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The Arbin consept of conductors of charastors of galols groups
of mwiber £lolds may bo extendod to chavactors of Well groupss
Phens condustors, themselves of Inborest, tead by the methods
of Aptin to the funotfonal cquation of the Well I~aoprios, The
probiom of deorrdning the roob mmber appesidng in this funebions
al ocuation is studied with emphasls upon the pogsibility of

pacuposing the root muber inte factora waleh depond only upon
tio Tooal bohavior of tio chavacter. A decomposition exlsts 1f

the Tate facbors (i.0. the facbors appearing in the funstional
squabion of the local zeba funotions of Tate) may be axtonde
il.n & nalursl meaney be chevachers of local Uell groups { decompeo~
sitdon subgroups of Woll groups). The investigation of Tate Tachers
Indieated by this line of reasining gives the main rosulk of tho
thesis? If K 4s on abelian oxtonsion of & losal mmbor £ield, I
X is a chavacter of E¥ trivial on the kernel in K of the rele-
tive norm,and Uyp s 0y 18 the sot of all charaecters ¢of k& vhose
conposition with the relative nom is X, then the rablo betwoen ,
the Tabe fasbor faw 3 and the predich of the fevbors Sow Gpssity
15 & fourth vook of walty dependlng only wpon the conficter of
X and the suhsre of #ha-'_mﬁira é@pw only upon thée norm grouwp
 and the pelative deproe. It follows that at best the fourth power
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of the Tate factors may be exbended te characbers of the loval
so extonded is verified undor a veotvictive hypothesis, frau whieh
1t follows thab the root mmber assoelabod with e Well I-series,

Lo, %, K/1), ney be dosemposed medule the fourth veoks of wnity

1¢ £/ is loeally cyclie., Whe same conelusicn holda for the Avbtin
Ienopies 1€ E 16 an abelian oxbtension of an intormediante fleld
which is poprmal over k and locally oyelics '
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Lot & bo a mmber field, ¢ t&m group of idele slusses, D,
tho connesbed sorponent of the wilt element in G4 Tho abelimn
I~pories may be desoribed as an Iuler product over the primes
of & involving & charaster of the fackor growp G /D, By clase
£1614 thoory sueh & chavacbor may be idenkiffed with a charaster
of e pelois grovwp of & oyclic extension of k. The sbep from
I~series with charasbors of ﬂk/hk to Is=peries with charachors
of €, ("Crossenchavelitor” in the ldeal-thocvetie formilation)
was baken by Hoclke (1) whe proved that theso L-series have an
E;ﬂ]?iﬁiﬁ sontiminthon ever the entive complex piam; thab th-ay

sptiafy a funedional equabtion of tho e¢lassical Lype and that the
i~sorics is apalytic over the entire complex plene I the chavae~
tor 1s nom-trivial on the largest eompact subgroup of Cps Apprﬁ
ing Pourler analysis of leoecully compacet abellan groups to the
idele group, Tabel{2) developed a much simplor proef of these re-

_ sults and in addivlon gave in teras of the local beohavior of the

character a canonical forpulation of the fastors which appear
in the fmctional ecuation. This ig of great imporbance for our
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In & somewhat diffevent diveetion, by wsing the aversge valuo
on a Frebenlup elasy of & charaster of the galoin group of o

roal extonsion of Ik, Artin (3);(4); constructed non-sbelion
&wﬁ@iam Artin showod that thoge Idseyios sablefy s funedlional
squation of slassieal type bub with an undebeormined wdmoduler
fastory a glebal root nusber mm of the complex variable
appeaving in the funeblioidl ecuationy Hrauver { 5) shoved that each
gharacter of a Lindte growp is o lineay conbination with intogral
coofficlents of charactors induged by linesy chardotors of sybe
groupss This comploted the proof that the non-shelion Lesordes
may be ezpressed as a product of ebelian Leperies and thorefore
have ap analytic eontiouation ihroughout the complex plane.

These oxtonsions of the abelimn Lesories are unified inthe
Le-geries of Weil(6), constvucted with charactors of the Weil group,
the group extension of O, by the galols growpy G(H/k); covvespond~
ing to the cvanonival gehowology classs Dy extending Pveuerls o~
sult bo ohavasters of the Well group; Weil proved thet hese Le
serlos may be oxpressed as a product of Heeke Leseries and thove-
fowy uré muvomovphis ove

gios Imsordons Artin pointed out that a good

(0) Hort, Ayt A g "Hu Gorps o8 M - S
t # 3 i 'ei b 2 w a eorle a 5 s e GlaBSBS -Maﬂl-s L
Japan, vol3, (1951) rp ocvof
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exbonsion of Tatets loeal zeba fumetion would give a deberminns
bion of the reot mmber sppearing in the funotioal equation of

_ oss Indeed o an gk j'_'imwma@mmmim
of the Tate Lashors 6&&3 factorg appoaring in the funehional ¢
ustion of Tatels locsl seta Hunoticn), This would in particular
give the theory of the Artin nonesbelian conductor{?) and sonsid-
ergble inforsation eoncerning the local voob nmwders 4 Lhad
in ohspter I1 (genevalizabions of Gauss swss). This infoymation
would be resd off in much the same way thab the condushor diserime
Inmnt formmla, & relatlon betwoeen abelian sondustors, ie obbalne
ed from Artin's non-nbelien condusbors

While extensions of tho Tabe lossl zota funetions jmps comstructe
ody nons bad the properties (listed in Uhapber I¥) nccossary for
a simle theorys Tals lad to the quentilon of whether the Tato
faobors pould be oxbended in the desived nsrmer, Withoub the cone
atrustion of an exiension; this question could bo anawered only
by a closer W%w of the Tete coeflficleonbes Onee 1t is imem |
how fo extend the abellan sonduster, the only difficult part of |
‘&hﬂ Tabe fastor is the locel yoobt muwber. BEplivlt. foremilas for
these ouubers exleb but are Ai10fiault %o apoly 88 various sasscs
migh be treated sepavabolys Far this veason the resulbs appesrc
ing here depond won a dotalled considerction of spoelal cases.
Thoge ﬁmm m‘?ﬂw m 152




ﬁy;m, e{ex+ox?), whore € 1s an additive chavactevs Further dew
opuent appesrs to depend woon refinement of this approximation,
inement whioh seewms 4o be Feaniblew
For somploteness, Avtints functional equation is sxbended to
the Well I-geriess The sorrogponding theory of condushors o
charaobers of Woll groups is develeped ab the beglming so that
some of the songequences muay be used in the susequont thoorys
"y mﬁﬂu&& Loy suggoasting the topie and for coptismed ad
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Chapted I
Loosal éonduotor

In thb following k 1s & %-adic number field end K is & nor-
mel extension of finite degree. ﬁK/k’ the locel Weil group, 1is
the group extension of K* by the galois group, G(K/k), corres~
ponding to the canonical cohomology class. By character we mean
the trace of a continuous representation by unitary matrices.
The probliem is to extend the Artin conductor of a character of
a finite galois group to 8 conductor of characters of WK/k’

The Artin definition is in terms of the ramification subgroups
of the galois group. As wK/k is esczentially the gslois group of
Ay/k (where A, is the maximal abellan extension of K), it would
appear that the definition could be extended by means of the
Hilbert theory of this infinite extension. However, the Artin
definition does not go over directly even in the most simple
cage (K=k) and for this reason a different proceedure was used.

As AK is an algebraic extension of k, there exists a valu-
ation, P, of AK with the property that for each subfield, M, of
finite degree over k, the restriction of P to M is precisely that
veluation of M which coincides on k with'y. Let At be the in~-
ertial subfield of A./k. The restriotion P, of P to A, 1is dis-
erete and therefore the Hilbert theory of finite extensions of
A, hes a sifiple structure. The relative differentvégly, for
A, DBPFOA,, E/At. finite, may be difined in the usual way and
in this connection the relative diseriminant, DE/Eg is simply
defined to be NE/?’gé/F' The assoclated theory need not be dis-

ocussed here.
In the following, unless otherwise stated, all fields lie

in Ag end contain k. If B/F normal and otherwise as above and
X a character of G(E/F), then following Artin we define the
¢onductor of X to be fa( X,xg/r) - (4' r’ CJbeing the prime of

-1
Pand [9{)0] =1, Zi-o )3 7,p:'.( X (1)# X(x))




where% is the inertial subgroup of G(E/F) (i.e. the whole
group) and ‘Wi is the i-th ramification subgroup for i not zero.

Conductors of this type may be expressed in terms of coaven~
tional Artin conductors. For B, F a8 above, there exists an ele~
ment, ¢, of E such that E=F(a)« Let M be any galois extension
of k of finite degree containing a. Let F'=MNFj E'=sM/\E. We
assert that E'/F' is normal and that EeiE'F. Every automorphism
of M/F' is the restriction to M of an elément of G(AK/IH), which
is the group theoretic union of G(AK/H) and'e(,AK/F)«. Hence the
automorphisms of M/F' are the restrictions to M of the elements
of G(AK7F). As ‘ghe elements of G(Ax/?) map E onto itself, the
elements of G(M/F') map E' onto itself, whence E'/F' is normel.
It follows that BOE'F, deg(E!'/F*)=deg(B'F/F), deg(M/F’ j=deg( MF/¥) ,
deg(M_/E'hdeg(MF/E), whence E=E'F, Ag F At' E'/Fﬂ is purely
ramified. Let 1r be a prime element of E*, then EfeF'(7), E=F(f)
‘and the natural isomorphism between G(E/F) and G(E!/F') can be
expressed in terms of the effects of sutomorphisms on . As the
ramification subgroups may be desoﬂbed in terms of congruences
involving the effects of automorphisms on , and as the valua-
ﬁion'or E' is the restriction of the valuation of E it is trive
ial thst th_e natural isomorphism between the two galois groups
maps the remification subgroup of given order of one galoie
group onto the ramification subgroup of the same order of the
" other group. '

 With this construction, if Y is a ochsracter of G{E/F) then

by the natural i1somorphism we may construct & character X! of
"G(B'/F') which has a conventionsl Artin conductor, f£{ X *SEY/Ft).
It follows from the above that ord,# A 'EB/FY) =
ord o £ X +B/¥), where u 1s the prime of F'.

From the above construction end the properties of the Artin

. 9onductor, it follows that :
1. If )( and )'! are characters of G(E/F) then L X+ Y B/F)=



£,( X »B/F) ! 7(";3/?)-

2. If L is a finite extension of K, L normal over F, X' a char<
acter of G(L/F) which is trivial on G(L/E) and which; by pass~
age t0 quotients,gives a eharaater)X’or G(E/F), then

Lol X "sL/E) = £.( X ,E/F).

3. If E:zL:DF,)ba character of G(E/L), ){}, the induced charac-
ter of G{E/F), then

Tol Xy o5/F) = AR Ny et ol ¥ oB/L).
4o £ ( )( +E/F) is an integrasl power of g.

_ These are the only properties of the conductors fothat will
be neededs

Let X be a character of B /e Its kernel in H, the inertial
subgroup of the Well group, is a closed invariant subgroup of H.
The finiteness of the index followe from the fact that UK' the

_ group of units in K, 1s of finite index in H end ) splite into

~ a finite set of linear characters on UK‘ all of which are trivs
jal on some subgroup of UK of finite index. Hence the kernel of
X in H deternines a galois extension L of 4, of finite degree
and by passsge t0 quotients & character )(I. of G(I./At)' is ob~

_ teineds The conduotor, F( X,K/k), of X is defined to ve 7"',
yh'ere T = ordPtto( ](L,L/At).

We flret observe that if L' is any normal extension of fin~
ite degree of At which conteins L then again by passage 10 quo~
tlents a character )( L+ oF G(L'/At) i8 obtained from )(, It
follows from property 2. that ord F()( .K/k)aordpt fo(' XL,,Lf/At)‘.
It 7( m)(" are characters of WK/R then there exists a fin-~

ite normel extension E of A, such that the image of G(AK/E) in

H liee in the kernels of both X and X' and therefore in the
?&rnel of )( + )(’-". It now follows from the previous psragraph

8nd from the corresponding property for the conductors fo that
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F(X+ XE k) = POY oK BIF( X 1,5 K)o

This definition of conducter extends that of Avtin in the
following mamer. If X 43 a chavacter of Wy, whose kornel is
of finlbe index in Wy, then this kernel dotermines & £inite nove
mal exbensien, M, of lv Then L=A, is the oxtension of A, doter~
mined by the kermel of X in H and by the avguments appearing in the
sopatrustion, 2f X y 18 the charaster of G{il/k) obbtalned by pass-
age to quetlonts, tham £{ XM k) = F( X,E/k). In particular,
if ¥ =k, them the Well group is k and o linear characher nay
be replaced by a linesy ehavactor, X , whose kernal is of finito
index In k withoub changing elthor the class field conductor or

_ the conductor in the mew gemses. It fellows fwom the corrvesponds
ing propevty of the Artin conductor that in this case the olass
£ie1d eondustor is the sawe as bhe new conduchor.
Ve now prove the

1 z«:aa:k:, )& & oharagter of zwgw 7(, the induced charagtor

E&EE be ﬁh&primefﬂglg that ﬁfﬂg%{ﬁﬁaﬁ of &
£,T,0% be the residue class degrees of K/k, K/ , U vesp.
058,07 be the corm '&gmam relative ramifications
be the Inertisl subgroups of &{E/x), GIEN) vesps
L hawalm&mthemmmqfﬁ{g/m

=
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{4} be & sot ar representatives of right sesete of 7 in 4

H  be the frerkial

b oy of ?3’5;/1{*

men 7={]° 7v. vhemes a(x/x) :--U T . £ b
Az the Frebendus glass of G{EN) is ? ') HEN) 42 wo plok
7 in this eless fihex; ﬁ&wxa oxiska xe¢ 7 puch thes 77 = x%
whonee (/i) » S, L' #(x7) 2

/
’“Un,; 7'—71’ _
F-1 4= e’ -—n 7 x5

nio) S-oJ L=/

® s-: e/ G (k) %, 7°
Letting 8¢ be a repressntative in H of o (lgizet)
€ be a repregsenbabive of T
¥e have %{/}& = (éfo' :, Ly 33!#3@ Hones for xe b s 1

Xi{x) = 2§ ng%ﬂf ;&(si};j x & 53 ?‘) ¢ ¥hiere as ususl Yzi=0 gor

Km&’hm /J\.ﬂ

et ﬂ&:ﬁ’t'jJL (Pl N, =) )
7; ‘e the Inertisl subgroup of G(K /)
Hj be the tnortial subgroup of LY
Then w@»r%r# iz an Laomorphisn of G(E/N ) ento G(K /A, ) and

5 ~ 3 ¢
Z} =TV 72’; ‘% =g aﬁe ;
7 =S 7 = U 5 (i Feilriu vdi) . Ufl Z (x¥5,7%)
ﬁam&a H = U Eg (e~d 8, 893,
Lot be the restristion of ¥ to By then =z =yl x )y

1
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4s & haractor, ¥ 4 of Ty« Lot )g, be the charscter of X induced
by }g, m%g then for e H

X (=) = 208" p (o dayudeda] Ayl

= 33‘,,1 yﬁﬁi’lssxﬁ“ 3’), whore ¥ is taken te be zero oube
side of Hy.
Lot 7(" w the vestriction of X to H. For x<H, wo have!
aytimt el ¢ Wy @ syrduedaylew ) N H =W, It foliows

that X = 3%;31 }% v
Vo now plek o findte oxtonsion L of EA, such vhat I‘/Ais
pormal snd such thet G(A /L) 1les in the kermals of oach of tho
- gharasters XJ', }{; (0= 3 s‘z‘iﬁz);
Lot U' be G(4,/L) {and its voplica in R,
% = ¥ bo the nstuval mep of I onto GLL/A)
X; be the character of &éL/A-.E) obbtained i‘iv_em /1’, by passage
to quotients;
¥, vo the chavastor of G(L/A, A,) cbtained frem % by pass-
oge to quobilenbas
X bo the charastor of G-(L/At) obtained £‘m X by passage
to qn@ﬁmtaa.
f:nri:amlm X = :M )[3 é mﬁmaadimm)g is induced by the
charaotor ﬁ of G{ﬁ/ﬁ?%} a8 iz ghown by the following
m msf}he & group; H a subgroup of finite index, ¥ a chare
bgroup of H of finite index: Lok
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of bothy and X ¢ 3¢ B= H/g & = G/gy ¥ the charactor of ¥ obtatus
bd fromy By passage bo quoblénta then X 1y indwsed by Fu (whee X 4 ﬂe |
Zzael et @m(é Ii,% + & Gisjoint unlen, then for ne G jf,‘}:‘,':ﬁ'f on ). |
Xéx}wzjgiy(,%x,%) « IF BY i3 tho kevnel of ¢ %Rﬁb@naa |
Jbhe unib mateiz Ls the only wnitary matvix whose trage equals ite
rank ve have¥ p (1) =p(B4) @ pE € Brexe J H
Kﬁm@ X{=) =n pl1) & me B B, 5 vhence the kernsl of
X Men 4n BY and 15 the intersection of subgvoups of G of Pinite
- Indexty This kownel sabisfles the eonditions in the statement of

e Lemma snd thevefore g oxistsw

Now let f be the fmage of 4 in Y, then (O¥E) = (W), ana
thorafore &= U %% , a disjoint wionx For ¥e & ot x bs o
| Pepresantabive dn G, them Y(R) = 3,3 V(ETE) =2 ¥)
~ 'whonge X 48 indueed by V# snich eompletos the procf of the lemmas
| Conblouing with the proof of the thesvems
4 mgm NoB/5} = ordp, £,4 }?@zg/%)ﬁ while £.(X #b/Ay) =

7'7.32"5;‘., t }é WX/B ) = TEY 35%& iy by SobFi 5105 A )]

f f
= (T.'» P jhe/ g il Too¥a by i, %o (F alty &)
%aml“"atamprmmmzm _
%) Wﬁﬁgﬂlk ?g}(/,’pﬁ/ﬂ} = @é? { aid _R %/A‘h Qt)?gza/ﬁg%)}
53 ; v J* &y /By
Preof of (a) ¥ Pt/

- AW T RBI) = LY gedy P fakA Y As Ay g8 dnertia
1634 of Aylhy 4% fellows Lrem the dofinthiges thab 12 P,

* of LA, (0% 38 £941), e ord wF( Y s8R0}
fgiy ,,zf/n,ﬁg« Herge 16 4a onovgh to a:m that
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lant of j« Dub this is cleay aag
5 of H whith gives the

@% f { J&'tz:/étﬁar) iz indeponder

relation bebween p and ;? and thevefers the saue helds for the
groups t}{Is/J‘t.Ab} and G(L/ Ay} ond tholr vespeotive chavestors
. fu¥ (nove tho velatien is by an imwr sutomorphims of
. ®{L/A,)) whonee the essertion follows from the topologieal prop=
. ovbios of clements of @(L/A,) so far as valuablens are concernods
Proof of (b)¥

WL IR W L WY LS
ont of § Yy the same argument as above (namely that G(EAL/UA,)
is the imago of G(EA,/LAy) wnder an immer automorphism of
- Gz, )¢ Purthormore Dy, =N, ahny  Powdy Dy, =

IY avd + Henee it in enough o show that op
gﬁj’m//‘ ; %ﬂo > Jmt/‘&'b

| mord,.J, . let¥ing T bo the inerbisl subfield of K/, and
4 bo the prime of N2, we 1Y Jun kT ion = Dy o
~ Waence ord, ‘g—lﬂc a mgf 1'2’11'/1'

By the mature of the isemorphims botween G(KAy/A.) snd G(R/T)
wiadeh by rostrietion gives the lscuerphimu betwoon G{KA, /A, M)
and G(EZ/TN )y The assertion follows using '

s -
"2% = / ﬁz‘r/r = e /s /jk/.n.r

This completos tho proof of the bhooroms
@ troatment of the loeal theory is souploted withs




thon B per JX/k) = Myz,&/kh
Eposf Lot H be the fmevbial subgroup of Uy .. Shen 7 (H) nﬁ,
mding subgrouy of Efyk; As the factor group ¥ /H

iﬁﬁ?ﬂl&ﬁa&ﬁﬁiﬁﬂéﬁaﬂaﬁn L2 M%ﬁﬁiﬂ%@ﬁ'ﬁh&

sumnbator oubgroup of Wy .« Henge fé (7) = H. It Lollews b

ﬁm s mmxmymﬁ‘m 7 (M) = 8t the Lewnol of
}’/02' in He If as above, 4&# 18 the inoriial subfiold of Ap/izs

i r abeldan, whente ACASA . Therefors the

inertial subfield of An/k is AgN Ay = Ape Idenbifying T with

; &%/%3, ‘Eﬁmt%&g}, the kernel of ¥ 48 G{4g/A; )« Hongo

| wbanalon, By of Ay in Ay, then W 4s i&entx«»

7 (M) s tdonbiried with G{A,/R).

mmre Af ce ﬁ{AE/&k) thon ‘t’&zf} may be msmm with

rad as 4% 1o part of a move general prol
8l wosults of this Yype to the global cases




In the following E/k is sbolian of degreenm, X a y-adie mue
ber £ield. The group of charaeters of k¥ which are twivisl on the
norm group s Tj};, « The conductor of 7y is 3.3*“3 Eiﬁj@);
£ is tho velabiye resldue elass degree amd £, is tho gbselube
- degres of 4 o Lot Pbe the prins of X and gy, {or more simply,q)
. & mepping of integers Inbo retionals dofined bys
1+ glb) = (1/6) 3, _, (b-gy),

84<b k|

As one of the olements % is the prinoipal chavacter of k¥,
at least one of the inbagors, 84e 18 ~1s This is tho suallest
posaible value for the 84 Wo note that for bz ~1, g(b+l) > g(b)
. 48 the muber of terms appearing in tho mum is not zero for b0,

_ omch toym 1o greater than sore and inevsases-strietly with b
and the mmber of terms increases with be The unramifiod charag-
tors in {4, form a subgrowp of order £, from whidh it Follows
that in the set of integers, {-5.1’ ¥¥: aﬁ‘a@ cach dlstinet integer
. veours a multiple of f timos, Hemeo g(b) is an integers Ve now
need & simple preliminary result,

e 1) & any 1inoer sharastor of K, trivial on the korasl

mmﬁﬁahm%#am/uafk*amﬁhaﬁ /\m/u %andfar
o T )e -
any sueh M, X = E (/adll me&g* {The last asymboi

. 'Mﬁeg m WWW . EiEiE i aeyeld -:'1

/6
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and of gourse \ ia inveriant wnder G{%/k) (l.ev for xeEk¥,
xe@{x/k), wo bave Mx) = AMz*) )+ This property shows that
X{x) :g () gg x¢§* for 1f (8, ),‘égm ) 376 & sot
of vopresentatives of G(X/k) in U, , then for x&Vp e
X(x) = 2, 00x o) MO % 8,7 whore M(x) = 0 for =¢ K% vhonoo

X{z) = n \(z) for xek¥ while for x¢K , B, X 8, +d K* and there=
fore X(x) =04 On the othor hand x -> M(x) med ¥, X*1s &
nemerioyphisn of W, onto k*/E . K¥, whenco the kernel s of in-
dex nw a*mammwmxmm of index n and thorefore is

tho kernels Henae ¥ (x) € W, E¥* & x < &% 4 How,

By by ) Wx) = [ue WO T (5 0) ().

