vm = 0. Then U is equal to the span of the π(xk∓)vm.

Step 7. There are now four possibilities:

(a) The spectrum of κ is a finite parity interval.

In this case, choose vn 6= 0 with π(x+)vn = 0. Then γ = n2/4 + n/2 and V is spanned by the vn−2k. These

must eventually be 0, so for some m we have vm 6= 0 with π(x−)vm = 0. But then also γ = m2/4 −m/2,
which implies that m = −n. Therefore n ≥ 0, the space V has dimension n + 1, and it is spanned by vn,
vn−2, . . . , v−n. I call this representation FDn.

(b) The spectrum of κ is some parity subinterval (−∞, n]. That it is to say, some vn 6= 0 is annihilated
by x+ and U is the infinite­dimensional span of the π(xk−)vn. Under what circumstances is U in addition

irreducible?

Say vn 6= 0 and π(x+)vn = 0. Here γ = n2/4 + n/2. If n ≥ 0 then v−n would be annihilated by x−.
Therefore, if U is irreducible n < 0.

Conversely, suppose n < 0. The space U is spanned by the non­zero vectors vn−2k with k ≥ 0. IfW is any

g­stable subspace of U then there must exist inW a vector vm with π(x+)vm = 0. But then because of the

eigenvalue of Ω,m has to be n andW = U . Hence U is irreducible.

I call this representation DS−
|n|, for reasons that will appear later.

(c) The spectrum of κ is some parity subinterval [n,∞). That is to say, some vm 6= 0 is annihilated by x− but

none is annihilated by x+.

By reasoning almost exactly the same as in the previous case, U is irreducible if and only if n > 0. I call this
representation DS+

n .
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(d) The spectrum of κ is some parity subinterval (−∞,∞). That is to say, no vm 6= 0 is annihilated by either

x+ or x−.

I claim that in these circumstances U is always irreducible.

In this case vn 6= 0 for all n. We cannot have γ = ((m + 1)2 − 1)/4 for any m of the same parity of the
K­weights occurring. Furthermore, π(x+) is both injective and surjective. We therefore choose a new basis

(vm) such that

π(x+)vm = vm+2

for allm. And then
π(x−)vm = π(x−x+)vm−2

= γ − (m− 2)2/4 − (m− 2)/2)vm−2

= (γ −m2/4 −m/2)vm−2 .

I call this representation PSγ,n. The isomorphism class depends only on the parity of n.

Step 8. I now summarize.

Suppose U to be a (g,K)­module generated over U(g) by the K­eigenvector vn with eigencharacter εn.
Suppose in addition that π(Ω) = γ ·I .
1. Suppose that

γ =
m2 − 1

4

for some integerm ≥ 0 of parity opposite to n. For example, suppose that γ = −1/4 (i.e.m = 0) and that

n = 1, or that γ = 0 (m = 1) and that n = 0 or 2. There are several cases to deal with.

(a) If |n| < m then U is isomorphic to the unique irreducible finite dimensional representation of degreem.

(This case does not occur form = 0.) For example, ifm = 1 and n = 0, U is the trivial representation.

(b) If n > m then U is isomorphic to DS+
m+1. For example, if m = 0 and n = 1, we are looking at the

representation withK­spectrum 1, 3, 5, . . . , while ifm = 1 and n = 2 we are looking at the representation
withK­spectrum 2, 4, 6, . . . .

(c) If n < −m then U is isomorphic to DS−
m+1.

2. Otherwise, U is isomorphic to the irreducible representation PSγ,n.

These are supplemented by the remark that if π(x±)vn = 0 with then γ = n2/4 ± n/2.

6. The algebraic construction

In the previous section it has been shown that any irreducible admissible representation of (g,K) falls into
one of the types listed. This is a statement of uniqueness. It is not immediately clear that every one of these
does in fact define a representation of sl2(R). It can be shown directly, without much trouble, that in every

case the formulas implicit in the previous argument above define a representation of (g,K), but in this section

I’ll sketch an algebraic construction.

The basic fact for this purpose is this:

6.1. Proposition. Suppose I to be an ideal inC[Ω] of finite codimension,U a finite­dimensional representation
ofK . If M = U(g) ⊗U(k) U thenM/IM is an admissible representation of (g,K).

Proof. Since Z(g)/I has finite dimension, it suffices to assume I = (Ω− γ). In this case, I claim that in effect
M/IM is the direct sum of spaces

U, xp+ ⊗ U, xp− ⊗ U (p > 0)
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For this, it suffices to assume U to be one­dimensional, in which case linear independence is immediate.

For the rest, it suffices to show that the space spanned by these modulo I is stable under g. This is an easy

induction argument, very similar to one we have seen in the previous section.

For generic γ, the representations PSγ,n are of this form.

There is a simple converse to this. Suppose (π, V ) to be any finitely generated (g,K) representation, say

generated by the finite­dimensional K­stable space U , and annihilated by the ideal I ⊆ Z(g) of finite

codimension. Then V is the natural quotient ofM/IM , withM as in the Proposition.

The representations DS±
n require a different construction. Let p be the Lie algebra k ⊕ C[x+]. If Cm is

the representation of K on which it acts as εm, it becomes a representation of p through projection onto k.
Consider the (g,K)­module

Vm = U(g) ⊗U(p) Cm .

Since g is the direct sum of C[x−], k, and C[x+], it may be identified as a linear space with C[x−]. The
image of Cm is an eigenspace for κ with eigenvalue mi, and x+ annihilates this image. When m < 0, this
representation is therefore a model for DS−

m. Suppose (π, V ) to be any representation of (g,K). By standard

arguments about tensor products, the space of maps

Hom(g,K)(DS
−
m, V )

may be identified with the space of all v in V such that (1) π(κ)v = mi v and (2) π(x+)v = 0.

It remains to see whether these representations come from representations of G, and which are unitary.

7. Duals

Suppose (π, V ) to be an admissible (g,K)­module. Its admissible dual is the subspace ofK­finite vectors in

the linear dual V̂ of V . The groupK acts on it so as to make the pairingK­invariant:

〈π(k)v̂, π(k)v〉 = 〈v̂, v〉, 〈π(k)v̂, v〉 = 〈v̂, π(k−1)v〉 ,

and the Lie algebra g acts on it according to the specification that matchesG­invariance if G were to act:

〈π̂(X)v̂, v〉 = −〈v̂, π(X)v〉 .

IfK acts as the character ε on a space U , it acts as ε−1 on its dual. So if the representation of K on V is the

sum of characters εk, then that on V̂ is the sum of the ε−k. Thus we can read off immediately that the dual of

FDn is FDn (this is because the longest element in its Weyl group happens to take a weight to its negative),
and the dual of DS±

n is DS∓
n . What about PSγ,n?

7.1. Lemma. If π(Ω) = γ ·I then π̂(Ω) = γ ·I .
Proof. Just use the formula

Ω =
h2

4
+
ν+ν−

2
+
ν−ν+

2

and the definition of the dual representation.

So PSγ,n is isomorphic to its dual.

The Hermitian dual of a (complex) vector space V is the linear space of all conjugate­linear functions on V ,
the maps

f :V → C
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such that f(cv) = cf(v). IfK acts on V as the sum of εk, on its Hermitian dual it also acts like that—in effect,

becauseK is compact, one can impose on V aK­invariant Hermitian norm. I’ll write Hermitian pairings as

u • v. For this the action of gC satisfies

π(X)u • v = −u •π(X)v .

The Hermitian dual of FDn is itself, the Hermitian dual of DS±
n is itself, and the Hermitian dual of PSγ,n is

PSγ,n. A unitary representation is by definition isomorphic to its Hermitian dual, so a necessary condition
that PSγ,n be unitary is that γ be real. It is not sufficient, since the Hermitian form this guarantees might not

be positive definite.

8. Unitarity

Which of the representations above are unitary? I recall that (π, V ) is isomorphic to its Hermitian dual if

if and only if there exists on V an Hermitian form which is gR­invariant. For SL2(R) this translates to the

conditions
π(κ)u •u = −u •π(κ)u

π(x+)u •u = −u •π(x−)u

for all u in V . It is unitary if this form is positive definite:

u •u > 0 unless u = 0 .

To determine unitarity, it suffices to construct the Hermitian form on eigenvectors of κ and find whether it

is positive definite or not. We know from the previous section that π is its own Hermitian dual for all FDn,

DS±
n , and for PSγ,n when γ is real. I’ll summarize without proofs what happens in the first three cases: (1)

FDn is unitary if and only if n = 0 (the trivial representation). (2–3) Given a lowest weight vector vn of

DS+
n , there exists a unique invariant Hermitian norm on DS+

n such that vn • vn = 1. Hence DS+
n is always

unitary. Similarly DS−
n . I leave verification of these claims as an exercise. The representations PSγ,n are

more interesting. Let’s first define the Hermitian form when γ is real.

The necessary and sufficient condition for the construction of the Hermitian form v • v is that

π(x+)vm • vm+2 = −vm •π(x−)vm+2

for allm. This translates to

vm+2 • vm+2 = −(γ −m2/4 −m/2)vm • vm .

So we see explicitly that γ must be real. But if the form is to be unitary, we require in addition that this
coefficient be positive, requiring

4γ < (m+ 1)2 − 1

for allm. Hence, takingm = −1 andm = 0:

8.1. Proposition. The representation PSγ,m is unitary precisely when

(a) m is odd and γ < −1/4;
(b) m is even and γ < 0.

This conclusion might seem a bit arbitrary, but we shall see later a clearer reason for it.
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Part II. The principal series

Do the representations of (g,K) that we have constructed come from representations of G?

9. Vector bundles

In the introduction I discussed the representation of G on C∞(P). It is just one in an analytic family. The

others are on spaces of sections of real analytic line bundles. This is such a common notion that I shall explain
it here, at least in so far as it concerns us. There are two versions—one real analytic, the other complex

analytic. Both are important in representation theory although the role of the bundle itself, as opposed to its

space of sections, is often hidden in the mechanism of induction of representations.

Suppose G to be a Lie group, H a closed subgroup. For an example with some intuitive appeal, I’ll take

G = SO(3), H = SO(2). The group G acts by rotations on the two­sphere S = S2 in R3, and H can be
identified with the subgroup of elements of G fixing the north pole P = (0, 0, 1). Elements of H amount to

rotations in the (x, y) plane around the z­axis. The group G acts transitively on S, so the map taking g to

g(P ) identifiesG/H with S.

The group G also acts on tangent vectors on the sphere—the element g takes a vector v at a point x to a

tangent vector g∗(v) at the point g(x). For example, H just rotates tangent vectors at P . This behaves very
nicely with respect to multiplication on the group:

g∗h∗(v) = g∗(h∗(v)) .

The point now is that vector fields on S may be identified with certain functions on G. Let T be the tangent
space at P . If v is a tangent vector at g(P ), then g−1

∗ (v) is a tangent vector at P . If we are given a smoothly

varying vector field onS—i.e. a tangent vector vx at every point of the sphere, varying smoothlywithx—then

we get a smooth function Θ from G to T by setting

Θ(g) = g−1
∗ (vg(P )) .

Recall that H = SO(2) fixes P and therefore acts by rotation on T . This action is just h∗, which takes T to

itself. The function Θ(g) satisfies the equation

Θ(gh) = h−1
∗ g−1

∗ vgh(P )

= h−1
∗ g−1

∗ vg(P )

= h−1
∗ g−1

∗ vg(P )

= h−1
∗ (Θ(g)) .

It is straightforward to verify that in this way smoothly varying vector fields on S may be identified with
smooth functions Θ: G→ T such that Θ(gh) = h−1

∗ Θ(g).

The space TS of all tangent vectors on the sphere is a vector bundle on it. To be precise, every tangent vector

is a pair (x, v) where x is on S and v is a tangent vector at x. The map taking (x, v) to x is a projection onto
S, and the inverse image is the tangent space at x. There is no canonical way to choose coordinates on S, or
to identify the tangent space at one point with that at another. But if we choose a coordinate system in the

neighbourhood of a point x we may identify the local tangent spaces with copies of R2. Therefore locally in
the neighbourhood of every point the tangent bundle is a product of an open subset of S with R2. These are

the defining properties of a vector bundle.

A vector bundle of dimension n over a smooth manifold M is a smooth manifold B together with a
projection π:B →M , satisfying the condition that locally onM the spaceB and the projection π possess
the structure of a product of a neighbourhood U and Rn, together with projection onto the first factor.
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The fibre over a point x ofM is the inverse image π−1(x). A section of the bundle is a function s:M → B
that assigns to every x a point in its fibre or, equivalently, such that π(s(x)) = x. For one example, smooth

functions on a manifold are sections of the trivial bundle whose fibre at every point is just C. For another,
a vector field on S amounts to a section of its tangent bundle. A vector bundle is said to be trivial if it is

isomorphic to a product ofM and some fibre. One reason vector bundles are interesting is that they can be
highly non­trivial. For example, the tangent bundle over S is definitely not trivial because every vector field

on S vanishes somewhere, whereas if it were trivial there would be lots of non­vanishing fields. In other

words, vector bundles can be topologically interesting.

Now letH ⊆ G be an arbitrary closed subgroup. If (σ, U) is a smooth representation ofH , we can define the

associated vector bundle onM = G/H to be the spaceB of all pairs (g, u) isG×U modulo the equivalence
relation (gh, σ−1(h)u) ∼ (g, u). This maps onto G/H and the fibre at the coset H is isomorphic to U . The

space of all sections of B overM is then isomorphic to the space

Γ(M,B) = {f :G→ U | f(gh) = σ−1(h)f(g) for all g ∈ G, h ∈ H} .

This is itself a vector space, together with a natural representation of G:

Lgs(x) = s(g−1(x)) .

This representation is that induced by σ fromH toG. In most situations it is not really necessary to consider

the vector bundle itself, but just its space of sections. In some, however, knowing about the vector bundle is
useful.

If G and H are complex groups and (σ, U) is a complex­analytic representation of H , one can define a
complex structure on the vector bundle. In this case the space of holomorphic sections may be identified

with the space of all complex analytic maps f from G to U satisfying the equations f(gh) = σ−1(h)f(g).

If the groupG acts transitively onM , B is said to be a homogeneous bundle if G acts on it compatibly with

the action onM . If x is a point ofM , the isotropy subgroup Gx acts on the fibre Ux at x. The bundle B is

then isomorphic to the bundle associated toGx and the representation on Ux.

One example of topological interest will occur in the next section. Let sgn be the character of A taking a to

sgn(a). This lifts to a character of P , and therefore one can construct the associated bundle on P = P\G.
Now P is a circle, and this vector bundle is topologically a Möbius strip with this circle running down its

middle.

One may define vector bundles solely in terms of the sheaf of their local sections. This turns out to be a

surprisingly valuable idea, but I postpone explaining more about it until it will be immediately useful.

In the next section I will follow a different convention than the one I follow here. Here, the group acts on
spaces on the left, so ifG acts transitivelywith isotropy groupGx the space is isomorphic toG/Gx. In the next

section, it will act on the right, so the space is now Gx\G. Sections of induced vector bundle then becomes
functions F :G→ U such that F (hg) = σ(h)F (g). Topologists generally use the convention I follow in this

section, but analysts the one in the next. Neither group is irrational or particularly stubborn—the intent of

each is to avoid cumbersome notation. Topologists are interested in actions of groups on spaces, analysts in
actions on functions.

One important line bundle on a manifold is that of one-densities . If the manifold is orientable, these are the
same as differential forms of degree equal to the dimension of the manifold, but otherwise not. The point

of one­densities is that one may integrate them canonically. Because they are important for representation

theory, I say more in an appendix about one­densities on homogeneous spaces.
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10. The principal series

In this essay, a character of any locally compact group H is a continuous homomorphism from H to C×.

Often in the literature this is called a quasi­character, and a character is what I call a unitary character , one

whose image lies in the circle |z| = 1.

In particular, we have the modulus character of P

δ = δP : p 7−→
∣∣detAdn

(p)
∣∣,

[
t x
0 1/t

]
7−→ t2 .

For any character χ of P define the smooth representation induced by it to be the right regular representation

of G on

Ind∞(χ) = Ind∞(χ |P,G) = {f ∈ C∞(G) | f(pg) = χδ1/2(p)f(g) for all p ∈ P, g ∈ G} .

Define Ind(χ) = Ind(χ|P,G) (no superscript) to be the subspace of itsK­finite vectors. The first is a smooth
representation ofG, the second a representation of (g,K). We’ll see later the point of the normalization factor

δ1/2.

CHARACTERS OF P . Since
[
t 0
0 1/t

] [
1 x
0 1

] [
1/t 0
0 t

] [
1 −x
0 1

]
=

[
1 (t2 − 1)x
0 1

]
,

the commutator subgroup of P is N . Therefore every character of P lifts from one of P/N , which is

isomorphic to R×.

