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TOPIC 33—INJECTIONS, SURJECTIONS AND BIJECTIONS
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INJECTIONS, SURJECTIONS AND
BIJECTIONS



INJECTIONS — DIFFERENT MAPS TO DIFFERENT

DEFINITION:
Let f : A — Bbe afunction.

The function fis injective when foralla;,as € A

(a1 # a2) = f(a1) # f(a2)

Equivalently (by the contrapositive)

fla1) = flaz) = a1 = a

Injections are also called one-to-one functions.

Note: if f is injective then foreveryb € B, |f 1 ({b})| < 1.
This is consistent with | A| < | B]



INJECTION EXAMPLE

PROPOSITION:
The function f : R — R defined by f(z) = 7x — 3 is injective

Use f(a1) = f(a2) = a1 = ao to prove — equalities easier than inequalities.
PROOF.
Let z, z € R and assume that f(z) = f(z). Then we know that

x—3=7z—3
Tx =171z
Tr =2z

and hence the function is injective.



SURJECTIONS — EVERYTHING IS MAPPED TO BY SOMETHING

DEFINITION:
Let g : A — B be afunction.

The function g is surjective when

Vb € B,da € As.t.g(a) =0

Surjections are also called onto functions.

Note: if g is surjective then for every b € B, |g 1 ({b})| > 1.
This is consistent with |A| > | B|



SURJECTION EXAMPLE

PROPOSITION:
The function f : R — R defined by f(x) = 7x — 3 is surjective

Giveny € R, we need tofind z € R so that f(z) = y:

y=17r—3 SO y+3="Tx SO r =

PROOF.

y+3

Lety € R andsetz = — € R. Then

+ 3
7

fle)=Te—3="7-7 3—y+3—3—y

as required. Hence the function is surjective.



A NON-EXAMPLE

PROPOSITION:

The function f : R — R defined by f(x) = x? is neither injective nor surjective.

not injective = dxj,x9 € As.t. (x1 # x2) A (f(z1) = f(x2))
not surjective = db € Bs.t. Va € A, f(a) # b

PROOF.

We prove each claim in turn.

e Nowletx =1,z = —1. Thensince f(z) = 1 = f(z), the function is not an injection.

o Lety = —1.Foranyz € R weknow f(z) = 2 > 0, sothereisnoz € R sothat f(z) = y. So fis nota
surjection.



BIJECTIONS — INJECTIVE AND SURJECTIVE

DEFINITION:

Let h : A — B be afunction. The function h is bijective when it is both injective and surjective.

Bijections are also called one-to-one correspondences.

Note: if h is bijective then

e since h is injective we know that foreveryb € B, |h~1({b})| < 1
e since h is surjective we know that forevery b € B, |h~1({d})| > 1

and so foreveryb € B, |h 1 ({b})| = 1.
This is consistent with |A| = | B]
From work above f : R — R defined by f(x) = Tx — 3 is bijective.



Consider the 4 functions

Then

ANOTHER z? EXAMPLE

f:R—NR

g:R — |0, 00)
h:0,00) = R
p:[0,00) — [0, 00)

e fisneitherinjective nor surjective

e gissurjective but not injective
e hisinjective but not surjective
e pisboth injective and surjective
Let's prove the last one carefully.



INJECTIVE AND SURJECTIVE

2

p:]0,00) — [0,00) with p(x) = x* is injective and surjective

43{0]0]

We prove each in turn.

e Injection: Let z, z € [0, 00) with p(z) = p(z). Then we know that z* = 2% and hence z =
x,z > 0 we must have £ = z as required.
e Surjection: Lety > O and thensetx = ,/y. Sincey > 0, we know thatz € R. Then

p(z) =2 = (\y)° =y

z. But since



