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Guide to the Reader

These notes presuppose the theory of complex
semisimple Lie algebras through the classifica-
tion, as may be found, for example, in the books
of E. B. Dynkin, N, Jacobson, or J.-P, Serre, or
in the notes of Séminaire Sophus Lie. An appen-
dix dealing with the most frequently needed
results about finite reflection groups and root
systems has been included. The reader is
advised to read this part first. This he

can do rather quickly.
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Lectures on Chevalley Groups

$1. A basis for L

We start with some basic properties of semisimple Lie
algebras over ﬂ , and establish some notation to be used
throughout. The assertions not proved here are proved in the
standard books on Lie algebras, e.g., those of Dynkin, Jacobson
or Sophus Lie (Séminaire).

Let Z be a semisimple Lie algebra over @ , and %
a Cartan subalgebra of (f . Then %is necessarily Abelian

and Z =;(@ E;éoz; where « 67/1(* and\;(z
a

= {X efl [H,X] = a(H)X for all H e%} . Note that W‘-—‘-‘ xi, .
The a's are linear functions on %, called roots. We adopt
the convention that %Y =0 1if vy is nct a root. Then

[Z(fa, fB] & ‘ZoﬁB . The rank of % = dim(‘//}{= 4 , say. The
roots generate»-ﬁ(ﬁk» as a vector space over @ . ‘

Write V for %Q , the vector space over Q ﬂ generated
by the rosts. Then dimQ V=4+4. Let y eV . Since the
Killing form is nondegenerate there exists an H; e 3/‘{ such that
(H,H;) = y(H) for all He & . Define (y,3) = (H;,H;) for
all vy, 8 e V. This is a symmetric, nondegenerate, positive
definite bilinear form on V .

Denote the ccllection of all rcots by £ . Then ¥ 1is a

subset of the nonzero elements of V satisfying:

(0) ¥ generates V as a vector space over Q .




(1) aeZ= -aexr and ka ¢ = for k
an integer # © 1 .
(2) 2(a,B)/(B,B) e Z for all o, Be X .

(Write < a,B > = 2(a,B)/(B,B) . These are called

Cartan integers).

(3) ¥ is invariant under all reflections
wd(a e ¥) (where w, 1is the reflection in the
hyperplane orthogonal to o , i.e.,

w,v =v - 2(v,a)/(a,a) a) .

Thus ¥ 1is a reoot system in the sense of Appendix I.
Conversely, if £ is any root system satisfying conditien (2),
then ¥ 1is the root system of some Lie algebra.

The group W generated by all W, is a finite group

(Appendix I.6) called the Weyl group. If {al, ven 3 a&} is

a simple system of roots (Appendix I.8), then W is generated

by the w, (i =1, ..., n) (Appendix I.16) and every root is
i
congruent under W to a simple root (Appendix I.15).

Lemma 1: For each root o« , 1let H; e a¥' be such that

(H,H) =c(H) for all He Y. Define H, = 2/(e,a) H;”and

Hy =:Hai (i =1, ,.;, 1) . Then each H, 1is an integral linear

combination of the Hi s

Proef: Write Wy for W, € W . Define an action of W on i££
7

v Le
by wiHj —-»Hj - < aj,ai = Hi .




Then
w.H. = & w.H
iy (aj,aji il
2 {Gesti)
e . 2 . 3! ¥
=l laJ,aJS dJ = iaj,ajs Zai,aii . |
2{e. 0 5]
= Hy- 1@ R v
J Gy sty %5
= H, - < ai,aj > Hi
= Hw a
i3
Then since the W generate W , ij is an integral linear

combination of the Hi for all we W. Nowif o is an

arbitrary root then o = waj for some we W and some J .

Then Ha = Hwaj = WHaj = ij = an integral linear combinatien
of the H. .
i
For every root a choose X e¢zfa s X, £ 0

If a + B8 # 0 define NQ’B by [X,,Xg] = Na,ﬁ Xosg * Set
N =0 41f @+ § is not a root.
a,B
If o« and B are roots the g-string of roots through B

is the sequence B8 - ra, ..., B, ..., B + qu where B + ia
is a root for - r<i<q but B - (r+l)o and B + (g+1)a

are not roots.

Lemma 2: The Xa can be chosen so that:




(a) [XG’X—G] Sl

(b L EE - ¢ egnll B obe . Foeta, B %=f B and

B ~T0, ess3 By 2.2 B + gqu 1is the a-string of

B

©

roéts through B then Ng, = q(r+l)[a+ﬁ|2/lﬁf2 &

Proof: See the first part of the proof of Theorem 10, p. 147 in

Jacobson, Lie Algebras.

Lemma 3: If o, B and o + B are roots, then q(r+1){a+§|2/]6f2

= (r+l)2 ;

Proof: We use two facts:

() r-q=<28,0>.

(For w, maps' B -ro té B +ge So B+ aqgu= WG(B - ra) =

B -ra - 2(8 - ra,c)fla,a)a =8 -< B;a > ¢ + ra) .

(**x) In the a-string of roots through B8 at

most two rost lengths occur:

(For if V' is the vector space over (Q generated by <« and
B8 and Eg =YV , then Z? is a rodot system and every root
in the o-string of roéts through £ : belongs té E? . Now

VY is two dimensional; so a system of simple roots for Z?

has at most two elements. Since every rcot in 2? is cébnjugate

? ?
under the Weyl group of ¥ To a Slmple Toob, L and hence

the @-string of roots through B has at most two reot lengths).




We must show that q[oﬁ-Blz/[B{z =r + 1 . Nowby (*):
r+1 - qlats|?/]8]? =aq+<8a>+1-q (c+p,atB)/(8,8)
. 2 2
=< g,e>+1-qle|?/[8]* - a<a,p>
= (< B,a > + 1)} {(1 - qfczfz/“%]z) g

Set A=<8,0>+1 and B =1 - q[alz/lﬁlz e
We must show A =0 or B =0,

1t |o| > 8] then |<p,e>| =2[(8,0)]/]a]? <
2[(6,@)[/[@12==[< a,p >| . By Schwarz's inequality
< B,a > < a,p> =14 (a,B)z/[allB, < L4 with equality if and only
if o =%kB . Since a and B are rooets and « ¢=i B we

have o # kB so < B,a >< a,B >< L4 . Then since

< g,a >|< | <a,p > we have <B,a>=-1,0, orl . If
<B,o>=~1 then A=0. If <‘B,a » 2> 0 then .

g + 2a] > |8 + «| > |B] . Since there are only two reot l2ngths
B + 22 is not a root and hence g =1 . GSince [5 + a! o Ial

and IB 2 al - IBI and at most two root lengths occur ial = IBI .

Hence B =0 .

If |a| < |8] , then J|a + 8| < |g] (since otherwise three
reot lengths would occur). Hence (a,B) <0 so <o,p><0.,
Then |B - | > |B] > la|] se B -a is not a root and hence r =0 .
As above < ¢,8 > < B,a> < 4 and [< a,p > < |< B, >l se
<a,p>=-1,0, or 1. Hence <a,B>=-1 ; Then by ()
g =-<p,a>=<8,a>/<ae,8>=]|p|?/|a]®. Hence B=0.




We collect these results in:

Theorem 1: The H, (i=1, 2, ..., #) chosen as in Lemma 1 together
with the Xa chosen as in Lemma 2 form abasis far ;tf relative to
which the equations of structure are as follows (and, in particular,

are integral):

(a) [Hl’HJJ =0

(b) [Hi’Xa] =< a0 >Xa

(c) [XQ’X—a] = H, = an integral linear combination
of the "H, .
(d) [Xa’xg] =+ (r+1)Xa+B if e+f 45 a rook.

(e) [XG’XR] =0 if o+ 850 and o+8 is not & root.

Proof: (a) helds since M is abelian. (b) holds since
[HB’Xa] = a(HB)Xa =< a,p >Xa . {c¢) f~llrws from the choice of
the Xa and the Hi and from Lemma 1. (d) fallews from
Lemma 2(b) and Lemma 3. . (e) heclds since [Qf;,jfﬁj =0 if

a+p - is neat a rost.

Remarks: (a) Such a basis is called a Chevalley basis. It is

unique up to sign changes and automerphisms of ;if.v

(o) X,, X_, and H  span a 3-dimensicnal subalgebra

isomorphic to si, (2x2 matrices of trace 0).




~ :
Xa Qe 1 O 1 X—a =2 | O 0 Ha > 1l 0}
0 0 1L 0 0 -1

(c) As an example let :Zf:= SLyiq -

Then fi{’= {diagaonal matrices} is a Cartan subalgebra.
For i,j =1, «ss, #+1 , i # 3, define a = a(i,j) by
a(i,j): diagla;, «.., ag47) — a; - a; . Then the a(i,j) are

J
the rosts. Let E, j be the matrix unit with 1 in the (i,])

3
position and O elsewhere. Then

X =E, .,X =E

. ,H =E . -E. . and H =E, . -E
SR FE ST N U St T ol

15l i+l,i+1 °

Exercise: If enly one root length occurs then all coefficients

in (d) of Theorem 1 are T, . Otherwise Y2 ana t 3 can occur.

§2. A basis for 7/

Let ;i? be a Lie algebra aver a field k and <&L an assecia-

tive algebra over k . We say that o : 26 moi aZC is a hememorphism
if's

(1) o is linear.

(2) o[X,¥] = o(X)o(Y) - o(Y)o(X) feor all X, Y 6‘56?-

A universal enveloping algebra of a Lie algebra ;Z? is a

couple (?Q,@) such that:
(1) /Zl-is an associative algebra with 1.

(2) © 1is a homemorphism of ;i? into/ZZ .
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(3) If (,¢) is any other such couple then there exists
a unique homomorphism & :?Z——> ({ such that ©ovp = {
and €1 =1,

For the existence and uniqueness of (12, ¢) see, e.g., Jacobson,

Lie Algebras.

RirkhofE-Witt Theorem: Let o, bo a Lie algsbra over a field k

and (?Z,w) its universal enveloping algebra. Then:

(a) o is injective.

(b) If ;tf is identified with its image in ﬁ&ﬂ and if

X.,X Xr is a linear basis for';t?, the

T rgs waey
k k2 k

monomials Xll X2 ...er form a basis far ¢ZZ,

(where the k., are nonnegative integers).

The proof here too can be found in Jacobson.

Theorem 2: Assume the basis elements {Hi,XO} of ;Z? are as
in Theerem 1 and are arranged in some order. For each choice eof

numbers n., m e 27 (1 =1,2, ..., 4 ; @ € £) form the preduct,

n.
1

The resulting collection is a basis for the :Zi-algebra Jzé

i ¢ Hi m,
1 in ﬁQL, of all (. ) and Xa /maf according to the given order.

generated by all Xg/mf (m e :2+ =T

Remark: The collection is a QT-basis Ler ﬁLﬂ by the Birkhoff-Witt

Theoren.




" The proof of Theorem 2 will depend on a sequence of lemmas.

Lemma 4: Every polynomial over QC? in 1 wvariables Hl’ 5es H%

which takes on integral values at all integral values of the
variables is an integral combination of the polynemials
e Hi Tk .

T where n. e /' and n. < degree of the polynomial

e e, 1 1 =

4=l il

in Hy (and conversely, of course).

Preof: Let f Dbe such a polynomial. We may write
r H%

f ::‘g' fj 3 , each fj being a polynqmlal in Hl’ reiny HL—l .
j=o

We replace H% by H£ + 1 and take the difference., If we do this

r times we get fr . Assuming the lemma true for polynomials in

2-1 variables (it clearly holds for pelynsmials in no variables),

H,
hence for fr , WwWe may subtract the term fr(y%) from I and

complete the proof by inductien on r .

Logmea 5 If ‘o is .8 FTook and we winite X, ¥, H for

Xa’ X~a, Ha , Then
. H-m-n+2j
min(m,n) . : )
T s e T ) (X*9/(m-3) 1)
e : J
Proof: The case m=n =1, XY =YX +H , together with

inductien on n yield X(Y%/n?) = (Y?/n?)X + (Yn"l/(n—l)?)(H—n+l)

This equation and inductien on m yield the lemma.
H

o A
Corollary: Each > 18 1nh ?ZZ

n




proof: Set m=n 1in Lemma 5, write the right side as

//H n-1 e H-2n+2j n-s , .

)*‘ 5 ¥ dfn-3)1) (x""Jd/(n-3)?) , then use induction
J=0 J

on n and Lemma L.

Lemma 6: Let ;fzzbe the //-span of the basis {Hi,Xa} ofci?.
Then under the adjoint representatinn, extended ta /Zé, every

X?/m? preserves ;if and the same holds for ;Zfzzsa;zzga..; s

Z?

any number of factors.

Proof: Making X?/m? act on the basis of ;iilee get

m + N7 : . '
(Xa/mi)fXB = - (r+l){r+2) . . . (r+m—l)/m?XB+ma if B#-w
(see the definition of r = r(a,p) in Theorem 1),

: = 2 /0y o o
LK =H, (Xa/z) X =-% , X -H =-<a,8, >k ,

and O in all other cases, which proves;€-7»is preserved. The

second part fnllows by induction on the number of facters and:

Lemma 7: Let U and V be ;(imodules and A and B additive
subgroups thereof. If A and B are preserved by every Xg/mi

then so is A®DB (in U®V)

Proof: Since X actson U®V as X®1+1@®X it follows from

the binomial expansion that X"/m! acts as I xJ/58 @X% I/ (m-3)8

whence the lemma.

Lemma &: Let S be a set of roots such that (a) a¢ e S => - ¢ é 3
and (b) o, BeS, a+Be=>a+pBe3 (e.g. the set of

positive roots), arranged in some order. Then |{ [3 Xaa/mof Ima > 0}
ceS .




7 7
is a basis for the éﬁ—algebra L;a generated by all Xg/m?
(¢ e S ; m>0)

Eﬁegi‘ By the Birkhoff-Witt Theorem applied to the Lie algebra for
which {Xa]a e S} is a basis we see that every Aell isa
complex combination of the given elements,. We must show all co-
efficients are integers. Write A =c¢ T X:a/mas + terms of at
most the same total degree. We make A act on 21?@@2535- e

@ X

( m, copies) and look for the component of A- (:) X 6]
W

m, copies
in f%ﬂg)3&(65~ - « ., Any term of A other thamn the first leads to
a zero component since there are either not enough factors (at least
one is needed for each X—a) or barely enough but with the wrong
distribution (since XB-X_Q is a nonzero element of f@( only if
8 =a) , while the first leads to a non-zero component only if
the Xa?s and the X_a?s are matched up, in all possible permu-
tations. It follows that the component sought is CHG(X)' _ @DH@
Now each Ha is a primitive element Of;y?ZZ (to see this imbed ¢
in a simple system of roots and then use Lemma 1). Since A
preserves ;szg);?ZZ@D- . » by Lemma 6 it follows that c¢ e Z

)

whence Lemma o.

e -
Any formal product of elements of <Z{,of the form Ln J

~

or Xg/mi (m, n e 7" s ke Z) will be called a monomial and the

total degree in the X%s 1its degree.
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Pttt

Lemma 9: If B, yeT and m n e AT , ‘then (X?/m!)(XE/n?) is
an integral combination of (Xg/n?)(X$/m?) and monomials of lower

degree.

Ezgé£= This holds if B =y obviously and if B = - y by Lemma 5.
Assume B #;f y . By Lemma 8 applied to the set S of roots ef the
form iy + jp (i, ] e'ZZ%), arranged in the order 8, v, 8 * Y, ;;.
we see that (X?/m?)(Xg/n?) is an integral combination of terms of
the form (Xg/b?)(Xi/ci)(Xg+Y/d?)' + + . Themsp X —>a (aeS)
leads to a grading of the algebra.CZ with values in the additive

group generated by S . The left side of the preceding equation

has degree nB + my . Herice so does each term on the right,

whence b, c, . - - are restricted by the condition DB f_QYA

+ d(g+y) + - + « =nB + my , hence also by b+c+2d + ¢« « « =n +m.
Clearly b +c +d+ . . . , the ordinary degree of the above term,

can be as large as n +m only if b +c=n+m and d ==+« ¢« « =0

by the last condition, and then b =n and ¢ =m by the first,

~ which proves Lemma 9.

i Lemma 10: If o and & are roets and f is any polynemial, then

G

X f(HB) = f(H 5

5 - na(Hﬁ))Xn .

Proof: By linearity this need only be proved when f is a power

of H. and then it easily follows by induction on the twe exponents

B8
starting with the equation XaHB = (HB-- a(HB))Xa .

Observe that each ao(H is an integer.

5)
Now we can prove Theorem 2. By the corollary to Lemma 5
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each <\Zi) is:hi/Z{;Z, hence so is each of the proposed basis
clements. We must show that each element of /Zfzz_is an integral
combination of the latter elements, and for this it suffices to
show that each monomial is. Any monomial may, by induction on the
degree, Lemma 9, and Lemma 10, be expressed as an integral combina-
tion of monomials such that for each « the Xa terms all come
together and in the order of the roots prescribed by Theorem 2,
then also such that each a 1is representeﬁ at most once, because
(Xm/mf)(Xn/nﬁ) ::<m:n> X" /(n4n)s . The H terms may now be
brought to the front (see Lemma 10), the resulting polynomial

H. 2

nl s by Lemma 4,
i

each H, term shifted to the position prescribed by Theorem 2,

expressed as an integral combination of TT'(

and Lemma 4 used for each Hi separately, to yield finally an
integral combination of basis elements, as required.
Let éZ? be a semisimple Lie algebra having Cartan subalgebra

ik(. Let V be a representation space for :;f . We call a

§ vector v e V a weight vector if there is a linear function A

] A 7 ¢ -
% on C%% such that Hv = A(H)v for all H eéﬁg, If such a v # 0

exists, we call the corresponding A a weight of the representation.

Lemma 11: If v is a weight vector belonging to the weight A\

TRy

\then for o a root we have XOV is a weight vector belonging

ta the weight A + « . if X, £

7
Proof: If H éi§3 then HXQV = Xa(H + o{H))v = (\ + a)(H)Xav .
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Theorem 3: If ;Zi is a semisimple Lie algebra having Cartan
S

subalgebra f}{ , then

(a) Every finite dimensional irreducible &iﬁ—module v
. + + .
contains a nonzero vector Vv such that v is a

weight vector belonging to some weight A and

Xav+=0 (¢ > 0)

(b) It then follows that if V, is the subspace of V
consisting of weight vectors belonging to A , then
dim Vk =1 . Moreover, every weight ;= has the form
A - ¢ , where the a's are positive roots. Also,

V=2V, (# a weight).

(c) The weight A arid the line containing V are

uniquely determined.

(d) h(Ha) eZZ;+ for o> 0 .

(e) Given any linear function A satisfying (d), then there
is a unique finite dimensional :zf-module V in which

A is realized as in (a).

&y
Proof: (a) There exists at least one weight on V since /Q( acts

as an Abelian set of endomorphlsms: We introduce a partial order
on the weights by < v if v - z =%a (a a positive 60t ) -

Since the weights are finite in number, we have a maximal weight A .
Let v+ be a nonzero weight vector belonging to A . Since
A+ ¢ is not a weight for o > 0 , we have by Lemma 11 that

v =0 {a>0) .
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(b)Y and (c) Now let W =@:v+ + £ vV, . Let X" (g\fj)
Ji n< N
be the Lie subalgebra of generated by XG with o < 0 (a > 0)

- o +
L.et /?,é . @(/ , and O/C be the universal enveloping algebras
of X7, AU, and £ * respectively. By the Birkhoff-Witt

N o
theorem, /&L' has a basis { [T Xg(a)} ,yZL has a basis
a <0

L n. 7 ey
{*TTl Hil} , U* has a basis | T ) Xg(o‘)} , and (L, the
i= ' a >

universal enveloping algebra of K , has a basis

+

pla) eZ‘ ;

4 nN.
{ '[I . Xg(a) _T[“] Hi1 Xg(a)} where m(a) , n; ,
c i=

Hence,ﬂ =Q<: uo«a_ Now W 1is E"anariant under% « MAlso,
vV ='7L\_f+ ={’Z['¢U,° v+ = OZ/{~ v+ since V is irreducible, z(,+v+ =0 ,

aln‘d ﬂ%* = @ v_+ . Hence V =W ‘and (b) and (c) follow.

(d) H, 1is in the 3-dimensional .subalgebra generated by

Hpo X X_, . Hence, by the theory of representations ~f this

subalgebra, M(H_) e 7.7 (See Jacobson, Lie Algebras, pp. §3-85.)
(e) Sae Séminaire "Sophus LIE," Exposé n° 17.
Corollary: If = is a weight and o a roet , ‘then ,U,(Ha) € Z "

Proof: This follows frem (b) and (d) of Theorem 3 and

B(Ha) =& B8 > ez for o, Be .

Rémark: Py v+ are called the hiighest weight, a highest weight

vector, respectively.

By Theorem 2, we know that the Z—algebra denerated

by Xam/m? (¢ e &, m ez_+) has aZ—basis
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# ] XP(C‘) +1
m%ah .T—l:- 1’]% ‘IT 5%—57_‘? m((x) s ni ’ p(Cﬁ) €Z J.

-  + VRS .
Now if uZ ) u Z and %Z denht; the Z-algebras generated by
Wmr (o < 9) Xg/m! (e > 0) , and 1] respectively,
a

) 4T “1,0 7 +
then @Z=/2/[ Z(’(“ Zl Z

1

Lemma 12: If u e/a(,z and v is a highest weight vector, then

o + . +
the component of wuv .in C is nv' fAr some ne /.

+ o
Proof': We know that ’Z/LZ vh o= 0 and 7/{ v 2 W .
Z; < N F
Hence the component is nonzero only if u eﬂz . Now
H. -
* | acts as an integer on C v by Thesrem 3 (d), so
n.
il

Lemma 13: Let P be a point of VA Y and s a finite subset
of Z{ not containing P . Then there is a pealynemial f in 2

variables such that:

Proof: Let P = (p1’ Py ; P,) with 1 eZ., i=1, 2, oy £
£ [ H.-p.+ k H. +p. +k
Set £, (H,, H,, , H,) = T:T ( 7
* k k




l....l

We see that £, (P) =1 and f, takes the value zero at all other
points of Zif within a box with edges 2k and center P . For

k sufficiently large, this box contains S .

6aY

- : ar o . - —
If V is a vector space over (¢ and M is a finitely

generated (free Abelian) subgroup of V which has a  Z-basis
which is a -vasis for vV , wWe say M is a lattice in V

We can now state the following corollaries to Theorem 2.

Corollary 1:

"

(a) Every finite dimensional A -module V contains a
. < : M 5 7 o
lattice M invariant under all Xa/m: (c e, me Z;
., M is invariant under WZ{ZZ.

{(b) Every such lattice is the direct sum of its weight

e 1

components; in fact, every such additive group is.

Proof': (a) By the theorem of complete reducibility of representa-

tions of semisimple Lie algebras over a field of characteristic O

(See Jacobson, Lie Algebras, p. 79¢), we may assume that V is
A . : =5 . P
irreducible. Using Theorem 3, we find v and set M = sz

M is finitely generated over Z’ since only finitely many monomials

N A 2]
. . e + . + . 71 S
E : in /ZZ:Z fail to annihilate v . Since ilé v =1V and since Lé“%
> - 4
spans U over QC , We see that M spans V over QC‘. Before

N

completing the proof of (a), we will first show that if

/

feyv. =0 with c, el | v. € M and v, # 0, then there exist

- .

w .
n, e/, ng # 0 , such that Te.n; =0 . To see this, let

. ; + .
a_€~2425 be such that the component of uv,  in d:'v is nongero.

T

._-jiII--r—~
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: ' ' + .
Then ZC uvy = 0 implies Zc;n, = O where n,v 1S the component

of uv, in C vt . we nave n, e /. by Lemma 12 and ny #0 by

choice of u . Finally, suppose a basis for M is not a basis for
v . Le 4 Dbe minimal such that there exist Vis «eey V. € M

1inearly independent over 'Zi but linearly dependent.over QC .
L

Suppose L ocyvy = O . Then there exist n; € y ny # 0 such

i=1

1 z <
that iil cyn; =0 . We see that 0 =n, iil civy = iEQCi(ani - n3vq)
Since NV, - N;Vy i=2,3, ..., £ are linearly independent over ZZ ,
we have a contradiction to the choice of Vi, Vo eees Ty Hence,

M is a lattice in V .

(b) Let M be any subgroup of the additive group of V
invariant under il[zz‘. If g 1is a weight, set
By = (!f'(Hl), 10: 70 R #(H,)) e Zi” . For a fixed u let
2 = {Pklk a weight, N #.} . Let f be as in Lemma 13 with
P = PH . If u = f(Hl, .5 H&) then u e ?ZQZl’ and u acts
on V 1like the projection of V onto Vu . Thus, if v e M , the
projection of v to V” is in M , and( M is the direct sum of

its weight cemponents.

Corollary 2: Let ;K: ve faithfully represented on a finite dimensional

vgptor space V . Let M be a lattice in V invariant under ﬁzéZi'
: -

Let ;zfzz_ be the part of « which preserves M. Then 262& is a
lattice, and Q(JZZ > ZXG * :}‘/—there /i%(z = {H eﬂ{l,@(H) e /.

a
for all weights # of the given representation}. In particular,




p . N : ;
Zi;7 is independent of M . (But, of course, ﬁuzz is not inde-

pendent of the representation.)

proof: We recall that associated with the representation on V ,
there is a representation on the dual space V>'< of V called

sk

the .contragredient represoptation given by < X, &V > = - < X,y >

Sz
-

where x e V , y e V , L e %M and where < x,y > denotes the

<1 e

value of the linear function y at x . If M is the dual
lattice in V& of M ; i.e., < MM >cC Z ; then clearly 1 e Z
preserves M°if and.only if 4 preserves M . Ve know that

vV & V' oois isomorphic with End(V) and that the tensor product
of the two representations corresponds to the representation

: 2)
L: A = [1,A] (2 e &f, A e End(Y)) of <;; in End(V) {(See Jacobsony

lie Algebras, p. 22). Now End(M) ~M @& M is a lattice in End(V)

since the tensor product of two lattices is a lattlce Also,

. . v .
is a lattice in < since - C End(M) and dlm > dlm

Q

. 7
because all H. and X are in QC:# . 9Since ixﬁ preserves
i c z !

/ :
:Z_presgiges M & M by Lemma 7, and hence dlizz

preserves the lattice a(JZZ in <;t? under the adjoint representation.
_ N N, oy o
By Corollary 1 (b), 5CTZZ== s (Lx (L) +-/%;”-
a a 7 Z.

S )
M and M, U/

L’Z \0
_ f . . f
Now Xa e uélz, implies a e:@j ,L77. If Xa/n
)72 % ~— :
spans %_Xa{h7if7 over / for n e 4_, n>1, then
d X2 /27 X,/n) Z:X_a/n > ¢u;Z . Hence - (ad Xg/n)2 (X_a/n)
= 2 Xa/n e ijﬁ . Thus, 2/n3 € (l/n);ZA which implies 2/n2 e s
and n

=1 . Hence, ﬁan(};i%Z::
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Example: Let ;i be the 3 dimensional Lie algebra generated by
X, Y, and H with [X,Y] =H, [H,X] = 2X, and [H,Y] =- 27 .
et V= ;Zi and let M  be the lattice in ;if spanned by X, Y,

and H Then since the only weights of the adjoint representation
are T a, O with o(H) =2 ,R,QZ 7%+ 71 +Z.(4/2) . Now &
is isomorphic with ;ii? = 8%2 on a 2 dimensional vector space V?

Here H corresponds to Pa fi ] and the weights are iy _,u.,R

with n(H) =1 . Hence ?ivz = /Z3x+ /Y + /H and f“} #A,?Z/

We are now in a position to transfer our attention to an
arbitrary field k . We have already defined the lattices
i, e B vy o V (M, and 7 X . Considering these
’ éf’ éz’ 12 1 ; a

lattices as Z -modules and considering k as a /Z -module,

we can form the tensor products, ks =M (:)jyk: Zi}i OZ? Q)
He - W @Dk, =n nd kX£ = ZX_ . Te
zf\szf > J C:DZ? g B C:)zz ;
then have:
Corollary 3:
(a) Vk = ZV% (direct sum) and djmkV% =dim ., ¥

16 7 I e

VA

2 |
in] AL = Zka +H K

XS‘ -0, dim f%<k = dim

(direct sum), each

- . \ /7 N2
Qiﬁg? and dimkgé/k = dhn(?;C:

Proof: This follows from Corollaries 1 and 2.




2l
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““ § 3. The Chevalley groups. We wish to study automorphisms of V

% of the form extha (t ek, e , Where

c2
exptX = ¥ e Xg/n?
=0

The right side of the above expression is interpreted as follows.

Since Xg/nf e EQLZ?, we have an action of Xg/n? on M . . Thus,

we get an action of ang/n? on M® 'ZZ[k] . Since Xg acts
o

as zero for n sufficiently large, we see that Z ann/n. acts
=0

on M (:) ZI[\] and hence on N[(:)ZZZZ{%J C)ZZ Following this
last actlon by the homomorphism of M (:> ZZ[KJ (:)7? into

K~ &,k given by A => t , we get an action of E B Xn/n?

k ké = n=0

o7 el i i ‘

We will write Iia(t) for exptX — and ;{; for the group
{j:a(t)!t e k} (clearly Xx,(t) 1is additive in t). Our main
object of study is the groﬁpw G generated by all }é'g (g e 2y .

We will call it a Chevalley group.

H\ LI
Exercise: Interpret 2 e (i J }le;flézz, ol =08 O O R

Lemma 14: Let CZi be an associative algebra, A e CZ, and let

dA be the derivation of ([ , dA = %A

AB =BA , Be CZ~. Suppose exp dA’ exp &A’ eXp T,

- where
A

LB = A8, ¥

and e&p A have meaning and that the usual rules of exponentiation
apply. Then exp d, = ieXp A ?exp(—A) (= conjugation by exp A4).

Proof: exp dy = exp 4, exp(—rA) i {eXp A Texp(-A)




22

Lemma 15: Let o, B Dbe roots with a + 8 # 0 . Then in the ring

o
of formal power series in two variables t, u over L[Z:,fzezf[t,u]] y

we have the identity

- a

| | ) ~ ;s
_’ A (exp tX _, expquB) =TT exp cijt u Xia+jB

where (A,B) = ABA'lB"l » Where the product on the right is
taken over all roots ia + jR (i,j e ZZ%) arranged in some fixed

order, and where the c¢..'s are integers depending on «, B, and

13

the chosen ordering, but not on t or u . Furthermore C11 ::fa a
£ 3

Proof: 1In ﬁ&t[[t,u]] set f{t,u) =

1] )

{exp tXa’ exp uXﬁ) TT exp (-Cijt uU'Xia+jB

=

where 'ijue QZ . We shall show that we may choose the cijvs

in /. such that f{t,u) =1 .
| _d
We note that ¢t I (exp tXa) =1t X, exp tX, -
 Thus, using, the preduet rule we get

f{t,u) =% X, f(t,u)

C
e

o+ exp(t_Xa)exp(u XR)eXp(-t Xq)exp(—u X))

B
: e i
TT expl Cijt u Xia+j8

+ T (exp tXa’ exp u XB)

(e 413 . k%
iaigﬂexp( Cijt u Xia+jB) (-ckth.u X

Ska+i8

ka+£8)

T eXp(~Ci.t1qu
ia+3jp J
<ka+4B
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la bring the terms ~tXa and (*)- kt u%Xka+&B to the front

using, e.g., the relatiens

(exp u XB)(-tXa) = (exp ad u X M -% X ) éxp u XB

(see Lemma 14) and

(eXp ad u XB)(—txa> — tXCL - NB,qtu XQ+R L eee

We get an expression af the form A f(t,u) with A e;zf[[t,u]]
Because f{t,u) is homogeneous of degree O relative to the
grading t > -¢ , u-—-> -8, XY -~ vy , A is also, and from
formulas such as those above we see that Ciez is involved in the
term (%) above but otherwise anly in terms of degree > k + 4

. My k L :
1 = 9 b
in t and u . Thus A . i/l (-cpp * pkx) u Xka+%B with py,

a polynomial in oins for which i + j <k + <4 .

Now we may inductively determine values of Crz € Q:

using the Iexieographic ordering of the cinS such that A =0 .

Then t© %E f(iu,u) =0 implies f(t,u) = f(0,u) =1

To show that the CiiVS are integers, we examine the

coefficient of t*ud in the definition of f(t,u) . This co-
efficient is “ij Xia+jB + (terms coming from exponentials of
ultiples of X ip with k¥ + 24 < i+ j) . Using inductilon, we
- / T 3

see that ch Sat+ip € ﬁZh . Hence, cij S Zz, by Thearem 2.
Tr T = 9 3 - T

% e i=21, the coefflclent is Ciq X&+B +e ka,ﬁ Xa+B 3

so that ¢ = N_

11 a,B
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ExampleS: (a) If ‘o + B is not a root, -the right side of the

formula in Lemma 15 is 1 . (b) If a + B is the only root of the

: 35 C R

8 tu ;" and Na,B S ot T [
with r =r(a,8) as in Theorem 1. (c) If all the roots have one

form 10 + jB , the right side is exp Na

length, the right side is 1 4in case (a) and eXp(t tu) in case (b).

Corpllapy: - TE exP‘tXa , etc. in the formula in Lemma 15 are replaced

by )(a(t) , etc., then the resulting equation holds for all t, ue k.

We eall o set ~ 9 'of Toots closed if g, 8.5 ; o+ B ek
implies o + B e S . The following are examples of closed sets of
« roots: (a) P = set of all positive roots. (b) P - {a}l , o a
simplermpots = s(ah B = Baliostio o
We shall call a subset I of a closed set S an ideal if
de liy BeS ;a8 +B8eb mplieg o+ B8 el . We see that

{a), (b} and {c) above are dideals in P .

TLemma 167 16t T  be an ideal in the closed set S  Let ?(S and
){I denote the groups generated by all }§U (0 € S and o e I,
respectively). If o e S implies -~ a $ 8 oo then 351 is a normal

subgroup of }{é =
Proof: This follows immediately from Lemma 15.

TLemma 17: Let S be a closed set of roots such that « € S implies
7 :
- a é S , then every element of BCS can be written uniquely as

o fXﬁ(ta) where t e k and the product is taken in any
o e

fixed order.
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proof: We shall first prove the lemma in the case in which the
ordering is consistent with heights; i.e., ht ¢ < ht g implies a <

If a, 1is the first element of S , then S - {al} is an

* S-{a

1
the size of S, we see }68 =:TT' )ia .

ideal in S . Hence ){S ==>£ Using induction on

a 1}

Now suppose v e }{S . ¥ =171 ﬁcc(tc) . Since Xi £0
L ~ l 3

there is a weight vector v e M corresponding to a weight X\ such
o T "L — s
that Xal v #0 . Now yv v & talX&lv + z where vV e Vk P

tanalv € VM_Q,l , and 2z is a sum of terms from other weight

SpaCes. Hence ta e k is uniquely determined by v . JSince

1
xX; (v, )7Ly e X i
- Vv e Fq , we may complete the proof of this
il S~ {aqd ‘

case by induction.

The proof Lemma 17 for an arbitrary ordering follows immediately

from:

Lemma 18: Let ¥ be a group with subgroups ééq ,}{2, cees x

1 r

such that:

’ 4 '
(a) S%»ZZEkl 332 o E(r’ with uniqueness of expression.

() X, ¥i+l.” kS

, 18 a normal subgroup of }E for

1= 1y @y cxug T .

If p is any permutation of 1, 2, ..., T then->{ ::}{Iﬂ_3£‘p2,.,}:

pr

with uniqueness:of expression.
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“Proofi (Exercise) Consider 3{/;€r and use induction,

Corollary 1: The map t —> )Ca(t) is an isomorphism of the

sdditive group of k onto }fa .

Corollary 2: Let P Dbe the set of all positive roots and let

U = }{P . Then U ==TT'}€a with uniqueness of expression, where

~the product is taken over all o e P arranged in any fixed order.
- Corollary 3: U is unipotent and is superdiagonal relative to an
=

appropriate choice of a basis for Similarly, U = )6; P

is unipotent and is subdiagonal relative to the same choice of basis.

Proof: Choose a basis of weight vectors and order them in a manner
consistent with the following partial ordering of the weights:

/2 precedes v if £ - v is a sum of positive roots.

Corollary L: If i > 1 1let U; Dbe the group generated by all ES

a
with ht o > i . We have then:

(a) Ui is normal in U .

(b) (U,U,) CU in particular, (U,U) C Uy -

i+l

(c) U 1is nilpotent.

Corollary 5: If P =QUR with Q and R closed sets such
+ — & - 4 Y
that QAR =P , tHen U = XQXR and };Qf]}f = Ty

R
if o is a simple root, one can take Q = {a} and R =P - {a}

(e.g.,
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Example: If zf = st,,, » We have seen that the roots correspond

to pairs (i,j) i # j , the positive roots to pairs (i,j) i < j
and that we may take Xij = Eij , the usual matrix unit. Thus,
;xij(t) =1+ tEij . We see that U = {all unipotent, superdiagonal
matrices}, U~ = {all unipotent, subdiagonal matrices}, and that

lal

G is SL&+1 , the group of 4 4+ 1 square matrices of determinant 1.

Thée nontrivial commutator relations are: (jfii(t) , )qu(u))
J J

= Xik(tu) if i,j,k are distinct.

Lemma 19: TFor any root o« and any t e k  define

w (6) = X (e)x (-t™1) > (8) and h_(t) =w (t)w (1)1 .

ro. -1 _ - <8,a>
{a) wd(t)Xﬁ Nd(t) = gt %W“B where

1+

¢ =cla,p) =-1 is independent of

t,k and the representation chosen, and
C(CL,B} = C((X ’ '"‘Q)

9
(b) If v e V¥  there exists v e Vk
M wd#

independent of t such that

s ! v 9
Wa(t)v = & <_,«J,Q>V

(c) hO(t) acts "diagonally® on Vi as multiplication

br t<g,a>
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. (Nate that W, is being used to denote beth the defined

automorphism and the reflection in the hyperplane orthogenal

R

1S
Proof: We prove this assuming k ::@ . The transfer of ceeffi-

cients to an arbitrary field is almost immediate.

We show first that w@(t)Hwa(t)'l = WdH for all H e ?ﬁi
By linearity it suffices to prove this for Ha ; Ror Ed
a(H) =@ then X  commutes with H so that both sides equal H .
If H}, 1, , the left side, because-ef Lemma 2 and the defini-
.tié?é qf )qa(t) and Wd(t) , 1is an element of the three
di?%nséonal algebra < XQ, Ya, Ha > whose value depends on

calculations within this algebra, not on the representatian

chosen. Taking the usual representatisn-ir séQ , WwWe get
1 0] 1 ][ 1 o1 ¢ [ ¢ +t]
H, = { and w_(t) = .1 ZI .
10 —lj * 0 Zbp=bT Ll UHEs X -t~ 0

sSo that the desired equation follows.
We next prove (b). From the definitimns of dca(t)
and Wd(t) it fallows that if
co .
Vi = wa(t)v , then v = § t'v.  where v. eV

i=o A1 Jiael

(the sum is actually finite since there are only finitely ma»y

weights). Then for H e X, Hv' = ch(t)v =w_(t)w (t)'1 Hw_ (t)v =

a a a
Wa(t) (waﬁlv = rw Hjvt = dw ) (Hlyt . Hemee ¥ corresponds
to the weight Wyt = M = < W =6, Thus the only nenzero term
in the sun oecurs for 4 == € wE S

 —_—
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By (b) applied to the adjoint representation

Wd(t) nga(t)“l = ct” By where ¢ e C and is independent

de
of t and of the representation chosen. Now w_ (1) is an

automorphism of :Z?Zf and XY is a primitive element of ;Z?ZZ

_+ . _ -1 _
for all v so ¢=-1. Finally H_, —-wa(l)Hde(l) =

oL

[y (1) Xqu ()74 we (1) X_gw (1071 = c(e,8)c(e,-8) H,

oB
so c(a,B) = c(c,-8) , whichiproves (a).
-1 -1

w (-1)

Note that w_(t)
o a

=wa(-t) so that ho,(t) =wa(-t)
! 9 <
By (b) wd(~t)v = (<t)” 5> Y nd wé(-l)v = (~1)" <ot

-1 o (—-1)V — t<;’!:,(l>v

Hence w (-t) ’
a e

proving (c).

Lemma 20: Write (oa for Wd(l) . Then:

(a) g)fhﬂ(t)aa&l (t) = an expression as a

=h
o R de
product of h®s , independent of the representation
space.

1

(b) nggﬁﬂwa =X, plet) with ¢ as in

Lemma 19(a).
(¢) g (6) X, (uhny (6)72 =

Proof: To prove (a) we apply both sides to v e V% .

W h (t)w v=w ot Tt @ v (by Lemma 19 (c) applied




-1 e <Wdﬂ,§> <ﬂ,W¢B>
to w, Ve VW ﬂ) = v ==t v = h g(t) v o. By
a .
-1 _ .- . .
Lemma 19(a) u)aXecva —-CXW,O:.B . Exponentiating this gives (b).

By Lemma 19(c) applied to the adjeint representation
<B,0>

ha(t)XBha(t)—l == X, . Exponentiating this gives (c).

Denote by (R) the following set of relations:

(R1) xa(t)xa(u) =x_(t +u) .
(R2) (%, (t), X)) = TT Xyopsn (og5t70)) (@ + 8 #0)
with the Ciﬁ as in Lemma 15.
(R3) w (6) = X_(£)X_ (~t7h)x (8) .
(RL) h,(t) = w (£)w,(1)7F .
(RS) wa — WO,'(]_)
(R6) Loahg(t)w(;l = game expressiosn as a product of

h's (independent of the representation space).

T )
o = X (ct) ¢ as in Lemma 1G{a).

W
0B

(R7) w, Xg(t)w

(RS) h, (£)3C, (whhy (8)71 = X, (£58:%70)

a R(t

Since all the relations in (R) are independent of the
representation space chosen, results proved using only the

relations (R) will be independent of the representation space
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chosen. Such results will be labeled (E) (usually for existence).
Results proved using other information will be labeled (U)

(usually for uniqueness).

Lemma 21: Let U Dbe the group generated by all }{0 (e > 0) ,
H the group generated by all ha(t) and B the group generated
by U and H . Then:

(a) .U is normal in B and B = UH . (E)

(b) UnH=1. | (U)

Proof: Since conjugation by ha(t) preserves §£B (by (R8)) U
is normal in B and (a) holds. Relative ta an appropriate
basis of V any element of UnH is beth diagonal and unipstent,

hence = 1 .

Example: In SL 2 H = {diagonal matrices}, U = {unipotent

superdiagnrnal matrices}, B = {superdiagsnal matrices}.

Lemma 22: Let N be the greup generated by all wd(t), H be
the subgroup generated by all ho(t), and W the Weyl group.
Then:

>~ (a) H is normal in N . (E)

(b) There exists a homomorphism ¢ of W onto N/H

such that o(w ) = Hw (t) for all roots a . (E)

(¢) © is an isomorphism. (U)
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proof: Since by (R6) conjugation by w ~ preserves H and by

(R4) and (R5) w (t) =h (t)w_ , (a) holds. Since

Hw, (t) = Hw (t) wa(l)'l w (1) = Hw (1) , Hw (t) is independent

Tom S . A
of t . Write W/ —-Hwa(t) . Then since Wd(l) SN and
(-1) e # 1 =w (Lw (1) e W2 . Hence (%) &° =1
WCL a ? (0% al o ¢ o ¢
S A -—-l l\, N A -
Also B WB(l) € Wy S0 thDB(DG € W WoW,
R =
But W, wgw —-uaxB(l)X_B(—l)XB(l)Cua (by (R3))
(c) (-c)x, o (c) ) e
= x c)x g% c (by (R7)) = w e W .
WQB —de de waB WQE
Thus (%) W w W ™ = By Appendix IV. 4O the relations
¢ B8 a WGB
(%) form a defining set for W . Thus there exists a homo-

morphism ¢ : W —> N/H such that ¢w,6 = %a = Hw (t) . ¢ is

clearly onto.

Suppese Wwe ker © . If w=w_w_ ... , a product of
D

reflecticns, then w. (1)w, (1) ... =h e H . Conjugating X
aq Gy a

by w. (L)w. (1) ... we get X and conjugating by h we

aq ay wa :

~ P . oy Taval 1 fenand

get }Sq . Hence T¥mm, %ﬁ. for all reots o . Since wa o}

for all o implies w =1 the prosf is completed by:

Lemma 23: If "¢ and B are distinct roots then }fo #5%% -

Proof': We know that }fa is nentrivial. If o and B8 have
the same sign, the result follows from Lemma 17. If they have
oppasite signs, then one is superdiagonal unipotent, the other

subdiagrnal {(relative t~ an appropriate basis), and the result

—
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again follows.

Convention: If n e N represents we W (under o : W —> N/H)

we will write wB (Bw) in place of nB (Bn) .

Lemma 24: If o is a simple roct then

B v Bw B is a group. (E)
Proof: Let S =B u Bw B . Since B is a group and
(v, ) =:®(wd)"l, S 1s closed under inversicen, and since

5% C BB v BBu,B o Bw BB u Bw Bw B C S v Bw Bw B it suffices to
show Wdde C S . We first show that ¥ o S . If 1#ve X"
-

then there exists t e k" such that v=x (t)

- -1 -1 -1
= %, (87w, (~t77)x (£77) e Bw B . Hence X __,CS . Nowlet P
1

be the collection of all positive roots. Then deWa = wan&

— X\/
wd aﬁ:P—

G - a

(since w_ = preserves P-{a} by Appendix I.11) C SB =S .

Lemma 25: If we W and a is a simple rsot, then:

(a) If wo >0 (i.e. if N(wwd) = N(w) + 1

(see Appendix II1.17)) then BwB-Bw B C Bww B . (E)

(b) In any case BwB'Bw B C Bww B v BwB . - (E)

a

-1 =] %_ r_l X =1 -1 — ‘ i
{CL} HWQ WO’, Q,“Oi WO“)_\P—{\OJ}W, W, HWCL = ¥—C’.¥P—{Q} H
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Preof: (a) BwB-BwaB = Bw ¥o¢ ¥P-{C{,}HW(}LB =

-1 -1y -1 _
Bw ¥aw wW_ W, %P-{a}wawa HWQ’,B = BWWaB

-1 ~1 -1
(for w¥aw CB, w ¥P-{a}wagB and w_~ Hw C B) .

(b) If woe >0 (a) gives the result. If wa < O set
?

w =ww_ . Then W o > 0 and = w?wa . By (a) BwB.BwaB =
2 ? ?
Bw w,B-Bw B = Bw B:Bw B-Bw, B =Bw B (B v BwaB) (by Lemma 24) =

?
Bw' B v Bu w_B = BuB u Bww B .

Corollary: If we W and w = Wawﬁ ««. 1s an expression of
minimal length of w as a product of simple reflections then

BwB = Bw BBw B°°°
& B

Lemma 26: Let G be the Chevalley group (G =< ¥a]all a > ).