10.1. Lemma. Any character of R×
>0 is of the form x 7→ xs for some unique s in C.

Proof. Working locally and applying logarithms, this reduces to the claim that any continuous additive
function f from R to iself is linear. For this, say α = f(1). It is easy to see that f(m/n) = (m/n)α for all

integersm, n 6= 0, from which the claim follows by continuity.

The characters of P are therefore all of the form

χ = χs sgnn:

[
t x
0 1/t

]
7−→ |t|ssgnn(t) .

The dependence on n is only through its parity, even or odd.

RESTRICTION TO K . It is natural to ask, what is the restriction of one of these induced representations to

various subgroups of G? At the moment, we’ll look at the restriction of a representation Ind∞(χ) toK , and

later on we’ll look at its restriction to P .

10.2. Lemma. Every g in G can be factored uniquely as g = nak with n inN , a in |A|, k inK . Explicitly:

(10.3)

[
a b
c d

]
=

[
1 (ac+ bd)/r2

0 1

] [
1/r 0
0 r

] [
d/r −c/r
c/r d/r

] (
r =

√
c2 + d2

)
.

Here by |A| I mean the connected component of A.

Proof. This is undoubtedly familiar, but I’ll need the explicit factorization eventually. The key to deriving it

is to letG act on the right on P1(R) considered as non­zero row vectors modulo non­zero scalars. The group
P is the isotropy group of the line 〈〈0, 1〉〉, so it must be shown thatK acts transitively. But both

g =

[
a b
c d

]
, k =

[
d/r −c/r
c/r d/r

]
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take 〈〈0, 1〉〉 to 〈〈c, d〉〉.
BecauseG = PK andK ∩P = {±1}, restriction toK induces aK­isomorphism of Ind∞(χ) with the space
of smooth functions f onK such that f(−k) = χ(−1)f(k). Define the character

ε:

[
c −s
s c

]
7−→ c+ is

of K . According to the theory of Fourier series, the subspace Ind(χ) spanned by eigenfunctions of K is a

direct sum⊕ ε2k if n = 0 and ⊕ ε2k+1 if n = 1. The functions

εms (g) = χssgnnδ1/2(p)εm(k) (g = pk,m ≡ n)

form a basis of theK­finite functions in Ind(χssgnn). This notation is justified sincem determines n.)

DUALITY. There is noG­invariantmeasure onP\G, but instead the things one can integrate are one­densities,

which are for this P and this G the same as one­forms on P\G. The space of smooth one­densities on P\G
may be identified with the space of functions

{
f : G −→ C

∣∣f(pg) = δ(p)f(g) for all p ∈ P, g ∈ G
}
.

This is not a canonical identification, but it is unique up to a positive scalar multiplication.

One often wants to integrate over P\G explicitly. As is explained in an appendix, there are two useful ways

to do this. One is to interpret integration on P\G as integration overK :

∫

P\G

f(x) dx =

∫

K

f(k) dk .

If χ = δ−1/2 then Ind∞(χ) is the space C∞(P\G) of smooth functions on P\G ∼= PR, and for χ = δ1/2 it is

the space of smooth one­densities on P\G, the linear dual of the first. More generally, if f lies in Ind∞(χ)

and ϕ in Ind∞(χ−1) the product will lie in Ind∞(δ
1/2
P ) and the pairing

〈f, ϕ〉 =

∫

P\G

f(x)ϕ(x) dx

determines an isomorphism of one space with the smooth dual of the other. In particular, if |χ| = 1 so

χ−1 = χ the induced representation is unitary—i.e. possesses a G­invariant positive definite Hermitian

form. As we’ll see in a moment, on these the Casimir acts as a real number in the range (−∞,−1/4]. This
accounts for some of the results in a previous section about unitary representations, but not all.

HOW THE LIE ALGEBRA ACTS. In terms of the basis of K­eigenvectors, how does (g,K) act? Here is the
basic formula in this sort of computation:

10.4. Lemma. ForX in g, g in G we have

(10.5) [RXf ](g) = [L−gXg−1f ](g) .

10.6. Proposition. We have
Rκ ε

m
s = mi εms

Rx+
εms = (s+ 1 +m) εm+2

s

Rx−
εms = (s+ 1 −m) εm+2

s .



Representations of SL(2,R) 26

Proof. Apply Proposition 3.2. In our case f = εms is the only K­eigenfunction f in the representation for

εm with f(1) = 1, and we know that π(x+) changes weights by 2i, so we just have to evaluate Rx+
εms at 1.

Since
2x+ = α− κi− 2iν+

we have

[Rx+
εms ](1) = χssgnn(α) + 1 − i(mi) = (s+ 1 + n) .

The formula for x− is similar.

10.7. Proposition. The Casimir element acts on Ind(χs sgnn) as (s2 − 1)/4.

Proof. This is a corollary of the previous result, but may also be seen more directly. Again, we just have to
evaluate (RΩf)(1) for f in Ind(χs sgnn):

(RΩf)(1) = (L2
h/4 − Lh/2 + Lν+Rν−)f(1) = (s+ 1)2/4 − (s+ 1)/2 = s2/4 − 1/4 .

These formulas have consequences for irreducibility. Let’s look at one example, the representation π =
Ind(χssgnn) with n = 0, s = −3. We have in this case

Rx+
ε2ks = (−2 + 2k) ε2k+2

s

Rx−
ε2ks = (−2 − 2k) ε2k−2

s

We can make a labeled graph out of these data: one node µk for each even integer 2k, an edge from µk to

µk+1 when x+ does not annihilate ε2ks , and one from µk to µk−1 when x− does not annihilate ε2ks . The only
edges missing are for x+ when n = 1 and for x− for n = −1.

The graph we get is this:

-8 -6 -4 -2 0 2 4 6 8

You can read off from this graph that the subgraph

-2 0 2

represents an irreducible representation of dimension 3 embedded in π. The dual of π is π̃ = Ind(χ3,0),
whose graph looks like this:

-8 -6 -4 -2 0 2 4 6 8

You can read off from this graph that the subgraph

-8 -6 -4 -2 0 2 4 6 8
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represents the sum of two irreducible representations contained in π̃, each of infinite dimension. We have

similar pictureswhenevers is an integer of the same parity asn−1. In all other cases, the graph corresponding

to Ind(χssgnn) connects all nodes in both directions. This leads to:

10.8. Proposition. The representation Ind(χssgnn) is irreducible except when s is an integerm of the same
parity as n− 1. In the exceptional cases:

(a) if s = −m ≤ −1, then Ind(χssgnm−1) contains the unique irreducible representation of dimension
m. The quotient is the direct sum of two infinite dimensional representation, D−

m+1 with weights

−(m+ 1) − 2k for k ≥ 0 andD+
m+1 of weightsm+ 1 + 2k with k ≥ 0;

(b) if s = 0 and n = 1 then Ind(χssgnn) itself is the direct sum of two infinite dimensional representation,
D−

1 with weights−2k − 1 for k ≥ 0 andD+
1 of weights 2k + 1 with k ≥ 0;

(c) for s = m withm ≥ 1 we have the decompositions dual to these.

In these diagrams the points of irreducibility and the unitary parameters are shown:

−5 −3 −1 1 3 5

n = 0

6 −4 −2 0 2 4 6

n = 1

Points of unitarity and reducibility of the principal series

11. Frobenius reciprocity and its consequences

For generic s the two representations Ind(χs sgnm) and Ind(χ−s sgnm) are isomorphic. This section will
explain this apparent accident, and in a way that perhaps makes it clear that a similar phenomenon will arise

also for other reductive groups.

Suppose H ⊆ G to be finite groups. If (σ, U) is a representation of H , then the representation induced by σ
fromH toG is the right regular representation of G on the finite­dimensional space

Ind(σ |H,G) = {f : G −→ U | f(hg) = σ(h)f(g) for all h ∈ H, g ∈ G} .

The statement of Frobenius reciprocity in this situation is that a given irreducible representationπ ofG occurs
as a constituent of I = Ind(σ) as often as σ occurs in the restriction of π toH . Now representations of a finite

group decompose into irreducible representations. Hence the number of occurrences of π in I is equal to the
dimension ofHomG(V, I), and the number of occurrences of σ in π is likewise the dimension ofHomH(U, V ).
But because of semi­simplicity, this last is also the dimension of HomH(V, U). Frobenius reciprocity is hence

a consequence of an isomorphism of HomG(V, I) with HomH(V, U).

Such an isomorphism can be given explicitly. Let Λ1 be the map taking f in Ind(σ) to f(1). It is an H­

equivariant map from Ind(σ) to U . If (π, V ) is a representation of G and F a G­equivariant map from V to
Ind(σ), then the composition Λ1◦F is anH­equivariant map from V to U . This gives us a map

HomG

(
π, Ind(σ)

)
−→ HomH(π, σ) .
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Frobenius reciprocity asserts that this is an isomorphism. The proof simply specifies the inverse—to F on

the right hand side we associate the map on the left taking v to g 7→ F (π(g)v).

Something similar holds for the principal series representations, but there are two versions, one for Ind∞

and one for Ind. They begin in the same way. Define

Λ1: Ind∞(χ |P,G) −→ C, f 7−→ f(1) .

It is P ­equivariant onto the one­dimensional representation χδ
1/2
P .

11.1. Theorem. (Frobenius reciprocity for smooth representations) If (π, V ) is a smooth representation of G,
composition with Λ1 induces an isomorphism

HomG(V, Ind∞(χ)) ∼= HomP (V,Cχδ1/2 ) .

Here the homomorphisms are taken to be continuous ones. The proof is essentially the same as for finite

groups.

But we have also:

11.2. Theorem. (Frobenius reciprocity for admissible representations) If (π, V ) is an admissible representa­
tion of (g,K), composition with Λ1 induces an isomorphism

Hom(g,K)(V, Ind(χ)) ∼= Hom(p,K∩P )(V,Cχδ1/2 ) .

Proof. Here, because the group itself doesn’t act, one has to be careful. The groupK acts and G = PK , so
we associate to F in Hom(p,K∩P )(V,Cχδ1/2 ) the map from V to Ind(χ) taking v to the function

Fv(pk) = χδ1/2(p)F (π(k)v) .

I leave it as an exercise to verify that this is inverse to composition with Λ1.

So, how do we find maps

Λ: V −→ C such that 〈Λ, Rpf〉 = δ
1/2
P χ(p)〈Λ, f〉 ?

The basic fact about such maps is that 〈Λ, Rnf〉 = 〈Λ, f〉 for all n in N . Equivalently, 〈Λ, Rxf〉 = 0 for

x in the Lie algebra n. So we first look at all maps satisfying this property. The group A acts on it, since
aNa−1 = N for all a in A. Therefore the set of all maps annihilated by n is a representation ofA. It will turn

out in practice to be finite­dimensional, and we will want to see how A acts.

We are now interested in finding maps from Ind(χ) to some other Ind(ρ), or for that matter from Ind∞(χ)
to Ind∞(ρ). What are the linear functions in the dual of Ind∞(χ) annihilated by n? To answer this, we shall

first say something about the restriction of Ind∞(χ) to P .

Let

w =

[
0 −1
1 1

]
.

The basic tool in understanding the restriction of Ind∞(χ) to P is this:

11.3. Lemma. (Bruhat decomposition) The group G is the disjoint union of P and PwN . More explicitly,
suppose

g =

[
a b
c d

]
.
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Then if c = 0 the matrix g lies in P , and otherwise

g =

[
1/c a
0 c

] [
0 −1
1 0

] [
1 d/c
0 1

]
.

Proof. You can easily verify this. In order to discover the formula, you only had to check that

[
0 −1
1 0

] [
1 d/c
0 1

]
=

[
0 −1
1 d/c

]

takes 〈〈0, 1〉〉 to 〈〈c, d〉〉.
Define Iw(χ) to be the subspace of functions f in Ind∞(χ) that vanish of infinite order along P , and define

I1(χ) to be the corresponding quotient. We have therefore a short exact sequence of P ­stable spaces

0 −→ Iw(χ) −→ Ind∞
w (χ) −→ I1(χ) −→ 0 .

We shall say more about this sequence later on. What does it imply about N ­invariant distributions on
Ind∞(χ)? First all, the map Λ1 is trivial on Iw , hence factors through I1. We shall see later a very explicit

description of I1, and it will turn out that there may be otherN ­invariant elements in its dual.

It will also turn out, as we shall see later, that any f in Iw(χ) has the property that the function f(wn on N
lies in the Schwartz space ofN (which is isomorphic to R). The integral

〈Λw, f〉 =

∫

N

f(wn) dn

therefore converges and defines an N ­invariant linear function on Iw(χ). The natural question is, does it
extend to an N ­invariant linear function on all of Ind∞(χ)?

11.4. Proposition. The integral for Λw converges absolutely for any f in Ind∞(χssgnn) if RE(s) > 0, and
defines a continuous linear functional such that Λw(Rpf) = χ−s,n(p)δ

1/2(p)Λw(f).

Proof. We can apply the Iwasawa decomposition G = PK explicitly to see that

[
0 −1
1 0

] [
1 x
0 1

]
=

[
0 −1
1 x

]

=

[
1 −x/(1 + x2)
0 1

] [
1/r 0
0 r

] [
x/r −1/r
1/r x/r

] (
r =

√
1 + x2

)
.

Suppose f in Ind(χssgnn) with supK |f(k)| = M . We then have
∣∣∣∣
∫

N

f(wn) dn

∣∣∣∣ =

∣∣∣∣
∫

N

f(wnw−1 w) dn

∣∣∣∣ ≤M

∫ ∞

−∞

(1 + x2)−(s+1)/2 dx .

The integrand is asymptotic to |x|−s−1 as |x| → ∞ and hence the integral converges for RE(s) > 0. Also:

〈Λw, Raf〉 =

∫

N

Raf(wn) dn

=

∫

N

f(wna) dn

=

∫

N

f(wa ·a−1na) dn

= δP (a)

∫

N

f(waw−1 ·wn) dn

= χ−1δP (a)〈Λw, f〉 .
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The map

Tw: f −→
[
g 7→ Λw(Rgf)

]

is therefore a continuousG­equivariantmap from Ind∞(χs sgnn) to Ind∞(χ−s sgnn)when the integralmakes
sense.

Can we extend Λw beyond the region RE(s) > 0? Let’s see some explicit formulas. This map takes εns to
some cs,nε

n
−s. What is the factor cs,n? This is the same as Λw(εns ). Evaluating this amounts, essentially, to

comparing the Bruhat and Iwasawa factorizations:

[
0 −1
1 0

] [
1 x
0 1

]
=

[
0 −1
1 x

]
=

[
1/r ∗
0 r

] [
x/r −1/r
1/r x/r

] (
r =

√
1 + x2

)
.

Therefore

εns (wn) =

(
1√

x2 + 1

)s+1 (
x+ i√
x2 + 1

)n
,

and

(11.5) cs,n =

∫ ∞

−∞

(
1√

x2 + 1

)s+1 (
x+ i√
x2 + 1

)n
dx .

This integral is evaluated in an appendix in terms of Gamma functions. I’ll look later at the case |n| > 0, but
do n = 0 now, in which case we get

∫ ∞

−∞

(
1√

x2 + 1

)s+1

dx =
Γ
(

1
2

)
Γ
(
s
2

)

Γ
(
s+ 1

2

)

=
ζ

R
(s)

ζ
R
(s+ 1)

where I write here

ζ
R
(s) = π−s/2Γ(s/2)

as the factor of the Riemann ζ function contributed by the real place of Q. It is not an accident that this factor

appears in this form—a similar factor appears in the theory of induced representations of p­adic SL2, and

globally these all contribute to a ‘constant term’ ξ(s)/ξ(s+ 1) in the theory of Eisenstein series.

There is something puzzling about this formula. The poles of cs,0 are at s = 0, −2, −4, . . . The pole at

s = 0 is related, as we shall see later, to the irreducibility of the unitary representation Ind(χ0,0). But there
is nothing special about the principal series representations at the other points, so one must wonder, what is

the significance of these poles? There is one interesting question that arises in connection with these poles.

The poles are simple, and the residue of the intertwining operator at one of these is again an intertwining
operator, also from Ind(χs,n) to Ind(χ−1

s,n). What is that residue? It must correspond to an n­invariant linear

functional on Ind∞(χs,n). It is easy to see that in some sense to be explained later that the only n­invariant
linear functional with support on PwN is Λw, so it must have support on P . It will be analogous to one of

the derivatives of the Dirac delta. These matters will all be explained when I discuss the Bruhat filtration of

principal series representations.
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For n = ±1 we get
∫ ∞

−∞

(
1√

x2 + 1

)s+1 (
x± i√
x2 + 1

)
dx =

∫ ∞

−∞

x± i

(
√
x2 + 1)s+2

dx

=

∫ ∞

−∞

±i
(x2 + 1)s/2+1

dx

= ±i ·
Γ
(

1
2

)
Γ
(
s+ 1

2

)

Γ
(
s+ 2

2

)

= ±i ·
ζ

R
(s+ 1)

ζ
R
(s+ 2)

.