The sum 18 gere for W{x)é EE/ k%, 1.04 for x4 E¥, wnile for x

in x¥ wo obtain nfpelly o }(x) = n A(.xrl; which proves the assertion,
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Ff/‘.‘ﬁ ;k/k)g Wﬁ/ueiﬁ = A,

Broof As )\ is trivial en KX, there ¢xlats /o » & chavactex of
k*mm'z/a Uppe = A« The cosot Vﬂjb is the sob of gll

mmm of m &.widaﬁ the ;zmduéw of sach element of the sob.

Thon S Hepe = A and the eondustor of e divides the sondugtor

of u7 foreagh J bebwoen 1 and n. From the precceding lemma, A,

the character of Wy, indueed by A 1s 3.5 (xg)*} » whenco
By the properties of the eondustors

- TLawlegaise) = TLT B0 k/K) = B ,1/k)

1)
" gé;k U e PUA SE/E) S
- By the sonductor-discriminant foymule, P/ ‘“-ITT # ";T 2/k),

, # L ,,k/k}

- ¥o now eompute this last mmam.c If/u s M 0 BYE characters
wk‘*mﬁm sonductors Yy *‘“ ? "‘i, regpeotlyely, then the
 gonductor of pups)ddvides 4 Lilax{e,d) and 1f ¢ % 4 then the
sonduetor of 4 18 Y 3‘%@’#)- For suppose @ < 4 then
| o B g4 @70 both trivial on 1+ 4, bt 40 wivial o
© 2+g? wmlie g 1s not, vhense o ot teivial on 1+ 4%, and
therefore condustor (/«/w.«.i = Y o the other hand if e=d

m/‘/“a iammmﬁzm i+ J4liax(e,d) » which proves
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@amﬁw@/«gwmmm@@/u WF(/E v 4X/k) 18

3y ror b g 84v It now follows that
1+55 wh

flom 4
g = 77;4' 8§ '

ﬁhﬁm oxiats an iz&%gez-, E*, =1 53&3 2 b, wﬁh i;h&i: the eonduc-
@/a %/’ ia ?1"5(5 ] If % iﬂ in i"‘l W W inmazl
oot In the sot (8. ¢ ) %hm%haemduﬁtwaf is
el ey /e ,
afzahsmﬁmmwxm integers, &, in the sat {s 2 s%a 8, )
Bueh thak & # -1 and such that O +4®)NT mmgm)n% K%

Mmmﬁﬁfaﬂ:& mwmmmmmwnahmew

3¢ The fisaﬁ part of m statement follows from the fact
h@m 1 )\n/« M., haa sondustor P % thenm = g(bt), wneve
B =iin . owd ?E/mg #k/k}, whense B! & b« For the second pave
Bf the rm mma, AT bt = b we ave throughy If B! < b, leot
“% be & ehavaster of i” of sonduetar 43 sy ey NE




0

Slo®liz/rs Thom there exists § sueh that S EMT v Ag the eondues
lomma that b = g4 > bl If b = »1 or if b not one of the eloments
(8yss008,) #his 1s cloarly lupossible.
2« For thie stabement wo first noto that if b > ~1 then gib)
is cortainly sdmissible Af b fs olther ~1 or any element neb in
the set (alna;sh)p From the above lemma gl(b) not admisgible <&
given a character, Tk of x%, trivial on i+ 3(1*&. thore exists

7 { depending on m ) such that M is trivial on 1+ g_b.; Hence
42 6(b) not aduiastble and xe (1+y INH_, 1Y% 2¢ 1+ 4™ thon
there exists 0, a chavagtor on k¥ trivial on 1%33""*’ such that
0{x) = 1. Dut thoro oxists j suoh thab (0% )(x) = 1 and certainly
Tix) = l,l.0, 0(x) = 1 vhich ia a contrediction. Henee g(b) nob
.@ﬁaﬂ._ssamé 2 (_1-“3 bm:sx_ ,kx*:: 1+ glﬂ”. Convorgely if

i??ﬁ»gbm o, /kii*é 1+ g"“ﬁ and if 6 18 B ccharactor of 1+ yb which is

tetvial on 1+ 41", thon 0 1s trivial on (1+ "IN 1, x¥ and 16
Shavafore the wﬂ@iﬁiﬁn so 1¢4}h of an olement of f?;')c};:, » Whence
Biowe oxists § sush thab 07 1s trivial en 1+ 4P,d.e. g(b) 1a not
Aduissibles This proves the gorollary and alse shows that:

(1+ gt)’fl e ka*c 1+ /33""*3 = ¢ liea In the sot (8y,..,8,).

16 48 emsily seen that O not admissible with respeet o K/k
® Iy~ 1 divides the vemification of E/k. Also g(b) not ad~
Haaidle <=> the group of all chavaetors of 1+ 4P whleh are twd-
L on 3.+33-"‘"*’ ia Juat tho restricbion bo 1+ 4P of the set of
olamants of ('6%:, with conductor 4**P,



al

The main comsaquence of this theoyy fs: (Lot 1+ '3
A P = U, dosigmatie ey, simply by "3‘).
hepren For b Z 0s )
e u«s-qel*m”) c:1+gl"’b) N x*
{b+1) -
208 (gt ) = ey PPy m
34 g{,’b} admissible with reapect te B/ > I {1+ :sz(-b). W 1+ lﬂ‘*

" Wo Pirst note that I 2v ls twuo then % (14 L
"i:‘k& gbln ¥ k% whonee 3% £mws from the pmm mrellmr

groups of £inlte index Given ae G, afH, then thore exists a
sraoter Xpof G, Mv’ia.l on 4, not trivial en Gf such that

mwwmmemamwmmmtmﬁm
ral elamenty X <a>1GY # {1}, lot b be & noneivivial ole
ment of the inbersestiony If the interseotion is teivial, lot
be any nen-fbivial olement of GF. Lot m be the perded of s,

n define Xan <a> by sesting X(a) =( 5 & prinitive meth
90t of wnltyy In the fivst case extend X arbitrarily (as a
ster) to &, thon sertal: Iy X{b} # 1y tves X not mm
R 6%y In the sevond case, & md b are zimarly independent, for
8% = b% thon a%eca> ot = {1} , whoneo 1= a® ﬁht' Henge

# vay oxtend X o <ayb> by setting Xm = {’y & root a‘fm?
’- mam to the order of b and then extond X arbilrapil:




ad

@@ v In oither ¢ase the condittons ave sabisfied, |
Yo now veturn to the proof of the thooremy 12,0 S glbl g o

» 1 %;3"5%& L+ B Q1 #f&*gfh})c 1+Y & Iebame 14y,

B¢ :a*gz'*h; then by thg sbove theve émstsa mazm/x of
w* suen that u{g) # 1, donductor of p= f;?ﬁg Then By bhe above
goyollexy A =ue N has sonduetor }93"4"5{&* 3; b¥ £ by Whones
pods i e W (1 40Ny 5 g g o tetB), gy o
Bt eno, hemgo a¢ ¥ (2 —as;ei*gb‘*} Yo Homee ¥ (1 ﬁ%& =
- 1+ rglﬁ; To prove inglusion in tho other direction, leb
Be(t +yMINT R men &= IRy we K% Vo assert that

He Ky (1 2B, 1ok abe any sharaster of K* wnien 15 trive
1 e %ﬁl 3 ,F,Hﬁ{bi') then A= ue ¥ for somes ﬁhamaﬁez*, S
of k¥ with the properdy that ?f/a #$%/k) divides Fluyk/ic) for
811 § betwoen ene and ¢ Lot 4“0 bo the pondughor B N
tho ontuotor of A1a 2 MEM) 5 g(n) 2 gbt) B b2

; 'fi%/u triviel on 3 wM’*”: 4 e&ﬁ"‘h >4& @/{ai 21 D

- Afs) =0 W) l) = 10 Tals proves the assertion concerning 5,
honse #< ¥ (1 + 723’*’3%3}«.' This complotes the proof of L«

2 Corfuinly 1 + glb) < 1 + glieads Ie a(ble = give1),

thon 24 10 triviels If not, let lég(h) < r 5 glbil)y There oxists
Mo eharactor A of k¥ trivisgl om K;f and t:.ﬂ;ziéuafisex P, ifa
acher, A, of K* is brivial on By (242%) tuen certainly the
uetor of A\ @ivides p; whenoe from the dASSEipIGH of ad-

PEy ' - -, £ , : +a(b) - v
lssible intéegers; the conductor of A divides ;2“3( )} i.e.



a3

ovory chavactor teivial on (1+FIEY 1o tutvial on 1+ 23¥6() 5
{2+ PIEE > (24 ;el"‘gmmg Inverse = - lusion is teivial end
taerotore W1+ ¥¥) = Wae2 ME®)) om0 (14 4 1) e
provos 2y and In addittont (1s p8(P*H) 5 1 LAea(b),

6 4 E‘Maﬁmu of sonductor of Soxs of W y

e i:ha 7 ory of the mmm mmmmm gé%’%aﬁ“mm .

Zava, RGO Groups axddl Gonduobors®,
-"—-'*ﬁﬂﬁhuwﬂ- m?:.l) pp-x?%als ?e%a
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Looal Root Ihubors

In tho following k is & 4 -adic mubor £101d, If X 1is & char-
astor of k* of condustor 4™ and p is a oharactor of the add-
Lye Wﬂf of Lk which 1s trivial on '3“ but net on g‘*“’*
(e y°is U, the ving of intogers) then the root muber,
{X,/f}. of X with vespect to ¥ is defined te be

(ggﬂ) -7 x‘w/&{_gn,)ﬂﬁ)/’(x) F

e U is the group of umite of kv I¥ n i onmo thon the root

dber is & Gauss swm. Some inberesting propertios of Gauss swus
mye been obbalned by Hasso and Davenpovt(0) and those shall be
stated shortly as wo shall havo oceasion to refer o them An mube
quent parts of this work, The major portion of this ehapter

11 bo devoted te the detorminabion of milbiplieative sxpresaions
* voob mumbers for which n > 1s Wo sball refer o 4™ as the
nglor of the root mumbor and also as the sondustor of the

wibers appear in the fuetlonal equaticn of the

ke Leserics and even more oxpliecitly in ﬁna ﬁmtzm.l lep T O
oend gota funetlons of Tabew

n lot y& be the eharastar of k'Y x - y:«ah




s

£t 45 oasily vosafied that (X, 4 ) = X{) (X,p)u s = g,
3t follows thab (Xap) = X=2) {Xop )
Th is shown by Hasse nod Davenport that 28 X and @ avo chave
ters of eondugtor 3 and # is the srder of tm ragbrietion of
- X %6 ¥ thont 7T.,, (8 X/ 1 = (8% p™ )T, T XG0 wm
Fha Sonyenbien @ha‘h i X, i3 trivigl on U mm {Xosp) = ke
Furthemsove 1f K 45 an wrmuified extension of k of degree v then
gubjeet to the same conventient (-LITMX-N,, ,po8,, ) =
X Ve
1%t is ghewn by Tate that the rook mumbers ars wrdmodular,
ﬁ'ﬁfé iz vasily verified forn =1 and for n > 1 4% 15 mn eagy
§§m§ﬁmaaa of the statementa of this chaphews
It 18 mn wnforbunate fonture of thig theory that the vesulia
peud upen whether or not B 48 svens If 1 1 even then the theory
8 auite slmples

ees I¢ (X, /) has conductor 4 % then thore exists an ole-
b & U uniquely determined modulo 4* by tho sonditiont
Wk g) = X {1+m) or w11 Be /g”-_- For « so chogom,
ifle Yo} ploke

Yor g.ufc € 4%, ?( {13) X (14mt) = X (2omtat + 359) =

X tisstat) g aste oy 2 e 5= X(lg) is 8 sharastor

P the addibive prowp /3( ¥y and therefore is the restrintion te
oF sems ghurastoy of X'« AS ¥ 48 not averywhere frfvial on
# Lk Tollews from Tatels Thesis thab theve exisbs = u* mupn

b X {148} s¢lom) for all #ey¥u As 4 poineides with the




Qb

ng x> X(1x) on ?1’; : Low condu

_f% is the mwﬁmﬁwy ﬁm o mﬁthﬁamm;

miquencsn of o zwdule 4 mllaws fx*am the faet thap 40

/,’a i,aismﬁalmy ﬁhmﬁg clg g%ﬁmmepe ¥y Tnis proves
19 Livst agsort sorning X v To eomplote the m’aﬂ:‘.’ we note

) p— iﬁwm:gh a seb of mw»mtatiwa es:' U medulo

ﬁe g X(l-wz 1) Z2C wx“"}*) vhenee
T ) =m0 Xs) 2 o P s,

3 S oVor W uay be considercd as the sum over gr/n& 2”.92
aeactor of that group and thervefors the sun i sovo unless
? gharactor 1s the prinsipal ono, L.0s unloss Y {(l=xz™)w)
se: for all w in ¥ 1:'! iy wnless 8= « mod ,gP‘ b <
< mod ¥, thoh the swa over w iz Ny ¥, Tadng X to be the
osentative of its class modulo 4 ¥, the tueorem follows.
The situation 1s somewhab wmore camplicated when the conducs
* 48 an odd power éf ﬁm- prives In the following the poot mus
' hea conductor g , ? » Os The above wmoethods pommit the
lowing veduotions®
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™ heve oxlits an slement xe Uy wniguely detsmmined nodulo
?fg by te sonditden: X{l4m) = 7 (x3) for all ge 4™, For

(Xpap) = t«xm«z (g )¢ B /g,,,mm (s),
"'?réﬂiaaly as hofore 2 = X {14s) iz an m&mma gharecher
o 47", donge X (142) = yf«ai for all ke 4 %%, for same rixed
Sloment X& ¥, fs besory, fo bas the same gondwebor as ¥ , end
thavefore % ig & unib. The uniqueness of & module y ¥ folz.ang
from the fach that Y triviel on 4™t supises Py <y dAde
sh fmplies thab ﬂ g « Thin proves the first part of the

2 w,v,8 run through a seb of mpz*esentativ*ea of U modulo
g ;g ¥ module Y 2w+l aud g - modulo fg mamtiwly,mea
) puns through & set of representabives of the vesidue -
asges of U module ,& 2+, whonce (g S X, 0 ) =

A} ws 2 X(mg)/’ {udz) Bvﬂ?} X{l‘* é"

Ty ey el o s w/w mod 42, wence the

part of the shove expressicn is X (13

=g . (1= 5wy} = [ Hu® 20 u-

B ety = (00T 10 uee g

L _- o( se;a %e the m?ms@nta;ﬁm of the eluss of « méu‘m /g ¥

X(«x}ﬂfx} ﬁeg/r:”“ 33)((3;%334
¢h provos the lewasy ¢



Po couplete the gempubation of (X s/ ) wo mush determine
Bgayypoto B X (5] = 3, Ao 7%%) X 7¥%), 7 botng &
pedvio olemont of kv For xew, lot #(x) = p («7¥z)X(1x7¥)s
& satisfies a simple fumetional ocuabiont

Hxext) = s(x)e(xt )V Amat) , a8 1o casily verdfieds

T4 follows from the funchbional ecuatlem thab lx) depends only
wpon the residue class of x modulo 4, and is 1 If x lg congruent
%o 0¥ As Y g 18 & eherecter of ¥ whieh is trivial on g bub
ot on U, wo pbtain by passage to cuotients a function 4 on the
resldue elass £4014 & and & noneirivial additive charaster,G,

of £ such thatl

{1) 4 meps ¥ dnto the unim
{2) ato) =1 |

§3)  Almext) = Alz) A(=t)0(=xt)

- Functlonmdy of this type shall be considered in some detail.
e resulbs will then be applied to the function & Wo ghall ro-
to swas E. L A(X) as A-sumss '

It i Interesting to dobormine some of the ¢onsocuences of

p fupctional oquationy

RIIL k is o finlte field with q olements snd characboristie

0 15 a non~trivial sharecter of k¥ and A is 8 mapping of k

the complox mumbers which satiasfics the funetional equation
Bhan | if & ot every vhive yro,

AMax) = {alx) }w 8(r{r=1)2%/2), for sash integer r > 0.

¥
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{in Tact inse the

3+ & mapy k Into the wimodular couplex munbery
{ps2) roots of unity)
e If AY %a anoher non~trivial solubion of the functional egvabion,
then thore oxists wundoue ¢e It sugh that A*ix) = Mz} Tlex)

e 1812} = Ble) 2 ka(xi

5e I,..%” Eﬁ{;‘&}l =1

{
|
|
1+ Pollows direetly from the funcbional equabtion by setbing 1
%= x! = 0, provided A(0) # 0. But 1 A(0) = 0 thon for any zelk, j
Az} = a(x+0) = A(x)8(0) = 0 wateh contradiots the hypothesis
that 4 is non~trivial. f
__ 2+ This sbatoment 1s certainly truo for v = 1. Suppose it ia 1
| twme for sems £ixed k. Thon a({y+l)z) = Alrx)alx) Tleel) = f
()T T elzzl))) = (a6 TR L8R witon proves J
the assertic :
3 Lot p be the chavactoristic of the field ¥, then px = 0 z
1
|
|
|
|

| a1 = 4(0) = Alpx) = (a(x))P Fi”"‘%yﬁ’i’ "{ (4117 2ar y 2
(4=))2 B(x®) s p = 2,

For p # 2, thorefore A(xz) 13 a p®® vook of 1, while for p = 2,
Bix) = 31 whence 4alx) 10 a L oot of 1, which proven 3.
e Por & and A' ae indicated

) = (5 -.);xjgﬁn)(gf), shence 4/A% 48 an addibive. eharaster or Ic,

navacters arve mappings x <> D(ox) for sudtable choice
of ¢ To complobe the proof of Iy, we d&ﬂ.mi:kw Fourier transform
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of a couplox ywalued function £ on k to be the function Plx) =
Zg e 1F(8) B(xz)s The inversion formula holds as is easily vewie
4 for the funotion 8(x) = (/g for x = 0 as § 18 the unit Punstien
{G for = 4 0
w&a@ Wmef the undé function is ageln §. Por the fwnebisn

A wo haver 4(0) a‘%- Z, alxta) = Alx) ‘%- 3, Mz) Tlas) = aix)bix)

wonse Alx) = (0] A=) (as [a(x)| = 1). Assertion ! follows

‘ B+ By the xavmim Yormniia

= AO) = fiai = A0) &(e) = Iatcf}/ vihenee aasertion ©§ follews.

& gonpletes the proof.

In order to give: an emplicii | representation of the A oumg

or gonsideration, it im necousary Yo ostablish a resuls analegus
that of Hasse and Davemmort for Gauss suns. Thely result pave
 volatlon betweenr g given Causs s fa0a findte field k and

o8 may be used.for iwtiz swag, We Lirst note some siwle
riles of the sosond syrmetyie Dunotion 3‘3 ﬁ/k:’
extension of finito degres of & ground £leld, k.