Then G is generated by all )fa » w_ for o a simple root. (E)

a
Proof: We have wC,¥Bw&l = XW g - Since the simple reflecticns
§ o

genefate W and every ront is coynjugate under W to a simple root
the result follows.
Theorem 4: (Bruhat, Chevalley)

(a) U Bmm=c¢. (E)

welW
(b) BwB = Bw B => w = w? . (U)

Thus any system of representatives for N/H is alsc

a system of representatives for B\G / B .
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proof: (a) By Lemma 26 U BwB contains a set of generators
- weW

for G . Since U BwB is closed under multiplication by these
welW

generators (by Lemma 25) and reciprocation it is equal to G .

(b) Suppose BwB = Bw' B with W, woe W .

We will show by induction on N(w) that w = _ (Here N{w)

?
is as in the Appendix II.) If N(w) =0 then w=1 so w e B .

Then woBw "' =B so wP=P and w =1 (see Appendix II.23).
Assume N(w) > O and choose a simple so that N(wwd) < N{w) .

?
Then ww, ¢ Bw BBw_B CBwB v BwvaB =~ BuB Bw?waB . Hence

4 ? - -
by induction Wi, = Wooor wW, T W W, o. But ww, 2 =w implies

? 9

W, = 1 which is impossible. Hence wW, =Ww, S0 W=W .

Remark: The groups B, N forma B - N pair in the sense of
J. Tits (Annals of Math. 196L4). We shall not axiomatize this
concept but adapt certain arguments, such as the last one, te the

present context.,

?
Theorem 4 : For a fixed w e W choose w. representing w 1in

Set Q =P n w”l(—P) , R=Pn wtp (as before P denstes the
set of positive roots). Write U = for }iQ . Then:
(a) BwB = B w_ Uw . (E)

(b) Every element of BwB has a unique expression

in this form. (U)
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Proof: (a) BuwB = Bw7¥%foH (by Lemma 17 and Lemma 21)

_ Bwa%w-lw 3{QH = BW%QH {since W\ﬁhw—l L B) =B uowa ’

' ? ?
(b) If bcuwx =T w. X thgn
1,0 ] .
B b = ‘DWXX QUW . Relat1Ve t® an appropriate basis this is both

superdiagonal and subdiagonal unipotent and hence =1 .
9
Thus b=b , x = x?
Exercise: (a) Prove B is the normalizer in G of U and
also of B . (b) Prove N is the normalizer in G of H if

“k has more than 3 elements.

Examples: Let ';i'= st, so that G = SLﬁ , and B, H, N

are reSpectiVely the superdiagonal, diagonal, monomiél.subgroups,
and W may be identified with the group of permutatinns of
the coordinates. Geing to G = GLr for convenience, we get from
Theorem 4: (%) the permutation matrices Sn form a system ef
representatives for B \G/B . We shall give a simple direct proof
Assume given x e G .
of this. Here k can be any division ring./ Choose b e B to
maximize the total number of zercs at the beginnings of all o»f

the rows of bx . These beginnings must all be of different

lengths since otherwise we could subtract a multiple of some row

frem an earlier one, i.e., modify b , and increase the total

number of zeros. It follows that feor some w e Sn , wbx is
A - ?

superdiagonal, whence x e Bw lB . Now assume BwB = Bw B




7
< 1

with w, w e S

i
Since w, w are permutation matrices and the matric positions

- Then w”lbw? is superdiagrnal for some b e B

where the identity is.nonZero are included among those of b |
1

? ?
w 1s superdiagonal, whence w=w |,

we conclude that w~
which proves (%) . Next we will give a geometric interpretation
of the result just proved. ILet V be the underiying vector space.
A flag in..v is an increasing sequence of subspaces

Vl C V2 C eee C Vn , Wwhere dim Vi = 1 . Asscciated with the

chosen basis {vl, ce.5, V.} of V there is a flag Fl L. #3s CF

n n

defined by Fi FE Vg wnny v > called the standard flag. Now

G acts on V and hence on flags. B is the stabilizer of the
standard flag, soc B\G/B is in one-to-one correspondence
with the set of G-orbits of pairs of flags. Define a Simplex
to be a set of points {pl,...ﬁ, p,} of V such that’

dim < Pis «oe5 Py >=n . A flag Vi C - C V, 1is said tn be

incident with this simplex if Vi =< D > for some

71> " Prg

T € Sn . Hence there are n? flags incident with a given simplex.
It can be shown, by inducti~n on nlv(see Steinberg,

T.A.M.S. 1951), that (*) given any two flags there is a simplex

incident with both. Thus assnciated to each pair of flags

there is an element of Sn , the permutation which transforms

one to the other. Hence B\ G/B ccfresponds to Sn . Thus

_L*) 1s the geometric interpretation of the Bruhat decomponsi-

tion.
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(b) Consider & = {X ¢ se |XA + AX® = 0}

where A 1is fixed and nonsingular (i.e., consider the invariants
of the automorphism X —=> A(uXt)A”l) . If m=2n and A is

skew this gives an algebra of type Cn , if m=2n and A is

symmetric this gives an algebra of type Dn , and if m = 2n+l
and A 1is symmetric thi§ gives an algebra of type Bn . If we
8 \ s
All"
take A = = in the first case
-1 W .

1] '
and ™ A = in the second and third cases an element

v € Zf is superdiagonal if and only if ady preserves z Qf
a>0

o
(with the usual ordering of roots) . Exponentiating we get the
invariants of X Z> AX"lt a1 (that is 1AxXt = A) . In the first

case Wwe get G~Qf8pm ., in the second and third cases G C S0,

{relative to a form of maximal index). (For the proof that cguality
holds see Ree, T.A.M.S. 1957.) The automorphism o above pre-
serves the basic ingredients B , H , N of the Bruhat decomposi-
tion of SLm - From this a Bruhat decomposition for Spm and

S0 can be inferred. By a slight modification of the procedure,

m

We can at the same time take care of unitary groups.
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(e¢) If Ji is of type G, it is the derivation algebra
of a split Cayley algebra. The corresponding group G is the
group of automorphisms of this algebra.

Since the results labelled (E) depend only on the relations
(R) (which are independent of the representation chosen) we may

extract from the discussion so far the following result.

?
Propcsition: Let G  be a group generated by elements labelled

x (t) (e ex, te k) such that the relations (R) hold and let

U,H, ... be defined as in G .

?
(1) Every element of U can be written in the

form il‘ x, (t,) -

(2) For each w e W , write w = W Wg e e e

9 A\

a product of reflections. Define o = uAaLUB""

1 ?
(where w, = wd(l)) . Then every element of G

?

? 4 ?
can be written u h WV

? 4 A § 1 % L ]
(where u € U h e H v € UW) .

3 3

]
Corollary 1: Suppose G is as above and ¢ is a homomorphism

of a' onto G such that @(x;(t)) = x

a(t) for all o and t .

Then:

(a) Unigueness of expression holds in (1) and (2) above.
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?

(b) ker o C center of o C H

R o
Proof: (a) Suppose [T Xa(ta) =TT x;(ta) . Applying o we

get TT Xa(ta) =:TT Xa(%é) and by Lemma 17 t, :{%a for all «

] ? 70 ? PUR .70 B PV
o Hence w]U is an isomorphism. Now if u h u); v =1uh WV

: 7, 2 ? ~e L e o
by applying © we get o(u Jo(h Jw ofv ) = Joth Jw oV )

9 q R § o
By Theorem 4 and Lemma 21 o(u ) =o(t ) and ofv ) =o(7v )

? i ? A L9 ? ~e 9 9 At
Hence u = u and v =7V SO h u;w,==h knw so h =nh
? L2 SR S _
o (bY T,et = =wuh w.voe ker » . Then

k| _ ? ? ? ] . o ey
g 1 =o(u )olh )aow$(v ) € Hw U 5 so w=1,w =1, o(u ) =1,

2 ? ? ?

o(v ) =1 . Hence u =v =1 sn X? = h? = TT h;(ta) . Then

? ' \
x xg(u)x 1= x;(TT t;B’a> u) by (R8). Applying o we see
)

; T ?
that TT'téB’Q> =1 ., Hence x commutes with XB(u) for
’ a

. ‘
all B and u , so is incenter~f G . To complete the preof

it is enough tc show that center of G C H (for we have shown

A RIS LD (P R S

ker o C H?). If x =uh w v e center of G and w# 1l

] then there exists o > 0 such that wa < O . Then an(l) = Xa(l)x

1
which contradicts Thecrem 4 . Hence w=1 sn x = uh .

j Let W, be the element of W making all positive roots negative.
}{ Then x = xvd;; is both superdiagonal and subdiagonal. Since
| o @

1

] h is diagonal, u 1is diagonal, and also unipotent.

13
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Hence u=1 and x=h e H .

Corellary 2: Center G C H .

Corollary 3: The relations (R) and those in H on the 'ha(t)

form a defining set of relations for G

Proof: If the relations in H are imposed on H then @ in

Corollary 1 becomes an isomorphism by (b}.

il

A ] : i
Corollary &: IT G is constructed as G from L , kK, ...

. )
but using a perhaps different representation space V in place
9 i)
of V , then there exists a homomorphism % of G ontéa G
?
such that $(xa(t)) = xa(t) if and only if there exists a

homdmdrphism 8 : H? —> H such that %'h;(t) = hc(t) for all

o and T .

'? Proaf: Clearly if ¢ exists then O exists. Cohversely assume
i 8 exists. Matching up the generators of H? and H , we see
that the relatiens in Hq form a subset of these in H . By
Corollary 3 and the fact that the relations (R) are the same

for ¢ and G , the relations on x;(t), P o ¢ form

a subset of those »nn Xa(t)’ we. 4in G . Thus o exists.
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So far the structure of H has played a minor role

in the proceedings. Te make the preceding results more precise
we will now determine it.

We recall that H is the group generated by all

2

ha(t% (o e £, t e k) and () ha(t) acts on the weight space V

as multiplication by t< ot = . Alse, we recall that by
Theorem 3(e), a linear function 2z on flé is the highest weight of
seme irreducible representatimn provided < g, a > = ﬂ(Ha) e ZZ+

for all a > 0 . Clearly, it suffices that < , a; > € ZZ+

for all simple roots a; . Define Nl =1,2, .y, 4 by

oL Kj,.aj_> = Oij" We see that Ki occurs as the highest weight

of some irreducible representation, and we call Ki ‘a fundamental

weight.
Lemma 27:
(a) The additive group generated by all the weights of
i

all representations forms a lattice Ll having {A.} as

a basis.

(b) The additive group generated by all roots is a sub-

Moreover, (< as, a >) i, j =1, 2,

lattice LO of L
J

1 -

is a relation matrix fer Ll/Lo , which is thus finite.

(c) The additive group generated by all weights of a
faithful representation sn 'V forms a lattice LV between

L and L

0 1°-

S
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Praof: Part (a) is immediate from the definition of the fundamental

weights. (b) If a; is a simple root and o; =% S5 3 7\.3.(0ij e C)

then < as, o > = Ciy and f. =T < a, aj > kj . (ec) If «a

is a roet, then since Xa # 0 there exists O £V e VF for some

weight x with O %.Xav eV, o+ Hence a=(z+a)-pely

and LO C LV C Ll 2

Remark: All lattices between .LO and Ll can be realized as
in Lemma 27 (c) by an appropriate choice of V . In particular,
Ly = LO if V corresponds to the adjeint representation, and
Ly = 14 if V corresponds to the sum of the representatiefis

having the fundamental weights as highest weights.

Lemma 28 (Structure eof H):

(a) For each a , ha(t) is multiplicative as a functiefi #f t .

(b) H is an Abelian group generated by the hi(t)?s

(with hi(t) = hai(t)')

(c) .TT hi(t.) =1 if and only if

=1 for all g e LV .

< B,ai > _

A £ 2
(d) The center of G = { T hi(ti)! T s 1
= 1 i=1

for all B e LO} , hence is finite.

Proef: (a), (b), and (c) fallow from (*) above. (a) and (3) are

) ~(H ). p(Sn.H.
immediate and (b) results from t < ”’a,> = O =g 13
xh. < fi,0: >

! i

=t if H =7Z%n, H. . Fer (d), we note
a i7"
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2
that || h;(t;) C¢emmutes with xg(u) if and only if ‘TTiti
i=1 i=

by Lemma 19(c).

Corollary:

(a) e Jas= L, , then every h e H can be written uniquely

get i ThalE ) ek,

-t
I
pd

b

L) e Ly =1y, then G has cenfer 1 .,

Corollary 5 (To Theorem 4?): Let G be a Chevalley group as

usual and let e be another Chevalley graup constructed from

the same XL and k as G but using ik Enaplgesagi VoL - e

LV’Q’LV , then there exists a hémomarphism w: & — G sueh
? 2 ?
that m(xa(t)) = Xa(t) for all a, t and ker ¢ C Center Af G
: ? i : 9 iy
where Xa(t) eorresponds to‘ x@(t) in. . . I Lv_—-LV, X

then. © 1is an isomnrphism.

Proof: There exists a homomorphism 8 : H' —> H such that
?
Ghi(t) = hi(t) by Lemma 28(c). If a is any root and
, Tl
Bo=2in i n; e Z.. . then ha(t)'::TT h; () ' and similarly
; 3
for h;(t) . . Hence Gh;(t) = ha(t)‘ By Corellary L to Theorem 4
9 exists, By Corollary 1, ker o C Center of G? e i LV': LV?

? 5 ¢
we have a homomorphism V¥ : G = G  suth that W(Xa(t)) = Xa(t

—

Hence, tV{ou = idG’ P wel = idG” and ¢ 1is an isnmorphism.

£ < B,afﬁz

1
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We call the Chevalley groups GO and Gl correspending

to the lattices L, and L, the adjoint group and the universal

group respectively. If G = GV is a Chevalley group csrresponding
to the lattice LV , then by Corollary 5, we have central

homomorphisms o and B such that o : Gl = GV

We call ker a the fundamental group of G , and we see

and B : G, —=> G_ .
V 0

ker B = center of G .

Exercise: The center of the universal group, i.e., the fundamental
group of the adjoint group is isomorphic to Hom(Ll/Li, k*).

E.g., if k= C , the 1last group is isomorphic with B
Also in this case the Center of G, = LV/LO , and the

'-V'
fundamental group of GV = Ll/Lw ;
v

In the following table, we list some information knewn

about the lattices and Chevalley groups of the various Lie

algebras Zi:
Type of £, L,/1, Gy & Gy
i 2 PSL, 14 SLgsy
5y Z, P50, 141= 302440 SPing pig
%1 o2 opoy SPoy
Poni1 Zy, P30tz SOn+2 SPin) N
L ZyxZ,  PSO, . 80, Spin,
E z,
= 4
“ By Z, Gq = Gy
FLP Zl GO . Gl
| b2 &) Co = Gy
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Here Gy 1is a Chevalley group other than GO and Gl s

 “§zn is the cyclic group or order n , SO is the special.orthogonal
ffgfoup, Spin, 1is the spin greoup, Spn is the simplectic group, and

PG denotes the projective group of G .

To obtain the column headed by Ll/LO one reduces the
relation matrix (< ey, O >) +to diagonal form. To show, for
‘example, that SLn is the universal group of ;Z€ = si_  of type

n
An~l , we let Wy be the weight Wy ° diag(al, “eey a;7M:>NaT“*\»-AN\m

Then if A, = wq +@, + ... +w, , 1< i<n -1, we have

ki(Hj) = N5 (bjj = ﬁj+l,j+l) = Sij . Hence the fundamental weights

are in the lattice associated with this representatien. Since the
center of SLn is generically cyclic of order n , it followé that
L1/LO is isomorphic to / , in this case.

Exercise: If G dis a Chevalley group, Gl’ GZ’ x % 3 Gr subgroups\w\\

of G corresponding to indecomposable components of ¥ , then:

(a) Each Gi is narmal in G and G = GlGZ soe Gr .

(b) G is universal (respectively adjoint) if and only if

each Gi 1S

(¢) 1In each case in (b), the preduct in (a) is direct.

Corollary 6: If a 1is a roet, then there exists a homomerphism

= ~ e [l .01
D, SL2 —>~\§¥é,3f_a// such that O L0 1} = Xa(t) » Py |t 1J
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fo 1 0
=% (¢}, ma{:l =%y o end o {_ t—'l = h,(t) . Moreover,

ker o, = {1} or {+ 1} so that\\S{ }: ;> is isomorphic to

| ©

or PSL

either SL 5

2

Proof: Let ;ZZ1 be of rank 1 spanned by X, Y and H with
(X, Y] =H, [H, ¥] = 2X and LBy Y1 = . 2% | NOW‘;fl has a

0 1} 0 O 1 0
representation X —> o ol ¥Y—=> 1 o lE—> o -1 |8s si, on a

vector space V  and a representation X —> XG ; 1 > X - H—> Ha

on the same vector space V as the original representation of SZ?.
Since SL2 1s universal, the required homomorphism ¢ exists and

has ker o C {+ 1} by Corollary 5.

Exercise: If G is universal, each ®, 1s an isomorphism.

% 34 Simplicity of G . The main purpose of this section is to

4 prove the following theorem:

:f Theorem 5 (Chevalley, Dickson): Let G be an adjoint group and

\% assume ;Zi is simple (£ indecemposable). If k| =2, assume ;i?
1s not of type Al, B2, or G2 . If fkl =3 , assume ;Zi is not

of type A; - Then G is simple.

Remark: The cases excluded in Theorem 5 must be excluded, If

:r lk! =2 , then G has CZB , ng , SUB(B) as a normal subgroup
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index 2 if ;(i is of type Al’ B2, G2 respectively, If

= 3 and ;Zf is of type Al’ then C:ZA is a normalisubgroup
f G of index 2. Here CZZ denotes the alternating group.

| A proof of Theorem 5 essentially due to Iwasawa and Tits

i1l be given here in a sequence of lemmas.

‘Lemma 29: Let G be a Chevalley group. If we W, w= wde s

is a minimal expression as a product of simple reflections, then

W, s Wgy ... € G1 » the group generated by B and W'Bw"l .

'>Proof: We know w1 @ < 0 by the minimality of the expression
(see Appendix TI.19 and II.22). Hence if == >0, then
o -1 _ Y. .
G, 2 W'}{Bw = ><w3 = )(—a . Thus, W, € Gl . Since
wawa—lw(;l C Gy and since length w,w < length w , we may complete

the proef by induction.

Lemma.BO: If G again is any Chevalley group, if & 1is a subset
of the set of simple roots, if Wﬁ is the group generated by all

W, aeT , and if G = - BwB, then

a

wewﬁ
;g' (a) G is a group.
ﬁj (b) The 2% groups so obtained are all distinct.
%i (c) Every subgroup of G containing B 1is equal to ene of them,.

- Proof: Part (a) follows from BwB. deB CB wde \_/ BwB .

9
(b) Suppose T , T are distinct subsets of the set of Simple
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roots, say a e 7' o é‘w . New w, o= -a and wo =a + T CBB
: ' ' Ber

i we WW . Thus W, # wa , since simple roots are linearly

1 W i / i s
independent. Hence, w, ¢ W, W # Wﬁ., and G, #+ G_ since

distinct elements of the Weyl group correspond to distinct double

cosets. (c) Let A be any subgroup containing B . Set

7 = {a|o simple, w, e A}l . We shall show A = G_ . Clearly,
AD QF . Since G= S/ BwB and A 2 B ; we need only show
' weW

we A implies w e GW to get A C Qﬁ . Let we A,

W =W W a minimal expression of w as a product of simple

C(’,ﬁ.,.,

reflections, By Lemma 29, Wy» Wgs oo € A . Hence, a, B, ... € T ,

w and we G_ .
welW -

A group conjugate to seme Qﬁ is called a parabolic'
subgroup of G . We state without proof some further properties

of parabolic subgroups which follow from Lemma Z29.
(1) No two G 's are conjugate.
(2) Each parabolic subgroup is its own normalizer.

(3) GW 8 qﬁ? - QW[\WV

(L) BUBWB (we W) is a group if and only if w=1 or w

5 - is a simple reflection.

Example: If G = SLn , Tthen o corresponds to a partition

of the n x n matrices into blocks with the diagonal blocks being

n-1

square matrices. Clearly, there are 2 possibilities for such
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partitions. GW is then the subset of SLn of matrices whose

subdiagonal blocks are zero.

W
Lemma 31: Let /A_ be simple and let G be the adjoint Chevalley
group. If N #1 is a normal subgroup of G , then NB = G .

Proof: We first show N ¢ B . Suppose N ¢ B and 1 #xelN,
x =uh, ueU, heH. If u#f 1 , ‘then for some

weW., W xw L ¢ B a contradiction. If wu =1, then h #1

Since G is adjoint, it has center 1 , and h Xa(t)h-l = J(a(t?)
9
with t # t for some +t, t ek , @ &% . Hence (h, x (t))

g . i .
= x (t -t) e N , X (6 =t) #1 , and we are back in the first case.

-We now prove the lemma. By Lemma 30(c), NB = G for
some T . We must show = contains all simple roots. Suppose it
does not. Since N i~B , we see 'm # @ . Also since T is
indecomposable, we can find simple roots a,8 with o em , B ¢ T
and o not orthogonal to B . Let byw b, e N, b, € B , then

. _ ] B) .
bwa e N with b = b2b1 ¢ B~ Then wB bwaWB e N r\(BwawBB\‘/BwaaWB B)
by Lemma 25(b). - Hence either WyWg € W_ or WaW,Wg € W
Now WBW(XWB = wY , Where vy = wBa =q < a, B> B . OSince
<a, B> #0, y 1is not a simple root and N(WBWaWB) # 1, so

that N(wﬁwawﬁ)‘Z,3 by Appendix II.20. Hence W, Wg and

waWBWa are both expressions of minimal length. By Lemma 29,
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W, € WF , a contradiction. Thus, 7 is the set of all simple roots

and NB=G7T=G.

’ ¢
Lemma 32: If & and G are as in Theorem 5, then G =G' , the

derived group of G .
vﬁ; k Before proving Lemma 32, we first show that Theorem 5
follows from Lemmas 31 and 32. Let N # 1 be a a normal subgroup
| of G . By Lemma 31, NB=G so G/N¥B/BON. Now G/N equals
.Q{ its derived group and B/B (1N is solvable. Hence G/N =
4 and N=G.
Insteéd of proving Lemma 32 directly, we prove the

follawing stronger statement:

Lemma 32%': If ‘;f is as in Theorem 5 then G? = G holds in any

group G in which the relations (R) hold, in fact in which the

;i: relations:

iy

(8) Caxglo), x () =TT xyp, 5 (eg sthud)

(B) b (t) x (wh (6)°1 = x (t2u)

] a o a [0}

v:’

] hold.

. |

1§ : Praof: Since G 1is generated by the -}favs we must show that

5 every 36 q & GY . We will do this in several steps, excluding as

we proceed the cases already treated. The first step takes us

almost all the way.

(a) Assume |k| >4 . We may choose t ek , t°#1.
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Then (h (t) , =x (u)) = Xd((tzfl)u)-. Since o and ‘u are

?
arbitrary, every-'}ga cG

By {a) we may henceforth assume that the rank 4 is
at least 2 and that ]k]A= 2 or 3 . By the corollary to
Lemma 15, we may write the right side of (A) as XB+Y(NBAYtu) . TT?
the factor with i = j =1 having been isolated. We will use the
fact (*) that Ng =+ (r +1) with r =r(8,y) as in

Theorem 1, the maximum number of times one can subtract y from 8

and still have a root.

(b) Assume that o is a root which can be written B + v
so that no other positive integral combination of 8 and vy is
a root and Ng # 0 . Then Ef'a ca as follows at once from
fA) with TT? =1 . This covers ﬁhe following cases:

(1) If all roots have the same length:

types AL’ D&, B

L
(2) B&(& >3), a long 3 By, a leng, k] =3 .
(3) ¢, (£>3), a short; or o long and k] =3 .
(4) F) -

(5) G, , o long.

'To see this we use the fact that all roots of the same
length are congruent under the Weyl group, imbed o in an
appropriate root system based on a pair of simple roots, and

use (*). In all cases but the second cases in (2) and (3)
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this’system can be chosen of type A2 with 8 and Yy roots
of the same length as « , while in those cases it can be chosen of

type B, with B and y short roots.

Because of the exclusions in the theorcm, this leaves

the following cases:
(6) B&(& > 2) , o short.
(7) G, , o short, |k| =3.

(8) C, (£23), a long, [k]l=2.

bt

(c) If (5) or (7) holds, then 3‘{@ CG ., 1In both of

these cases we can find roots B8, Yy so that a =8 + vy, all
other roots iB + jy (i,j positive integers) are long, and

NBY#rO : in (6) we can choose 8 1long and Yy short, in (7)

both short. Then TT? belongs to G? by cases already treated,
hence so does )écf, by (A).

(d) If (8) holds, then..}ga _CNG7 . Choose roots B, Y

¥

with B 1leng, vy short, and a =B + 2y . Since ;E G

g+Y 9

because B + Y is short, our assertion will follow from C12 £ 0

in (A), hence from the next lemma.

Lemma 33: If B' and Y form a simple system of type B2 with

B long and Yy short, then ( xB(t), XY(u)) = XE+Y(i tu) XB+2Y(i tuz)
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Proof: By Lemma 14, we have

Xy(u)XB xy(u)—l = exp (ad qu} XB

B i 2
=Xty g Koy 0N QN oy /2 Xginy

Here Ny 8 =+ 1 and N =+ 2 since B - y is not a root. If
3 .

¥R+
we multiply this equatior\:.,byY -t , exponentiate, observe that the
three factors on the right side commute, and then shift the first
of them to the left, we get Lemma 33.

The proof of Theorem 5 is now complete.

In the course of this discussion, we have established

the following result.

Carollary: If ¥ is indecomposable and of rank > 1 and if «

is any root, then there exist ronts B and ¥y and a positive
integer n such that ¢ =8 + ny and C1p # 0 1in the relations

(A) of Lemma 32? .

Corollary (To Theorem 5): If |k| >4 and G is a Chevalley group
based on k , then every solvable narmal subgroup »2f G 1is central

and hence finite.

Proof: Since the center of a Chevalley group is always finite
by Lemma 28(d), we need only prove the first statement. Alse »C ..V
assume G = G, , the adjoint group, since by Corollary 5 to

Theorem hg , there is a homomecrphism o of G onto GO ‘with
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ker ¥ C center of G and G, has center 1. Now we may write

6 =Gy-G, + « - G, where G, 1i=1,2, ..., r is the adjoint
group cerresponding to an indecomposable subsystem of £ . By
Theorem 5, each Gi is simple. Thus any normal subgreup of G is
a product of some of the Gi’s . If it also is solvable, the

product is empty and the subgroup is 1.
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‘i.§5, ‘Chevalley groups and algebraic groups.

The significance of the results sa far to the theory of semi-

simple algebraic groups will now be indicated.

Let k be an algebraically closed field. A subset VfCka
is said to be algebraic if there exists a subset 77(: kix ,...,xn]

such that V = {v = (Vl""’vn) e k" |p{vy,...,v ) = C for all

n
p € F}. The algebraic subsets of k" are the closed sets of

the Zariski topology on k' . For V C:kp set IP(V) =

{p € k[x ,.5;,xn][p(v yeeesV_) = 0 for all

n (vl,...,vn) e V} .

2 :
Let r =n" + 1 . Define D(x) e k[x ,AlJ]l T by

D(x) = 1 - x_ det(xij) . Then GL_(k) = {v e K'|D(v) = 0} 1is an

IA

algebraic subset of k' . G is a matric algebraic group if G

is a subgroun of ”GLn(k) for .some n and some algebraically
2
closed field k , and G is an algebraic -ubset of k" *1 .

If k ~1is a subfield of k , G is defined over k. if Ik(G)

——ear—y )

has a basis of polynomials with coefficients in k.

Examples: (a) BLn(k), (b) Sggerd%agonal subgroup,
‘lt Y
(c) Diagonal subgroup, (d) ; = G, = additive group,
’ rtol‘} (|01 c
(e) { O | t = G = multiplicative group, (f) Spoy,
(g) 5 Z any finite subgroup.
The groups in (a) - (e) are defined over the »rime field. Whether

szn, SOn are or not depends on the coefficients of the defining
forms, The groups in (h) are not connected in the

Zariski topology, the others are.
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A map of algebraic groups ¢: G ——> H is a homomorphism

if it is a group homomorphism and each of the matric coefficients

@(g)ij is a rational function of the g . A homomorphism

13
p: G —>H is an isomorphism if there exists a homomorphism

V: H—> G such that 9y = idy and Yo = id; . A homomor-
" phism ¢! G ——> H 1is defined over k, 1if each of the rational

functions above has its coefficients in ko .

1=

xcept for the last assertion, the following results are proved

ir Seéminaire Chévalley (1956-8), Expose” 3.

(i) Let G be a matric algebraic group. Then the following
are equivalent:
(a) G 1is connected (in the Zariski topology).
(b) G is irreducible (as an algebraic variety).
(c) Ik(G) is a prime ideal.
(i1) The image of an algebraic group under a rational homo-
morphism is algebraic.
(1ii) A zroup generated by connected algebraic subgroups is
algebraic and connected (e.g. (a) - (g) are con-
nected). It is defined over the perfect field ko

if each of the subgroups is.

If G 1is an algebraic group, the radical of G (rad G) is

the maximal connected solvable normal subgroup. G is semisimple

- ‘\‘N—-——_
if (1) rad G = {1} and (2) G is connected.
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For the remainder of this section we as&umeﬂthaiyzéc is alge-
braically closed, ko is the prime field, G 1is a Chevalley
.%group based on k and M the lattice. (Since a change of basis
':ﬁin M 1is given by polynomials with integral coefficients we may

(¢

' épeak of a basis over M .)

Theorem 6: With the preceding notations:

(2) G is a semisimple algebraic group relative to M .

[ ' (b) B 1is a maximal connected solvable subgroup—{Borel sub-

group) .

(¢c) H is a maximal connected diagonalizable subgroup

(maximal torus).

(d) N is the normalizer of H and N/H=EW .

(e) G, B, H, and N are all defined over k  relative to

M.

rre
PO

: B and H are determined by the abstract group
(a) B 1is maximal solvable and has no subgroups of finite
indax.

(b) H is maximal nilpotent and every subgroup of finite index

5 ia of finite index in its normalizer.

c r 1 6: SERE S Db —
| Proof of Theorem 6: (a) Map Ga > QL by x,: t 3 Xa(t) .

3 This is a rational homomorphism. So since Ga is a connected
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et R=1rad G . Since R 1is solvable and normal it is finite
the Corollary to Theorem 5. Since R is also connected

" R=1, and hence G is semisimple,
(b and ¢) H is the image of Gg under (ti""?tb) —_—
"ﬂgiihi(ti) and hence is algebraic and connectedj so B = UH is
}connected, algebraic, and solvable. Let Gl B ; Then
Gl B) Bw, B (some simple root a} , so f}l ;)<Xa, %-a> , and
hence by Corollary 6 of Theorem L' Gl is not solvable and hence
i% (b) holds. H 1is a maximal connected diagonalizable subgroup of
B (for any larger subgroup must intersect U nontrivially).
Hence H 1is a maximal connected diagonalizable subgroup of G
(by a theorem in Chevalley!s Séminaire); :o (c) holds.
(d) is clear. To prove (e) it suffices by (iii) to prove:

Lemma 3k: Let ¥ = {x (t)|t e k} and 'y = [h (t)|t € Ky

Then: (a) }éx is defined over kO and  x 3 Ga —_— '¥& is

BN
SIS L

an isomorphism over ko .
(b) 'ha is defined over k_ and h,+ G n~m>‘ha is a

homomorphism over ko

4 Proof: Let {vi} be a basis of M formed of weight vectors.
Choose v; so that X v. # O , then write X v, = I ¢;5v5 - and
choose vy so that c 5 #0 . If v; 1is of weight g , then

. . ) o 1k 220 o e
vj is of weight  + a . Since xa(t) = 1 & tX, t U X&/Z s

it follows that if 33 5 is the (i,j) matric coordinate (i # j)

gebraic group so is %{a . Hence G 1is algebraic and connected.




£0

{x (¥)) = ¢..t « All other coefficients of

function then a; . {x, i

J
Xa(t) are polynomials over ko in t , hence also in a

d
This set of polynomial relations defines }{a as a group over
1 . . . _
k, - Now éigaij. Xa(t) —>t is an inverse of x, , so the

map Xy is an isomorphism over k_ . The proof of (b} is left

as an excercise.

We can recover the lattices LO and L from the group G

: % A P A
as follows. Let 2 e L . Define g H —> Gm by y(lThi(ti)) =
TTti#(Hi) . This is a character defined over k_ . {Z] generates

N
a lattice L , the character group of H'. The ~¥afs are deter-
mined by H as the unifue minimal unipotent subgroups normalized
. 3 -1 _ oy

by H'. IF B = TThi(ti) then h xa(t)h; = x,(a(h)t) where

N\
@(h) = TTt.a(Hi) . o 1is called a global root. Define L =

i ) : e et e

AN AN a
the lattice generated by all a . Then LO CL.

N
gxercise: There exists a W-iscmorphism: L —~—> L such that
o N V2N VAN
LO —_— Lo, g o—>yu , and a ——>a . (The action of W on L

is given by the action of N/H on the character group).
We summarize our results in:

Existence Theorem: Given a root system £ , a lattice L with

LO CLCL (where L, and L, are the root and weight lattices,
respectively), and an algebraically closed field k , then there

exists a semisimple algebraic group G defined over k such that
LO and L are realized as the lattices of global roots and char-

acters, respectively, relative to a maximal torus. Furthermore
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G4 %&,.‘.' can be taken over the prime field.

The classification theorem, that up to k-isomorphism every
semisimple alzebraic group over k has been obtained above, is

muich more difficult. (See Séminair Chevalley, 1956~8).

o f 14
We recall that ?#ZZ —'?i‘rxguzz
(HeY|p(H) ¢ Z for all p e L}

1l

Lemma ¢! Let k be algebraically closed, G a Chevalley. group

hd
over(HI‘c), Hy,...,H, a basis for ‘}JT_Z Define h; by hy(v)
w(H, .
=1t 'y for ve Vy . Then the map o: G; > H given by
1

i 4 1 1
(tl5;..,t£) mer’:Eghj(tj) is an isomorphism over ko of alge-
braic groups.
. . T T ' . ! -
Proof : Write H, = L 13Hj"nij E 2 - leen {tj} we can find

_ M B g
{t;} such that t TTt (for det(nij) # 0 and k= 1is

divisible). Then TThj(tj acts on V  as multiplication by
=

“J
— ,u(ﬂ Yo e(E)
1y TT‘G , i.e. as TTh;(t;) . This shows that o
maps Gé onto H . Clearly ® 1is a rational mapping defined

over k. Let {g ]} be the basis of L dual to {Hg} (i.e.

(H)) = 8 i SIS
s j) = ij) . Write p; = ., i Lnﬂﬂ . Then TT(TWt )

1 e
= ti , SO 1 exists and is defined over ko

Theorem 7: Let k be an algebraically closed field and ko the
prime subfield. Let G Dbe a Chevalley group parametrized by k
and viewed as an algebraic group defined over ko as above.

Then:
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(a) UTHU 1is an open subvariety of G defined over kg

(b) If n is the number of positive roots, then the map

<t

P

p: k' x k' x K' ——> UTHU defined by

P ] . . .
. u o xm(tafrrhi(ti)a'zro Xa(ta) is an isomorphism of
of varieties over k_ .

i}
Proof: (a) We consider the natural action of G on oL

relative to a basis {Yi,Yz,...,Yr} over k_ = made up of products

t 1 :
of His and XS such that Yl

set xY; = I aij(x)Yj and then d = 831 1 & function on G over

k. We claim that x e UTHU = U"B if and only if d(x) # O .

= /\Xa(a >0) . For xeG we

Assume x € U'B . Since B fixes Yl up to a nonzero multiple
and if u € U” then uX e X, + H+ > kXg , it follows
ht (B) < ht(a)

that d(x) # 0. If x € U" wB with we W, w# 1 , the same

considerations show that d(x) = O . If W, € W makes all posi-

tive roots negative then by the equation WOU” wB=Bwwb and
1

Theorem L the two cases above are exclusive and exhaustive,

whence (a).

(b) The map @ 1s composed of the two maps

i

V= (VYo Wl (sg)g s o x (85) x (t)g 5 g >0  xHx T,
and 6: U~ x Hx U -——>U"HU . We will show that these are iso-
morphisms over k_ . For ﬂfz this follows from Lemma 35. Con-
sider %/3 . Let {v,} Dbe a basis for V , the underlying vector

space, made up of weight vectors in the lattice 1I , and fij the
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corresponding coordinate functions on End V . For each root a
choose i = i(a), J = jla}, nyy = n{a) as in the proof of Lemma
3L. Set x = TI o XB(tB) . Choosing an ordering of the positive
roots consisteit/with addition, we see at once that fi(a),j(a)(x)
n(a)ta + an intezral polynomial in the earlier t's and that
f;.(x) is an integral polynomial in the t1!s for‘all i, .
Thus q/B is an isomorphism over ko 7 andléimilarly for */l ;
To prove © 1is an isomorphism we order the v, sc that U H,0
consist respectively of subdiagonal unipotent, diagonal, super-
diagonal unipotent matrices (see Lemma 18, Cor. 3), and then we
may assume that they consist of all of the invertible matrices of
these types. Let x = u hu be in U HU and let the subdiagonal
entries of u~ , the diagonal entries of h , the superdiagonal
entries of u Dbe labelled tij with i > j, 1= ], 1< j re-
spectively. We order the indices so that 1J precedes kt 1in

case i<k, j<+4 and 1j # kt ., Then in the three cases above

f..({x) =

i3 tijtjj g TEEp. tij’ resp. t..t.. , increased by an

it id

integral polynomial in t's preceeding tij . e may now induc-
tively solve for the t's as rational forms over /. in the

f£1s , the division by the forms representing the tjj’s being

justified by the fact that they are nonzero on UTHU . Thus 6

is an isomorphism over ko and (b) follows.

Example: In 8L, UTHU consists of all (aij) such that the
= T

a,- a
. 11 712 .
minors [a4-] , «.. are nongingular.
S \azl azzJ ’ N
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Remark ¢ It easily follows that the Lie algebra of G 1is jik :

We can now easily prove the following important fact (but
will refer the reader to Séminaire Bourbaki, Exp. 219 instead).
Let G be a Chevalley group over d:; viewed as abéve as an
algebraic matric group over @ , the prime field, and I the cor-
fesponding ideal over Z (consisting of all polynomials over Z
which vanish on G) . Then the set of zeros of I in any alge-
bratcally closed field k is just the Chevalley group over k
of the same type (same root system and same weight lattice) as
G . Thus we have a functorial definition in terms of equations

of all of the semisimple algebraic groups of any given type.

Corollary 1: Let k,ko,G,V be as above. Let Gf be a Chevalley

group constructed using Vr instead of V but with the same li,
Assume that LV:Q LV? . Then the homomorphism o: G ——> GY
taking Xa(t) =Tx£>x£(t) for all o and t is a homomorphism

of algebraic groups over ko -

Proof: Consider first w{U"HU . By Theorem 7 we need only show

that @[H is rational over ko . The nonzero coordinates of

1
- 1 . - 24 (Hl) 1 .
1T hi(ti) are [T 6. ﬂp € Ly') . The nonzero coordinates

, w(Hy)
of TT h.(t,) are 1T 1%

monomial in the latter (because LV’ C:LV) , and hence is rational

(1 € LV) . FKach of the former is a .

over ko . Now for w e W,CJW (resp. -u;

W) can be chosen with

coeff;cients in k_ (for wa(l) = Xa(l)cha(‘l)zca(l)’ , so that
o . . e iy P
myuw U B is rational over ko . Since BB g;w“}U B , we con-

clude that ¢ is rational over ko as
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corollary 2: The homomorphism SRR SL2 — <,¥a’ }(é_a> {of
t
Corollary 6 to Theorem 4 ) is a homomorphism of algebraic groups

k
over o

proof ¢ This is a special case of Corollary 1.

Corollary 3% Assume .ilv, and M are fixed, that V 1is uni-
versal, k ( X are fields and Gk and GK are the corresponding

Chevalley groups. Then G = GK/W GLM,k .

Proof: Clearly Gk(;AGK r\GLM’k .
1

Then x = uhw v (see Theorem 4 ') with w = defined over the

prime field. We must show that XQJ;l e G, i.e. uhu” € G

- ] = g s i - T + T
where u = W vw = . Write uhu = T x, (t)7] hi(“i) 1T x (%)

.

Suppose X € GKKW GLM,k .

~

with t©, t; € K . Applying o~ of Theorem 7, we get

1

(ta)a S0 ¥ (ti) X (ta}OL <0 - 3ince uhu  is defined over k

and m’l is defined over k_ , all t , t; & k . Hence
uhu—‘e Gy -
Remark: Suppose k= € and G is a Chevalley group over k .

Then G has the structure of a complex Lie group, and all the
preceding statements have obvious modifications in the language
" of Lie groups, all of Which are true. For example, all complex
semisimple Lie gfoups é;e included in the constructiomw, and «

in Theorem 7 is an isomorphism of complex analygit manifolds.
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36. Generators and relations

In this section we give a presentation of the universal
Chevalley:group in terms of generators and relations. If X
is a root System and k a field we consider the group generated

by the collection of symbols f{x (t)|a e I, t & k} subject to

j the following relations, taken from the corresponding Chevalley
§ groups :
3 (A) Xd(t) is additive in t .
i (B) If « and B are roots and w + B # O , then (xm(t),xg(u)) =
. i ] . ; e
E T Xia+jB(Cijt u’) , where i and j are nasitive integers
| 3 and the c;j are as in Lemma 15.
i - * 5
f (B) w@(t)xa(u)wu(mt) = Xna(“t u). for t e k 5 where w@(t) =
E | Xa(t)x"u(mtml)x&(t) for © & k'

E (C) ha(t) is multiplicative in t , where hg(t) = w@(t)w@(ml)

for t & k'

'§ E The reader is referred to the lecturer's paper. in follogue Sur la
;.f théorie des ggqués alg%brigﬁes, Bruxelles, 1962.

Thecrem 8: Assume that £ is orthogonally indecomposable. Thent!

(a) The relations (R) (see 33) are consequences of (A)

i and (B) if rank £ > 2 and of (i) and (B') if
rank © = 1 .
k- 5 (b} In either case if we add the relation (C) we obtain a

complete set of relations for the universal Chevalley

group constructed from ¥ and k .

o e
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The proof depends on a sequence of lemmas.
Throughout we let G' be the group generated by
{x&(t)la e %, t € k] subject to relations (4) and (B} if
rank % > 2 or (&) and (B') if rank £ =1, G be the uni-
~ versal Chevalley group constructed from X and k , and
o G —> G be the homomorphism defined by n(x&(t)) = xa(t)

for all a € %, t e k.
Lemma 36: Let S be a set of roots such that:

(a) « &8 dimplies -a £ S .

(b) a, B eSS and a + B e £ implies a + B & S .

Let %ts be the subgreup of G' generated by
{x;(t)[a e 3, t ekl . Then ¢ maps .¥!s isomorphically onto

the corresponding group in G .

!
Proof: Using (a4) and (B) we can reduce every element of % <

to the form GTZ Sx&(ta)(ta e k) , and we know by Lemma 17 that

every element of %S can be written uniguely in this form.

Lemma 37: The following are consequences of (4) and (B) if

rank § > 2 and of {(4) and (B') if rank L = 1 :

(a) w;(t)xé(u)w&(_t) = xylct™ Pr®y)

(b) w&(t)wé(u)w;(-t) = w, (ct™ Py

(c) w(;(t)hé(u)w(;(-t). = hyl{et By hy (ot BB
where ¥ = Wb, ¢ = c{a,8) = X1 is independent of ¢
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(4) hg(t)xg(ulng ()70 = x, (£<%%y)
(e) hg(t)wglulng (6)7F = wy (6%,

r H -1 _ 1L <B, e 1 ; ],
(£) B (t)hg(u)ng(6)™F = ng (£=2 Py (659571

Proof: (a) assume a # Ip . Let S be the set of roots of the
form ia + jB where 1 and j are integers and j > 0 .. By

(B) %13 ‘is normalized by A%ra and }(vtma and hence by

w (t) . Thus W;(t)xé(u)W;(-t) € %fs . By Lemma 36 we need

only prove that relation (a) holds in G . But in G (a) follows
from the relations (R) . Now assume a =B and rank & > 2 .

In this case we use the fact (see the Corollary to Lemma 33)

(*) There exist roots & and \7 and a positive integer J such

that a = & + jy and

T T ! mn
(x (u,.x((%gj = pTl Oxm6+nﬁ(cm,nt u)  and c 5 # 0 .
Set T = {mwaé + nwavlm,n positive integers} . Transforming both

sides of the above equation by w&(t) and applying the case of
(a) already proved we see that the transform of every term except

! : 1 '

d

X6+j‘v7(cljt u’) e %T . Hence Wa(t) 6+J‘? lJt u) (=t) € X‘T 3
so by the earlier argument, with T in place of S , (a) holds.
If o =p and rank £ = 1 then (a) holds by (B'). Since

! -
Wa(t) L w&(mt) , the case a = -B follows from the case a = B

1
(b) -(f) follow from (a) and the definitions of wa(t)

d h (% |

an o (t)

¥

Part (a) of Theorem & follows from parts (a) = (d) of Lemma 37.
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8: Let ‘h& be the group generated by all h;(t),

, and H  the group generated by all ﬁ; . Then:
Fach 'h& is normal in H'
L
H =—'Hﬁi
i=
(2) follows from Lemma 37 (f)

(b} Let B be any root, and write B = wa, with a,

simple and w e W . Let w= w,... bea minimal expression for

w as a product of simple reflections. Set ¥= w,B . Then
hg(t) = W (1)hy(e (1) "B ® 6 ni(e(-1)"P ) "y (1) by Lemma

37 (c), and hence by Lemma 37 (e)
1

B
e'h%fhé . By induction on the length of w , (b) follows.

'WT(—l)

h ) a

(6) = hy(e(-1)"P %)yl (-1) 7P %) ~hy (57

I’
Proof of Theorem & (b): Let G be the group generated by

i

{Xa(t)la e L, t £ k] subject to the relations (A), (B) if

rank T >1 or (B') if rank I =1 , and (C) . Let

i

." (’ :
wa(t), ha(t),‘.. be defined as usual in terms of the Xa(t)

it il
We wish to prove that n: G —>G is an isomorphism. Let

¢ it

X € ker n‘ By Corollary 1 of the proposition in %3, x e H .
iv s L - R34 .

By Lemma 38 and (C) x = T[ hy(t;) (v € k') . Applying ¢ we

obtain 1 = TT’hi(ti) . Since G is universal each &, =1,

so x =1,

Remarks: (a) In (4A) and (B) it is sufficient to use as gen-
erators Xa(t) where a is a linear combination of 2 simple

roots and the relations (A) and (B) which can be written in
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terms of such elements.

(b) It is sufficient to assume (C) for one root in

each orbit under W .

Exercise: If £ 1is indecomposable, prove that it is sufficient
to assume (C) for any long root a .

We will now show that if k is an algebraic extension of a
finite field then (i) and (B) imply (C)

t 1
Lemma 39! Let a be a root and G as above. In G set

2lEm] = ha(t)h (1,1)1’106(1:11)-'"l . Then:

a’ .
(a) f(t,uzv) = f(t,uz)f(t,v)

1,

(b) If t,u generate a cyclic subgroup of k" then

f(t,u) = £(u,t)

2

(¢} If f(t,u) = f(u,t) , then f£(t,u) = 1 .

