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IN this paper we determine the mod (2) cohomology of the sporadic simple group M,,
a group first described by E. Mathieu [10] in 1873. It is a group of rank four at p = 2, and of
order 443,520 = 273257 11.

Our approach is to first determine the image of the restriction map from H*(M,,; F,) to
the cohomology of its conjugacy classes of extremal 2-elementary subgroups. By a theorem
due to Quillen and Venkov [2] this determines the cohomology up to nilpotence. Although
for many groups this is actually an injection, for M,, there is a non-trivial kernel (the
radical), denoted Rad(M,,). We explicitly determine this ideal, which fits into an exact
sequence

0—- Rad(M,;)—» H¥(My,;F,)> M -0

where # is the image above. Of course, even though we determine .# essentially completely
as a ring, there is an extension problem in determining the ring structure of H*(M,,; F,)
from the exact sequence, and we will see that the sequence is non-split.

Our techniques are, in fact, sufficient to determine the extension data completely, but
they require a precise description of 5 classes in .# which would require a considerable
amount of computer time to obtain so we leave the description slightly incomplete,
determining all of the elements in H*(M ,,; F,), most of the cup product information, and
most of the action of the Steenrod algebra.

The 2-local structure of M,, is well understood. There are three conjugacy classes of
extremal 2-elementary subgroups, V, =~ W, = (Z/2)* and V; = (Z/2)?, each self-centralizing
in M,,. Their normalizers are semi-direct products G, = V,: o, G, = W,: &5 and
G, = V3: GL4(F;) and we obtain the diagram of subgroups contained in M,,:

V4:M6 Va: &y . W4:9’5

G,AG™_ UTy2) G,nG, (%)

Vi: GL3(F3)

where GiNG, =V S0, GinGy=V3: Fu, GonGy=V3: %, and G,NnG, NGy =
UT,4(2), the subgroup of upper triangular matrices in L,(2).

This diagram corresponds exactly to a sporadic geometry obtained by Ronan and Smith
[13] to which the local methods of Webb [17] can be applied (see [14]). Hence in principle

1 Partially supported by grants from the NSF (both authors) and by an NSF Young Investigator Award
(first author).
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we could obtain H*(M,,; F,) from the cohomologies of the G,'s and their various intersec-
tions. However, it turns out that it is at least as hard to obtain the cohomology of these
groups as it is to get the cohomology directly, and it is difficult to obtain the explicit ring
structure from this. For these reasons we apply more classical (and direct) methods in this
paper. 4

Recall that if we have a triple of groups H C K CG, then H is weakly closed in K if every
subgroup of K which is conjugate to H in G is already conjugate to H in K. When H is
p-clementary and K contains a Sylow p-subgroup of G then the Cardenas—Kuhn theorem
[2, 7], asserts that

im(res*: H*(G; F,) > H*(H; [))
= im(res*: H*(K; F,) > H*(H; F,)) n H*(H; F,)¥ <
where Wi(H) = Ng(H)/Cg(H) is the Weyl group of H in G. One of our critical facts is the

following theorem

THEOREM 2.8: Each of the extremal subgroups V,,W,, Vs, is weakly closed in
Syl,(M3,)CM,;,.

Therefore, to understand the quotient H*(M,,; F;)/Rad it is necessary to first under-
stand H*(Syl,(M,,); F,), the image of
(‘B,‘ res* . H*(Sylz(Mzz), [Fz) - H*( V4, [}:2) (‘B H*(W4, [FZ) @ H*( VS’ []:2)

and the invariants under the action of (s, %5, L3(2)) on the three summands.
The structure of H*(Syl,(M,,); F,) was announced in [1] but the details of the proof
were deferred to the present paper. The Dickson algebra

Fa[x1,xz, x3]® = F,[dy, de, d7],

is well known. Here d,, is the Dickson element, the symmetric sum Sx{ + Sx7x} + Sx?x;x,,
Sq*(ds)=ds, Sq'(d¢)=d;, and Sq*(d¢)=d,ds. As a consequence Sq*(d;)=
Sq*Sq'(d¢) = Sq' Sq*(de) = d4d- since Sq*Sq> = Sq*Sq' + Sq'Sq* and Sq>(d¢) = 0. The
&g invariant subring is determined in [3] as

Fala, b, c,d]™ = Fy[W3, ys, ds, d121(1, y9, bys, vobys)

where w; is the symmetric sum Sx7x;, as the x;, x; run over a, b, c and d. Also, y5 = Sq2(w,),
vo = Sq*(ys), dy, = Sq*(dg) and dg is the Dickson element, the symmetric sum
SxP + Sxixt + SxPx}xi + Sxix;xgxi + (x1x3X3x4)>. We should notice here that
Sq*(ys) = w3 and Sq’(yo) = y2. Finally, the &5 invariant subring is determined in [1], but
in a form not well adapted to our needs here. Consequently we discuss the ring further in
Section 5 and we obtain

Fala, b, c,d]”> = Fy[ W3, vs, ds, d12](1, 16, ng, Yo, P10, 12, X12, X14, X155 X165 X185 X24)

where Sq2(ng) = ng, $q*(ng) = nyo, 12 = n2, x;, = Sq*(ng) and x,, = ngng. Moreover, in
the invariant subring

5q'(ne) = 0

Sq'(ng) = Wyne

Sq* (n10) = Wing + ysne
5q'(x12) = Wanyo + ysns

Sq'(x14) = W3ng.
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Consequently, Sq*(W3Xx;; + 7sny0) = y3ns. The exact structure of the elements
X1s, X16, X158 and X,4 are not known to us currently, but could be determined by extending
the analysis of (5.1).