We now know cs,0 and cs,±1. The others can be calculated by a simple recursion, since

Twπ(x+)εs,n = π(x+)Twεs,n, (s+ 1 + n)cs,n+2 = (−s+ 1 + n)cs,n ,

leading first to

cs,n+2 =
−s+ 1 + n

s+ 1 + n
·cs,n

= −s− (n+ 1)

s+ (n+ 1)
·cs,n

and then upon inverting:

cs,n−2 = −s+ (n− 1)

s− (n− 1)
·cs,n .

Finally:

cs,2n = (−1)ncn,0 ·
n∏

k=1

s− (2k + 1)

s+ (2k + 1)

cs,−2n = (−1)ncn,0 ·
n∏

k=1

s+ (2k + 1)

s− (2k + 1)
.

Something similar holds for n odd. These intertwining operators give us explicit isomorphisms between
generic principal series Ind(χssgnn) and Ind(χ−ssgnn).

There is one curious feature of these formulas—as n → ∞ the ratio has as limit 1. I have no idea whether

this is anything more than a curiosity.

This product formula for cs,n is simple enough, but other forms are also useful. The formula (11.5) can be

rewritten as

cs,n =

∫

R

(1 + ix)−(s+1−n)/2(1 − ix)−(s+1+n)/2 dx .

If we set α = (s+ 1 − n)/2 and β = −(s+ 1 + n)/2 in Proposition 16.8, we see that this is

(11.6) cs,n =
21−sπΓ(s)

Γ
(
s+ 1 + n

2

)
Γ
(
s+ 1 − n

2

) .

One curious thing about this formula is that it is not immediately apparent that it agrees with the formula

(11.5) for cs,0. In effect, I have proved the Legendre duplication formula

2(2π)−sΓ
(
s) = π−s/2Γ

(s
2

)
·π−(1+s)/2Γ

(s+ 1

2

)
= ζR(s)ζR(1 + s) .

The left hand side here is called, with reason, ζC(s). This is an analogue forC/R of the local Hasse­Davenport

equation.
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12. Intertwining operators and the smooth principal series

Proposition 11.4 tells us that the intertwining operator defined by converges in a right­hand half plane, for
all functions in the smooth principal series. The explicit formulas in the previous section tell us that they

continue meromorphically on the K­finite principal series. In this section I’ll show that the meromorphic
continuation is good on all of the smooth principal series.

There are twopossible approaches, one by looking atK­finite functions, and the other by restricting functions
in the principal series to the unipotent subgroupN ◦.

I’ll be a bit vague about the first. The mian point si that functions in the smooth principal series restrict to

smooth functions onK ,and may be expressed in terms of Fourier series with rapidly decreasing coefficients.
Now

(12.1) cs,n+2 =
(n+ 1) − s

(n+ 1) + s
·cs,n ,

and as a consequence cs,n is of moderate growth in n, more or less uniformly in s. Restriction to K is an
isomorphism of Ind∞(χs,n)with the space of smooth functions f onK such that f(±k) = (−1)nf(k), which

is a fixed vector space independent of s. Let ιs be this isomorphism. Thus for f onK

[ιsf ](pk) = χs,nδ
1/2(p)f(k)

identically. The smooth vectors in Ind(χssgnn) may be expanded in Fourier series when restricted to K ,

which implies that the Fourier coefficients decrease rapidly with n, which implies what we want.

This proof uses the identification of Ind∞(χs,n) as a space of functions onK , independent of s. Incidentally,
the ratios in (12.1) tend to 1 as n→ ∞. Is this significant?

Let’s look at the second approach. The Bruhat decomposition tells us thatG is the union of two open setsPN ◦

andPwN . Any function f in Ind∞(χ)may be expressed as a sum f1 +fw, each with corresponding compact
support. The functional Λw evaluated on fw is holomorphic in s, so all difficulties lie in the evaluation of

〈Λw, f〉

where f has compact support on N ◦.

So say, for example, that

f(pn◦) = χs+1f(n◦)

with f smooth on N ◦. Since

0 −1
1 0

[
1 x
0 1

]
=

[
1/x −1
0 x

] [
1 0

1/x 1

]
,

The integral is ∫

R

|x|−s−1f(1/x) dx =

∫

R

|x|sf(x)
dx

|x|
which has indeed a meromorphic continuation.
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13. The complementary series

We have seen that the imaginary line RE(s) = 0 parametrizes unitary representations. In addition the

trivial representation is unitary, and later on we’ll see the holomorphic discrete series and—implicitly—the

anti­holomorphic discrete series. There are, however, some more unitary representations to be found. These
are the principal series Ind(χs,0) with s in the interval (−1, 1), the so­called complementary series whose

Casimir operator acts by a scalar in the range (−1/4, 0).

The intertwining operator Ts,0 is multiplication by

cs,0 =
Γ
(

1
2

)
Γ
(
s
2

)

Γ
(
s+ 1

2

)

which as a pole of order 1 at s = 0. The other constants are determined by the rule

cs,n+2 =
−s+ 1 + n

s+ 1 + n
·cs,n

cs,n−2 =
−s+ 1 − n

s+ 1 − n
·cs,n .

These both imply that the normalized operator Tw/cs,0 has limit the identity operator as s→ 0. Furthermore,
it is an isomorphism for all s in (−1, 1). But in this interval the representation Ind(χ−s,0) is the Hermitian as

well as linear dual of Ind(χs,0), so Tw determines in effect an Hermitian inner product on Ind(χs,0). It does
not change signature anywhere in the interval and since it is positive definite for s = 0 it is positive definite
throughout. Therefore

13.1. Proposition. For all s in (−1, 1) the representation Ind(χs,0) is unitary.

Of course we have only recovered in a different form what we deduced in an earlier section about unitary

admissible modules over (g,K).

14. Normalization

One major application of these intertwining operators is to questions of reducibility. The basic idea is to

divide Tw,s by some constant to get a normalized operator τw,s in such a way that

τw,−sτw,s = I

In particular, if s = 0 (or, equivalently, χ = wχ) then τ2
w,0 = I . It turns out that in fact these normalized

operators are unitary for unitary characters, and span the space of endomorphisms commuting with G
when s = 0. (This last point will be shown when we look at Verma modules.) They hence determine the
irreducibility of Ind∞(χ).

What happens is quite differently for the two cases n = 0, n = 1 separately.

n = 0. Define the normalized intertwining operator to be τw = Tw/cs,0. This is normalized so as to be 1 on

theK­fixed vectors. In doing this, new poles, largely without significance, are introduced, but this does not

happen in the neightbourhood of the unitary axis RE(s) = 0. What happens is that τ0 = I , and this correlates
with the fact that Ind(χ0,0 is irreducible.

n = 1. Here, there is no singleK­stable space distinguished in Ind(χ). Instead, we divide by

ζR(s)/ζR(s+ 1) .

This gives us
τ0,1εs,±1 = ±i ·εs,±1 .

And this correlates with the decomposition of Ind(χ) into two irreducible components. This is because if we
divide τ by ±i we get τ2 = I , and the representation decomposes into its ±1­eigenspaces. There is more to

this than might first appear, and I’ll come back to this matter later.
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15. Appendix. Characters as distributions

For any f in C∞(R) define

‖f‖n,m = sup
R

(1 + |x|)n|f (m)(x)| .

We’ll be interested in these Schwartz spaces:

S(R) =
{
f ∈ C∞(R)

∣∣ ‖f‖n,m <∞ for all n,m ≥ 0
}

S[0,∞) = restrictions of f ∈ S(R) to [0,∞)

S(R×) =
{
f ∈ S(R)

∣∣ f (n)(0) = 0 for all n ≥ 0
}
.

In other words, S(R) is the space of smooth functions on R all of whose derivatives vanish rapidly at infinity,

and S(R×) is the subspace of functions whose Taylor series vanishes 0.

Any character χ of R× defines a distribution on the space S(R×):

〈χ, f〉 =

∫

R

χ(x)f(x)
dx

|x| ,

and generically these extend to all of S(R). The integral

∫ ∞

0

xsf(x)
dx

x

is defined and analytic in s for all RE(s) > 0, f in S[0,∞). Integrating by parts gives us

∫ ∞

0

xsf(x)
dx

x
= −1

s

∫ ∞

0

xs+1f ′(x)
dx

x
,

which means that the integral may be meromorphically continued to RE(s) > −1, with a possible pole at 0.
The residue there is

−
∫ ∞

0

f ′(x) dx = f(0) .

This may be repeated many times to get

∫ ∞

0

xsf(x)
dx

x
= (−1)n · 1

s(s+ 1) . . . (s+ n− 1)

∫ ∞

0

xs+nf (n)(x)
dx

x
.

for all n. The integral may therefore be extended to all of C, with at most simple poles in−N. The residue at

−n is f (n)(0)/n!.

The integral ∫

R

|x|ssgnn(x)f(x)
dx

|x| =

∫ ∞

0

|x|s(f(x) + sgnn(−1)f(−x)) dx
x

converges for RE(s) > 0, f in S(R). It may also be meromorphically extended to C. Its poles depend on the

parity of n. For n = 0 they are at 0, −2, −4, . . .while for n = 1 they are at −1, −3, . . .The residues at poles
are again scalar multiples of f (n)(0). At the points of −N where there are no poles, the values of the integral

are principal values. For example, the distribution at s = 0 is

lim
ε→0

∫

|x|≥ε

f(x)

x
dx =

∫ ∞

0

f(x) − f(−x)
x

dx ,

which makes sense because (f(x) − f(−x))/x is is smooth.



Representations of SL(2,R) 35

16. Appendix. The Gamma function

As we have seen, explicit formulas for intertwining operators reduce to classical integral formulas involving

Gamma functions. In this section I’ll review what will be needed. My principal reference for this brief
account is Chapter VIII of [Schwartz:1965].

Basicallly, the Gamma function interpolates the factorial function n! on integers to make a meromorphic

function on all of C. The definition of Γ(s) for RE(s) > 0 is

Γ(s) =

∫ ∞

0

xs−1e−x dx .

Integration by parts shows that

Γ(s+ 1) = sΓ(s) .

This is an example of what we have seen in the previous appendix, since according to a well known lemma

found originally in [Borel:1995] the function e−x lies in S[0,∞).

It is easy to calculate Γ(1) = 1, and then from this you can see that Γ(n + 1) = n! for all positive integers

n. This functional equation also allows us to extend the definition to all of C with simple poles at the
non­positive integers:

Γ(s) =
Γ(s+ 1)

s
=

Γ(s+ 2)

s(s+ 1)
=

Γ(s+ 3)

s(s+ 1)(s+ 2)
= · · ·

The Gamma function is especially useful in evaluating certain Fourier and Laplace transforms. The integral

(16.1)

∫ ∞

0

xs−1f(x) dx

defines for generic s a tempered distribution with support on [0,∞).

16.2. Proposition. The Laplace transform of xs−1 is Γ(s)λ−s.

Up to now I have referred to xs only when xwas real. But in this, λ is complex, with RE(λ) > 0. From now

on I’ll take log reiθ to be log r + iθ whenever θ ∈ (−π, π), and λs to be defined whenever λ does not lie in

(−∞, 0], in which case
λs = es log λ .

Proof. The Laplace transform of xs−1 is ∫ ∞

0

xs−1e−xλ dx .

Set z = xλ to see that this is

λ−s
∫ λ∞

0

zs−1e−z dz .

A simple argument about contour integrals will show that this is the same as

λ−s
∫ ∞

0

ys−1e−y dy = λ−sΓ(s) .

Applying the inverse Laplace transform:

16.3. Corollary. If σ > 0

1

2πi

∫ σ+i∞

σ−i∞

λ−seλx dλ =




xs−1

Γ(s)
if x > 0

0 otherwise.
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A bit later we shall need this consequence:

16.4. Corollary. The inverse Fourier transform of (y − i)−α is





(2πix)αe−2πx

xΓ(α)
x > 0

0 otherwise.

.

Proof. The inverse Fourier transform is

∫

R

e2πixy dy

(y − i)α
=
iαe−2πx

i

∫ 1+i∞

1−i∞

e2πxλ dλ

λα
(−iλ = y − i, λ = 1 + iy)

= (2πi)αe−2πx · 1

2πi

∫ 2π+i∞

2π−i∞

eµx dµ

µα
(µ = 2πλ) .

But the integral is the formula for the inverse Laplace transform of µ−α.

16.5. Proposition. We have

Γ(s) = 2cs
∫ ∞

0

y2s−1e−cy
2

dy .

Proof. Set x = cy2 in the definition of Γ.

Recall the Beta function

B(u, v) = 2

∫ π/2

0

cos2u−1(θ) sin2v−1(θ) dθ .

16.6. Proposition. We have

B(u, v) =
Γ(u)Γ(v)

Γ(u+ v)
.

Proof. Start with Proposition 16.5, c = 1. Moving to two dimensions and switching to polar coordinates:

Γ(u)Γ(v) = 4

∫ ∫

s,t≥0

e−s
2−t2s2u−1t2v−1 ds dt

= 4

∫ ∫

r≥0,0≤θ≤π/2

e−r
2

r2(u+v)−1 cos2u−1 θ sin2v−1 θ dr dθ

=

∫

r≥0

e−r
2

r2(u+v)−1 dr2 ·2
∫ π/2

0

cos2u−1(θ) sin2v−1(θ) dθ

= Γ(u+ v)B(u, v) .

16.7. Corollary. We have

∫ ∞

0

tα

(1 + t2)β
dt

t
=

1

2

Γ
(α

2

)
Γ
(
β − α

2

)

Γ(β)
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Proof. In the formula for the Beta function, change variables to t = tan(θ) to get

θ = arctan(t)

dθ = dt/(1 + t2)

cos(θ) = 1/
√

1 + t2

sin(θ) = t/
√

1 + t2

leading to

∫ ∞

0

tα−1

(1 + t2)β
dt =

1

2

Γ
(
α
2

)
Γ
(
β − α

2

)

Γ(β)
.

In particular with α = 1

Γ2(1/2) =

∫ ∞

−∞

dt

1 + t2
= π, Γ(1/2) =

√
π .

I learned a slightly different version of the following formula from [Garrett:2009], butAlok Shukla has pointed
out to me that Garrett’s version appears (without justification) on the last page of [Cauchy:1825]. He also

came up with a proof along classical lines (see [Shukla:2016]).

Define

Iα,β =

∫

R

dy

(y − i)α(y + i)β
.

The integral converges for RE(α + β) > 1 and is analytic in that region.

16.8. Proposition. For RE(α+ β) > 1

Iα,β =
2πiα−β Γ(α+ β − 1)

2α+β−1Γ(α)Γ(β)
.

As Garrett has pointed out, this is a consequence of the Plancherel formula for R. It suffices to prove the
formula when α > 1, β > 1 are both real. But when α and β are real, this integral is

∫

R

a(y)b(y) dx with a(y) = (y − i)−α, b(y) = (y + i)−β .

According to the Plancherel formula it is

∫

R

A(y)B(y) dy =

∫

R

a(x)b(x) dx (A(y) = â(y), B(y) = b̂(y)) .

By the Plancherel formula and Corollary 16.4, the integral is

∫

R

(y − i)−α(y + i)−β dy =

∫ ∞

0

(
2πix)αe−2πx/xΓ(α)

) (
−2πix)βe−2πx/xΓ(β)

)
dx

=
2πiα−β

Γ(α)Γ(β)

∫ ∞

0

uα+β−1e−2u

=
2πiα−βΓ(α+ β − 1)

2α+β−1Γ(α)Γ(β)
.
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17. Appendix. Characters and the Fourier transform

We have seen that a generic multiplicative character is a tempered distribution, which is to say a continuous

linear function from S(R) to C. The Fourier transform

f̂(y) =

∫

R

f(x)e−2πixy dx

is an isomorphism of S(R) with itself. Proving this reduces to:

17.1. Lemma. The Fourier transform of f ′(x) is 2πiyf̂(y).

Proof. Because ∫

R

f ′(x)e−2πixy dx = (2πiy)

∫

R

f(x)e−2πixy dx = (2πiy)f̂(y) .

Any function of the form P (x)e−cx
2

with c > 0 and P a polynomial lies in S(R).

17.2. Lemma. Under the Fourier transform

(a) f(x) = e−πx
2

is taken to f(x);

(b) f(x) = xe−πx
2

is taken to −if(x).

Proof. If f(x) = eiπx
2

then

f̂(y) =

∫

R

e−πx
2

e−2πixy dx

= e−πy
2

∫

R

e−π(x+iy)2 dx

= e−πy
2

∫

R+iy

e−πz
2

dz

= e−πy
2

∫

R

e−πz
2

dz

= e−πy
2

.