ﬂfa:cﬁ‘ ﬁemam, ﬂgmtmmalm&m cnaraatwafh, Aa
non~ teivial solution of the funotional ecuationt Alxty) =

L alxlaty) Blay) (for a1l 2y € k)v Zob 0 bo the additive char-
| acter 0o Sgne °F X and A' tho funetlon (4 e Sy )0 0 8(2))
. K et gla) =3, Alx), gt(at) = Z, o pAt =), then &' is
. 8 non trivisl solution of he ﬁmaﬁm equationy Al(xiy) =

L MM x)aNy) Tlay) (for a1l myyek) and

- g¥ (1) = (wgla) B

S Tetviatly, 4(0) = A(0) 0{0) = 1. For By e ¥ froa e

rovious lama, At(z4y)=a(8(x)+3(y)} e(s'2) (xl*ﬁ‘a?}fw*ﬂ;g ﬂtﬂ

#At(x)at{y) Ueizy) which proves the first assertiony
For the sewsond assortion, considey ihe pal&mu&ala with coeffs«
elonts in ¥ and highest geofficient 1v To overy such polyrounial

FX) = Wg @l 4 o qB2 4 | o o "n » 6F degrec » 1, we attaeh
the muber MF) = é‘%} 8ley) 006 8y = 0 4L nel)

mmwmm ¥ on gbove and P! vhese thres ;Lsaéing e
dcients ave in ovder 1, dys dy, e have FPY is & polyncmis
maa threo loading ceofficients ave 1y glwi, aaﬁﬁfﬂz #

MEFV) = afgféi} gfﬂg‘*ﬁ%"ﬁg) = ME)A(PE) by the

A830 propevdy of Av I we denobs by nlF) the degreo of the
£ (9) Av Weil, Bull. Amery Mathv Socy vol5'5'[l9h.9)pp.]+97 -508+
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yromiel I, 8 : torminabe, this gives the formal
hwtito® 3+ 3, N#) ) o T 6 = M)y
whore the swm in the left alde ig #altan aevey all polynomdais P
ovor &, of degree 21, with hiphest coefficlont 1, and the prode
wib 4n the right hand side is baken over all irreducible polyneme
dals P over k, with highest coelfisient L.
I thw sun on the left bhand side; considor fivet the borms
yhich cerrespond to pelynemials P{X) =X + ¢ of degreo 15 the
pan of those terms is equal to glé)Z. As to the sum of tho tepms
rresponding te ay glven degvee n > 1, it is soro since it s
gn z, ?A{x)a(y) = 78 o(8) 5 8(3} = 0y This plves

1+ g8z =Tl (2~ AMRIZREPI2 |

larly if FHX) = X2 4 &J_xn"l + % + 4, 13 a polynomial over
we weite \(FY) = at{a)on(dy)
| taking anothor indoterminate Z¢, get the formal idenbity

3+ granz =T (- Npnze@®tyt
) the preduct is taken over all irvodusible pol;
E with highest coofficient 1.

‘Lot P be as above, leob PY bo ono of the ivredusible factors
P over K, let -t bo one of the voots of PF, The % goner=
8 ovor k an exbonsion k(t) of dogree n =al{P), amd over K an
sion K($) of degres nt = n(PY). Froa the wniquencss of oxe
g of k of given dogreo; KNkld) 15 on extonsion of I of

d = (myn). Henee deg K(b)/X = dog k(t)/Rne(t) = n/a,

o n{?l‘j = n/d, which clearly does not depond upon the cholge
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= m/dy .

Vo sssort way NP1 = AR For t0t =g 60
b= sg%ig)/g{ﬁf Then X)) = 32 4 gxﬁ‘l ¥ w_ﬂ»ﬁ + “ﬁ ‘ : W

; _A'{?_l = Aa)e(b)y Similaviy, if ) = 33@1/3%}‘ ‘*Maff E-{*‘): |
have )\’(?’) w Atl{a¥)ot{nt) = | '.

(4 0 SgpMatilo o 35*5%3(&*}(3 o 8, )(bt)

(4 & Setyynd(6) o((sE2) o Spiy ) (8) + (o0 sB)) 0 80)

et = Bute)n® Seip) e (8 = ma.

¥ Skigg/kmm * Spcepmed 1RF = 1Y) t?)
= (31 + (U124 8,04 4162
» provious lomms 3&(%3/&533) = 4% = 2, whence

¥) = a(Fa) of 205 = 1)82) o(2 1) = () (212, as 10 verte
d by moans of the Punstional ogation of Av The venainder of
Proof 4s aa slvan by Weilw

kis a fﬁiﬂ;ﬁﬁ field nob of charagtoristio 2, leh 4 be the
of & loeal musbor £iold of which It 18 tho residus olass

7;"') = 41 gr ~1 dopendl 5 upon whother
was He gas
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g, For aek¥, ¢ a non-trivisl additive chavactor of k thon
3, 1 2R = 15) zxékeiw?}.-

ig) =3 them a4 12 = 12 go that the asserdlon followse
($) == on k*= P20 ax*® and as 6 ¥irtviar e have

) ¥ B 0x) = 0(0) + 3” r2lx) + 2o Olaxd,
3 o PR = 0l0) + 23, ,000%)

gsk 0(ax?) = o(0) "'33 k,,gﬂlmig whonge

‘ e 19 + Zy e 1 0lax?) = 2(0{0) + 3 k,aa{x} r@z k#ae(ax)} % O

eh proves thwe lomumn.

With tho aid of these pesulis wo moy dotermine the A-gums

1 Lot Ik hﬁ‘ 8 findte £isld of charneteristic P and of dogroe
ver the vationsls modulo Py Lot y bo the prime of & logal yum-
» field whose mazm elags fiold is kv Lot 0 bo 2 non~trivial
itlve chavasber of k and A & non~trivial solution of the fune-
fonal. equatilont Alxiy) = A(x)aly)¥(xy)y Lot R denote the wabione
I mubers nodulo p and lob .

bo the addtiive a;zgaraam of R defined by 0,(1) = LY

be tho additive chavacker 0, 0 &g of k

7 be tho unlque elememb of ¥ auch tmat 0(x) = olty =) for
mewy

For 92, 1ot 7 be the unliue olement
= B(E +vx) for all xek, thom

of k such that



P*'xe
‘/'i ﬂg.; ‘/:,_3: = %
Pox p=2, let

be the unique squave root of 1/7
7 o the unique elemont of i such that A(px) = At(x)e}(7x)
¢ A3 is the function (4.0 8, £)E, o 31;53” on Xk and
8, 45 tho funotion en R dofined by [4,(0) = 1
8,{1) = 4,

‘/‘i % €k Alx) = E’Z 5( o )f(*llﬂd'

3?#‘3#3@1% Aylm) =T ( £ - § for all xeRs mm,ex oi57) =
)%(y)ﬁ (W} i@’b &’t = éﬁ e %/ﬁ)‘g £ sl?/ﬁ}” ai’uawisﬁ.an

F then by the providul thoeova {w “Ze ¢ 2l (®}F = e e phiixl.
rr meky M(x) = 0,(= 1(80x)E + 82N (x))

=T, e sHE )= ‘%ﬁ-’-‘-iw‘é‘{ )y

: by the mm 3.%&; _m . kégfm = (Z ii'ké k’gtx‘/a},.,
4% be the funetion %m-’é’ixa/a} on ke Bpen At oeblafios
sae funstiongl equabion ss 4 amd the

the m oot Sur i Last
tiomon 7 18 Alx) w&’ﬂxj%”imi -

ﬁr/axg Hﬁzi’f*”"mﬁmix) 3‘3 Al
over i The e
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% +YE) and by a claceigal resmulty A, plglx) = 2%_{1‘/&?
Fia,, Fe?) = (20/F [{F)v as (2 = (F),e0m0rbien

I#“&s As 8,(0)=140 (1)= <1, 1t 18 teivial thet 8, satiafios
fumg m squation %tmrﬁ = %tm’%tywywh m by the

whpt=) = (12 B L ret 4t be the funotion

w Alp %) on kv Thon At (mwy) = Mpxtpy) = ﬁtﬁxiﬁ(ﬁﬁtf =)
a*fxw{ar?%(w) (by sholoe of 0 )« Glearly, Mka. (z) =

k&tx) auy % O« M&*m%a&mmﬁwamﬁmﬁm

tion, thore exlsts & walquo clement Ve Ik sush thab
z) = 44(x) = APy =) = b3(x)03ly =} (as p = 2)
. E&*{x} w‘&é( Y 33&@‘&} {tho mmus being over k)v The
| m&uaﬁeﬁ the aﬁmms. we r&i:urn to the problen of ovale

g roob mubors whone ¢mm 18 an odd power of the prims.

8 I k 18 & g-adic wubor £i01d, 4|2 (X, ¥) & voot
of gonduotor @&”*1 (v 0)s R tho peadic complotion of
tlonal mumbers, T the inevtial subficld of /R, ieb
additive chavasher of R of conductor p ot St § ()= 677,
! m:mm of I unteuely determined module 4% by the
Hond X(1+m) = g(«8) far all pey ¥
vime eloment of I alse lot ” be dhe unit o fn P




ol madned medule p by B condition th
y I« r ) = {& o Syt 7 x) for all xe C; eém the rivg .

Yl rTE X+ 277 = g {arUE 478} for odk xe 5

WXap) = X PO PP ZACFE NN TN

_ ___'-# «Eﬁiak,ee% be ghoson sueh that sy mg
- by be the fwaction en G --iﬁlm%ﬁmg‘m
Uy (shere Up is the group of uni

B

43 vo the fmotlon {4y o Sp/p)(0, 0 5§20 an ¢z
3§ be tho charactor 0, @ Sgp @ a
t there catlats an Integer ¥ of T, wniquely detewmuined mode
6 5 such that
e ﬂ“ TI'”"@ 3)% fi-lx,e ™) = &g{!&] t Yx} for g1l ze (_;_

(Xop) = XCOp LB K72 Far™t
wm:xsmmmw &awafthﬁmﬁm«a.}

£1e1dv Tas snalogue of the Hasse~Daverport




3%

welations betwoon roob mmbers ﬂf dfforont fiolds will be

o m P#F 2 it is possible to wnily to oo oxbtent the fore
for the root mwborsy The result is stated without proofy
Xap) 48 a voot wmmber of conductor 4™, &3 1, Job & be
smellest integer such that 35 » ny then thero exfets a unid
w01y dotormined module ~ ™ by the cemditlon
Xa=2) = glatz +@8))) for all se 4°

{ o )= X‘“)}”&fx} s

Tem1 if n is even

t=( ﬂ WAEN @ e nﬁn“m% é 7 o8 dafined

shnboment vomalng valid 4 5 iz taken %o be n 1»[3-]
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In the following k $8 & local mﬁﬂm* £ieldy K 18 an ahelian
mlon of degros vy { T puvey Tm) za the groipoof shavacbors
dnieh ave teivial on M K% XY i mmmx*w
and © i the £1e1d of eoplox wmborev Following i‘m; &

-~

el caplox valusd mmn,ﬁ, o the group of w&w
shors of Wy Wo mmmmmmmmim
poup of quasiegharactors of E* and the corvos; ;
assoolnted with he £163d k by veforsin

to w fm as
and te the labber as 4 v Iob © bo the grow of all quasis
dbers of X which ave trivial on Kyv Lok Q. bo the cmp-




%{X)iaafaMMﬁwmwmmamiamﬁ
e e

nds only Wm the emstw# Purthoruove 1ot £f bo the rele
- wesidue class degree and et the velative rm&i’iﬁaﬁlmg alse
p b the prime of the rationals vhich P divides and lot o

the lavgeat dlvisor of of whieh is relavively prime to 2p then

CK(mKK) = 1 it m=0
kG, K&) (14_2)""’” i m#Q

el’!
4¢ 2 doos not divido of taen

| Kl=3,B/) = (et e2e2) wiyd (Y )

It s vomarkablo that the first statoment mbeve, which is
mmjor vemlt, could be easily obtained 4f it wore lmown thab
= %X}»mw:wmwmmmmm

on without proving ene

"
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. K= £iold of complox rmmbors
- %= 21614 of $eal mabors

0 gonorls o X & afﬁ*tz*iﬁalmﬁk is
| ?Gﬁa '-ﬂ_*-'x‘-gg amifw Mammm

x - [x%|®

x> x| ’ﬁtﬁﬁ.@. x)¥  For these chavasbers

_ Y it sl '.".fzfa.gi T'{s)

: () = 2 0 gan( T ) T(a)y

g woll lmowm proporties of the gammin funetion 1% is cagily
that Q(X ) = 4, whidh dieposes of the archimedosn priwesy

ﬁ»&i M}xl*xmamﬂmmhagm
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wagber X - mfw“&mﬂ of R«
ud 35%/& ﬁf%’ﬁ'/‘ hmwzwwwk*m

= oot nupboy as wmm%wwm
; ir glF‘i/u}

= | NgplT
:/f_(%._ 12 Y )

T 4is an arbitrary prdvme olamont of by

netation is used tu wnifovmige the troatment and of evwrae

& gyubo :t/« sfr-d ) has nono of the proporties of root mubors
{p) 45 nob diviathlo by y

| For K/k abelisn and X & chavactor of E¥ teivial an Eg

EX3 - Teonex {Nm(ﬁ Fe) /"(7’ WJ’Q‘FW)(M %-ordil’t/d)}

T NalF@) z xm-vfwwv(x Ty e )
quasi=gharagboras of k' vhoge ma.

_ Trmmmmemwfx,;

& the standa S wdittvs shsastor 48 K sl avd seeus oed,

k'mmmm&‘ﬁmmwa&ﬁaﬂiﬁwmﬁm

o By Tuonex Phpoe = B b7, BX )




3

_--i«?ixﬁ = (i 0 By ){d T, #XD
"%/ﬁf/’m ']Z“N}-‘;{/‘ R 77-,” - X HE/R"ZF(/“”W

) = Lottt LA ) i)
i X(.ﬂ.-m};F(X)) (X I’n-—orJﬁKF(X))
ds velabion wey be gresbly stwlified by pvéper chelee of 1

R/ 45 eithor wimitied ep purely remieis

}xfx/k@mm&mﬂxwrﬁwﬂ 37 tmen
1Y) = {,mémﬁm@m}ﬁr Sy - ,,.]/(X Voeiim)

(0] I£ 5/k Lo puvoly ¥amdfiod, st 7=, ]| mea then

4k X} = [Tfu (p Va-ordy F(/‘")]/( X, Pﬂ'-on//s,(/:()())

boths orsey the produgt being over All quasi-oharssters of It
popenibion widh Mo, s X ¥

Z‘ x& ﬁé = “30 hm ﬁh&m‘@ /14 4 ﬁﬂ/k ﬁ/\/ @

iw ’3 * Mae ﬁsz-w@g,i.%wﬁq,ﬁ,( ¥ Henge 1t euly
3 ’Efrﬂ ﬁmﬂﬁ’ (/”o fixe_d,/uo_ o 1\]' ,. 1 X )

—/7/—;/44(71’—4—/-4") _ 7;7"1(/%74)(,, ) (77_ ({)) e
- X (e (4 (p.-d-/—m))m *
. ,@ﬁi mothed fop Wﬁag 77'_, 7 (m) WilL be debey-

sibgoqently, %ﬁt in this case we nay seh 7 “f’f {3gdsn)
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s 7 18 en unraudfied quasie-chavagbor sush that T{7) = g,
rltdve neth root of oney whence by an ﬁlﬁmn%w compuboe
m AT ) = (=13 Mo fivet stabement Pollows ammyf,
é‘b? As R/ix 1s purely vamified, s ¥pn A7) is & prime olemon
k and wo mgy got 7= k‘T « Again lot w, be & Pixed chive

K/
» of k¥ sugh that 4, @ M, =X'¢ He nood only compute

77;” (/" TJ)(T'”J"% F(/‘*"frﬁ
X (T - A F() “‘

r) =3, X(T) =aulr) , this 1s stply
| VAR %’g'?% Pt AT i g0 e’ s

-%?m} =l Blu) 9 3 omd, Fla) = oedy (G BX))

w G=durk P wayd mondd +n ana,d (vt

fact that B/ is purely vamified).
In this way the preblem is vedused bo the study of root e
e now sanslder the wiranified casey

”‘/“ Qﬁxfkl ’5“7'{‘:’ T trivial en U , "’U"J =5 , a prin-
fve neth poot of v, = y? , F(X) =p¥, Plu ) = o T

'{/“5} 2 A8 the get of a1l aharmtm vhose pemposition with



X3 tﬁmimﬂiﬁﬂm} S ET: (/u s / ""'d-'-'m) £
(X, Zyesim)

Nt

1y mm =y
(poed, fped) <[ 1 F'{;Trr):a']/ (- pcmss]
(%, Zya) = [1- (il /G- (o]

bgnoe the right side of (§] f» 1v Hsnce for m = %, Q(Y)

A o divides Plmrd)y (AT,%-em)  1a & vooh muber in
§ sgmse of Ghapbor IX and theyefore depends only wpen tho
viex of MY the group of unitev I follews thet

Gl XY (eyieeti ey Ywsrt-m)”

{58)

shapacherds ¥ = V¥ B o bonoe sotting
Vimdciem s &= + Wolave $Hyo by
A the right side of (55) 26 {2 wl™ /L 80y Wo assort that
patte g ()@Y, 5o yug this is the result

%6 and Deverport stabed In the provieus chaptery Henes
asswto that o > O¥

ave extata sugh that v(1e) = §lax) for m1% ge 4%
Aimi/ay P we g Xttow) matisow + 805 4 v W)
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-/‘(% + 8y W) = o5 lew) =Blocw) , an Sepd #¥Ie 4®

{ z'tr”'jc ,g;m for §22v It fo

o Tep ) Lo 0 8., M) = ula”) plnw) = (mfx) g «))®
w}n; vhich proves the assortion for (ml) ovenw

lot ® =n/2v There exiota «< Ty wilque modwlo 47 sueh
5 pllve) = §lxs) forall ze ™ Por 532, Eé’}é ("
we =L, X +w) = uoula+w) = pmla+ s5(w))
= {§ o 8){xw) = &{xu)y
- usual 1ot R be the peadic complebion of the rational mmbers

Mﬁﬁmyé ¥ wndque modulo 4 @uch that
P 7 %2) = (0, 0 Semd7 x) for x<(f
= EN W’t E= Wﬁ it fellows thab for xe U’T, ¢ sx/gfg}

divide 2 and these that do nobs
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Theve sxdsta Y€ 8 guch thak
AR+ 27T glxrTa) = gla 7L ¢ rx)) fov et x e

pka + 77 8(a)) ol a7 sls)) 4 (1 4 7 252l (a))

b V<«1Qn£ %glf‘_ 75(2)]) 7(«”"‘"}‘”{?)

¢« (E 7))
ok £ be ths shaclute degyoes of Y 4 We obkain

40)7, {0 pe Gy (2 VRN
') B X Tl r¥a(3Z) S tenk
Byl
L “z.ga ‘J?ﬂ?_f;% be as above, Lok
- the funotion an G defined by Aglm) =1 fer xe 2y,
_ : wi for ze Uy
bo the function (Ay & Bp/plle, ¢ B37) en )
bo tho funstion (4 © Sgy )0, ¢ 8820 an ez,

- (_l)m-/_—

==

I) (m-0(m+i)

be tho charactor 8 # 85 o O]
as & function an U7, » (A% 0 85y 0 }{0V o Spy/m)




(4 o "’?’%'/a’ (0, 0 53] o Sﬁ*/*r”a- o 35p 0 35%23

(4, o 5.«;*/3)(9 o 3@;/53 = A%, Loy A" may be abbtained Prom
%mmammﬁh@ A% im ab%mafm%

__ %aremﬂbaaunit,/g;affe such that g%z :/7 mod 4
md thove exists Ve U2 aueh that for = ¢ )

/;{,"ar"'x + 1)glap 7¥%) = A*ix)ﬂ’(th

Por x 5?.9.,.' (precisoly as in paregrash (a)) S pclx) =

ypi=)s

s$2)(=) = s§F)utx) ama atse

/4 © Hen 1+ ﬁ#”x)ﬁ--a Spnlap 7 ¥x) =

/«tz.. + Sl r7x) + 5828Ner2)) (g 0 8, ) wp rPm)

e,«  + 8y lp 2V 77) olSpplepx)7®) pls + 72

A (x)) 0T Sy () T7 FaslBazy) =
® Sny/p)lx) 880 26, 0 Sy )7 88800 2) (£yem darng

m oty )
‘_I,__‘a'j_i,ax)# 7/ aﬁ)ﬁ:&i = &ﬁ/yfx} mdg and as

§£}£ /2 =)
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e {y(w/uwm“’)('“) ‘et . (-o’""(é:(f))m
F) FWXWE W) o™ 2 (1)

= P @O TUY) wtents (P e an(y)
f = {te -%-i/gﬁi Y Mot o 3-‘%%3( Y ) waMny) e gerly )

= (Y Ve im tne m@t that Ye © and using ope of the olow
bl pogg il W By w?

