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2.3 Centre of Mass

Centre of Mass
If you support a body at its centre of mass (in a uniform gravitational
field) it balances perfectly. That’s the definition of the centre of mass
of the body.
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2.3 Centre of Mass

If you support a body at its centre of mass (in a uniform gravitational
field) it balances perfectly. That’s the definition of the centre of mass
of the body.
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If the body consists of a finite number of masses m1, · · · , mn attached
to an infinitely strong, weightless (idealized) rod with mass number i
attached at position xi, then the center of mass is at the (weighted)
average value of x:

x̄ =

∑n
i=1 mixi∑n

i=1 mi

The denominator m =
∑n

i=1 mi is the total mass of the body.
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2.3 Centre of Mass

An idealized (weightless, unbending) rod has small masses attached
to it at the following locations:
I 1 kg at x = 1 metre from the left end
I 4 kg at x = 3 metres from the left end
I 2 kg at x = 6 metres from the left end
I 1 kg at x = 7 metres from the left end
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What is the location of its centre of mass?
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2.3 Centre of Mass

We can also group the masses, and treat them as single points of mass
at their centres of gravity, without affecting the centre of gravity of
the entire object.
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Centre of mass: Centre of mass:
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2.3 Centre of Mass

Sometimes we can simplify a physical calculation by treating an
object as a point particle located at its centre of mass.
When we were learning about work, we found the following:

A cable dangles in a hole. The
cable is 10 metres long, and has a
mass of 5 kg. Its density is
constant. We found that the work
required to pull the cable out of
the hole was

25g J

where g is the acceleration due to
gravity.
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2.3 Centre of Mass

Consider a metre-long rod that is denser on one end than the other,
with density

ρ(x) = (2x + 1)
kg
m

at a position x metres from its left end.

0 1

What is its centre of mass?
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2.3 Centre of Mass

If a body consists of mass distributed continuously along a straight
line, say with mass density ρ(x)kg/m and with x running from a to b,
rather than consisting of a finite number of point masses, the formula
for the center of mass becomes

x̄ =

∫ b
a x ρ(x) dx∫ b

a ρ(x) dx

x x + dxa b

Think of ρ(x) dx as the mass of the “almost point particle” between x
and x + dx.
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2.3 Centre of Mass

Centre of Mass
If you support a body at its centre of mass (in a uniform gravitational
field) it balances perfectly. That’s the definition of the center of mass
of the body.

Centre of mass isn’t just for linear solids: it applies to 2- and
3-dimensional objects as well.
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2.3 Centre of Mass

Consider a flat metal plate of uniform density, whose shape is the area
below curve y = T(x) and above curve y = B(x), from x = a to x = b.

x

y B(x)

T(x)

a b

dx

If ρ is the density of the
plate, so that a slice of
width dx and height
h = T(x) − B(x) has mass
ρ h dx = ρ

(
T(x) − B(x)

)
dx,

then:

x̄ =

∫ b
a ρ(T(x) − B(x)) · x dx∫ b

a ρ(T(x) − B(x)) dx

=

∫ b
a (T(x) − B(x)) · x dx∫ b

a (T(x) − B(x)) dx

The centre of mass will be a point in the xy-plane, (x̄, ȳ).
To find x̄ and ȳ, we will treat vertical slices as point particles.
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2.3 Centre of Mass

To find ȳ, note that the y-coordinate of the centre of mass of a slice
that is almost a rectangle, and has uniform density, will be halfway
up the slice, at T(x)+B(x)

2 .

x

y B(x)

T(x)

a b
dx

T(x)+B(x)
2

ȳ =

∫ b
a

(
T(x)+B(x)

2

)
· ρ(T(x) − B(x)) dx∫ b

a ρ(T(x) − B(x)) dx

=
1
2

∫ b
a (T2(x) − B2(x)) dx∫ b
a (T(x) − B(x)) dx
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2.3 Centre of Mass

To find ȳ, note that the y-coordinate of the centre of mass of a slice
that is almost a rectangle, and has uniform density, will be halfway
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ȳ =

∫ b
a

(
T(x)+B(x)

2

)
· ρ(T(x) − B(x)) dx∫ b

a ρ(T(x) − B(x)) dx

=
1
2

∫ b
a (T2(x) − B2(x)) dx∫ b
a (T(x) − B(x)) dx

13/15



2.3 Centre of Mass

Find the centre of mass (centroid) of the quarter circular unit disk
x ≥ 0, y ≥ 0, x2 + y2 ≤ 1.

x

y
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2.3 Centre of Mass

Find the centre of mass (centroid) of a plate of uniform density in the
shape of the finite area enclosed by the functions y = T(x) = 2 − x
and y = B(x) = x2.

x

y
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Included Work

balancing by Olena Panasovska is licensed under CC BY 3.0 (accessed 10 January
2023), 9

kettle bell by Made is licensed under CC BY 3.0 (accessed 10 January 2023), 2–5
pull by Pavel N is licensed under CC BY 3.0 (accessed 10 January 2023, modified), 6

https://thenounproject.com/icon/balancing-1825102/
https://thenounproject.com/zzyzz/
https://creativecommons.org/licenses/by/3.0/
https://thenounproject.com/icon/kettle-bell-3811181/
https://thenounproject.com/elki/
https://creativecommons.org/licenses/by/3.0/
https://thenounproject.com/icon/pull-23535/
https://thenounproject.com/pavel.nikandrov/
https://creativecommons.org/licenses/by/3.0/
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