(d) If t,u# 0 and t+u=1, then f(t,u) =1 .

fal

Proof: Since f(t,u) € ker n, f(t,u) € center of G’ . Set
h,(t) = h(t) .

(a) f(t,v) = h(u)f(t,v)h(u)ﬁl
h{u)h(t)h(v)h(tv) Th(u)~t

= n(tu®)h(u?) " (vu? )k (u2) "Ih (W) h (sulv) L (by Leama 37(£))

= h(tu*)h(u?)"1h (vu? ) (tulv) -2
= f(t,uz)‘lf(t,uzv) .

(b) Let t = vm, u = v'' with m,n € #Z . Then

h{t) = h(v)™, h(u) = h(v)™d with ¢, d € center G , since
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is a central extension of G . Thus h(t), h(u) commute and

£(6,a) = £(u,8) .

(¢) h(t) = h(ulh({t)h(u)™t = h(tu*)h(v?)™ (by Lemma 37 (£)),

g0 that f(t,u) =1 .

(d) Abbreviate x_, X_j» W, h, to %, y, w, h, respec-
tively. We have:
(1) wle)x(upw(=t) = y(-t%u)
(2) w(t)y(ww(-t) = x(-t“u) (by (1))
(3) w(t) = x(t)y(-t™H)x(t)
(3") wit) = y(-t7h)x(t)y(-t71) (by (1), (2), (3)).
swen h(tu)h(u)™l = w(tu)w(-u) by definition of h

= x(t)x(=t)wltw)w(~u) = x(t)wltu)y(t™Tu"%)w(=u] (by (1))

u“l)x(tu)y(—t_lu_l)

= x(t)y(-t

-1 - . ?
y(t 1o z)w(uu) (by (3 ))

= x(t)v (-t~ N x(tu)y (%) w)-u) (by (4)

for__ vl Ny = ye TR (1w) ) = v (uTR))

x(6)y (-t Tu ) wl-u)y (=tu™t)x(-1) (by (1} and (2))

1l

= x(t)y (=t~ Ny x(=u)y (w ) y(=tu)x(<1)  (by (37))
= x(6)y (=t (1-t) ) x(-1)y (ut (1-t) Jx(~1)
= x(6)y (=71 x(6)x(~1)y(1)x(-1) = w(t)w(-1} = h(t) , proving (d).

Lemma LO: In a field k of finite odd order there exist elements

t,u such that t and u are not seuares and t + u= 1 .

Progf: 1f [k[ = q there are (i+l)/2 sqﬁéres. Since
((€+1)/2}4a the squares do not form an additive group, so we can

_ y
find a,b,c so that a + b = ¢ where a and b are sduares
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¢ 1is not. Then take t = a/c, u = b/c ,

eorem 9: Assume that I 1is indecomposable and that k is an
-——‘——'—.-_" ::
.algebraic extension of a finite field. Then the relations (A)
?and (B) (or (B') if rank ¥ = 1) suffice to define the cor-
responding universal Chevalley group, i.e. they imply the rela-
{3ftions (C)
€ Proof: Iet &, @ € k* . We must show f(t,u) =1 where f is
. as in Lemma 39. By Lemma 39(b and c) if either t or u 1is a
square f(t,u) = 1 . Assume that both are not squares. By Lemma
40 (applied to the finite field generated by t and u)
E - 2 2 . *
B t=r tl, u = s"uy with r, s € k , ty *uy = 1, tl and Uy
not squares. -Then f(t,u) = f(t,s2

ul) = PlE,.0, ] = f(rzt

1) l’ul)

= f(t{,uq) = 1 by Lemma 39(a and d).

Example: If n >3 and k 1is a finite field, the symbols

x,:(t) (L €1, j<n, i# 3j,t k) subject to the relations:

i
(4) Xij(t)xij(u) = Xij(t+U)
(B) (Xij(t),Xjk(u)) = Xik(tu) if i,j,k are distinct,
(Xij(t)’xk&(u)) = A iR Gk, 1AL,
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§7. Central extensions.

T
G , and G are as in

Our object i1s to prove that if =,

1
§6, then (m, G ) 1s a universal central extension of G 1in a
sense to Be defined. The reader is referred to the lecturer's

-paper in Collogque sur la théorie des groupes algébriques,

Bruxelles, 1962 and for generalities to Schur?'s papers in J. Reine

Angew. Math. 1904, 1907, 1911.

14
Definition: A central extension of a group G 1is a couple (m, G )

bl

1 1
where G 1s a group, 7 1s a homomorphism of G onto G, and

1
ker n C center of G .

Examples:

(a) n,G,G as in S6.

' _
(b) m : G —> G the natural homomorphism of one Chevalley
group ento another censtructed from a smaller weight
lattice. E.g., = : Slh —_— PSLn, Tl Spn~—€>PSpn .

and 7 3 Spinn —_— SOn .

(c) = G’—~€>G a topological covering of a connected
topolegical groupy 1.e., 7 1s a local isomorphism,
carrying a neighborhood of 1 isomorphically onto one
of G. We nete that =n 1is central since a discrete
normal subgreup of a connected group is necessarily
central. To see this, let N be a discrete normal
subgroup of a connected group G and let n & N. Since

the map G—=> N given by g ——;>gng"l, g & G, has a
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discrete and connected image, gng-l =n for all
g & G.

Definitien: A central extension (mn,E) of a group G 1is

universal if for any central extension (n

"E') of G thare

r
exists a unique homomorphism e such that =7 ® =7
q CP 4 3

i.e., the following diagram is commutative:

E ® S E'
\ /
7T ae
|
G

We abbreviate univeral central extension By u.c.e. We

¥ 4

develop this property In a sequence of statements.

(1) If a u.c.e. exists, it i1s unique up to isomorphism.

Proof: If (n,E) and (nY,ET) are u.c.e. of G, let

o 1 1 !
9 :E—>E and 9 :E —>E be such that 7n¢ =7 and
! 1 t 1
T =T . Now @’? : E—=FE ard ﬂJ?»@)'= .. Hence @ P
is the identity on E by the uniqueness of ¢ 1n the definition

1 1
of a u. c.e. OSimilarly o is the identity on E .

(1i) If (n,E) is a u.c.e. of G then E = {J E and hence -

<

G = G, where JJH 1is the derived group of H.

; t T
Preof: Consider the central extension (n ,E ) where

B =fxE/JFE and = (a,b) = n{a), a €E, b € E/JFE . Now if

P;(a) = (a,1) and ?2(a) = (a,a+dJ B}, then n’@i =n,1i=1,2,

and hence ®y = Py - Thus, E/J3 E=1 and E =/JE.
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(1i1) If G =LG and (n,E) 1is a central extension ef G,

then E = C.J/ E where C is a central subgroup of E ‘en which

n 1s trivial. Moreover, JLOE = D2E .

Preof: We have wnJJE = JJ(nE) = G =C. Hence, E = CLJE where

C =kern. Also, JE = F(cDE) =/°E.

(iv) If G =G, then G possesses a u.c.e.

Proof: For each x & G we introduce a symbol e(x). Let F be

the greup generated by {e(x) yX & G} subject to the condition

that e(x)e(y)e(xy)_l commutes with e(z) for all x,y,z & G .

If n i e(x) —> x, then By using induction on the length of an
expressisn in F, we see that =n extends to a central homo-

morphism of F onto G.

,
(a) (m,F) covers all central extensions of G. To see

vt
this, let (E , m ) be any central extension of G. Choose

1 1 11 1
e (x) €F such that 7n e (x) =x. Since = 1s central, the

! :
e (x)'s satisfy the condition on the e(x)ts. Hence, there is

a homomorphism q’) CF — EY.A such that cpe(x) = e‘(x), and

1
thus = =T .

(b) If E = JJF and =n also denotes the restriction ef
n to E, then (mn,E) covers all central extensions uniquely.
By (iii), we have that (m,E) covers all central extensions. If

! K o
(n,E') 1is a central extension of G and if = p=n=7ng9¢
T o]

then o(x)y (x € center of E . Thus, W2 x => o(xlp (x} L

1s a homomorphism of E 1into an Abelian group. Since E =_£§E,

o
"W is trivial and P =9 -
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" Remark: Part (a) shows that if G 1is any group then there is

a central extensien cévering all others.

(iv') If (nyE) 1s a central extension of G which covers

all others and if E =.JE, then (m,E) is a u.c.e.

(v) If #n:E—>F and ¥: F—>G are central éxtensions, then
so is VY n : E—> G, providéed E =.JE.

Proof: If a G ker "W m, let @ be the map ® ! x —> (a,x) =
axa-lx°1’ x&~FE . Now @(x) € center of E, since

n(a,x) = (na,m) = 1 because = a € center of F. Now ¢ 1is

& -hememorphism, so @ 1is trivial, and a € center of E.

(vi) Exercise: In (v), (n,E) is a u.c.e of F if and only

if (“Y=n,E) is a u.c. e. of Q.

Definition: A group G 1is said te be centrally closed if (id,G)

is a u.c.e. of C.

: (vii) Corollary: If (m,E) is a u.c.e. of G. then E is

b

centrally closed.

(viii) If E 1is céntrally closed, then evary central exténsion

VY:F—=>E of E splits; 1i.e, there exists a homomorpdism

@ $: E—> F such that Wy ® = id .

(ix) (n,E) is a u.c.e. of G if and only if every diagram

of the form E - ==~ >.Er
\L l/’

s T

'

G ———— G

F
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1 1 - g -
can be uniquely completed, where (n , E ) is a céntral extension

1
of G and ¢ 1s a homomorphism.

Proof: One direction is immediate by taking ¢' =@ and § = id.
Conversely, suppose the diagram is given and (V,E) is a u.c.e.

' - Let H be the subgroup of G x E' , H = {(x,‘e’) }?x= n!e'}. If
Wi H—G is given by V¥ (x,er) = x, then "V is central. Since
(m,E) is a u.c.e. of G, there is a unique homomorphism

© ¢+ BE—>H such that P 6 = n. Now the homomorphism w : E~>E,— ,

Y 1 1 ! t '
o ="V, wihere ¥ :H->E 1is givenby WV (x,e') =e |,

satisfies Cn = g«ye = \{J’ 6 = ntcp . If Pm= nrgoY , Then
"\l\ét"\‘&?__\: E —>H be given by 8’ (e) = (m(e) ,-go!,.(e))._, Since ’\]V_GT =1,

i 1 t 1 1 ;
we have 6 =0 and o =V o =V o = ® , proving the uniqueness

of o .

Pefinitien: A linear (respectively projective) representation of

a group G 1is a homomorphism of G into some GL(V) (re-

spectively PGL(V)).

Since GL(V) is a central extensieén of PGL(V) we have

the follewing result:

(x) Corollary: If (n,BE) is a u.c.e. of G, then every
projective representation of G can be liftec( uniquely te a

linear representation of BE.

(x1) Tepological situation: If G 1is a topological group nsne

can replace the condition G =JJG By G 1is connected, the
condition (n,E) is a u.c.e. by (n,E) is a universal covering group

in the tepological sense, and the condition G is centrally closed
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by G 1is simply connected in the abeve discussion and obtain similar

results.

Definition: If (=m,E) is a u.c.e of the group G, then we call

ker = the Schur muitiplier of G.

If we write kernm = M(G) to indicate the dependence on G,
then a homomorphism, ¢ : G-—€>G’ leads to a correspdnding one
M)+ M(G) —> M(G') ey (1X). Thus M is a functor from the
category of groups G such that G =fJC to the category of
Abelian groups with the following property: 1f ¢ 1is ento, then

so is M(yp).

Remark: Schur used different definitiens {and terminology) since
he considered enly finite greups eut did not require that G = [JG.
If G =JJG our definitiens are equivalent to his. One of Schur's
results, which we shall not use, is that if G is finite then so

is M(a).

Jaeorem 10: Let ¥ be an indecomposakile root system and k a

field such that |k| > 4 and, if rank ¥ =1, then [k| 4 O.
It G is the corresponding universal Chevalley group
(abstractly defined by the relations (A),(B),(B’);(C) of §6), if

1
G 1is the group defined hy the relations (A),(B),(B’) (we use (B')

only if rank I = 1), and if 7 1is the natural homomorphism from

' 1
G to G, then (=,G) is a u.c.e. of G.

Pemark: There are exceptions to the conclusion. E.g. SLZ(A) and

i SL,(9) are such. Indeed SL,(4) = PSL,(5) and SL,(5) is a central




éxtension of PSL2(5)- For 812(9) see Schur. It can be shown
that the number of couples (Z,k) for which the conclusion falls
is finite.

Proof: Since |k|> 4, G =G, G =ﬁ(}”, and u.c.e. exist
for both G and G’. The conclusion becomes GY is centrally
closed,by the above remarks. We need only show that every central
extension (\F,E) of G splits, i.e., there exists &6 3 G:—>5E

_ 1
so that Y 6 =1id., 3 i.e., the relations defining G can be

G
lifted tn E.

We may assume E =JJ E¢ but then (nM,E) is a central
extension of G by (v ). We need only show K
, (1) If (W,E) 1is a central extension of G, - then the
»:5 iQ relaﬁions\4A)J(BJ,(Bt) can be lifted to E.
Let C = ker YV , a central subgroup of E. We have:
(2) A commutator (x,y) with x,y & E depends oniy on
the classes mod C to which x and y belong.

Choose a € k° so that c = a® - 1 0.  Then in G

(n, (a),x (t)) =x (ct) for all a&X, t & k. We define
g? ¢x, (t) €E (e €2, ¢ € k) so that W o Xa(t) = Xa(t) and so
that

(3) (pn (a), ox (t)) = px ,(ct) and then o@n's (and
later P w1s) in terms of the mx!'s by the same formulas which
define the h's and the w's 1in terms of the xt!'s. Note that

this choice is not circular because of (2). We shall show that

the relations (A),(B),(B’) hold with ¢@x's in place of x's.
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(L) on xa(t)(cpn)'l = cP(nxa-(t )n™1) for all h & H, « € I,

Set hxa‘(t)h‘“1 = xa(dt) with d Ek* . Conjugating (3) by

ph, we get (oh (a), ®x (dt)) = wnox (ctlo (n)"2 , and the Left

l)'

side equals ¢ xa(cdt) =o(hx( ctlh” by (3). Similarly we have

L) on @ x, (t)‘(qm)'l = p(nx (t)n”t) for all nEN, a €2,
t €K .

(5) If o and p are roots, a+Pp #0, and o+ p 1s not
a root, then o Xca(t) and o XB(U) commute for all t,u & k. OSet
w» x (t) cpxr_,‘(u)q)xa(t)“l = f(t,u) o xD(u); t,u € k, f(t,ul €C . We

must show f(t,u) = 1. Clearly, from the definitions we have
(6) f 1is additive in both positions.

(5a) Assume a # p . If (a,p) =0, then £1{E ,u)

= f(tvz,u)(v%o) by Lemma 20(c) and by (4) with h = na(V). If

(a,p) > 0, then f(t,u) = f(tvd,u) where d = 4 = <a,p><B,a>

by Lemma 20(c) and by (4) with h = na(vz) hg (v"< B’a>)- ¢!

both cass, f(t(l—vd),u) =1 by (6) for some d = 1,2, or 3.

t
“Choose Vv soO vd -1# 0. Then we get f = 1.

(5b) Assume o =P and rank £ > 1. If there is a root

¥ so that <a ,\6“ > =1, set h = n\g (v) in the preceding

‘1 argument and obtain (%) f(t,u) = f(tv,uv). Choose V. so that

i
;3
ol
Y.
n:'
N
7
)
d

v - ve#40 and 1-v + v2 s 0. By (%) and (6),

| £(t (v=v2) ,u) = £(6,u/ (v=v 2 ) = £(6,u/v)E (6,uf1-v) )= £(ve,u)£(1-v)t,u)
2
),

= f(t,u), whence fft(l-v+v<),u) =1 and £ = 1. If there is no
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such EC , then %, 1is of type Crl and « 1s a long root. In

this case, however, a = }+2 ¥ with B and %' roots. Thus,
(pxp(t), Py (w)) =goxy, y (% tu)goxBJr2 ¥ (ttu?) with g & C,
by Lemma 33. Since o - 49 (v) commutes with all factors but the

last by (5a), it also commutes with the last.

(5¢) Assume a = B and rank £ = 1. At least we have

e

£(t,u) = £(tv?,uv?), t,u €k, vEK , using h = n, (v) in the
argument above. We may also assume that |k| 1s not a prime.
If it were, then Xa(t) and x (u) would be powers of x, (1)
and (5) would be immediate. Referring to the proof of (Sb), we

see it will suffice to be able to choose Vv so that v, 1=V

_are squares and V»-v2%0, l—v+v2¥0. If k is finite of

characteristic 2, this is possible since all elements of k are
squares. Otherwlse, set Vv =(?w/(l+w2)>2 . Then

1-v = <(1-w2)/(1+w2)>2 ) and‘we need only choose w so that

k] +vv2 o 0, v-v2=% 0, and l=vv4-v2=% 0. Since at most 13

values of w are to be avoided and |k| > 25 1in the present case,

this too is possible. This completcs the proof of (5).

(7) ¢ preserves the relations (A). The element

—

-1 - -1 . .
x =mX_ (te )c?xqﬂuc l)(qyxa((t+u)c )) is in G, and hence
the transform of x by ha(a) is x itself. However, by (3),
1.

(4),(5) this transform is also x P Xo.(t) c_p xa(u) QP > 3 (t+u)>_

(8) ® preserves the relations (B). We have
q)xa(t)cpr(u)CQXa(t)ul = f(t,u) [To x.  olc.. dud) @xﬁ(u),

where f(t,u) & C. One proves f =1 by inductlon on 1, the
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number of roots of the form 1a+ jp 1, J E_Z_&~ . If n =0, this
is just (5). If n > 0, the inductive hypothesis and (7) imply

f satisfies (6), and then the argument in (5a) may be used;w
(9) ¢ vreserves the relations (B').  This follows from (B Je
This completes the proof of the theorem.

Exercise: Assume ;f is the original Lie algebra with coefficients
transferred by means of a Chevalley basis to a field k whose
characteristic does not divide any Na,B £ 0. Also assume T

is indecompcsable of rank > 1. Prove:

(a) The relations [Xa’XB] = N ,ﬂX , a+8 # 0, form a

o a+B

defining set for Zi. Hint: define Ha:= [Xa,X_a]
and show that the relations of Theorem 1 hold.

) L = S EX, the derived algebra of L .

(c) Every central extension of L splits.

Hint: parallel the proof of Theorem 10.

Corollary 1: The relations (4),(B),(B') can be lifted to any

central extension of G.

- Corollary 2:

(a) G’ is centrally closed. Bach of its central extensions
1 splits. Its Schur multiplier is trivial. It yilelds tho
U. c.e. of all the Chevalley groups of the given type,

and covers linearly all of'the projective representaticns
of these groups.
(b) If k is finite or more generally an algebralc-extension

of a finite field, then (a) holds with ¢ replaced by G.
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Proof: This follows from various of the generalities at the
beginning of this section.

E.g., If k 1is finite, [k| >4 and SL,(9) is excluded,
then SL (k), Sp (kx), and Spin (k) all have trivial Schur
multipliers, and the natural central extensions Slh-—€>PSIh »
SP, —>P3p, , SPinn'_‘;>SOn are all universal.

s
-~

Corollary 3: Assume G, G , and 7w are as above. If k  1is

infinite and divisikle (u ij*, n & 7  implies there exists
vE K with v = u), then the Schur multiplier of Gy i.e.,

C = ker ., 1s also divisible.

Proof: Elements of the form f(t,u) = na(t)na(u)ha(tu)“1 in G

I

a € I generate C. We have f(t,vw?) = £(t,v)f(t,w?) by Lemma

n
39(a). By induction, we get f(t,wzn) f(t,wz) for arbitrary n.

Il

Since for u € X we can find wE k= such thet u = woo , the

proof is complete.

Corollary 3a: If k* 1s infinite and divisible by a set of primes

ircluding 2, then C is also divisible by these primes.

Sl
>

Corollary 3b: If x  is infinite and divisible, then any central

extension of G by a kernel which is a reduced group (no divisible

subgroups other than 1) is trivial; i.e., it splits.

Proof: Let ("W,E) be a central extension of G with ker "W

; t
reduced. Since (n,G ) is a u.c.e. we have ® : G —E so

1l

that Yo = 1. Since C = ker n 1$ divisible, so is
o CC ker VY . Hence ®© C =1 and ker o ) ker n . Thus, thers

1s a homomorphism © : G—> E so that 6n = @ . Therefore,




=

: B-m =1 on G' and VO = 1 on .
] ’\*)

gorallary 3c: If k' 'is infinite and divisible, then any finite

dimensional projective representation of & can be lifted

uniquely to a linear representation.

Proof: Assume o i G —DPGL(V). Since G =/{J G, we have

o ¢ G —>PSL(V). Let § & SL(V) —>PSL(V) be the natural
projection. Since dimV 1s finite, we have ker § 1s finite

and thus ker ¢ 1s reduced. Consider the central extension
(V,E) of G where E={x,y)]ox=Ffy,xEG, y&SIA{V)]C G X SL(V)
and VY (x,y) =x, (x,y) €E. Now ker ¥ =1  ker ¢ 1is reduced,
So'byncbrcllary 3b, we have 6 : G —=>E with FW/S =1 on G.

If “P'(x,y) =y, (x,y) €E, then o' = *‘,”e : E—=>SLI{VICeL(V)

with fdj==fW'e=GNMB=G.

Examgle: Corollary 3c says,for example,that every finite
dimensional representation of SLH(Q:) can be lifted to a linear

one. (The novelty i1s that the representation is not assumed té he

continuous. )

Theorem 11: If ¥ 1is an indecomposable root system, 1f

char k= # 0, and if G =G (i.e. we exclude |k| =2, % of
type A,,B,, or G, and €l =3, Z of type 4;), then
(n,Gr) uniquely covers all central extensions of G for which

the kernel has no p-torsion.

Proof: By Theorem 10, we could assume |k| <4 or |k| = 9.
However, the proof does not use this assumption or Theorem 10.

If (V,E) 1is a central extension of G such that C=ker "V
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has no p-torsion, then we wish te show (A), (B) and (B) can

7
N

be lifted to E.

(1) Assume C is divisible by p. Choose cpxa(t) € E
so that W x (t) =x_(t) and @bxa(t)) =l,cE=Z,tEk . Ve

claim relations (A),(B) and (B') hold on the @ x's.

(la) If o, are roots, a-+B not a root, and a+f # O,
then ¢ x (t) and m:xB(u) commute, t,u & k. We have

® X, (t)cpx_{g(u) cpxa(t)_‘ = fpx (u)l with f & C. Taking p-th

N
i

powers, we get 1 = f* which implies f = 1 since C has no

p-torsion.

(1Ib) The relations (A) hold. Taking p-th powers of
px, (tlox (u) =fo (t+u), £ &€ C, weget f =1 as before.

(1c) Exercise: Relaticns (B) and (B') also hold.

(2) General case.

(2a) C can be embedded in a group ¢' which is divisible hy
p and has no p-torsion. We have a homomorphism 6 of a free
Abelian group F onto C. Now F@Q*7Q is a divisible group, and we
Qcan identify F with iFQQiiZA: §EQ7ZQ . Hence
C = F/ker 6 C:Fég_zel/ker & =D, say, and D is a divisible group.

7

Moreover, since € has no r-torsion, CN Dp = 1 where Dp is

the p-component <¢f D. Thus, C »rojects faithfully into
D/D, = C' which is divisible and has no p-torsion.
‘ 1 1 _
(2b) Conclusion of proof. Form E =EC , the direct

7 i v
product of E and C with C amalgamated, and define Y :E—~>0
1 ?

by Y (ec )= Wl(el)l, e€ E, C?'E:C?
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Sph
(W ,E) satisfies the assumptions of (1) so the relatiens

A) (B),(Br) can be lifted to s However, by Lemma 32Y, the

" 1ifted group 1s its own derived group and hence contained in E.

Corollary 1: Every projective representation of GI in a field of

‘characteristic 3 can be lifted to a linear one.

- 1
Corollary 2: The Schur multiplier of G 1s a p-group.

Proofs: These are easy exercises.

'
Since the kernel of the map =n : G —>G above turns out to
be the Schur multiplier of G, its structure for k arbitrary is

of some interest. The result is:

~ Theorem 12: (Moore, Matsumoto) Assume ¥ is an indecomposable

root system and k a field with |k| >4 . If G is the universal
Chevalley group based on ¥ and k, if Gr is the group defined
by (A),(B),(B'), and if = is the natural map from ¢ to G

with C = ker m, the Schur multiplier of G, then C 1s isomorphic
to the abstract group A generated by the symbols f(t,u) (t,u E:K*)

subjsct to the relations:

(a) f£(t,u)f(tu,v) = £(t,uv)f(u,v), £(1,u) = £(u,l) =1

(b) £, uf(t, -uL) = £(t,-1)
(e) Fib w} = £t )
(d) f£(t,u) = £(t,~ tu)

(e) f£(t,u) = £(t,(1~t)u)

and 1n the case X 1s not of type Cn (n > 1)(01 =Al) the




@dditional relation?
(ab') £ 1is bimultiplicative . o

In this case relations (a) -(e) may be repladed by (ab') and

t

(c') £ is skew
(d') f(t,-t) =1
(') f(t,1-t)=1.

The isomorphism is given by w:ﬁ%t,u)—€>ha(t)na(u)ha(tu)‘1 , a a

fixed long root.

Remark: These relations are satisfied by the norm residue symbol

in class field theory, which is a significant aspect of Moore's work.

Partial Proof:

(1) If ﬁa is the group generated (in Q') by all ha(t)’
a a fixed long root, then C Q;Ed . We know that
hOL(t)hm(1.1)nm(tu)"l , aE T, t Ejk*, form a generating set fer C.
Using the Weyl group we can narrow the situatien to at mest two
roots a,B with o long, B short, and (a,p) > O. Hence,
<psa> =1 ’and (na(t),nB(u)) = nB(tu)nB(t)"lnB(u)“l
= na(t)na(d<“’5>’)n (tu® B> -1 by Lemma 37(f). This shows a

a
will suffice.

- (2) @ 1s a mapping onto C. This follows from (1).

(3) 9 1is a homomorphism. We must show that the relatiens

1 hold if f(t,u) is replaced by na(t)na(u)na(tu)‘l . The relations

(a) are obvious. A special case (u=1) of (e) has Been shown
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in Lemma 39(d). The other relations (b),(c),(d) follow from

the commutator relations connecting the hts and the wts.

a

(3') Assume I is not of type C- In this case
there is a root ¥ so that <a,f' > =1. Thus f(t,v)
o i } -1_ . =il -1 _ -1
g = hxﬂ(u)f(t,v)nxﬂ(u) =h (tuln (u)™" n, (uwv)n (tuv)™ =£ (t,u) 77f (t,uv)
or f(t,uv) = £(t,u)f(t,vi. By relation (c),f{uv,t)=rF(u,t)f (v,t).

(4) ® 1s an isomorphism. This is done by constructing an

explicit model for s

Now let G be'a connected topological group. A covering

of G 1is a couple (m,E) such that E 1is a connected topological

group and =©n 1is a homomorphism of E onto G which maps a
neighborhood of 1 in E homeomorphically cnto a neighborhood of

1 in Gy i.e., which is a local isomorphism. A covering is

% 4 universal 1f it covers all other-covering groups. If (id,G) is

a universal covering, we say that G 1is simply connected.

Remarks:

(a) & covering (m,E) of a connected group is necessarily

central as was noted at the beginning of this section.

(b) If a universal covering exists, then 1t is unique and
each of its coverings of other coverinhg groups 1s unlgues
This follows from the fact that a connected group is

generated by any neighborhood of 1 .
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(¢) If G is a lie group, then a universal covering for
G exists and simple connectedness 1s equivalent to the
property that every continuous loop can be shrunk to a

noint (See Chevalley,Lie Groups or Cohn, Lie Groups.)

Theorem 13: If G 1is a universal Chevalley group over T viewel

as a Lie group, then G 1s simply connected.

Before proving Theorem 13, we shall first state a lemma

whose proof we leave as an exercise.

Lemma 41: If STV IERE ,b, are complex numbers such that

, n
&§ < _ -
]til <¢E€,i=1,2,...,n and iy t, = 0, there exist t, and tj

such that [t;+ tj«l <E.

Proof of Theorem 13: Let (n,E) be a covering of G. Iocally =

is invertible so we may set o = n—l

on some neighborhood of 1
in G. We shall show that ¢ can be extended to a homomorphism
of G onto E; i.e., (id,G) covers (m,E). It suffices to show
that o can he extended to .all of G so that the relations
(8),{B),(B'),(C) hold on the o x's. |

Consider the relations
(A) px, (t) px (w) = mx  (t+u) aE X,
Since ® 1is locally an isomorphism, there is ~ > O suchthat
(A) holds for |t]< @&, lul<€E€. If tEk,t =2¢t,t]<€,
then set o x (t) = —[Tcpxa(ti). Using induction and Lemma 41, we
see that © X (t) is well defined. Clearly, (A) then holds for
all t,u € k. Alternatively, we could note that )(a is topolcgic—

ally equivalent to C and hence simply connected. Thus, )
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extends to a homomorphism of )éa .into E and (A) holds.

Clearly the extensicn of o to '}éa, is unique.

To obtain the relations (B), let a,p be roots a + *+ §,

"let S be the set of roots of the form ia+ jB (i,jGZZfW; and

let 3{8 be the corresponding unipotent subgroup of G.
Topologically, ¥ g 1s equivalent to. @7 for some n, and is
hence simply connected. As before © can be extended to a
homomorphism of 948 into E, and the relations (B) hold.
This extension 1s consistent with those above, by the uniqueness

of the latter.

: _ =1 -
‘We now consider h (t) =x (t)x_ (~t7")x (t). w (-1) =
| o x (-1) w_(~1)
xa(tal)x_a(1~t'l) ¢ xa(t~ﬂ o where x) = Y_lzxy -
Hence, if t is near 1 in € |, then @Ikl(t) is near 1 1in E.

Thus, ¢l1a(t) is multiplicative near 1 and hence Abelian every-
where (recall that " 1is central). We then have

: -1 -1 '
@na(u) = ?na(t)@ha(u)@na(t) ==@na(t2u)¢hq(t2) hy Lemma 37(f).
Since @ has square roots, we have oh, ~ 1s multiplicative, i.e.,

(C) hnolds.
Examples: SLn(Q: ), Spy, C), and Spin,( C ) are simply
connected. These cases can also ke proved by induction on n.

(See Chevalley, Lie Groups, Chapter II.)

Remarks :
(a) If € 1is replaced by R in the preceding discussion,
then relations (4),(B) can be lifted exactly as before. Also

Ph is still multiplicative if one of the two arguments 1is
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positive. Further ker m 1is generated‘by qf&x(ml)zg a a fixed
long root, and, if type Cn (n = L} 4s excluded, then

na(—l)4 =1 or wa(-l)8 = 1. Prove all of this.

(b) Moore has constructed a universal covering of G and
has determined the fundamental group in case k 1is a p=-adic field,
using appropriate modifications of the definitions (here G is

totally disconnected. )

Eji (c) Let G be a Chevalley group over K, Gt the correspond-
ing universal group, and 7w : Gi-é> G the natural homomorphism.

If k 1s algebraically closed and if only appropriate coverings are
allowed, then (n,G?) i1s a universal covering of G 1n the sense

of algebraic groups.

We clase this section with a result in which the coefficlents
may come from any ring (associative with 1). The development is
based in part on a letter from J. Milnor. Let R be the ring,and
let GL(R) be the group of infinite matrices which are equal to
the identity everywhere except for a finite invertible block in
the upper left hand corner. Thus, ‘GLn(R) C GL(R), n=1,2,... .Let E(R
Sbe the subgroup of GL(R) generated by the elementary matrices

lu+tEij (t € R,1#j,1,J=1,2,...), where E is the usual matrix

1]
unit. For example, if R 1is a field, then E(R) = SL(R), a

simple group whose double coset decomposition involves the infinite

symmetric group. Indeed, 1f R 1s a Euclidean domain, then

E(R) = SL(R).
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Lemma 42

(a) E(R) =.Y GL(R)

(b) E(R) = SE(R)

Proof: The relation (l+~tEiK;ZL+EKj) = l+t}E'j shows (b)

and hence also E(R) C JGL(R). If x,y &< GL, (R), then

XyX y Ef E(R) Dbecause in GL. (R) we have

on
XyX y O—) 'x O |1y O 7 (yx)”l 0
(1)
0 J 0 x* 0 y“l 0 yx
1 x| 1 gy [z =2 1 0

(2)

o 11 -1 1 Lo Tl s I

I

nooa |
{ - IT [ QrxB), 1f %= Gy )
J=n+1

We call Kl(R) = GL(R)/E(R] the Whiteheacd group of R. This concept

is used in topology. The case in which R = / [G] is of warticular

interest.

e
<

Example: If R 1s a Euclidean domain, then K;(R) =R" , the

group of units. (See Milnor, Whitehead Torsion.)

By Lemma 42 and (iv), E(R) has a u.c.e. (m,U(R)). Set
KZ(R) = ker @ . This notation is partly motived by the following

exact seguence.

1I— K2(R) .—> U(R) =3 GL(R) -—>K1(R) R
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o

~

K2 is a functor from rings to Abelian groups with the following

% _
property: 1if R—R is onto, then so 1s the assoclated map

1
KZ(R) —>K, (R ).
Remark: K2 is known to the lecturer in the followlng cases:

(a) If R 1is a finite field (or an algebralc extension

of a finite field), then K, = 1.

(b): If R is any field, see Theorem 12.
(c) If R= Z, then [K ] =2
Here (a) follows from Theorem 9 and the next theorem, and a proof

of (¢) will be sketched after the remarks following the corollaries

‘tA the next theorem.

Theorem 1. : Let U(R) be the abstract group generated by the

symbols xij(t) (t€R, 1+3J,1,J=1,2,...] subject to the

relations
(A) xij(t) is additive in t»
xg(tu) 1f k=A,1#43.

(B) &y, (t),x,ful) =
: A 1 if ktg L 147 -

If n 't U(R)=> E(R) 1s the homomorphism given by xij(t)-€>l*“tEija

then (m,U(R)) 1is a u.c.e. for E(R).

Proof: (a) = is central. If x & kern, choose 1 large enough

so that x 1s a product of X, 7S with 1,3 <n. Let F  De

the subgroup of U(R) generated hy the x,  T's (k# n, k =1,2,...).

Now by (A) and (B), any element of P can be expressed as




9L

\Tg-xkn(t ). Since in E(R) this form 1s unique, n|p, is an

. . -1 ~; ;

d
isomorphism. Also by (A) and (B), xij(t) 2 xij(t) g:Pn if
i,j < n. Thus, X R x_l Sl o AEEE S O then =(x,y) =1,
and since n|P_~ 1s an lsemorphism we nhave (x,y) =1. 1In

particular, X commutes with all XKn(t). Similarly, % commutes

with all an(t) and hence with all xij(t) = (xin(t),xnj(l)).

Thus, x 1s in the center of U(R).

(b) m is universal. From (B), it follows that U(R) = JJU(R).
Hence it suffices to show 1t covers all central extensions. Let
(¥,A) be a central extensien of E(R) and let C be the center
of A. We must show that we can 1ift the relations (&) and (B)
to A. Fix i,j i+ J and choose P £1,j. Choose

yij(t) E:\Y—l Xij(t) so that () (yip(t), ypj(l)) =y e} We

1]
will prove that the y's satisfy the equations (o) and (B).

(b1) If 1 £ 3, kK# A, then vy, (t) and ypfj(u) commute.
Choose q# 1,7,k ¢ and write yﬁ~j(u) =:(yj q(uh yqj(l)), c & C.

Since (t) commutes up to an element of G with ¥y q(u)

Yik
and yqj(l), it commutes with ¥y j(u). Hence

(b2) {yij(t)}, i,] fixed, 1s Abelian.

(b3) Thé relations (A) hold. The proof 1s exactly the
same as that of statement (7) in the proof of Theorem 10.
(b4 ) Vs

A Fr g Lo g = g ey el ST S lransReRue (%)

(t) in (%) 1is independent of the choice of p-

ap ' Y pg qp
hy w and using (bl) we get (%) with q in place of D

(b5) The relations (B) hold. We will use:

(%) If, a,b,c’ arc elements of a group suct that a

‘—----------............l.lllll.ll.l




)
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commutes with c¢ and such that (b,c) commutes with (a,b) and c,

then (a,(b,c))=((a,b),c). Since a commutes with c,(a,(b,c))
=((a,b),(b,c)c). The other conditions insure ((a,b),(b,s)c)={((a,r),c).

Now assume i,j,k are distinct. Choose q+# 1,j,k, so that

(8] 75 (@) = (33, (8], (3 (0,7 5 (1)) = (g (8) 3o () Dy 5 (1))

= (Yiq(tu)’yqj(l)) = yij(tu) ry (%), (%%}, and (bh).
This completes the proof of the theorem.

Let Un(R) denote the subgroup of U(R) generated by yij(t)

with 1,7 £ m.

Corollary 1: If n > 5, then U (R) is centrally closed.

Oorollary 2: If R 1is a finite field and n > 5 then SIh(R)

is centrally closed.

Proof: This follows from Corollary 1 and the equations

En(R) = S'Ln(R) = Un(R).

Remarks: (a) It follows that if R 1s a finite field and if
SL (R) 1is not centrally closed, then either [R| =9, n =2 or
]R] < 4 and n < L. The cxact set of excertions is 3 SLZ(A),

»SL2(9), SL3(2), 5Ly (k) SLAQ)‘

* Exercise: DProve this.

(h) The argument above can be rhrased in terms of roots, etc.
As such, it carries over very easily to the case in which all rosts
have one length. The only other exception 1is DA(Z).

(c) By a more complicated extension of the argument, it can

also be shown that the universal Chevalley group of type Bn or Cn
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over a finite field {or an algebraic extension of a finite field)
0" is centrally closed if n 1s large enough. Hence, only a finite
numker of universal Chevalley groups with ¥ indecomposable and

k¥ finite fail to be centrally closed.

Now we sketch a proof that K, {7Z) 1is a group of order 2.
The notation U,U ,... above will be used: The proof depends on

the following result:

(1) For n >3, SL (/) 1is generated by symbols

subject to the relations

fxij L K:jpiszj:

] o e B e i el
E ¢
. (c) If = = x = ol h = 2 then h e 1
= ol R R S B et R T L] =
Identifying %4 g with the usual xij(l} and using
xij(t) = xij(l)t, we see that the »cliations (B) here imply

those of Theorem 14. Since the last relation may be written
nij(-l)2 = nij(l) an? * 1 are the only units of /Z , we have
’SLn(]Z) defined by the usual relations (A{(B),(C) of §6.

Perhaps there are other rings, e.g., the p-adic integers, for

which this result holds. For the proof of (1) see W. Magnus,

- Acta Math. 64 (1934), which gives the reference to Nielsen, who
proved the key case n = 3 (it takss some work to cast Nielsenis
result into the above form). The case n = 2, with (B) replaced by

1 = e ‘
(B_) W1 X12 Wl% = X 2% ;. 1s simpler and is proved in an appendix
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‘to Kurosh, Theory of Grqgggf

Now let e refer to elements of Un(:Z_).

3 130 Pij
(2) 1If Cn is the kernel of Tl Un(jz) —_— Slh(jﬁ) and

_ 3 o s 2 (. 2v2 -
n> 3, then C_  1is generated by hy5 , and (hlz) = 1.

As usual, we only require (C) when i,j =1,2, and nlg & ¢

f_ i Setting hlg = 1 amounts to dividing by ﬁhl§>>, which thus equals
o , -1 1 :

C, - The relation n23 12h23 5> > which may be deduced from

(B) as in the proof of Lemma 37, then yields hlg = nzg .

::nl

(3) nlg L1 if n> 3.

Assume not. There is a natural map Un(ZZ) — Un(ﬂi),

. 2 2 < )
X3 5 ——9-.xij(l), This maps hy5 onto nlz( 1) , which (§ee

Remark (a) after the proof of Theorem 13) generates the kernel of

Un(“?) — SLn(ﬂ%)o Thus SLH(QQ) is centrally closed, hence

simply connected. Since SLn(g?) can be contracted to SOn

(by the polar decomposition, which will be proved in the next sectien)
which is not simply connected since Spinn —— SOn 1s a nontrivial

covering, we have a contradiction.
It now follows from (2), (3) and Theorem 1k that ]Kz(ZZ)l =

By Corollary 1 above the same conclusion holds with SL( Z)

replaced by any SLn(Zz) with n > 5.

Exercise: Let SAn be Slh x translations of the underlying space,

kn with k again a field. I.e., SA, 1s the group of all
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?(n+l)><(n+l) matrices of the form [ X y-} where X E:bLn,YEZKn‘
0

Sk, 1is generated by x (6}, tEk, 1 #3, 1 =Ly2y50¢,0,

iJ
j = 1,2,...,n+l. Prove:

(1) If the relation

(c) hij(t) is multiplicative.

is added to the relations (A) and (B) of Theorem 14, a

- complete set of relations for SArl is obtalned.

(2) If k 1is finite, (C) may be omitted. |

(3) If n is large enough, the group defined by (A) amd (B)
is a u.c.e. for SAn .

(4) Otner analogues of results for SL .

We remark that SAZ(GE) is the universal covering group of the

inhomogeneous Lorentz group, hence is of interest in quantum

mechanics.




Variants of the Bruhat lemma. Let G be a Chevalley group,

B ... as usual. We recall (Theorems L and 4?):

a) G = L,) BwB , a disjoint union.

: weW

For each we W, BwB = BwUW , with uniqueness of expression

Qn'the right. Our purpose is to present some analogues of (b) with

pplications.

. N
For each simple root o we set Ga “'<jfé ,}{_¢> , a
Ly BC = Br\GO » and assume that the representative

N/H , also denoted w, , is chosen in G, .

. Theorem 15: For each simple root o let Y, be a system of

} ,; 4 represehtatives Lgr Ba (Ga - Ba) , Or more generally for ﬁ\gde .

For each w e W choose a minimal expression w = W, Wq ... Wy as
a product of reflections relative to simple roots o, B ... . Then

BwB= BYGYB -+. Yy with uniqueness of expression on the right.

Proof: Since Ga - Ba = BawaBa , the second case above really

is more general than the first. We have

=

BwB = Bw,_ Bw_wB {by Lemma 25)

= BwBY Y (by induction)

B 4 e e

= BYGYB ce e YB- (by the choice of Ya) .
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: ' [ I ? ?
Now assume by&y.B o5 yYy8 =b yayB B yYyS with b, b e B ,
N 1

T ¢ LN N

etc. Then by, -« Yo = by, ««o ¥ VaVa

WENE e B

L.
We have Ys¥s

or BWBB . The second case can not occur since then the left side
would be in BwwsB and the right side in BwB (by Lemma 25).

?
From the definition of Y8 it follows that Vg = Vg5 and then
?

by induction that yY = YY s

..., whence the uniqueness in

Theorem 15,

Lemma 43: Let o, : SL2 - Ga be the canonical homomorphism
(see Theorem L , Cor. 6). Then Y~ satisfies the conditions of

; ‘Theorem 15 in each of the following cases.
(a) Y, =wa9€ q

(b) k = (:(respjﬁz) and Y  is the image under o
of the elements of SU, (resp. SOZ) (standard compact forms) of

a -b
the form _{ with b > 0.
b a |

(c) If e is a principal ideal domain (commutative
‘with 1), e* is the group of units, k is the quotient field,

and Y, is the image under o, of the elements of SLz(e) of

the form [i Z] with ¢ running through a set of representatives
for (@—O)/(-f:< , and for each c¢ , a running over a set of

representatives for the residue classes of e mod c¢ .

Prcof:  We have (a) by Theorem L applied to G, . To verify

(b) and (c) we may assume that G, is SL, and B/ the
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uperdiagonal subgroup B, since ker @, C B, . Any element of
Lé({) can be converted to one of SU2 by adding a multiple of
: {fﬁe second row to the first and normalizing the lengths of the
‘”‘;}bws. Thus SLZ(@) = Bz(d_"'.)*SU2 . Then B2(¢JR\§L2(¢Q
: o

e SL,(k)
r s 2

- Ip
;;AJ(BZQZ)(h)SUZ)\§U2 , whence (b). Now assume [

. 4ith k as in (c). We choose a, ¢ in e relatively prime and

such that pa + q¢c = 0 (using unique factorization), and then
b, d in e so that ad - bc =1 . Multiplying the preceding

matrix on the right by [ﬁ biiwe get an element of Bz(k) .
c d

Thus SLz(k) = Bz(k)SLz(e) , and (c) follows.
" Remarks: (a) The case (a) above is essentially Theorem 4? since

’ = 4 g . o el 3
wU —-wd}fa . WB3€B a5 3 wg} 5 1l the notation of Theorem 15, by

Appendix II 25, or else by induction on the length of the expression.
(b) In (c) above the choice can be made precise in the following

cases:
(1) e =4 ; choose a, ¢ so that 0<a <c .

(2) e =F[X] (F a field); choose so that c¢ 1is menic

and dg a<dg c .

(3) o :;Zp (p-adic integers); choose c¢ a power of p

and a an integer such that O0<a<c .
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In what follows we will give separate but parallel

developments of the consequences of (b) and (c) above., In (b)
 we will treat the case k =C for definiteness, the case k = TF?

. bpeing similar.

. Lemma Lh: Let ;Zf and {Xc, Ha} be as in Theorem 1.

(a) There exists an involutory semiautomorphism o of ;59

(relative to complex conjugation of ¢’ ) such that

o;Xa =:_X_a and q;Ha = - Ha for every rcot o .

(b) On ;i? the form {X, Y} defined by (X, oY) in

terms »~f the Killing form is negative definite,

. Proof: This basic result is proved, e.g., in Jacobson, Lie

algebras, p. 147.

iﬁ' Theorem 16: Let G be a Chevalley group over (: viewed as a

Lie group over ﬁ? .

(a) There exists an analytic automorphism o of G

~such that O‘Xa(t) = x_o(mf) and Gha(t) = ha{f'"l) for all « and

t-.

(b) The group K = G,. of fixed points of ¢ is a

maximal compact subgroup of G and the decomposition G = BK

holds (Iwasawa decomposition).

Proof: Let o7 Dbe o in Lemma L4 composed with complex

conjugation, and P the representation of :1? used to define G .
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@
Applying Theorem 4 , Cor. 5 +to the Chevalley groups (both equal to

'G) constructed from the represéntations f and Pa ™ of ;f ’

'jfjwe get an automorphism of G which aside from complex conjugation
i satisfies the equations of (a), hence composed with conjugation
. satisfies these equations. From Theorem 7 adapted to the present

situation (see the remark at the end of § 5) it follows that o

- is analytic, whence (a). We observe that if G is defined by the

ajoint representation of ;t?, then o is effected by conjugation

by the semiautomorphism o, of Lemma Lk .

Lemma 45: Let K = Go—’ Ka = K(XGQ for each simple ront <o« .

(a) K, =0 SU2' (see Lemma 43(b)), hence Y CK, .

A A
(b) Bo=H_={heH| |[#(h)| =1 for all pel

(global weights)}

= 1T hi(ti) (see Lemma 28) | ltil = %}

= maximal torus in K .