Itmrﬂmmmmmwmmm@f {88)
MJ"W" (1) a thevetere for nm. QK/ (X } = {mxia("‘l’,

Yopma E/k of aag:m n sad velative vaulfication o then
S%E/ki-‘#’ lcym'® mtsg [1%&_4]

(4valid for X/t not noymel)

Is E/k: is wm .i en fnkoger botweon 1 and nel and if




Ist 7 be a prime clement of k and lot ,Z.,‘:m #* « The sot
811 A€ X puch that %ia;nmiccz ts "%
¢ s{;“‘;c'g @atv‘”.ﬁm}cq <is.w> ﬁ"”?’s e

ﬁ&m and ﬁhﬁmrm V mey be apli‘b into mnwvewmmg mw
olsasosy There are ab mest n subsetas in eaah equivalonde
wﬁawmmummmeﬁmmwmmm
3 apmebly n subsets in vach equivalonce clngss uppose othoy
then there oxists a subsel Xe ¥ mﬁmelmmﬁawﬁha
» such that of = Xy Hongo 1f 6€ X them 66 € X Lok <o
e eyelds group gonorated by ow It follows thab if ane eles
_-ﬂf &ﬁghh goset <o>b of <o> 1ies in Xy then the whole
avtadnly X 45 vovered by right cosets of <o

. ¥e evorlap and we have shown the gocets which mesk X
'm}.ataly in Xv It fellows M the ordop of o dit?iﬂea Js

_m n ﬁaﬂmﬁ auhaata and 1t follews from tho wmuam
) and o oquivalonse Gk for fe %y 8 ‘ﬂ.ex; 45 tho om




5
; sopyatien that 0 s nob adulsoible if the intorsco-
pdon of U, with the noms growp 48 (I+4),iwov i

for 12§85 n-ls

‘The cemputations ave groatly simplified by the existance of
T4 & prime olement in K sueh that 3 + (<L) 7 g the polye

o fack that k contalns the n~ih reots of unity end that
oxlaty T , a primo olemant of k which lies in t0 nowm.
¥ Then the splithing £1e1d"ef the above pelynom

e 1 and rasifieds Honee KV 1s puroly _
&0 the M igfr} {3+ 3} with the wiques subgroup of ine
n of the (Ny 1) Foobe of 1 in k v Hemes K = K¢ Furthere

wo iy pletc /T, a prive olement in K such that 7 = %ﬂ'}
APAT ¢ mts ahotbo of 7 and T wALL be used Ruwoughe
the mualysis of this ensoy




S

tandard additive charaster of R
is the chavagtor © 1 o n*
s the chavastor 0, o 8y of TV

#he group of wnitas |
s the funobion (4, o s?m_;g% & &é%} o T2

bor of Wk =4, A= 2

m 4 =g" » then 9= """

mm@mmawz:“mmm trivial on the nowm

, w is ayclic of order ny Hach nomstrivial characbor
roup goueratos ﬁhe gzﬁw and has conductor 4 w Honce

9 notation of Chapteor I, 31#% ngwa_%a Lt W = Oy

thererore the integors adalssible wiih respach to E/g are

ﬁ; nl, Whore ¢ yune thwough all inbogers srestew than O and
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ii

EXY 5 (/u; Yy-d) 77'::/( M@rd—)
%5 ? (X -?T["md-—a'u) ’ /u J

Tl T s W =y,

= - le—/“‘(ﬂ'-l) , 1= X(ﬂ-)
i —md-a'w) ! M (m) /- NP-IX(N-I)

4% o 24 o Qg/ (X) = W;‘Z,""{ s m)( "‘);er-a-f)f

3w vl w i » ¥hanee (77%y4,..) = T’(")(T;z%r-d-f)
%/R = {fr# H-ae ] fernws 2y

ﬁm vrovicus deborminabion of fnmbegers admissible with
b to Bio, w=nby &2 Oy By 1he: muaivein of Shavkew ¥.



+b

fho condusbi o8 4 =4 70 (05§ 3 xedd, whence

o | |
0 %ﬁ X} = IJB’ (,/“ti/ Yir-o-1-t )

<.X) ipﬂ‘""(d-fut)) _

fiwoe the denamtsator 15 (X(aNEANEL) 5
Kse X{a) = (p {(<2)Y% It follows that iIf we sot

= /”-J-/-t s &= _?7,--4-/-1' » thon @=9 o 5% and
8t X0 5 [T (i 9] /(X 8)

- Sonductor of X = 24 Ngw Ny , hence

Ng(X o®) = 3 v A1 2 ) X(z)olx)y Taking as representatives

the residue olasses of U, module {3+%) the (Wy+1) roots
1 4n B 411 of which 1le in i the s on thy right booomes
Y Aary ) 1 Hxdo™u) = it "5 Ty whense

G pl X = [_/T o (/“Tjjﬂ)]/(/a“,y?‘) » Whichyby a provie

queted repult of Hasse and Davempert, is Justt 1.0 (v7y)
£=0; ¢=f and thorefure the vesult 15 the saue as fov

Thore oxlat:

X € By, such that
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ties) = Flxz) for a1lz ey ¢ From the ostimates on

seos it 18 readily verified thad for @z&é?w E (anb) /2,

pave S(eye 3, alilwi o 4" zar 2 3sney,
e 4", whenos  X{bww) = ula + Ste)) = Fx Su))
= & )y

gn vy
lying the formmla for the 'z*a@fb rabors;

ok X) = ‘ﬁ%fﬂ P e « e

=

WLa2v  1+b oven, =2
the cendustor of X 1s 27 , (142v) of coures eddy
T BT ) & =T *y cortainly md 2

in the provious case there exists wnit X in % such fhat
v8) = §loa) = (nr)(arm) gor a1 <y

e Py ovd, Slw) & (144)/2, qrd o B{w) 2 1+h, whonoe

Wk} = p (1e8lwiwi(n)) =p1esl)) = Flx s(w)) = W au)y
exiats an eloueny 7 of T sush that B« 7¥x) =
o Sp/g}l7 5) for a1l xe U v Hence,

-2 gwg;(? x} S‘g{d{‘i)ﬁy f = g)(zo( 7;—%3) for xe , a vos
} ¥hich we hold for future usey

there exlate Ve O suph that fop a1l intopers x
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OO E (/‘rj) (1+z) “??‘(N 4] for Be #mt}/a ¢ 88 T ls trivye
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o B é(«ﬂ“ (£41) 5 Xia + =T« 2T % vstng the reis
blono Botweon X and s and betwosn ¢ and 9y the pight side bew
eéfx stx T %) ALt T8yt %3

gl stx T plwst=TH)) /«emé’ﬁ} = Pl £ 75)
FlLor 1) = F (%2 x> T %¥)
B («T L) 4 compartag thls with the loft atde of the cendis
on en ¥ 5 glosrly ¥ = ov

Appliying he yoot mmber formilacs

X} .z_gdu)yfxﬂ[g«‘t)(u) y(aﬂ - 3 (%)
LT L = T (e

whog' ﬁ*m maaﬁsalumdagmeaffg*&&sf iae:i‘emémzan&
- ﬁk@ 'r(«)ﬁ(—)_@wheme

.ﬁi)(} = [ (:if‘-’l) (-4)#'(@)*.] i : » We asserd that this

AT & for-d1 Jp Lson the vosult is t&;a geme as provieusly when
® Sy m = Byl |

‘E@We this st & b&%%‘kaﬁ'% 3} E ad/y m&g';
s (@X 0™ = (3 PG sand Bla0 by tan rolatien
; gon @ and ¢ iﬁé ® Ef/a}fﬁ = gk T 3) = fyou,f0m) Lor axl
cOr wlet ™' bo the yestoleblon of ¥ tp O w A8 (7 fp-un)

3 enly upon the behavier of the sdditive and multividsative
ters an the (My~1) voois of 1 in i 811 of whieh 1ie¢ in
Bl as v, goinéides witn (e gt ™ U 4 1% is oloer Bt
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Do) =T $00g) = LRI 400 = (5 T 40t

E & mmmmtwwmmwmwwam
-ﬁmatiﬁaﬂmaﬁ:&aﬁz} %m'rwnaﬁg/na

e (fr',ai} » cm Fm}t % . (e 1( S -,.”.e

@) = EEUATHVTDN G = Qe (X) an
V { ”33‘,,{ Fe This proves the sssertion Mahmtmt
X> has the same valuo (1f n = 2} for m = ~1,0:28 provided

-maﬂ@amxmatammm»tmmt WW
 for ¢ oveny

k¥ This snalysis glves an oxplicit faxm for (7, fy-g1)
% 2)¥ By the definttion of ¥ snd fram the relation botween
Ly obtatnod above, (6 o 8p/p)(XF) = 8%(x) = ¥ . (ox)
10 0 8, ) 0x/74) = (0 0 8y 0 Moxls, ml7))),

6% 2 p 8 T/1) mod 4 mnd we

(% or-e) = (P Sk/r (7 ""‘?) -0 \[(TPE)) f
4

¥ Thove exdats aenk, ye !72,, a’sc?r such that -



5%

- plhtes w"ﬁ« 5) forallge oY 2)
# %) =P} gow wit xe O
8 E e rm)) = plor™s) pliter™) gor sl x < O

_ﬁ%ﬂ: that
:_;;:_ 3‘@‘ % ’ﬁ'} for 41 we }gu(fnt/a)
\7 x) = B« Tfﬂhx) for me O

ﬁ«ﬂﬁii +yE)) = o« T %) X (awxT™™) gor %0y

- xgdg 7 =57, )’gg,%}i é&&}fﬂ

‘ the fivst asserilon the osbimntes an traces give
gsfw} =14 &/3?

{5}
s\ ¥y 1 4 %

L, Blw zuéim/a} 1 ¥ 8 the symmety
g3 RA T s Seatris Dmetiens

. Xlwww) = u3e8lw) ) = Bl 5lw)) = Blx w), vhich Ls the
Bor the soommd assertion we observe that for x e O

0 =R ga;*"“'ﬁ*‘ 7 = BT ) = P = oty ),

.. y”ﬁ’*’/azc- ¥ fer 2585
%/zgﬁgma/z L

5 iﬁ for neg



B T2 a2
ol SET™/2)) u(uoslall™ 2pest® (5T /2)) o

AT ) a5

r t/a — it/

foc {2 (sbxTTR/20)2 o 08 T os/2y g sy TT ¥/ 251 T 2y
{o('ﬂ'mf TX(TT'") )} = T ﬁ))

ce by the theory ¢f lLeoal ropt mubersn

T T {4 p 7 (x77 ,a/a)(__y)(_)f/(l/-:r
3 X(«)f(x)f(xﬂ”'t/‘/a) (3;.5’-'#. -nf ’(m){-

- W G )]
(L {s(T™) -m 7))

derigminabor 44 ¥ as ﬂ@ﬂml = (ﬂi}gmﬁﬁﬁéﬂ’ f") % i
§ mwl now distinpuish botween n odd snd n oveny

B2
__ fisve . 4§ oven and thevefory h’f ”ztﬁa Wiy 5 ant
| _f.“‘ ?ﬁ”l = s g0 that

(X) = (2) ¢ U - 0 Ty




oo T(o ) = (F )y honos Q(X) = (F)=2Y" /T

definttion of 7 , for 81l x e

Hoyx) =Plar¥z) = y . (- <)

Hee ﬁfix) = Vs {Gx)p vhieve &= “a/y  mwod 4 5 &€ Uys
Ib follown from the anelysis of case 2,2442v thab

(el (3 W0 TFINE, evom viten 14 follows that

bie gonductor of u 1 1k, both ave odds

o e embats o< Uy, 7€ Uge e Uy, Te G

#) = §lon) for se y 1¥#{b/2)

7ﬁ3 gg{“ ﬁgkj for ®e Of |

" Wﬁﬁ ¥ x) = gl Wb/a,ex}/ﬂfl*,@xﬁ/‘%} for mel5
7 ""/_‘,_‘ja mod ¥

(%asn) =Pl% ) for a1l integers §, ae y WHE/2)
0 proofs in 22%2A show that

Xpow) =Flaw) for we pi*int/2)
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moo by tho madvabic lew of roolprocitys Qpd X) = U5 §E,



el

yu) =W o« T " for %< O |

A£1Yo A wmtt a2 sk et 2=y ) tues () oL,

adgert that - _’

LMo = ol TR X p kT8 gt )
meve V= ¥+ (n)/2.

clacly as in gado 2.2.28.4. the right eido of (§) 15 .

« A1) j(as up ¥ 2) st Bl g T 00/2y)

o W= (a7 sxp TR nz8p
iy, 88y TOVRY & 20206 0 001 e co baet te right
of {§) 4a
: ﬁ”f_:agfiﬁ?ff Y nl =il up? r¥ ntne1)/2) =
N T wI0 2 102, nlnet )/2)
= Xp """‘3. Z 1z ﬁ’-gﬂy = & {./%-’}3 = Sf*i = 1 ®pap =1
o Y e Mo far %ol OFeF) = oilx) s Sy la?)
£z} 208 p. An s&’f and faf are funtblons en vesidue elasuss mod “
fellows that the vight slde of (§) 1s at{x)o¥ix{ v+ 27 ))
b preven the aomorbions I¥ now follews Hhab

" . _ airf y
XY = Te {43 0 0w 5 (1) (38) ]
L X () 90 (1 +250) ()f (o)
=, 0" [ F - Im-
« LB {GE) ety
A (%) -

Bhe fSmetlonal squatien of At
SAKASE SR TV ESTIIED TN
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#hemmn in Cuapter 2, (680X )% = A¥ny Jod (Y aln -2)/2,
@Mﬁj.zi @ U, wheneo ’
,+|’.) )f I}M/
XY {( (-
o' (%) |
;. the volablons bolween A%, 0%, 0., 4, and tho olonentary
shlce of ¥he A func¥icns sfx% the m@msmm gor {5} given

2?:1@ mﬁmﬁiﬁ ?wm%y law, bhe right oide of the sbove
Lon poducen b {5 }5""”'

6 degree ng 43y 7 & gemdrabor of the chayactora
dadch ave trdviel on the nerm grop and 7 a prime elemont
?ﬁﬁi@»ﬁt Mes in the nom group thén
g1 nw2y XY w(npe): "_S%T_‘.’ii’) ()

32 n# B |

HXy= 2 4¢ the cconductor of Xds ¥° o 2
" gae_;fﬁlﬁm} if the conduobor of X s x*B
_ sgrea of 4

d i3 tho oxponent of the sbsclute different of &

» 16 tho rotional prime which ¥ divides



™

ﬁk £ gd 2 "713_ = at » vhopso é;f = pd + (p‘»ﬂ{iﬂh

mtﬁmmmmmtaﬂmgfwﬁwig&md;
=V for 23 fsp. 3¢ X:aaehamtmwx* mﬂam
, condustor of X = ¥ 2 45 8 o0 nom
ﬁk*Mmemm;/ iaammﬁf‘k*
X and vhose cendustor is glﬁ vihore

e

1 b >v then 1 + B = pld 48] = (pL} 1) = 197 + p(bey)
: m /&(T J m pondueboy glﬁ fw 1 3 3’ ﬁ P!‘im
E fanm ﬂaﬁ 0 got of all mmsm; i ammme with

R P
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/

ing to b = v). Vo assort thatt

absolute degwes of 4 159, %o prove tuts
: % tndox {(1+ 4VIEE* § MK*) 28 et Aes
#g’*qém*} and diyides (k* INE*) = p, whenso the Index is p.
But v admdastble &> (3+4V)nm* # (1447 iﬁ{*m (Zﬂ- 43y
@ (e 47) 1 @42 > ((ar 4" T Qe g7 Y
® Wy > p, which proves the assortion.

For future reforenco it is noted that the ostimate on traces
bo wrltten i o Eaipilind -
535g}¢?=~;c ,y[ P ] for 12 Jspad

For the vamifieod exbonaion studied proviously, 1t was posis
+ to choose a prime olement, 11 , of K such that

+ (=1"WTT) = 0. Par tho exton_ston now betng ceustdored

8 iz no longor twvue, but the velation rouping valid if oquals-
by 1s replaced by congruonc

} 4f plv  thon the eangruence is velid med piHoedly
4 p/v then tho congruonce 1 never valid mea z *(rllv

10t hix) = 2Pears M. . ta, be the Lroeductble polyne
Ink of wden /| 4s & root. Then &, = (~3°7 anma ayey
5p). Clesviy

P g .1 12 & P 2p.
W‘/w(_J #ili»‘_ljpl-#ﬂ- + +?77j

h}!{ﬂ}uﬁﬂ iM}&lF 4 Qg




. ¥, {iﬁt v = @/‘Mj }
M fmv Wln M?E%TT@*M) > petpmd, ’=>

abm}..um mfiﬂaﬂm of u )

?—’ ['fr( ) :I 2 (ped)ws

3 (vdpa) = ard,y (o]l i P 1) then
'?ax A=vipd) » a(m&?ni) =vi (L. v=4 moedp)
§ % 4 s,

2l ] =ord (3 T 74 " @p sy -1 =viva),

- Aermm follows ifmmodlabely and in addition it :m.mﬂ that
-&?ﬁ ep/{pel), (v ® v=opAp-1), wnten arp Wﬁlm

During  the smalysis of this oxtensions |/ 18 sawe fimed
Mamawz,vwmm
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Au becore WB}// mmﬂmﬂm’&&éﬂi‘&mm@aﬂh
A V’w-a-a-v . Thore oxlsts & “n: (= unique wod 4 (1v)/2

v/2

mod 4" dng wpen which stabemont males sonse)
3 thoro oxista ,semi, (fo uniquo wod y |} such that

{148) = Plez) for =ne rga‘w}/'% if v is odd
3 42972

%1757 = a¥(x) for %<0

if v is evon

Supis slowentary proporties of the embonsion B/l shall now
Adstod.

Bire®) = e fga)ﬂ W* for 13 axv
Wzl 2 medy® > 2z = 3 mea p®

1} Fow ¥ 20 &t /33” g™ ﬁ(iﬂemwi %K?fr&**?i 2'3
ﬁgz} 1 ma/gmm ®  thoré oxlsbs A< EY sueh thes
%= 55 ned 2 PF e o genevates (/%)

) 50a+ 273 = 1+ 47" @> absclute degree of o f& 1.

M Tl e R N i #30
_ alup )(1+v)

| 8tz < ’3[ 1 tor 13 §5pa
M vty (Y], then opd P2 and

?‘! z :iiw} if v is m&

+{y/2 veny ¥ ¥
é? ) if 3 % a@vexkgg #22.




} I 1gas vt thon xe-Nix) md 4% ds an sdditive
wephian of U x enbe Uy/y® with kevmsl %

) For Z€E% W(E)EP =1 mea VL)
GeTy WY =1 map P

ol 582)) = Tollz)) for Ze 22 4o o oag caa

4e ?M('r/z} 4f v is even

0) I* me Uy then S(uTV)/W(u7TY) 4s & wnit ink and is
uent module Z to ~{f/u)” and 1£ u Les in k Hawn

d&mztly from the mm&iﬁﬁ af Chaptor I. X2 N{Z)e z,wg
mmm Ju.st: baeas&td, mmm a*s 1@?

went 48 first proven for 0, xs is ﬂ.mb noted that
e & 1 ,, (ﬁ'ﬂ@ﬂﬁlﬁ )ﬂ"is {1+ ;&Wﬁf}ﬂ c (1+2P7},
% & 51*423‘“30 (4% then x = vk, we k¥, Ag the {my »1)

7
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o 0EbS ool uclierly s v, w3, m&?;m; _
Ken 1““?3‘” 1t follows thay (TP 1108 10 3423,

5w TN o (g ) e pPAEL g got L
8 Yo assortion for » = 0. xfthasmmﬁmwmm
ﬁﬁi Xaﬁ Be (1*?3@%1”{3*}“& then x=g 1; %e 1-*??14”.
mﬂta &, oithor O ov a (Ny = 1) root of unity,such

t se uwﬂl*”)iz—t?%}. e=0 we axe w; hence

S, tho samp mast be twwe fov (1&7/"“’}“’3 Hence
"‘”‘i““"e 1M and thevefore by an avgwent vsed above
| (t4w)s Iot 24e = ps, then (e T ¥'%)a(ae{T (1)P"2)P) o
Brviea) nse thore sxdote a wnity ¥» in k awch that
3&3,4#773""'35 122 ol theratore x = 3™ e {1s 27yl

' --%mmmmwmmwwmem
Lot V=rptm 0S58<ps then po 2 (p=Llv = plysarien,
_.#ﬁéiﬁﬁnmﬁ@aﬂ_ akwwvi mﬁaammamvfm
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bive hogsgsorohdesm on (9' g+ Bot gy iﬁmw i&i % tm
__ 3&3@% o be ﬁmﬁ% i |
8l %] > |y s eng=y/mcy , mdby (5] Ww) = e
mod 3 Wy whonoe Hlawy) = fx W) = M (i) = Doy

B) Ixl z |yle me s thos by (5, B(ts)s 14 mod 4V, whones
4 pai wantpulstion 6o sbove Niwvy) = Havlly med 4V
T Upe Tton xwaxt, y = biyly vhere ayb mre (HWy )
s of 3 and wtiyte p « Bonvw Nlxey) = wfam + mHyt)
Blats) + Matiy®) mod 4% (vaitd by (a) if a®h & 0, trive
y frup 1 64b = 0). Applylhe  (6) snd cases {8);(p) 2t 2al-
that Hlwly) = (Raslixt) + (Bsyt) = Hlesat Jeu(bayt)= Moy
3) 3&* Bas already boon shown thet TPAUT ) = (1P yq VP2
2 (Al 4t follows frax (6) that the gkt side of the
uonoe By be replasod w 1. Binge 1k ¢ engvah %
Sgerbion songevnine vltwents of IIK‘ bs & aﬁmais caEoquTes
%ﬂg = z’é’* nsmz;eBM 15 an aﬁﬁ&%@

ﬁ(ﬁ}/ﬁg - a, +a, Ty -

a: +a’ﬂp ven

14&@33%3{23 o /gm‘?

irthermors  3(2), ﬁ{z}e
worelfore 3 = T{iﬁiﬁhﬁ{z}} #?(%5(2) + % N(2)
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) Lot B sw“’;/&:m‘% 1ot = be an avbitwary integes in

Aoplying (9) to xuT Y, it is found thab

a"'é‘{og.gﬁgwﬁ: Pl w’;;} = Feor Vi (220)), By (5) B
m algebvelc intoger. ot E' bo an olemont of T vongruont

med g 5B Nl Mg slemmt of 7 eorgyuent mod 2 to vy then

= Gl P (=5144P)) and thevefore by the defindtion ar fo s

4 - aﬂt——?’tﬁhz?m i Spplx) = 9 (=) mod p,

E.'-ﬂp.ﬁﬂ‘%! " ﬁ’(f,s. Ix)e ’ﬁzﬁ assertion £oll
that 0 has eemductor p in P

g using the fact

Te facllitate refevence these statoments shall bo designated
by the lotters E.P. followed by the préper mubors

S of tho syubols whioh will be used conslstently thvough
: mmwmmawﬁg mmﬁfﬁ'

M s ﬁﬁhmaﬁwafk*, of Gonducton 133“””' such that X= o Ny,

 / ave the standerd additive chavactors of X snd K rospecw
tively

L & Vﬁ--d—f-v

ﬁ’ - 4 %‘r-d-i-b




& w fw__dﬁ,_,,” s BN addibive choveeber of X

Bl if‘{?wv)l orif b<¥
%2

S 48 a fized prinstive €M3ﬁ Yoot of wnliy
3mmm@ﬁmw 8y = 5’3 wod.p (15,1~¢M}
’ng "Caé

wiailens betweon the charactors ¢ of, ¥ may be casily

™ e fivey nosertion follows Alvectly fram the dofixdidons
: m aa*s&mfw for B has alvesdy been proven. The yolatiens

rning & fellow fvom 4k dofinibions, the rélatfons betwoen
%; v m Lo 3;?.{5}»
Fioedly U X) may be expressod in berms of the chavagbors
s € Ib follows from the detormination of the various ¢
thak s

Xy f’fxgﬂ,(/‘ﬂ"w) forbgv

Ly 77;5—'{/4 4 p)
(X, )

far by

7/

T TR S



72

mified. Henge {4 T‘Jw!’ = i’f‘iﬁi for

' 1=Ny #(‘!f ') 1= X(T) o Y,
W }/‘X‘ﬁ " - pm -NEX(T) =3

Hence @(7()#773”{1‘3@) = 1 farp#2
= {7 w) for p = 2, the rosult

(rdy0) witn (7,0

dew of the analysis of thds oxtension consistofel

vexdfication of the valldity of this rosult for all b.