The image of restriction in each of H*(V,; F,), H*(W,; F,} is the entire invariant
subring while the image in H*(V3; F,)is F,[d3, ds, d7](1, d4ds, d4d-). Thus, to describe the
image of H*(M,,; F,) in the direct sum H*(V,; F,) @ H*(W,; F,) ® H*(V;; F,) we need
to describe the multiple image classes, i.. those classes which have non-trivial image in
more than one of the three rings. It turns out that they are generated by (w;, w;, 0),
0,n¢,ds), (0,ny9,d,dg) together with the polynomial ring [F,[dg,d,,], where
dg+>(dg,ds, d2), dy;—(dy5,dy,,dE). In fact the above completely describes the multiple
image classes when we note that (w3, 0, 0), (75, 0, 0) and (0, 0, d,) are also in the restriction
image. It is important to notice also that the multiple image property changes the Sq!
operation on the elements which restrict, respectively, to (0,n4,ds) and (0,n,4,d4d¢), s0 in
H*(M,,; F,) we have Sq'(ng) = (0,0, d,) while Sq'(n,o) = (0, Wyng + yshe, dsd;).

In summary, we can describe the non-nilpotent part of H*(M,,; [F,) as the direct sum

H*(V4; Fy)% @ H¥ (W4, Fo)* @ dsFyldy, de, ds]

where the two copies of F,{dg, d;>](1, ws) in the first two rings are identified. The key
technical step in this determination, after we have proved (2.8), is to show that (b; 5, 0, 0)is in
the image of the restriction map from H*(M,,; [F,).

Finally, the radical is discussed at the end of Section 5 and shown to have the form

Folds,di21(az,a7,a11,a14)

where the mod4 Bockstein B,(a,) = w3, while some higher Bockstein of a; is dg, and
a higher Bockstein of a;; is d,. There are further higher Bocksteins which we do not
completely understand at this time, but aside from that our results give a complete
determination of H*(M,,; F,), though there does remain an extension problem for deter-
mining the ring structure.

This extension problem can be handled in the following way. It turns out, (Proposition
5.4 in the text), that the restriction map H*(M,,; F,) — H*(Syl,(L;(4)); F,) is injective on
the radical. Here L;(4) = M,, and H*(Syl,(L3(4)); F») is completely determined in [1].
Thus, we can use the results there to completely determine the structure of the extension
data. In particular, we have the following representations for a-, a,, and a4 from [1, p. 197,
line 57]:

a,=FA*0 + AF*w = AF (Av + Fw)
= a,ys(1)
ayy = FA’wW? + AF 0?2 = JF (AW? + Fv?)
= azye(1)
14 = AFV3 + BEW?

= 75(1)79(2)

and this last relation shows the extension is non-trivial. By a similar calculation we also
have

75(1)ys(2) = ayds

and we check that

75(1)ng = 0.
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This gives all the extension information in dimensions less than about 16 and if our
understanding of b,s, X5, X14,X1s and x4 were better we could complete the determina-
tion of the extension data, but, as the results above show, the extension data is highly
non-trivial.

Remark. In our original discussion we neglected to discuss the nature of the extension,
and we thank the referee for energetically pointing this oversight out to us.

Remark. Since H*(M,,; F,) is not Cohen—-Macaulay the Poincaré series, expressed as
a rational function, gives us very little insight into the structure of the cohomology groups.
Hence we have chosen to omit it from our paper.

It is worthwhile to note that M,, can be expressed as a quotient of the direct limit I of
the triangle of subgroups (), also known as the amaigamated free product of G,, G,, G
along their intersections. Shpectorov [15] has in fact proved that this is a group isomor-
phism. From this and our previous work [4], it turns out that all the Mathieu groups we
have analyzed (M;;,M,,,M,;,M,,) are quotients of amalgamated free products (of
proper subgroups) which are cohomologous to them at p = 2. This appears to be a phenom-
enon which has interesting geometric consequences.

Another interesting consequence of the calculation presented here is the very recent
determination of the mod 2 cohomology of the next Mathieu group, M,;, by Milgram.
Remarkably the classifying space of this finite group turns out to be homologicaily
4-connected, thus disproving a conjecture due to Giffen.