Proof: The kernel of o, : SL, —> G, 1is contained in f+ 1} ,

2
and o pulls back to the inverse transpose conjugate, say 65 s

on SL2 . Since the equation 0, x = - x has no solutions
we get (a)
Since (yha(t) =t hC(E "l) , ﬁ(hc(t)) = t#(Ha)

(here p and [/ are corresponding weights on.fj¢ and H) ,
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and the ha(t) generate H , we have ﬁxo*h} = ﬁ(l 1 Bor ‘all

heH, sothatt oh=h if and only if ]Z?h)[

s
I fovall
# hE

weights ﬂ?. If h = TT hi(ti} , then ﬁlh) =TT ¢ . Since

i
there are 4 linearly independent weights / , we see that if
lﬁkh)[ = 1 for all ﬁ\, then [ti|n =1 for some n > 0 , whence
lti! = 1 s forald 1 . If G ds universal, then B, is the
product of the 4 circles {hi(-)} » hence is a torus; if not,

we have to take the quotient by a finite group, thus still have a
torus. Now if h € Hd_ is general enough, so that the numbers
Q(h) (o € T) are distinct and different from 1 , then Gh , the

centralizer of h in G , is H , by the uniqueness in Theorem

4’, so that Hc‘ is in fact a maximal Abelian subgroup of GO_,

. which proves the lemma.

Exercise: Check out the existence of h and the property G H

-
above.

Now we consider part (b) of Theorem 16. By Theorem 15 and
Lemmas 43(b) and L45(a) we have G = BK . By the same results
(BWB)G,Q}_’30}_{0,‘...}{(S , a compact set since each factor is (the
compactness of tori and SU, is being used). Thus K = GO_ is
compact. (This also follows easily from Lemma LA4(b)). Let Ky
be a compact subgroup of G, Ky 2K . Assume x e K; . Write
Xx=by with b eB, yeK, and then b =vwh with u & T,
bheH . Binee Kl is compact, all eigenvalues ﬂkhn)

(n = O,il,iZ,...) are bounded, whence h € K by Lemma 45(b).

Then all coefficients of all u“” are bounded so that u =1 .
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hus x € K , so that K is maximal compact

?fRemark: It can be shown also that X is semisimple and that a
complete set of semisimple compact Lie groups 1s got from the

above construction.

Corollary 1: Let ¢' be of the same type as G with a weight

X 1 1
lattice containing that of G, K = GO_, and i Gf —=> G the
1
natural projection. Then 2K = K ,

- Proof: This follows from the fact proved in Lemma 45 that K

is generated by the groups cpaSU2 .

1l

Examples: (a) If G
(b) If G

SLn(CJ , then K = Su, .

SQnKE) ; then K fixes simultaneously

. the forms 3T x.x

i¥q+1.; and I X,X. , hence equals SOnUE) (com-

pact form) after a change of coordinates. Prove this.

(c) If G = szn(@) , then K fixes the forms
n 5

Jz_:(xiy2n+l=i = iy )

SUnG¥% (compact form, Mt = quaternions). For this see Chevalley,

and % x;X; , and is isomorphic to

Lie groups, p. 22.
(d) We have isomorphisms and central extensions,
W = suy ) ¥ osu, ) —> S0;R)
2
SUL(H) ~—=> SO;(R) ,  SU,(0)? ~= 50, (R

SUA(@) — Soéﬁk) (compact forms).

This follows from (a), (b), (c), Corollary 1 and the equivalences

12 -
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)

Corollary 2: The group K is connected.

Proof: As already remarked, K 1is generated by the groups

qoaSU2 . Since SU2 is connected, so is K .

Corollary 3¢+ If T denotes the maximal torus Ho” then T\g

is homeomorphic to B\@ under the natural map.

Proof: The map K ”"~>'B\Q, k —> Bk , is continuous and con-
stant on the fibres of T\g , hence leads to a continuous map of
TNK into B\G which is 1 - 1 and onto since T = BAK and

G = BK . Since T\g is compact, the map is a homeomorphism.

Corollary 4: (a) G is contractible to K .

(b) If G 4is universal, then K is simply con-

nected.

Proof: Let 4= [h e H[ﬁ(h) > 0 for all ﬁieli} . Then we have
H= AT , so that G = BK = UAK . On the right there is unique-
ness of expression. Since K is compact it easily follows that
the natural map UA x K —> G 1is a Homeomorphism. Since Ui
is contractible to a point, G 1is contractible to K . If also

G is universal, then G is simply connected by Theorem 13;

hence so is K .

Corollary 5: For w e W set (BwB) = BwB MNK = K, , and let

d,ﬁ,...;é be as in Theorem 15. Then K =\J/KW and
: W
Kw = ’I‘YCL...Y(S , With uniqueness of expression on the right.

Proof: This follows from Theorem 15 and Lemma L3(b).




107

Remark: Observe that K is essentially a cell since each Y,

;s homeomorphic to @ (consider the values of a in Lemma 43(b)).
4 true cellular decomposition is obtained by writing T as a
union of cells. Perhaps this decomposition can be used to give

an elementary treatment of the cohomology of K .

E Corollary 6: B\G and T\g have as their Poincaré polynomials

5 t2N(w)

wewW

They have no torsion.

Proof: We have B\BwB homeomorphic to wUW , a cell of real
dimension 2N(w) . Since each dimension is even, it follows that
the cells represent independent elements of the homology group
and that there is no torsion (essentially because the boundary
operator lowers dimensions by exactly 1), whence Gor. 6. Alter-

nately one may use the fact that each Ya is homeomorphic to a .

‘ Remark: The above series will be summed in the next section,
where it arises in connection with the orders of the finite

Chevalley groups.

Corollary 7: For weW let W= W, ...Wg be a minimal expres-

sion as before and let S denote the set of elements of W each
of ‘which is a product of some subsequence of the expression for

w . Then ?} (topological closure) = U x
! i w'eS w

Proof: If T, =T/NK, ,wehave K, = TaYa\j'Ta by Lemma L5(a)

1

i

and TQYQ = K, by the corresponding result in 3SU, . Now
BwB = B'TmYu"‘T6Y6 by Lemma 43(b). Hence K = T'TaYa"'Téfé ,
so that K D TK, ...Kg , and we have equality since each factor
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)

n the right is compact, so that the right side is compact, hence
slosed. Since K "Ka<; K ;K , if w €W and a is sim-
W W

ik W
 ple, by Lemma 25, Cor. 7 follows. “

; Corollary g: (a) T= Kl is in the closure of every KW

(b) K, is closed if and only if w=1,

~ Corollary 9: The set S of Cor. 7 depends only on W , not on

~the minimal expression chosen, hence may be written S(w)

Proof: Because ﬁw doesn't depend on the expression.

Lemma_46: Let w_  be the element of W which makes all positive

roots negative. Then S(WO) =W
Proof: Assume w € W , and let w = Wy e W be a minimal expres-
sion as a product of simple reflections and similarly for

-1
W SwW_ = .o oW
e} mtl n

since if N is the number of positive roots then m = N(w),

Then W = W,...W_...W_1is one for w
o) 1 m n 0

n=N=0N(Ww) , and m+ n=0N = N(wo) . Looking at the initial

segment of w_  we see that w € S(wo)

Corollary 10: If w is as above and W_ = W Wg...W is a
o o a B I
minimal expression, then

(a) K = Kw
o

(b) K K@K“,..K

Il

B s °
Proof: (a) By Cor. 7 and Lemma 46.

(b) By (a) K = TKQKB...Ké . We may write T = [ TX,
(Y simple), then absorb the TX'S in appropriate K !'s to

¥
get (b).
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Exercise: If G dis any Chevalley group and W ,®,B,... are as

. above, show that G = BG,Gg. . .G

B &

Remarks: (a) If € and SU, ‘are replaced by IR and 80, in
accordance with Lemma 43(b), then everything above goes through
except for Cor. 4, Cor. 6 and the fact that T is no longer a
torus. In this case each Ka is a circle since 302 is. The
corresponding angles in Cof;llO(b), which we have to restrict
suitably to get uniqueness, may be called the Euler angles in
analogy with the classical case:

G = SL3(R), K= 80,(R) ,

K&’KB = {[rotations around the z-axis, x-axis} ,

K = KQK Ka .

B
(b) If K, 1is replaced by BwB = BK_ in Cor. 75 ﬁhe
formula for BwB is obtained. (Prove this.) If ¢ (or R) is
replaced by any algebraically closed field énd the Zariski topol-
ogy 1is used, the same formula holds. So as not to interrupt the

present develbpment, we give the proof later, at the end of this

section.

Theorem 17: (Cartan). Again let G be a Chevalley group over

¢ ofiR;'K = Gg_ as above, and A = f{h € H[ﬁ(h) > 0 for all
A A
L e Ll
(a) G = KAK (Cartan decomposition).
(b) In (a) the A~component is determined uniquely up to

conjugacy under the Weyl group.
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Proof: (a) 4ssume x € G . By the decompositions H = AT and

G = BK (Theorem 16), there exist elements in KxK /N UA .

G

Given such an element y = ua , we write a = exp H (H € R

uniquely determined by a) , then set |a| = |H| , the Killing

norm in Jiﬂ{. This norm is invariant under W . We now choose
y to maximize |a| (recall that KX 1is compact). We must show
that u =1 . This follows from: (*) if u + 1 , then la]

can be increased. We will reduce (%) to the rank 1 case. Write

u = [ u, (u, € -% J . We may assume u_ + 1l for some simple
o U U ° Kp o
a: choose & of minimum height, say n , such that wuj 1,

then if n > 1 , choose B simple so that («,8) > 0 and

=

ht w,a < n , then replace y by wg(l)ywﬁ(l) and proceed by

B

i : ) : o : !
induction on n . We write u=uwu, with u ¢ %'Pu{a} (here
P is the set of positive roots). Then we write a = exp H ,

1
choose ¢ so that H = H - CHQ is orthogonal to Ha , set

_ 1 1 1 1
a, = exp cH, ¢ ANG,a =expH €4, as= a,a . Then a

commutes with G& elementwise and is orthogonal to a, relative
to the bilinear form corresponding to the norm introduced above.

By (%) for groups of rank 1, there exist vy, z € Ka such that

1 1

| > la,l . Then yuaz = yuua a z

' NG d la
yu,a,z = a, €4 . an [a 2o

a4

= yu‘y“laéaf . Since G, normalizes )me{a} (since 36Q and
| S . t 2 1.2 1.2

ﬁi_a do), yuy 1 cu . since [aaa |© = [aa[ + |a |

> [aa[2 + [af[z = [aaatl2 = [a{2 , we have (%) , modulo the

rank 1 case. This case, essentially G = SL2 , will be left as

an exercise.
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(b) Assume x € G, x = klak2 as in (a). Then

oX = kla'"lk2 , So that xox L = klazkzl . Here oa=a"t
e =) - , AN
since (o a) = Q(a) =-ﬁ(a l) for all uz € L

Lemma_L7: If elements of H are conjugate in G (any Chevalley
group), they are conjugate under the Weyl group.

This easily follows from the uniqueness in Theorem hf «

By the lemma x above uniquely determines a2 up to con=
jugacy under the Weyl group, hence also a since square-roots
in A are unique.
Remark: We can get uniqueness in (b) by replacing A by
A = {a € A{Q(a) > 1 fer all > 0} . This follows from Appen=-
dix III 33.

Corollary: Let P consist of the elements of G which satisfy

ox = x T and have all eigenvalues positive.

(a) ACP

(b) Zvery. p € P is conjugate under K to some a € A ,
uniquely determined up to conjugacy under W (spectral theorem).

(¢) G = KP , with uniqueness on the right (polar decom-

position).

Proof: (a) This has been noted in (b) above.
(b) We can assume p = ka € KA , by the theorem. Apply

L Thus k commutes with a2 , hence also with

o p=ak
a . (Since a is diagonal (relative to a basis of weight vec-

tors) and positive, the matrices commuting with a have a certain
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block structure which doei noi change when it is replaced by a2.)
Then kz =1 and k = am§éa“§ e P, so that k 1is unipotent by
the definition of P . Since K 1is compact, k =1 . Thus

p = a . The uniqueness in (b) follows as before.

(¢c) If xeG , then x = kjak, as in the theorem, so
- .
that x = klkz-kz ak2 e KP . Thus G = KP . JAssume klpl = k2p2
with k; ¢ K and p; € P . By (b) we can assume that p, € A
m -1 3 5 G -1
Then py = kl kypy, o As in (b) we conclude that kl k, = &

whence the uniqueness in (c).

Example: If G = SLH(Q) , so that K = SU (@) ,

Il

A {positive diagonal matrices},

i

il

{positive-definite Hermitean matrices},

then (b) and (c) reduce to classical results.
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We now consider the case (c) of Lemma 43. The development
is strikingly parallel to that for case (b) just completed al-
~though the results are basically arithmetic in one case, geometric
in the other. Throughout we assume that e,e*,k,Yd are as in
Lemma 43(c) and that the Chevalley group G wunder discussion is
based on k . We write Ge for the subgroup of elements of G
whose coordinates, relative to the original lattice M , all lie
in e

Lemma 48: If ¢, 1s as in Theorem 4', Cor. &6, then

ch_SLz(e) g G,

Proof: If e is a Euclidean domain then SLz(e) is generated
by its unipotent superdiagonal and subdiagonal elements, so that
the lemma follows from the fact that xa(t) acts on M as an
integral polynomial in t . In the general case it follows that
if p is a prime in e and ep is the localigation of e at

p (all a/b € k such that a,b € e with b prime to p) then
waSLZ(e) Q;Ge_ . Since f\ep = © , e.g. by unique factorization,
we have our rgsult.

Remark: A version of Lemma 48 is true if e 1is any commutative
ring since ma[i 3] is generically expressible as a polynomial
in a,b,c,d with integral coefficients (proof omitted}. The
proof just given works if e is any integral domain for which~
e = f\ep (p = maximal ideal), which includes most of the inter-

esting cases.
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Write K =G_, K, = G NK .

BNEK= (UMNEK)(HNEK) .
UNK = {cgo xa(ta){talae} A
HNK=f(h ¢ H{Q(h) £ e forall u e L}

Az

(T hy(t)] all t; ee'} .

KCL . Hence Yd C:Ka .

it

(d) ,SL,(s)

il

Proof: (a) If b = uh € B/ K , then its diagonal h , relative

to a basis of M made up of weight vectors (see Lemma 18, Cor.

3), must be in K , hence u must also.

(b) If u = x (t. ) € UMK , then by induction on
SR

heights, the equation xu(t) =1+ tX, + ... and the primitivity
of X, in End (M) (Theorem 2, Cor. 2) we get all t, e e .

(c) If h e HNK , in diagonal form as above, then

N\
u(h) must be in e for each weight % of the representation

h

defining G , in fact in o since the sum of these weights is

O (the sum is invariant under W) . If we write h = T h; ()

S0

and use what has just been proved, we get tg e o for some

n >0 , whence t, ¢ 6 by unique factorization.

(d) Set &, = @QSLz(e) . By Lemma 48, S, C K, . Since

G, = B VU B,Y, by Lemma 43(c) and ¥, C S, » the reverse inclu-

sion follows froms: Baf\ KCS, . Nowif x = xu(t)h&(t ) € Bd"7K,

1o

then t ee and t € o by (a), (b), (c) applied to G, , so

that x ¢ <xa(e), X a(e)> = 354 whenc¢ (d)

=1

Theorem 18: Let e,k,G and K ='Ge be as above. Then G = BK

(Iwasawa decomposition).
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Proof: By Lemmas 43(c) and 49(d), BuB = BY’O,‘....Y6 C BK for
every w e W , S0 that G = BK .

Corollary 1: Write KW = BwB /1 K .
(a) k= U E
wWeW

(b) K, = (B ﬂ-K)YOL....Yé , with BN K given by Lemma 49,

and on the right there is uniqueness of expression.

Remark: This normal form in K = Ge has all components in Ge

whereas the usual one obtained by imbedding Ge in G doesn't.

Corollary 2: K is generated by the groups Ka .

Proof: By Lémma~h9 and Cor. 1.

Corollary 3: If e 1s a FEuclidean domain, then K is generated

by f{x (t)lc €I, t e e} .

Proof: Since the corresponding result holds for SLZ(e) , this
follows from Lemma 49(d) and Cor. 2.

Example: Assume o = Z, k=Q . We get that G is generated

/s
by {xa(l)} . The normal form in Cor. 1 can be used to extend
Nielsen's theorem (see (1) on p. 96) from SLB(ZQ to GZZ whenever
Z has rank > 2 , is indecomposable, and has all roots of equal
length (W. Wardlaw, Thesis, U. C. L. A. 1966). It would be nice

if the form could be used to handle SLB(Zﬂ itself since Nielsen's
proof is quite involved. The case of unequal root lengthé is at
present in poor shape. In analogy with the fact that in the

earlier development K 1is a simple compact group if £ 1is in-

decomposable, we have here: Every normal subgroup of GZZ is
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finite or of finite index if Y 1is indecomposable and has

rank > 2 . The proof isn't easy.

Exercise: Prove that G?Z/jaG:Z is finite, and is trivial if
L 1s indecomposable and not of type Al’BZ or G, .

Returning to the general set up, if p is a prime in s ,

we write | |, for the p-adic norm defined by {O[p = 0 and

&

[x[p =277 if x = pra/b with a and b prime to p .

Theorem 19: (Approximation theorem): Let e and k be as

above, a principal ideal domain and its quotient field, S a
finite set of inequivalent primes in e , and for each p € S,
tp € k . Then for any €& > 0 there exists t € k such that
[t - tp[p < g for all‘ p e S and [t[q <1 for all primes

9 ¢85 .

Proof: We may assume every tp € e . To see this write

tp = pra/b as above. By choosing s > -r and c and d so that

a = cpS + db and replacing a/b by d , we may assume b = 1 .
If we then multiply by a sufficiently high power of the product
of the elements of S , we achieve r >0 , for all p e S . If

we now choose n so that 277 < €, € = TT“ pn} e = e/pn , then
pe §

£ so that f " + ge =1, and finally t = % g e t

Ip, gp < pP‘ gp D y an naiLy gp p'p ’

we achieve the requirements of the theorem.

Now given a matrix x = (aij) over k , we define
{x]p = max[aij[P . The following properties are easily verified.

3= & il o maEiE s vl .




150 74

(2) lxy]p < X{p[y[p :
(e {Xlla = [yi{p s3on e 1,2, ;i 4 then
ITT % =TT Yl[p < maxllyllp .(yllp . [Yn[p X; - Yilp ;

' Theorem 20: (Approximation theorem for split groups): Let

e,k,5,€ be as in Theorem 19, G a Chevalley group over k , and
X, € G for edach p g 8 . Then there exists % & & so that

|x - Xplp < € for all p eSS and [xlq =1 vfor CERIRE e e

Proof: Assume first that all = eane contained in some }éa;
T Xa(tp) with tp Dol P F e e xa(t), Eoeik o then
[x[q < max [th, 1 because xa(t) is an integral polynomial in

t. and similarly |[xx_~ - l[p < |t - tp[D . 80 that
|x = Xp!P < (xp[P[t - tplp by (1) and (2] dbove, Thus our result

follows from Theorem 19 in this case. In the general case we

choose a sequence of roots Uy 305,000 SO that xp = Xplpo"'

with Xpi € ?Xa for all p € S . By the first case there exists
i

Xi € %O‘ so that

i
|x; - Xpilp = [Xpi[p an@ Elxpilp/lxpl[plxpzlpf"
i epies tond T E S bis  Meitee e e

~ Then the conclusion of the theorem holds by (3) above.

With Theorem 20 available we can now prove:

Theorem 21: (Elementary divisor theorem): Assume e,k,G, K = Ge

are as before. Let A  be the subset of H defined by:

A 2 N
&{h} e o for zll positive reots @ .
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(a) G = Kotk (Cartan decomposition).

(b) The N component in (a) is uniequely determined
mod HM K , i.e. mod units (see Lemma L49); in other words, the
set of numbers {ﬁ(h)lg\ weight of the repfésentation defining
G} is. |
Example: The classical case occurs when G = SLn(k), K = SLn(e) 3
and AT consists of the diagonal elements diag(al,az,...,a

o)
such that a. is a multiple of 3541 ol 42 L.B,ues ¢

Proof of theorem: First we reduce the theorem to the local'case,

in which e has a single prime, modulo units. Assume the result
ture in this case. Assume x € G . Let S be the finite set
of primes at which x fails to be integral. For p € S , we
write s for the local ring at p in e , and define K_ and

p

A; in terms of 5, as K and A" are defined for e . By the

b
-local case of the theorem we may write x = cpapc with

P

1
e c. E Kp and a € A; , for all p € S . Since we may choose

p’ D

ap so that Q(ap) is always a power of p and then replace all
ap by their product, adjusting the c¢'s accordingly, we may
assume that ap is independent of p , is in A" , and 1s inte-
gral outside of S . We have cpacéx“l =1 with a = ap for

p € S . By Theorem 20 there exist c, cT e G so that

lc - ¢ < |c for peS and |c|, <1 for q ¢3S , the

plp plp q
same equations hold for ¢’ and c; , and [cacyxml - l]p <1 for

all p e S . By properties (1), (2), (3) of | {D , it is now

’ -1

easily verified that [c[p =1, [cé[ <1 and lcacfx - l[p <1,
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1
whether p is in S or not. Thus c¢ € K, ¢ & K and
| (e
cac x 1 € K, so that x ¢ KA'K  as required. The uniqueness in

Theorem 21 clearly also follows from that in the local case.

We now consider the local case, p being the unique prime
in e . The proof to follow is quite close to that of Theorem
17. Let 4 be the subgroup of all h € H such that all ﬁ(h)
are powers of p , and redefine AT , casting out units, so that

in addition all G(h) (& > 0) are nonnegative powers of p

Lemma 50: For each a € A there exists a unique H ¢ i#ng,

the Z-module generated by the elements Hm of the Lie algebra

2

j: , such that “z(a) = p#(H) for all weights p

n Az
Proof: Write a = h (¢ p O") with ¢ e e , n, &€ Z. Then
e H & i a a
o

~ n. o
#la) = TTlep &)

being units, may be omitted, so that ’ﬁ(a) = P#(H) with

. Since QXa) is a power of p the c,

H= 1 naHa . If Hf is a second possibility for H , then
(H) = p(H) for all px , so that H = H .

If a and H are as above, we write H = logpa, a = pH y
and introduce a norm: |a| = |H| , the Killing norm. This norm
is invariant under the Weyl group. Now assume x € G . We want
" to show x e Ki'K . From the definitions if T = H/)K then
H = AT . Thus by Theorem 18 there exists vy = ua & KxK with
uelU, aed ; There is only a finite number of possibilities
for a: if a = pH , then {u(H)|z a weight in the given rep-
resentation} is bounded below {by -n if n is chosen so that

rr

the matrix of p'x is integral, because {p“(“)} are the

#
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diagonal entries of ¥) , and also above since the sum of the
weights is 0O , so that H 1is confined to a bounded region of
the lattice 7*2’. We choose y = ua above so as to maximize
la] « If u=T[ u, (u, & ¥ ) , we set supp u = {o]u, + 11
and then minimize supp u subject to a lexicographic ordering
of the supports based on an ordering of the roots consistent
with addition (thus supp u < supp u1 means that the first «
in one but not in the other lies in the second); We claim

i

u=1. Suppose not. We claim (*¥) u, ¢ K and a” u,a K for

@ € supp u . If wu, were not in K , we could move it to the
extreme left in the expression for y and then remove it. The
new terms ihtroduced by this shift would, by the relations (B),
correspond to roots higher than 4 , so that supp u would be
diminished, a contradiction. Similarly a shift to the right
yields the second part of (*). Now as in the proof of Theorem
17 we may conjugate y by a product of WB(l)’s (all in K} to
get u, + 1 for some simple a , as well as (*). We write

t
a - pH ; chapse ¢ so that H = H - CHQ is orthogonal to H_  ,
cH TE el
) r 1 "
set a, = p “,.a = pH yas=aa . We only know that
2c = <H,Ha> e Z, so that this may involve an adjunction of

1/2 which must eventually be removed. If we bear this in mind,
then after reducing (*} to the rank 1 case, exactly as in the
proof of Theorem 17, what remains to be proved is this:

el ]

! i i wWith 2ce Z, t € k
o1)] »7°] ’ ’

Lemma 51: Assume y = ua =
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t £ e and tp-2C § o . Then <c¢ can be increased by an integer
by multiplications by elements of K .

n M

Pfoof:' Let t = ep’ with e ee . Then ne Z, n>0 and

n+ 2¢ > 0 Dby the assumptions, so that ¢+ n > c, ¢ + n > =c

n
p e
and |c + n| > |c| . If we multiply y on the left by I’ 1 } ,
. l=e™™ 0
i~ ctn —
on the right by {— il . 01 , both in K , we get {ﬁ ‘S_n] )
-e " p 1] LO p .
which proves the lemma, hence that u =1 . Thus y =a € A, so

that x € KAK . Thus G = KAK . Finally every element of A is
conjugate to an element of A+ under the Weyl group, which is
fully represented in K (every Wa(l) e K) . Thus G = kAR .
It remains to prove the uniqueness of the at component. If

G, is the universal group of the same type as G and © 1is the
natural homomorphism, it follews from Lemma 49{d) and Theorem 18,
Cor. 2 that ﬂKf = K and from Lemma 49 that = maps A’+ iso-
morphically onto At . Thus we may assume that G is universal.
Then G 1is a direct product of its indecomposable factors so
that we may also assume that G 1is indecomposable. Let X, be

th

Vi
the 1 fundamental weight, V.l an JA--module with A; as

highest weight, Gi the corresponding Chevalley group,

U G ———>»Gi the corresponding homomorphism, and ks the
!
corresponding lowest weight. Assume now that x = cac € G ,
~1] .
1 ﬂ 2% i .
with ¢, ¢ € K and a € At . set ui(a) = p ~ . Fach weight

on Vi is Ay increased by a sum of positive roots, Thus ns
B
is the smallest integer such that p lﬂia is integral, i.e. such
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7=
i . . ' . .
that p n;X 1s since Ty C and T C are integral, thus is

uniquely determined by x . Since {ﬂi} is a basis of the lat-

. tice of weights ( = woxi) , this yields the uniqueness in the

r
vl
a4

klocal case and completes the proof of Theorem 21.

Corollary 1: If e 1is not a field, the group K is maximal in

its commensurability class.

Proof: Assume Kf is a subgroup of G containing K properly.
By the theorem there exists a g A N Kr, a £ K. Some entry of
the diagonal matrix a 1is nonintegral so that by unique facto-
rization |Kf/K[ is infinite.

Remark: The case e = Z 1is of some importance here.

Corollary 2: If e ='Zzp and k = Qp (p-adic integers and
numbers) and the p-adic topology is used, then K is a maximal

compact subgroup of G .

Proof: We will use the fact that :ij is compact. (The proof
is a good exercise.,) We may assume that G is universal. Let
k be the algebraic closure of k and & the corresponding
Chevalley group. Then G = G M SL(V,k) (Theorem 7, Cor. 3}, so
‘that K = G /N SL(V,e) . Since e is compact, so is End(V,s) ,
hence also is K , the set of solutions of a system of polynomial
equations since G is an algebraic group, by Theorem 6. If KT
1s a subgroup of G containing X properly, there exists

a\s AN K!, a £ K, by'the theorem. Then {[an[p |n e Z} is

1
not bounded so that K is not compact.
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Remark: We observe that in this case the decompositions G = BK
+ : . , .

and G = KA K are relative to a maximal compact subgroup just

as in Theorems 16 and 17. Also in this case the closure formula

of Theorem 16, Cor. 7 holds.

Exercise (optional): Assume that G is a Chevalley group over
¢, R or Qp and that K is the corresponding maximal compact
subgroup discussed above. Prove the commutativity under convolu-
tion of the algebra of functions on G which are complex-valued,
continuous, with compact support, and invariant under left and
right multiplications by elements of K . {Such functions are
sometimes called zonal functions and are of importance in the
harmonic analysis of G .) Hint: prove that there exists an
antiautomorphism ¢ of G such that $xa(t) = xma(t) for all
@ and t , that ¢ preserves every double coset relative to

K , and that ¥ preserves Haar measure. A much harder exercise

is to determine the exact structure of the algebra.

Next we consider a double coset decomposition of K = Ge

itself in the local case. We will use the following result, the

first step in the proof of Theorem 7.

Lemma 52: Let L be the Lie algebra of G (the original Lie
algebra of S1 with its coefficients transferred to k) , N the

number of positive roots, and {Yl,Yz,.;.,Yr} a basis of /&NI:

made up of products of X 's and H.'s with I = /\NX . For
« N a0 *

\ x € G write xY, = % c.(x)Yj . Then x & U HU if and only if

1 J
cl(x) + 0.
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Theorem 22: Assume that e 1is a local principal ideal domain,

that p 1s its unique prime, and that k and G are as before.
(a) By = UpHeUe is a subgroup of G_ .

(b) G_. = U B.wB (disjoint), if the representatives for

o T P
weW

W in G are chosen in Ge .

(c) BIWBI = BIWUw,e

uniquely determined mod U

with the last component of the right

W,p
Proof: Let ‘s denote the residue class field e/pe, G the
Chevalley group of the same type as G over s , and Bg,Hg,...
the usual subgroups. By Theorem 18, Cor. 3 reduction mod p

yields a homomorphism =® of Ge onto Gg .

(1) _n“l(UgHgUg) (C UTHU . We consider G acting on /\NK as

in Lemma 52. As is easily seen Ge acts integrally relative to

the basis of T's . Now assume nx € UzH=U= . Then c,(nx) # O
_ ©'o & 1

by the lemma applied to Gg , whence cl(x) + 0 and x € UTHU

again by the lemma.

(2) Corollary: ker . (" UTHU

(3) BI = ﬂleg . Assume X € n’l

B- . Then x ¢ UTBU by (1).
From this and x € G_ 1t follows as in the proof of Theorem 7(b)

that x € UeHeUe , and then that x ¢ BI

k(h) Completion of prgof: By (3) we have (a). To get (b) we

simply apply nﬂl to the decompositrom e Lz relative to B .
\We need only remark that a choice as indicated is always possible

since each wa(l) £ Ge . From (b) the eeuation in (c) easily
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follows. (Check this.) Assume blwul = kowu, with bi € By,
L -1

- 3 =T P
u; € Uw,s . Then bl b2 = wulu2 W € BIfW Ue = Up , whence

ulug € Uw,p and (c) follows.
Remark; The subgroup BI above is called an Iwahori subgroup.
It was introduced in an interesting paper by Iwahori and Matsﬁmoto
(Pebl. Math. I.H.E.S. No. 25 (1965)). There a decomposition
which combines those of Theorems 21(a) and 22(b) can be found.
The present development is completely different from theirs.
There is an interesting connection between the decomposition

G, = LJBIWBI above and the one, Gq = \(BwB)_ , that G_ inherits

as a subgroup of G , namely:

Corollary: Assume w &€ W , that S(w) is as in Theorem 16, Car.

9,vand that =3 Ge s Gg is, as above, the natural projection.
) 1

Then n(BIwBI) = B;ng , and n(BwB)e = W'Eé(w)ng Bg .  Hence

if & 1is a topological field, e.g. G:,IR or Qp , then n(BwB)e

is the topological closure of n(BIwBI)

Proof: The first equation follows from n ' Bg = By , proved

above. Write w = WQWB... as in Lemma 25, Cor. Then

() (BWB)e = (BwaBjs(BwBB)ef" by Theorem 18, Cor. 1. Now

(BwaB)ejQ Xﬁa(p) and wa(l) and is a union of Be double cosets.
\ _ - . el

Thus n(Bw,B)_ D By B- w B> =B, G, = . The reverse inequal

b4

ity also holds since (BW@B)Q(; BeGa,e by Theorem 18, Cer. 1.

From this, (%), the definition of S(w) y and.Lemma 25, the re-

quired expression for n(BwB)e now follows.
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Appendix. Our purpose is to prove Theorem 23 below which gives
the closure of BwB under very general conditions. We will
write w’ <w if w' € S(w) with S(w) as in Theorem 16, Cor.
Os 1.8, if Wt is a subexpression (i.e. the product of a subse-=
quence) of some minimal expression of w as a product of simple
reflections.

Lemma 53¢ The following are true.

1
(a) If w is a subexpression of some minimal expression

for w , it is a subexpression of all of them.

(b) In (a) the subexpressions for wY can all be taken to
be minimal.

(c) The relation < is transitive.

(d) If weW and « is a simple root such that wa > O
(resp. wla > 0) , then ww, > w (resp. w W > W)

(e) w >w forall weW

Proof: (a) This was proved in Theorem 16, Cor. 7 and 9 in a

rather roundabout way. It is a direct consequence of the following

fact, which will be proved in a later section: the equality of
two minimal expressions for w (as a product of simple reflec-
tions) is a consequence of the relations WyWo e = WoWg L
(wl,w2 distinct simple reflections, n terms on each side,

n = order W1w2) .

(b) 1If W o= wW is an expression as in (b) and

l 2-:-Wr

it is not minimal, then two of the terms on the right can be

cancelled by Appendix II 21.
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{¢) By (al)l and (b},
(d) If wa > 0 and Wy W W is a minimal expression
for w , then Wy e (W W is one for WwW, by Appendix II 19, so

that WW, > W, and similarly for the other case.

(e) This is proved in Lemma 46.

Now we come To our main result.

Theorem 23: Let G Dbe a Chevalley group. Assume that k is a

nondiscrete topolegical field and that the topology inherited by
G as a matric group over k 1is used. Then the following condi-
tions on w,wf are equivalent.

(a) Bw'BC BB .

(b) _WY <w .

Proof: Let Yl be as in Lemma 52 and more generally

YW = é;B Xwa for weW. For x e G let cw(x) denote the
coefficient of Y, in XYy . We will show that (a) and (b) are

equivalent to:

(c) cwr is not identically O on BwB .

(a) => (c). We have XB(t)Xa = X@ + B thj with Xj of weight
(O or a root) a + jB , and n X, = cX (c $ 0) if n, Trepre-
sents w in W in N/H . Thus (%) BwBY; C k*yw + higher

terms in the ordering given by sums of positive roots. Thus CWr

is not identically O on Bth , hence also not on BwB , by (a).

(c) => (b). We use downward induction on N(wr) . If this is

maximal then w o= LR the element of W making all positive
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roots negative, and then w = w, by (c) and (%) above. Assume

-1

1
woF W . Choose « simple so that w o > 0 , hence

1 1 :
N(waw ) > N(w ) . Since cW’(BwB) + 0 and Bw&wagg

BwB Bw,wB , we see that c_ _'(BwB) # O or Cwawr(BWaWB) + 0,

W.owW
a
1
so that ww <w or wdw' < W, W . In the first case W o<W
by Lemma 53(c) and (d). In the second case if Wl < 0 then

W, W < W by Lemma 53(d) which puts us back in the first case,
while if not we may choose a minimal expression for w starting

with w ~ and conclude that W' < W,

(b) => (a). By the definitions and the usual calculus of double

cosets, this is'equivalent to: if o 1is simple, then BWQB =

B L}BWQB . The left side is contained in the right, an algebraic
group, hence a closed subset of G . Since BwaB contains

3€Q - 1 and the topology on k 1s not discrete, its closure

contains 1 , hence also B , proving the reverse inequality and

completing the proof of the theorem.

Remark: 1In case k above is C,R or Qp , the theorem reduces
to results obtained earlier. 1In case k 1is infinite and the
Zariski topology on k and G are used it becomes a result of

Chevalley (unpublished). Our proof is quite different from his.

Exercise: (a) If w e W and « 1is a positive root such that
wa > 0 , prove that wW, > W (compare this with Lemma 53(d)),

- r -
and conversely if w < w then (%) there exists a sequence of

a .

positive roots Gp 3lnyees, such that if W, =W then
i
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1 . 1 t
WWypee W, qa >0 for all i and w WieeoW, =w . Thus w <w

and (%) are equivalent.

!
(b) It seems to us likely that w < w is also eauiv-
alent to:! there exists a permutation m of the positive roots
'
such that w na - wa 1is a sum of positive roots for every

’ t
a >0 3% or even to: % (wa - wa) is a sum of positive roots.
u>0
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39. The orders of the finite Chevalley groups. Presently we will

prove:

Theorem 24: Let W be a finite reflection group on a real space

V of finite dimension 4 , S the algebra of polynomials on V ,

ki

oo

I(S) the subalgebra of invariants under W . Then:

(a) I(S) 1is generated by <+ homogeneous algebraically in-
dependent elements Il""’IL

:% (b) The degrees of the Ij's , say dy,...,d; , are uniquely

: determined and satisfy Z;(dj - 1) = N , the number of

positive roots. ’

?{ (c) For the irreducible Weyl groups the d,'s are as follows:

W i di’s

A{’ 2, 3,-.-,{’4-1
1 I B i
D{’ i 2’ LP)-")ZL'—Z)/{’

Eé 2) 59 67 8: 93 12

{
. B, 2,6, 8,10, 12, 14, 18
%%, | Eq 2, 8, 12, 14, 18, 20, 24, 30
| F, {2, 6,8, 12
By é i, 6

Our main goal is:

f? Theorem 25: (a) Let G Dbe a universal Chevalley group over a

field k of q elements and the di's as in Theorem 24. Then
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N 45 .
6] = 1 TT (g - - 1) with N = %(d; - 1) = the number of positive
i
roots.
{b) If G is simple instead, then we have to divide by
c = |Hom(Ll/L s k*){ , 8iven as follows:
G| A | BeaCy | D | B | B | Es | le

: ' =
c 1(4+l,q~l) i(2,q-l) %(4,1%-1) }(3,q_1) I(Z,q—l)l 1 l 1 l 1

Remark: We see that the groups of type B, and €, have the
same order. If 4 =2 the root systems are isomorphic so the
groups are isomorphic. We will show later that if < > 3 the
groups are isomorphic if and only ifv q 1is even.

The proof of Theorem 25 depends on the following identity.

Theorem 26: Let W and the di's be as in Theorem 24 and t

N (w) - &5 7
an indeterminate. Then % t =TT {1 =t 5)/(1 - t)
weW i

We show first that Theorem 25 is a consequence of Theorems

2L and 26.

Lemma 54: If G 1is as in Theorem 25{a) then

6] = d'(q - 1)¢ 5
weW
Proof: Recall that, by Theorems 4 and ht, G =\ BwB (disjoint)
weW
and BwB = UHWUw with uniqueness of expression. Hence

|G| = [U[|H]- = ]UW[ . Now by Corollary 1 to the proposition of
weW

£3, [U] = ¥ and v, | = g (w) By Lemma 28, |H| = (q - 1)
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Corollary: U is a p-Sylow subgroup of G , if p denotes the

characteristic of k .

(v }
Proof': p[qp(w) unless N(w) = O . Since N(w) = 0 if and only
if w=1, p { Z QN(W)

Proof of Theorem 25: (a) follows from Lemma 54 and Theorem 26.

{b) follows from the fact that the center of the universal group
is isomorphic to Hom(Ll/LO, k*) and the values of Ll/Lo found
in §3.

Before giving general proofs of Theorems 24 and 26 we give

independent (case by case) verifications of Theorems 24 and 26

for the classical groups.

Theorem 24: Type A,: Here W 2’8%+1 permuting < + 1 linear
functions ‘“1""’“i+1 such that oy = L= 0O . In this case

the elementary symmetric polynomials oé""’05+l are invariant

and generate all other polynomials invariant under wo.

&5@ Types B, , C,: Here W acts relative to a suitable basis
f§n 131,...,ak by all permutations and sign changes. Here the ele-
: 2 2

mentary symmetric polynomials 1in U)l"'“’uk are invariant and

generate all other polynomials invariant under wo.

Tvpe D,: Here only an even number of sign changes can occur.
PE L

Thus we can replace the last of the invariants for Bé,(di...wz

l...'ﬁ

Theorem 26: Type 4;: Here W= S,,, and N(w) is the number




1T by
i m,‘“.‘_'_gﬂ“?‘f.
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" of inversions in the sequence (w(l),...,w(¢ + 1)) . If we write
p(t) = o VM ghen By(6) = Rle)(L ko e T
wéWgSé+l

15 we see by considering separately the £ + 2 wvalues that
4+1 :

w{¢ + 2) can take on. Hence the formula Pé(t) = TT’(l - tJ)/(l - t)
J=2

follows by induction.

fxercise: Prove the corresponding formulas for types By, C, and
D, . Here the proof is similar, the induction step being a bit

more complicated.

Part (a) of Theorem 24 follows from:

Theorem 27: Let G be a finite group of automorphisms of a real

vector space V of finite dimension 4 and I the algebra of

polynomials on V invariant under G . Then:

(a) If G 1is generated by reflections, then I 1is generated
by 4 algebraically independent homogeneous elements (and 1)

(b) Conversely, if I 1is generated by 4 algebraically
independent homogeneous elements (and 1) then G 1is generated

by reflections.

Example: Let 4 = 2 and V have coordinates x,y . If
G = {+ id.} , then G is not a reflectioca group. I 1s genersted

by XZ, xy, and y2 and no smaller number of elements guffices.

Notation: Throughout the proof we let S be the algebra of all
polynomials on V, SO the ideal in S generated by the homoge-

neous elements of I of positive degree, and Av stand for




134

average over G (i.e. AvVP = ]G["l L gP) .
geG

Proof of (a): (Chevalley, Am. J. of Math. 1955.)

(1) Assume 1 I2,... are elements of I such that I

l)
is not in the ideal in I generated by the others and that

£

Pl’ P2,... are homogeneous elements of S such that z PiIi = 0 ,

Then P, ¢ SO

1

Proof: Suppose Il € 1ideal in S generated by I55... . Then

I. == £ R for some R €S so that TI. = AvI

PR
1 i>2 2 1 1

= X (AVR.)I. belongs to the ideal in I generated by I
a contradiction. Hence Il does not belong to the ideal in §

o
ivi

2,00.,

genefated by I2,...

We now prove (1) by induction on d = deg Py . If 4= O{
Pl =0 ¢ So . Assume d >0 and let g e G be a reflection in
a hyperplane L = O . Then for each : L[(Pi - gPi) . Hence
Z((Pi - gPi)/’L)Ii = 0 , so by the induction assumption
Py - gPy € SO , i.e, P = gPy (mod So) . Since G is generated
by reflections this holds for all g € G and hence
Py = AvPl (mod DO) . But AVP{ € S, so P, ¢ SO :

We choose a minimal finite basis Il?""In for SO formed
of homogeneous elements of I . Such a baéis exists by Hilbert's
Theorem.

(2); The 'Ii’s ére algebraically independent.
Proof: If the 1. are not algebraically independent, let

H(Il,...,In) = 0 be a nontrivial relation with all monomials in
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the Ii}s of the same minimal degree in the underlying coordinates

Xp9e-5%, « Let H; = bH(Il,...5In)/in . By the choice of H

not all H, are O . Choose the notation so that
{Hys.-.»H 1 (m < n) but no subset of it generates the ideal in

m v
, I generated by all the H. . Let H. = ¥ V. . H. for
b * o= It d

J=m+ 1,...,n where Vj ; € I and all terms in the equation
2

are homogeneous of the same degree. Then for k = 1, 235 sest

n
we have 0 = JH/ox, = ii H, in/bxk

: 1
_: s ifl Hi(bli/bxk + j:erZ1+l Vj,i bIj/ka) . By (1) bIl/ka

n
‘ LV bIﬁ/bxy € 5, . Multiplying by X, » summing over k
N J':-;m+l Jo J < (@]
using Buler's formula, and writing dj = deg Ij we get

n - n
dlIl + Z Vj 1 dej = X AiIi where Ai belongs to the ideal
J=m+1 ? i=1

in S generated by the Xy By homogeneity Al = 0 . Thus Il

is in the ideal generated by I2""’I y & contradiction.

n
(3) The Iils generate I as an algebra.

Proof: Assume P e I is homogeneous of positive degree. Then

P =23 PiIi, Pi €S . By averaging we can assume that each

Pi e I . Each Pi is of degree less than the degree of P s SO

by induction on its degree P is a polynomial in the Iifs .

(4) n=¢,

Proof: By (2) n << . By Galois theory [R(I) is of finite
index in HQ(Xl’ X2,...,Xn) » hence has transcendence degree 4

over ﬁa, whence n > 4
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By (2), (3) and (4) (a) holds.

Proof of (b): (Todd, 3hephard Can. J. Math. 1954.)

Let I 1

; Dbe algebraically independent generators of

l".

I of degrees dl""’d% , respectively.
< di -1 -1

(5) JT@ ~t )™ = Av det(l - gt)
i=1 gel

, as a formal identity
in ©

Proof: Let €190 sy be the eigenvalues of g and xl,;;.;xé

the corresponding eigenfunctions. Then det(l - gt)"l

=TT (1 + e.t + 262 + o)
5 al i
P71 Pg
b €178 .. i.e. the trace of g acting on the
pl+p2+ n.c .=n
space of homogeneous polynomials in XqseeerXy of degree n ,

Py P
since the monomials xllxzz... form a basis for this space. By

. The coefficient of g is

averaging we get the dimension of the space of invariant homogeneous

polynomials of degree n . This dimension is the number of mono-
- Py P
mials 111122... of degree n , i.e., the number of solutions of-
pldl * ppdy, + ... =n , i.e. the coefficient of t®  in
< d. 1
TT(L=-t 7)™ .
i=1
(6) TT d; = |G| and Z(d; - 1) = N = number of reflections
in G
Proof: We have det(l - gt) = {?1 - t) if g=1 4
| B
(1 -6 1@ +t) if g is a
reflection,

\i.polynomial not divisible by

(1 - 6" otherwise.
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€

Substituting this in (5) and multiplying by (1 - t)° , we have

I -1 2
TT@+t+ ...+ )T o= |G T+ N(1-t)/(1+t) + (1-t)P(t))
where P(t) is regular at t =1 . Setting t =1 we get
1T dzl = [G[”l . Differentiating and setting ¢

(TT a7h)=(=(d;-1)/2) = |6|7H(/2) , so z(d,-1)

1 we get

]

N Ll

t
(7) Let G be the subgroup of G generated by its reflec-

1
tions. Then G =G and hence G is a reflection group.

1
Proof: Let Ii’ di , and N‘ refer to G’ . The I; can be
expressed as polynomials in the L with the determinant of the
corresponding Jacobian not O . Hence after a rearrangement of
. !
the I., 0I;/0I, # O for all i . Hence dj > d; . But
1 1
Z(di -1l)=N=DN = Z(di - 1) by (6). Hence d. = d; for all

i
i, so, again by (6), |G| =TT d; = 1T d; = [Gf[ , 850 G =G

1

Corollary: The degrees dl’ d2,... above are uniquely determined

and satisfy the equations (6).
Thus Theorem 24{(b) holds.

Exercise: For each reflection in G choose a root o . Then
Blls s Tysuss)
1 2 NP .
det - = ll e up to multiplication by a nonzero number.
b(xl, XZ,..,)

Remark: The theorem remains true if R is replaced by any field
of characteristic O and "reflection" is replaced by "automorphism
of V with fixed point set a hyperplane?,

For the proof of Theorem 24(c) (determination of the‘ di)

we use-.
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Proposition: Let G and the di be as in Theorem 27 and
WS Wy ..V the product of the simple reflections (relative to
an ordering of V (see Appendix I.8)) in any fixed order. Let

h be the order of w . Then:
(a) N = th/2
(b) w contains w = exp 2ni/h as an eigenvalue, but not 1
m

(c) If the eigenvalues of w are (W i[l <m; <h - 1}

then {m; + 1} = {d,]

Proof: This was first proved by Coxeter (Duke Math. J. 1951),
case by case, using the classification theory. For a proof not
using the classificatién theory see Steinberg; T,A;M.S. 1959, for
(a) and (b) and Coleman, Can. J. Math. 1958, for (c) using (a)
and (b).