Lot 4 bo 1 3 p#y (7 ,9) L ped,
«b=0=pg

CUX) = fx Lrapt) 77 f/"r +9). The quotdent
(2

ot are eomputed soperateoly.
ontdon i L. (urde) = A u((ea)Pu PRy
I ordynx (w)/2 7 (1) = Plas) B 7%(em) =

fagua) > Tyts) =TS m) ® (uzpaem) =505 dum)

hs abovo, 1 ord, 5 2. 1+{w/2)y (4 7 H1sm) = FixsTy)

1]
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i%@m oxlsts 7€, such thab &’-i;«xﬁ 2o, 7r"%) Pz e "7

o o853y u) = e d ey, Wiero exiots [< Oy suan tuay
Tl 7 el x 7 VR m ol YU E ¢ xx)}, whemce
a7 P00 5 A2 7Ry m geus $7VE wym),

Mﬁ 77m (prdee) = TIY 5o FEJptnas) - AL0) 5 578 )0 )

ot TES T L M S () = (3 ¥, wnten

o the centénblan for p # 2.
Por p = 2, the produst 48 Just {xv,e).

It v ds evem , 7 (343) = Flag) fLor ard, B 2 {xw}/z,
onec {7 J{lm) = Flon). Homee (uryp) = (/m}{ % Jgt %)
=l ) {T{aiploc ) = A ulw,),

B v 48 edd, (ur }fz:%ﬁ} wPloa) Lo ord % 2 1+{v/2),
’ Gl x} = ﬁ*fx/ﬁogi Lo ﬁé'(j

7 {3 r¥A =hel o, 77?/"3313 = éxgg/,s,}&ﬁ L2 /) fw xe Gy

Cur 3 7 0t o 7 TRy w At 8, Y0¥ /0 ),

6o proe 48aky s befave (uv,0) = w317 o), shioh sempiiebes
M of the conkenblon,

{ i?fj/{)( :*&3; At s, be the restriobion of «

spending Yoot mebors depend wopn the bohavior of
€ ab %Iza %‘ﬁfa 1) whets of 1 and Hwvofor
Yorug of the voot wmdber {ros®)e

%i‘ = Vr-a1 % (8 & %ﬁj,-a-/ 3 @* o g L @ sﬁ’/ﬁ‘ b
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rietion of %‘ to Oy 4s (&ﬂ!ﬁk/ (a/r 2%y
F27 senm toat {u sot) = (o $08) 7 s el W i O

: 3 r-;?'ﬁ..f_w'*asl- w the mﬁi&kﬁ @%ﬁ g‘i&i& m &‘w}
: a*(x; for xelg iiz $s oasily shoun that (/4 19?3 = {/“.#e‘jr
B vogult viadeh shall bo used shortly.

m Cg #=lpodgyhy =lo%., 08g,); =

{{ot o wa@}M.&,.ﬂ.ﬁ ax/k}n"" s Whwopse the vestriction of ¢ to

sostrictian of X to Uy 15 4P, Fvan 2.7.(20),
ek TV AigpdT™) = «pP moty , whanse by E.7.(5)

[pﬁkﬁ,{ r %eﬁp‘;w}} %{ m %{ }7?)%‘7, v}}] 21

OF 18 twivial on p0p, 1t follows that the restwlotion of
_- %_ s 0t Pawlﬁwui? ~3~1y and the subscript is o

. —_ o8) = yz {?(*ﬁ.ﬂ}ﬁz@(# “ﬁ*“l}} (e ,aq,

Qg,k()(}/& - (s
P, ../\.:e‘ 7y } e

lysds of the case b = 0 45 eomploted by showing

E%"' ﬁ gk/@) k- ‘6 - 3 Ek/nlr& =g W“/p i henoe @5 o (ﬁj o Mlﬁw sgp




_ this last assorbion mmmﬁmvgﬁ.&*n
Py ,Wmm.ﬁmm‘ﬁi&wuﬁ,m

iﬂi @ By /7')“,3, W Q%/T( %ﬁ,prﬂ “dﬂ}! A

w  congruent ﬁa«omg and usdng B.2.(5),
A o;,pa,,,/,.tf“"*li mod 4 and the assortion then follows
¢ /u(fﬁ}wl and thevefore XY =4 42 b = 0.

' w55 6y QLX) & awumbed by s o e femsalng of
@ieptor II. Thoss Fammlse depend wpen shothor or not p = 2
whother or not the oxponmmbs of the conductors are sven. Ib

1 be found necessary Lo oconsider twenty cases (. fon for v # 2y
';-prasz, asgh set of tancmmmﬂngmffm cages in which
iﬁh«m two gases iammbwv axﬂi’:!muyfmeaaes in

' e pevemster of., imm 2 oo oa 73} aomom
{atod vith tho bohavier of T on 1+ (M2 o B,gl*v/&
mwmmmmwmmzmmm xe G, undquoe

g BRVE (s PRy o pA248) s Fws) fors o
tm:)/a {xoims gn.-a—(wm; -

@ L. Givom X 4 it is possidle o choose o, and o in such
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& mmmmey that thove exists e U for whieh o=, T, (0).

7 Lob %o, be choson oo a3 o sabisfy the emditions invelve

@'@ o wmmw of exprossing the vestvictions of

wor subgreups of U), in tomms of addivive chavactorsy T

mditions vemein satisfiod I «. 4s pepluced by sn oloment cong

- t'm’# » whove a = (Aw)/2 or I¥v/2). In any sase by

ﬁw,{'ﬁ thore oxists 6e Uy suoh that M8)z«/w, mod 4 3y Res
odng o, with «/1(6), the assertion follews.

n '..MW,«%,.& mﬁgwmmﬁﬁ

(a) For 2 5 § 3 py
| tyu?;}ixﬂ}w-’ﬁ xj8) ALBEY forond,s a_{lgg mvn%ﬁ__
: ! * ot

‘«353 s.fha,v for ard xgiz& a,gam
X ) = Blo'w) row ord v 2 {1 )/:

§ = f’lﬁo-r"k i i by
X = X+, SInbY f bav
s “(_;’_r__.)“"‘:_ Jx, ir B“ﬁ ¥
K [«_%A‘(%)""j/g i by

Por b g vp conduct

o of g/u'zj; arg ; nmwaﬁ‘/u 'g

m{34a) =§Uxr) for ord, & 2 b {v* 25 the intoger in the
sebt (1#0)/2, 1(b/2) )




77

(ot ¥ b Lho fntoger fm vhe sob: {Iavl/2, Melw/2). It 4s casily
verdfiod #Hmk by © bH & " Henee for ord 8 2 Y%

{i+a) = B « a¥y whense f/«»z Jasm) = (u z“ﬁismaz =
i “ﬁf‘f‘ia’g« 5} =%l N@} a8 a§ cd ud p, od,n +ovd,p

R T _

; W%&ﬁ eondug Loy of M Ty = vondugten of M = g'z’*"%'

¥ owdy ﬁ&‘? s Ti348) = Fl«.8)s Dut now h“g,w*‘ and fheprse

S Tor @g gz b uilem) = ¥ « %), ‘fi:Hx) =9l 5)s
mee (M Tjﬂl*z) w gvd o 5154 ago«;&), The sgsertion khen fole

o uningt ag = S 3 mod p, beyrm y (98] 2 bepiyhed® 2 100,

Forbsv, emduover of X = 7MR 10 wa spbt Lt

Tows from B.P.(8) that X {342) = { M 6 Hp 4 HAbn) =

2o+ 8(s) + 3200g) oo amled) = 4 (2 + s} + Wix) =

«otelruli)) as SW)EE) < 4P Ae w29 16 sals

5 Ly m,@i st @ie‘ «Hw)} = of . Hlo T3

oS3« 8TV ), Honge X(1tw) = (<)) (gt & 5} 0T ™0g)

; uﬁ{o( ).
. Pordew conduster of X fs 2 5% L = p3en) ~ - (o) (avr).

*2 then 2m @ 2%

P=2 tham Zm B 2/v . Lot x* be the inbeger

# (tml/2e 3lu/2). Por ordyw pu® b agein follows fram
{8} that X {@ﬁé & u{pss{elenlz)) = "'*% « a{gk» «mﬁ}i as

£ @ﬁfﬁ}é g bl = v®  4h agaln z:g;;xm fom B.2.(9)

gagi«zﬁg;; %ﬁ«fﬂi&ﬁ#‘”bﬁ = (5 o 8i«te T ")
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he proof is completed by substitubing this last pesult in the
‘expression Tor X(1+z) and then expressing ¢ in terms of ',

We :mow introduce paramsters 7 (with verious subscripts)
whitch give the relations between 6f and the restrictiens to T
of the characters v 2 ot xb # §=7Tm. + There has already been
._@easiexg to introduce 7, , f, units of T such thet (q;)“o -
epincides with: 0! on Up and /z,p % =1 med 4.

wher:,: CUp Bt = cp',mny7 = <P,‘3,7,v//,y = @f ,'(3._1;%74, = & ."7r»/7,

z 76"

74% L5 3 Lb<v
= %05 45P)  1f vy
= 7‘,51’ ifb>vw

7 = AP % ifb<vw 7' =3/ if bev
= -/3.9“3‘(5?-“-5)7, ifb=v =-S5 o bev
= cpPlePy by L% o b

4y

= 9., and the eonductor of ¢ is ¢ "5 the cond-

fons to be imposed on 7 Jys wres “/9 £ %y = /7% mad .

% /u, = W(8) = &Y, the assertions concerning Vs 75 follew

theus difficulty. For b<v, & g» = o0 Bgnd oy,

restriction of this last chavacter te (. is yeadily found

bo (5_’-)1,, s Wheve h= % S, («T") . 7’ 1s therefore dee
R
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gormined by the sondition h = 1 and the masortion invelving
7 ‘follovs casily with the holp of E.P.(10). The proof for b 2 v

gruonce involving 7', differs W slightly from the

Chapor II remain 4o b6 dMseussed. We have mlveady introduced
%, defined modwlo p (when 2 [ v) by the conditionss
75(’{1:& Tﬂlﬂﬂv/a)ﬁf%xwv/aj = o 6 7L 42 %)} iWp#2

Af(z/p, Y0 x/p) 18 p = 2
all x € Uy, Idkowise 1 2)b, Ve (7 may bo chosen so that

™20t (uxr®2) = @i a7 L vyx)) 12 p 4 2
Ax/p 101 Y x/p ) 42 p = 2, whove

tho lattor case e Uy, ﬁ*? = 1

The corrospending pavameter for X usy now be spoeltied,

. Ist 4 bo an elament of Uy such that 47 = 1, then 17 2/ m,
By
(=T 2500 xT™2) = o{a' THE s7%)  tepra2
aMz/p oM rx/p) £ p =2
e ¥ i an intoger of T such thab

brvt y- 0 grprs
Y 3y deFes
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ot 1 o tho runatton x> (T PNelwxTVE) U,
37 ovd g z(w) then by B.2.(5),
m# 8z} = B0
oxd, &fﬁtﬁ} 234D If v»D
} for p¥2
E % T - 4 af;sia |
ard,, s@?fz) 23 fer 3% sﬁ S § @yﬁ@g p> 3
2 b‘ -4 ?ir
mAby b is oven and 1% followe from o above oohizatos

b for xe Og Blx) = w180 T 2hanr(x T2y jo( x’llma

(o8 xT > %))t ()™ BT 2) w a(wT/2) Bhaot, £ T2y,
Bub o« (7 VP WT’?/‘?'} i b $(xT™2)) and tho preduct of tids
At u(es(eTY )] 50 1 by tae aafmm velation for « ,

_._“_M*&/a} #?ﬁx Bz} 7}?/2} Hemee , f ¢

) = (30 /W%@;wc« 7 Wamx:f -
T M)y {6*%7 (£ 4781 trpse
MR/ ?9*6 v} [MMaz/plotirse) 2y =2
stng the favt that sP:p yPz7 ). Tuls preves the
vidion g‘wh«::y;,y#&;%%oﬁprﬁz my be camploted




gl

BF and & indioatod in Lowrm 3.

by vistog s volailen hetwon

arb» v ¥ |
p#%2  2b sod for @< gy

) = m{3ettx ke AT Wwa}*ﬁirﬂﬁ/ %3 -
| (o* o S(x =tz T2
For wvd, n nw/2 25%NE) = - 5(s?) mea s 1P,

lso 1= m{248(s)) ¢¥« 8la)). Hemeo
() = (et 235 o N6/ T 2) etaosta2T ™)),

e Jnst fackor 49 msm ghovin o be o« T %5/ 2}, vhlle with
o 4 of Eire(9) the middte faster 48 oM« xT™2) (as
8/2)-{b=vizr") and thevefore the preduct of ihe fivet two Sactors
e Wﬁﬁi@ﬂ for B} 45 2 (ss w2 2 1#(b/2) )+ Tads proves

tlon Sor b > Vi P # 2

g:&g& zly ﬁi‘&&ﬁ‘%:ﬁ:évﬁ&

Hf) = /E&*@{xﬁm/‘%ﬁiixﬂw 2 ok,
Gt T ) )g0x 7)) =1 and

8l kT ™2/8) « ot { 3T aﬁg 1% fellows that
ﬁ?&? ﬁiéxﬁwg Ja, %ﬁﬁw&}} =P, B)y vhore 140 &
' 4  ts frfwi =k

e W /3 it 4 %Baéﬂy t@m&
gyaTen I (7 AR e a}ﬁ*{ % nza/p
}é*i %:“/ % /5 b Bt *‘*@m} = At(x)0H(x), vhonse tus
tlon follens for B> Fp § = e




(x) = /“fl‘ﬁﬁiﬁ*ﬁ{a}fﬂ*@{y}} (o o aiﬂ & «or.&}y)
A8ty hef xaly)) xlasity)) $90 80 xy2/2)

= ol « T4 ulx)s miagw
e of % T 4 H(x6)2% £ 1(x0)))

L 5367 3‘”’&6‘* 3‘/9}4:1{79’!”/3*»(7 rIM’a}} (using the
atfon botwoon 9% and ). Pupthornore

_af;hap with m 3 yielﬂ. ﬁ(x} = §’€7! agia’m)a e assore

b“?‘ ot Fv/a £ folle
Lol ) 1 w 3"’53 s 1t
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ftx) = s m-rm%’i x,Gy/B) = p (341(y) J§l o S(ay))
& o) | v Bat &#(’1" ﬁﬁ){i‘l‘&ﬂ" Ll

assertion follows, using the funeblon: matd
| £ho rolations botwoen paramtam indicated in Lewme 3.

Im: /33 be a walt of T much that /94 % = 1. %@nfwxevﬁg,

Tsltl*x?fwglq:( X g 172y = o XgT Y4 ate x}}ﬁzﬁi} i ?
at tx/ﬁgimx /Py e

7 Haem 7> R 172w o0 g O e Tidimee) 4o By
&ﬂm /,8 5365{ ¥ x/,dsl «;;aa{

=0 3£ b<y
2 (e Stp 8T e mv 2l v a2

B rT)E). e n a2 p g,

£ The proof follows slmost directly fom the defindtions,
PE2 0wy use 48 made of the funebionsl equstion of At,
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VSR
e T (7005 ok
olog) farbsv

X( w’ﬁ»f «} Tr (73/14}(«‘;)?;( -
'b:« Ve

= g-——l}'ﬁi o ﬂ' 2
r2/2)¢/TF 1 ()
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It Leldews from Lanma 3 that the Legendro symbol is 1 and the
Pabio betweon the two chavaectors is shown 5o be one by oxprofe
inp the eharaetors in borms of 0 and using the volations betwoen
o ena prk
b o
by JMs X bave ponductovs with oven oxpenents.

= (2Rt 7V /2 Ji3 ) (a2

7t ) o0k o)
oo 1t 1o onough to show that
%ﬁﬁm{ (230G 7 /20 (G

?J‘ 71"1 p‘mj/a %Pﬁ"‘ whonee the product of

 Legondzo sybols tnvelving the srime 4, 18 (H . Furthor-

L HF—}@@F#{!" 33”*‘9"1,&}# 1 ot is casily verifiod.
8 product of the terms invelving tho character ¢ is 1 as

..0(01 =0 mla‘ .

Hore a.:l;l the root mmbers have condustors vhose
expononte ave odd. It 1s easily verified that

- “m'* factor in this case 43 jJust the produst of the ervoy
tors involved in sases (1) and (2), whonee the assertion follows
17 Mm&s i:zmlamafarhq?.




§6
L7 o { 2%%_)’;’;‘ oty ﬂ-h ,3 2/2“ l/?;_”f €*1)f

X8} = PR TR /) T )™
XY Bla’)

e produst of all these expressicns is sgain shown to bo 1

r uaing the relations betwoon the 7 pevametors to show that
the product of all the Logondro symbols (beth in p and in 4 )

18 1, and thon oxpressing all tho charactore in temms of 0F and
#pplying the relations between the Y pavemoters to the mm:ltws
oxpressiony

EHo=v Here all the canductors Lave odd expononbsy Tt
S, M - is oanily verified that Yorror" factor ia the
oty @; vhere

- g_z,; f‘r},rtm.) Wm.ra )

ﬁ‘hﬁ* proof :!& ecomploted by showing

© ¥4 as alveady beon neted thab {l/—_"'_)}pq' ** (p )% Cortalnly
2)*% 45 o cquare, e velations betwoon the 7 pavemotors

e b=y giver 77 =z -7 BN

Ty =

u o ; ggima w@ 00 & s

+ agsortion for Z now follows from 7 ,Ga L. Bxpresaing ¢
L % in torms of 0%, 1t 1s voadily soon that Y = 0#{(W), whoeve
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maiﬁm slass f£ield)
w proof of the leumm is campleted by shoving thet 20 = 0.
:&; 1s firot noved that 7 /7, = S7 + 6P p 0, vhenco 3t follaws
#hat 8 10 not & (p=1)"" root of 1. Iot my =y LYy , also lot
Whow B g Baon xy = (5354620 )%/ (s J6P) ana 26 wmsst ve

B= ’7!2*79 a"a? % 7J 52 {ecuality in tho sonse of the

tod WAt x; uay bo cbtatnod framm by replasing J wih 5 J,
(599673 = 6P Y/62)) = 5 FBles /P
TgmgP LI
It foldews that xy = 2505 6u) ¥ whore § doos nob appos
plieitly in tho formmla for L and in pavticulax
o m 5T EE g )]

Ptf P

. or of the compubation of ¥ 1s miatam aﬁm&ghtfwmﬁ,uﬁng
e relatione betwoen tho 7 and the I paremetors.
Baving coteblishod Iesma & , the tyoatment is aluwst cemploto=

71@ b= a/'f e Ewme H4)/b, ton X ) = ol Xl

T = s(o)a(e) [ -

- ma&mm lamma & thst (X ) = HA, shore



8§

&wqitqﬁﬁxlqgﬁ %} 1Ly

%‘t“)ﬁﬂwt%gi I b= V.
Dab zﬁosa{{p»ﬁurw if by
{p=1) « £ b2V,

Uslng the relavion botwoon ¢ and #i 1% follows thas in any easeo

A uEl “Yolp a 7Y h}. Furbhornoro

ir ‘}:ﬁv, 2o’y = (o o 3M o VL %TFMJ = olpa? ”'E'E%ﬂ-{ﬁ Fm)}
12 vev; ol )=(oo ) {x ~0,a{7/M*™ )= glo x 77 PJGle 86TV 7)),

Hénge in any case A = 9{o«,5{t)), whieh aceownts for one of tho
Forms in the oxpression for X. The computation of Il is somewhatb
mevo lenghty. Divoch ecmpubabion shows that |l Jug gl/fx) =

{3418)/17(342), both for ey ad So ‘ttsh Pusthomere TTor 7 (]
T ioids a0 T 7tn) = Ty 7i(%) = 7( P2 ay,

0 afu,= S 4 T itbsy
=PV sia b ) 12 o v. As 7 is teiviel en tho
norm groups 1t fmaws thab |
- plzt) 7T Tilmy)s vhore 2% = H(142)/(1412)
z‘, = Wl 59 3/C 53 416)
ith the 8id of B.Pu(7) it is poadily shown that ord (z*»napﬂ
o6 plgh) = gHx (20-1)) = lo Ub(Zt-1)) . Tdkowise ord , (xy=1)
¥ {lotet v",b" ave dofined in the pmaf of Iemmua 2), vhones
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’2‘ i‘x,g?i ﬁ"ﬁ%&giﬁﬁ}) ﬁ‘é'( “oﬁixj“ij ) as ay = 5’5‘. med P
selzwﬁm %:Eaxawaa rosulta, U mey ho mtm mﬂmlw' in bemmw

S8 e M, it tovetore W(X) =1 22 p 2.
mﬁx Z 1#v, thon the ssnortion ccnoerndug O follous
ﬁiraaﬁl;y from the previous lomuwm. In o notabion of tho prove
ous laan, X = S{t) + np(atel) + 3%1 I {xfl). Vo fivst
somgte the ﬂumtz.:m oym by tho mothod used in the proof of
Toma 6y The $eth torm in the swmation nay bo obbainsd fwem the
rot by substituting J¥ fer ] , and thevefowe if the fivet tam.
I (~1)s 45 weibtbon as a polynontal of degrec (p=2) in 5 s
aon ho susmation torm appearing in the oxprossion for X s
product of (pel) with the fomm tn the polynoniel of zews
Wwdors It follows that 4f med = 322 Gy 5%, tuen 3 !"(33-4.)
g..aﬁp«:d (whiave the cooffistents, 0, do not osplicltly Lavelve § )i

0o Goop o write xy = M6/ ) )/ (1lt/r )) =
it /s }f"“"*}”a‘tjg't@k@ PH Do sB6 1)) (wmove s ¢

ﬁeﬁ}%téﬁﬁ 5T “‘”’31 s The m involys
'  he 69*2}“3% of § ave those tomas for whieh elthey
4% ar 1§ = ps It follows that Cpup =
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(P [ s(gden(e) +BBit-01%8"1)(6)] .+ Wo now camuto

g% 1) = W mmz)/sx%) = if x;&zum/ t} 1/@:;@3(&&/ %))

Ifav:*m complated the ﬁmtatim of UX ) for odd primos,
¢ oven prime may be considered.