Apply Lemma 17.1 to see that the transform of −2πxe−πx
2

is 2πiye−πy
2

and that of xe−πx
2

is −iye−πy2

.

If f and F are both in S(R) then

∫

R

f(x)F̂ (x) dx =

∫

R

∫

R

f(x)F (y)e−2πixy dx dy =

∫

R

f̂(y)F (y) dy .

It is hence natural, even inevitable, to extend the Fourier transform to tempered distributions by duality:

〈F̂ , f〉 = 〈F, f̂〉 .

What is the Fourier transform of the distribution defined by χ?

The multiplicative group acts on S(R) by the right regular representation:

[µcf ](x) = f(cx) .

It acts on distributions by duality:

〈µcF, f〉 = 〈F, µ1/cf〉 .

µcχ = χ(c)χ .
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How do the Fourier transform and µc interact?

17.3. Lemma. For c 6= 0
µ̂cF = |c|µ1/cF̂ .

Proof.

[µ̂cF ](y) =

∫

R

F (x/c)e−2πixy dx = |c|
∫

R

F (u)e−2πicuy du .

For any multiplicative character χ the dimension of distributions F such that µcF = χ(c)F for all c 6= 0 is

one.

From now on, let | • | be the modulus character x 7→ |x|. When χ and | • |χ−1 are defined as distributions, χ̂
is a scalar multiple of | • |χ−1.

17.4. Theorem. Under the Fourier transform

(a) | • |s is taken to π−s/2Γ(s/2) · | • |1−s;
(a) sgn| • |s is taken to π−s+1/2Γ(s+ 1/2) · sgn| • |1−s;
Proposition 16.5 tells us that

π−s/2Γ(s/2) =

∫

R

|x|s−1e−πx
2

dx .

Set

χ∨ = | • |χ−1 .

When things go wrong: the δ(n) and principal value integrals. The distribution δ0 corresponds to χ = 1,
while the function 1 corresponds to | • |. These are transforms of each other. This fits since 1 = | • | · | • |−1,

and | • | = | • | ·1.
Tate’s local functional equation

〈χ, f̂〉
L(χ, s)

= γ(χ, ψ) · 〈χ∨, f〉
L(χ∨, s)

It is best to keep the dependence on ψ in mind—when ψ changes to ψc?

Remark about global situation, Eisenstein series and functional equation.
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18. Appendix. Invariant integrals on quotients

Suppose G to be a locally compact group, dℓx a Haar (positive, left­invariant) measure. This measure might

not be right­invariant, but for any g inG the measure dℓxg defined by

∫

G

f(x) dℓxg =

∫

G

f(xg−1) dℓg

is also left­invariant, and hence a scalar multiple of dℓx. In other words

dℓxg = δ−1
G (g) dℓx

for some non­zero scalar δG(g), which defines a continuous homomorphism from G to R×
>0. It is called the

modulus character of G, and it also satisfies the equation dℓ gxg
−1 = δG(g) dx.

One consequence of the definition is that to every left­invariant measure dℓx is associated the right­invariant
measure drx = δG(x) dℓx.

Now suppose H ⊆ G to be a closed subgroup. The quotientH\G will not in general possess a G­invariant
measure, but this failure is easily dealt with.

Recall that a measure of compact support on a locally compact space is a continuous linear function on the
space C(G) of continuous C­valued functions. Define Ωc(H\G) to be the space of continuous measures of

compact support on H\G. When G is a Lie group, elements of this space are also called one­densities on

H\G, and if H\G is oriented this is the same as the space of continuous forms of highest degree and of
compact support. The assertion above means that Ωc(H\G) is not generally, as a G­space, isomorphic to

Cc(H\G). But there exists a simple modification, which amounts to identifying the space of one­densities as

sections of a line bundle onH\G. If χ is a character of H , define the induced representation

Indc(χ) = Indc(χ|H,G)

=
{
f ∈ C(G) of compact support moduloH

∣∣ f(hg) = χ(h)f(g) for all h ∈ H, g ∈ G
}
.

The group G acts on this by right multiplication. If dh is a Haar measure on H , χ is a character of H , and
f ∈ Cc(G) then the integral

(18.1) F (g) =

∫

H

χ(h)f(hg) dh

will satisfy

F (xg) =

∫

H

χ(h)f(hxg) dh

=

∫

H

χ(yx−1)f(yg) d yx−1

= δH(x)χ−1(x)F (g)

for all x inH , and therefore lies in Indc(δHχ
−1). The following is found in §9 of [Weil:1965]:

18.2. Lemma. The map from Cc(G) to Indc(δHχ
−1) taking f 7→ F defined by (18.1) is surjective.

Spaces of induced representations are essentially sections of line bundles. Given what happens for oriented

manifoldsH\G, the following should not be too surprising. For f in Cc(G) define

f(g) =

∫

H

δG(h)f(hg) dh .

It lies in Indc(δH/δG).
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18.3. Proposition. Suppose given Haar measures dh, dg on H , G. There exists a unique G­invariant linear
functional I on Indc(δH/δG) such that

∫

G

δG(g)f(g) dg = 〈I, f〉 .

As a consequence, the choices of dh, dg determine an isomorphism of Indc(δH/δG) with Ωc(H\G).

The proof proceeds by applying Lemma 18.2 to find for any f in Indc(δH/δG) a function ϕ in Cc(G) such
that ϕ = f , then verifying that ∫

G

δG(g)ϕ(g) dg

depends only on f .

I shall sketch here the proof only in a special case of interest to us. SupposeG to be unimodular, whichmeans

that δG = 1. Suppose also that there exists a compact subgroupK such thatG = HK . In particular,H\G is
compact. This happens, for example, if G is a reductive Lie group andH is a parabolic subgroup. I claim:

18.4. Proposition. Integration overK is aG­invariant integral on Ind(δH).

Proof. AssignK total measure 1. The integral

fK(g) =

∫

K

f(gk) dk

defines a projection of C(G) onto C(G/K), which possesses a measure IG/K that is leftG­invariant, unique

up to scalar multiple. ButH/H∩K = G/K sinceG = HK , andG/K therefore also possesses an essentially

uniqueH­invariant measure. It must be also G­invariant. Hence on the one hand

∫

G

f(g) dg =

∫

G

fK(g) dg = 〈IG/K , fK〉

and on the other ∫

H

fK(h) dh = 〈IG/K , fK〉 .

Therefore ∫

G

f(g) dg =

∫

H×K

f(hk) dh dk =

∫

K

f(k) dk .

We deduce:

18.5. Proposition. (Iwasawa integration formula) Suppose G to be a reductive group defined over a local
field, P = MN a parabolic subgroup. Then with a suitable choice of Haar measures

∫

G

f(g) dg =

∫

K

∫

M

δ−1
P (m)

(∫

N

f(nmk) dn

)
dmdk .

The character δP is the modulus character of P . In terms of vector bundles, it is the factor defining the vector

bundle induced by the absolute value of the action of P on the forms of highest degree on the tangent space
at 1 of P\G. Thus

δP (m) = |detAdn◦(m) |−1 = |detAdn(m) | .
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Part III. The discrete series

Initially I described the irreducible admissible representationsDS±
n bya formal algebraicprocedure, following

methods not so different from Bargmann’s. Later, I showed that the representations DS±
n are embedded into

certain principal series representations. In this part, I want to exhibit new realizations of the representations

DS±
n in terms of certain holomorphic vector bundles onwhichG = SL2(R) acts. It is this feature that explains

exactly why these representations are relevant to the theory of holomorphic automorphic forms.

I’ll also explain how they may be embedded as discrete summands of L2(G).

19. Projective spaces and representations

I can motivate the constructions to come by giving a new characterization of the principal series. Let

XR = R2 − {0} .

I recall that the projective line P(R) is defined as the space of lines in R2, which may be identified with the

quotient XR/R
×. The group G acts on XR by linear transformations, and this induces in the natural way its

action on P(R). If χ is a character of R×, a function f on XR is said to be χ­homogeneous if

f(λv) = χ(λ)f(v)

for all v in XR and λ in R×.

Recall that P is the group of upper triangular matrices inG andN is its subgroup of unipotent matrices. The

groupN takes the point (1, 0) to itself, and therefore any function f on XR gives rise to a function F onN\G
according to the formula

F (g) = f

(
g−1

[
1
0

])
.

I leave as an exercise:

19.1. Proposition. The map taking f on XR to F on N\G is a G­equivariant isomorphism of the smooth
functions on XR that are χ­homogeneous with the smooth principal series Ind(χ−1δ−1/2).

At first this might seem an uninteresting result but, among other things, it makes it immediately clear that

certain principal series representations contain the irreducible finite­dimensional representations ofG, since
if χ(x) = xm for a non­negative integerm the space of homogeneous functions contains the homogeneous

polynomials of degreem in R2, a space on which G acts as it does on FDm. This result defines the smooth
principal series representations without making a choice of P—it is, in effect, a coordinate­free treatment.

Proposition 19.1 will play a role in what’s to come, but for the moment it will serve mostly as motivation for

the next step.

Now let
XC = C2 − {0}

P(C) = the space of complex lines in C2

= XC/C
× .

We shall again be interested in functions on certain subsets of XC that are homogeneous. But there will be a
new restriction—I want to look mostly at functions that are holomorphic. This requires that the character χ
be holomorphic as well, which in turn means that χ(λ) = λm withm now an arbitrary integer.

The group G acts on XC by linear transformations. Since SL2(R) is connected, it must take each component

of the complement of P(R) in P(C) into itself. We can be more explicit.

19.2. Lemma. If

g =

[
a b
c d

]
∈ GL2(R) then IM

(
g(z)

)
=

det(g)

|cz + d|2 .
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Proof. Straightforward calculation:

IM

(
az + b

cz + d

)
=

1

2i

(
az + b

cz + d
− az + b

cz + d

)

=
1

|cz + d|2 IM(z) .

LetX∗ be the inverse image inXC of the complementH± ofP(R), where IM(z/w) 6= 0. It has two components

X± = {(z, w) | sign IM(z/w) = ±} .

As a consequence of Lemma 19.2, the groupG takes each component X± into itself.

The groupG acts on the space of smooth functions on X∗:

F 7−→ LgF, [LgF ](x) = F (g−1x) .

The space X∗ is an open subset of XC, hence possesses an inherited complex structure. SinceG preserves this

complex structure, it takes the subspace of holomorphic functions on X∗ into itself. Define

C∞
m =

{
f ∈ C∞(X∗)

∣∣ f(λz) = λmf(z)
}

Cm = holomorphic functions in C∞
m .

I. e. the first is the space of smooth functions on X∗ that are homogeneous of degreemwith respect to C×. In

effect, the functions inC∞
m (respectively Cm) are smooth (holomorphic) sections of a holomorphic line bundle

on the complementH∗ of P(R) in P(C). Since G commutes with scalar multiplication it takes both C∞
m and

Cm to themselves. Let πm be the representation of G on Cm.

Ifm ≥ 0 this space contains the finite­dimensional subspace of homogeneous polynomials of degreem. In
particular, it acts on C1, which contains the two coordinate functions

(z, w) 7→ z, w .

But I’ll usually assume from now on that m < 0. Since X∗ is the union of its two connected components

X±, πm is the direct sum of two components π±
m. The representation π−

m may also be interpreted as a

representation of G on anti­holomorphic functions on X+.

20. Restriction to K

What is the restriction toK of the representations π±
m? What are its eigenfunctions?

The basic formula is that

[πm(g)F ]

([
z
w

])
= F

([
az + bw
cz + dw

])
if g−1 =

[
a b
c d

]
.

From this it follows that the functions z± iw of degree one are eigenfunctions ofK with eigencharacters ε∓1.

On X+ the function (z + iw)−1 is well defined. The function

(20.1)
(z − iw)p

(z + iw)p+m
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lies in C+
−m and is an eigenfunction ofK with eigencharacter ε2p+m. Similarly, the function

(20.2)
(z + iw)p

(z − iw)p+m

lies in C−
−m and is an eigenfunction ofK with eigencharacter ε−(2p+m).

20.3. Theorem. The functions in (20.1) and (20.2) exhaust the eigenfunctions ofK in π−m.

I’ll postpone the proof to the next section. As a consequence:

20.4. Corollary. The representation π±
−n for n > 0 is isomorphic to DS±

n .

Note that I have used only the characterization of DS±
n by K­spectrum, and not specified the way in which

sl2 acts in π±
m so as to obtain an explicit isomorphism.

21. In classical terms

The projection from XC to P(C) taking (u, v) 7→ u/v specifies XC as a fibre space over P(C) = C∪ {∞}with

fibre equal to C×.

21.1. Lemma. The map taking z to the point (z, 1) in XC is a section of this projection over the embedded
copy of C.

This section does not extend continuously to ∞. Since the group G commutes with scalar multiplication, it

preserves the fibring overC. Elements ofG do not take the image of the section into itself. Formally, we have

g

([
z
1

])
=

[
az + b
cz + d

]
= (cz + d)

[
(az + b)/(cz + d)

1

]
= j(g, z)

[
g(z)
1

]
if g =

[
a b
c d

]
.

Here g(z) = (az+ b)/(cz+ d) is the traditional linear fractional action. The term j(g, z) = cz+ d, when it is
non­zero, is called the automorphy factor . It does not in fact vanish as long as IM(z) 6= 0 and g is real. This

is consistent with the fact that GL2(R) takes the image of P(R) into itself, hence also its complement. At any

rate, from this formula follows immediately the first of our elementary results:

21.2. Lemma. Whenever both terms on the right hand side are non­zero we have

j(gh, z) = j(g, h(z))j(h, z) .

A function in C∞
m is determined by its restriction to the embedded copy of H∗ in X∗. The spaces C∞

m (Cm)

may therefore be identified, respectively, with the space of all smooth functions (holomorphic) functions on
H∗. If F lies in C∞

m define

f(z) = F

([
z
1

])
.

Of course F is holomorphic if and only if f is. We can recover F from f :

F

([
z
w

])
= wmF

([
z/w
1

])
= wmf(z/w) .

How does the action of G on F translate to an action of G on f?

[πm(g)F ]

([
z
1

])
= F

([
az + b
cz + d

])
where g−1 =

[
a b
c d

]

= (cz + d)mF

([
(az + b)/(cz + d)

1

])

= (cz + d)mf

(
az + b

cz + d

)

= j(g−1, z)mf
(
g−1(z)

)
.
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Hence:

21.3. Proposition. For f in C∞
m identified with a function on C − R

[πm(g)f ](z) = j(g−1, z)mf
(
g−1(z)

)
.

I now take up the proof of Theorem 20.3. It will suffice to deal with π+
n .

In considering the action of G onH when restricted toK , it is often a good idea to work with the conjugate

action of G on the unit disk, which is obtained via the Cayley transform. We do that here. Recall that

C(z) =
z − i

z + i
, C−1(z) = i · 1 + z

1 − z

corresponding to matrices [
1 −i
1 i

]
,

1

2i

[
1 1

−1 1

]
.

Thus for z in D, g in SL2(R), g takes
z 7−→

(
C ·g ·C−1

)
(z) ,

and in particular [
c −s
s c

]
7−→

[
c− is 0

0 c+ is

]
.

We can define a representation of G on the inverse image of D in XC according to the formula

ρm(g) = (C−1)∗πm(g)C∗
(
[C∗f ](z) = f(C(z))

)
j(C, z)m .

The product formula equation for the automorphy factor tells us that this also has the form

[ρm(g)f ](z) = f(g−1(z))j(g−1, z)m ,

In this realization, K acts by ‘twisted’ rotations around the origin. More explicitly, an eigenfunction f for

character εℓ must satisfy the equation

[ρm(k)f ](z) = εℓf(z) = f(k−1(z))j(k−1, z)m

for all k inK . But in this realizationK is represented by matrices

rθ =

[
1/u 0
0 u

]
(u = eiθ) .

Since k−1z = u2z and j(k, z) = u−1, f must satisfy the equation

f(u2z)u−m = uℓf(z), f(u2z) = uℓ+mf(z) .

Here |z| < 1. If we set u = −1 in this equation we see that m + ℓ must be even, say ℓ +m = 2p. If we set

z = c with 0 < c < 1 and u = eiθ/2 this equation gives us f(ceiθ) = eipθf(c). The following is a basic fact
about holomorphic functions:

21.4. Lemma. If f(z) is holomorphic in the unit disk |z| < 1 and

f(ceiθ) = eipθ
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for some 0 < c < 1 then f(z) = (z/c)p.

Proof. Apply Cauchy’s integral formula:

f(z) =
1

2πi

∫

|ζ|=c

f(ζ)

ζ − z
dζ

=
c

2π

∫ 2π

0

f(ceiθ)

ceiθ − z
eiθ dθ

=
f(c)

2π

∫ 2π

0

eipθ

1 − (z/c)e−iθ
dθ .