This can be used to determine the di for all the Chevalley
groups. As an example we determine the di for ES . Here
2 = 8; N =120 , so by (a) h =30 . Since w acts rationally
&Jnl(n, 30) = 1} are all eigenvalues. Since ®(30) = 8 =14
these are all the eigenvalues. Hence the di are
1, 7, 11, 13, 17, 19, 23, 29 all increased by 1l , as listed
previously. The proofs for G2 and Fh are exactly the same.

Eé and E7 require further argument.
Exefcise: Argue further.

Rémark: The difs also enter into the following results, related

to Theorem 24:
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(a) Let li be the original Lie algebra, k a field of charac-—
teristic O , G the corresponding adjoint Chevalley group. The
algebra of polynomials on Ji invariant under G is generated
by 4 algebraically independent elements of degree d1>""dL y
the difs as above.

This is proved by showing that under restriction from Ji to
%i the G-invariant polynomials on li are mapped isomorphically
onto the W-invariant polynomials on ?%u The corresponding
result for the universal enveloping algebra of L then follows
easily.
(b) If G acts on the exterior algebra on L , the algebra of
invariants 1s an exterior algebra generated by < independent
homogeneous elements of degrees {Zdi -1}

This is more difficult. It implies that the Poincare polyno-
mial (whose coefficients are the Betti numbers) of the correspond-

ing compact semisimple Lie group (the group K constructed from
Zdiml
Cin88) is TT 2+t )

Proof of Theorem 26: (Solomon, Journal of Algebra, 1966.)

Let T[] be the set of simple roots. If = E;TT let W
be the subgroup generated by all Wy @ Em
(L) If we Wﬂ then w permutes the positive roots with

support not in mw .

Proof: If B 1is a positive root and supp B8 ¢ m then

B= ZX e o with some e, > 0, «a fan . Now wB is B plus a
€

ael &
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vector with support in gn , hence its coefficient of a is positive,

so W >0 .,

{2} - Corollary: If we W then N(w) is unambiguous (i.e.
it is the same whether we consider w e W or w e Wn) "

(3) For = CT[ define Wnr = {w e W|wn > 0} . Then:
(2) Every w e W can be written uniquely w = w'w"

. 7 1 i
with w e W and w W .
T T

(b) In (a) N(w) = N(w ) + N(w')

Proof: (a) For any w e W 1let w e Wﬂw be such that N(wr)

is minimal. Then wra >0 for all a en by Appendix II,l9(a')

1. ) I ¢

! 1 t :
Hence w € Wﬂ\ so that w e ann . Suppose now W =WW =1u u
. 1 vt T toaoal] r
with w , u =« Wn and w , u € Wﬁ - Then wwu =u .
oA o] 1 : .
Hence wwu "m>0. Now w (-nt) <0 so wu “n has support
O :
in n . Hence wu ln C n so by Appendix II.23 (applied to Wn)
i r i i1
W u =1 . Hence w =u,w =u .

(b} follows from (a) and (1).

() Let w(t) = £ ") w vy = ¢ YW men
weW & wsWﬁ
z (-l)“W(t)/Wﬂ(t) = tN » where N is the number of positive

roots and (-1)" = (ul)Iﬂl .

Proof: We have, by (3), W(t)/Wﬁ(t) = I, tN(W) .  Therefore

weW 4
T
the contribution of the term for w to the sum in (L) is CWtN(W)

)n

where Cy = If w keeps positive exactly k elements

5 f=
[T
wn>0
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of T[ then c = {kl -1)¥ =0 if k # 0

t~ 1 if k= 0.
Therefore the only contribution is made by W 1 the element of
w which makes all positive roots negative, so the sum in (4) is

equal to tN as required.

. T[o\', " — 5
Corollary: %(=1) {N[/{Wn[ = 1

Exercise: Deduce from (4) that if o and B are complementary

subsets of [ then = (-1)%W (t) = = (al)n“B/Wﬂ(t-l) .
e m
Set D= {veV|(v,a) >0 for all o« e [} , and for each

n C [ set D = {veV[(v,a)=0 forall aemx, (v, 8) >0
For gll B el -mn} . D, 1is an open face of D .

(5) The following subgroups of W are equal:

(a) Wn .

(b) The stabilizer of D, -
(c) The point stabilizer of D, -

(d) The stabilizer of any point of D_ .

Proof: (a) C (b) Dbecause n 1is orthogonal to D, - (b) C {c)
because D is a fundamental domain for W by Appendix IIT.33.

Clearly (c) g;(d) . (d) Q;(a) by Appendix III.32.

(6) In the complex cut on real k-space by a finite number
of hyperplanes let ns be the number of j-cells. Then
£(-1)tn, = (-1)" .

Proof: This follows from Eulert!s formula, but may be proved
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directly by induction. In fact, if an extra hyperplane H is
added to the configuration, each original i-cell cut in two by
H has corresponding to it in H an (i = 1l)-cell separating the

two parts from each other, so that Z(«l)ln_i remains unchanged..

-

(7) In the complex K cut from V by the reflecting hyper=
planes let n_(w)(n C TJ]; w € W) denote the number of cells W-

congruent to D_ and w-fixed. Then X (—l)nnn(w) = det w .

Proof: Each cell of K 1is W-congruent to exactly one Dn . By
t5) every cell fixed by w 1lies in VW(VW = {ve V]|wr=v}) .

Applying (6) £0 "¥-..and using dim b= L - |n| we get

Z (—l)ﬂnn(w) = (—l)c"k , where k = dim V. But w is orthog-
gl

ohial, so that its possible eigenvalues in V are + 1, =1 and

t-k
)

pairs of conjugate complex numbers. Hence (=1 = det w .

If K is a character on Wl , a subgroup of W , then UUM

denotes the induced character defined by (%) 'XW(W)

= [Wl]"l z 7((xwxgl) . (See, e.g., W. Feit, Characters of
v xeW
lsW

XWX
1

finite groups.)

a Y = ; W
(8) Let X be a character on W and \ﬂ = (X[Wﬂ) (=C 1D -
7 Y o
Then m%TT(—l) )(ﬁ(w) = :K(w) det w for all we W,
Proof: Assume first that X =1 . Now xwx~
1

L e W if and only
T

if xwx — fixes DTE (by (5)) which happens if and only if w
fixes xleT . Therefore lﬂ(w) = nﬂ(w) by (%) . By (7) this

gives the result for ')15 i . If X is any character then



“Xn = }an so (8) holds.
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(9) Let M be a finite dimensional real W—moduie, T (M)

T

A
be the subspace of W _-invariants, and I(M) be the space of

N\
W-skew-invariants (i.e. I(M) = {m & M|wm = (det w)m for all w e W

Then £ (-1)"dim I_(M) = dim f(M) .
T *

Proof: In (8) take 3( to be the character of M

weW , and use ().

, average over

(10) If p = T[a, the product of the positive roots, then

p is skew and p divides every skew polynomial on V .

Proof: We have w,p = -p = (det Wa)p if o 1is a simple root by

Appendix I.1l. Since W is generated by simple reflections p

is skew. If f is skew and a a root then wmf =

so a|f . By unique factorization p|f

(det wy)f = ~f

s ,
(11) Let P(t) = T[(X -t *)/(1 -t} and for nC J[ let
{d_.] and P_ be defined for W_ as {d.} and P are for W .
L1 Tu T 1

Then z_ (-1)"P(t)/P_(t) = &N
i

d . -1
Proof: We must show (%) (—l)ﬂTT(l -t
it

N ' di -1 =" ‘o
=t [J[(L-t7) . Let S= I3
i k=0

on V , graded as usual. As in (

the copffivient of &~

be the algebra of polynomials

k
5) of the proof of Theorem 27

on the left hand side of (*) 1is

S (-1)"dim 1.(S,) . Similarly, using (10), the coefficient of

el ,
t on the right hand side of (%) is dim I(Sk)

by (9).

These are eqﬁal
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(12) Proof of Theorem 26. We write (11) as
@ - () Thy/e(e) = z_(-1)%/p_(t) and (4) as

aae

&

¥ (-1)“/Wﬂ(t) . Then, by induction on

#

W - (- TTmce)

It

ITT, w(t) = P(t)
Remark: Step (7), the geometric step, represents the only simpli-

fication of Solomon's original proof.
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§lO. Iéomorphisms and automorphisms. In this section we discuss

the isomorphisms and automorphisms of Chevalley groups over per-
fect fields. This assumption of perfectness is not strictly
necessary but it simplifies the discussion in one or ﬁWO places.
We begin by proving the existence of certain automorphisms related

to the existence of symmetries of the underlying root systems.

Lemma 55: Let ¥ be an abstract indecomposable root system with

not all roots of one length. Let 5F = {a” = 2a/(a,a)|a € 2} De

the abstract system obtained by inversion. Then:

Nz
>R

(a) = is a root system.

(b) Under the map * 1long roots are mapped onto short roots
and vice versa. Further, angles and simple systems of
roots are preserved.

(). I£f p = (ao,ao)/(ﬁo,ﬁo) with a  long, B, short then
the map o —> fba* if a 1is long,

Lq* if a 1is short,

extends to a homothety.
Proof: (a) holds since <a*,8*> = <B,a> . (b) and (c) are clear.
The root system Z* obtained in this way from X is called

the root system dual to Z .

Exercise: Let a = % n;a. be a root expressed in terms of the
simple ones, Prove that a 1is long if and only if p[ni when-

ever mi is short.

Examples: (a) For n > 3, B, and C_  are dual to each other.
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B, and Fh are in duality with themselves (with p = 2) as is

5 (with p = 3} .

(b) Let a, B, a + B, a + 28 be the positive roots

e e sle
>< >R

for I of type B, . Then those for ¥ are a', B, (a + B)*
= 22" + g" , and (o + 2{3)>:< = o+ B* . If we identify o with

B and B* with « we get a map of B onto itself. a swels Bg

2 _
p—>a, a + B —>a+ 28, a + 2 ——>o0 + B . This is the map
given by reflecting in the line L in the diagram below (L is

the bisector of <(a,B)) and adjusting lengths.

Theorem 28: Let %, £° and p be as above, k a field of char-

acteristic p (p dis either 2 or 3), G- G¢™ universal Chevalley
groups constructed from (£,k) and (Zx,k) respectively. Then

L

there exists a homomorphism ¢ of G into G and signs €,
for all a & £ such that @{yd(t)) = Xa*(eat) if a is long,
S p 3 7
X, (Eat ) if o 1is short.

If k is perfect then ¢ 1is an isomorphism of abstract groups.

Examples: (a) If k is perfect of characteristic 2 then

Sping 15 SO0, 49 (split forms), and Sp,,, are isomorphic.
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(b} Consider Cr, p=2, g, =1 . The theorem asserts

that on U we have an endomorphism (as before we identify %

Il

and Z*) such that (1) ®(xd(t)) Xg(t), @(XB(t)) = xa(tz),

2
Plxgp(t)) = % 400(t7), P(x40p(t)) = x,0(t) . The only non-
trivial relation of type. (B) on U is | (2) (xa(t), XB(U))

(tulx (tuz) by Lemma 33. Applying @ to (2) gives

a+2B

Xa+@

2.2

(3) (xg(t), %o (0%)) = %0 (8% %y pg (807

)

This is valid, since it can be obtained from (2) by taking inverses
and replacing t by u2, u. by t
(c) The map ¥ in (b) is outer, for if we represent
G as SplP and if t $ O, Xa(t) - 1 has rank 1 while
xg(t) - 1 has rank 2

(d) If in (b) |k| = 2, ¢ leads to an outer automor-
phism of 86 since, in fact, Sph(Z)’X 86 . To see this represent

86' as .the Weyl group of type A, . This fixes a bilinear form

5

2 =1 0 0O O

with matrix =1 2 =1 0 0
0O -1 2 =1 0

O 0 -1 2 -1
.0 0 0 -1 2

relative to a basis of simple roots. This is so because, up to mul-

S : . . Z
tiplication by a scalar, the form is just I Xixj(ai,aj) = |Z Xiai[

Reduce mod 2 . The line through a ta + as becomes invariant

3

and the form becomes skew and nondegenerate on the quotient space.

Hence we have a homomorphism \k : 86 > SpL(Z) . It is easily
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seen that ker PGy so ker ¥ =1 . Since |54 = 61 = 720
= 2% - 132 - 1) = 15p,(2)], Y is an isomorphism.

Y-l may be described as follows. SpL(Z) acts on the
underlying projective space P3 which contains 15 points. Given
a point p there are & points not orthogonal to p . These split
into two four point sets S, 5, such that each of {p} v Sy
and {p} U S, consists of mutually nonorthogonal points and these
are the only five element sets containing p with this property.
There are 15.2/5 = 6 such 5 element sets. Spg(2) acts faith-
fully by permutation on these 6 sets, so Sph(Z) ﬂwwﬁ>86 is de=-
fined. Under the outer automorphism the stabilizers of points
and lines are interchanged. Each of the above five point sets

corresponds to a set of five mutually skew isotropic lines.

Proof of Theorem 28: If p =2 each ¢ =1 . We must show

that ¥ as defined on the xd(t) by the given equations preserves
(A), (B), and (C) . Here (A) and (C) focllow at once. The

nontrivial relations in (B) are:

(xu(t),xB(u)) = xa+B(ipu) if |a| = |B] and <(«,B) = 120° ,

(xu*s(iﬁtu) if «,B are short, orthogonal, and a+Bel ,

2

kga+ﬁ(ipu)xa+28(ipu ) if |a|>|B| and <(a,p) = 135° .

(The last equation follows from Lemma 33. In the others the right

hand side is of the form Xd+B(Na)Btu)') If p =2 the second

equation can be omitted and there are no ambiguities in sign.

Becuase of the calculations in Example {b) above @ preserves
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these relations. Thus ¢ extends to a homomorphism.

There remains only the case G2, p =3 . The proof in that

case depends on a sequence of lemmas.

Lemma 56: Let G be a Chevalley group. Let a, B be distinct
simple roots, n the order of W in W , so that

W Wy eee = WBW@WB ... (n factors on each side) in W .

Then: (a) Wa(l)wﬁ(l)wa(l) e e = WB(l)w@(l)WB(l) ... (n factors

on each side) in G .

(b) Both sides map X, to 'Xwa (where w = waWB ces)

Proof: We may assume G is universal. For simplicity of notation
we assume n = 3 , Consider x = Wa(l)WB(l)Wa(l)WB(”1)Wa('l)wﬁ(—l) .
Let Ga.= <f%qﬂtxma> . Then the product of the first five factors
‘of x is in w@(l)wﬁ(l)GawB(—l)wa(»l) = G 2 = (}[3 ‘and hence

X € GB . Similarly x € GQ . By the uniqueness in Theorem h',
x € H . By the universality of G, x=1 . Let

y = Wa(l)wg(l)wa(l) . Then yX, = cX__B where c¢ = +1 . Since
[XQ,X_&] = H, 1is preserved by vy, yX_, = cXg (same ¢ as above).

Exponentiating and using wa(l) = X (l)x_a(al)x&(l) we obtain

a
ywm(l)y"l = w_g(c) = wyl-c) . By (a) yw, (177" = wa(l) 5 so0

¢ = =1, proving (b).

Lemma 57: If a, b are elements of an associative algebra over
a field of characteristic O , if both commute with [a,b] and

if exp makes sense then exp(a + b) = exp a exp b exp(-[a,b]/2) .

Proof: Consider f(t) = exp(-(a+b)t)exp at exp bt exp(~[a,b]t2/2} ;
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3 - - - - '
formal power series in t . Differentiating we get £ (t)

Q

[

(=(a+b) + a = [b,alt + b - [a,b]t)f(t) = O . Hence £f(t)
£(0) =1 .

Now assume G 1s a Chevalley group of type G2 over a field
of characteristic O , and that the corresponding root system is

as shown.

2a+3p

(1) Let vy = Wa(l)wg(l) be an element of G corresponding

to W= wWw (rotation through 60° (clockwise)). Then the

B
Chevalley basis of li can be adjusted by sign changes so that

= - 1 .
yXX X WY for al bs

' 5 = = + N b3 =
Proof: Let YXX CJXWX’ Cy +1 Then () Cy = Cyo and

333K

{sx) cXcW}png.z

i S
R A

-1 (by Lemma 56(b}). Adjust the signs of X

and Xﬁga so that c, = ¢ = ~1 , and adjust the signs of X

W WO

and X_ 2~ in the same way. It is clear from (%) and (k) that

(04

Cy = -1 for all ¥ in the w-orbit through &« . Similarly we

may make Cy = -1 for all ¥ in the w-orbit through 8 .

(2) (a) In (1) we have wa,wé = =N For all ¥, & .

9




(b) We may arrange so that N, @, = and NQ*B;B = 2 .
It then follows that NB,Q+ZB = N&+B,G+2B = 3 and
NCL,O.+35 = 1 %

Proof: (a) follows from applying vy to [XK,Xéj and using (1).
525 In the proof of (b) we use (%) if ¥y, & are roots and

{¥+ 18] - r <i<aqa} is the d-string through ¥, then

NY,é = +(r + 1) , and st& and Ng%a,_a have the same sign
(for their product is q(r + 1)) . By changing the signs of all
XK for ¥ in a w-orbit we can preserve the conclusion of (1)

if and arrange that N o = 1, Netp,p = 2 - By (a) and (¥) we have

NB at+2p Nm+B Ja+2B 3N—a—B,2a+3B = ‘3N5,q =3 . HNow
(X [Xg12%11 = (Xgupgs (%o %11 5 s that Ny,oq ol o0
Vo, plar2p,arp + HOn0C Mo augp = Ng g = 1

(3) If (1) and (2) hold then:

(8) (x,(6),%5(0)) = %y g (60 %y, g0 (=t0d )5, o0 (<507 x, OL+3B(t W .
, 2
| (b) (x,., (t):XB(u)) = Xa+28(2tu)x&+35(a3tu )X2a+3B(3t u) )
| () (3, (8) 435450 ()) = Hyp o (b0)
(d) (XQ.+ZB(t)’XB(u)) = XO"+BB(-3tu)
(e) (Xa+B(t)?Xa+ZB(u)) = 2@+38(3tu)
Proof; (a) By (2). XB(u)Xa = (exp ad uXB)XQ =X = uXa+B
+ u2X +28 + u3X&+BB . Multiplying by <=t and exponentiating we
get XB(u)x (mt)x (=u) = exp(-tX —tu3X}+35)exp(tuX B tuZXa+2B)
= Xa( -t)x Q+3B( by’ )X2Q+35( ~t u3/2) a+B(tu) QL+ZB( tuz)x2a+3B 3t u3/2) "

by Lemma 57, which vields (a)g The proof of (b) is similar. In
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(c) - (e) the term on the right hand side corresponds to the only
root of the form iy + jé . The coefficient is NX35 . We have
taken the 6pportunity of working out all of the nontrivial rela-
tions of U explicitly. However, we will only use them in
characteristic 3 when they simplify considerably.

(L) (a) There exists an automorphism 6 of G such that
if w 1is rotation through 60° then Bxx(t) = wa(°t) for all
ez, t ek.

(b) If characteristic k = 3 , then there exists an
endomorphism ¢® of G such that if r is the permutation of

the roots given by rotation through 300 then

Px, (t) = 'riry(mt) if ¥y 1is long,
t?fX(tB) if Yy . is short.

Proof: (a) Take 6 to be the inner automorphism by the element

' %‘ v of (1).

| A (b) The relations (A) and (C) are clearly preserved.
Now on the generators @2 = 6 O ﬁ/ , Where ﬂ/: Xa(t) — xa(tB) .
hence @2 extends to an endomorphism of G . This implies that

in verifying that the relations {(B) are preserved by ¢ it
suffices to show this for one pair of roots (¥,8) with <(¥,8) =
each of the angles 30°, 6C°, 90°, 120°, 150°. For if R(Y,S)
jtiuj) y £

<(X1,6*) = <(¥,8) , and if ® preserves R(),8) then @ pre-

is the relation (xy{t),xg(u)} = [T XiX+j5{Ci

Tt Coe e s
serves R(¥ ,8 ) . To show this it is enough to show that @

preserves R(ry,ré) . If ¢ does not preserve R(ry,rd) then
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@2 does not preserve R(Y,8) , a contradiction since @2'= B oWV
extends to an endomorphism. It remains to verify R(¥,6) for
pairs of roots (¥,8) with <(¥,8) = 30°, 60°, 90°, 120°, 150°.
For <(x,8) = BOO, 600, 90° we take Y= a, & =a + B, 2a + 3B,
a + 28 respectively. Here we have commutativity both before and
after applying ¢ (since (e) becomes trivial since characteristic
k= 3) . For <(¥,8) = 120° take (Y¥,8) = (a, & + 38) . Then

® converts (c) to (XQ+B(—t), XB(—u)) = =tu) which is (b),

, Xa+2B(
a valid relation. For <(Y¥,8) = 150° we take (¥,8) = (a,B)
We compare the constants N3<6 for the positive root system
relative to (a,B) and the positive root system relative to

(=ay, @ + B) . Corresponding to N, B = 1 we have N 1
3

=a.,at+f3 =
and c§rresponding to N@+BaB = 2 we have NB>Q+B = =2 ., }BY
changing the sign of XK' for all short roots § we return to
the original situation. Since W, maps the first system onto
th d :xt—-—-—{ -t if i hort

e second, Y YB( ) > ‘ XWGX( ) if ¥ is short,

Xwax(t) if ¥ is long

extends to an automorphism of G , and so to prove that ¢ pre-

serves R(Y,8) it is sufficient to prove that '7 o% does, i.e.

that (a) is preserved by XX(t) —> X, rx(t) if ¥ is long,
a .
3y - )
X (t°) if ¥ is short.
i.wary

(Note that w,r 1is the reflection in the line bisecting <(a,B))

I.e., that the following equations are consistent:

(a) (Xu(t)’xﬁ(u)) = Xa+5(tu)xa+35("tu3)Xa+25("tuz}xéa+35(t2u3) .
: i.. N
(a') (xB(t),xa(u3)) = Xa+33(t3u3)Xa‘_i_ﬁ(«tuB)X2a+3B(=t3u6)Xa+ZB(t2u3)
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(at) follows from (a) by replacing t by u3, u by t , and

taking inverses. This proves (4).

We now complete the proof of Theorem 28. The only remaining
case of the first statement is G of type Gyy p=3 . If
G =G this follows from (L) above. In fact, whether G = G*
or not is immaterial because (%) a universal Chevalley group
is determined by ¥ and k independently of li or the Chevalley
basis of L . (%) follows from Theorem 29 below.
Assume now that k 1is perfect. Then @ maps one set of

1

generators one to one onto the other so that @~ exists on the

generators. Since @ preserves (A), (B), and (C}) so does

=1 . Hence 91 exists on G , i.e. ¥ 1is an isomorphism.

Remark: If k 1is not perfect, and ®: G ——> G , then ®G is

the subgroup of G in which ‘¥cx is paramaterized by k if a
is long, by kP if a is short. Here kP can be replaced by

any field between k¥ and k to yield a rather weird simple

group.

Theorem 29: Let G and GY be Chevalley groups constructed

from (L, B = {X&,Ha[a e 2}, L, k) and

(lii, 73' = {X&’,Ha‘[a‘ £ ZT}, Lt, k) , respectively. Assume
that there exisﬁs aﬁ isomorphism of ¥ onto Zi taking

@ m— &T such that L maps onto -L' . Then there exists an
isomorphism ®: G —> G¢'  and signs s&(a e ©) such that
@xa(t) = Xa‘(s&t) for all o € £, t € k . Furthermore we may

take 8y = +1 if a or -0 is simple.
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Proof: By the unigueness theorem for Lie algebras with a given
root system there exists an isomorphism %Jﬁ L e ;ﬁ’ such
that H/Xa>= gaXa" ﬂ’H@ = Hm’ with €, € base field for &
{of characteristic 0) and g, =1 1f & or =-a is simple.

(For this see, e.g. Jacobson, Lie Algebras.) By Theorem 1,

N = +(r + 1) = N v .+ . By induction on heights every
@, - @ ,B
1
g, = 1 . Let ‘ﬁ be a faithful representation of [/  wused to
1
construct G . Then p o ﬂ/ is a representation of L which
can be used to construct G . Then 'xd(t) = Xa’(ea(t)) , So that

$ = id. meets our requirements.
Remarks: (a) Suppose k is infinite and we try to prove Theorem

28 with t° replaced by t . Then we must fail. For then the

transpose of ${H , ~mapping characters on H to those on H 5

s
s
>R

b

maps £ onto ¥ in the inversional manner of Lemma 55, hemce
} .

can not be a homomorphism. This explains the relative treatment

of long and short roots.

(b) If k is algebraically closed and we view G and

e
P

G" as algebraic groups then ® is a homomorphism of algebraic
groups and an isomorphism of abstract groups, but not an isomor-
phism of algebraic groups (for taking pth roots (which is nec-
essary for the inverse map) is not a rational operation).

(c) For type G2 , characteristic k = 3 (a similar
result holds for 02 and Fh , characteristic k = 2) , in lik

there is an endomorphism d such that
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d?:’XQ —_— ana v if o 1is long

BXra = 0 if o is short.
Thus [ Qﬁm>wf Short §£*> 0O 1is exact, where ‘fshort is the
7-dimensional ideal spanned by all X. and H_ for ¥ short.

v ¥

This leads to an alternate proof of the existence of @

Corollary: (a) Let £ Dbe an indecomposable root system, o~

an angle preserving permutation of the simple roots, o #f 1 .

If all roots are equal in length then o extends to an automor-
phism of % . If not, and if p is defined as above, then o
must interchange long and short roots and o extends to a per-
mutation o of all roots which also interchanges long and short
roots and is such that the map a ———> oo if ¢ is long,

q —=> po-a if a dis short is an isomorphism of root systems.

The possibilities for o are:

(i) 1 root length:

Dn(n > L): :C:::>o—w-o S, a—" % =1

An(n > 2] Om===0 o404 Om=m0 g = 1

E6° 0 o) i o) o 6*2 = 1

B T
(ii) 2 root lengths, % =1 in all cases.

& T

(32 O=====0 p =2

e

Fh O O O p=2

b~/




(b) Let k be a field and G a -Chevalley-group_con———""
structed from (Z,k) . Let o be as in (a). If two root lengths
occur assume k 1is perfect of characteristic p . If G 1is of
type D2n , and characteristic k 4 2 , assume oL =L . Then
there exists an automorphism % of G and signs €, (sa.= 1

if a or -a is simple) such that

".",//.1'.‘;, .

px (t) = Xo~a(€at) if « 1is long or all roots are of one length,

a
Xo—a(gatp) if o 1is short.:

Proof: (a) is clear. (b) If G is universal the existence of

¢ follows from Theorems 28 and 29. If G 1is not universal let

Tl G' ——> G be the universal covering. To show that ¥ can

be dropped from G to G it is necessary to show that

¢ ker n(; ker n . Now ker n(; center Gt and unless G 1is of

type D2n with characteristic k $ 2 the center of G' is

cyclic, so the result follows. Now suppose G 1is of type DZn

and characteristic k+ 2 . If ¢' = center of Gf , then c'

is canonically isomorphic to Hom(L;/Ly,k") = (L;/Ly)" , giving

a correspondence between subgroups C of Cf and lattices L

between L and L, such that $C( C if and only if oL (C L

—

0
Since ker m corresponds to L and oL =1L , the result follows.

that _
Remark: The preceeding argument shows/ for DZn in characteristic

k # 2 an automorphism of G fixing H and permuting the

%fa’s according to o~ can exist only if oL =1 .

Remark: Automorphisms of G of this type as well as the identity

are called graph automorphisms.
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Exercise: (a) Prove ¢ above is outer.
(b) By imbedding A, in G, as the subgroup generated
by all ‘¥fa such that o is long, show that its graph automor-
phisms can be realized by inner automorphisms of G2 . Similarly

for Dh in Fh’ Dn in Bn , and E6 in E7 .

Lemma 58: Let G be a Chevalley group over Kk, fQ £ l«:>:< for all
simple o . Let f Dbe extended to a homomorphism of LO into

k" . Then there exists a unique automorphism ¥ of G such

that ®xd(t) = Xa(fat) for all a € &

Proof: Consider the relations (B), (xa(t), XB(u))

=TT Xia+jB(CijtluJ) . Applying ¥ we get the same thing with
- pled

gt (for £, 45 = £,53)

The relations (A) and (C) are clearly preserved. The unique-

t replaced by f@t, u replaced by £

ness is clear.

Remark: Automorphisms of this type are called diagonal automor-

phisms.

Exercise: Prove that every diagonal automorphism of G can be

realized by conjugation of G in G(k) by an element in H(Kk)

Example: Conjugate SLn by a diagonal element of GLn .

If G is realized as a group of matrices and ¥ 1is an
automorphism of k then the map ¥ : Xd(t) — Xa(ﬁx) on gen-
erators extends to an automorphism of G . Such an automorphism

is called a field automorphism.

Theorem 30: Let G be a Chevalley group such that I 1is
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indecomposable and k 1is perfect. Then any automorphism of G
can be expressed as the product of an inner, a diagonal, a graph

and a field automorphism.

Proof: Let o~ be any automorphism of G

(1) The automorphism o can be normalized by multiplication

by an inner automorphism so that o U = U, ocU = U~ . If this

is done then o H = H and there exists a permutation P of the

simple roots such that Oﬂ}éa = '% o and o‘}%wa_= }{; q for

all simple a .

Proof: If k is finite, U 1is a p—Syldw subgroup (p = char-
acteristic k) by the corollary of Theorem 25, so by Sylow's
Theorem we can normalize o~ by an inner automorphism so that
ocU =0 . If k is infinite the proof of the corresponding
statement is more difficult and will be given at the end of the

proof (steps (5) = (12)). For now we assume o6 U = U .

U is conjugate to U , so oU” = wilwa™  for some
j weW,ueU ., Since U U =1, wlUwu™ N U = 1 and hence

— = o

wow N U = 1., Thus w = w, oso o U =ulu . Normalizing
o by the inner automorphism corresponding to v e get
ocU=U, cU =U . Now B = UH = normalizer of U, B = U'H =
normalizer of U ., Hence o fixes B/N\B = H . A&lso o

permutes the (B,B) double cosets. Now B UBwB (W#+ 1) is a

group if and only if w = W, & simple. Therefore ¢ permutes

these groups. Now (B v Bw,B) M U~ = ¥..a . Since for B v Bw B
= =] =
= Bw;' U Bw Bw.l = But U BY __, and
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BNU =1, BY_,NU" =%

Thus it suffices to show Bw;

, we must show Bw&llj U~  is empty.
.

=0

s A .
wo(\ Uw, = Bw w /1wU is empty.

This holds by Theorem 4. Therefore the %:aafs, ¢ simple, are
permuted by o and similarly for the %}a’s . The permutation
in both cases is the same since %'a and t%aﬁ commute (@, B
simple) if and only if a § B .

(2) The automorphism o can be further normelized by a

diagonal automorphism so that o’xa(l) =x (1} for all simple

Qa

@ . It is then true that o‘x‘a(l) = and o*wa(l)

% o 1)

= W a(l) .  Further &f preserves angles.

In the proof of (2) we use:

Lemma 59: Let o be a root, t € k*, u e k . Then

(u)x (t) = x _(u)x (t)x_a(u) if and only if ﬁ = L ,

Xot.(t)x-a Q. =0 Qa

in which case both sides equal w@(t)
Proof: It suffices to verify this in SL2 , Wwhere it is immediate.

Proof of (2): We can achieve o‘xa(l) = x (1) for all simple

a
roots- o by a-dtagonal automorphism. By Lemma 59 with t = 1

ox_,(-1) = x_ 4(-1) and hence o*Wa(l) =W a(l) . Suppose a
and B are simple roots. Then <{(w,B) =n ;-n/r where n =
order of WQWB in W = order of wd(l)wB(l) mod H = order of

0’(wa(l)wB(l)) mod H = order of w_ w 6 in W . Hence <(a,B)
=<Tafﬁ).
(3) o can be further normalized by a graph automorphism

so that JD = 1 .
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Proof: By the Corollary to Theorem 28 a graph automorphism exists
corresponding to JO provided that p = 2 1if ¥ dis of type C,
ar Fh s or p=3 1if I 1is of type G2 s O UPL =1L if X

is of type D, and char k # 2 , in the notation there. Suppose
Z 1is of type C, or Fh and JD + 1 . Then there exist simple
roots a and B, &« long, B short, such that o + B and

a + 2B are roots, dpa = B,JoB = a4 , and wd(l)7¥5w&(—l) = ¥TQ+B -
Applying o we get CT%CHZB = X’or.ﬂ&,’ 0”%&_;_5 =.)£0f-+28 . Since
¥}a and a+2p commute so do t%B and .¥£+ﬁ . Hence

0= Hence characteristic k = 2 so the required

Nﬂ*B,B = +2
graph automorphism exists. Similarly it exists if % is of
type G2 . Finally, if I 1is of type D2n , characteristic

k # 2 , and JO is extended in the obvious way, then.‘fL'= L by
the remark after Corollary (b) to Theorem 28, so that the graph

automorphism exists by the corollary itself.

(L) o can now be normalized by a field automorphism so

that o =1 (i.e, if o satisfies ocU=1U, oU =U |,
o‘xa(l) = Xa(l) for all simple roots « then o= is a field
automorphism).

Proof: Fix a simple root o and define f: k —> k by

o—xa(t) = xa(f(t)) . We will show that f is an automorphism

of k . We have f additive, onto, f(1) = 1 and by Lemma 59

o*wa(t) = wa(f(t)) . Therefore U—ha(t) = ha(f(t)) . Since the

kernel of the map t -—> h (t) is contained in {+1} and

ha(t) is multiplicative, f is multiplicative up to sign.
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af(t)f(u) (where a = a(t;u)

]
il

Assume f(tu) +1 and t, u § O).

We must show a =1 . Then af(t)f(u) + f(u) = £(tu) + £(u)

]

f({t + 1)u) = bf(t + 1)f(u) (where b = b(t + 1l,u) = +1)

I

b(f(t) + l)f(u)»=_bf(t)f(u) + bf(u) . Hence (b - a)f(t)

Il

1l -b. Thus if a =b, then a=b=1. If a f b, then
b+ 1 sothat a =1 again. Hence f 1is an automorphism.

Let B Dbe another simple root connected to o« in the Dynkin
diagram (p if one exists). Let g Dbe the automorphism of k
corresponding to B . Then o fixes }fa+8 . Consider
(xa(t), XB(U)) = xd+B(ipu)... (+ or - 1is independent of t,u) .
Applying o, first with w =1 +then with © = 1, u replaced by

t we get

Il
il

o (g (8) 5 %(1)) = (5 (£(8)), x5(1)) = g (2E(E)) o

o (x, (1), XB(E)) = (x, (1), XB(g(t)) xa+B(ig(t));~- . In either
case the 3éa+3 term on the right is o’xa+B(iﬁ) . Hence
£(t) = glt) .

Since ¥ 1is indecomposable there is a single automorphism
f of k so that G”Xa(t) = xa(f(t)) for all simple a .
Applying the field automorphism 'f"l to G we get the normal-
ization f =1, i.e. o fixes every xa(t), wu(t) for a
simple. These elements generate G so o =1

We now assume k is infinite and consider the normalization
occU =0 of (1) .

(5) Assume that k 1is infinite, that 4 and M are its

additive and multiplicative groups, that AO and Mo are infiinite
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subgroups such that A/A is finite and M/Mé is a torsion

v A A A = 4
group. If Ib*o C:io then AO A

==

Proof: Let F be the additive group generated by Mb . Then F
is a field for it is closed under multiplication and addition and
if f eF, £+ 0 then £ ¢ F for some r >0 so £t
= "Lt ¢ F . Nowfor aeA, a4 o0, Fa M4, is nontrivial
since Fa is infinite and A/AO is finite. Thus fa € A for
some f # O . Hence a ¢ FA E;AO .

(6) If B, U are as usual, k is infinite and B, is a

subgroup of finite index in B , then f3BO =T .

Proof: Fix a and identify \%d, with A (the additive subgroup

of k) and }%afq BO with AO in (5). Set M

=1 2

= {tzlha(t) e'ﬁa(W BO} . Now (%) h (t)x@(u)ha(t) &= Xu(t u)

a
50 MOA”O CA, . M, is infinite and M/MO is torsicn so by (5)
Yo MB = ¥4 i.e. ¥, CB, . By (x) DB, D ¥, . Thus
BB, DU . Since B,/U 1is abelian BB, CU
(7) If A is a connected solvable algebraic group then
PA 1is a connected unipotent group.

This follows from:

Theorem (Lie-Kolchin): Every connected solvable algebraic group

A is reducible to superdiagonal form.

Proof: We use induction on the dimension of the underlying space
V and thus need only to find a common eigenvector and may assume

V is irreducible. Let Al = P . By induction on the length




164

of the derived series of A there exists v eV, v + 0 such
that x,v = :((xl)v for all X € Ay, X a rational character
on Al . Let V?L be the space of all such v . A normalizes
Al and hence permutes the Vj( , which are finite in number.

i  f> Since A 1is connected this is the identity permutation. Since
a2 .  V is irreducible there is only one VX. and it is all of V ,
1,65 Al acts by scalars. Since Al = DA each element of A

1
has determinant 1 so there are only finitely many scalars.

i ; Since Al is connected all scalars are 1 , that is Al acts
| trivially. Thus A/Al is abelian and acts on V, and hence has
a common eigenvector.

An algebraic variety is complete if whenever it is imbedded
densely in another variety it is the entire variety. (For a more

exact definition see Mumford, Algebraic Geometry).

bxamples: The affine line is not complete. It can be imbedded
in the projective line. The following are complete:
(a) All projective spaces.
(b) All flag spaces.
(¢) B\G where G is a connected linear algebraic group
and B is a maximal connected solvable subgroup.
(See Seminaifé Chevalley, Exp 5 - 10.)
We now state, without proof, two results about connected
algebraic groups acting on complete varieties.

(8) Borel's Theorem: A connected solvable algebraic group

acting on a complete variety fixes some point. This is an extension
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of the Lie-=Kolchin theorem, which may be restated: évery connected

solvable algebraic group fixes some flag on the underlying space.

We need a refinement of a special case of it.

Theorem: (Rosenlicht, Annali, 1957.) If A is a connected
unipotent group acting on a complete variety V , if everything
is defined over a perfect field k , and if V contains a point

over k , then it contains one fixed by A .

Notation: Let G be a Chevalley gfoup over an infinité field
k, k¥ the algebraic closure of k, G, B constructed over k ,
and Gk the set of elements in & whose coordinates lie in k .

(9) The map @k —_— (E\E)k is onto.

- . ) . ' 1
Proof: Assume Bx is defined over k, x = wu as in Theorem 4 .

We can take w a product of wa(l)fs defined over k . There=
fore Bu~ is defined over k where u~ = waw T e UT . Now U
is defined over k . Since u~ = Bu— (AU, u— is defined over

k and hence x is defined over k also.

(10) G, = HGC

Proof: See the proof of Theorem 7, Corollary 3.
(11) If A 1is a connected unipotent subgroup of G defined

over k , it is G-conjugate to a subgroup of 0.

Proof: We make 4 act on B\G by right multiplication. By (8)
there exists Bx defined over k fixed by A . By (9) we can
choose x € @k , and then by (10) x € G . We have Bxa = Bx

for all a e 4, i.e., xaxcl e B for all a € A , so that
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1=l — = ; .. . T
xXAx 7 C B . Since A is unipotent xix ~ (C U .

-(12) If k 1is infinite and perfect, the normalization

oc-U =10 of (1) can be attained.

Proof: o B 1is solvable so o B (the smallest algebraic sub-
group of G containing o-B) is solvable. Hence (o—B)O , the

connected component of the identity, is solvable and of finite

index in oB . G’B) = EfTﬁgT for some BO of finite index
in B, Let A= DHo B, By (7) A is cohnected, unipotent
and defined over k . By (6) oU C A& . By (11) there exists
x € G such that xix~t C U . Hence xo-Ux™T CU, i.e.; the
normalization oU C U has been attained. Then U g;o*"lU

But U is maximal with respect to being nilpotent and containing

no elements of the center of G . ({Check this.) Therefore

o~ =U so cU=U.

Corollary: If k is finite Aut G/Int G is solvable.

EN

Exercise: Let D be the group of diagonal automorphisms modulo

those which are inner. Prove:

(a) D 2’Hom{Lo,k*)/{Homomorphisms extendable to L}
=17 k*/k* 1 jhere the e; are the elementary divisors
of Ly/Ly -

(b) If k is finite, D C , the center of the correspond-

ing universal group.

(¢) D=1 if k is algebraically closed or if all e; = 1

Examgles: (a) SLn . Every automorphism gan be realized by a
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semilinear mapping of the underlying space composed with either
the identify or the inverse transpose. I.e., every automorphism
is induced by a collineation or a correlation of the underlying
projective space.

(b) Over ﬂi % d} every automorphism of Eg s Fh 5
or G2 is inner. _

o Lf-—\

(c) The triality automorphism ilt:>o~—-o exists
for Spin8 and PSOS , but not for 808 if characteristic
k + 2

(d) Aside from triality every automorphism of 30,
or P30, (split form) is induced by a collineation of the under-
lying projective space P which fixes the basic quadric
Qs = XX 1.4 =0 If n is even, there exist two families of
(n - 2)/2 dimensional subspaces of P entirely within Q (e.g.,
if n = L4 the two families of lines in the quadric surface

X%, + X2X3 = 0) . The graph automorphism occurs because these

two families can be interchanged.

Theorem 31: Let G, ¢ e Chevalley groups relative to (Z,k)},

(Zt,kt) with =, Zﬁ indecomposable, k, ki perfect. Assume

¢ and G are isomorphic. If k is finite, assume also char-
acteristic k = characteristic K' . Then k is isomorphic to
kt , and either ¥ 1is isomorphic to EY or else »Z, Z! are of

type Bn’ Cn(n > 3) and characteristic k = characteristic

k =2

Proof: As in (1) and {(2) of the proof of Theorem 30 we can
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normalize o~ so that oU = U', o—x&(l) = X a(l) , Where now Vs

i a t 4.7 1
is an angle preserving map of ¥ onto E . Hence X % or

else I, Zf are B Cn(n > 3) . As in (3) characteristic k =

n?
14 t
characteristic k = 2 in the second case. As in (L) k= k .

Corollary: Over a field of characteristic + 2 the Chevalley

groups of type Bn’ Cn(n > 3) are not isomorphic.

) b
% Exercise:! If rank I, rank £ > 2 then the assumption char-

acteristic k = characteristic k' can be dropped in Theorem
31. (Hint: if »p = characteristic k and rank I > 2 then
p makes the largest prime power contribution to |G| . If you

get stuck see Artin, Comm. Pure and Appl. Math., 1955). (There

1 ;
are exceptions in case rank I, rank ¥ > 2 fails, e.g.,

- SL,(4) = PSL,(5), SL3(2) ¥ PSL,(7).)
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§ 11. Some twisted Groups. In this section we study the group Go_

of fixed points of a Chevalley group G wunder an automorphism o .
We consider only the simplest case, in which o fixes U, H, U7, N,
hence acts on W= N/H and permutes the X,"s . Before launching

into the general theory, we consider some examples:

(a) G = SL, . If o is a nontrivial graph automorphism,

- - ?
it has the form o x = ax ~1a~l (where x  is the transpose

of x and a = €5 ;) B =11 ) . We see that o fixes x

<
if and only if =xax =a . If a is skew, we get Go‘: Spn .

If a 1is symmetric, we get G = S0, (split form). The group
SO2n in characteristic 2 does not arise here, but it can be

recovered as a subgroup of 802n+1’ namely the one “supported® by
the long roots.

Let t ->%t Dbe an involutory automorphism of k having kg
9.1 -
as fixed field. If o is now modified so that o-x = ax la . s
then G,-= SU_ (split form). This last result holds even if k is

a division ring provided t —> t 1is an anti-automorphism.

If V is the vector space over R generated by the roots and
W 1is the Weyl group, then o acts on V and W and has fixed
i J / / : i /
point subspaces Kc‘ apd ho,. MG~ is a reflection group on Xo‘
with the corresponding "roots® being the projection on VG_ of

the original roots. To see these facts, we write n =2m + 1 or
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n = 2m and use the indices -m, - (m - 1),...,m = 1, m with the
index O omitted in case n = 2m . If u& is the weight on H

defined by W ¢ diag(a_ -y e ) —>a. then the roots are

m)
Wy = hﬁ(i # j) and oW =~ ; - V. is thus spanned by

1
W. = . - u&[i >0} . Now we Wo_ if and only if w commutes

i -1

with o , i.e., if and only if w(uﬁ - LS) =t - Ly implies
W(w—i m(NLj) = kLk - W, . We see that Wo’ is the octahedral
group acting on Vo‘ by all permutations and sign changes of the

- ‘ - - 5 - -
basis {Ww;} . The projection of W, - uﬁ(l, j#0) on V is

-
1 1 1 R 5 Y?
/2(Ui = ('Jai = (‘jj + U_j) = /2('*_',(“’11{ '*_;W{,) (ky, © > 0) or = iwk
(k >0) . If either i =0 or Jj= 0, the projection of

!
by - &ﬁ is i%k&(k > 0) . The projected system is of type OC_

if n=2m or BC, (a combination of B, and Cm) if

n=2m+ 1 .,

(b) G = 80, (split form, char k # 2) . We take the
group defined by the form f = Z.Elxixﬂi . We will take the
graphr?utomorphism to Ee % = ;;axf”la"lazl
/ .l‘ S T .

a = L 5 89 = 01 . The corresponding

s\ L1 | 101.'
] I L

. ; ! 2 7
form fixed by elements of Gg, is [ = 2i§2Xixai + X F X g .
Thus, G fixes £ f = (xl - an)z and hence the hyperplane

=0 . Go’ on this hyperplane is the group SOanl .

If we now combine o with t —> %t as in (a), the form

, n
o . a - =
£ is replaoed by £ = E (x.x . + x .x.) + XXy ot X 9X g .
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If we make the change of coordinates x; replaced by xq tx 4

x_; replaced by x; + Ex_l (t e k, t # T) , we see that f is

n . ;
2 2 LI
replaced by ZiEinxni + 2(xl taxg g+ mel) and f is re-
n
placed by Ez(xix“i tx_ X))+ (2X1X1 + a(xlxml “+ Xalxl)

i
+ 2bx_1X_ ;) , vhere a =t +% and b= t¥ . Since these two

formshave the same matrix, GG. is SO2n over ko re the new

version of f£ . That is, Go— is SOzn(ko) for a form of index

n - 1 which has index n over k .

Example: If n =4, k= T , and ko = ﬁ{, Go_ is the Lorentz

group (re f = %o . X2 - x°
P 1 2 3

corresponds to A4y X 4 , We see that SLZQE) and the O-com-

- xi) . If we observe that D2

ponent of the Lorentz group are isomorphic over their centers.
Thus, SL2Qf) is the universal covering group of the connected

Lorentz group.

Exercise: Work out D, ~ A. in the same way.

