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TOPIC 35—INVERSE FUNCTIONS

Demirbas & Rechnitzer



INVERSE FUNCTIONS



INVERSES AND ONE-SIDED INVERSES

DEFINITION:
let f : A — Bandg: B — A befunctions.

e fgo f =14 thenwesaythat gis a left-inverse of f.
e Similarly, if f o g = ip then we say that g is a right-inverse of f.
e If gisboth aleft-inverse and right-inverse, then we call it an inverse of f.

Note that one can prove that if an inverse exists, then itis ungiue.

So we can say the inverse and denote it f L.



LEFT- BUT NOT RIGHT-INVERSE

Consider the functions f, g defined below

«

| 1o

1@ ‘

<,

Notice that g(f(1)) = 1and g(f(2)) = 2so0 gis a left-inverse of f.
Then f(g(4)) = 4, f(g(5)) = 5 but f(g(6)) =5 # 6 so gis notaright-inverse of f.

The non-injectiveness of g is to blame.

A similar example gives a right-inverse thatis not a left-inverse (non-surjectiveness is to blame)



EXISTENCE OF ONE-SIDED INVERSES

LEMMA:
Let f : A — B be afunction. Then

e fhasa left-inverse iff fisinjective.
e fhasaright-inverseiff fis surjective.

The proofs of these statements make very good exercises. We'll do the forward implications.



ONE SIDED INVERSE

If f has a left-inverse then it is injective

PROOF.
Assume that f has a left-inverse g, so that g( f(z)) = .

Now let a1, as € A sothat f(a1) = f(az2). Then we know that g( f(a1)) = g(f(az2)). Butsince gis a left-
inverse,a; = g(f(a1)) = g(f(az)) = as. Thus fis injective.

If f has a right-inverse then it is surjective

PROOF.

Assume that f has aright-inverse g, so that f(g(y)) = v.
Letb € B andseta = g(b). Then f(a) = f(g(b)) = b, since gis a right-inverse. Thus f is surjective.



JOINING INVERSES

LEMMA:
Let f : A — B have a left-inverse g and a right-inverse h. Then g = h.

PROOF.
Let f, g and h be as stated. Thusgo f =14 and fo h = 1. Then

g=goip=go(foh)
= (go f)oh assoc of compositions
:iAOhZ h

as required.



EXISTENCE OF INVERSE

THEOREM:

Let f : A — B. Then f hasaninverseiff f is bijective. Further, that inverse, if it exists, is unique.
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e Assume that f has aninverse g. Then g is both a left-inverse and a right-inverse. Lemma: since f has a
left-inverse, f is injective, and then since f has a right-inverse, f is surjective. Hence f is bijective.

e Now assume that f is bijective. Lemma: since f is injective, it has a left inverse, and since f is surjective,
it has a right inverse. Lemma: those one-sided inverses are the same function, g. Hence g is an inverse of

f

e Finally, assume that g, h are inverses of f,theng=go (foh) = (go f) o h = h. Thus the inverse
function is unique.



EXAMPLE

PROPOSITION:

The function f : R — R, f(x) = 7z — 3 is bijective and so has an inverse.

PROOF.
Previously we showed that f is injective and surjective, and so is bijective. Hence its inverse exists.
In this case we can find the inverse explicitly: f ! : R — R defined by f1(y) = ﬁ

Since the function is bijective, enough to prove this is a left-inverse

(7 —3)+3

(Flof@) =1 (e—3) =" =g

as required.