Now express the integral as a geometric series, and integrate term by term.

In other words, the eigenfunctions ofK in the representation on D are the monomials zp, with eigencharacter

ε2p−m (which is positive, since I have assumedm < 0). Reverting to the action onH, we conclude the proof

of Theorem 20.3.

22. Relation with functions on the group

Suppose F to be in C∞
m (X+). Let f(z) be the corresponding function onH, the restriction of F to the image

ofH in X. Define the function Φ = ΦF on G by the formula

(22.1) ΦF (g) = F

(
g

[
i
1

])
.

This section will be devoted to proving:

22.2. Theorem. The map F 7→ ΦF is a G­equivariant isomorphism of C+
m with the space of all smooth

functions Φ in C∞(G) such that

(a) Φ
(
gk)

)
= εm(k)Φ(g) for all k inK ;

(b) Rx+
Φ = 0.

Something similar holds for C−
m.

The first step:

22.3. Lemma. The map taking F to the function ΦF defined in (22.1) is an isomorphism of C∞
m (X+) with

the space of all smooth functions Φ onG satisfying

(22.4) Φ(gk) = εm(k)Φ(g) .

If

k =

[
c −s
s c

]

then

k

[
i
1

]
=

[
ci− s
si+ c

]
= (c+ is)

[
i
1

]
= ε(k)

[
i
1

]
.

Therefore (22.4) holds for all k inK and all g in G.

Conversely, suppose given Φ in C∞(G) such that (22.4) holds. Then equation (22.1) and the condition of

homogeneity defines F in C∞
m (X+) uniquely.

Next, we must see how to characterize the holomorphicity of F (or f ) in terms of Φ.
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THE CAUCHY EQUATIONS. I’ll recall here some elementary facts of complex analysis. A smooth C­valued

function f = u(x, y) + iv(x, y) on an open subset of C is holomorphic if and only if the real Jacobian matrix

of f 

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y




considered as a map from R2 to itself lies in the image of C inM2(R). (Since this image generically coincides
with the group of orientation­preserving similitudes, thismeans precisely that it is conformal.) This condition

is equivalent to the Cauchy­Riemann equations

∂u

∂x
=
∂v

∂y
,

∂u

∂y
= −∂v

∂x
.

Holomorphicity may also be expressed by the single equation

∂f

∂z
= 0

where
∂

∂z
=

1

2

(
∂

∂x
+ i

∂

∂y

)
.

When f is holomorphic, its complex derivative is

∂f

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
.

The notation is designed so that for an arbitrary smooth function

df =
∂f

∂z
dz +

∂f

∂z
dz

where dz = dx+ i dy.

HOLOMORPHICITY AND THE LIE ALGEBRA. The approach I take requires a slight digression. Let GL+
2 be

the subgroup of GL2(R) consisting of g such that det(g) > 0. According to Lemma 19.2, it takes each X±

to itself. It also commutes with the scalar action on X, hence acts on C±
m, extending the representation of

SL2(R). The point of shifting from SL2 to to GL+
2 is that if

(22.5) p =

[
y x
0 1

]
(y > 0)

then j(p, z) = 1 for all z, and p takes the copy ofH in X to itself.

22.6. Lemma. Every g in GL+
2 (R) may be expressed uniquely as pλwith p in P , λ of the form

[
a −b
b a

]
.

I leave this as an exercise. Keep in mind that GL2(R) acts on the right on row vectors, and that P is the
stabilizer of (0, 1).
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Given F in C∞
m (X+), now define ΦF to be a function on GL+

2 by the same formula as before:

ΦF (g) = F

(
g

[
i
1

])
.

If

(22.7) λ =

[
a −b
b a

]

then

λ

[
i
1

]
=

[
ai− b
bi+ a

]
= (a+ ib)

[
i
1

]
= ε(λ)

[
i
1

]
(ε(λ) = a+ ib) .

Hence for all g
Φ(gλ) = εm(λ)Φ(g) .

22.8. Proposition. For F in C∞
m (X+) we have

[Rx+
ΦF ](g) = −4iy ε2(λ/|λ|) εm(λ)

∂f(z)

∂z

if

g = pλ, p =

[
y x
0 1

]
(p(i) = z = x+ iy) .

Proof. We have
[Rx+

ΦF ](pλ) = [RkRx+
ΦF ](p) = [RAd(λ)x+

RλΦF ](p)

= ε2(λ/|λ|)[Rx+
RkΦF ](p)

= ε2(λ/|λ|)εm(λ)[Rx+
ΦF ](p) ,

so it suffices to prove the claim for g = p.

Introduce temporarily as basis of the Lie algebra of GL+
2 :

η =

[
1 0
0 0

]
, ν+=

[
0 1
0 0

]
, ζ =

[
1 0
0 1

]
, κ =

[
0 −1
1 0

]
.

The first two span the Lie algebra of matrices (22.5) , the second those of (22.7) , and

x+ =

[
1 −i

−i −1

]

= 2(η + iν+) − (ζ + iκ) .

But now

Rx+
F (p) = (Rα − 2iRν+ − iRκ)ΦF (p)

= (2Rη −Rζ − 2iRν+ − iRκ)ΦF (p)

= (2Rη − 2iRν+ +m− i(−mi))ΦF (p)

= (2Rη − 2iRν+)ΦF (p)

Apply the basic formula RXf(g) = [ΛgXg−1f ](g) (where Λ = −L) to get

(2Rη − 2iRν+)ΦF (p) = (2Λpηp−1 − 2iΛpν+p−1)ΦF (p) .
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But

Λη = x
∂

∂x
+ y

∂

∂y
, pηp−1 = yη − xν+

so

(2Λpηp−1 − 2iΛpν+p−1)ΦF (p) = 2y
∂f

∂y
− 2iy

∂f

∂x

= −2iy

(
∂f

∂x
+ i

∂f

∂y

)

= −4iy
∂f

∂z
.

22.9. Corollary. The function F in C∞
m is holomorphic if and only if Rx+

ΦF = 0.

This concludes the proof of the Theorem.

23. Holomorphic automorphic forms

Define the norm onG:

‖g‖ = trace g tg = a2 + b2 + c2 + d2

(
g =

[
a b
c d

])
.

It is left and right invariant underK , and hence determines a norm onH. A function f on H will be said to
be of moderate growth if |f(z)| ≪ ‖z‖N for some N .

Suppose Γ to be a discrete subgroup of G such that Γ\G has finite volume. Form > 0 the space Am(Γ\G)
of automorphic forms of weightm is that of all functions f on Γ\H of moderate growth such that

f(γ(z)) = f(z)j(γ, z)m

for all γ in Γ.

Set

‖g‖ = inf
γ∈Γ

‖γg‖ .

It is right invariant under K , hence a function on Γ\H. Define A(Γ\G) to be the space of functions of
moderate growth on Γ\G.

Theorem 22.2

Hom(DS−
n , A(Γ\G)) in bijectionwithΦ inAn(Γ\H). That is to say, embedding the anti­holomorphicdiscrete

series into A(Γ\G) comes from holomorphic automorphic forms.
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24. Square-integrability

Assume n ≥ 2. In this section, I’ll show that of DS±
n can be embedded equivariantly into L2(G). It will be

shown that theK­finite functions Φ given by (22.1) and Theorem 22.2 are square­integrable.

INVARIANT MEASURES AND HOLOMORPHIC REALIZATIONS. First, I generalize the definition of C∞
m . For

every multiplicative character χ of C× define C∞
χ (X+) to be that of all smooth functions F on X+ such that

F (λv) = χ(λ)F (v) .

This space is taken into itself by G. As before, such a function is determined by its restriction f to the
embedded copy ofH in X, and the effect of G on such restrictions is defined by the formula

[πχf ](z) = χ(j(g−1, z))f(g−1(z)) .

In particular, if χ(λ) = |λ|n then

[πχf ](z) = |j(g−1, z)|nf(g−1(z)) .

Lemma 19.2 tells us that if n = 2 then IM(z) is invariant under this action, which suggests defining the

function

IM

([
z
w

])
= |w|2 IM(z/w) .

Now suppose F to be in C∞
−n(X

+). Then |F |2 = FF satisfies the functional equation

|F |2(xλ) = |λ|−2nF (x) .

for all x in X. The product

F (v)IMn(v)

is therefore invariant under scalar multiplication by λ, hence a function on H. OnH the Riemannian metric

(dx2 + dy2)/y2 is G­invariant, and defines on H a non­Euclidean geometry. The associated G­invariant

measure is
dx dy/y2 .

We may therefore integrate |F |2 against dx dy/y2, at least formally, What we deduce is this:

24.1. Proposition. The measure yn−2 dx dy isG­invariant on π−n.

A concrete interpretation of this is that for f in C∞
c (H) and f∗ = π−n(g

−1)f we have

∫

H

∣∣f∗(z)
∣∣2yn dx dy

y2
=

∫

H

∣∣f(z)
∣∣2yn dx dy

y2
.

Proof. We can prove this directly. The first integrand is

∣∣f
(
g(z)

)∣∣2∣∣j(g, z)
∣∣−2n

yn(z) =
∣∣f

(
g(z)

)∣∣2yn
(
g(z)

)
,

so the result follows from the invariance of dx dy/y2.

Now comes the interesting part. Take

F =
(z − i)p

(z + i)p+n
,
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which is an eigenfunction ofK in π+
−n. Since (x− i)p/(x+ ui)p is bounded onH and 1/(z + i)n is square­

integrable with respect to the measure yn−2 dx dy for n > 1, integration defines a G­invariant Hilbert norm

on C+
−n. If we take

ϕ(z) =
1

(z + i)n

then each function

(24.2) Φϕ(g) = π(g−1)f •ϕ

satisfies conditions (a) and (b) of Theorem 22.2.

THE CARTAN INTEGRATION FORMULA. It remains to be seen that the function (24.2) is square­integrable
on G. This will be straightforward, once I recall an integral formula on G.

The groupK acts by non­Euclidean rotation onH, fixing the point i. Under these rotations, the vertical ray
[i, i∞) sweep out all ofH. SinceH = G/K , this tells us:

24.3. Lemma. Every g in Gmay be factored as g = k1ak2 with each ki inK and

a =

[
t 0
0 1/t

]
(t > 0) .

The factorization can be found explicitly. If such an expression is valid, then

tg g = k−1
2 a2k2 .

Thus a2 is the diagonal matrix of eigenvalues of the positive definite matrix tg g, and k2 is its eigenvector
matrix. After finding these, set

k1 = ga−1k−1
2 .

In non­Euclidean radial coordinates this measure is

2π sinh(r) dr dθ ,

or, replacing r by coordinate on A, and taking into account that {±1} inK acts trivially:

24.4. Proposition. (Cartan integration formula)

(24.5)

∫

G

f(g) dg =
1

2

∫

K×A+×K

f(k1ak2)(α(a) − 1/α(a)) dk1 da dk2 .

Here A+ is the set of diagonal matrices [
t 0
0 1/t

]

with t > 1, and

α: ;

[
t 0
0 1/t

]
7−→ t2 .

This is the same as δ, but for various reasons I prefer new notation here. Very roughly speaking, this formula
is true because at iy we have

∂

∂θ
= (y2 − 1)

∂

∂x
,

so that (also at iy)
dx dy

y2
=

(y2 − 1) dθ dy

y2
.

I now leave as an exercise the verification that for n ≥ 2 the function defined by (24.2) lies in L2(G).
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Part IV. Matrix coefficients and differential equations

25. Matrix coefficients

Suppose (π, V ) to be any continuous admissible representation of G and V̂ the space of continuous linear

functions on V . The groupG acts on V̂ by the formula

〈π̂(g)v̂, v〉 = 〈v̂, π(g)−1v〉 ,

so that the pairing V̂ ⊗ V → C isG­invariant.

Suppose v to be in V , v̂ in V̂ . The associated matrix coefficient is the continuous functions onG:

Φv̂,v(g) = 〈v̂, π(g)v〉 .

The terminology comes about because if π is a finite­dimensional representation on a space V with basis (ei)
and dual basis (fi) then Φfi,ej (g) is the (i, j) entry of the matrix π(g).

The groupG acts on both right and left on functions in C∞(G):

[Rgf ](x) = f(xg), [Lgf ](x) = f(g−1x) .

These are both left representations of G:

Rg1g2 = Rg1Rg2 , Lg1g2 = Lg1Lg2 .

Hence the groupG×G acts.

If π is a representation of G then

RgΦv̂,v = Φv̂,π(g)v, LgΦv̂,v = Φπ̂(g)v̂,v .

25.1. Lemma. The map from V̂ ⊗ V to C(G) isG×G­equivariant.

In particular, for a fixed v̂ the map from V to C∞(G) taking v to Φv̂,v is RG­equivariant.

Associated to the left and right regular representations are right and left actions of g on smooth functions:

[RXf ](y) =
d

dt

∣∣∣
t=0

f(y exp(tX))

[LXf ](y) =
d

dt

∣∣∣
t=0

f(exp(−tX)y) .

These equations translate directly to facts about the Lie algebra:

25.2. Lemma. For f in C∞(G),X in g, v differentiable:

RXΦv̂,v = Φv̂,π(X)v, LXΦv̂,v = Φπ̂(X)v̂,v .

We know that if V is any irreducible admissible representation of (g,K) there exists at least one smooth
representation ofG for which V is the subspace ofK­finite vectors. There may be several such extensions to

G, but the corresponmding matrix coefficients are the same:
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25.3. Lemma. ForK­finite vectors v̂, v thematrix coefficientΦv̂,v does not depend onwhich smooth extension
toG is chosen.

I’ll say more along this line later on.

Proof. The point is that the matrix coefficient may be characterized by certain properties that depend only
on the representation of (g,K). ◦ The derivative RXΦ depends only on π(X)v. Thus the Taylor series at

1 is determined. ◦ Every isotypic K­component is finite­dimensional and stable under the center Z(g) of

the enveloping algebra. Since this includes the Casimir operator, it is a sum of eigenvectors for the Casimir,
which acts on the matrix coefficients of this component as an elliptic differential operator. The function Φ is

therefore analytic. It is therefore determined on the connected component ofG. ◦ ButK meets all connected

components of G, so the function is determined everywhere onG.

26. Differential equations

There exist explicit formulas for matrix coefficients in case π is irreducible, but these are not as important as

a less precise qualitative description. The point is that matrix coefficients of an admissible representation of
(g,K) are solutions to certain ordinary differential equations. According to Lemma 24.3, G = KAK . If v̂
and v are chosen to be eigenfunctions of K , then the corresponding matrix coefficient is determined by its

restriction toA. But if π is irreducible, it is taken into a scalar multiple of itself by the Casimir operator π(Ω).
Because of this, the restriction to A satisfies an ordinary differential equation of second order, which I shall

exhibit explicitly.

THE EUCLIDEAN LAPLACIAN. Soon we’ll need to know something about a certain class of differential

equations, and I’ll motivate what is to come by looking first at a somewhat familiar example that is not

directly in our line but illustrates well what we are going to see later.

Consider the Laplacian in the Euclidean plane:

∆f =
∂2f

∂x2
+
∂2f

∂y2
,

and let’s suppose we want to find solutions of the eigenvalue equation

∆f = λf

in a region with circular symmetry—for example, want to solve the wave equation describing a vibrating

drum. The first step is separation of variables in polar coordinates. To do this one first expresses ∆ in those

coordinates:

∆f =
∂2f

∂r2
+

1

r

∂f

∂r
+

1

r2
∂2f

∂θ2
.

Solutions we are looking for can be expressed in terms of Fourier series

f(r, θ) =
∑

n

fn(r)e
inθ

so we are led to look for solutions of the form

f(r, θ) = ϕ(r)einθ .

This leads to the ordinary differential equation

(26.1) ϕ′′(r) +
1

r
·ϕ′(r) − n2

r2
·ϕ(r) = λϕ
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For λ 6= 0 solutions of this equation are Bessel functions . The equation is evidently singular at r = 0. If one
changes variables t = 1/r to see what happens at r = ∞ one also sees that it has a singularity at infinity. In

fact, it has a regular singularity at the origin and an irregular singularity at infinity. It is the first that I am
most interested in now.

REGULAR SINGULARITIES. A differential equation

y′′ +A(x)y′ +B(x)y = 0

is said to have a regular singularity at x = 0 if A(x) is a meromorphic function of the form a(x)/xwith a(x)
analytic at x = 0, and similarly B(x) = b(x)/x2, so the equation can be rewritten as

x2y′′ + xa(x)y′ + b(x)y = 0 .

This canalsobe rewrittenmore intelligibly. Set∂ = d/dxand then letD = xd/dx = x∂ be themultiplicatively

invariant derivative. Then
Dy = x∂y

D2y = x(∂y + x∂2y)

= x∂y + x2 ∂2y

xy′ = Dy

x2y′′ = D2y −Dy ,

so the equation becomes

D2y + (a(x) − 1)Dy + b(x)y = 0 .