3 3

For other examples see E. Cartan, Oeuvres Complétes, No. 38,
especially at the end.

Aside from the specific facts worked out in the above exam-
ples we should note the following. In the single root length
case, the fixed point set of a graph automorphism yields no new
group, only an imbedding of one Chevalley group in another (e.g.
Sp, or S0, in SLn) . To get a new group (e.g. SUn) we must
use a field automorphism as well.

Now to start our general development we will consider first
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the effect of twisting abstract reflection groups and root systems.
Let V be a finite dimensional real Euclidean vector space and
let I Dbe a finite set of nonzero elements of V satisfying

(1) a e implies ca & £ if ¢ >0, ¢ # 1 "

() w,2 =% for all « &% where w,_ 1s the reflection in

the hyperplane orthogonal to a .

(See AppendixﬂI);"We pick an ordering on V and let P (re-
spectively TTW be the positive (respectively simple)-elements
of I relative to that .ordering. Suppase .o~ is.an -automorphism .
of V which permutes. the positive multiples of the elements of
.each-of " 54 P , and [ . It~is not required that o fix I ,
“although. it will if all elements of = T "have the same_lengtht, 
Let'\P be the - corresponding permutation of the roots. Note that
0~ is.of finite order and normalizes W . Let VG. and WO,
denote the fixed points in V and W respectively. .If a ‘i
the average of the elements in the o =orbit of a , then
(B,a) = (B,a) for all B =€ Vo~ . Hence the projeofion of a on

v is a .
°n

" Theorem 32: Let %, P, J[, o etc. be as above.

- s . .
~(a) The restriction of Wo‘ to V- is falbhful.

£{b) Wo-lvc' is a.reflection group.

(e} If Z denotes the projection of ¥ .on V then

o g ?

Zs* is the corresponding “root system; i.e.,

{WEIVO”’ o € EO_} generates Wo,lvgﬂ and Wel . = I

However, (1) may fail for Ege o
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(d) It TT&_ is the projection of T on Vo, then TTO_

is the corresponding "simple system”; i.e. if multiples are cast out
(in case (1) fails for TTG), then TTU_ is linearly independent and
the positive elements of EO_ are positive linear combinations of

elements of TTcﬁ.

Proof: Denote the projection of V on V- by v —=>7v . This

commutes with o and with all elements of Wé_.

(1) If cex, then o« #0 ; indeed a >0 implies o > O .

If o 1is positive, so are all vectors in the o=orbit of a . Thus,

their average a 1is also positive. If a < 0, then @ = - (-g) < O

(2) Proof of (a). If we W, w #1 , then wa <0 for

some root a > O . Thus, w

I

wao <0 and @ >0 ., So WIVO_# 1.

5 (3) Let 7 be a Jo-orbit of simple roots, let WW be the
group generated by all wd(a e ), let P be the corresponding

set of positive roots, and let W be the unique element of WW

so that W#PW = - Rﬁ . Then W€ Wé_ and W#IVU_==WE[VO, for any

root a e Rﬁ . To see this, first consider ow#ofl € WW . Since
=1, _ -1 _ .

ow_ o Rﬁ = EW , then oW O T = W by uniqueness, and W€ WU.,

Since Jp permutes the elements of 7 in a single orbit, the
projections on Vo’ of the elements of Rﬁ are all positive
mﬁltiples of each other. It follows that if o is any element
of P then Wﬁa =-a. If ve Vo with (v,a) =0, then
0 =(v,B) = (v,B) for B e . Hence WV =V,

Thus w#[VO_= WEIVG"
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() If v isa p-orbit of roots and we W then all
elements of wv have the same sign. This follows from wo o = o wa

for’ a:e z , we Wb_.

5% {Wﬁjw a Up—orbit of simple roots} generates Mﬁr.
Let we Wg, with w#1 and let o be a simple root such that
wae < O, Let 7 be the Jomorbit containing o . By (4), wp_ <0
(i.e., wB < O for all B e PW) . Now ww P> 0 and W permutes
the elements of P - P_ . Hence, N(ww#) = N(w) - N(Wﬁ) (see
Appendix II.17). Using induction on N(w) , we may thus show that
w 1is a product of W#QS ;

(6) If "w, is the element of W such that wpP=-P,

1

then W, € WE‘. This follows from o—wbo: P = . P and the uniqueness

of .
Y5

(7) {wBrlw eW_, T a jo-orbit of simple roots} is a partition
of ¥ . If the wRﬁ?s are called parts, ther a, B belong to the
same part if and only if o = cB for some c >0 , To prove (7),
we consider aca e £, a >0 . Now W, Q < 0 and W T W W, e W,
where each Wy =W for some /o~orbit of simple roots 7w (by (5)

i+l " 'r

WiWipq eoo W <0 If w = w_, then Wigq =20 W Q€ PW 5

and (6)) . Choose i so that w. wao > o and

i.e., a 1is in some part, Similarly, if a < 0 , o 1is in some

part. Now assume ‘o, B belong to the same part, say to WPW .

We may assume o, B e P_ . Then o and B are positive multiples
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of each other, as has been noted in (3). Conversely, assume

(8) Zq ¢onsists of 2ll wg such that w ¢ ﬁo

and o ,is a root whose support lies in a simple jo-orbit. "
Now B ‘has its support in 7 and hence so does B since o maps
simple roots not in 7 to pdéitive multiples of simple roots not in
m . We see then that B e P7r , and that any part containing «
also contains @ . The parts are just the sets of B such that

B=ca , ¢c>0 and hence form a partition.

(8) {wi]w e W, o has support in a p-orbit of simple

(9) Parts (b) and (c) follow from (3), (5), and (8).

(10) Proof of (d). We select one root a from each Jp-orbit
and form {a} . This set, consisting of elements.whose supports in
TT. are disjoint, is independent since TT is. If « > 0 then
it i1s a positive linear combination »f the elements of TT s Hence 'E

@ 1is a positive linear combination of the elements of TTO_.

Remark: To achieve condition (1) for a root system, we can

stick to the set of shortest projections in the various directions., - -

Examples:

(a) For o of order 2, W of type Ap,_q » We get W_ of type

Cn . For W of type A2n’ we get Wé, of fype BCn .

(b) For o of order 2, W of type D, , we get W of

type Bn-l"




(c)

(e)

{£)

For o of order 3, W of

type G2 . To see this let
connected wi

= 1/3 (o + B +y),3d

roots with &

a
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type D4 s
B,
th <o, B8, and

we get Wé, af

& Y, & Dbe the simple

vy . Then

=9 and

<a, 5>=-1, <8, a>=-3, giving W of type G,
' 0
- / 0
(Schematically: H\O= W —> 0==0 )
For o of order 2, W of type E6’ we get Wbﬁ of
type Fh :
O—0
—_ B ___\
T C‘E“OC*O*(\O—% > 0—03=0—0 )
For o of order 2, W of type CZ’ we get Wb_ of type A
For o~ of order 2, W of type G2 , we get Wg_ of
type Al .
For o~ of order 2, W of type Fh , we get Wb_ of
type 1316 (the dihedral group of order 16). To see
this let 0—0==0—0 be the Dynkin diagram of Fh ,
a B vy B

and oca=V248, op=V2y. Since a = l/2(a +V2 3)
B = l/2(5 +V2 y) , we have < B,a >=- 1,< a,B >

= - (2 +V2)

between o and B . Hence

Alternatively, we note that

roots negative and that the

This corresponds to an angle of 77/8

Ti 3
v%y_ is of type 1916 ¢
wawg makes six positive

re are 24 positive roots in

) 8
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- ’ 2
all, so that v, —-(w&wg)h . Hence, W = WE
_ & 1 . ; )
—'(WEWT) 1 and W_ is of type °516 . Note
that this is the only case of those we have considered

in which W&_ fails to be crystallographic (See Appendix V).

In (e), (f), (g) we are assuming that multiples have been

cast out,

The partition of ¥ in (7) above can be used to define an

cquivalence relation R on £ by a =8 if and only if a is a
positive multiple of B where o is the projection of o on VO_
Letting E/R denote the collection of equivalence classes we have

the following:

Corollary: If > 1is crystallographic and indecomposable, then

an element of ¥/R is the positive system of roots of a system of

one of the following types:

(a) A n=1, 2, or 3

(b) A, (this occurs only if £ is of type A2n) .

(c) C2 (this occurs if £ 1is of type 02

or F ).

L
(d) G

Now let G Dbe a Chevalley group over a field k of character-
istic p . Let o be an automorphism of G which is the product

of a graph automorphism and a field automorphism € of k and
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such that if ~F is the corresponding permutation of the roots

(1) if P preserves lengths, then order © = order P

(2) if e doesn't preserve lengths, then p62 =1 (where

p is the map x —> xP) .

(Condition (1) focuses our attention on the only interesting case.
Observe that p= id., © = 1id. is allowed.

Condition (2} could be replaced by 6?

= p thereby extending the
development to follow, suitably modified, to imperfect fields k?}
We know that p =2 if G is of type 02 or F4 and p =3 if

G is of type G2 « Recall also that c’xa(t)

o .
'fpa(eat ) it ol > Lpa[
= where
S .
ﬁpa(eatp ) it |a| < f\PQIA
€ =+t 1 and ¢, =1 if + o is simple. (See the proof of
Theorem 29.)
Now o preserves U, H, B, U", and N, and hence N/H=W .

The action thus induced on W 1is concordant with the permutation P
of the roots. Since Jo preserves angles, it agrees up to positive

multiples with an isometry on the real space generated by the roots.
Thus the results of Theorem 32 may be applied; Also we observe

that if n 4is the order of Lo then n =1, 2, or 3, so that

the length of each Jo—orbit is 1 or B .
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Lemma 60: TT €y = 1 over each ;f—orbit of length h .

proof: Since o acts on each %a (+ o simple) as a field

automorphism, it does so on all of G , whence the lemma.
Lemma 61: If a e S/R , then \¥a - #£1 .
' )

Proof: Choose « e a so that no B e a can be added to it to
yield another root. If the orbit of o has length 1, set

x=x% (1) 4 e =1, x =x,(t) with t ek, t#0 and

t +t% =0 if e, #1 . Then xe }a’(r. If the length is n ,

we set y = xa(l), then x = y-cy.o*2y--- over the orbit, and use

Lemma 60.

Theorem 33: Let G, 6, etc. be as above.

(a) For each w e W_, the group U, = Unwlt™w is fixed

by o .
7 : 7 : .

(b) For each w e W, there exists n. e N_, indeed
n_e < UO_,U;_> , So that n H=w.

(c) 1If n (w e W&_) is as in (b), then

6= \J B _n ith uniqueness of expressien
- weW6_ - wa,O' with uniqueness o Xp si

on the right.

(a) This is clear since U and w'lU—w are fixed b o .
y

(b) We may assume that w = w_ for some Jo-orbit of simple

] roots 7 . By Lemma 61, choose x e ¥'a ~X# 1, where a e I/R
: TSy
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'QéorreSponds to 7 . Using Theorem 4* we may write x = un v for

some wWe W where ue U, v e Uw , and nWH =w. Now x = ox
=ou-omnov and by Theorem 4 and the uniqueness in Theorem 4%,
we have o w=w , G’nw =n,, ocu=u, and o v =v . Thus,
n,e<U_,U_>. Since w#1l, we W., and we W , we have
wo < O for someaewm, wr<O, and w= W

{c) Let xe G say X e BwB . Since o (BwB) = Bs wB

O—— 2

we have we W_. Choose n_ as in (b) and write x = bn v with

be B and v e UW . Applying o we get b e BO_ and Vv e Uw,o—f

Uniqueness follows from Theorem 4% .

Corollary: The conclusions of Theorem 33 are still valid if GG,
T —_ ? T

and B__ are replaced by Gcf:<UoéUo*> and BG_—-Go_f\BO,. Also

7 g
since Bo_==U0HO_, we can replace H__ by Hg_—-GO,f\HOF.

% Lemma 62: Let a. generically denote a class in /R . Let S be

avunion of classes in £/R which is closed under addition and

such that if a C S then -a ¢ S . Then }ES _— T ¥
3

with the product taken in any fixed order and there is uniqueness

of expression on the right. In particular, Uo~=;ljé %gdgﬂ and
Uw,c“ = ;Ei)%%ﬁo_ for all we W_.
wa < 0

Proof: We arrange the positive roots in a manner consistent with
the order of the af¥s; i.e., those roots in the first a are first,

ete., NOW"%S =:TT"¥G in the order just described and with
a>0
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uniqueness of expression on the right by Lemma 17. Hence t¥{S =
- a> 0
in the given order and again with uniqueness of expression on

the right. The lemma follows by considering the fixed points of

o on both sides of the last equation.

Corollary: If a, b are classes in £/R with a #+ b , then

(}fa, }?b) cTT 3{0 , where the roots on the right are in the closed

subsystem generated by a and b , those of a and b excluded.
The condition on c¢ can be stated alternately, in terms of EO_,
that ¢ 1is in the interior of the (plane) convex cone generated

by a and D .

Remark: The exact relations in the above corollary can be quite

complicated but generally resemble these in the Chevalley group

whose Weyl group is W&_i For example, if G is of type A3 and
0- is of order 2, say 8-g—'3 , a={g}, b=1{a,y} , c=
o +B,B+v}, d=1{a+p+ vy}, and if we set Xa(t) &= XB(t)
(t e ke) , xb(u) ::xd(u)xy(ue) (ue k) , and similarly for c¢ and
we get (Xa(t), Xb(u)) = Xc(i tu)xd(i % uue) P C2, the corres-
ponding relation is
_ 2
(xa(t), xb(u)) -Xa+b(i tu) Xa+2b(i tu™) .

If G is of type X and o is of order n , we say Gc’

is of type A E.g., the group considered in the above remark is

of type 2

AB .. The group of type 202 is called the Suzuki group

and the groups of type 2G2 and 2Fh are called Ree groups. We

T ¥

- a
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write G~X and Gofznx g

Lemma 63: Let a be a class in /R , then Bfa o~ has the
3

following structure:

(a) If a~A;, then 3§ayo_ = {x (t)]t e k]

(b)) 1If a/vA§, then féa,d_ :={x‘cx..-]x =:xd(t), e 4, & e ki
(c) 1If a~h,, a= {a,B,a + B}, then 8° =1 and

Xa,0- = X (00 (%03 (] 6t% + w + 0% = 0}

If (t,u) denotes the given element, then

< ? ? 2 ¥
(t,ul{t ,u)=(K+t , u+u - 9%

(d) If a~0C,, a={a,B,a +8, ¢ +2¢} , then 26° =1

’ : 6 1+6 ] ;
and ‘Xé,g_ —= {xa(t)xﬁ(t )Xa+2B(u)Xa+B(t + u )lt,u e ki

9 T
If (t,u) denotes the given element, (t,u) (t ,u )

g 9 ?
=(t+t, u+u +t28t),

{e) 1If an~Gy, a = fa,Byc + B, a + 2B, o + 3B, 2a + 3p}, then

140,

= )

38" =1 and 56& i {Xa(t)XB(t

e

o) o

Xa+36(u)xa+8(u

- 1426 |
XZOL'*'BB(V)X(Z'*-ZB(V -t )lt,u,v € k} . If

(t,u,v) denotes the given element then

4 ? ? 9 1 ? T . ? 7
(t,u,vi{t ,u ,v )= {t +t,u tu + t t39,v = o & wk T

Note that in (a) and (b}, }fa - is a one parameter group for the
b

fields k@ and k respectively.
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proof: "(a) and (b) are easy and we omit their proofs. For (c),
- normalize the parametrization of >{a+8 so that Na =1, Then
(-u)

.

) e
s’xa(t) = XB(t ), o*xg(t) = Xa(t ) , and C‘Xa+5(u) = Xy4p

Write X e 3:3:0’ as x = xa(t)xﬁ(v)xa+6(u) and compare the

coefficients on both sides of x = ox to get (c). The proof of
(d) is similar to that of (c). For (e), first normalize the signs

as in Theorem 28, and then complete the proof as in (c) and (d).

Exercise: Complete the details of the above proof.

Remark: The role of the group SL2 in the untwisted case is taken

by the groups SL2(ke) ; SLz(k) , SU,(k,e)(split form) , the

3
Suzuki group, and Ree group of type G,

Exercise: Determine the structure of Hg_ in the case G 1s
universal.
Lemma 64: If G is universal, then G_ 1is generated by U, and

U;_ except perhaps for the case GO,;“JzG2 with k infinite.

7 - 1 : '!
Proof: Let G_ =< UO,,UO_> and let H_ —-ho_f\GG_ . By the
§
corollary to Theorem 33, it suffices to show Hg_ C Gg_ } 1a8as
) .
() H_ =H_ . Since G is universal, H is a direct product

of {'Edla simple} (see the corollary to Lemma 28), These groups
are permuted by o= exactly as the roots are., Hence it is enough

to prove (%) when there is a single orbit; i.e., when G 1s one

5 : “g or 2G « For 5L

Ayy "0, 2

of the types SL thig 18 cliear.

2)
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(1) For x e Uy = {1}, write x ==ulnu2 with u; e Ugﬂ,i = 1.2

: o P R _ -1
and n = n(x) e NﬂGb_. Then H__ is generated by {n(x)n(x) lxo

: i
a fixed choice of x} . To see this let HO_ be the group 50 gener-

£ R 6
gted, Consider G = Ucﬁ&yiUOHOAn(xo)Ué_.This set is closed under

myltiplication by U_. It is also closed under right multiplica-

:Eion by n(xo)"l . This follows from n(xo)"l = n(xgl)

ST | -1 - -1 N )
rin(Xo )n(xo) n(XO) and n(xO)UOp(xO) —-UG_Q CO_ since
-1
x = ul(n(x)n(xo) )n(xo)u2 for xe U_- {1} . We see that
no e O
Ggf—Gd,, whence Iﬂy~—HU.

(2) If « and B are the simple roots of Ay, Cy, or G,
labeled as in Lemma 63 (c), (d), or (e) respectively, then H5~

is isomorphic to ¥" via the map v: t —> h@(t)hB(te) .

(3) Let A be the weight such that <2a,a>=1 , <A,B > =0,
let R Dbe a representation of zik (obtained from one of el by
shifting the coefficients to k) having X\ as highest weight and
let v+ be a corresponding weight vector, Let g be the lowest

weight of R and let v~ Dbe a corresponding weight vecter. For

Xe U _- {1} , write xv~ = f(x)v' + terms for lower weights,

Then f(x) #0 and H;, is isomorphic under @’l in (2) to ‘the
subgroup m of }<:>:< generated by all f(x)f(xo)'l . leprove (3),
let x e UO_—{l} and write x =:uln(x)u2 as ih (1), We see

T = n(x)v+ + terms for lower weights, so n(x)v = f(x)v+

and n(x)n(xo)'lv+ = f(x)f(xo)-lv+ . If n(X)n(XO).'f1 = ha(t)hB(tS)

-1

. =t (see Lemma 19 (c)). (3)

then by the choice of A,f(x)f(x
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then follows from (1).

(4) The case GO:‘JZA2 . Here f(x) = ~u® and m = K" . To

see this, we note that the representation R of (3) in this case

is R:‘Zik > 3&3(k) and if x = Xa(t)XB(te)XQ+B(u)
hi t u+tte~] .
thefl, T =35 0 1 t@ . Thus, f(x) =u+ tte = . ue
oo 1|
by Lemma 63 (c). Thus, m is the group generated by ratios of
elements (—ue) of k* whose traces are norms (tte) . Let
U e k. If WP +u , set uy = (u - ue)-l 5 ang it w? =u ,
choose u; e Ik;;< so that u? =-uy . Then uuy and u, are
‘values of f (their traces are O or 1), so that ue m and
m = l<;>:< .
(5) The case Gogsz Here f(x) =:t2+29 + u28 + tu

2 o
and m =%k . To see this, first note that. since the characteristic

e

of k dis 2, there is an ideal in ﬁik “supported? by short roots,
The representation R can-bewtaken_as~iik acting on this ideal,

and v = Xa+ while v =X_ Letting x =

B
x (t)xg(te)xa+zﬁ(u)xa+ﬁ

a-p

uw o+t we can determine f(x) . By taking

(v6)29’

a

t = 0 in the expression for f(x) and writing v = we

see that m = k* .

(6) The case €726, . Here f(x) =t"00 130 _ 42

3e

l+38u3@ + tv

+ t3+36 u+% - tuv . The group m 1is generated

by all values of f for which (t,u,v) # (0,0,0), and it contains
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fk*z and -1 ; hence m = K y 2t k s fimite,  Here the

}&epresentation R can be taken to be the adjoint representation

\ k & - .
on ;ﬁ s Vv ::X2a+36 , and v = X—Za—}ﬁ . Letting x be as
“in Lemma 63 (e), and working modulo the ideal sin o, & #supporteds

by the short roots, we can compute f(x) . Setting t =u=0 ,

we see that - e em , hence - 1L em and e Cm. If k is

finite m =k  follows from {*) - 1 § K2 . To show (%), suppose

: e

2 =-1 with tek. Then t9=-1, s0o t =+t and 7 =3¢
2 3

Sinece 362 =1, we see t = (te ) =rt3 . But t3 = t2t = .t ,

so t =0, a contradiction. This proves the lemma.

Corollary: If G 1is universal, then G;_= G and H;;= H

(o (o

except possibly for 2G2 with k infinite in which case
% T g L BE . 3
GO/GU_= HG/HO_= kK'/m with m as in (6) above.

Remarks: (a) Tt is not known whether m = k  always if Géf’ZG? s

One can make the changes in variables v — v + tu and then

u—= u - tl+3e to convert the form f in (6} to t4+6e - ul+38

2 2 2 36

- vT + tTu” + tv Both before and after this simplification

the form satisfies the condition of homogenity:

| £(t,u,v) = ¥ 0% (1 u/el30 /6238y p ¢ ko .

(b) A corollary of (3) above, is that the forms in (5) and
(6) are definite, i.e., f =0 implies t=u (=v) =0, A
direct proof in case f is as in (5) can be made as follrws:

) = 12429 | 26

Suppose 0 = f(t,u v™” + tu with one of t, u nonzero.
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}jf t =0, then u=0, sowe have t #0 . We see
2

£(t,u) = ;<+28 f(l,u/t29+l) using 20 =1 , Hence we may assume
=1, Thus, 1 + u2@-+ u=0 or (by applying 8) ue =1+u.
8 8 e _ 2 -
Hence u- =1+ u =u and u=u =u" . Thus, u=0or 1, a

contradiction. A direct proof in case f is as (6) appears to be
quite complicated; |

(c) The form in (5) leads to a geometric interpretation of
202 « Form the graph v = t2+?9 + d26 + tu in k3 of the form
£(x) . TImbed k> in P (k) , projective 3-space over k , by
adding the plane at ¢ , and adjoin the point at < in the

direction (0,0,1) to the graph to obtain a subset Q of P3(k) o

Q 1is then an ovoid in PB(k) ; i.e.
(1) No line meets Q in more than two points.

(2) The lines through any point of Q not meeting Q again

always lie in a plane.

The group 202 is then realized as the group of projective

transformations of PB(k) fixing Q . For further details as

well as a corresponding geometric interpretation of :

G2 see |
J. Tits, Séminaire Bourbaki, 210 (1960). For an exhaustive treatment
of 202 , especially in the finite case, see Lgneberg, Springer

Lecture Notes 10 (1965).

Theorem 34: Let G and o be as above with G universal.

Excluding the cases: (a) 2Az(h) , (b) 2B2(2) , (c) 2G2(3) 3

(d) 2FL((Z) , we have that G;, is simple over its center.
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- Sketch of proof: Using a calculus of double cosets re 'BO, ;  which

-can be developed exactly as for the Chevalley groups with M%r ir

place of W and £/R (or L2, (see Theorem 32)) in place of T |,

and Theorem 33, the proof can be reduced exactly as fof the Chevéiley
groups to the proof of: G;_:= /S}G;_ . If k has T'enough?
elements, so does H;_ by the Corollary to Lemma 64 and the action

of H;_ on }f can be used to show ééa,o* ggigG;_ . This

a,o

, iy a s s e o e A
BV PEROU) DRIR T/ e oS AN RO (e 0 LA 1, i R
i\
=\

takes care of nearly everything. If k has "few" elements then
3 the commutator relations within the }fa?s and among them can be
used. This leads to a number of special calculations. The details

are omitted.

Remark: The groups in (a) and (b) above are solvable. The group-ﬁﬂ
in (c) contains a normal subgroup of index 3 isomorphic to A1(8).
The group in (d) contains a "new" simple normal subgroup of index 2.
(See J. Tits, “Algebraic and abstract simple groups,” Annals of

Math, 1964.)
Exercise: Center of G;_ = {Center of G)O_,

We now are going to determine the orders of the finite

Chevalley groups of twisted type. Let k be a finite field of

a

characteristic p . Let a be minimal such that 6 = p® (i.e.,

a
such that t° =+tP for all t e k) . Then |k| =p°® for

a5 %D, %Bg 5 x| =p®® for b et

" and [k, =D

I ;

for C, FLP ; "Gy . We can write o’xd(t) =x_ | eatq(a))

‘f)OL
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where q(a) is some power of p 1less than |k| . If q is the

a

geometric average of qfa) over each _p-orbit then q = p~ except

< 2 2

when Gc' is of type 02 . Fh ; or G2 in which case

+172

Let V be the real Euclidean space generated by the roots and
let o] be the automorphism of V permuting the rays through
the roots as p permutes the roots. Since o normalizes W ,
we see that og acts on the space I of polynomials invariant
under W . Since o also acts on the subspace of I of
homogeneous elements of a given positive degree, we may choose
the basic invariants Ij’ j=1, «.., 4, of Theorem 27 such
that oy Ij = ejIj for some €5 € € (here we have extended the
base field 7?P_to ) . As before, we lét dj be the degree
of Ij , and these are uniquely determined. JSince oy acts
on V , we also have the set {eoj[j =1, cs33 t} of eigenvalues
of o, on V ., We recall also that N denotes the number of

positive roots in ¥ .

Theorem 35: Let o, q, N, €5 and dj be as above, and

assume G 1is universal. We have

(a) |G i-—-NTr(dJ'-e)
o Qj q j

(b) The order of the corresponding simple group is
obtained by dividing !GG_[ by [CG_[ where

C dis the center of G .
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.wLemma 65: Let o, H, U, etc, be as above.

() Ju | =d", lo, 1 =a"" .
(b) [H_ | =TjT(q - egy) -
1 () loy | =a" TTa - egy = ")
% weWOk

where N(w) is the number of positive roots in ¥ made negative
by w .
Proof: (a) It suffices to show that [}Ea o*l = qlal for

I

a e ©/R by Lemma 62. This is so by Lemma 63. (b) Let m be a

‘P-orbit of simple roots. . Since o“ha(t) = Epa(tQ(a)) , the
vﬁi contribution to fHG_I made by elements of H - Ygupported® by T

is (T ae)-1=q" -1 if m= |m] . Since the € :'s
aer J

corresponding . to w are the roots of the polynomial T | y

“(b) follows. (c) This follows from (a), (b), .and Theorem 33.
kL Corollary: U is a p-Sylow subgroup.

‘Lemma 66: We have the following formal identity in t:

AL NG "
- et /(1 - e st)
webe J J J

Proof: We modify the proof of Theorem 26 as follows:
(a) o there is replaced by o~ here.

(b) £ there is replaced by £  here, where X

is the set of unit vectors in V " which lie in the

same directions of the roots.
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Only those subsets w of TT fixed by o, are con-
sidered.
(d) (-1)™ 4is now defined to be (-1)" where k is the
number of oy, orbits in
(e) W(t) 4is now defined to be ¥ tN(W)
weWCr

With these modifications the proof proceeds exactly as before
through step (5)

. Steps (6)-(8) become:

(6?) For m# C |, we W, 1let N_ be the number of cells
in K congruent to DW
s(-1)" N

under W and fixed by WO
—det w . (Hint: If V =71

T m— WO~
cut by K

’

Then
= and K? is the complex
on V? then the cells of KYo
v’ of the cells of

are the intersections with
K fixed by WOy

.)

(7' ) Let % be a character on < W,oy > and x  the
restriction of . to < W%,OB 5

20" 2

induced up to
T

< W,o0 > . Then
wo-o) =%(wc*o)det w (we W

(el

A\

as
g&) Let M be a<Wo > module, let T(M) be the space
of skew invariaﬁts under W ,

and let IT(M) be the space of
invariants under W% Then
T " =
T (=1)" 2 (06’ IW(M))

s
tr (og,I(M))
The remainder of the proof proceeds as before.

Lemma 67: The e.'s form a permutation of the
J

e .'s.

0J
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proof: Set t =1 in Lemma 66. Then (%) 1 has the same multiplicity

émong the €j78 as among the eoj?s . This is so since otherwise

the right side of the expression would have either a root or a

pole at t =1 . Assume o £ 1, then either 052x= 1 and all
3 e's not 1 are -1 or else 053 =1 and all e's not 1 are

cube roots of 1, coming in conjugate complex pairs since Og is

real. Thus in all cases (%) implies the lemma.

Proof of Theorem 35: (a) follows from Lemmas 65, 66, 67. Now let

i 1 :

- C be the center GO_, Clearly C? ) Co= . Using the corollary
to Theorem 33 and an argument similar to that in the proof of
Corollary 1(b) to Theorem B , we see cl CH_CH. Since H .

acts "diagonally,™ we have c' C C , hence ¢’ = CO_, proving (b).

Corollary: The values of IGO,I and ICO_I = | Hom (LO/Ll,k¢)d'|
4 are as follows:
G- ei%;%l |G- | lc.- |
) i d. sk
Chevalley None (%) qNTT(q Jo1) lHom(LO/Ll,k ) |
group (o~ = 1)
5 g .
An(nAZ 2) -1 1f dj is odd | Replace q Joa by Same change; 1i.
d. d.
q J-(-1) J in () Rl et
2 2 2
E Same as A Same change as “A (3, qt1)
6 n n
an -1 for one dj=n Replace one q7-1 by | (4, q+1)
Q™1 in (%)
BDA UJ,UJZ for dj qlz(qz—l)(qé—l) 1
i = L,k . (qPrat)

[¢]



G¢~ ej%s%l IG&| ICWi ~
?Cz_ -1 for dj = 4 q‘*(qz—l)(q“ﬂ) 1
o -1 for d; =6 8(6%-1) (P+1) 1
F, -1 for d; = 6,12 a2t o1 H 2 et 1) 1
PLERY
Here o denotes a primitive cube root of 1 .
Proof (except for [CO,I): We consider the cases:
iﬁﬂ . We first note (*) -1 e ng . To prove (*) we
use the standard coordinates {u)ill <i<n+1} for A . Then

i i y . e ) e i t i rmuta—
oy is given by 5 > n+2-1i Since W acts via all permuta

tions of {uJi}, we see -1 e Wog . Alternatively, since W is
transitive on the simple systems (Appendix TI.24), there exists W, € W
such that WO(—TT) :.TT . Hence, -wo(¢l) =1 or S i.e., -1 e W

or -1 € WUB . Since there are invariants of odd degree (di = 2,3, ..l

-1 4 WwW. By (%) p fixes the invariants of even degree and

changes the signs of those of odd degree.

D The second argument to establish (*) in

2n+]_ .

the case 2An may be used here, and the same conclusion holds.

D {(n even or odd). Relative to the standard coordinates

v.] 1 < i< n} the basic invariants are the first n-1 elementary
i — — 3




f;symmetric polynomials in {v?} together with TT Vi and W acts

:,via all permutations and even number of sign changes. Here oy

can be taken to be the map v, > Vs (1<i<n-1), v, ,—=>~-7Vv, .

Hence, only the last invariant changes sign under oy -

BDLP . The degrees of the invariants are 2, 4, 6, and L. By
Lemma 67, the e.!'s are 1, 1,w, (LP. Since I, is real, w and

J

032 must occur in the same dimension. Thus, we replace (q451)2

in the usual formula by (qh~uo)(qh~ ug) = Q8 + Qu + 1,

2q

Cs s 2

In both cases the ej?s are 1, -1 by Lemma 67.

Since < W,OB > 1is a finite group, it fixes some nonzero quadratic

form, so that €5 = 1 for dj =2 .

th . The degrees of the invariants are 2, 6, &, 12 and
the ejVs are 1, 1, -1, -1 . As pefore there is a quadratic
invariant fixed by oy - Consider I = ¥ a8 + z ( jz‘ﬁ)

a long root B short root
We claim that I is an invariant of degree & fixed by a5 and
there is a quadratic invariant fixed by o5 which does not divide
I . The first part is clear since W and o, Dpreserve lengths
and permute the rays through the roots. To see the second part,
choose coordinates {vili =1, 2, 3, 4} so that the long roots
(respectively, the short roots) are the vectors obtained from

vy, vyt v, F vy t V) (respegtively, vy + v2) by all permuta-

2 2

tions and sign changes. The quadratic invariant 1s vy +Vv2 = V% + 75

3

2
i
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To show that this does not divide I , consider the sum of those

terms in I which involve only vy and Vo and note that this

is not divisible by vi + vg . Hence, I can be taken as one of the
basic invariants, and ej =1 if dj =8 .
Remark: lzczl is not divisible by 3 . Aside from cyclic groups

of prime order, these are the only known finite simple groups

with this property.

Now we consider the automorphisms of the twisted groups. As
for the untwisted groups diagonal automorphisms and field auto-

morphisms can be defined. -

?
Theorem 36: Let G and o be as in this section and GO_ the

subgroup of G (or GO_) generated by U__ and U__ . Assume
T
that o is not the identity. Then every automorphism of Gdﬁ

is a product of an inner, a diagonal, and a field automorphism.

Remark: Observe that graph automorphisms are missing. Thus the
twisted groups cannot themselves be twisted, at least not in the

simple way we have been considering. -

Sketch of proof: As in step (1) of the proof of Theorem 30, the

automorphism, call it ¢ , may be normalized by an inner auto-

morphism so that it fixes Uc” and U;, (in the finite case by

Sylow's theorem, in the infinite case by arguments from the theory
?
of algebraic groups). Then it also fixes Ho—’ and it permutes

the 353?8 (a simple, a e £/R; henceforth we write Efé for

?fé O_) and also the X aYs according to the same permutation,
: -



196

in an angle preserving manner (see step (2)) in terms of the

corresponding simple system TTg_ of Vg_ . By checking cases
one sees that the permutation is necessarily the identity: dir sk
is finite, one need only compare the various I%Gal's with each
other, while if k is arbitrary further argument is necessary
(one can, for example, check which %Ea7s are Abelian and

which are not, thus ruling out all possibilities except for

2A3 , 2

two together) by considering the commutator relations among the -

Eg , and BDLP , and then rule out these cases (the first

jéaVS) . As in step (4) of the proof of Theorem 30, we need

only complete the proof of our theorem when G;_ is one of the
9

groups Ga ==<-Xé,:¥la > , in other words, when GG_ is of one

2 2 2

A, %, or 26, (with 2C,(2) and “G,(3)

- of the types A 2 5 >

l)
excluded, but not Al(2), Al(3), or 2Az(b,)), which we henceforth
assume. The case Al having been treated in § 10, we will treat

only the other cases, in a sequence of steps. We write x(t,u)

or x(t,u,v) for the general element of U_  as given in

Lemma 63 and d(s) for hq(s)hB(se) .
(1) We have the equations
d(s)x(t,u)d(s)_l = X(Sz;et, sl+6u) in 2A2
1 = x(s2'29t, %) in 262
d(s)x(t,u,v)d(s);l = X(sz—Bet, s"l+36u, sv) in 2G2 )




.
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This follows from the definitions and Lemma 20(c)

(2) Let Uy, U, be the subgroups of U__ obtained by
setting t =0 , then also u=20. ~Then UO_D Ul_j U2 =] 445 the
lower central series U__ 3»(Uo*’Uo-) ») (UO,,(UO_,Ucﬂ)) i

. . 2 2 .
for Uo, if the type is A2 or 02 , while UO_ B) Ul D U2 D1

is if the type is 2G2 ’
Exercise: Prove this.
(3) If the case 2AZ(L;) is excluded, then

a(s)xlt,..0a(8)™ L = x(g(s)t,...) , with gk —> K

a homomorphism whose image generates k additively.

Proof: Consider 2A2 . By (1) we have g(s) = %O

, So that
g(s) =s for s ek, . Since [k: ke] = 2 , we need only show

that g takes on a value outside of k@ . Now if g doesn't,

pls
i<

then 32“6 = (32"6)e so that 53 e k for all s e k ,

e 7
whence we easily conclude (the reader is asked to supply the
proof) that k has at most L, elements, a contradiction. For

202 and 2G2 the proof is similar, but easier.

(L) The automorphism o (of G;~) can be normalized by

s diagonal and a field automorphism to be the identity on Uo—/Ul .

Proof: Since ¢ fixes U , it also fixes U,, hence acts
100~ - on i
on UO_/Ul . Thus there is an additive isomorphism

f: k = k such that o x(t,...) =x(£(t), ...) .



He—

196

By multiplying ¢ by a’'diagonal automorphism we may assume
£f(1) =1 . Since o fixes H;" , there is an isomorphism
i: k -k  such that pd(s) = d(i(s)) . Combining these

equations with the one in (3) we get

Sl

flg(s)t) = g(i(s))f(t) for all sek , tek.

Setting t =1, we get (*) f(g(s)) =gli(s))
£

, So that
flg(s)t) = f(g(s))f(t) . If the case A (L) 1is excluded, then
f is multiplicative on k by (3), hence is an automorphism, The
same conclusion, however, holds in that case also since f fixes
0 and 1 and permutes the two elements of k not in ke .
Our object now is to show that once the normalization in

(L) has been attained ¢ 1is necessarily the identity.

(5) ¢ fixes each element of Ul/UZ and U, , and also

\IJ
?
some W € GO_ which represents the nontrivial element of the Weyl

Eroup.

Proof: The first part easily follows from (2) and (4), then
the second follows as in the proof of Theorem 33(b).

(6) If the type is 202 or 2G2 , then o is the identity.

Proof: Consider the type 2C2 . From the equation (%) of (4) and

2-26

the fact that f =1 , we get g(s) = g(i(s)) , i.e., s

_ i(5)2-28

, and then taking the 1 + 6 th power, s = i(s) ;
in other words ¢ fixes evervy d(s) . By (4) and (5),

ox(t,u) = x(t,u + i(t)) with j an additive homomorphism.
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Conjugating this equation by d(s) = @d(s) , wusing (1), and

comparing the new equation with the old, we get j(sz'Qet)

= szgj(t) , and on replacing s by s11© , Jlst) =s %75(t)
Choosing s $ 0, 1, which is possible because 202(2) has been

excluded, and replacing s by s+l and by 1 and combining

the three equations, we get (s + sze)j(t) = 0. Now s+ s°9 = 0
since otherwise we would have s + 526 = (s + S28)28 , then s = 52 ,
contrary to the choice of s . Thus j(t) = 0 . In other words

¢ fixes every element of UO_ . If the type is 2G2 instead,

T
the argument is similar, requiring one extra step. Since GG‘

is generated by Ug, and the element w of (5), © is the

jidentity.

The preceding argument, slightly modified, barely fails for

2 2

Ay , in fact fails just for the smallest case “A,(4) . The

proof to follow, however, works in all cases.
(7) If the type is 2A2 , then o 1is the identity.

Proof: Choose w as in (5) and, assuming u % 0O, write

b . ? )
1 =’ Xnx with x,x e U_, ne H_ w . A simple

wx(t,u)w o~ -
x

calculation in SL3 shows that = X(atﬁ—l, %) for some a e k*
depending on w but not on t or u . (Prove this.) If now

we write ox(t,u) = x(t,u + j(t)) , apply ¢ to the above
equation, and use (4) and (5), we get tu T = t(ﬁfi*ijT)—l ,

so that j(t) = 0 and we may complete the proof as before.
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It is also possible to determine the isomorphisms among the
various Chevalley groups, both twisted and untwisted. We state

the results for the finite groups, omitting the proofs.

Theorem 37 : (a) Among the finite simple Chevalley groups, their
twisted analogues, and the alternating groups CQ;(n > 5) , a complete

list of isomorphisms is given as follows.

(1) Those independent of k .
C,~B, ~A

1778y~ Ay

C, ~ B,

D, ~A. x A 2D, o F(A X A ) ~ A

2 ™Ay X A 2 1% By 1
2 Ao R

Dy ~ A, D, ™ %4,
2 2
Al(Q)’\"Al(q)

(2) Bn(q)r«/Cn(q) if q 1is even.

(3) Just six other cases, of the indicated orders.

Ay (b)) ~ 4, (5) VL 60
A (7))~ A,(2) 168
A1 (9 Zg 360
Ay(2) > dy 20160
2

A3(4)f\/B2(3) 25G20
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(b) In addition there are the following cases in which the

Chevalley group just fails to be simple.

The derived group of 32(2){\,526 360
2
Go(2) ~~ "A,(9) 6048
; 2G2(3) ~ A (8) 50L
2
FA(Z)

The indices-in the original group are 2, 3, 2, 2, respectively.

Remarks: (a) The existence of the isomorphisms in (1) and (2)
is easy, and in (3) is proved, e.g., in Dieudonne” (Can. J. Math.1949).
There also the first case of (b), considered in the form

By(2) ~ S  (symmetric group) is proved.

(b) It is natural to include the simple groups Q% in

the above comparison since they are the derived groups of the

Weyl groups of type An—l and the Weyl groups in a sense form
the skeletons of the corresponding Chevalley groups. We would
like to point out that the Weyl groups W(En) are also almost

simple and are related to earlier groups as follows.

Proposition: We have the isomorphisms:

A(E) B, (3) ~ 2A3(4)

3
v W(E7) ~ 03(2)

{9W(E8)/Cfv D4(2) , with C the center, of order 2.
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Proof: The proof is similar to the proof of S, = W(As)r\182(2)

gi#en near the beginning of § 14a.

Aside from the cyclic groups of prime order and the groups
considered above, only 11 or 12 other finite simple groups are

at present (May,1968) known. We will discuss them briefly.

(a) The five Mathieu groups M  (n =11, 12, 22, 23, 24).
These were discovered by Mathieu about a hundred years ago and put
on a firm footing by Witt (Hamburger Abh. 12 (1938)). They arise
as highly transitive permutation groups on the indicated numbers

of letters. Their orders are:

M| = 7920 = 8.0.10.11
|M12| = 05040 = §.0.10.11.12

: My, = 4h3520 = 48.20.21.22
1M23| — 10200960 = 46.20.21.22.23

IMzul = 244823040 = 48.20.21.22.23.24

(b) The first Janko group Jl discovered by Janko
(J. Algebra 3 (1966)) about five years ago. It is a subgroup of
Gz(ll) and can be represented as a permutation

group on 266 letters. Its order is
l3, ] = 17580 = 11(11 + 1)(113- 1) = 19.20.21.22 = 55.56.57 ,

The remaining groups were all uncovered last fall, more or less.
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(c) The groups J, and J, 1/2 of Janko. The existence of
J2 was put on a firm basis first by Hall and Wales using a machine;
and then by Tits in terms of a "geometry.”™ It has a subgroup of
index 100 isomorphic to 'ﬂﬂGz(Z),szAz(Q), and is itself of index
L16 in Gz(h) . The group J, 1/2 has not yet been put on a firm
basis, and it appears that it will take a great deal of work to
do so (because it does not seem to have any ]arge” subgroups),

but the evidence for its existence 1is overwhelming. The orders are:

ol = 604800

1d, 1/21 = 50232960 .

(d) The group H of D. Higman and Sims, and the group H
of G. Higman. The first group contains M,, as a subgroup of index
100 and was constructed in terms of the automorphism group of a
graph with 100 vertices whose existence depends on properties
of Steiner Sysfems. InspiredAby this construction, G. Higman
then constructed his own group in terms of a &ery special geometry
invented for the occasion. The two groups have the same order,
and everyone seems to feel that they are isomorphic, but no one

has yet proved this. The order is:
?
|lu| = |H | = 44352000 .

(e) The (latest) group S of Suzuki. This contains GZ(A)
as a subgroup of index 1782, and is contructed in terms of a grarh

whose existence depends on the imbedding J2 C GZ(A). It possesses
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an involutory automorphism whose set of fixed points is éxactly Iy

Its order is:

Is| = L483L5497600 .

(f) The group M of McLaughlin. This group is constructed

2

in terms of a graph and contains A3(9) as a subgroup of index

275. Its order is:
M| = 898128000 .

Theorem 38: Among all the finite Simple groups above (i.e., all

that are:currently known), the only coincidencesin the orders-

which do not come from isomorphisms are:
(a) B (q) and C,(a) for n> 3 and q odd .
(b) A,(1) and Aj(2)~C, .

§
(¢c) H and H if they aren®t isomorphic.

That the groups in (a) have the same order and are not
isomorphic has been proved earlier. The orders in (b) are both
equal to 20160 by Theorem 25, and the groups are not isomorphic
since relative to the normalizer B of a 2-Sylow subgroup the
first group has six double cosets and the second has 24.‘ The proof
that (a), (b) and (c) represent the only possibilities depends on
an exhaustive analysis of the group orders which can not be

undertaken here,
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812. Representations. In this section we consider the irreducible

representations of the infinite Chevalley groups. As we shall see,
here the theory is quite complete. All representations are assumed
to be finitemdimensional and the standard terminology is used. In
’i particular 1 must act as the identity, and the trivial O-dimen-
s}onal (but not the trivial 1l-dimensional) representation is ex-

cluded from the list of irreducible representations. We start

with a general lemma.

Lemma 68: Let K be an algebraically closed field, B and C

associative algebras with 1 over K , and A = B®C .

(a) If (B,V) and (¥,W) are (finite-dimensional) irreduc-
ible modules for B and C , then («,U) = (B® ¥, VW) 1is one
for A .

d (b) Conversely, every irreducible A-module (a,U)} is

realizable, uniquely, as a tensor product as in (a).

Proof: (a) By Burnside's Theorem (see, e.g., Jacobson, Lectures
in Abstract Algebra, Vol. 2), BB = End V and ¥C = End W , whence
(. @A = End U and (a,U) is irreducible.

(b) Let V be an irreducible B-submodule of U . Such
exist since U 1is finite-dimensional. Let L be the space of
B-homomorphisms of V into .U . This is nonzero and is a C-module
under the rule c¢t = a(c) o4 .. (Check this.) Let (¥,W) be an
irreducible submodule. The map 9: VW —> U defined by
V@ L —> f(v) 1is easily checked to be an A-homomorphism. V@W

is irreducible by (a), and U is by assumpticn. Hence by Schur's
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Lemma (see loc. cit.}) ¢ 1is an isomorphism. If a = BY ® ¥ is
a second decomposition of the required form, then restriction to
B yields B&®@1 = B?cg>1 , i.e. multiples of B and B’ are
isomorphic, so that by the Jordan-=-Holder or Krull-Schmidt theorems
B and 31 are also. Similarly ¥ and BJ are isomorphic, which

proves the uniqueness in (b).

Corollary: (a) If K is an algebraically closed field and

G = TTGi is a direct product of a finite number of groups, then
the tensor precduct V of irreducible KGiamodules Vi is an ir-
reducible KG-module, and every irreducible KG-module is uniquely
realizable in this way.

(b) Similarly for a direct sum L = % ii of Lie

algebras over K .

Proof: We apply Lemma 68, extended to several factors, in (a) to

group algebras, in (b) to enveloping algebras.