3t i fm#mmmzamtw bo Iepmo O holda.

e °<§§Ho< Jeriedeta)  t2 bev

X{« E{N ) ﬂ%?w{ %)

zf bﬁ"'ﬁfa

Ewil m%ﬁ:wn < ¢ s or {140 ) wefn
=o¥( V) 4 10 v, (140) oda
= 01 8/(146))aM0 A156))  1f b=y, 1+b odd.



al

the mix of thoese ?ai;iea i both 14b and v are odds Bub for
B<we H=W , 7 27, sud in auy case A¥(xd) mé’(ﬁ)&fxlﬁes
in the residue olass $£leld, Homee B! = L Whay. '
JFPar b > ¥ riey 50z 1%, Ity ovend lm ovew

1+ oven 2 conduetor of «r has evon oxponont. Hongo

=3 -o.-_ _ _ . _____if 1w and 1sd oro ovon

= AT I YT 42 v 18 oven and 14b 4s ¢dd.

= BB )P a2 2av 10 0dd and 14b 25 even.

= product of fhe two previous 1inos i both 1+v and 1+b eve odd
The assortion fellown divectly frau the funetiored cauation and

the fact that A1) = &F = (L),

Wor b = v, wo uay sosue ﬁmﬁ v is ovon. Using euwality 1n the

5o of reslduo oless £lolds, 1w (146)™™ 7+ Lo+o+ /B s

N o{348) 1(” 7o+ /T )y wnonce J X% '+ K +w6fa+6)", wateh
nay bo weittent ﬂtxw)"”%nr o 4 T4 Viing the Sanpbionl
ocuation it follows that

Mat(0/(140)) = A% ¥)as() JA*{a/(s,wn/E!(a; art 7y

=04 +0(130)71 ), wmere W= %7 ry + Yo(240)"E, swratgnte
forvord mantpulation shows that ¥ = x + x% whove % = SE22 )0 17 )

fnd Wm of{W) = 1. Tho assortlon Tollews &
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"% = 8(e)eite)ey 1z = H(34E)/(am2)
Py e 1y = B{a+E)/(140)
- = /b =t = x/(p7 %)
3’* da F/f&?f ’-5?‘/3)
o= % I1f efthor b < ¥ op Ik cvon |
= 4503 ¥ B =001 rx?) 12 b > v and 1+b ead
= &!(a’ &/tz.w)}aiia/{lram!(xi }alt r x*)&’éﬁ**lﬁ“w H) %ffmﬁ i

Tho exbimabes mmﬁ bs {xip sl and mw:éfm it is mi: elweys
possidls o exvresy ¥ in to

verr Sop 1+b odd wo do have /u(&‘*ﬁ}ﬁ*{x x} = at(;;}gggrxt}*
hilo for 14y odd 7 (2eylel w3} wﬂfﬁiﬁith&w the lert
" wmfmmmmimaqq% the s belng truo

br tho socond volstion if b # v+ The lemnma now follows with the




, B1 e |
ola.X) 0 =1, and thovefore UX ) = (T ,0).

P = 2(208)/(348) = D1w"li0) [(30776) =
ﬂ%ﬁ %mmma/cmﬁ; = €1«sc‘:;/zxt}e@:€'1}x&/§mm, o

% = 29(5)/(2+4B6) It Follows fvon the usual ostimabes that
ord Xz ity If oither b #v or {(1w) oven

=v if b = v As tho conductor of ¢ Mg oxponent 14y
it follove that (as X = =2x)

pl{%X} o=l ifhey w&ﬁm

= 3for({y r‘*cxf)a*(a’x!) i b > v and 14 odd.
#aeié,wx/rr) if b = v gnd 14y odd.

Forb>vw } - ' | .
1+ odd Ve lmow that in any case x = «S(t)/(1+m),

3 =0T V>, whonce |
Al A Ty PRl T TE Ly i V107 ey A P
follows from B.P.(10) that this 15 & wit congruent to fo/ B
> (Lomsan 3) x? = 1 and tho proof is imuediate.

b mY
Iy éﬁdf} Hoyo ¢ = G» It w= (7/77'2}7/37]#

2172w stay/ate), si6)T " 20n0)"™ - (na‘%;z"%tawwtmb
E;B'Ew) and the relations bebwesn the 7 mﬁm; it
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esidue olase £1e1d) xt = 63/(146%), 7 28(6) 7 "T(aame)™t =
% ﬁéﬁai = yt. Conmoquently,

{oX) o = a1 (6/(2+0) VB (6%/(146%)) T (6/(246%)) 0¥ay), hero
8, = %6/A16)+ 167/ (116%)s 16/(146% )46 A2146%),

L put at(62/206%1)84 (0 41408)) = a1 ({arsP)A1467)) 03 (63 (140M)),
and (6+6%)/(140%) = 8/(345), whence

glxX) o = 0%(ay), whore 8, = ag+03/(146%) = (upen substituting
4o expression for U, in towms of Y and J  and olmplifying)
6196) 7 { (14 /5 Yas0) DecH140%)] = 2, + 8la+ /B)/ (182,

whove @y = 63/(140%)% which has the same image wnder 07 as

dts guuave voob. Hengo 9-‘(333 = ?ﬁ"-{.ﬂ{,_}; where

w, =8 /G /(1462) + 00 [T )/(196%) = 6/1+6%) = ((o-2)41)/(6-1)?
= ¢ + 0%, whove © = (6-1)"%, As_the iuage of ¢ undor 6% is tho swuo

 that of €%, it follows that e*(ah) = 1. wa samplotos the
of the lommi.

'k & y-ndie mmbor flold, ebsoluto dogree of 4 = f
absolute Aifferent of'k = 4% K 1s a eyollc extension of k of
dogres ny n prime. 7 is & non trivial chavacter of k* which

is trivial on tho nova group. ¥ is tho standard additive chay=
sotar of k. It X ia a charactor of K* of contuctar 2 %, sten
-iﬁ.} Poy ¥/k wranifiod, Q (X} = (=2)30)  (vara4 Por n not prims)




8) 1 Atn - s 1 PSpe (T
QK/&:‘X} 2Ty Yyp-a-1 )} = (=22 H%”ﬁ( ﬁ%_-—_)
If n =2

w4 £ n=0 w-*@.} - B
P T
%ﬁ,ﬁ—ﬁ'}’%- im0 ad
QK/&QX} = 1 I ng2
E tT’ V?]""" 3 ifn=2

‘- Zheso resulds oro now oxbandod to the caco in whieh K k ia
mliﬂ&h
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As the vesults o avchimedean primecs heve already bean do-
k. minad,; it way be assumod that the valuatlion is diserete. The
mﬁatm 1a that s:mmm at the begiming of the chapbor;

{b} I% follows from the oxplicit formia for ﬂk{aﬁ} (ma e
is any quasi-ghevacter of k¥ ) that Fi(8) = ele1) Z 16T . Donc
' haveckor of kY whose (eonposition with ﬂg/k

z,; X s m ‘@r"r = (T4 TRSF7Y]/ FetXT

Tia (,u'glesih 48 X(-1) = p{=1)" 1t is clear thst
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q bo pring.) Lﬁt/& bo as dafined in the proof of part (b) and
mﬁXhaﬁ;ﬁquaa&,%mg#em/uaﬂgg/k; of E¥* | Lot nt =n/4q
bo the degree of IM/k, and lob Eaﬂj% be the group of ehavese
ters of ¥ which ave trivial on Uy K" and aloo 1ot tey )”“‘t

be o growp of characters of k*which are brivial on ¥ Wz;** '
M&h&ﬁhﬂﬁﬁ%@f&%@%ﬁﬁiﬁ&&i&mw(
index q, thero omists q charactors S8y Uypeans A

)M
g Such that

{ ’6‘??#-1 = R T3 (s dlsfoint wnten). In bowms of the

locel newm yest synbol, for xe< K1 b k/ar) = 16 WE‘ /K&K/Ej =
1 ® (Tjen et /i 305} =1 for 811 8, 15 § = n. Honeo'as §

ms thwough the integors Le2sesssfis T 0 ngx/g s Ghrough
__ _ shavactors of K which ave Mﬁaz. om My B Aa
a; o ﬁwk 8 iivial on %, 1% follows that (7 o M)

i brivial on Ny K"
m tbwafm with & suiishlo mz.aa of Indicoq, O, = La %Vk
Tor 158 3 9 Bomeoy Gen X)) = { o X33 -ﬂlj,._z f"ki/«;i

= 'ITW_[t Niq Prlur 8y) =
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s /il X)e Tao not (X'ogdfey of chawacters

| of B 45 uniauely detoruined by the condition that the ceupesie

| tlon of cach olamemt of tho seb with Ny 1s X . Zob 41 be

| the prime of X' and (4 3*™)L, 1o e sob af conductors of

| #1000 charastors. o oot {mgs..sumg) 45 dotomaingd by u,far

there oxists wadque integor b such that m= gwg,ﬁa) i

. (of. maptor 1) my = Maxlbyb,) for 1< 5 < o vhore 4 ¥

| is the conductor of Uy ApDlying the Induction Imwklmia we
m nave Qg,ktx; = ktm,a/m ﬂ’ xtm(b,ﬁ,,),m/m whenao

F % K 14 abelimm, 1 an intoger adulssible wﬂz vospoct bo
| B/k, B¥ an intovmodisto £1e1d, (14805, the exponents of the
| grow of chavactove of K1* trdvial on W 4 K* , whove v = deg(i/ki),
| tmen  KlmiA) = KlmE/g) T Yo X (ta(bymg), Kt/
‘Ehm m = m;fﬁ].
Tl peammita the computation of X{mE/k) by »
‘¢yelie fiolds of prime dogrocs
| Tho next theovem will spocity (xéz,mzﬁa in temus of the
| mmom growp, B KY. To slplify the prodf wo introduce Ko Poligw
2235 nﬁmﬁmx o f#ﬁﬁ/k;n/@h '3} is & 4-@-1#-1»1-«'1_::'-:1" af

! Sk phdsm of /% fifless the
2633!1@& Subgreup of G ig eg'clic ‘and’ non=trivial; in 'which case this.
image is the unigue subgroup of order 2+

Lgesion ‘&ﬂ




saemttey (ms/P/ 2 oru 4 42 06 5 tho noutal &
. of %o galols growp, snd with =1 4 it de & mewebeivial slsy

&K/kmmﬁgmm se &% taen
'IT;};,:;_ Jf_#i = tmﬁ/k)ﬂ/imm and’ therefove

)% = (w1, /tRe2)

bch m hypothosis as % e vioel of e gmﬁw W
T e Tyted = Ty Ta (xogited = T kgt sted™ Ty

= (T3 M izgﬁax)? {YT”‘!"~ &3%} ) (as oule) #’i—’f

0k S or 4z 1. Also, {g,g/gigﬂ/‘ﬁhzl L {ﬁngﬁ/k;w‘a
i-mmﬁ"*/  Which coupletes the proof 47 q 4 ovems
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otatniy  {osR/KY _}ﬁ/ (ap2) = 1s Bloe (b)) = {0%2)s
onough to show tmt  (egEt/kPP2) o (o rA/ i),
| 12 ‘the righb s1de do % thon tho 1oft side 15 aldo 1- as Af the
| two sides ave cewideved 65 olementa of galols geowps the left

E 51de 15 the vestriction to Ef of the right sidas ¥ the Yofb

-~ side is one then thero oxlabs x e EY guch that Wi/ x =

- P2, nence B x = om/A02), whoneo tho g pover of

the right side 15 1v Bub q 45 odd and tho wight side is +1 or

«1 ond thorefore the wight side is ome. Honce the two sides ave
souals, | )

The finel thoorem of this chapbor glves an slnost compiete

degree £ et 4 be the
axponent of the absolute difTfevent of & and let ¢! be the lavgest

| iﬁ; Kf 3/” ¢ then |
X(-L,R/k) = (-1)9F30 (N

~ Lot K, be the inertial mbrield of E/k
K, be the first resification subfleld of K/k .
xzé the laygest field betweon 33'1 and Eg guch that




j0l

 (K§/8,) ta a power of 2.
Theoren 1, 1t is cloayr thet |
XA = KlmE/s) ()0
VRIRCURR: W T M ™ o puore Tron dhe rosults fox
cyelie oxtensions of dogree 2 and the sauws corollavy 1t follows

2 mn/x ) = M /£ K (=108 /5, 1)

Hence tho problem has boen reducodd tv proving the theoren fors
4 E/z abelian,purely wemified, X, the firet ramification sub-
. f£i0ld of B/ of = K, /it 2 /01, e £ivat assert

%
The theeram ig vaild i ¥ ﬂ:i%_¢

Wo are now consideviips the camse K/ic gbelisn, puwroly vaads
- fled of gconductor Y o The proof is by induchion, o' = deg K/
If e! is prime then X (mE/k) = 1 4f n =0 or «1

{ —-£ Y por w0

. while, '925 A =22 5 N ~Z*) = 1 as of-1 l= ovens whence bhe
. contention is corvest if o' is prime.

. I then o' 1o no% priwe, use induction on the mmbor of pyime
divisors of e¥, and let K be an interuediate £16ld such that
K/} = q, & prime. Then in the notation of the corollawy (Therem 9
8y = =1, ajmafwjklf Iaetmngg/ﬁ,(b) then |
Klm /) = K (mE/Kt) X (lax(=1,5),5Y%) [x{uax(Oopleny/x]] ¢
= KlueK/KV) X {tax(=1,b),EY/ k)

as g~ is oven. |
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Lmn=0, =0
mﬂ*iabﬁﬂl

-

Homee X{«l;E/k) = X{=1,%/K*) X{-1,K%/1:)
K0 fie) = {0, E/8Y) X(0,51/x)
Kasl/ie) = Klm /%) KB 1Y) for w0

By iaduction hypothesis, K(-1,EY/%k) = ( g%’-”‘)a i
Wo kmow that X(=1,5/%Kt) = |
Homoe K{=1,E/k) =1 = ( v—"é") vhlch proves:(b) fopr K = K,

Ag X(0,K/xf) = 1, while b;,r induetion hypothests K(0,5Y/k) =
1t follows thet K(0,1/%) =
Por m > Q; let 4 be the prime of LY, then Iy = 5p and 2/m
® 2[(nA). doneo by the induction h;;potl%a&a, X/, gt/gg g

( Yo 73 Ny Ax(a/a) eﬁ}; R, untle wo  lmow that X(meE/Kr) = ;%f}imf

b 16 roliows thet

X{mZ/k) = {3 )lm which coupletes the proof of
the contoenkion.

Returning to the move goneral case (X # K Hbut 8/ic purely
remisied, 2/0'), let Eq beitho lutermediato fiold in the corollary
to Theerenm 1. Therm: in the notation used thers, By = =18 3> o

for § > 1. Lotting EE/I’ {b) = 5, we have

xcm,.z/ka = KK/ ) n"“" K(tiaxle s0)o5, /).

From Gthe Wmuﬁa%iam for the cyelie case of prime degres, it is
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clear that X{mE/K ) = X (~1,5/k) and ip actually 1 if K/K; is
of odd degreo (1.0+ Af elthor p# 2 o K= 1IG).
Tenso KlmE/) = K(e1,/5y) T3 Klitaxlagey/1e)s
Iftn=0then b« 0, Whanoo
X(OuB/k) = X(-1,5/5) X(o,/m) TT 8" Kagiy o

while &0 m = -1 thon b = «~1, whengo i

XCLEA) = K=LE/G) KB T je Xie g ),
so that X{,E/) = X(-1,W/k)s as K(O,Ky/k) = X (-LE/ k).
Por any i 9& 0 wo now have {(for gE/El{h} = @)

- -”e/ﬂ [ (tassto, ;,zyw] -n-e/m Niid Jﬂazz(b;sj}-aa
]_x (33;’&’1/3
( )% nich completes the proaf of (a). |
. Tor (b}, wo moy aspuwse that p# 2 (s for p = 2, 2/ K= By
and fulds oase has alveady beon Palon onry of ). Ve then have
X(«1,5/%,) = 1, whones

B N
Kty = T 8" Kooy = (21)9 ) N

).

s ﬁg/k " »9;5/&1 Kz/k oy ’9161/1: m_;n L, Ag ot ig odd it

| follows thot ( Nﬂm ¥= 1, ¥hich mlei:% ﬁﬂ-@ proof of the

thooren. ;



/0%

The Well I~Sevics

Hoba! Iany of tho vegsults of Hhis seotion awe;w 1h the wribe
ings of Hackey,(30), Shoda,(11), Takets; (12} In particular, Talwia
has given o slightly weakor form of lomma 7+ (below). The
analogue of the Frobonius Reeiprogity Law Lfor characters &f an
infinite group which ave induced by charactors of a subgrous of
finive Indexs which is used sovoral times in the following, is
proven in Hacksy's arbiclo.
{m)_ kas'm.&., "On Induced reprosonbations of mnpﬁ *» AmoriJowr
3:1) &lﬁﬁzﬁnj ?QE}!!;W die monomialen Darstollungen Lehen. gyvppe
) dings of the Physice-lathenpbiesl Soelsty of Za@ml, 3 '__,15-‘ &
43.2’;9%%3., "Wber die Gruppon dopen Daystellungen f éi 3h

- auf monemigle gestalt ﬁmfam?m:: lasaen”, Proseedings of 1%
Impordal Academy of Japan, 1930

I.n the following let O be a group, H an izwa&%mh ‘subgroup,
the Indez not necessarily finite, X a chavaester of & {" ag usual
we rostrict chavasher to rofor to a bownded matrix roprogen avion) .
£ 0 is @;'iihaa:aakéxa of I and % C then b ~> §{xux"%) is algo a
Wﬁwaﬁ'ﬂ, which we shall em%hexamduagaﬁaafﬁau&
~_6mambyﬁﬁ‘ﬁwmﬁafalliﬂzi o T8 be reforred to s the

a0t of & conjugetos of &«
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Lemma 1 If 0 is an irreducible tharactor of H ocourring in X,
the vestriction of X to H, then every conjugate of & ccours in
':ﬁﬁ. the same mmiber of times as &. The set G, of all xeG such
Bhast ﬁ‘x = § 18 a subgroup of & conbaining H and of index in G
equal to the nusber of distinet conjupates of 6. The conjugates

of & copvespond to tho richt cosebs of Gﬁs Pinally G‘ag = x“a(ﬁa)x

= For x,7€6G, (657 (n) = ¢™(yuy™Y) = ﬁfﬂfmﬂlﬁﬁﬁl) = 67 ()
for gll heH, i.es (6)7 = 8. It follows Lmmediatoly thab N
is & subgroup of ¢ gonbaining . If § occurs in Xﬂ,zz times i:hén_
for xe G, 5" occurs in Xﬁ at least n tiues (as & is also drve-
dueible). But foz = Xy hence 6" ocourd in ?51 ab léaa'i: n ﬁWa
As B 1s a conjugate of &% & occurs at least as often as &
whence 8~ ocours exactly n tiumes. I follows that & has euly a
finite sebiof distinet conjugates. For x,y€q, 8 =g & &3“"3:13- &
8 ® a8, ® xcGy, which shows that thove exists a one to
one gorvespondence between the right cosebts of ﬁ& in G and the
distinet eonjugates of &. Finally (6%)7 = 6° = mxlec,, vhense
Gpr = X g |

Lemma 2 If X is irveducible and & ia an irvedusible chavactor of
H waich coours in the wvestriotilon,Xy,of X to I and 1f olther
1) (G:) 4s finite '
or  2) 8 im of dogree 1
then XH is the suwz of cenjugates of 6.