Thus differential equations with regular singularities at 0 are those that can be written as

a(x)D2y + b(x)Dy + c(x) = 0

in which a, b, c are analytic at x = 0 and a(0) 6= 0. Special cases are those of the form

aD2y + bDy + c = 0

with a 6= 0, b, c constants. These are Euler equations . They can be solved in terms more familiar (at least to

engineering instructors) by a change of independent variable x = et to arrive at the equivalent equation

ay′′ + by′ + c = 0 .

This is solved by exponential functions, leading to solutions of the form y = xs for Euler’s equation itself.
The exponent r must be a root of the indicial equation

ar2 + br + c = 0 .

The basic fact about Euler’s equations is this:

26.2. Lemma. Suppose given an Euler’s equation

aD2y + bDy + c = 0

in which a 6= 0, b, c are constants. Then
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(a) if the indicial equation has two roots ri then x
r1 and xr2 are a basis of solutions;

(b) if there is just one root r (with multiplicity two) then xr , xr log |x| are a basis.
Now suppose given the linear differential operator

L: y 7−→ a(x)D2 + b(x)Dy + c(x)

with a(x), b(x), c(x) all analytic at 0 and a(0) 6= 0. Define the associated Euler operator

L0: y 7−→ a(0)D2 + b(0)Dy + c(0)y .

The solutions of the original equation are closely related to those of the associated Euler’s equation L0y = 0.

LetO be the ring of convergent series at 0.

26.3. Proposition. In the circumstances above, suppose the roots of the associated indicial equation to be r1,
r2. Then:

(a) if r1 − r2 /∈ Z there exists a basis of solutions of the form yi = xrifi;
(b) if r1 = r2 = (say) r there exists a basis of solutions of the forms y1 = xrf1, y2 = xrf2(x) + y1 log |x|;
(c) if r1 − r2 is a positive integer n, there exists a basis of solutions of the forms y1 = xr1f1, y2 =

xr2f2(x) + µy1 log |x| for some constant µ.

In this, all fi are in O.

To find the solutions explicitly, one looks for the candidate series through recursion relations among the
coefficients. It is known that any formal power series that solves the equation will actually converge. In most

cases this will be evident.

Let’s look at an example based on (26.1) , written now as

D2y − n2y = λx2y .

To avoid trivial cases, assume λ 6= 0, and just for simplicity take n = 0. The equation to be solved is

D2y = λx2y .

The indicial root is r = 0 with multiplicity two. The calculation of the solutions will be simpler if I note that

the solution is even, hence odd terms in the series vanish. So we proceed:

y1 = 1 + c2x
2 + c4x

4 + · · · + c2nx
2n + · · ·

D2y1 = 4c2x
2 + 16c4x

4 + · · · + 4n2c2nx
2n + · · ·

x2λy1 = λx2 + λc2x
4 + · · · + λc2n−2x

2n + · · ·

getting the recursion relations

c0 = 1, c2n =
λ

4n2
·c2n−2 .

This defines an entire function analytically varying with λ. For the second solution we proceed:

y2 = z1 + y1 log x

Dy2 = Dz1 +Dy1 log x+ y1

D2y2 = D2z1 +D2y1 log x+ 2Dy1

λx2y2 = λx2z1 + λx2y1 log x

(D2 − λx2)y2 = (D2 − λx2)z1 + 2Dy1 ,
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and then solve for z1.

In all cases—i.e. all n—there is just a one­dimensional family of solutions that are not singular at 0, defining
Bessel functions.

Near infinity the equation looks more or less like the equation with constant coefficients

(26.4) ϕ′′(r) = λϕ(r) .

The solutions of the original equation possess solutions whose asymptotic behaviour is suggested by the

approximating equation (26.4) . Note that λ plays a role in this asymptotic behaviour but not in the behaviour
of solutions near 0.

Differential equations with regular singularities are the ones that occur in analyzing the behaviour of matrix
coefficients. Irregular singularities occur in representation theory when looking at Whittaker models.

The standard reference on ordinary differential equations with singularities is [Coddington­Levinson:1955].
It is clear if dense. A more readable account, but without all details, is [Brauer­Nohel:1967].

Justification of the previous result comes down to some relatively simple algebra. Let Ar be the space

spanned by xrF logn x. How does D act on Ar/Ar+1? Let L = log x, P0 = P0(r), the indicial polynomial
of the Euler operator

L0 = ak(0)Dk + ak−1(0)Dk−1 + · · · + a0(0) .

Let L be the graded operator. Then

DxrLn = rxrLn + xr ·Ln−1

leading to

LxrLn = P (r)Ln + P ′(r) ·nLn−1 +
P ′′(r)

2
·n(n− 1)Ln−2 + · · ·

which explains the traditional formulas.

27. The non-Euclidean Laplacian

In non­Euclidean geometry, the Laplacian is

∆H =
1

y2
·
(
∂2

∂x2
+
∂2

∂y2

)

on the upper half planeH. In non­Euclidean polar coordinates this becomes

(27.1)
∂2

∂r2
+

1

tanh r
· ∂
∂r

+
1

sinh2r
· ∂

2

∂θ2
.

As a rough check, note that for very small values of r this looks approximately like the Euclidean Laplacian.

An eigenfunction of ∆H and the rotation group satisfies

f ′′(r) +
1

tanh r
f ′(r) − n2

sinh2r
f(r) = λf(r) .

This has a regular singularity at 0 and an irregular one at∞. But there is a major difference between this case
and the Euclidean one—if we change variables x = er we obtain the equation

D2f −
(

1 + x2

1 − x2

)
Df − n2x2

(1 − x2)2
f = λf .
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This has a regular singularity at both 1 and∞. While both Euclidean and non­Euclidean Laplacian equations

have irregular singularities at infinity, the ‘asymptotic’ series of the second are actually convergent.

Let’s look more closely at what happens. The point x = 0 is at effectively at infinity on G, and At 1 the

associated Euler’s equation is

D2f −Df = λf

with solutions x±r with

r = 1/2 ±
√
λ+ 1/4

as long as λ 6= −1/4, and

x1/2, x1/2 log x

otherwise. Now λ = −1/4− t2 is the eigenvalue of a unitary principal series parametrized by it, and in this

case we have series solutions
f+(x)x1/2+it + f−(x)x1/2−it

as long as t 6= 0, and otherwise

f0(x)x
1/2 + f1(x)x

1/2 log x .

According to the formula (24.5) these just fail to be in L2(G).

At x = 1, we need to make a change of variables t = y − 1. I leave it as an exercise to see that the solutions
here behave exactly as for the Euclidean Laplacian.

DERIVING RADIAL COMPONENTS. How does one derive (27.1) ? Suppose π to be an irreducible admissible
representation of (g,K). I now want to describe a matrix coefficient

Φ(g) = 〈π̂(g)v̂, v〉

with v̂ and v eigenfunctions ofK—say

π(k)v̂ = εm(k)v̂, π(k)v = εn(k)v .

Since G = KAK , the function Φ is determined by its restriction to A. Since π is irreducible, the Casimir

operator acts on V̂ and V by some scalar γ, and this means that Φ is an eigenfunction of Ω. In short, the
situation looks much like it did when searching for radial solutions of Laplace’s equation, and we expect to

find an ordinary differential equation satisfied by the restriction of Φ to A.

What is the ordinary differential equation satisfied by the restriction of Φ to A? What we know about Φ can

be put in three partial differential equations satisfied by Φ:

(27.2)

RΩΦ = γ Φ

LκΦ =miΦ

RκΦ = niΦ .

The Cartan decomposition Lemma 24.3 says that the product map fromK×A×K toG is surjective. looking

at what happens on the unit disk, it is apparently a non­singular map except nearK . That is to say, for a 6= 1
in |A|, we are going to verify that Lκ, Rh, and Rκ for a basis of the tangent space at a (recall the notation of
§2).
The basic fact comes from a trivial computation. For any g in G andX in g

[L−Xf ](g) =
d

dt
f(exp(tX)g)

=
d;

dt
f(g ·g−1 exp(tX)g)

= [RXgf ](g) .
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(We have seen this before in (10.5) .) Thus our remark about the three vectors spanning the tangent space at

a reduce to this:

27.3. Lemma. (Infinitesimal Cartan decomposition) For a 6= ±1 in A

g = ka ⊕ a ⊕ k .

Proof. Since we know that
g = n ⊕ a ⊕ k ,

it suffices to see that ν+ can be expressed can be expressed as a linear combination of κa and κ. Let α be the
character of A taking [

t 0
0 1/t

]
7−→ t2 .

We shall need both of the following formulas:

ν+ =
α(a)

1 − α2(a)
· (κa − α(a)κ)

ν− =
1

1 − α2(a)
· (κ− α(a)κa) .

These can be easily deduced (I write α for α(a), ν for ν+):

κ = ν− − ν

κa = αν− − α−1ν

ακ = αν− − αν

κa − ακ = (α− α−1)ν

ν =
κa − ακ

α− α−1

α−1κ = α−1ν− − α−1ν

ν− =
κa − α−1κ

α−1 − α
.

IfX is any element of g we can write

νX =
α(a)

1 − α2(a)
·κaX − α2(a)

1 − α2(a)
·κX

=
α(a)

1 − α2(a)
·κaX − α2(a)

1 − α2(a)
·Xκ− α2(a)

1 − α2(a)
· [κ,X ] .

Since

Ω =
h2

4
− h

2
+ νν− ,

this leads to:

27.4. Proposition. If the equations (27.2) are satisfied, then the restriction ϕ of Φ to A satisfies

ϕ′′(x) −
(

1 + x2

1 − x2

)
ϕ′(x) −

(
x2(m2 + n2) − x(1 + x2)mn

(1 − x2)2

)
ϕ(x) = λϕ(x) .

Here x = t2 and ∂/∂x = (1/2) ∂/∂t.
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28. Realizations of admissible modules

We have seen that every irreducible (g,K) module for G = SL2(R) is the subspace of K­finite vectors
in a continuous representation of G, by first classifying all irreducible (g,K)­modules and then explicitly

realizing each of them in a representation ofG. This still leaves open the question, can every finitely generated
admissible (g,K)­module be realized in a representation of G? In this section I’ll prove that this is so, by

applying a result about ordinary differential equations with regular singularities.

If V is an admissible (gothg,K) module, I’ll call it realizable if it is the subspace of K­finite vectors in a

continuous representation of G.

28.1. Theorem. Every finitely generated admissible (g,K)­module is realizable.

Part V. Langlands’ classification

29. The Weil group

In a later section I’ll explain how the Weil group WR plays a role in the representation theory ofG = SL2(R).
In this one I’ll recall some of its properties.

DEFINITION OF THE WEIL GROUPS. IfF is any local field andE/F a finite Galois extension, theWeil group

WE/F fits into a short exact sequence

1 −→ E× −→WE/F −→ Gal(E/F ) −→ 1 .

It is defined by a certain non­trivial cohomology class in the Brauer groupH2(Gal(E/F ), E×) determined by

local class field theory. If F is p­adic andEab is a maximal abelian extension ofE, then local class field theory
asserts that WE/F may be identified with the subgroup of the Galois group of Eab/F projecting modulo

p onto powers of the Frobenius. If F = C or R there is no such interpretation, and I think it is fair to say
that, although the groupsWC = WC/C andWR = WC/R are very simple, there is some mystery about their

significance.

The groupWC is just C×. The groupWR is an extension of C× by G = Gal(C/R) = {1, σ}, fitting into an
exact sequence

1 −→ C× −→WR −→ G −→ 1 .

It is generated by the copy of C× and an element σ mapping onto the non­trivial element of G, with relations

z ·σ = σ ·z, σ2 = −1

Since 1 is not the norm of a complex number, the extension does not split. It is not a coincidence that it is

isomorphic to the normalizer of a copy of C× in the unit group of the Hamilton quaternions H. IfE/F is any
finite Galois extension of local fields, thenWE/F may be embedded into the normalizer of a copy of E× in

the multiplicative group of the division algebra over F defined by the class in the Brauer group mentioned

above.

The norm map NM fromWR to R× extends the norm on its subgroup C, mapping

z 7−→ |z|2
σ 7−→ −1 .

It is a surjective homomorphism.

CHARACTERS OF THE WEIL GROUP. What are the characters of WR? They factor through the maximal

abelian quotient ofWR, and this is simple to describe.
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29.1. Proposition. The norm map NM identifies R× with the maximal abelian quotient of WR.

Proof. Since |z|2 > 0 for every z in C×, the kernel of the norm map is the subgroup S of s in C× of norm 1.
Every one of these can be expressed as z/z, and since

zσz−1σ−1 = z/z ,

it is a commutator.

As one consequence:

29.2. Corollary. The characters of WR are those of the form χ(NM(w)) for χ a character of R×.

Recall that in this essay a character (elsewhere in the literature sometimes called a quasi­character) of any
locally compact group is a homomorphism from it to C×, and that characters of R× are all of the form

x 7→ |x|s(x/|x|)n (depending only on the parity of n). The characters of the compact torus S are of the form

εn: z 7−→ zn

for some integer n, and this implies that all characters of C× are of the form

(29.3) z 7−→ |z|s(z/|z|)n .

Together with Corollary 29.2, this tells us explicitly what the characters ofWC andWR are.

It will be useful later on to know that another, more symmetrical, way to specify a character of C× is as

(29.4) z 7−→ zλ zµ ,

where λ and µ are complex numbers such that λ − µ lies in Z. The two forms (29.3) and (29.4) are related
by the formulas

λ = (s+ n)/2

µ = (s− n)/2 .

IRREDUCIBLE REPRESENTATIONS OF THE WEIL GROUP. Since C× is commutative, any continuous finite­

dimensional representation of C× must contain an eigenspace with respect to some character. This tells us

that all irreducible continuous representations ofWC are characters.

Now suppose (ρ, U) to be an irreducible continuous representation ofWR that is not a character. The space U
must contain an eigenspace for C×, say with character χ. If the restriction of χ to S is trivial, this eigenspace
must be taken into itself by σ. It decomposes into eigenspaces of σ, and each of these becomes an eigenspace

for a character of all ofWR. The irreducible representation ρmust then be one of the two possible characters.

Otherwise, suppose the restriction of χ to S is not trivial, and that V ⊆ U is an eigenspace for χ. Then σ(V )
is an eigenspace for χ, and U must be the direct sum of V and σ(V ).

We can describe one of these representations of dimension 2 in a simple manner. Consider the two­

dimensional representation ofWR induced by χ from C×. One conclusion of my recent remarks is:

29.5. Proposition. Every irreducible representationofWR that is not a character is of the form Ind(χ |C×,WR)
for some character χ of C× that is not trivial on S.

Only χ and χ give rise to isomorphic representations of WR.

If χ is trivial on S then the induced representation decomposes into the direct sum of the two characters of

WR extending those of C×.

Proof. Frobenius reciprocity gives aG­equivariant map from ρ to Ind(χ |C×,WR).
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There is a natural basis {f1, fσ} of the space Ind(χ). Here fx has support on C×x and fx(zx) = χ(z). For
this basis

(29.6)

Rz =

[
χ(z) 0

0 χ(z)

]

Rσ =

[
0 χ(−1)
1 0

]
.

PROJECTIVE REPRESENTATIONS. Later onwe shall be interested in continuousmaps fromWR toPGL2(C).
Ifρ is a two­dimensional representationofWR , it determines also a continuoushomomorphism intoPGL2(R).
There are two types:

(1) Direct sums χ1 ⊕ χ2 of two characters. One of these gives rise, modulo scalars, to the homomorphism

w 7−→
[

[χ1/χ2](w) 0

0 1

]
.

That is to say, these correspond to the homomorphisms (also modulo scalars)

w 7−→
[
χ(w) 0

0 1

]

for characters χ ofWR.

(2) Irreducible representations Ind(χ |C×,WR) with χ 6= χ. In this case, we are looking at the image modulo

scalar matrices of the representation defined by (29.6) . But modulo scalars all complex matrices

[
0 b
a 0

]

are conjugate by diagonal matrices. Hence if χ(z) = |z|s(z/|z|)n, this becomes the representation (modulo

scalars)

z 7−→
[

(z/z)n 0
0 1

]

σ 7−→
[

0 1
1 0

]
.

In fact:

29.7. Proposition. Any continuous homomorphism fromWR to PGL2(C) is the image of one to GL2(C).

Given what we know about the classification of representations ofWR, this will classify all homomorphisms

fromWR to PGL2(R). In fact, the proof will do this explicitly.

Proof. Suppose given a homomorphism ϕ from WR to PGL2(C). We embed PGL2(C) into GL3(C) by

means of the unique 3­dimensional representation induced by that of GL2(C) taking

[
a 0
0 b

]
7−→



a/b 0 0
0 1 0
0 0 b/a


 .