Exercise: If the direct product above is one of algebraic groups
over K (of topological groups, of Lie groups,...), then V is

rational (continuous, analytic,...) if and only if each Vi g

Remark: If we are interested in the irreducible representations
of a Chevalley group G , we may as well assume it is universal.
The corollary then implies that we may as well also assume that

G (i.e. that %) 1is indecomposable. This we will do whenever it
15 convenient .

Now we take up the study of rational representations for
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cxfhevalley groups over algebraically closed fields viewed as alge-
wfraic groups. In such representations the coordinates of the
;epresentative matrix are required to be rational functions of

the original coordinates. Whether this requirement is to be taken
locally (e.g. as in the proof of Theorem 7, Cor. 1) or globally

is immaterial, in view of the following result.

Lemma 69: Let G Dbe a Chevalley group viewed as an algebraic
group as above, and f: G m4=> k a function. Then the following
conditions are equivalent.

(a) f 1is expressible as a rational function locally.

(b) f 1is expressible as a rational function globally.

(c) £ 4is expressible as a polynomial.

Proof: It will be enough to show that (a) implies (c). Let A
be the algebra of polynomial functions on G . By assumption there

exists an open covering {Ui} of G , which may be taken finite
by the maximal condition on the open subsets of G (which holds
by Hilbert's basis theorem in A4) , and elements s> hi in A
such that f = g./h, and h. $ 0 on U, for all i . Since the
hi don't all vanish together, by Hilbert's Nullstellensatz there
exist elements ai. in A such that 1 = % aihi on G . Let
Ub::(\Ui y 1t is nonempty, in fact dense, since G is irreducible.
On UO we have I = I aifhi = 7 a;8; » a polynomial, hence by den-
sity also on each Ui and on G , as required.

Presently we will need the following result.



208
"iemma 70: The algebra A of polynomial functions on G is inte-

érally closed (in its quotient field).

?roofi We observe first that A 1is an integral domain (since G
is irredﬁcible as an algebraic set, the polynomial ideal defining
it is prime), so that it really has a quotient field. Assume

= pl/p2 (pi e A) is integral over A: £ + alfnml .. ta =0
for some a, € % . On restriction to the open set U HU of G

the p; and a; become, by Theorem 7(b), polynomials in the co-

ordinates {t t.,t"i}

5,7 0 5 g . Since such polynomials form a unique

factorization domain, we see by the above equation that f itself
is such a polynomial, on U HU . The same being true on each of
the translates of U HU by elements of G , we conclude that f
is a polynomial on G , i.e. f' is in A , by Lemma 69.

Two more lemmas and then the main theoremn.

Sl

Lemma 71: The rational characters of H (homomorphisms into k')
are just the elements of the lattice L generated by the global

weights of the representation defining G

Proof: Let A be a character. Then it is a polynomial in the
diagonal elements of H (written as a group of diagonal matrices),
i.e. a linear combination of elements of L ., Being multiplicative,
it equals some element of L . (Prove this.) Conversely, if

A~ el , then ) is a power product of weights in the representa-
tion defining G ., and all exponents may be taken positive since
the product of the latter weights (as functions) is 1 , so that

A is a polynomial on H
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Now for any rational G-module V we may define the weights

A and the corresponding weight spaces VX , relative to H , in

the obvious way.

Lemma 72: Let V be a rational G-module, A a weight, v an

element of V, , and & a root. Then there exist vectors

A

v. €V (i = 1,2,...) so that Xa(t)v = v + I tlvi for all

i Atia
t €k .
Proof: Since V 1is rational and t —> x,(t) is an isomorphism,
Xd(t) is a polynomial in t: xa(t)v = ¥ tivi . If we apply h
to this equation and compare the result with the equation got by
replacing xa(t) by hxm(t)h‘"l = xa(a(h)t) » We get v, ¢ Vx+ia .

Settiﬁg' t =0, we get v = VO-,'whence the lemma.

Theorem 39 (Compare with Theorem 3): Let G be a Chevalley group

over an algebraically closed field k (i.e. a semisimple algebraic
j group over k) , and assume the notations as above.

(a) Every nonzero rational G-module V contains a nonzero
element v+ .which belongs to some weight )\ € L and is fixed
by all x £ U , |

(b) Assume V = kGv.  with v as in (a). Then V = KUY
Further dim Vk =1 , every weight x4 on V has the form
A =-2Za (a positive root), and V = % Vﬂ .

(c) In (a) <,a> € 22+ for every positive root a .

(d) If V is irreducible, then the weight A (the "highest

weight) and the line kv of (a) are uniquely determined.
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(e) Given any character A on H satisfying (c), there
exists a unique irreducible rational G-module V in which A

is realized as in (a).

Proof: (a) The proof is thé same as that of Theorem 3(a) with
Lemma 72 in place of Lemma 11.

(b) Since U B is dense in G (Theorem 7) and V 1is
rational, any linear function on V which vanishes on U—'Bv+
also vanishes on Gv. . Thus V= KU Bv' = XUv' . The other
assertions of (b) follow from this equation and Lemma 72.

(c) WA is 2 weight on V (with w&v+ a corresponding
weight vector). Since WL = A = <Q,00 , it follows from (b)
that <} ;0> E z

(d) This follows from the second and third pafts of (b).

(e) We will use the correspondence between local weights
(on £) and global weights {on G) (see p. 60). Let A be as
in (e). By Lemma 71, X &L . Let A also denote the correspond-
ing weight on ﬁi , so that x(H ] = 20 & 22+ for all a > O .
Let \F V } be an irreducible I -module with » as its highest
weight, v oa corresponding weight vector, and G a correspond-
ing Chevalley group over k. {constructed from Jojf and some
choice of the lattice M in VT) . Since )\ is in the lattice
generated by the weights of the representation of dﬁ used to
construct G , it follows (Theorem 7, Cor. 1) that there exists a
rational homomorphism ®: G =—> G? such that xa(t) —_— x&(t)

or 1 for all o and t , in the usual notation. The resulting
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1
representation of G on V need not be irreducible (and its
* representation class may vary with the choice of M) , but at
. . + . . h .
least it contains the vector v which is of weight A and is

fixed by every x € U . Let V'Y be the submodule of Vt gen—

1t ! $17?

erated by v , and V' a maximal submodule of v (Vv

is in fact unique as follows from the equation V & = kU v  of

(b). Check this.) The G-module V =7V /V' ' meets the exis-
tence requirements of (e). For the uniqueness, let Vi,V;(i = 1,2)
satisfy the conditions on V,v+ in (e). Let v o= v{ % VZ € Vl r Vs
and V = kGv' . Then v, = kv’ by (b), so that v, £V . Consider
the G-homomorphism 2K V —> Vl , projection on the first fac-

tor. Since v{ generates V,, p; 1s onto. 3Since also

ker pl(; V2 MV , which is O because V2 is irreducible and

vg £V , it follows that p; 1s an isomorphism. Thus V is

isomorphic to Vl , and similarly to V2 , sc that Vl and V2

are isomorphic, as required.

A complement: If char k = O , then in the existence proof above

ot t 11 Tt
v is itself irreducible, i.e. V =7V and V. =20. 1In

other words, if the Chevalley group G 1is constructed from an
irreducible L —module V and a field k of characteristic O ,

then as a linear group it is irreducible.

Proof: Recall that V was originally an K%Emmodule (irreducible
by assumption), and that a lattice M as in Theorem 2, Cor. 1 was
then used to shift the coefficients to k . Clearly VQ is irre-

ducible relative to de . It follows that V, is irreducible
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relative to ;ﬁk: otherwise there would be a proper invariant

subspace Vl , excluding kv since kv+fW V(Q + O , then some

nonzero V € Vl such that Xav = 0 for all &« >0 , so that

writing v

i

I tim, (mi e M, t; € k and linearly independent
over &) and choosing a so that X m. # O for some i , we
would arrive at the contradiction ¥ tiXami = 0 . Since wé can
recover each Xa from G Dby using xa(t) = 1 + tXa  EURPCS '
several values of t and the Xa's generate Jﬁ, we conclude

that Vk is irreducible for G

In contrast to the case just considered, if char k ¢+ O , then

1 11 11 1

V #V and V  # O in general and the exact situation is not
at all understood, except in a few scattered cases (types Al’ AZ,
B2 or when char k 1is large "compared”’ to A) . However, the

following is true.

Exercise: (a) For the lattice M of Theorem 25 Cor, 1 (with V
there assumed to be irreducible) assume that Cv'N M is pre=
scribed. Prove that there is a unique minimal choice for M

(contained in all others) and a unique maximal choice.

Assume now as in the complement, except that char k + 0 .
t1 £ R
(b) If M is maximal, then V =0, 1.e. V is
irreducible.

11

1
(c) If M is minimal, then V v .

Il

Example: If [ is of ﬁype Al ; char k = 2 , and the adjoint

representation is used, then (b) holds for M

and (c) holds for Mﬁin = <X, Hy ¥> , but net viee wversa,

= <X, Bf2; T
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The proof given above for the existence in Theorem 39(e)
brings out the connection between the representations of G and
those of i and shows that every irreducible rational represen-
tation of a Chevalley group in characteristic p + 0 can be con-
structed by the reduction mod p of a corresponding representation
of a group in characteristic O . It depends, however, on the
existence of representations of [ , which we have not proved
here, thus in its entirety is very long. We shall now develop an
alternate, more intrinsic, proof.

We start with the connection between a G-module V and its
dual vV , on which G acts by the rule (xf)(v) = f(x_lv) for
all xeG, £ e v yand v g V., We recall that W, 1s the ele-

ment of the Weyl group which makes all positive roots negative.

Lemma 73: Let V be an irreducible rational Gemodule, x its
highest weight, v oa corresponding weight vector, K* = =W,
and f' the element of V" defined thus: if we write v = WV
and veV as v = cv + terms of other (hénce higher) weights,

then f+(v) = ¢ ., Then K* and ' are highest weight and

highest weight vector for V'

Proof: 1In the definition of £" we have used the fact that
dim Vw 3 = dim Vx = 1 . Here, and also in similar situations
later,owe extend A to B by the rule )\(b) = A(h) if
b=vuh (u U, h € H) , and similarly for A" . If we write
veV as ih the lemma and use Lemma 72, we see that

; bv = c(wox)(h)V“ + higher terms. Since c¢ = f+(v) and
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(W) (h) = 2*(b™) , we have £(bv) = A¥(b™)£"(v) . on replacing
L

sle

b by b~ we get bt = )("(b)f+ , as required.

Theorem 4O: For ) &L let Ax be the space of polynomial func-

tions a on G such that a(yb) = a(y)a(b} for all y & G,

b € B , made into a G-emodule in the obvious way.

(a) If VvV, n, v' are as in Lemma 73, then the map

N defined by (of)(x) = f(xv+) for f e V' and

x € G is a Ge-isomorphism into.

9: V" ——> A

(b) Conversely, if A 1is such that AX + O , then AX

contains a unique irreducible G-=submodule. The latter is finite-

e

dimensional and rational and its highest wieght is A~

Proof: (a) The points to be checked here will be left as an
exercise.,

(b) We observe first that as a G-module Ay is locally

finite-dimensional (in fact, it is finite-dimensional, but we shall
not prove this), since the set of polynomials of a given degree

is. Thus there exist irreducible submodules and all of them are
finite-dimensional and rational. Let g be the highest weight_of
any one of them and a+ a corresponding nonzero weight vector. We
have () a+(bxb') = p(b"l)a+(x)x(bt) for all x e G, b, b e B 5
Since BwOB is dense in G, a+(wo) + 0 . Since also a+(bwo)

i

= a+(wo.w2 bw_ ) , we get from the above equation that u(b'l)

o
Sk

= x(wglbwo) , so that g = A Since g 1s uniquely determined
+

by A , the function a is determined by its value at W by




215
(%) with x = W, and the density of BwoB in G , proving the

uniqueness in (b).

Remarks: (a) In characteristic O it easily follows from the

theorem of complete reducibility that AK itself is irreducible.

(b} The representation of G on AK is, in the context

of polynomial representations, the one induced by the character
A on B . The fact that it contains a representation of highest
seight A" , is, in view of Theorem 39(a), a form of Frobenius

reciprocity.

Lemma 7L: Let 7 be as in Lemma 73 and a = @ff with 9 as

in Theorem 40(a) so that xv' = a+(x)wov+ + higher terms. Let Wh

be the stabilizer of A in W , and for w e Wx assume that the

corresponding representative w £ G has been chosen so that
1
wv = v . Then if x € G is written uhwowul (see Theorem 4 )

K*(hcl

) if WEWKj

I

+
we have a (x)

0O otherwise.

Il

Proof: A choice for w € G as above is always possible: if
A=0, then V is trivial since G = DG , while if A # O,
then wv+ has weight wA = A , hence is a multiple of v+ ; S0
that by modifying it by a suitable element of H we can achieve
wv+ = v .. From the definitions and Lemma 72 we have a+(x)wov+
= hwowv+ . If we Wk , then a+(x) = x*(hzl) by the choice of
w-, while if a+(x) + 0 , then w fixes kv' by the equation so

that w € Wk .
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This brings us to the

Second proof of the existential part of Theorem 39(e):

Proof: Let A be as in Theorem 39(c). It will be enough to prove
that the function defined by the last equations of Lemma 74 is
rational on G . The existence will then follow from Theorem L4O(b)
with K* in place of A . By Lemma 70 any power of this function
will do, so that by Lemma 74 it will be enough to construct an
irreducible representation whose highest weight is some positive
power (positive multiple if we write characters on H additively)

of A . This we will do, using the following interesting result.

Lemma 75 (Chevalley): Let G be a linear algebraic group and P
a closed subgroup. Then there exists a rational G-module V and

a line L in V whose stabiliger in G is P

Proof: Let 4 be the algebra of polynomials in the matric entries
and I the ideal defining P . By Hilbert'!s basis theorem I
is generated by a finite number of its eleménts, so that there
exists a finite-dimensional G-invariant subspace B of A such
that BMI , say C , generates I . For x € G we have the
following equivalent conditions: x € Pj; f(xmly) = 0 for all
fel,yeP;xICI;x6CC. Ifnow c=dimC, V= A%B, v
is the product in V of a basis for C , and L = kv , it follows
that the stabilizer of L 1is exactly P

We fesume the proof of existence. Let T[] = {al,az,...,aL}
be the set of simple roots. For i = 1,2,...,4 let Pi be the

parabolic subgroup of G corresponding to TT - {ai} ~(see Lemma
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30), L; = kv, the corresponding line of Lemma 75, 1y the
corresponding rational character on Pi , hence also on B and

H , and Vi = kai . If j# i, then wj is represented in P, ,

so that Wjﬁi = p. and <y 50> = 0 « DSings W does not fix

J
L; by choice, it follows from parts (b) and (c) of Theorem 39

i

applied to Vi that g 5%5> is a positive integer, say di

If now A is as before so that <Q,a;>=c; ¢ Z" | it follows
that dn = I e p; withe d = TTdy ang e; = c;d/d; . If we form
the tensor product TTVil , then TTVil is a vector of weight

dn for B , so that we may extract an irreducible component whose

highest weight is d\ , and thus complete our second existence

proof.

Remark: We are indebted to G. D. Mostow for the proof just given.

The extra problems that arise when char k § O are compen-

sated for by the fact that only a finite number of representations

has to considered in this case, as we shall now see.

Lemma 76: Assume char k= p ¢ O . Let Fr (for Frobenius) denote
the operation of replacing the matric entries of the elements of

G Dby their pth powers. If Jo is an irreducible rational rep-
resentation of G , then so is Jo o Fr . If the highest weight of

\F is A , that of ~P o Fr 1s pA
Proof: Exercise.

Theorem L41: Assume that G above is universal (i.e. G is a

simply connected algebraic group), and that char k = p + 0 . Let
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. _
R be the set of p irreducible rational representations of G
for which the highest weight )\ satisfies O < <x,ai> <p-1

(a; simple). Then every irreducible rational representation of

1

G can be written uniquely \P o Frd {Fj e B)

Sketch of proof: We observe first that since G is universal
L =‘Ll , so that all A's with all <A,6 > € ZZf occur as highest
weights, in particular those used to define ﬁz . Consider
F:=é§fﬁ o Frd . Let Xj be the highest weight of Joj . The
product of the corresponding weight vectors yields for JO a
highest weight vector of weight A = 3 p3xJ , by Lemmav76. If we
vary the foj's in J, we obtain, in view of the unidueness of
the expansion of a number in the scale of p , each possible

~ highest weight A exactly once. Thus to prove the theorem we

need only show that each jo above is irreducible. The proof of
this fact depends eventually on the linear independence of the
distinct automorphisms Frj(j = 0,1,...) of k . We omit the
detalls, referring the reader to R. Steinberg, Nagoya Math. J. 22

(1963), or to P. Cartier, Sém. Bourbaki 255 (1963}.

Corollary: Assume that one of the special situations of Theorem

28 holds. Let 76% (resp. ﬁ?s) be the subsets of A defined
'by <X,a;> =0 for all 1 such that a; is long {resp. short),
3 Then every element of ﬁ? can be written uniquely P @2FS with

f& € 73 and _}Os € /()S

Proof. Given JO € ﬁ?, write the corresponding highest weight A
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as Ay * g SO that the corresponding irreducible representations
fL and fs are in %& and ﬁs . We have to show that f%,égfs
is irreducible. If we define ® as in Theorem 28 but with G
and G interchanged, and set .Pz = O\Pé’\F: = Q O\Fs , we have
to show that the representation jqz(:{P: of G is irreducible.
Since the corresponding highest weights satisfy

sk sk . o
g & > = <y o> if a is short

= 0 if not

ale

% ¥
<ks,a >

it

P ,0> if a 1is long

= 0 if not,
Wwe see that xz and x:/p correspond to elements of £ s S0

PUS

that the corollary follows from Theorem 41 applied to G

Examples: (a) SL, . Here there are p representations

th

fi (i=0,1,...,p - 1) in 1?, the 1 being realized on the

space of polynomials homogeneous of degree i over k2
(b) Sph’ p=2. Hefe there are L representations in

i{ %'. If 9 1is the graph automorphism of Theorem 28 then
if»,f% oY = 4%; so that by the above corollary, these 4 are, in
terms of the defining representation Jo , just 1 (trivial),
f),JooCP , and f)@(f)o@)

The reéults we have obtained can easily be extended to the
case that k 1s infinite (but perhaps not algebraically closed).
We consider representations on vector spaces over K , some alge-

5 braically closed field containing k , and call them rational if
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the coordinates of the image are polynomial functions over K in
the coordinates of the source. The preceding theory is then appli-
cable almost word for word because of the following two facts both
coming from the denseness of G in G (this is G with k

K
extended to K) .

(a) Every irreducible polynomial representation of G ex-
tends uniquely to one of GK .
(b) On restriction to G every irreducible rational repre-

sentation of GK remains irreducible.

Exercise: Prove (a) and (b).

The structure of arbitrary irreducible representations is
given in terms of the polynomial ones by the following general
theorem, Given an isomorphism % of k into K , we shall also‘
write ¢ for the natural isomorphism of G onto the group %G

obtained from G by replacing k by &k .

Theorem 42 (Borel, Tits): Let G be an indecomposable universal

Chevalley group over an infinite field k , and let o be an
arbitrary (not necessarily rational) irreducible representation
of G on a finite-=dimensional vector space V over an algebrai-
cally closed field K . Assume that ¢ is nontrivial. Then
there exist finitely-many isomorphisms P of k into K and
corresponding irreducible rational representations Pi of wiG

over K such that o =@p; 0Py
a

Remarks: (a) As a corollary we see that k is necessarily
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imbeddable as a subfield of K . In other words, if k and K

are such that no such imbedding exists, e.g. if char k + char X ,
then every irreducible representation of G on a finite-dimensional
vector space over K 1is necessarily trivial. (Deduce that the
same is true even if the representation is not irreducible.) If

k 1is finite, these statements are, of course, false.

(b) The theorem can be completed by statements concerning
the uniqueness of the decomposition and the condition for irreduc-
ibility if the factors are prescribed. Since these statements are
a bit complicated we shall omit them.

(c}) The theorem was conjectured by us in Nagoya Math.

J. 22 (1963). The proof to follow is based on an as yet unpub-

lished paper by A. Borel and J. Tits in which results of a more

general character are considered.

Lemma 775 Let G, G' be indecomposable Chevalley groups over
fields k, k with k -infinite and k algebraically closed,

and o ! G —> ok a homomorphism such that oG is dense in GT.
(a) There exists an isomorphism ¢ of k into k' and

a rational homomorphism Jo of %G 1into Gf such that o = f oY.
(b) If G is universal, then LP can be 1lifted, uniquely,

1
to the universal covering group of G

Proof: (a) If the reader will examine the proof of Theorem 31

he will observe that what is shown there is that o= can be nor-

b
malized so that o"xa(t) = Xar(sdP(t)q(a)) with & ——> a an
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. ' ! . :
angle-preserving map of £ on £ , € = +1, ¢ an isomorphism of

a
k onto k’ , and qfa) =1 on p . Since we are assuming only
that oG is dense in G , not that oG = Gf y the proof of the
corresponding result in the present case is somewhat harder. How-
ever, the main ideas are quite similar. We omit the proof. From
the above equations and the corresponding ones on H, it follows
from Theorem 7 that o~ has the form of (a).

(b) From these equations we see also, e.g. by considering

the relations (i), (B), (C) of Theorem 8, that p can be lifted

to any covering of ¢! , uniquely since G = JAG

Proof of Theorem 42: Let 4 = oG , the smallest algebraic sub-

group of GL(V) containing oG . We claim 4 is a connected
semisimple group, hence a Chevalley group. As in the proof of
Theorem 30, step (12), o U is connected, and similarly for ZTE::,
so that 4 , being generated by these groups, is also. Let R Dbe
a connected solvable normal subgroup of A . By the Lie-Kolchin
_theorem R has weights on V , finite in number. A permutes the
corresponding weight spaces, and, being connected, fixes them all.
Since V 1is irreducible, there is only one such space and it is
all of V , S50 that R consists of scalars, of determinant 1
since A = DA , 80 that R is finite, Bince R is conneected,
 ;‘R =1 , so that A is semisimple, as claimed. Let A = TTAil

| be the universal covering group of A written as a product of

L its indecomposable components, AO = TTAio the corresponding

| factorization of the adjoint group, and a, B, Y = TT}E the
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corresponding natural maps as shown:

By Lemma 77 we can‘lift Bo~ componentwise to get a homomorphism

8 G ——> a; of the form &(x) = TTE{?i(X) with each ¢, an isomor=-
phism of k intec K and €; a rational homomorphism of $iG into
Riq - We have aé = o~ since otherwise we would have a homomor-
phism of G into the center of A . By Lemma 6&, Cor. (a), a ,
interpreted as an irreducible rational representation of Al , may
be factored Q)Gil with a; an irreducible rational representation
of Ail . Onlsetting uFi = a,e. , We see that o = a8 =(:)ai€£$i
E:%?fiwi , as required. -

_Gorollary: (a) Every absolutely irreducible real representation

: of a real Chevalley group G 1s rational.

(b} Zvery holomorphic irreducible representation of a
j;,semisimple complex Lie group 1s rational.

(c) Every continuous irreducible representation of a
'%isimply connected semisimple complex Lie group is the tensor product

*~ of a holomorphic one and an antiholomorphic one.

_§ Proof: (a) If G is universal, this follows from the theorem and

fg the fact that the only isomorphism of [RR into (R is id. The
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transition to the nonuniversal case is an easy exercise.
(b) The proof is similar to that of (a).
(c) The only continuous isomorphisms of & into @ are

the identity and complex conjugation.

Exercise! Prove that the word fabsolutely” in (a) and the words

'simply connected”’ in (c) may not be removed.

Now we shall touch briefly on some additional results.

Characters. As is customary in representation theory, the charac-

~ters (i.e. the traces of the representative matrices) play a vital

role., We state the principal results in the form of an exercise,

Exercise: (a) Prove that two irreducible rational G-modules are
isomorphic if and only if their characters are equal. (Consider
. the characters on H .)

(b} Assume that char k = 0 and that the theorem of
complete reducibility has been proved in this case. Prove (a} for
representations which need not be irreducible.

(c) Assume char k = 0 . Prove Weylts formulas: Let V, A
%;be as in Theorem 39(e), X the corresponding character, and &
i one-half the sum of the positive roots, a character on H . Set

?}SK = I det w.w(n + &) ; a sum of functions on H . Then
& weW
- (1) x(h) = 5, (n)/s_ (h) at all h e H where S_(h) O .
N\ (S
 (2) dim V= TT<v + 650>/<8,a> .
: @>0
g(Hint: use the corresponding formulas for Lie algebras (see; e.g.,

éJacobson, Lie Algebras) and the complement to Thecrem 39).
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Rémark: The formula (1) determines X uniquely since it turns
out that the elements of G which are conjugate to those elements

of H for which 3 + 0 form a dense open set in G .

The unitarian triékﬁ The basic results about the irreducible com-

plex representations of a compact semisimple Lie group K , s ie,

a maximal compact subgroup of a complex Chevalley group G as in
§8, can be deduced from those of G Dbecause of the following im-
portant fact: (%) K is Zariski-dense in G . Because of Lemmas
L3(b) and 45 (K 1is generated by the groups mZSUz) this comes
down to the fact that SU, 1is Zariski-dense in SLZ(@) , whose
proof is an easy exercise. By (%) the rational irreducible rep-
resentations of G remain distinct and irreducible on restriction
to K . That a complete set of continuous representations of K
is so obtained then follows from the fact that the corresponding
characters form a complete set of continuous class functions on

K . The proof of this uses the formula for Haar measure on K
and the orthogonality and completeness properties of complex ex-
ponentials, and yields as a by-product Weyl'!s character formula
iteelf. This is how Weyl proved his formula in Math. Zeit. 2k
(1926) and it is still the best way. The theorem of complete re-
ducibility can be proved as follows. Given any rational represen-
tation space V for G and an invariant subspace V' , We can,
by averaging over K , relative to Haar measure, any projection
of V onto Vt and taking the kernel of the result, get a com-

plementary subspace invariant under K , thus alsc invariant under
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G Dbecause of (*). It is then not difficult to replace the complex

field by any field of characteristic O

Invariant bilinear forms. G denotes an indecomposable infinite

Chevalley group, V an irreducible rational G-module, and A\

its highest weight.

Lemma 78: The following conditions are equivalent.
(a) There exists on V a (nonzero) invariant bilinear form.
(b) V and its dual V' are isomorphic.

(c) -whr =12 .
Proof: Exercise (see Lemma 73).

Exercise: Prove that =W is the identity for all simple types
except An(n > 4] D2n+l’ Eé, and for these types it comes from
involutory automorphism of the Dynkin diagram. (Hint: for all of
the unlisted cases except for D2n the Dynkin diagram has no sym-

metry.)
Exercise: If there exists an invariant bilinear form on V , then

it is unique up to multiplication by a scalar and is either sym-

metric or skew—symmetric. (Hint: wuse Schur's Lemma.)

Lemma 79: Let h = |1ha(—l) , the product over the positive roots.
(a) h dis in the center of G and h? = L

(b) If V possesses an invariant bilinear form then it is
symmetric if a(h) = 1 ,

skew—-symmetric if A(h) = =1 .
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Proof: (a) Since ha(ml) = h_a(wl) (check this), h is fixed
by all elements of W . This implies that h is in the center,
as easily follows from Theorem L', 3ince h (=1)" =h (1) =1, {

we have h2 = 1

% ‘ . o S + +
(b) We have an isomorphism ®: V =—>V , v —> f
L + + . ' s T . i »
with v and £ as in Lemma 73; the corresponding bilinear form

on V is given by (v,vt) = (@v)(v?) . It follows that

+ __+ +, =1+ - ; + +
(xv ,yv ) = £ (x lyv )y for all x, vy € G . Thus (v WV )

F + e N ot . + _+ I
= f (wov ) # O by the definition of £ , and (wov-,v ) = I(Wolv ] =
It B, = waWBWK"‘ is a minimal product of simple reflections in

W , then for definiteness we pick w_ = w&(l)wB(l).,. in G , so

that wgl = sw s wz(ml)wﬁ(-l)wa(=l) . We have wd(ml) = wu(l)h (1) ,

5
and similarly for B,Y¥,... . Substituting into the expression for
wgl and bringing all the h's toc the right, by repeated conjuga-
tion by wt!s , we get to the right h Dby ippendix II (R5) and to
the left ... WX(l)WB(l)Wa(l) which is just w by a lemma to
be proved in the last section. Thus wgl = Woh , and (wov+,v+)

+ +
becomes A{h)f (WOV ] = x(h)(v+,wov+) , as required.,

Observation: h as in Lemma 79 is 1 in each of the fcllowing

cases, since the center is of odd order.
(a) G dis adjoint.
(b) Char k= 2

(c) G 1is of type A4, , Eé, Egs Fh’ Gy .

n

{4

Exercise: In the remaining cases find h , as a product TTh@(°1) -

over the simple roots.
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géégglgi SL2 . For every V there is an invariant bilinear form.
Assume char k=0 ; so that for each i = 1,2,3,... there is
exactly one V of dimension 1 , viz. the space of polynomials
homogeneous of degree 1 - 1 . Then the invariant form is symmet-

ric if 1 is odd, skew-symmetric if i is even.

" Invariant Hermitean forms. Assume now that G is complex, o~ is

the automorphism of Theorem 16, K = GO, is the corresponding max-
imal compact subgroup, V and v' are as before, and fi: G —> €

is defined by v = f(x)v+ + terms of other weights.
1
)

(a) Prove that f(ox ) = f(x) . (First prove it on U HU ,
then use the density of U HU in G .)

(b) Prove that there exists a unique form (4 ) from
VxV to { which is linear in the second pcsition, conjugate
linear in the first, and satisfies (xv+,yv+) = f(o—xf;y) , and
that this form is Hermitean.

(c) Prove that ( , ) is positive definite and invariant

under K .

Dimensions. Assume now that G 1is a Chevalley group over an in-

finite field k , that V and A are as before, and that QJZi
is the universal algebra of Theorem 2, written in the form
Qﬁ; ELCU%Z of page 16.

(2} Prove that there exists an antiautomorphism o~ of

?K:&. such that O’Xa =X and o H, =H, for all a .

-G

(b) Define a bilinear form (u,u') from U to UL thus:
Z Z.



229
write o’u.uf in the above form and then set every X& =0 .
Prove that this form is symmetric.
{(c) Now define a bilinear form from ﬂXZL to Z thus:
[ & )h =x o ( , ) (interpreting ) as a linear form on H- such
that x(Ha) ezt for all a > 0) . Assuming now that this form
is reduced modulo the characteristic of k , prove that its rank

is just the dimension of V .
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§ 13. Representations continued. In this section the irreducible

representations of characteristic p (the characteristic of the
base field k) of the finite Chevalley groups and their twisted

analogues will be considered. The main result is as follows.

Theorem 43: Let G be a finite universal Chevalley group or one

of its twisted analogues constructed as in §11 as the set of fixed
points of an automorphism of the form x@(t) -> %Pa(i tq(a)) . Then
the JT qla) dirreducible polynomial representations of the includ-
e~. 0 simple _

ing algebraic group (got by extending the base field k to its
algebraic closure) for which the highest weights A satisfy
0 < <A,a><qgla) -1 for all simple o remain irreducible

and distinct on restriction to G and form a complete set.

By Theorem 41 we also have a tensor product theorem with the

co n-1
product TT suitably truncated, for example to TT if G 1is a
o) o)

Chevalley group over a field of pn elements.

Exercise: Deduce from Theorem L3 the nature of the truncations

for the various twisted groups.

Instead of proving the above results (see Nagoya Math. J 22
(1963)), which would take too long, we shall give an a priori

development, similar to the one of the last section.

We start with a group of twisted rank 1 (i.e. of type

17 2A2, 202, or 2G2, the degenerate cases A1(2), Al(B), e

not being excluded). The subscript o on Gy W

A
ees wWill
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henceforth be omitted. We write X, 7, w, K for Béa(a > 0, §€_a :
the nontrivial element of the Weyl group realized in G , and an
algebraically closed field of characteristic p . We observe that
U=X and U” =Y in the present case. In addition, X will

denote the sum of the elements of X in KG .

Definition: An element v in a KG-module V is said to be 1

highest weight vector if it is nonzero and satisfies

(a) xv=v forall xeU.
(b) hv =nA(h)v for all he H and some character A on H .
(c) Xwv = uv for some L e K .

The couple (An,s) is called the corresponding weight.

Remark: The refinement (c) of the usual definition is due to
C. W. Curtis (I11. J. Math. 7(1963) and J. fur Math. 219 (1965)).
That such a refinement is needed is already seen in the simplest

case G = SL,(p) . Here there are p representations realized on

| the spaces of homogeneous polynomials of degrees i =0,1, ..., p - 1,

with the highest weight in the usual sense being ikl . Since
the group H is cyclic of order p - 1 , the weights O and
(p - l)?nl are identical on H , hence do not distinguish the -

corresponding representations from each other.

Theorem 44: Let G (of rank 1) and the notations be as above.

(a) Every nonzero KG-module V contains a highest

weight vector v . For such a v we have KGv = KYv = KU v .
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(b) If V is irreducible, then it determines Kv as
the unique line of V fixed by U , hence it also determines the

corresponding highest weight.

(c) Two irreducible KG-modules are isomorphic if and only

if their highest weights are equal.
The proof depends on the following two lemmas.

Lemma 80: Let Y and K be as above, or, more generally, let Y

be any finite p-group and K any field of characteristic p .

(a) Every nonzero KY-module V contains nonzero vectors

invariant under Y .
(b) Every irreducible KY-module is trivial.

(c) Rad KY = {Sc(y)y | Scl(y) = 0} is the unique maximal

(one-sided or two-sided) ideal of KXY . It is nilpotent.
(d) KY is the unique minimal ideal of KY .

Proof: (a) By induction on |Y| . Assume |Y| > 1 . Since Y
is a p-group, it has a normal subgroup Yl of index p , and

the subspace Vl of invariants of Y, on V is nonzero by the

1
inductive assumption. Choose y e Y to generate Y/Yl , and
v in Vl and nonzero. Then (1 - y)p v =0 . Now choose r
maximal so that (1 - y)'v £ 0 . The resulting vector is fixed by

Y , whence (a).

(b) By (a).
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(c) By inspection Rad KY is an ideal, maximal because
its codimension in KY dis 1 . Bring the kernel of the trivial
representation, which is the only irreducible one by (b), it is the
unique maximal left ideal; and similarly for right ideals. On each
factor of a composition series for the left regular representation

of KY on itself Y acts trivially by (b), hence Rad KY acts

as O, so that Rad KY is nilpotent.

(d) By (b).
Lemma 81: For xe X -1, write wxw = f(x)h(x)wg(x) with

f(x), g(x) e X and h(x) € H.

(a) f and g are permutations of X - 1 .

=W + ¥ hx ) Xwg(x) .
XeX-1

(b)  (Xw)

Proof: (a) If f(x) =1, we get the contradiction xw e B ,

while if f(xq) = f(x) , we see that wixtxtw e B , S0 that
Xv =x . Similarly for g .
= 2 _ w2 -
(b)) (Xw) =Xw"” + ¥ Xf(x)h(x)wg(x) .

xeX-1

Here f(x) gets absorbed in X and h(x) normzlizes X , whence

(b).

Proof of Theorem 44: (a) By Lemma 80(b) the space of fixed

points of U =X on V is nonzero. Since H normalizes U and
is Abelian, that space contains a nonzero vector v such that (a)

and (b) of the definition of highest weight vector hold. Let
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Xwv = vy . If vy, =0, then (c) holds with x =0 . If not, we

replace v by v Then (a) and (b) of the definition still hold

l o
with wh in place of A , and by Lemma 81{b) so does (c) with

# =32N(h(x)) . Now to prove that KGv = KYv it is enough,

because of the decomposition G = YBuUwB , to prove that wv e KYv .

By the two parts of Lemma 81 we may write ZXwv = sxv , after some

simplification, in the form

() wr + 2 A(wht

*eX-1

w)y(x)v = pv

with y(x) =wxw ~ e Y , whence our assertion.

T 3
(b) Let V =Kv and V = Rad KY-v . Tt follows from
Lemma 80(c) that the sum V =V + V.  is direct. Now assume
there exists some v, € v, vy é v' , fixed by X . We may assume

that v, € V' and also that vy is an eigenvector for H since

H is Abelian. We have Xwv, =wYv, =0 ; since Y(l-y) =0 for

any v e Y . Thus vy is a highest weight vector. By (a),

¥ = Kle C KYV:g = Vﬁ , a contradiction, whence (b)

(c) By (b) an irreducible KG-module determines its highest

weight (N,z) wuniquely. Conversely, assume that V, and V

1 2
are irreducible KG-modules with highest weight vectors vy and

Vs of the same weight (A,x) . Set v = v, tv, e Vl 4 V2 and
then V = KGv = KYv . DNow Vs ¢ V , since otherwise we could write
V2 = cv+~v" with ¢ € K and v & Rad KY.v anca then projecting on Vl

and V2 get that ¢ =0 and c¢ =1 , a contradiction. Thus we
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may complete the proof as in the proof of Theorem 39{e).

Theorem 45: Let (MN,z) be the highest weight of an irreducible
KG-module V.

(a) If A 41, then % =0. If A =1, then £ =0

2
or - 1.
(b) Every weight as in (a) can be realized. Thus the

number of possibilities is |H| + 1.

Proof: (1) Proof of (b). In KG let H, = niﬂk(nwl)n’ then

i = XHXWX and v = XHK. As in the proof of Theorem hh(a), a
simple calculation yields Xw(u+cv) = o AMa(x)u + cinki.
Here H acts, from the left, accordingsggltne characters

wh,N,wAh on the respective terms. Thus if wA £ A, we may real-
ize the weight (A,0) Dby taking c¢ = 0. If wh =X, we take

¢ =~ IN(n(x)) instead. Finally if A = 1, then IA(h(x)) =- 1
and we get ¢ =~ 1 by taking c = O. To achieve (M,4) in an
irreducible module we simply take KG(u+cv) modulo a maximal
submodule.

(2) If dim V =1, then V 1is trivial and (N,2) = (1,0).
Since X and Y are p-groups, they act trivially by Lemma 80 (b),
whence (2).

(3) If dim V #1, then A determines . Write V = v+ v
as in the proof of Theorem 44 (b). We have V. £ 0. Since Y
fixes V' it fixes some line in it, uniquely determined in V,

by Theorem L4 (b) with Y in place of X. Since Y clearly

17
fixes wv, we conclude that wv € V. Projecting (%) of the proof
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of Theorem 44 (a) onto V‘, we get
(%) X k(whﬂlw) = 1,
whence (3).

(4) Proof of (a). Combine (1),(2) and (3).

CGorollaries to_ Theorems L4 and L5:
(a) If N 41, then I A(h(x)) = 0. The number of
xeX~1
solutions n(h) of h(x) =h with h given is, modulo p,
independent of h, 1in particular for each h 1is at least 1
(cf. Lemma 64, Step (1)).
(b) The irreducible representation of weilght (N, 2)  can

be realized in the left ideal generated by XH,wX + cXH, with

c =1 for the trivial representatidn (1,0)

Il

0O otherwise.

(c) If LCK is a splitting field for H, it is one

for G.
(d) Dim V = [X]| 1if (An,s) = (1,-1)
< |X] 4if not.
(e) The number of p-regular conjugacy classes of G 1is
|| + 1.

Proof: (a) If A 41, then x =0 by Theorenm 45(&); so that
A (h(x)) =0 by (¥%) above applied with A replaced by wA .
Then Zn(h)A(n) =0 for every N 4 1. By the orthogonality

relations for the characters on H (which are valid since p‘%lh]),
we conclude that n(n), as an element of K, is independent of h.
If n(h) were O for some h, we would get |H|=Zn(n)=0 (mod p),

a contradiction.
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(b) Let V be an irreducible module whose dual V*
has the highest welght (k,ﬂ). We consider, as in Theorem 40
the isomorphism @ of V* into the induced representation
space of functions a : G —> K such that a(yb)=a(y)\*(b)
for all y & G, b € B defined by (of)(x) = f(xvt) with vt
a highest weight vector for V. Using the decomposition
V = Kw"' + Rad KX-wvt, we may define 7 as in Lemma 73, prove
that it is a highest weight vector, and that at = ¢f+ 1s given
by the equations of Lemma 7L, with A* 1in place of A .

Coverting functions on G to elements of KG 1in the usual way,

a~Ta(x)x, we see that a* becomes the element of (b),

whence (b). At the same time we see that V may be realized

in the induced module Byx ~—> G, as the unique irreduclble
submodule in case A £ 1, as one of two in case A = 1.

(c) By (b).

(d) If % =0, then Xwv =0, whence ¥v =0 and
dim V < |X| by Theorem 44 (a). Conversely if dim V < x|,
then the annihilator of v in KY contains Y by Lemma 80(d),
so that u# = 0.

(e) By a classical theorem of Brauer and Nesbitt
(University of Toronto Studies, 1937) the number in question

equals the number of irreducible KG-modules, hence equals

|H] + 1 Dby Theorem 45(b).
Example: G = SLZ(q). Here |H| = q - 1, so that |H|+1=g.

Remarks. (a) e see that the extra condition Xv = 4V serves

two purposes. First it distinguishes the smallest module mJ(l,O)
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from the largest (1,~1). Secondly, in the proof of the key

relation KGv = KUv it takes the place of the density argument
(UB dense in ‘G) used in the infinite case.

(b) The preceding development applies to a wide class of
doubly transitive permutation groups (with B the stabilizer
of a point, H of.two points), since it depends only on the
facts that H is Abelian and has in B a normal complement U

which 1s a p—SleW'subgroup of G

Now we consider groups of arbitrary rank. W ( = WU) will
be given the structure of reflection group as in Theorem 32 with
/R (see p. 177), projected into Vs and scaled down to a set
of unit vectors, the corresponding root system. For each simple

root a, we write Y, for X _ and choose w, in <X, ,Y>

to represent w, in W. If we W 1is arbitrary, we choose a
minimal expression w = W W, e+ as a product of simple re-
flections, and set w = w_w, - . Then w 1is independent

of the minimal expression chosen. We postpone the proof of this
fact, which could (and probably should) have been given much
earlier, to the end of the section so as not to interrupt the

present development. As a consequence we haves:

Lemma 82: If w = wow, ... 1s any minimal expression, then
X, = X Wy X Wy .-
Proof: Since W = w,w, ... this easily follows by induction

on N(w) or by Appendix II.25.

We extend the earlier definition of highest welight vector




239

by the new requirement:

(c) Jiéﬁév = v (#, e K) for every simple root a.

Theorem 462 Let G be a (perhaps twisted) finite Chevalley

group (of arbitrary rank).

(a),(®),(c) Same as (al},(b),(c) of Theorem 4i.

(d) Let H, =HN <X_,Y >. If (7»-,/18) is the highest
welght of some irreducible module then =0 1if A|H § 14
end 2, =0 or -1 if 7\.]Ha = 1. |

(e) Every weight as in (a) can be realized on some

irreducible KG-module.

Proof: We shall prove this theorem in several steps.
(al) There exists in V a nonzero eigenvector v for B.

This is proved as in Theorem 44 (a).

(a2z) If v 1is as in (al), then so is vy o= iéwav

(a simple), unless it is O.

t
Proof: Let x be any element of U. Write x = X %Xg with

1 t
X_ € Xé and X, € Xa , the subgroup of elements of U whose X

a a

—_ i
components are 1. We recall that Xa and Wy normalize Xa

(see Appendix I.11). Thus xvy = X wv

= 1 vV =V.
X Wy vy, since U

Since H normalizes X, and is normalized by ﬁ%, we see that
vy isalso an eigenvector for H.
(a3) Choose v as in (al), then w e W so that N(w)

is maximal subject to vy = i&wv + 0. Then vy 1s a highest

welght vector.
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Proof: By Lemma 82 and (a2), v, 1is an eigenvector for B.
Let a be any simple root. If w ~a > 0, then N(WéW)==N(W)+ L
by Appendix II.19, so that iwawig— = Xawaxmﬁﬁ"by Lemma_82,

A8

and igﬁévl = 0 by the choice of w. If w a< 0, then we

may choose a minimal expression w = W Wy e starting with w_-
cl

Then
i;ﬁévl = (igﬁa)zigﬁ%... v by Lemma 82
= 1 Egﬁéiq)ﬁb ... Vv, with # e K by Lemma 81(b)
= 4V

By f{al) and (a3) we have the first statement in (a).

(al) KGv = KUv.

Proof: We have G = WbG-g:S# w UB by Theorem 4. Thus it is
enough to show each w fixes KUv, and for this we may assume
w =w,. with a simple. Assume y e U . Write y = y_.y_ as

above, but using negative roots instead. Then v, and Wé

-

[Ab]

] _ = ' - -
normalize Y, , so that w,yv=wWy_ y,ve U #y,v C KUv by
Theorem L4/ (a) applied to <X, ,Y > .

(b1) If V =V +V'  with V =Xv and V' = Rad KU v

as before, then V' is fixed by every iaﬁé .

1

Proof: Write vy = vy, Y, @as before.

Then X w.yv = £ yxlxwv with y(x) & U
a

o — it
Thus X w.(y-l)v = £_ (v(x)-llxw v eV .

(b2) Proof of (b). If this is false, there exists
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vy € v, vy 0, vy fixed by X. As usual we may choose vy

as an eilgenvector for H, and then by (bl) and (a3) also an

1

eigenvector for each X,W,. Then, as before, V = KGvy = KUvyC VvV,
a contradiction.

(c) Same proof as for Theorem L. (c).

(d) By Theorem 45(a) applied to < X, T, > .

(e) ILet © be the set of simple roots a such that #, =0,
and Wn the corresponding subgroup of W. The reader should have

no trouble in proving that the left ideal of KG generated by

L ﬁHNEGX i1s an irreducible KG- module whose highest weight
WEW%% w

is (K,#a)

Corollary: (a) A splitting field for H is also one for G.

(b) Let V be irreducible, of highest weight (N, ie) .

Then dim V = |U| if AN =1 and all sy = -=L.

< |U| if not

(c) TFor each set m of simple roots, let H,  be the
group generated by all Ha(a e n). Then the number of irreducible
KG-modules, or, equivalently, of p-regular conjugacy classes of
G is I |H/H, |

Proof: (a) . Clear.

i T =Y Ty =% % = C+
(b) Write Uw v = Xﬁbwbv = LW, %@ ... v , with
Wy = W W, --- as in Lemma 82, and then proceed as in the proof

of Cor. (d) to Theorens L4 and L5.
(c) The given sum counts the number of possible weights

(Ay££_) according to the set =n of simple roots a such that
3Fgy B
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ﬂa = =1 .

Exercise: If G 1s universal, the above number 1s

: | R - N
a simplse aléimple q(a), in the notation of Theorem
2,

L3. If in addition G 1is not twisted, then the number 1s g7 -

1l

(iHa]+ 1)

It remains to prove the following result used (inessentially)

in the proof of Lemma 82.

Lemma 83: (a) If we W, then any two minimal expressions for

q w as a product of simple reflections can be transformed 1into

each other by the relations

* e wn = con n terms on each side
(<) w w Wy Wy W Wy ( erms eac ,

n = order w,w, , with a and D distinct simple roots).
(=8

(b) Assume that for each simple root a the

corresponding element w, of G (any Chevalley group) 1s
chosen to lie in < X, ,X >, Let wo=w W, .- be a minimal
expression for w € W. Then W = ﬁ;ﬁ% ... 1is independent of the

minimal expression chosen.