T 1) IP (G} findte, 16t $y,..«ab; Do a set of represontatives
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of distinect #ight cosots of 1 in G, Lot Xﬁ bo ﬁhh charecter of G
iInduced by &, Then Xy conbalns %, bub the vestrictiom of x& o
H is sizmly Eﬂ l&ﬁi which proves the asswﬁi&%a

2) If & is off dopwes 1, lot &yu#&a be tho diotinet G con- |
dugebes of & by lemme 1 theoy all occur the swame nwber of times.
. Lot V be tho representation space of a representation p of G whose
| chepactar 10 X. Let V,(41,2}..,8) bo tao sob of all ve V sueh
that  plhly = §,(h)v for all hel, Lot the direot sun of the A
be V. Lot veV,, x€G thon for all hel, /D{Zz}{ plzh) = p&m)v =
Al Pl lhx}v} = plalol x)v) = 65 (n)(p (x)v): 4s 652
- ism & econjugate of ﬁe, thoro oxists & (1 £ 15 8) vush that
= 6y» whonce P(x)V;CVy, lae. P(x)V,C U, It follows thab
PxIUCH, L.0. ¥ 1s a subspace of V invariant underp, As p is
. iyvoducible, W must be V.
) proliopry For X lvrodueible, if the vesirlebtlion of X to H cons
talns ta:sa prineipal representation of H then 1t contains only
the principal repropentation.
Zems 3 Under the conditions of lemma 2, X is induced by en
irpeducible character ¢ of 5. The rostrictlon of o bo B conbains

oaly b

Exoat, % rostriction of X o t}é et contain an irrvedueible chare~
3 a:sw ¥ of &ﬁ with the proverty that the vestriction of o to it
sontaing &. By lemss 2, the restriction of o to H conbains enly G
sonjugatos of Gsi.0. Just 8, say m tines. Ve assert that X is
Indused by 0. Let Xy be the chavacter of G induced by g. Certals
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% ooours in X, and thovefors 1L is onough boushow that the degroon
are oquel. Lot » = (B4Gy), then X5(1) = »o(1) = wed(1). Dut by
Lommag 1, » is the mumber of distinet G gonjugates of 8. As ¢ ocours
in fhe restriction of X to Gy, and § ocours n times in the restrie-
«bhon of ¢ to H, we may conclude that & ocours ab leass m bimes
in the rostrictipn of X %o H. Each ¢ conjugate of & must thore-
fore also ceouwr ak leoast 1 times, whense X(1) > rub(l) = K41}
whlch proves that X and X, are of the same degree. _

Iema L If (03H) {s finite, and 6 an irredueiblo charvacter of X
and Xy the chavaster of ¢ ladueed by 8 then Xy is irredusible

i and only If H = Gg. If in additden I is abelign then all
irreducible chavaecters of G of degroe (G3I) ave Induced by irre-
chavestors & of I for which H = G,

= If X4 18 irreducible then by the induced ehavaster thooren,
& veours Just once in the reastrdiction of X5 te H. Henos cach con~
Jugnte of & ocours just onee. Dy Leama 2, only eonjugates of o
oocurs If v is the muderief conjugabes then Kaill = po{l). Dus
Rgll) = (Gs:) 8{1). Bonge GG*H} = {Gs5), wheneo Gy = H.
Convorsely 1f G, = H, then § has (G:H) atatinet G confuge
Among; the irveducible cherectors of G ocouring in J{&, there must
bo one, X, whose vestricbion vo U conteins 8. X irvedueible fm-
piien aaﬁh eonjugate of § ococurs 'm thig reatyiction. Hence
E(1) 2 (G:H)a(1) = %5(1) z x(1), whence iy = X.
Ir H is abelian and E‘irmdwﬁbla sharacter of ¢ of d

(G:H), leti & bo an irreducible character of I appoaring
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_.:.'. sogbriobion of X to . Thon & ig of degres 1, vhenee the chavaeler

| of @ dnduced by 6 1s of deproe (Gil) and contains X and thevefore
| 48 Z. Tt follows fyom the sbove that O wust have (Gsll) algbd

conjupetes, whones H = &ﬁ.

g 5 1€ T 4s abelfen and G/H cyolls, X lrredueible joharacter
of & and 6 an irreduelble charvachey of H conbained 1m the restrdic-
tlon of X to H, then X 1s induced by & charactor ¢ of Gy of do-

£rae ondg.

. Dy Lemma 3, X 1a induced by en irvodueible charactor ¢ of
G whose resbtriction o H le jJust @(1)6 (as & is of degree 1).
degres of @, then Hwre oxists a unitary mabeix

Lot 2 be the
wpx’éaanmﬁicéz s°> of Gg .andaglmmater © aguch that for all hell,
Pk} = 8(n)L, I, being tho unib wabrix of rank w. It follows
‘that pl) lles in tho eonterwof P(G,). G/U eyclic & Gy it
eyelic B plag) /PiBY cyelic: whence PlCGg) 48 o eyclie proup
emmiaﬁ of its cenber and thoprefore muat be an abelian group
of unitary mateicos, but it is alao irrodusible and therefore the
Gegree mInat be onc. -
Lonyan _(1,_, Under vhe sonditions of Leamme 5, 1f G 48 any subgvoup
of G which contains I and ¢' 13 a character of degreo 1 of GV
which dnduces X then GF = Gy and thore exlsts an lmner aubomor-
phlem g afé such that ¢! = 0 o @

A8 G/H 48 eyoclic every subgroup of G conbaining il is an
invapyiant subgroup of G. In pavtieniar then G¥ and &,'5 are invariant

Y
gy
L
ot

% T ALy e
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mzhgrma of G, The resbtrictién of X to (! gontalns ¢ and there
fove the rostrictién of ¢f to I is a charastor.of I of degree
one which sooours in the restriculon of X to 3, whenco the reatyic~
tion of ¢! to I 48,0, 4 conjugate of 6. It follows that ihove
exdlgts an iwxesz* an@afmxzﬁaiaxa g ol G sua%miﬁsa% 4 is s.muea& by the
character of o # of ale') = Gt this ﬁhax-awar 15 of degrec ong
and Lts resyriction vo I is 8. Henee we may oo thot the ro~
" striction ai‘ 9! o H 1s 8. For xel', hel, 65(h) m-&{m"l) =
9otxhx™2) = o¥{n) = 8{n), vhonce G'<Gg. Bub by Lamme 5, (G:Gg) =
X(1) = (G:G'), whence G! = Gy. Dy Lemua 2, the restriction of
- X o G-ﬁ containg only conjugates of ¢ and tharelore tho asserbion
followss ‘
gz 7 If X 43 irveduelbls end K is sbellen and thove oxilstas

a gequance of Inbevmedicte groups, in‘éaz*iant in G,

G = @D D8, D, .26, = I gue f-f?;;haﬁ G3/g4y 28 eyelic (§=0,1, 0,01
and & is an irvveducible character of i appearing in the vestric-
tlon of X to H then thore oxist a cheractaer ¢ of dogreo 1 of a
group lying botween Gy and H such that ¢ induces X.

Hobes | If (G1H)2s Cintbe then the condition mgy be atabeds the
prine factor groups of the principal sories of &/ avo ﬂﬁ'ﬁm *

This conditlon is stronger than Bhe conditlon that &/H & solv-

| able. If G/H 4 golvable then wo uay only conclude thab he prime
- faetor groupe are direst producta of lscuorvhic cyelie proups

of prime opder {of Spersor, GCruppentheorie, 37C edition Sats 32,33).
Takota has given an oxemple of a solvable group of omder Zila

group with the quaternion group as invariant subgroup of index 3)




o
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: the assertion 1z kmown e be bvuc for n =3, l.e, for
G/H eyelic, wo way apply induction on n and assume thab the
assevtion i valid if ¥ho chsin is of length n~i. Dy lemma 3,

% 4a Induced by an irreducible charactor ¢ of Gy whoso restrie~
blon to B contalna only 6. Lot Of = 631Gy (05§ 5 n)s thon
% u&g:&i: eee DG} = H and tho sequence has tho proporty:

3 fnvarient in GL, @5 /&3-% cyoliic. There oxists o mabrix rop-
regsentation p of Gﬁ = Gy correspending to the chavactor o sugh
that for held, p(h) = 8{h) I, vhore m = deg 0 and I, is the unit
matrix of wank m,. Leb cj = p(@;): (0 2 J s m), then AI) = Gy
abolian, €, inverlent subsroup of €, and €3/8g,y eyelic. Clearly
C, llos in the center of G4 wille G, /0, is cycllc, whomee €, 4
is gbelian. meam the gharester x «> Tr x bF €, ts}ma=aap
‘and 7 16 irvedusible, Then C 52 092 +2+ TGy 45 a chain of long
u~1 Go which tthe induetion hypothesis applies, hence ¢ 1s indussd
by @ chavacter § of dogres 1 of a subgroup § of O, which conbains
Choye Lot g = F (B), ¢ the chavacter ¢ op of g. Yo assert thak
X 18 induced by tho harvasor ¢ of §. We noto Yhat ¢ is of degreo X,
that g conbains the kernal «fpo and aleo g containg H, Clearly
(e tg! = deg &. Hence G, = )% ﬁﬁjing m=deg 0), & dlajoint
wnton. iiﬁmm exiats dse @ m;eh that /9(&3} 9y (g j=<ul
and therefore 5* = pﬁﬁﬂi = UM B&sg 8lso a ddajednt wilon o
sﬁ;ﬂ g&gr ot mdl Lxpliss qjieg cj- For z&C,




//(_ '

Fla) = e ?{#Wfih waemoo for xe 0} olx) =Tp (x))

= g Flog pladey™) = I, Fop Hagma ™) = 25, olagay ),
16 follows thet ¢ is induced by the chapactor ¢ of g» Dub tho
chareotor ¢ of Gg induges X and by the sronsitivity low for auch

rolations, X le induced by ¢ which eomplotoes tho pyoof. _
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%"‘ Lot X bo & finite norsal oxtension of sn algobvale mubor
£101d k. Iek Oy bo tho group of idele classes of K. Ug,, the
xbonsdon of Oy by the galois group, C{W/k), correspending
: canonloal cohomelogy ¢lase has beon exbensively atudled
by Woll, (6); and for fhet reasom the group has been veforred to
as the Well growp. Jf 4 15 a pwime of I, Xy, the dorrespefiding
pompletion of k, then we é;aﬁm,wm/g s (loeal Well é;zmph
to be the group oxtension of (FL,a > by 5(%,/15% } gorvesponding
to the local ocononical cohomology class. It is lmown that this
 group may be identified with a decamposiiion subgroup of Wy,
_ beroup which is wnlcue to within immer subomorphisms
of Wg,e This decompositlon subgroup L8 a extonsion of V
by Gy V bolng ono of the natural imeges in Oy of (Kky )" amd
Gy being the corresponding decompesition subgroup of G(E/k).
If%kiaamal%uaﬁﬁéigewﬁawm; N s ia
chavacbory H the inertial subgroup and t an olement in the Fro-
bondus ¢lass then wo define a local zmeba funsetion, Z(eyX,E/k),
by setbing! log mKE/A) = s o (n Wy™) ™Y 2lxi®) ax,
for BRo 5 » 0, wheve dx iz tho Haur neasure of H norualized so
that the nessure of H is 1+ As thoe Fyobonius class is a cosel
of B, the definition is indopondent of the shoige of &» Trivielly;
z{a,xw*x/kj = B8 X, K/%) Z{s, X%, E/k) Lot X be irreducible and
& unlbeyy mabteix vopresentation of %K_/k vwhose chapracber 1o

heorie du Corps do G}.&a&aﬂﬁ, Jda Hath.S0c.080
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X then as ¥ in camact; by suitablo cholce of p , fnix) dx %
is a' mabrins 21l of vhose clomenis are zere @mﬁ?fi for v degon=
al eloments which ave witys vhore r 1s the muber of tlmss the
$rivial peprosentetion of H oceurs in ho roubrichion of p to I,
Icwenn 2. (§1) shows that v 1s oithor 0 ov dog X» I the labtew,
then f is trivial on H and thewefore /(W) is an frreducible
. oyelic group of univary uabrlces, wheneo » = 1. As f-ﬁ_ X(=t™)dx
i 45 the trago of LA plx) dx, 4% Tollows thab for X irroducible,
the zetn funcblion is 1 unless X iz of degree 1 and twivial on I,
in vaich case 1 1s (1-X(t) ﬂg*ﬂ')“" for Re & > Os

If%*/klaam&%ilmat spehined
the local soba funetion H{ueX,E/ k) ds defined to be 1. In any
case the looal sbba Tunetion bas an obvicus snalytic contimmntion.

If Vs, 48 a global Uell gréup and X is a character then the
Viodl Iesorios 15 dofined to bel

Lig, XK/} = TT@ Zloaky 4Ty /%, }  forRo &> 1
mmﬁmmwmmwk,mx  being the
vontriction of X to tho lecal Weil growp, W i, * A8 % 48 e
vardont wnder ioner autemorphisms,the local geba fumetions which
apposy are well @;.maﬁ. It is voadily chown that for fixed |
the mapping, Ff = X «» L{s;xgn/k)a srnobora of Wy, into the
mlex plane has $he orilont

me/kl ?{xt;z/i:). |
{II) I¢ L &8 an intorucdiate £i0ld, ¢ & chavacter of Wy gy X,
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the infuced character of Wy, then _
Plos L) = FUX8/1) (Induecd gharactor property)

(mixfaaaamamﬂeak, kthaahamwefﬁmaw

°d by eenposing 0 with the tvancfor homomorphisn of Vg, inte
ping ento 6,.) then F(ﬁ;k/k} wF(x,m;},

{m If L is an intormediate £iold, normal over k; X a chapactop

of ﬂh/k’ 'bﬁ/k o L/ the homomorphiom of ’E‘Im onbo WI'-/k' dospribal

P{E /) = P{X o b/t o 1,085E)s

By means of tho firat thweo proporties andl an oxbonsion of
Brauerfe thoovem to charectors of the Woll group, Weil proved
that his I-serdes 15 a product of Hocko Lesordes and therefors
is a movomerphic function in 8. Dy oxbonding the Artin conductor
te gharactors of the Well grewp 1t will bo casy Lo oxtond the
funotional equation of the Artin Imsorfcs o & functional ocuntion
of the Well I~pories. A more diffioult problem is {hat of decoms
pordng the roob mumber appearing in this fuewbional equation into
oot mudbors depending upon the looal bohavior of the global chaye
actor. It will ho mm& this pyoblom mey bo voduced B4 the
| problem of exbandin poeifiod marmer fyy Tato's funotion
- on m;ua. mw“eam {vhich may be interproted with s £4xed
. as &fmﬁ&mm local charactors) te a fmation defined on the

charactors of local Uoil groupss
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" Por atmplicity o ahall vefer to tho proportios I IV of
the previous section as tho Avtin eonditions, Wo are intorosted
inmappings Py 1 Xy - By (X, R o/fty ) of losal chavacters
(f.0. of charestors of loeal Wil groups) into the complox plans
vilch have the propervty that if ¥ i3 some fixed prime of seme
lower £iold kﬂr then the funstion on glebal charactors:

PX,K/k) = '[]' Foy Xy o8,y /2, ) (4)
satlsfion the Artin nmitiam (xq beling relatod to X as defined
in the provious ssction).

“his produst is not well dofined wnloss Fy Xy sKicy /e, ) bas
the property of being independent of the alwiaa of replica of

ﬁﬁkg /k} as docomposition subgroup of y in gﬁ/k‘ Intorproting

the Artin conditions as condltlons on o mapping P of local
ehavacters into the eouplex plane,(with G weplaced by k* ) we
are thus lod to the following (locel) condition which is cerbainly
satigfied if P(XN,E/k) is defined by intrinsic propertiocs,

(V) K,12' fsomopphic normal extentlons of a looal number ficld k,

o an isomorphisn of K onto XY leaving each oleuent of k £ixed,
then cortainly ¢ may be midemﬁ ag an isounorphism of WK/R with

" ; v
HK*/B: if X' i3 a chavacter of /i then the condition is that

PIXYL,RVE) = BX* o 0, B/,
Ve assort that tho looal Awbin condisions I~V fer tho logal
functions Fy Imply that the global funstion ¥, defined by formils {A)
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e,
- s

sabisfies the glebal Arbin condivdlons I - IV. Except Loy the in«
duoed charucber property the proof ig fmmedlate. The pyood of

the asgsertion then folleows froam the following lemus.

Lo &k an 2lgebrale muphor fleld, £ o norusl oxtension of finite
degrve, L an interuwediate £icld, ¢ a charactor of U, ps X the
induced chavaster of Vg, ¥ 2 primo of I, Maseves the ozben-
aions of 4 to L and ;Pi an exbenalon of 4, Lo E. Let u‘i}
decamposition subgroup of W, ot 7 and then ﬁéﬁ =ty wﬁ

1z a decomposition subproup of P g o Vg ppe Lot by, 0.5, be rop-
vegentatives iIn W, of elowonts of G(X/k) whlch pemmbe the
primes Frs.ees Fyp transitively. Let 9y be tho m&wmﬁian of ¢
'”-_5‘} and X, the sharactor of ng,& Induced by ¢4« Then

& ujﬂlaw( w (L5 1<2), and for we u}%hm Xlw) =

e %y (bgweh).

T Let U be the galeds group of I/L, then G = G{E/it) =

b Uty g s 7, = 7y = iy ),

and (%33) 350, capmy aTe mpmsmtatiwﬂ r.:»f the wight cosots of the
decomposition subgroup of ?i in U in the decomposibion sub~

- group of ?.1 in G. The '&3_ are chosen 0 ag te 1ile in the ¢lass
wodtle Cp corresponding to by, Plok (ﬁiaj.if—'l R sueh that

m
iﬁ ﬁf and sueh that z By soryepponds to the class of 84 4 Hodu~

-' %/ = Uil“%. %ﬁ/ﬁaﬁdﬁi‘ whence f'or we ﬁg/k



/17 e

o) = F 8 Rlay ghywbis]]) s But for wye i),
Zylwg) = a’“i?ﬁ,l '?i{ﬁijﬁi@% ) while for &sﬁéﬁg

ﬁi%i égéij whence Eﬁiti%§$} = 3?%1%{52 jﬁiﬂi};&#;%}
which proves the lemsa.

fh. he Punctional Bguatien
£ 8 is an ivredueible chavacier of O, then the Well 5-
serles, Lis,0,z/k) coincides with Hsekeh and 1¢s funciSpal s ua-
tlon way bu exprpossged g :
Ly 0,10/ 1 10 m B, 1 /e ) A 8,0, /)8, )/ k) =
Jgiﬂasﬁg L/E)0{ e, 0, /a1, 0, k),
where £10,k/k) = gonduetor of O
e, /0 s & yninpduler donmples mumbor
ﬁsé"ﬂgﬁﬁgk/ k«} = (% %/Qﬁ (8,3/5) }3/2 > Q@ = field of rational:
n = gheolube degree of X nuipeps
&, = shaclute disordminant of k _
OAneke/ic) = T,y Tloa®y shey ey )
By = vestrietion of @ 4o the matural fmage of ky in G

m?imag sy ey ) = Tllorby J2) 7782 4r yroal, and 0. (x) =(x*¥y
= T(uhaty )2} T “8/2 18 yvesl, and 0, (x) =
m*¥ (atgn )
= 178 T{{aHdt, + oy J/2) TI0arety +la,) )/2);

4 rggmﬁmma (ved®) = 320ty A28, @
{ :}» 5 /3 WMer}é
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Peém Wollts extonsdon of Drauer's thoowon to charagters of
Vell grows 4t follows that the functionsl equation of the Veil
L sores, Lis,X,5/k), X o charactor of the global Well group Uy , 48
L, X5/} C{8,X,K/k)a08, GE/0)0{X,K/K) =

118 Re /i) C{L-8, T B/ A 1wy B, /1)

whors W(KX/k) is a uniuoduley couplex mumber, ppavided
may define Uls,E/k), and Als, XK/} as functions on sharacbors
of Vieil groups shich mabisfy tho Aptin condiblons and in sddition 5
aogune the form indicabod abeve In tho special case when {fé; grkmﬁ "
{It is already knmown that L(e;X,K/k) has this property). We con~
alder the gama function fasbors and the term involving the con-