The image of PGL2(C) in GL3(C) can be identified with the special orthogonal group of the matrix

Q =




0 0 1
0 1 0
1 0 0


 .
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This can be seenmost easily by considering conjugation of the 2×2matrices of trace 0, which leaves invariant

the quadratic form det.

It is elementary to see by eigenvalue arguments that every commuting set of semi­simple elements in any

GLn may be simultaneously diagonalized. This is true of the image of ϕ(C×) in SL3(C). The diagonal

matrices on SO(Q) are those of the form 

t 0 0
0 1 0
0 0 1/t


 ,

which is the image of the group of diagonal matrices in PGL2(C). Hence ϕ(C×) itself can be conjugated into

the diagonal subgroup of PGL2(C). It is then (modulo scalars) of the form

z 7−→
[
ρ(z) 0

0 1

]

for some character ρ. There are now two cases to look at: (a) the character ρ is trivial, or (b) it is not. In the

first case, ϕ(σ) can be any element of PGL2(C); they are all conjugate. In this case, lifting ϕ to GL2(C) is

immediate. In the second case, ϕ(σ) must lie in the normalizer of the diagonal matrices. Either it lies in the
torus itself, in which case ϕ is essentially a character ofWR, and again lifting is immediate; or it is of the form

[
0 a
b 0

]
which is conjugate by a diagonal matrix to

[
0 1
1 0

]
.

In this case ϕ(σ) has order two. But since σ2 = −1, this means that the restriction of ϕ to C× has −1 in its
kernel. So

ρ(z) = (z/z)n .

Again we can lift.

Remark. This is a very special case of a more general result first proved in [Langlands:1974] (Lemma 2.10)

for real Weil groups, and extended to other local fields by [Labesse:1984]. That C× has image in a torus is a
special case of Proposition 8.4 of [Borel:1991]. That the image ofWR is in the normalizer of a torus follows

from Theorem 5.16 of [Springer­Steinberg:1970].

30. Langlands’ classification for tori

Quasi­split reductive groups defined over R are those containing a Borel subgroup rational over R. They

are classified (up to isomorphism) by pairs L,Φ) where L is a based root datum (L,∆, L∨,∆∨) and Φ an

involution ofΦ ofL. The associated dual group is the complex group Ĝ associated to the dual root datumL∨,

and its L­group (at least in one incarnation) is the semi­direct product Ĝ⋊ G. More precisely, Ĝ is assigned

an épinglage, and σ acts on Ĝ by an automorphism of the épinglage in which σ acts according to how Φ acts
on L.
If G is split, then LG is just the direct product Ĝ × G. For a non­split example, let G be the special unitary
group of the Hermitian matrix

H =




0 0 1
0 −1 0
1 0 0


 ,

the group of 3 × 3 matrices g such that g = tg−1. Here Ĝ is PGL3, and σ acts on it by the involution

g 7→ wℓ g
θw−1

ℓ , where

gθ = tg−1, wℓ =




0 0 1
0 −1 0
1 0 0


 .
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A homomorphism fromWR into LG is called admissible if (a) its image lies in the set of semi­simple elements

of LG and (b) the map is compatible with the canonical projection fromLG onto G. [Langlands:1989]

classifies admissible representations of (g,K) by such admissible homomorphisms. That is to say, each
admissible homomorphism corresponds to a finite set of irreducible (g,K)­modules, called an L­packet, and
all representations ofG arise in such packets. We shall see later what packets look like for SL2(R). One point
of this correspondence is functoriality —wheneverwe are given an algebraic homomorphism from LH to LG
compatible with projections onto G, each L­packet of representations ofH will give rise to one of G.

In particular, characters of a real torus LT are classified by conjugacy classes of admissible homomorphisms

from WR to LT . I’ll not explain the most general result, but just exhibit how it works for the three tori of

relevance to representations SL2(R).

If T is a torus defined over R, let X∗(T ) be its lattice of algebraic characters over C. The involution Φ that

defines T as a real torus may be identified with an involution ofX∗(T ).

I first state what happens for complex tori. HereWC = C× and every torus is T just a product of copies of

C. LetX∗(T ) be its lattice of algebraic homomorphisms from C× to T (its algebraic cocharacters) andX∗(T )
the lattice of algebraic characters. These are dual lattices. If λ and µ are in C⊗X∗(T ) and λ− µ ∈ XT , then
one can specify a character of T by the formula

χλ,µ: t 7−→ tλt
µ

It is characterized and even defined by the property that if α is any algebraic cocharacter then

χλ,µ(α(z)) = z〈λ,α〉z〈µ,α〉 .

The is gives an isomorphism of of the group of characters of T with such pairs (λ, µ). The effect of this on S is

to take s to sλ−µ. I have already pointed this out for T of dimension one, and the general result follows easily

from that. ButX∗(T ) isX∗(T̂ ), and continuous homomorphisms from C× are parametrized by exactly the
same data, so Langlands’ classification is verified in this case.

Now I look at some simple real tori.

Case 1. Let T = Gm over R. Its group of rational points is R×. The lattice L is just Z, and Φ = I . Its dual
group is just C×. Admissible homomorphisms from WR to LT may be identified with characters of WR,
which may be identified with characters of R× = T (R) according to Corollary 29.2.

Case 2. Let T = S. Again X∗(T ) = Z, but now Φ = −I . The L­group of T is the semi­direct product of

T̂ = C×, with σ acting on it as z 7→ z−1. Suppose ϕ to be an admissible homomorphism fromWR to LT . It
must take

z 7−→ zλzµ

σ 7−→ c× σ

for some λ, µ in C with λ− µ in Z, some c in C×.

Conjugating c× σ changes c by a square, so that one may as well assume c = 1.

The condition ϕ(σ)2) = ϕ(−1) implies that ϕ(−1) = 1, or that λ − µ must be an even integer. That
ϕ(zσ) = ϕ(σz) means that µ = −λ. Therefore λ itself must be an integer n. This map corresponds to the

character z 7→ zn of S.

Case 3. Now let T be the real torus obtained from the multiplicative group over C by restriction of scalars.

Its character group, as we have seen, may be identified with all maps zλzµ with λ − µ ∈ Z. In effect I am

going to check in this case that Langlands classification is compatible with restriction of scalars.

The dual group T̂ is now C× × C×, and Φ swaps factors. Suppose ϕ to be an admissible homomorphism

fromWR to LT . Since zσ = σz inWR, the restriction of ϕ to C takes

(30.1) z 7→ (zλzµ, zλzµ) (λ− µ = n ∈ Z)
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for some λ, µwith λ− µ ∈ Z. Then ϕ(σ) = (x, y)× σ for some (x, y) ∈ T̂ . The equation σ2 = −1 translates

to the condition xy = (−1)n. Up to conjugation we may take (x, y) = ((−1)n, 1), and then

(30.2) σ 7−→ ((−1)n, 1) × σ .

31. Langlands’ classification for SL(2)

Following a phenomenon occurring for unramified representations of p­adic groups, Langlands has offered

a classification of irreducible representations of real reductive groups that plays an important role in the

global theory of automorphic forms. It is particularly simple, but nonetheless instructive, in the case of
G = SL2(R). The point is to associate to every admissible homomorphism from WR to PGL2(C) a set

of irreducible admissible (sl2,K) modules. Furthermore, the structure of the finite set concerned will be
described.

The best way to see the way things work is to relate things to the embeddings of the L­groups of tori into LG.

There are two conjugacy classes of tori in G, split and compact.

Case 1. Suppose T is split. Then LT is just the direct product of C× and G, and we may map it into the

L­group of G:

z 7−→
[
z 0
0 1

]
, σ 7−→ I × σ .

Case 2. Suppose T is compact. Then LT is the semi­direct product of C× by Gal, with σ acting as z 7→ 1/z.
We may embed this also into the L­group of G:

z 7−→
[
z 0
0 1

]

σ 7−→
[

0 1
1 0

]
.

But now ifwe look back at the classification of admissible homomorphisms fromWR toPGL2(C)2, we see that

all admissible homomorphisms fromWR into Ĝ factor through some LT . Theprincipal series for the character
χ of A corresponds to the admissible homomorphism into LA that parametrizes χ, and the representations

DSn,± make up theL­packet parametrized by the admissible homomorphisms that parametrize the character

z±n of the compact torus.

One feature of Langlands’ classification that I have not yet mentioned is evident here—tempered representa­

tion of SL2(R) are those for which the image ofWR in Ĝ is bounded.

This parametrization might seem somewhat arbitrary, but it can be completely justified by seeing’what

happens globally, where the choices I have made are forced by a matching of L­functions associated to
automorphic forms.
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Part VI. Verma modules and representations of G

32. Verma modules

Let Cλ be the one dimensional representation of the Lie algebra t on which h acts by the constant λ. It lifts
to a unique representation of b annihilated by n. The Verma module associated to it is Vλ = U(g) ⊗U(b) Cλ.

Because of the decomposition g = n◦⊕t⊕n, this is a freemodule overU(n◦). Choosing as basis the vk = fkv0
(k ≥ 0), we have immediately

h ·v0 = λv0

e ·v0 = 0

f ·vk = vk+1

h ·vk = (λ− 2k)vk .

The Casimir operator multiplies v0 by γ = λ2/4 + λ/2, and since it commutes with f it multiplies all of the

vk by this scalar.

It remains to say, how does e act? For each k there exists ck with

e ·vk = ckvk−1 .

What is an explicit formula for ck? By we also know that

γ vk =
(λ − 2k)2

4
vk +

(λ− 2k)

2
vk + ckvk .

Solving
(λ− 2k)2

4
+

(λ− 2k)

2
+ ck =

λ2

4
+
λ

2
gives us:

32.1. Proposition. We have
e ·vk = k(λ+ 1 − k)vk .

Thus e ·vk = 0 if and only if k = 0 or k = λ+ 1. This leads to:

32.2. Corollary. We have

H0(n, Vλ) =

{
Cv0 ⊕ Cvk+1 if λ = k ≥ 0
Cv0 otherwise.

As t­modules this gives us identities

H0(n, Vλ) =

{
Ck ⊕ C−k−2 if λ = k ≥ 0
Cλ otherwise.

In the exceptional case, you can deduce that the finite­dimensional representation of sl2 of dimension k+1 is

a quotient of Vk . It is trivial to see that any g­submodule of Vλ must possess a non­zero n­invariant vector, so
in the second case Vλ is irreducible. Note also that in the exceptional case we have an embedding of V−k−1

into Vk .
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33. Verma modules and intertwining operators

Let I = I∞χ for χ = χλ,µ. We have seen that if V = I∞w then V/nV has dimension one. The isomorphism
with C is given by the map

f 7−→
∫

N

f(wn) dn .

But now let V = I∞1 . The space I∞1 is defined to be the quotient I∞/I∞w , but it can be described precisely.

Each f in I∞ determines a map from U(g) to C, takingX to RXf(1). We get therefore a map Ω from I∞ to
Hom(U(g),C). For Y in U(b) we have

〈Ω, RY f〉 = 〈dχ+ ρ, Y 〉〈Ω, f〉 .

The image of f therefore lies in HomU(b)(U(g),C(χ + ρ)) (with U(b) acting on U(g) on the right). By

definition of I∞w this map vanishes on I∞w , hence factors through I∞1 . A theorem of Émile Borel says that it
induces and isomorphism

I∞1
∼= HomU(b)(U(g,C(χ+ ρ)) .

This is a representation of g through the left regular action, and it is also a representation of the groupB.

The linear functional f 7→ f(1) from I∞ is n­invariant. It is in effect a kind of distribution on I∞ with

support at 1. It will turn out that there are sometimes other n­invariant functionals of a similar kind. They

are essentially differential operators. In some cases they amount to de Rham differentials.

Let Î be the dual of I∞, and let gC be C ⊗ g. The dual Î1 is the space of all functionals on I∞ of the form

f 7−→ [RXf ](1)

with X in the universal enveloping algebra U(gC). It is a representation of U(gC), by means of right

multiplication. It is the dual of I∞1 .

The functional Ω1 is in it, and RbΩ1 = χ−1δ−1/2Ω1. There hence exists a map

U(gC) ⊗U(bC) χ
−1δ−1/2 → Î1 ,

and it turns out to be an isomorphism. I have mentioned this before as a consequence of a theorem of E.
Borel. This is because G containsN ·N ◦ as an open subset, and also g = n◦ ⊕ b.

For certain χ, the space Î1 contains other n­invariant functionals. Since gC is isomorphic to g ⊕ g, U(gC) is
the tensor product U(g) ⊗ U(g). To see this, we need to examine the structure Therefore the space we are

examining is the tensor product of two Verma modules. Let ρ be the differential of δ1/2. Our space is

U(g) ⊗U(b) Cλ+ρ, U(g) ⊗U(b) Cµ+ρ .

We can describe very explicitly its structure Of course this Verma module is essentially a tensor product

of two of them, each for sl2. Results from the previous section tell us that I/n is not obvious only when

I∞ contains some finite­dimensional representation ρk ⊗ ρℓ, and then gives rise to some embedding of the
quotient by V embeds into some principal series

The differential operators are to Ind(z−kz−ℓ) (the identity), Ind(zkz−ℓ), Ind(z−kzℓ), Ind(zkzℓ) (the residue
of Tw). If k = ℓ, the middle two are unitary principal series. If k = 0 or ℓ = 0, the number decreases. If

k = ℓ = 0, there is only one. This is the residue of Tw at χ. This implies that Iχ in this case is irreducible.

What happens in general is illustrated by the diagram of the real principal series.
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Why does this work? The basic idea is to look, not just at n­invariant distributions, but all those annihilated

by some power of n. If V is any smooth representation ofG, let V̂ [n] be the space of n­torsion in its dual. The
basic theorem is that if V = I∞, Vw , V1 defined accordingly then the filtration of V gives rise to this filtration:

0 −→ V̂
[n]
1 −→ V̂ [n] −→ V̂ [n]

w

So the problem of finding V/nV reduces to two problems in algebra—finding the n­invariants in each of the
outer spaces, and understanding this extension.

I avoid for now explaining in detail why this is true. It is not trivial.

34. The Bruhat filtration

Let χ = χs,n. We know that the restriction of Ind(χ |P,G) to K is isomorphic to the space of smooth

functions f onK such that f(±k) = (−1)nf(k) for all k. In this section, we investigate the restriction to N
andN ◦.

The space P = P1(R) is the union of two copies of R, one the lines 〈〈x, 1〉〉, the other the 〈〈1, x〉〉. Fix a

function φ on P with compact support on the second, and lift it back to a function on G with support on
PN ◦. The 1 − ϕ has support on PwN . For every function f on K define f1,s = ϕfs, fw,s = (1 − ϕ)fs, so
that fs = f1,s + fw,s. The restriction of the first toN ◦ has compact support, and the restriction of the second
to wN . Both vary analytically with s.

Recall that

〈λw , f〉 =

∫

R

f(wnx) dx

(
nx =

[
1 x
0 1

])
.

This converges without difficulty for f = fw,s, since the integrand has compact support on R. It varies
analytically with s. What about for f = f1,s?

Suppose for the moment that f is an arbitrary smooth function of compact support on N ◦. It becomes a

function in Ind∞(χs,n) by the specification

f(bn◦) = χs,nδ
1/2(b)f(n◦) .

The reason this defines a smooth function onG is that f has compact support onN ◦. To see what 〈Λw, f〉 is,
we must evaluate f(wnx)—i.e. factor wnx as bn◦:

wnx =

[
0 −1
1 0

] [
1 x
0 1

]

=

[
0 −1
1 x

]

=

[
1/x −1
0 x

] [
1 0

1/x 1

]
.

Thus

〈Λw, f〉 =

∫

R

|x|−(1+s)sgnn(x)f(1/x) dx .

This makes sense and converges for RE(s) > 0 because f(1/x) = 0 for x small, and is bounded. We can
write the integral as ∫ ∞

0

x−(1+s)f(1/x) dx+ (−1)n
∫ ∞

0

x−(1+s)f(−1/x) dx
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and then make a change of variables y = 1/x, giving

∫ ∞

0

ys−1f(y) dy + (−1)n
∫ ∞

0

ys−1f(−y) dy .

In this last integral, f(y) is smooth of compact support. In effect, we are reduced to understanding integration
against ys−1 dy as a distribution on [0,∞). The integral converges for RE(s) > 0. We can now integrate by

parts: ∫ ∞

0

ys−1f(y) dy =
−1

s

∫ ∞

0

ysf ′(y) dy ,

to analytically continue for RE(s) > −1. Continuing, we see that the integral may be defined meromor­

phically over all of C with possible poles in −N. The actual location of poles for Λw itself depends on
n.

DETOUR

35. The Jacquet module

DETOUR

See [Casselman:2011].