1 Proof: (a) Tnis is a refinement of Appendix IV.38 since the

relations wé = 1 are not required. 1t 1Is an easy exerclse to
convert the proof of the latter result into a proof of the former,
which we shall leave to the reader.

(b) Because of (a) we only have to prove (o) when w
has the form of the two sides of (%). TFor this we can refer to
the proof of Lemma 56 since the extra restrictlions there, thatl

G is untwisted and that W, = w, (1) for each a, are nov
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essential for the proof.

Remark: It would be nice if someone could incorporate in the
elementary development just given the tensor product theorem
mentioned after Theorem L3 or at least a proof that every
irreducible K-module for G can be extended to the including
algebraic group, hence also to the other finite Chevalley groups

contained in the latter group.
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§14.' Representations concluded. Now we turn to the complex

representations of the groups just considered. Here the theory
is in poor shape. Only GL_ (Green, T.A.M.S. 1955) and a few
groups of low rank have been worked out completely, then only in
terms of the characters. Here we shall consider a few general

results which may lead to a general theory.

Henceforth K will denote the complex field. Given a
(one-dimensional) character A on a subgroup B of a group G,

realized on a space V,. , we shall write Vi for the induced

module for G. This may be defined by Vi = KG(ﬁkBVK (this

differs from our earlier version in that we have not switched to
a space of functions), and may be realized in KG in the left

ideal generated by Bk = k(bal)b (and will be used in this

b3
beB
form). Its dimension is |G/B].

Exercises: Check these assertions.

Lemma 84: Let B, C be subgroups of a finite group C, let

and let Vi ,VG be the correspond-

A, # be characters on B, C i

)
ing modules for G.

() If x e G, then B, x C, in KG 1is determined up
to multiplication by a nonzero scalar by the (B,C) double coset
to which x belongs.
G

G
(b) HomG(V V)

Ao g i1s 1somorphic as a K-space tTo0 the one

generated by all B, x C, -
(c) If B=C and N =g , then the isomorphism in (b)

1s one of algebras.
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i) is the number of

(B,C) double cosets D such that B, x e} 1 0 for some,

(d) The dimension of HomG(V% , v

hence for every x 1in D, or, equivalently, such that the

restrictions of A and x4 to Bn x Cx L are equal.

Proof: (a) This is clear.

5

G
(b) Assume T € HomG(Vk, [

. Since Bk generates V

L, 8. % G =
xeG/C X &
Since DB, = A(b)B, , we get by averaging over B that

as a KG- module, TB, determines T. Let TB, =

B, = c.By x C#. Thus T 1s realized on B,, hence on

XS%@/C
all of VY, by right multiplication by |B|™t £ cxBy X C, |
Conversely, any such right multiplication ylelds a homomorphism,
which proves (b).

(c) By discussion in (b).

(d) The first statement follows from (a) and (b).

1

-1 -
Let By = Bn x Cx and Cy =x "BxNGC, and f{y;} and {zj}

systems of representatives for Bl\ﬁS and C/Cl' Set

' Bi = 27»(y25yi and C; = Z;L(zgl)zj. Then
B, x C, = B;\'BlkBl’XﬂxC'; with (xg) (xex™ 1) = a(c)
since x leal =B, . If A $ x4 on By, then BllBl,x# = 0.
If N =x#4, this product is [By|By, , and then B, x C, + 0

since the elements yib1 X zj are all distinct.

Remarks: (a) This is a special case of a theorem of G. Mackey.
(See, e.g., Feit's notes.)

(b) The algebra of (c) 1is also called the commuting




4
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8
3
-
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algebra since it consists of all endomorphisms of Vﬁ that

commute with the action of G .

Theorem L7: Iet G be a (perhaps twisted) finite Chevalley group.

(a) If A 1is a character on H extended to B in the
usual way, then Vﬁ is irreducible if and only if WA 4+ A for
every w & W such that w + 1 .

(b) If A, 4 both satisfy the conditions of (a), then

Vg is lsomorphic to Vg if and only if N = wy¢ for some w & W.

Proof: (a) Vi 1s irreducible 1f and only if its commuting

algebra is one-dimensional (Schuris Lemma), i.e., by (c) and (d)
of Lemma 84, if and only if A and w\ agree on BN wagl,
hence on H, for exactly one we W, i.e. for only w = 1.

(b) Since Vﬁ and Vi are irreducible, they are iso-
morpnic if and only 1f dim Homy (VY Vo)

holds exactly when A = wu for some (hence for exactly one) w e W.

= 1, which, as above,

)

- G '
Exercise: (a) dim HomG(Vi, Vi) = |w | if N = wu for some w,

)72

O otherwise.

Il

(b) In Theorem 47 the conclusion in (b) holds even if

the condition in (a) doesn?’t.

Here W, 1s the stabilizer of A in W. We see, in
particular, that if A = 1 then the commuting algebra of Vi is

|W| - dimensional. But more is true.

- Theorem 485 Let V be the KG-module induced by the trivial

one-dimensional KB-module. Then the commuting algebra EndG(V)
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is isomorphic to the group algebra KW.

Reformulations s

(a) The multiplicities of the irreducible components of V
are just the degrees of the irreducible KW~ modules.

(b) The subalgebra, call it A, of KG spanned by the
double coset sums §Wiﬁ_ is isomorphic to KW.

(¢c) The algebra of functions f: G —> K biinvariant under
B (f(bxb‘) = f(x) for all b,bfa B) with convolution as multi-

plication is isomorphic to KW.

Proof: The theorem is equivalent to (a) by Schur's Lemma and to

(b) by Lemma &4, while (b) and (c) are clearly equivalent. We
shall give a proof of (b), due to J. Tits. w will denote the

average in KG of the elements of the double coset BWB. The

A
elements Q‘ form a basis of A and 1 is the unit element. If

a 1s a simple root, Cy wlill denote lXalﬂ1 5

(1) A 1is generated as an algebra by {%é] a simple}

subject to the relations

N P
(a) %i = cal + (luca)@é for all a.
VAN AN
(B) %é@bwa yuw = %bwawb = , as in Lemma 83(a).

Proof': We observe that if each Eo is replaced by 1 tThen these
relations go over into a defining set for KW, by Appendix 11.38.

S Sy = . M . T VR _R == R,
Since B U Bw X, 1s a group, we have (Bwaia) =rB + SBwéXa with
r,s € K. Since Bw X contalns with each of its elements 1ts
inverse, we get r = ]BwaXa], and then from the total coefficient

s = |Bw,X_ | - |B|. Thus (o) holds in A, and so does (B) by
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A

Lemma 25,Cor., which also shows that the w, generate A.

N
Conversely, let Al be the abstract associative algebra (with 1)

generated by symbols '%é subject to () and (B). For each

w € W choose a minimal expression w = W Wy «--. and set
A AN - -
W= WW e - By Lemma 83(a) and (B) this is independent of
the expression chosen. By (a) it follows that

A A AN . -1

w W = W, W if w ™ a>0,

~ A -1
= Ccow W o+ (l*'Ca)W' if w a< 0.

A
Thus the w form a basis for A, , which, having the same
dimension as A, 1is therefore isomorphic to it.

(2) There exists a positive number c¢ = c(G) such that

n
a . B - ; :
c, =¢ with n, a positive integer depending only on the type

A
of G. The multiplication table of A 1in terms of the basis fw}l

is given by polynomials in ¢ depending only on the type.

Proof: Consider 2A4(q2), for example. Here the two
possibilities for ]Xal are q2 and q3 by Lemma 63(c). If we
set ¢ = q“l , then the corresponding values of n, are 2 and 3?‘

which depend only on the type. For each of the other types the
verification is similar. From the first statement of (2) and the
equations of the proof of (1) the second statement follows.

(3) An associative algebra A  with multiplication table
given by the polynomials of (2) exists for every complex number cC.

In particular Ac(a) = A and Ay = KW .

Proof: Since the type of the group G contalns an infinite number
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of members, the multiplication table is assoclative for an
infinite set of values of ¢, hence for all values.
(L) A, is semisimple for c¢ = c(G), for ¢ =1, and

for all but a finite number of values of c.

Proof: A  1is for c = c(G) the commuting algebra of a
KG-module and for c¢ = 1 a group algebra KW, hence semisimple
in both cases. The discriminant of AC Iis a polynomial in c,
nonzero at ¢ =1 since then A, 1S semisimple, hence nonzero
for all but a finite number of values of c.

(5) Completion of proof. Since A 1is semisimple and K
is an algebraically closed field, A 1is a direct sum of complete
matric algebras, of certain degrees over K (see, e.g.,
Jacobson's Structure of Rings or Feit's notes), and similarly
for KW. We have to show that the degrees are the same in the
two cases. If { is any finite-dimensional associative algebra
which is separable, 1.e. which is semisimple when the base field
is extended to its algebraic closure, we define the numerical
invariants of ( to be the degrees of the resulting matric alge-
bras. The proof of Theorem 48 will be completed by the following

lemma.

Lemma 85: Let R be an integral domain, F its field of
quotients, and f a homomorphism of R onto a field K. Let
(L be a finite-dimensional associative algebra over R, and
d_ and (ZK the resulting algebras over F and K. If

F
QF and CZK are separable, then they have the same numerical
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invariants.

In fact, from (3) and the lemma with R=ZK[c], ad = A,

and first f : ¢—>c(G) and then f : ¢ —>1, it follows
that A and KW have the same numerical invariants, hence

that they are Isomorphic.

Proof of the lemma:

(a) Assume that (3 1is a finite-dimensional semisimple
associative algebra over an algebraically closed field L,

that b..b

b~ form a basis for (3/L, that KyyXyyeee,X

1> 2:"": 22

are independent indeterminates over L, that b =X x;b,, and

n

that P(t) 1is the characteristic polynomial of b acting from

p

), written as P(t) = T Py (t) :

i3
the left onh I L(Xl""’xn

with the Pi distinct monic polynomials irreducible over

L(xy,++-,x ). Then:

(al) The p; are the numerical invarilants of 63 .

(a2) p.

;= dgtP for each 1.

1.

5 .
(a3) If P(t) = TTQJ(C) is any factorization over
L(xl,...,xn) such that ay = dthj for each J, then it agrees
with the one above so that the qj are the numerical invariants

of 63 .

Proof: For (al) and (a2) we may assume that 3 1is the

complete matric algebra End 1’ and that b = Exﬁj Eij in

terms of the matric units Eij' If X = [Xij], then

P(t) = det(tI - X)P , so that we have to show that det(tI - X)

is irreducible over L(xij). This is so since speclalization to




251

the set of companion matrices e

yields the general equation
of degree p. In (a3) 1if some Qj were reducible or equal to
some QK with k + J, then any irreducible factor ‘Pi of Qj
would violate (a2).

(b) Let R" be the integral closure of R in F
(consisting of all elements satisfying monic polynomial equations
over R), and Xq,X,,-..,X, Indeterminates over F. Then

R¢[x1,...,xn] is the integral closure of R[xl,...,xn] in

Proof: See, e.g., Bourbaki, Commutative Algebra, Chapter Vs
Prop. 13.
(c) If R* is as in (b), then any homomorphism of R 1into

K can be extended to one of R® into K.

Proof': By Zornfs lemma this can be reduced to the case R*==R[a],

where if ié.élmost'immediate since K 1is algebraically closed.
(d) Completion of proof. Let f{a;} be a basis for d /R,
hence also formiQF/F? and {xi} independent indeterminates over
F and also over K. Thé“givenwnomomorgnism f ¢: R—>K defines
a homomorphism f 3 Cl'““§>aii' By (c) it éxfeﬁds'td'a homo~
morphism of R*' into K and then naturally to one of
R*[xl,...,xn] into K[xl,...,xn]. If a = Z:xiai and

P(t) = TT Pi(t) 1 is its characteristic polynomial, factored over

F(xl,...,xn) as before, then the coefficients of each P, are
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integral polynomials in 1ts roots, hence integral over the
coefficients of P, hence integral over R[xl,xz,.o.,xn],
hence belong to R*[xl,...,xn] by (b). Thus if f(a)= inf(aj),
then its character polynomlial has a corresponding faotoriZation

s -
Polt) = TTIEf(t) over K(xy,...,x ). By (al) the p; are
the numerical invariants of CZF’ and by (a2) they satisfy
p; = dg.P; = dg.P;p, SO that by (a3) with G = a.?- they are

also the numerical invariants of KZK, which proves the lemma.
1

Exercise: If A 1is a character on H extended to B 1in the

usual way, then EndG(Vi) 1s isomorphic to KW, . (Observe that

this result includes both Thecrem 47 and Theorem 48.)

Remark: Although A 1is isomorphic to KW there does not seem
to be any natural isomorphism and no one has succeeded in decom—
pnsing the module V of Theorem 48 into its irreducible com-
ponents, except for some groups of low rank. We may obtain some
partial results, in terms of characters, by inducing from the

parabolic subgroups and using the following simple facts.

Lemna 86: Let = be a set of simple roots, W, and G, the
corresponding subgroups of W and G (see Lemma 30), and Vg
and Vi the corresponding trivial modules induced to W and G}

and similarly for nl .

1)

(2) A system of representatives in W for the (W_,W ¢
double cosets becomes in G a system of representatives for
(Gn’Gn') double cosets.

) G G . W W
(b) dim Hom,(V2, V i) = dim Hom (V. , vot).
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Proof: ({a) Exercise.

(b) By Lemma 8&4(d) and (a).

i and similarly

Corollary 1: LetiX.i denote the character of V

for W. If {nn} is a set of integers such that 7(VV=§ZnH?:ﬁ is
an irreducible character of W, then = Er%gii is,up to sign,

one of G.

Proof: Let (7{,tP)G denote the average of XY over G. We have

G g VI

(7C7v7{%f)G = dim HomG(Vi, Vir), and similarly for W, Since Aﬁj

is irreducible, o ﬁtw).w = 1, it follows that (WG},?G})G = 1,
G

- so that i'Xm is irreducible, by the orthogonality relations for

finite group characters.

Remarks : (a) In a beautiful paper in Berliner Sitzungsberichte,
1900, Frobenius has constructed a complete set of irreducible

characters for the symmetric group Sn, i.e. the Weyl group of

type Anwl" as a set of integral combinations of the characters
’Kﬁ . Using his method and the preceding corollary one can de~

comgpose the character of V in Theorem 48 in case G 18 of type
L (See R. Steinberg T.A.M.S. 1951).

(b) The situation of (a) does not hold 1n general.
Consider, for example, the group W of type BZ’ i.e. the dihedral
group of order &. It has five irreducible modules (of dimensions

1,111,1,2) while there are only four Xl% 'S to work with.

(¢c) A result of a general nature is as follows.

Corollary 2: If the notation is as above and (~1)" is as in

TE«/LG
7T

Lemma 66(d), then 5 S 5feT) is an irreducible character
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~

of G and its degrece in | Ul.

Proof: Consider ’X_v = Z(-=l)n)ﬁi. By (8) on p. 142, extended to
twisted groups (check this uéing the hints given in the proof of
Lemma 66),'X:W = det, an irreducible character. Hence 3 e

is also one by Cor. 1 above. We have 7(G(1) = E(n1J7IlG/GnJ . If
C 1is untwisted and the base field has q elements, then by
Theorem 4 ' applied to G and to Gn this can be continued
Z(—l)nW(q)/Wn(q) -V - | U], as in (L) of the proof of Tneorem

26, If G 1is twisted, the proof is similar.

We continue with some remarks on the algebra A of Theorem

48(b).

Lemma 87: The homomorphisms of A onto K are given by:

f(ﬁa) =1 Bor -Cg for each simple root a, subject to the

A
condition that _f(wa) is constant on each W-orbit.

Proof: For a and Db simple, let n(a,b) denote the order of
W, Wy, in W. We claim that (%) a and b Dbelong to the same

W~orbit if and only if there exists a sequence of simple roots

a =ag,a),-++,8, = b such that n(a;,a; ;) 1s odd for every 1.
The equation <w W VA =1 with n odd can be rewritten to
ay"8s 41/
show that w, and Wy 7 are conjugate, so that if the sequence
i ik

exists then a and b are conjugate. If a and b are conjugate,
then so are w, and Wy and this remains true when we project

into the reflection group obtained by imposing on W tThe additional

5 _
relations: (wad) = 1 whenever n(c,d) is even. J1n this new

group  w, and  w, must belong to the same component, SO that the
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required sequence exists. By (%) the condition of the lemma holds
exactly when f(@a) = f(Qb) whenever n(a,b) is odd, 1i.e.

exactly when f preserves the relations (B) (of the proof of
Theorem 48). Since f(@é) =1 or =€, vexactly when f preserves

(a) (solve the quadratic), we have the lemma.

Remark: By finding the annihilator in A of the kernel of each of
the homomorphisms of Lemma 87, we get a one-dimensional ideal I 1in
A. This corresponds to an irreducible submodule of multiplicity 1
in V, realized in the left ideal KGI of KG. By working out the

corresponding idempotent, the degree of the submodule can be found.

A
Exercise: (a) If f(ﬁé) = 1 for all a, show that I==KZ<%VW
~ with q, = [Xw[, and that the corresponding KG-module is the
trivial one. (Hint: by writing W as a union of right cosets
A
relative to {1,w,} and writing (a) in the form (@a—J)(wa+ca) =0,

show that I is as indicated.)

(b) If ff@é) = -c, for all a, show that
I =KZ (det W)Q, and that in this case the dimension is |U |.
=1 2

(Hint: if e 1is the given sum and Cy = q show that e® =me

W ,
with m

Il

bH = J .
Le = |6/Bl/] U].) |

(¢c) For G = Bz(q) work out all (four) cases of Lemma
87, hence obtain the degrees of all (five) irreducible components
of V.

(d) Same for A2 and for G2

Remark: It can be shown that the module of (b) is isomorphic to

the one with character liG as in Lemma 86, Cor.2. If we reduce
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the element Z(det w)|U/X_ |B w 3’(@ (which is |B||]U| e) of I

- mod p, we see from the proof of Theorem L6(e} that the given

- module reduces to the one of that theorem for which A =1 and
every (U5 =-~L. This latter module can itself be shown to be
isomorphic to the one in Theorem 43 for which <A ,a > = gqa)—1
for every a. From these facts and Weylts formula the character
of the original module can be found up to sign and the result used
to prove that the number of p-elements (of order a power of p)
of G 1is ]U]2 . For the details see R. Steinberg, Endomorphisms

of linear algebraic groups, to appear.

Finally, we should mention that the algebra A admits an
involution given by %é ~«e>ln«ca'~ag for all a (which in case
¢, —> 1. and A —> KW reduces to w —> (det wlw).

The preceding discussion points up the following
Problem: Develop a representation theory for finite reflection
groups and use it to decompose the module V (or the algebra A)
of Theorem L8.

If is natural that in studying the complex representations of
G we have considered first those iInduced by characters on B since
for representations of characteristic p this leads to a complete
set. In characteristic 0O, however, this is not the case, as even
the simplest case G = SL2 shows. One must delve deeper. There-
fore, we shall consider representations of G induced by (one-
dimeﬁsional) characters A~ on U. We can not expect such a
representation ever to be i{ieducible since its degree |G/U| 1is

/2

too large (larger than |G|~ "), but what we shall show is that

if N 1is sufficiently general then at least i1t is multiplicity-free.
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In other words, EndG(Vg) is Abelian, hence a direct sum of fields.
(If N is not sufficiently general, we can expect the Weyl group

to play a role, as in Theorem 48.)
Before stating the theorem, we prove two lemmas.

Lemma 88: let k¥ Dbe a finite field and AN a nontrivial character

from the additive group of k into K . Then every character can

be written uniquely A, it —>MN(ct) for some c & k .

Proof: The map c-ﬂe>kb is a homomorphism of k into its dual,

and its kernel is clearly O.

Lemma 89: For w e W the following conditions are equivalent.

(2) If a and wa are positive roots znd one of them is
simple, then so is the other.

(b) If a is simple and wa 1s positive, then wa 1s
simple.

(c) w =wow, for some set =n of simple roots, with w, as

usual and w, The corresponding object of Wn .
There are 2& possibilities for w.

Proof: (c) = (a) Because w_ maps 7 onto -7m and (%) per-
mutes the positive roots with support not in = (same proof as
for Appendix I.11).

(a) = (b) Obvious.

(b) = (¢c) Let =m Dbe the set of simple roots kept positive,
hence simple, by w. We claim: (%) if a >0 and supp a g;n ,
then wa < 0. Write a =b + ¢ with supp b g:n, SuUpp ¢© ngT- Tie

Then wa = wb + wc. Here wc < O by the choice of =, and
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supp wc{i wn ) supp wb. Taus wa < 0. If a 1s a simple root
not in 7w then wwa <O by (& and (s}, while if a is
in 'n this holds by the definition of = . Thus WW = W, o,

whence (c).

Theorem 4,9: Let G be a finite, perhaps twisted, Chevalley group

and A : U ca K* a character such that KEXa + 1 1if a 1is simple,
=1 1f a 1s
positive but not simple. Then Vﬁ is multiplicity-free. 1In other
words, EndG(Vi) is Abelian, or,; equivalently, the subalgebra A
of KG spanned by the elements U, hwU, (h e H, w ¢ W) is Abelian.
Here U, = uéU%"gu“l}u , and we assume that the w are

chosen as in Lemma 83 (b).

Remarks: (a) If a s not simple, then usually X, g;blj, so

that the assumption kiXﬁ = 1 1is superfluous, but this is not.always

the case, e.g. for B, or ¥ with |kl =2 or for G, with
|[x| = 3. In these latter zrcups, there are other possibilities,

which because of their special nature will not be gone into here.

(b) The proof %c follow 1s suggested by that of Gelfand
and Graev, Doklady, 1963, who have given a proof for SLn and
announced the general result for the untwlisted groups. T. Yokonuma,
C. Rendues, Paris, 1967, has also glven a proof for these latter

groups, but his details arc unnecessarily complicated.

Proof of Theorem 49: The fact that A 1s Abelian will follow from

the existence of an (involutory} artiautomorphism f of G such

that
(a) fU = U.

{b ) I\nf = 7\. on 1‘-J-E
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(c) For each double coset UnU such that Uy nU, # 0, we

have fn =n (here neN =% Hw).

For'since f extended to KG and then restricted to A is an

antiautomorphism and at the same time the identity (by (a), (b),
(c)) it is clear that A 1is Abelian. The existence of f will
be proved in several steps.

(1) If UynU, +0 and ne HF , then w = w w, for some
set m of simple roots.
Proof: By Lemma 89 we need only prove that if a is simple and
wa positive then wa 1s simple. Writing the first Uy, above
with the Xwa component on the right, and the second with the X

= . .

component on the left, we get Xwa,l‘nxa,krl $ 0. Since A 1is

nontrivial on Xa it i1s also so on Xwa’ whence wa 1s simple

by the assumptions on A, which proves (1).

The condition in (1) essentially forces the correct

S

definition of f. We set a" =-w a . If a 1is simple, so is

a*. In order to simplify the discussion in one or two spots we
assume henceforth that G (i.e. 1its root system) is indecomposable.
If G 1s untwisted, we start with the graph automorphism correspond-

ing to * (see the Corollary on p. 156), compose 1t with the

% inversion x -€>x-1 , and finally with a diagonal autombrphism S0

| that the result f satisfies, not only fU = U but also Af =X\
on U. This is possible because of Lemma 89 and the assumptions
on A 1In the theorem. If G 1s twisted, then we may omit the
graph automorphism (because * is then the identity), and use
the explicit isomorphism Xa/lea = k of (2) of the proof of

Theorem 36 in combination with Lemma 89 to achieve the second
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condition. We see that
(2) £ is an involutory antiautomorphism which satisfies
the required conditions (a) and (b). We must prove that it
also satisfies (c). As consequences of the construction we néve:

(3) fh = WBYIWbl for every h € H.

b
A

(4) 1If

Il

a, then f is the identity on X /0%, .

Il

(5) 1If a’ a, tUhere exists a nontrivial element of Xa

fixed by f.

Proof: For X, of type A, this follows from (4). For X, of

type 2A2 we choose the element (t;u) of Lemma 63(c) with

t =2,u=2 1if p # 2; and t =0, u=1 if p =2, since

(t, ~tt%u) (check this, referring to the construction of
e

f£(t,u)
f). For types , and 2G2 we may choose (0,1) and (0,1,0)
since f 1is the identity on {(O,u)} and {{0,u,0) 1.

(6) The elements i% € G may be so chosen that:
(6a) fﬁé ='ﬁé* for every simple root a.
(6b) If a and b are simple and n & N 1is such that

nXanT“1 = X, and ktnxnwl) = Mx) for all x e X, ; then
— -1 —
nw,n " = W

Proof: Under the action of f and the inner automorphisms i,

by elements n as in (6éb) the Xa (a simple) form orbits.

Al
<

From each orbit we select an element L - If a =a, we
choose X, € Xa as in (5), write 1t as () Xg = XWX, with
X1,%, € X~a’ and choose Wy accordingly. Since f 1is an

antiautomorphism and fixes X__ , 1t also fixes W, by the
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uniqueness of the above form. If a* £ a, we choose x e X ,x, T 1,

a

arbitrarily. We then use the equations fﬁé = W x and iﬂﬁé = 3%
a

of (6a) and (6b) to extend the definition of W to the orbit of
a. We must show this can be done consistently, that we always
return to the same value. Let 81585, 053y be a sequence of

simple roots such that ay = a, =a and for each J eilther

aj+1 = a; or else there exists nj such that the assumptlons in

(6b) holds with

5585410 By in place of a,b,n. Let g denote
the product of the corresponding sequence of f's and 1p 's «
_ J
We must show that g fixes W, - We have gXa ='Xa, gX_a = X—a’

and in fact g acts on Xa/fTXé , identified with k, by
multiplication by a scalar c¢ as follows from the definition of
f and the usual formulas for 1,- Since Ag = A by the
cofresponding condition on f and each 1,, 1t follows from
Lemma 89 that ¢ = 1, so that g 1s the identity on Xa/iné'g
If 0 Xa =0, then g fixes the element X, above, hence also
a
If ITXa + 0, then G 1is twisted so that a* =a. If g 1is an
automorphism, then by the proof-of Theorem 36 from (5) on its
restriction to < ¥_,X__> 1s the identity so that it fixes W, o,
while if g dis an antiautomorphism then by the same result its

restriction coincides with that of f so that 1t fixes w, by

the choice of ﬁé .

Remark: If G is untwisted, the above proof is quite simple.

We assume henceforth that the —ﬁ; are as in (6).

(7) If W=wyw, ... as in Lemma 83(b) and w*= wowflwgl

W. by (%), whether g 1s an automorphism or an antiautomorphism.

bl
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then fw=w*.

o W is also.

W,
b

Lo

a”
(Check this.) Since f 1s an antiautomorphism 1t follows from

Proof: Since w,wy --- is minimal, ...

(6&) tnat fﬁ= ¢ o o VV\WJ,’—‘---W\-,W =—"\'/—\T>:<.

b’ a2 b “~ a <

(8) If w 1s ag in (1) then fw = Ww.

Proof: wF =w in this case (see (7)).

(9) If n is as in (1) then fn = n.

Proof: By (1), n e wH with w = w_w, - Assume a € T .
Then wa 1is simple and A(nx L) = A(x) for all x e X,
by the inequality in the proof of (1). Thus nﬁan_l =W,
by (6éb) , from which we get, on pilcking a minimal éxpression
. sk w -1 = W . 31

for w_ , that (%) nw N = W Since

N(w) = N(wyw ) = N(w,) - N(w_), 1t follows that if we put to-

gether minimal expresslons for w and W, Wwe will get one for

w, . Thus w, = wiw Dby Lemma 83 (b), and similarly WO:VJTL>"<W,
so that (k) Tvv‘\r‘n‘v‘ral = Wn* . If now we write n = wh , then
h commutes with 'ﬁn by (%) and (sek) . Hence
fn = fh.-fw since f 1s an antiautomorphism

= “OmTf(; w by (3) and (8)

= ”'nnv—v;l since W, = Ww,

= wh since h commutes with w_

Thus f satisfies condition (c) and the proof of Theorem L9

is complete.
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Exercise: (a) Prove that if [w,} 1s as in (6) and w as in
(1), then U, wU, % O.
(b) Deduce that if H_~ denotes the kernel of the setl
of simple roots = then the dimension of A, hence the number of

.

irreducible components of Vi , in Tneorem 49 is Z[H_|

Remark: The natural group for the preceding theorem seems to be
the adjoint group extended by the diagonal automorphisms, a group
of the same order as the universal group, but with something extra

s 1
at the top instead of at the bottom. For this group, G prove

3

that the dimension above is Jjust ][(lHa]+-l) = [[q(a) in the
notation of the exercise just before Lemma 83. Prove also that in

this case Vi isvindependent of N .

Remark: The problem now is to decompose the algebra A of Theorem
49 into its simple (one—dimensional) components. If this were done,
it would be a major step towards a representation theory for G.

As far as we know this has been done only for the group -Al (see
Gelfand and Graev, Doklady, 1962). It would not, however, be the
complete story. For not every irreducible G-module 1s contalned
in one induced by a character on U, 1i.e., Dby Frobenius re-
ciprocity, contains a one-dimensional U-module, as the followlng,

our final, example, due to M. Kneser, shows (although 1t is for

some types of groups such as An).

As remarked earlier, reduction mod 3 yields an isomorphism
of the subgroup Wt of elements of determinant 1 of the Weyl

group W of type Eg onto the group G = 805(3), the adjoint
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group of type 82(3). If we reverse this isomorphism and extend
the scalars we obtain a representation of G on a complex space
V. The assertion is that U, 1i.e. a 3-Sylow subgroup of G,

fixes no line of V. Consider the following diagram.

This is the Dynkin diagram of Eé with the lowest root a7 adjoined
(a7 is the unique root in - D (see Appendix II1.33), unique

because all roots are conjugate 1n the present case. It 1s
// .

—

_—"connected as shown because of symmetry and the fact that each
proper subdiagram must represent a finite reflection group.) We

: ! : - -
choose as a basis for V the a s with a, omltted, a union

3
of three bases of mutually orthogonal planes. Wy W, acts as a
rotation of 120° 1in the plane <al,aé> and as the identity in

the other two planes, and similarly for WLWS and W6W7 . 10B
group W also contains an element permuting the three planes
cyclically as shown, because of the conjugacy of simple systems
and the uniqueness of lowest roots, and the four elements generate
a 3-subgroup of wt . It is now a simple matter to prove that

this subgroup fixes no line of V.
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APPENDIX ON FINITE REFLECTION GROUPS

The results (and some of the terminology in what follows)
are motivated by the theory of semisimple Lie algebras, but no -

kmowledge of this theory is assumed. The main results are starred.

I Preliminaries

V will be a finite-dimensional real or rational Euclidean
space. By a reflection (on V) is meant a reflection in some
nyperplane H. If a is a nongero vector orthogonal to H, the

reflection, denoted o, » 1s given by
(1) o,p = ,P~2(f>,a)/(a,q).a (pev)_.,

We observe that o 1s an automorphism of V, of order 2.
A useful fact is:
1

(2) If w is an automorphism of V, then wo&w’ =0 q °

To prove this, apply both sides to p &V, then use (1)

and the invariance of ( , ) under w.

% will denote a finite set of nonzero elements of V such
that
(3) aEZ = -cE X and ka@d T if k== + 1.
() o€ = o =1=.
The elements of T will be called roots, and W will denote the

group generated by all o (a € ).

(5) Lemma. The restriction of W to I is faithful.
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For, each w& W fixes pointwise the orthogonal complement
of X,
(6) Gor. W is finite.
(7) Examples. (a) If ¥ 1is the root system of a semisimple
Iie algebra over the complex field, then W 1is the corresponding
Weyl group. (b) If W is any finite group generated by reflections,
e.g. the group of symmetries of g regular solid, I may be taken
as the set of unit normals to the hyperplanes in which reflections

of W take place.

(8) Definitions. A subset of roots is called a positive system

1f 1t consists of the roots which are positive relative to some
ordering of V. (Recall that this involves the specification of
a subset V' of V which is closed under addition and under
multiplication by positive scalars and satisfies trichotomy.) A

subset of roots, say T, 1is a simple system if (a) 7T 'is a

linearly independemt set, and (b) every root is a linear
combination of the elements of 1] in which all nonzero coefficients

are elther all positive or all negative.

(9) Proposition. (a) Each simple system is contained in a unique

positive system. (b) Each positive system contains a unique

simple system.

If TT is a simple system; then clearly the "all positive"
roots in (8b) form the unique positive system containing TT ,
whence (a). Now let P be any positive system. Let T[] be

a subset of P which generates P under positive linear
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combinations and is minimal relative to this property. Then
() a, BE ], a 8 => (c,p) < 0 . Assume not, so that
d&ﬁ =B -~ ce with ¢ > 0, Assume OdB & P, so that

o B = ZCYY (v e 1T, cy >0) . If ¢, < 1, the last equation,
written suitably, expresses B as a positive combination of the

other elements of TT , a contradiction to the minimality of TT 5
while if Cqy > 1, it expresses 0O as a positive combination

of elements of TT‘, hence of P , equally a contradiction.
Similarly - ¢ 8 € P leads to a contradiction, whence (%) .

Now a linear relation on TT may be written ¥ a o = ¥ bgB

with the two sums over disjoint parts of T[] and ac,,b8 > 0 .

Writing this as P = o and using (*), we get (&€ =(L,0) <0,

whence (7 = 0 and then every &, = O because the a's are
all positive. Similarly every bB = 0 , Thus 'TT is
independent, is a simple system. From the definition of

a simple system any simple system contained in P consists

of those elements of P which are not positive combinations of
others, hence is uniquely determined by P .

(10) Lemma. Let TT be a simple system and P the positive
system containing . (a) e, g€ T, « + 8 => (c,B) £ 0 .

(b) € € P => there exists a € TT so that (¢ ,a) > 0 .

For (b) write € = fc,alc € TTch > 0) as in (8b), and

then use 0 < ((>,€) ==Eca( ©,a)

%(11) Main lemma. Let || , P be as in (10) and o € TT . Then

oo = - 0 and %(P\&)::P\\a

Pick €€ P \\a, P = ZCBB (cB >0 3; B € TT) . By (3) some
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CB >0 (B 4% a). Application of Oy does not- change this cg -
Hence o ¢ &P\ .
(12) Theorem. Any two simple (or positive) systems are conjugate

under W.

By (9) we need only consider two positive systems, say F

. If n=20

and P' . We use induction on n = |[PN(=-P " ,
P =P . Assume n > 0. Then there is a root a simple
relative to P such that a &P N (- P). By (ll),

lo P O (-P’)[ = n-1, whence |PN- o p' { = n-1 . By the
inductive assumption o‘OLPY is conjugate to P 3 hence so 1s

P,

Henceforth TT, P will be as in (10) and fixed.

(13) Definition. If P &L , P = Z'E_caa as in (8b), then
Q€T .

Lc, 1s called the height of © and written bt F .
e.g. o & T=> ht a = 1.

(1) Lemma. Let W, D& une arrnp generated by {O-ala ETl-

If p € P, the minimum value of ht on the set W pPrv= << 1 |
and is taken on only on WOP(\'\T.
Let Pt be a minimum point and assume, if possible, that

'

;0' ¢ T . By (10b) there is a & T so that (@ ,a) >0,
' 1

whence by (1) nt o Pt < nt P' and by (11) o, p >0, a

1
contradiction to the choice of e

(15) Corollary. (a) If p &P ,F & T, then nt P> 1.

(b) W TT =Z. 1i.e. Every root f is conjugate under W, to &
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simple root.

By (lh); (a) is clear and so 1s (b} if § > 0. If P < O,
then - P > 0, whence -— f =wa (wE& W, a & T7), so that
f = (wo&)a.

(16) Theorem. W is generated by {G&]a € 1T} i-e. W =W, in. (14).

If P is a root we have P =wa (W& W, a ETT), by
(15b), whence o = wcawﬁl (see (2)), an element of W, . Hence

WCWw, and W=1W, .

IT The function N

(17) Definition. For w & W, N(w) will denote the number of

roots P such that f >0 and wp < O. In other words,
NGw) = [PN wi(-P)]|.

e.g. N(1) =0, N(o) =1 if o &T7, DY (11).

(18) Lemma. wEW => NG 1) = N(w.

Prove this.

(19) Lemma. Assume w@E W, a €77 -
(a) If wle >0, then N(ow) = N(w)+1.

(a') IF Wal

a < 0, then N(Gaw) = N(w) - 1.
(b) If wa > O, then N(woh) = N(w) + 1.
(b') If wa< 0, then N(wo) = N(w)- 1.

Let S(w) =P N W"l(— P). Then S(oaw) =

a « S(w),.
whence f(a). To get (a,) replace w by ow 1in (a), and to

get (b) and (b') replace w by w T and use (18).
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(20) Problem. (a)’ N(ww ) < N(w) + N(w ) and N(ww') =
N(w) + N(w') mod 2. (b) det w = -V W ew.

(21) Lemma Assume W = WyW,e:-W (w ay eTm). If

.= T
n i a.’?
1.

N(w) < n, then for some 1,J (151373 n-1), we have:

(a) oy =Wy qWy oWyl
(b) Wi 114 Wy+l T Wy ey

rt i -
(c) W =Ww, «er oo eeeWp with w; and wy. missing.

By (19b) and N(w) < n, WqWoe e oW a. - < 0O for some

c < n-1. i -

j<n-1 Since Qy.y > 0, we have wy{w;, q wJa,+1)<.O and
Wi+l"‘wjaj+l > 0 for some 1 < J, whence Wy qee-Wy0s,7 = ay
by (11), which is (a). Using (2) with W = Wy 3e+-Wy and

a =a we get (b), and then replacing the left side of (b)

j+l°
by the right side in the product for w and using w§ =1, we

get (c).

Problem. Prove, conversely, that (a), (b) or (c) implies

N(w) < n.

(22) Cor. If wE& W, then N(w) is the number of terms in a
minimal expression of w as a product of reflections correspond-

ing to simple roots.

Let W = WyWye+ Wy be a minimal expression. By (19)

((a) or (b)), N(w) < n, andDy (2]¢)., N(w) = n.

(23) Theorem. For w & W, if wP=P or wlf =TI or N(w) = 0O,

then w = 1l.

The three assumptions are clearly equivalent. Now N(w) =
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implies that the minimal expression of w 1in (252) is empts"r,l
whence w = l.
(24) Theorem. W is simply transitive on the positive systems,
and also on the simple systems.

By (12) and (23).

(25) Problem. (a) For w& W, choose a minimal expression as

in (22), w = WyW, e e e Wy (w; =0y , 05 € T1) (so that n = N(wl,
i
and set P, = WyW,...W;_;0; - Prove that p;(1<1<n) isa

complete list of all roots [ such that § >0 and w"1 £ < 0.
(b) Since -P 1is a positive system, there exists by (24) a
unique w, & W such that W P ==P. Write w, = WyW,-.-Wy

(n = N(w,) = |P|) as above. Prove that (1515 n) is

a complete list of all positive roots. (Hint: (19), (21)).

ITI A fundamental domain for W.

(26) Definition. D will denote the region {pE& V(e ,a) 20,0 TT1,

Thus D is a closed convex cone, and if T[T spans V 1t is even
a simplicial cone with vertex at O.

(27) Lemma. Every £ & V 1s conjugate to some f’ & D, 1in
fact to some f" in D such that ?' - £ 1s a nonnegative

combination of the elements of TT -

Let S Dbe this set of nonnegative combinations (in other
words, the dual cone of D). We introduce a partial order in V

by the definition ¥ 7;, 3" 1if and only if & =& ' ~ S. Among

. ? 1
the conjugates £ of f under W such that §£ 7/)@, we
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pick one which is maximal relative to this partial order.

Then a € T => o P 3P => (P ,a) 20 (by (1)), whence

F? €D and (27) follows. |

(28) Theorem. Assume w& W, PEV, £ not orthogonal to any

root, and wpP = . Then w = 1. (Restatement: w ¢ 1,wP=p=> P

is orthogonal to some root. )

By (27) we may assume P € D. For a &P, (wa,f)
= (a,wflfD) = (a,P) > 0. Hence wa &P, for all ag P,
so that wP = P. Then w =1 by (23).
(29) Cor. If £ €V 1is not orthogonal to any root, its
conjugates under W are ali distinct. (And conversely, of
course. )
(30) Cor. The only reflections in W are those in hypefplanes

orthogonal to roots, i.e. those of the form 6?((3 « 2.

et u be any reflection in a hyperplane H not
orthogonal to any root. The roots being finite in number,
there exists f & H, p not orthogonal to any root. Then
utl,up =pP=>udw, by (28).
(31) Problem. Let S be a set of roots such that {o& |a & S
generates W. Prove that every root is conjugate, under W,
to some a = S, and every reflection in W <To some Ga(a € S).
(32) Lemma. Assume 'f>,o‘E:D, wEW, wp =0 . Then (a) w
is a product of simple reflections (i.e relative to simple roots)

fixing £ . (b) P =0 .

For (a) we use induction on N(w). If N(w) =0, then
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w=1 by (23). Assume N(w) > 0. Pick a & T[] so that
wa < O, Then O 2> (oywa) =(f ,a) 2 0, whence (f,a) =0
and o £ = f . Since (woy)f =o, "and N(wo,) = N(w) -1
by (19b’), the inductive assumption applied to woy yields (a).
Clearly (a) implies (b).
(33) Theorem. D is a fundamental domain for W on V. In other
words, each element of V 1s conjugate to exactly one element
of D.

By (27) and (32b).
(34) Problem. If P € D and w& W, show that P -~wp 1is
a nonnegative combination of positive roots.

(35) Restatement. The reflecting hyperplanes (those orthogonal

to roots) partition V into closed chambers, each of which 1s a
fundamental domain for W. For a given chamber, the roots normal
to the walls and inwardly directed form a simple system, and each
simple system 1s obtained in this way. Prove these assertions

and also that the angle between two walls of a chamber is always

a submultiple of = .

(36) Theorem. If S 1is any subset of V, the subgroup of W

which fixes S pointwise is a reflection group. In other words,
every w & W which fixes S pointwise is a product of reflections

which also do.

Remark. (36) 1s an extension of (28). Verify this.

For the proof of (36) we may assume that S 1s indepedent,

hence finite, and using inductlon, reduce to the case where S




re

has a single element, say f>, which may be taken in D by
(27). Then (32a) with o = { yields our result.

(37) Problem. For each subset T of T1 let W(TT’) denote the
group generated by {o |a Efo }. Prove that W(TT'ONTT ) =
W(TT ) Y w(r ).

IV Generators and relations for W.

* (38) TIheorem. For o, €717 , let nf(a,p) denote the order
of oop in W. (So n(a,a) =1, while n(a,B) > 1 1if a + 8.)
Then the group W 1s defined by the generators {6& | o €17 1
subject to the relations {éﬂacs)n(a’B) =1| a,pETT . In
other words, the given elements generate W and the given

relations imply all others in W.

By (16) the given elements generate W. Suppose the

=1 (w; = cai, oy € T1) holds in W.

We will show it is a formal consequence of the given relations,

relation (%) WW, e« o W,
by induction on r. By (20b) or by (L9) r 1is even, say

r =2s. If s =0 there is nothing to show.: Suppose s > O.
We start with the observation:

(0) (%) 1is equivalent to w; Wy, 5***W wlwz.-.w-==l(l§:i§‘r).

Case 1. Suppose 0 + WoWye e e WOy - We have

N(wlwz...ws+l) = N(WZSWZS_l...WS+2) < s+1, by (19a).

Hence by (21) we have (2la) and (21b) for some I,J such ek

1<1i< j<s. Since 1,J = 1,s is excluded in the present case,
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both sides of (21b) have length < s. By our inductive
assumption we may replace the left side of (21b) by the right
side in (*); T 'w? is then replaced by 1, the inductive
assumption can be applied to the resulting relation to complete
the proof, in the present case.
Case 2. Suppose ay 4 0y (If s =1, this case doesn't occur.)

By the first case we may assume By wsz...w and then

_ s¥s+1
by (0) also Gy = WaWp e oW 1000 whence

(%) w2w3..} S+1 = Wl e Wg o by ().

If (%%) is substituted into (%), we can shorten (%), as above.
Thus we are reduced to showing that (#%%) 1s a consequence of the

original relations in (38), i.e. that
WBYZWB';' s+le+2Ws+l"'WL

B + &7 T W Waee W 0 19 o WE 856 back in Case 1. - -

= 1 1is. Since

Because of (0) above the only case that remains iss:

Case 3. Suppose ey = a3 = a5 = L .» and a2 = ah - a6 = e
K S = i f —— =
Then (%) has the form (OBGB) 1 with o =oay, B =a, .

Here s must be a multiple of =nf{a,B), the order of 7,9 ,

n(a,B)

so that (%) 1is a consequence of the relation (G&Oé) = 1.
(39) Examples. (a) W_= SnQ The symmetric group of degree n
acts on an n-dimensional space by permuting the coordinates

relative to an orthomormal basis a& (1 s n). The trans-

position (ij) corresponds to the reflection in the hyperplane

orthogonal to &, - €ﬁ . We may take I = {g;-¢ i4 j}, and

” .

relative to a lexicographic ordering , Il= {si—-%i+ll 1<i<n-1}-.
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Thus S, 1s generated by the transpositions wy; = (1 i+1)
2

(L< 1< n-1) subject to the relations wy = 1, (Wiwi+l)3 =Z,

and (wiwj)‘3=1 if |i=3]>1. (o) W.=0ct . The .

octahedral group includes sign changes as well as permutations

of the coordinates, so has order znn t . Here we may take

Y o= §
[ ey

So, comparing with (a), we have one more generator W, and n

£ 85, % e, 1143} and W = {8~ 8-i+1,8n]l§-i-<- n-11.

. 2 _ Lo _ 2 - . : -
more relations wj =1, (w_yw)¥ = 1, (wyw ) =1 1if isn-2.
We observe that Sn and Octn are the groups of symmetries of
the regular simplex and the regular cube.

(40) Problem. Prove that W 1s defined by the generators

{ow| @ € =] subject to the relations

(4) feP=1laEz}, (B) {O‘GOEU;I=U&:]Q,BEE,?5=%B}‘
(Hint. Using (15b) and (16) show that the group so defined 1s
generated by {0, |a & 771 as a consequence of (B), and then
using (21) show that any nontrivial relation wyW,...W, = 1
(w, =0y , 0y €7T) which holds in W can be shortened as a
conseque;ce of (&) and (B).)

(V) Appendix.

We consider some refinements 1n our results which occur
in the crystalographic case, when 2(a,p) / (B,B) is an integer
for all a,B & ¥, which we henceforth assume. ‘(This case
occurs when we have root syster. of iie algebras.)

(L1) Refinement of (8), In the present case, all coefficients
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in (8b) are integers.

Prove this, by induction on nt (pe =) (see (13)).

(4,2) Cor. nt f IS always an integer.

(43) Problem. Under the assumptlons of (34), assume also

that (2 f, a)/ (@,e) 1is an integer for every o & TT. Show

that f - w§p 1s & nonnegative integral combination of the

elements of TT -

(44) Problem. If @ and B are roots, o +-p and (a,B) < O,

prove that o + g is a root. (Hint ¢ prove that o * B equals

o B or ogo )