The gondustor of a chavacter of a local %oil group has
alvendy been defineds Tho 4 inowbial eubgroup of Wy, is a growp
oxbension of the wiits of (K Iy ¥ by thw tnertial subproup of

ilows that X fs Just X(1) en
W s o now define the conduebor

of Xbtobo o
£{E,E/k) = TF3 £(X,, 51, /i;?:z ), thb produst belng veken

over sll disoretc primes of I, Ln belng the restriction of X two
the logal Well cwoup Nﬁkg/kq e ﬂz‘;j ,m;q/k# 1 boing the conw




A

gl 3"& as dofined in Chapter
am 1 for & _..I;_.ﬁ o wokenrs sk Bugncon Sbn ok sandakae bi
defingd by intrinsic proporbles. Deviabing slightly fros

wo now sebl Aring

Als, R, KR} = f%ﬁl}mk b (%, 1/k) y8/2

riainly khis assumes the desired fovm vhen K= ky dog X = 1.
20 varﬁ.fy conditions I-IV; it is efmagh o congplder the exproge

wheoro Aexg- ;I'ikg/kg § dkjg {1) %%/%f(x% ‘% ) 4 agg, bow
ing tho diseriminant of k:,,&_- As this funetion on leoal chavecters
hex Doens shovm to aeblaly the loeal Artin comditions, it followa
preperéics.

thab «ﬁ‘&iﬁaﬁ/ %k} has the desived global

L the fmﬁmwﬂ’ s

O Wﬁ/ﬁ* {a the field of veal mubors and ﬁ tshﬂ
mubors }n If X %8 an lyveducible sharagtor &

Em X 48 ap m’b off &agma 1—3’ ¥ X fs liveoa
thon it is trivial on the commbator subgroup and thevefove vay
be obtalned by transfor from o lnear character of RY , I X is
of dogroe 2 then (Lommm 4, sz.; 1 is snduced by a: lincar shar-

e
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actoryb, of ¢ which is nob inverian _
(136)00f 6/R ond thorefore the vosirietion of X bo ¢¥ 1a

@+ 6Y% Heneo 69 also Indueon X bub no other chorastor of GF
has this property. It follows that if X 25 linear then wo ey
dofine Y{8;X,0/R) = Y{o;8,8/R); vheve & 45 the chavactor af B*
fyom ﬁaieh X is obbained by transfors whilo 1€ X ls irwodueible
of degres 2 wo defime V{s:%,0/MR) = W8,6,0/6); vheve & 1o &
chavsebor of o stah 1nduces Xs In thds sepond cane;

Y (85850/0) = V{0g6%0/C) and thovefore in axy sess ¥{s,X,6/R)
is woll defined 4F X ig ivredugible and this defimdblon may bo
stonded bo vedusible cheracters in the manmer suggested by

condition I, It is Lmmediate that only conditiom I, the indused
ractor velation, roquives vorification. Fer this it in

onough to 1ot & bo a lincar chavaster of ¢’ which $5 invardant
wider o« Wo may sob 0l od8) = p2iv, v veel. Then X, the chave |
am@-manmw@mwmammwmmmm |
Xy + %Xy X4 1o obtained by trensfor fram the chavaster; ey

o & (§ = ;,g}, ¢y being the charasher =x =l h’x 8y belng
the shareoter x = IxI*¥(sign x), whance by defimition |

Ti8s2a0/R) = Wog%paO/R) VloyXns/R) = 772 T((atdv)/2) T((1raviv)/2)

Wﬁh in fiﬂﬁﬁ;ﬁ/ﬂh It follows thak the function ¥ on charace =
chimedoan local Woll groups sabisiy the desived

il il therefore the funstion X = O{e,X,5/1) =

7]‘? I a’{as;xg By ey ) satiscics the global Arbin cenditions.
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Mﬁ ﬁm&.&ma Bhe demonstration of the mtim.al aqaatign
of the Wetl L gerios. I Por the probles of giving a la&al dogonpos
ﬁimen of the voob mwbes:* apfpewi.% in this mﬁien, wo congidoy
the Woll L-sopics as a funetien defined on the aimmatwa of ¥ K/k
and powrdte the ﬁmﬁimn&l equation of the Heoke L*ﬂaz*i@ﬂ in
tarms of the coefflclonts uppesring in the funchienal equabtions
o tha looal sobn funetions studied "':by Tata,

§'JI LY is a charecter of o logal Weldl group, iifE/E,g- let
a8y % B/P) = G{len,T,B/F)/2{8,%,5/F), a retio between logel zeta
functiona of the ¥type discussed in §2. o

If k ia a global number field and @ za a4 cherneler of Gy
then Tatels formdation of the funetlonal. eouation of the Heeko
I-gepdos; L{s,0,k/k) nay be written
L(2em,8, ke /i) = Llw0pk/) T [Alss0y sy fiy ) BHa,0y ,k,/xg, 1
vhore the produet 1a over all priues of kand M(s;0y iy /ey )

i

is used o denote ﬂ% w,H }; Lo h6 fastor mesoclated by Tabe

with e quast eharastor & = %% 0, (x) of ko (the veluabien, | L,
being bho nowmaliged valuvation)s Iﬁ ghould be mﬁed #at the in-
Pindts product eppesrdng in this functional equation samges no

¢ all fs tha boym in the brasleks iy |

ﬁ'ﬁﬁgﬂfg gkg/ké& 3 an chavactors of tho Mﬁiﬁl&%‘h&w Zroups o
logal fields to m funoctlen Plagkag ;%g/kg } on chaveebors of
losal Well groups sueh thab conditions -V hold. As m looe

e N L
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Hsll zeta funclions have these properbles, 1t would follow thab
the funetional equation of tho Well Legovies could be wribtben
£61-8,%,5/k) = Loy 5/0) T fPlea Xy oMy fly 154 oy Koy oy sy J]

o daﬁqmma,mim ;!m:'a«,- legal faetors of the global factor which
appears in the functional oquabien. (From the stumiler chservation
for the Hocke ILemorics,it would follow that almost all the
brackebs appearing in the lust eousbion are 1). From dhis
&wmam%tim and the faﬁfs that the @epression,

, 4lso has a valawal deceupesibion

é{zi.r-a;?%!i/k) A 1*33 _x/m
into locwl factors, 1% webld follow thst the root mumbor may bo
devomposed inte purely local factors.

Thans 1t 13 possible bo mbate conditlons of a local nabure
shisgh ingsure the existance of a desompositlon of tho voot nusbews
tiothing has boon sald consernirg the noocsslty of those condi-
tlong,. Gorbainly conditien IV is nob NOCHHINYT «

Actually, 1t 4s j)#ﬂﬁiblﬂ to exbond the Tate factors 3.33, puch &
manney that conditions I,IL,1IT hold asy e falzm slsple
mﬁw exguple shows ) ;

Let K bo an sbolisn extension of a losal muwber £16ld iy & an
axbitrery ehavacter of Wrlot @ = & o Ny, a chavacter of X* and
1ot X bo the cheractor of U, indused by ¢+ I the oxtension
oxiots, thon by eondition I wo nust bave |

PLBER/) = o (8,9,5/8) = el ’@.a—- | I being ﬂWﬁﬁé
valuatien of K. Dut as shown in chapber I, X is obbatned! by Trasfor
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 from the chavackor, Fguyb Vjs of i) Ty, tess Ty bolng the grouwp
of charackers of k¥ trivial on the nowym group. It follows by con-
ditions I pnd III that '
xR/ = TP 5 v le/i) = TR (611%,1/)
plesXB/t) = T Jﬂ_p(ma *rj;z:/k? =T gy 812/

e iﬁm hove a mﬁr&dﬁ.&ﬁm as the ratie betwoen theme two ex~
prossions for Ple,Xl/k) 18 Xl i/k)s uhore wel 1s tho exponeut
of the conductoy of @

Homover we do know b ( Kém;%l}a‘ = 1 and thus wo are led

-Ehle ﬂmdwﬁum congorning the chavacters of lecal Vell groups
has been vorified enly in the coyelic cane; il.9. only mr chage
aetors of loeal groups W % /1 where K is & cyelie oxbension of k.
Thds will be proven gubsequently. Froa '&iﬁa it follows that if
E’K/x is a global Well group and owiwy docomponit gubgron
of G{E/k) is eyclic and 1€ X is o chavaster of %*JE /i then the fouwrth
power of the root muaber W(X,E/k) has & canonical loeal degompo-
sibion. We may alse eonclude that if k is an algebralc numbor
ﬁaw., L & povael exbongion of k guch that every decomposition
subgroup of tho galole [ group G(L/k) is eyclle and 1€ X is an
mum axtenslon of L noymad ovor k and X o characker of G(E/k)
thoun the fourth power of the roeb muwber appeaving in the
- Punptional squatlon of the Apdin Lesories, &Ca,ﬁ,x/k), hag &




canondeal decompoplilion into locsl fachors.

In the abelien leeal exsuple gibed cbove we note that for the
chargeter X appearing there; we ¢ould haye used property III teo
dofine ple;%, /). It then follouws bhab X(mE/z) 18 e "meagure™
of the exbent to whieh this P (8,35K/&) falls bo have the in-
duced gharscter property. As the plobal »sot mmbers do have the
induced charaeter property we may oxpect some kind of product
formila involving  these local "error" temme X(mEA). An ex-
anple of such & product forsmila shall mow be given?

ST Lot k bo on algebrale maber £iold, X an ebelian oxbenslan
field, éﬂﬁmﬁﬁﬁt@!‘&f%&mﬁﬂ?m eharactor & ﬁﬁx/kﬁf ’GEQ
Iy is 8 pring of It then thors oxists an ..ntag;@z' Mo sugh thab
991%% iz the cenductor of q? for oach prima » of K whioh
oxbends ¥ + Iet By ba mwwyﬁmaafﬁﬁﬂahmﬁmg .

7
taon Tyay o5 5 /iy %=1
the product belng taken over gll valuetions of k.

Lot X be the haracter of Uy, induced by g, Let G =
Tqreses T_— be MW chargetors of €, whilch ere trivial
an ¥ 1. Ope Prooisely as in the lwa;i. case (of chopber I),
X = Fale ) o Mﬁg 0

and therefore, wsing a slightly simpler ‘motation Yor Heeko L-gopdé

Lizwag%E} = 77?,,1 [ Inflgﬂﬁa-.ﬁﬁkﬂ
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From tho funcbional equation of ihe lecke Lesories, 1t fellous

only renaing bo show that the tewm{ | 1s [klm, ,Ro, ey )™ |
It follows {vom the isemovphism hetween completions of K ab
priues which oxbend o that the dencuinater is

[P8s0y 355 154800 45 )] ®#  vitowo % now denotos a fixed
extonsion of 4. Lot L be the decomposition subfield of K at " »
and let I be the proup of chavacters of G which ave triviel on
My, 01 Avvanging G in cosets of Hy 16t Ty, eees Ty n, Do vopro-
sentabives of the distinet cosebe. 7 The reatriotion of each
clement of I %o I’aii 18 tvivial, whonee the {| may bo wribben

( 1 [Ploato TJLJ rley 348y (0 7y)y oy ﬂ]

Plesgp B )3 ssg, axga }

Letting Kg be thoe chapracter of the losel Well group, Uy, /3§ &
_ -_aahy% @fK? and noting that “T,jja}jwa is 6&1&@@1@
vactors of l, which are trivial on I e Ky , 4t follows

y Mta 7:3) o w and that

#*
ey 1, |
T Jeaaa (0 )y gk ) 45 Just the local seta funstion,

zta;x ;E?/k,é ). Aa these sota fmeblons savlafy the loeal
wed shavastor condition, 1t follows that the {| 4s
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The quegbion of whothey a produch formula of thﬁ-ﬂ type
exists for goneral normel sxbonsions which are logaily abelian

§6 The Pertlel Extension of Tabe's Funotien
If & iz a2 leecal muabey fleld; K a nowvmal oxbtension, then ko
local Woll group:l , has abelian imvaviant o ; p k¥ of
finite index. The factor group Uy, /X* is isomovphie to the galels
group ﬁi%l whdch is always solvable. As izzdiﬁaimﬁ “above, this
18 not encugh bo satiefy ihe conditions of lemma 7 (§1). If G(X/k)
48 "mw—seivabm* ise » has & prinel series whoso priie
Lastor grevps ave syelis ond Af X 1s an Hhwduidbis charaster of
rovp bhen m exists a character ¢ of degroe 1 of 8
Leh containg £ such th&t ¢ induces X: Unforbunately
i mm; is0» Ghere may ox~

ﬁaaﬁ ﬁhﬁi‘e : s no Limer

ubicsorphl _ g‘ and relates ¢ with ¢f,

This mmy ocour pven 1e G(E/ic) 1e abelien. It is only when &Emﬂ

is cyelie that & i detomined uniquely by X (of Leumas and €

- and the detormination i.n that ense follows, from the fﬁﬁ#
: if a group | - i




e

oup 1s abelian,

The problen of exbending Tate's functlon to charastors of
may now bo consideveds This fanetion is defined
adusiblie chavucters of Well kalﬁi =% Ju
If X 18 a inoar ehavestor of W, then X is tvdvial on the -
gclosuze of the commbator subgroup and thevefere thore oxisbs

a watque lincer charecter 0 (of degree 1) of k' sueh that
Xa8o Mﬁm/&* z¥s It 1 then naturel to defing f(e.%E/k) =

/° (a;%k/&h for chavacters X of degrse L, and this definibipn
wmaxﬁmﬁa&mam&wﬂwm ﬁm&a@w& afﬁa/k%iﬁhm
swas of such eharactorgsIf X i3 an MaMh Wﬁw of %?m
ond G{E/z) 1s "super~solvablo® thon there esz%aﬁﬂ a mibgroup
By y, conbairdng B¥ with charactor ¢ of degroo 1 vnich induses X

o {829, 8/L) uping elveady dofined wel to ot

P (8,7%E/1) oqual to it (that is to use the Indueed Chavecter
properby to defino the oxterded. Tate coefficient of X) bub ¢ and
L, ave not undouely dstermined by X and therefore tids weuld not
in genoral be e canonical dofinition of tho extonded Tabte ool
flotent of X. Indeod even 1f E/x :ta abelian, ﬂtm&;%)
actually not be wniquely deterul: od by X (howevor theve m good
reasong im believe shat the fourth pover of fl8g,5/5) 48 mi

slned for X/ik abolian sbhopmore if %&E/k} iﬁ @éid

ﬁhanw the square of ﬁ(s,&»,%) is probebly wlanely ¢
‘mined by X). I however G{1/4) 1s gyelic then {Iamé; ﬁ.} %/&
is wniquely dotermined by X and @ fs unique to within lueew oubor
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wpadeng of Vg, The voapinder of this disoussion 48 zfaatﬁa%ﬁé
fo thoe eyelic capo.

:if X 18 an ixwedusiblo character of Vi then thore oxists a
unique pubgroup ﬁfg/h aontaining 4 fer which there oxlste &
1inenr characher which inducos X: If ¢ ond ¢! ave chavocters of
E’E sy, Fdeh induce X then by leowmme 6 tham oxigty xe “?!K/Is: sugh that
9! = g% Lot @ bo the unique chavacter of L¥* sueh that
=P %F"K/L@K’ . A8 W, Mg/ = G(L/E) wo may identify the clags

of % modulo Uy, with Lts nabural image o In G(L/%). It thon follews
that ¢ = 8% ¢ Mﬁg/z;‘*"ﬁ*‘ 87 noing the chavacter , v ~» 8{olw)),
of L™, A8 ¢ eortainly loaves tho olements of the elosuro, R, of Q
in k fixed, it follows fvom the dofinillon of the Tabte coefficlents
that A{s,0,L/L) = P{s,0%1L/1L), whenee by the previous definie
tions (for linear chavactors of Well groups) Almg.E/L) =
/P (@s9*sE/L) and thowefore A (s,%,E/kt) may be yell defined by

sobting 1t equel to /(ssg.E/L).

Having exbended the definition o irmvedusible schavaoters of
the loeal VUell groups the sbtabeusnt of proporty I ie used deo
dofing {8, %,5/k) for redueible charackers of Wy oo Frope
" and ¥ then hold triviallys &t ouly vemains to vorlfy preporiies
Ii'x;;:i;xg IV, Preporty s III ¢an ¢ause no GAffionlty, for If 0 48 &
choracter of k* and X = 0 o "”ﬁg/ gﬂ then 0 is the sm of ehawe
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Fop praperbty IV, we may agewse ¢ en lrrodueible @mﬁw? of Wy@
£ the chavaster ¢ o T fie o> Tk of Uy/y.» Uhen there oxlsbs a uniqo

subgroup “L/it of ¥y, (LO%Yok) with linsey chavacter

mﬂﬁ ¢+ The kernal of téﬁ/j{ wly/ 1t being the élosvre. of the _

costaubator subgroup of t‘a’E /g,:i-ﬁ followa thab EE /k:* & tg /K 5 /*53_;;’1-«?#

mypumient sindler be thet of the proof of Lewma 7 €313 that X
hieed by of. ﬁﬁei&iﬁn@wmmt& 6, a chavactor of

3t mahth;aiz-gmﬂawﬁywwag vhence dt = 8 ¢ ¥ W i B

. Ag £ is lrveducible, the property follews frem the definitions,

Ploafel/i) = plagat,B/k) = f(8,0,k1/k1) = plaeL/t) =
/’(%&'ﬁ%ﬁ/ﬁf) ;
Thus the definltion of ihe extonsion of the Tate fimﬁti@n
o chavactors of Wy s has beon fommlated in sugh & uenney ihat
 the eondltlons I, 11,1V, and ¥V are satiofied aluost trivially.
_w{sifm II gamnot be expected to be satlsfied ag tha
$1llustration shows - bhat eyelie counter mma oxiobe The fiodl

Y ¥ PBeXaB/iz} 8 plosgsR/L) mod ¥
dhore V= group of tho Fourth roolg of 1 if (~1,K/k) = =3
" | group of aquare roots of 1 4F (»1,8/k) = 1.




T ¢ rmer TN S

ing proporty I, iffey bo asswmd thob ¢ is frvedusible

“hon therg mzs & aubgroun WK/F of Wy /5, for which thore existe
Linos eharastor ¢ which fnduces X, Furthemmore there eaim
0, & shavector of F¥ such that o =6 o Vﬁm o gt Dot XT o

-‘ ] & of
aod ‘hsy' O« Am WEJF 2 ti&?‘k e F/k&?*h
of Tamman 7

Slasoaior o By fk

As &ézgﬁf/k) = 1 fmplies (=1,F/k) = 1, ib is enough to show that
12 8 13 & shavactar of K* of dogres 1 and X is the induced oha-
astar of Wy, then P8,0,5/E) & pleyXk/ilnod Y.
Lot GE/L) be the subgroup of G{EK/k) whose eloments loave &
fixod. Let ¢ be the charachor of Wy Induced by 8. Leb o b a
ela syeite group GUY/E), 873 = 1 implies thab &
08 s o = 2+ S

Tqavses Ty avo ﬁw ehaveastors of L t¥ivial on wag Por sl
‘pMetty, lot qg - ms)ﬁ Yy, by > K B o = B oq

= ¥{wE/L)




o 5%, W W e 5. 70 43 Dviveed by enavestor of
U g, ©F d&yﬁ& one, whence X¥(1) = deg L/k = Kjilh Henee X is
the sum of » rreducible churactors of degroe’ %3{1) and thores
fove Ey+.. 34 3o the decoposivlen ef X into Arrodusible chops
seters. Hence by definition, P {@X,E/k) = J[% jel Ms,ag,m:l
Wanlﬁgﬁs?ﬁﬁ/ﬁi = pla,0,E/L). As K{mX/L)eY , tho assortion
is proven.

§'7. Refowmilation of the problem

The basic approach to the probl pteraining e cancnical
factorization of the woot mubeys of charachors of Well groups '
bas baen to atart with Tato's canenical Sastorlzabion (§¥) of the
rabio ﬁ‘ﬂagak/k}/fﬁgﬁaﬁak/k} betwoon assopiated Hooko Legerdes
and bo atbapt to estend those loeal fackors 6o a mmm
Sharagtors of local Wetl groups uhieh Bgtlsfy the local Avbln
conitbdonss (Tt ahowld be noted Hash for ivax 8, o avacter of G
almost all of the local factors ave trivial). Id has boen m

at this factorfzabion cannot load in this way bo Hae Sl

 tdon of the problem. Tals suggests the m::t:ima {1} Does
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m w-aﬁiwz |
sbors of lowal ﬁ%ﬁ&ﬂ with the p&:‘ﬂ?&%ﬁg ghat If 0 1s & ol

astey of G then
(a) (0, ) = 1 for aluost all priucs of ks
(bl Eﬁ(ﬁ 4 } = 1, (4he product being over sll priues of wi
(if o 1o a fixed vationsl mwiber Hhen the fwietlon 0, - Qﬁa (=)
has thls properby).
{3) Does thewe exist a Himebien T, pablofying m&imﬂm :mﬁﬁz
n 8, = Jﬁg } /’kiég ) ean be exbended to a

"é

Apbin ﬁmﬁm? (This 15 equivelent Ho question (1).)
The repults of §8 show that 1f 7 satisfles the conditions of

{2} thon it wust sobisfy the condition:

mﬁ/kis&lem abelian extension, *’aebnraatwarxz*
- d by componlvion with Vg, fren a chavsetor of k7 then in
the mum of chapber 1IT,

1% KR/} T B(m))/2(X), the produst being balen ow
mmﬁm/xaﬁk* fﬁ&‘mk“/ﬂ Eg/kmmzwig

Those w&ﬁmw provide & weans of é&amamg of mﬁmx
igularly if the answor o question (3) is negative).