36. The Paley-Wiener theorem for spherical functions

Follow Gangolli, prove that what Serge Lang calls the Harish transform is an isomorphism. Note that part

of the discussion shows that principal series characters and hyperbolic orbital integrals are dual through a
Mellin transform.

37. The canonical pairing

DETOUR

Refer to [Casselman:2011].
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38. Whittaker models

Suppose G to be a real reductive Lie group of Harish­Chandra class [HC:], P a minimal parabolic subgroup
of G and N the unipotent radical of P . Let K be a maximal compact subgroup of G. Denote by g0, n0 and

k0 the Lie algebras of G, N andK respectively. Let g0 = k0 ⊕ q0 be the Cartan decomposition of g0. Denote
by a0 a maximal abelian Lie subalgebra of q0. Let g, k, n and a be the complexifications of g0, k0, n0 and a0

respectively. Let R be the (restricted) root system in a∗ of the pair (g, a). Then n is the direct sum of root

subspaces gα for roots α in a set R+ of positive roots in R. Denote by B the corresponding set of simple
roots in R+. Let ψ be a unitary character of N , and η its differential. Then η is completely determined by

its restrictions to the root subspaces gα corresponding to the roots α ∈ B. The character ψ is said to be

non-degenerate if all of these restrictions are non­trivial. Denote by Cη the one­dimensional representation
of N with action given by ψ. If (π, V ) is a representation of g, a Whittaker functional on π is an n­covariant

map from V to Cη. If π is the restriction to g of a smooth representation of G, then a Whittaker functional
corresponds to an N ­covariant map to Cη as well, therefore a G­covariant map from V into the space of

smooth functions f on G such that

f(ng) = ψ(n)f(g)

for all g ∈ G, n ∈ N . Functions in the image are called Whittaker functions, because in simple cases they

essentially coincide with confluent hypergeometric functions treated extensively in Whittaker’s classic text.

They, or rather their analogues for certain finite groups, were apparently introduced into representation
theory by I. M. Gelfand and colleagues. The most important role they play is probably in constructing

archimedean factors of L­functions associated to certain representations of adèle groups, and in particular to

automorphic forms. There have beenmany interesting papers about them, notably Jacquet’s thesis [jacq:,] an
early paper by Shalika [shalika:,] a paper of Kostant [wh:,] and the thesis of Tze­Ming To [to:.] There remain

so far unanswered, however, a few interesting technical but important questionswhichwe propose to answer
here. We will also offer new proofs of known results, and along the way explain a fundamental result in the

representation theory which as so far been only weakly exploited, what we call the Bruhat filtration of the

smooth principal series. This is a refinement of much earlier work of Bruhat [bruhat:.]

The main results of this paper depend strongly on the Bruhat filtration, and include (1) a proof of the

exactness of what we call the Whittaker functor, (2) uniqueness of Whittaker functionals for suitable smooth
irreducible representations of quasisplit groups, and (3) holomorphicity of Whittaker functionals for the

smooth principal series and other analytic families of induced representations. Many results in this paper

have appeared before in various work of others, but not in as useful or as general a form aswewould like (see
Matumoto [matumoto:,] Wallach [wallach:)]. The Bruhat filtration can be used to give more elegant proofs of

many other results in the representation theory ofG. It might serve, in fact, as the cornerstone of a reasonably

elegant exposition of the subject from its beginnings. We hope to return to these ideas in a subsequent paper.

It is well known that Harish­Chandra wasmuch concernedwith these matters right up to his untimely death,

and we therefore think it is not inappropriate to dedicate this paper to his memory. We would like to thank
Hervé Jacquet, who pointed out to us a long time ago that there is some truth to the claim that nearly all

of analysis reduces to integration by parts. One of us (D.M.) would also like to thank the Department of
Mathematics, Harvard University, for their support during the period when the final draft of the paper was

written.

The simplest case

The main part of this paper is tough and abstract, and we want to explain the themes here in the simplest

case, when the arguments can be laid out in very classical terms. LetG be the group SL(2,R) of unimodular
two­by­two real matrices, P the subgroup of upper triangular matrices and N the unipotent radical of P .

Further, let

ψ:N → C,

[
1 x
0 1

]
7→ eηx
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be a unitary character of N , with η purely imaginary. At first we shall make no assumption on η, but
eventually we shall assume η 6= 0.

For s ∈ C we define define the smooth principal series representation

Is = {f ∈ C∞(G) | f(nag) = |y|s+1f(g)}

for g ∈ G, n ∈ N , and

a =

[
y 0
0 y−1

]
.

The groupG is the disjoint union of two subsets PwN and P , where

w =

[
0 −1
1 0

]
.

The space Is is that of smooth sections of a suitable real analytic line bundle onP1(R). It contains the subspace
Is,w of all sections vanishing of infinite order at∞, and has as quotient the space Is,1 of formal sections (Taylor
series) of the analytic line bundle at ∞. For example, if s = −1 the space Is is just C∞(P1(R)), which is

non­canonically the same as the space of smooth functions on the circle, Is,w is the subspace of functions

vanishing of infinite order at ∞, and the quotient may be identified with C[1/x]. The complement of ∞
on P1(R) is a single orbit under N , so that functions in Is,w may be identified with functions on N . It is

elementary in this case that this allows us to identify Is,w as anN ­module with S(N ), the Schwartz space of
the additive group. This is essentially a special case of the well known observation of Laurent Schwartz that

the Schwartz space of Rn may be identified with the space of all smooth functions on the unit n­dimensional

sphere Sn vanishing of infinite order at the north pole, via stereographic projection. The exact sequence

0 → Is,w → Is → Is,1 → 0

is what we call the Bruhat filtration of Is. The last map is surjective because of the well known result of Émile

Borel. Note that these spaces are all stable underN and g. The dual of the space Is,1, a space of distributions
with support at∞, may be identified with a certain Verma module over g.

For a function f ∈ Is,w , the integral

Ωψ,s(f) =

∫

N

ψ−1(n)f(wn) dn

converges absolutely, and defines a ψ­covariant functional on Is,w holomorphic in s. The basic question we
are going to investigate here is this: to what extent can this functional be extended covariantly to one on all

of Is? It turns out that the integral defining Ωψ,s is convergent for s in a certain half­plane of C, and that it

possesses a meromorphic continuation for all s, holomorphic in the case η 6= 0. It is the holomorphicity that
we are really concerned with here.

These results can be formulated in entirely classical terms.
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Some elementary functional analysis

In this section we shall investigate some problemswhich have no obvious relevance to representation theory,
but in the next we shall explain the connection.

Suppose f to be in S(R), s ∈ C, η ∈ iR. The integral

∫ ∞

−∞

e−η/x|x|sf(x)dx

converges for RE(s) > −1 and defines in this region a tempered distribution on R. As long as f vanishes

of infinite order at 0 this integral is defined and analytic for all values of s. Does it have for all s a natural

extension to all of S(R)?

If η = 0 the answer is negative, but the situation is perfectly well understood. Integration by parts gives us

∫ ∞

−∞

|x|sf(x) dx = − 1/s+ 1

∫ ∞

−∞

|x|sxf ′(x) dx

and this allows us to continue the distribution at least into the region where RE(s) > −2. If we multiply by
s+ 1 and take the limit as s→ −1 we get

−
∫ ∞

−∞

sgn(x)f ′(x) dx =

∫ 0

−∞

f ′(x) dx −
∫ ∞

0

f ′(x) dx = 2f(0) .

In other words, integration by parts allows to extend the distributionmeromorphically to the region RE(s) >
−2, with a residue at s = −1 equal to 2δ0. Of course we can again integrate by parts and eventually we see
that we have a meromorphic map from C to the space of tempered distributions on R, with simple poles at

−1,−3,−5, . . . and residues that are proportional to derivatives of δ0.

Now suppose that η 6= 0. Since η is purely imaginary, the function e−η/x oscillates wildly near 0, and it is

reasonable to expect that the integral ∫ ∞

−∞

e−η/x|x|sf(x) dx

can be holomorphically extended. A different kind of integration by parts will do the trick. The function

ϕs(x) = |x|se−η/x

satisfies the differential equation
x2ϕ′

s(x) − (sx+ η)ϕs(x) = 0

Therefore the integral becomes

∫ ∞

−∞

ϕs(x)f(x) dx = 1/η

∫ ∞

−∞

x2ϕ′
s(x)f(x) dx − 1/η

∫ ∞

−∞

sxϕs(x)f(x) dx

= −1/η

∫ ∞

−∞

x2ϕs(x)f
′(x) dx − 1/η

∫ ∞

−∞

(s+ 2)xϕs(x)f(x) dx

= 1/η

∫ ∞

−∞

ϕs(x)
(
−x2f ′(x) − (s+ 2)xf(x)

)
dx.

This converges for RE(s) > −2, since the function x 7−→ −x2f ′(x) − (s+ 2)xf(x) vanishes at 0. As before,

we can repeat this procedure, eventually obtaining a distribution holomorphic as a function of s.
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What is relevant for the rest of this paper is that the second argument reduces in essence to this observation:

The differential operator
f(x) 7−→ −x2f ′(x) − (s+ 2)xf(x)

induces a topologically nilpotent map of the space of formal power series C[[x]] into itself.

RELEVANCE TO REPRESENTATION THEORY. Return to the notation of the earlier section on SL(2,R). The
group G is the disjoint union of PwN and P , and the overlapping union of open subsets PwN and PN ,

whereN is the subgroup of lower unipotent matrices. A function in Is may therefore be expressed as a sum

of functions fw and f1, where fw has compact support modulo P on PwN and f1 has compact support
modulo P on PN . In considering how to extend the functional Ωψ,s, we may assume f = f1.

Therefore suppose now that f has support on PN . How do we evaluate Ωψ,s(f)?

We have

Ωψ,s(f) =

∫

N

ψ−1(n)f(wn) dn

and also f(pn̄) = |c|s+1f(n̄) if p ∈ P , n̄ ∈ N , where the restriction of f to N may be identified with a

function ϕ(y) of compact support. Here

p =

[
c x
0 c−1

]
, n̄ =

[
1 0
y 1

]
.

We can write [
0 −1
1 0

] [
1 x
0 1

]
=

[
0 −1
1 x

]
=

[
1 −x−1

0 1

] [
x−1 0

0 x

] [
1 0

x−1 1

]

and therefore the integral becomes

∫ ∞

−∞

|x|−s−1ϕ(x−1)e−ηx dx = −
∫ ∞

−∞

|z|s−1e−η/zϕ(z) dz

which of course leads us back to the calculation in the previous section.

This is admittedly elementary, but not entirely satisfactory. The explicit calculation does not really tell us
what is going on in terms of representations of SL(2,R). So we shall now reformulate it. Consider the exact

sequence
0 → Is,w → Is → Is,1 → 0

as a sequence of modules over n, where n is the Lie algebra of N . The integral defining the functional Ωψ,s
induces, as we have seen, an n­covariant map from Is,w to Cη, or equivalently an n­covariant map from C−η

to the strong dual Is,w
′ of Is,w , or again equivalently an n­invariant element of Is,w

′ ⊗ Cη. We can now,
however, look at the long Lie algebra cohomology sequence derived from the exact sequence above:

0 → H0(n, Is,1
′ ⊗ Cη) → H0(n, Is

′ ⊗ Cη) → H0(n, Is,w
′ ⊗ Cη)

→ H1(n, Is,1
′ ⊗ Cη) → H1(n, Is

′ ⊗ Cη) → H1(n, Is,w
′ ⊗ Cη) → 0.

We have already remarked that Is,1
′ is a Vermamodule, whichmeans that n acts locally nilpotently on it, and

this implies in turn that each nonzero element of n acts bijectively on Is,1
′ ⊗ Cη, as long as ψ is not trivial.

Therefore the n­cohomology of Is,1
′ vanishes completely, and the map

H0(n, Is
′ ⊗ Cη) → H0(n, Is,w

′ ⊗ Cη)

is a>n isomorphism. This guarantees the canonical extension of Ωψ,s from Is,w to all of Is. Holomorphicity
in s follows, among other reasons, from a slightly more technical argument about various topological spaces

of holomorphic functions, as will be shown in the main part of this paper.
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How does this argument relate to the simple one in the previous section? The Lie algebra n ofN is spanned

by the matrix [
0 1
0 0

]
.

The action of the corresponding differential operator on functions in Is restricted toN is

−y2(d/dy) − (s+ 1)y

if we identify N with R as before. The Verma module Is,1
′ corresponds to the module of distributions

with the support at 0. Therefore, the local nilpotency we mentioned before is just the statement dual to the
observation from the end of last subsection.
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39. The module

Recall the factorization [
a b
c d

]
=

[
1/c a
0 c

] [
0 −1
1 0

] [
1 d/c
0 1

]
.

Suppose F to lie in Is. What I want to know is how g acts on the restriction ofF towN , andmore particularly

how it acts on the dual of Iw , which is the g­module defined by Kostant associated to the infinitesimal
character by which Z(g) acts in the dual of Is.

Let f(x) = fF (x) = F (wnx). What are fRνf , fRνf , fRαf ? The first is very easy.

fRνf = f ′ . (1)

As for the second, let

e(t) =

[
et 0
0 e−t

]

I must calculate the restriction to wn of
d

dt

∣∣∣∣
t=0

Re(t)F .

I start with
wnxe(t) = we(t) ·e(−t)nxe(t)

= e(−t)wne−2tx

from which we deduce that
RαF 7−→ −(s+ 1)f − 2x f ′ . (2)

Finally, for the third, if we apply the Bruhat factorization we see that

wnxnt =

[
−t −1

1 + xt x

]
=

[
1/(1 + xt) −t

0 1 + xt

] [
0 −1
1 0

] [
1 x/(1 + xt)
0 1

]
.

And from this it follows that

RνF 7−→ −(s+ 1)xf − x2f ′ . (3)

Suppose Ψ to be a non­trivial unitary character ofN . Let ψ = dΨ(ν). Then ψ 6= 0 in iR, say

nx 7−→ e2πix (ψ = 2πi) .

Kostant’s Whittaker module is the subspace of (ν − ψ)­torsion in the dual of Iw,s. It is spanned by the

functionals

〈Ωψ,P , F 〉 =

∫

N

P (n)ψ−1(n)F (wn) dn =

∫

R

p(x)e−2πixf(x) dx .

in which P is an affine function on N and, equivalently, p is the polynomial on R such that P (nx) = p(x).
The function f(x) now lies in the Schwartz space S(R). I want now to find explicit formulas for how g acts

on this.

The Whittaker dual of Is is the same as that of Iw,s because of unique extension. If we apply the Whittaker

integral with p = 1 to various K­eigenfunctions, we get various forms of the classical Whittaker function.

There are two such functions, and the one that arises here is that with rapidly decreasing behaviour at infinity
(because of uniqueness). If I can evaluate its behaviour near 0, I should recover a classical formula.
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40. Whittaker models for SL(2)

Suppose ψ to be a non­trivial unitary character of N . A Whittaker function on SL2(R) is an eigenfunction
of Ω f satisfying the equation f(ng) = ψ(n)f(g) for all n in N , g in G. We shall be interested in the ones

that are also eigenfunctions with respect to the right action of K—f(gk) = εm(k)f(g) for some m, all k in
K . Such functions are determined by their restriction to A, on which they satisfy a Whittaker differential
equation . What is the equation?

This involves a calculation much like one we have already seen. EveryX in g may be expressed as a sum

X = Xn +Xa +Xk ,

withXn in n, etc. For every a in A, we may expressXn = a−1α(a)Xna, so that

[RXf ](a) = α(a)[Λa−1Xnaf ](a) + [RXa
f ](a) + [RXk

f ](a)

and then that any elementX of U(g) may be expressed as a sum of products

a−1Xna ·XaXk .

In these circumstances the restriction of RXf to Awill be the corresponding sum of terms

[ΛaXna−1RXa
RXk

f ](a) .

Applied to a Whittaker function f such that RΩf = γf this gives

y2 ∂
2f

∂y2
+ . . .
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Supérieur, 12 (1895), 9–55.

9. Fred Brauer and John A. Nohel, Ordinary differential equations - a first course , W. A. Benjamin, 1967



Representations of SL(2,R) 76

10. Bill Casselman, ‘Canonical extensions of Harish­Chandra modules to representations of G’, Canadian
Journal of Mathematics 41 (1989), 385–438.

11. ——, ‘Computations in real tori’, pp. 137–151 in Representation theory of real reductive Lie groups ,

Contemporary Mathematics 472, American Mathematical Society, 2008.

12. ——, ‘Jacquet modules and the asymptotic behaviour of matrix coefficients’, pp. 81–97 in On certain
L-functions , American Mathematical Society, 2011.

13. ——, ‘Unitary representations’, last updated in 2014. Available at

http://www.math.ubc.ca/ cass/research/pdf/Unitary.pdf
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