Coefficients in [, are assumed throughout, so they will be suppressed. We would like to
thank Smith for useful comments and Ivanov for kindly pointing out Shpectorov’s result to
us.

1. M,, AND ITS SUBGROUPS

M,, is one of the Mathieu groups, a sporadic simple group of order
443,520 = 27325711, It can be given as the subgroup of %, generated by the permuta-
tions.

X =(1234567891011)(1213141516 171819202121 22)
Y=(1453)(281076)(12151620 14)(131921 18 17)
Z = (1122)(8 14)(4539)(13 18 17 19)(2 16 10 15)(720 6 12).

We will be interested in Syl,(M,;) and in certain subgroups which contain Syl,(M,).
Syl,{M,,) has center Z/2 and is given as a central extension

Zj2 — Syl (M33)— UT4(2)

where UT,(2) is the Sylow 2-subgroup of L,4(2) = o/. In Section 4, where we determine
H*(Syl,(M,,)), we will also make extensive use of two index 2 subgroups of Syl,(M,,)
which are also isomorphic to UT,4(2). In particular, there are also two representations of
Syl,(M,,) as semi-direct products UT,(2): 2.

But now we describe the normalizers of the 2-elementaries, four of which contain
Syl,(M ;). Recall that there is an isomorphism % = Sp,(F,), hence of; = Sp,(F,) acts via
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this inclusion on ¥V, = (Z,)* Let G, denote the corresponding semi-direct product
Gl = V4: MG-

Similarly we have an isomorphism /5 =~ SL,(F,), which induces an .«/s-action on V,
(regarded as (F,)?) that extends uniquely to an & action on W, via the action of the group
Gal(F,/F,) =~ Z/2 on the coefficients of the matrices. Let G, denote the corresponding
semi-direct product

G2 = W41<75.

Janko [6] has shown that there are exactly two elementary abelian 2-subgroups of rank 4 in
Syl,(M32), V4 and W, that Ny, (V) = Gy, Ny,,(Ws) = G,, and both are maximal in
M,,. Furthermore, representative subgroups G; and G, may be chosen so that

GG, =V, .

There is a second &, Co. (If the first is ((12)(56),(123),(12)(34)> then the second is
{(12)(34),(135)(246),{13)(24)>.) The resulting extension V,:.%, is the centralizer of an
involution in M,,, [6].

There is another extremal subgroup of interest to us, the semi-direct product

G = V3: GL;3(F»)

where V3 = (Z,)? represents a maximal elementary abelian subgroup in M,,, with nor-
malizer G;. We can choose G5 so that

Glf'\G3;V3:y4
G20G3gV3:y4
GlﬂG20G3=V32D8

where the %,’s are distinct parabolics in GL3(F,), with intersection Dsg.

There are two further classes of 2%’s in M,,, one in V, and one in W,. Indeed, the
actions of &/ and %5 are both transitive on the 2*’s in V, and W,.

Finally, there are four classes of 22’s in M ,,. s/ acting on V, gives two non-conjugate
2%s, V, and V; o in V,, while &5 acting on W, gives three non-conjugate 2*’s in W,. The
classes of 22’s in W, are distinguished by the determinant of a basis as an element in the
orbit set F,/Gal(F,/F,). Specifically, start with a basis of F3 over [F,, then representatives
for the classes are the [F,-vector spaces, {e;,{se;» with determinant 0, {e;.e,) with
determinant 1, and <{e,, {3e; ) with determinant {;. The intersection of V3 with W, is a copy
of 22 with determinant 1, while V, o = W4~ V, has determinant 0. To see that these groups
are distinct we check in (2.11) that they have distinct centralizers: C(V,,) = V4: Z/3,
C(V3.0) = Syly(L3(4)), C(Va,) = W41 Z)2, C(V,,) = W,. However, for all four we ‘have
N(2%)/C(2?) = L,(2) = &5. The following is a picture of the containments for the four
classes of 2%’s.

Va W, Vs
NN (L1
Vas Vao Vag Vo

There is a double coset decomposition

M22=G1LJGIUGlLJGlWGl (12)
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where ve G,, but w¢ G,. In addition G, nwG,w ™! = & is normalized by w, so that the

action restricts to one of the 2-Sylow subgroups of < as a non-trivial outer automorphism.
These details of the structure of the decomposition were determined by Overton using a Sun
3/280 computer. However, it follows that this automorphism cannot introduce any non-
trivial fusion among the 2%’s, and it cannot even introduce any non-trivial stability
condition on cohomology since the Weyl group of each of the 2%’s is a copy of L,(2).

Identifying subgroups conjugate in M,,, we can describe G,, G,, G3 and their intersec-
tions by the diagram

Gl G)f\Gz G2

G,NG, NGy

Gy NGy G, Gy (1.3)

Gs

It is perhaps worthwhile to point out that some of these subgroups occur in a rather
special way as automorphisms of compact complex surfaces. In fact Mukai [11] has shown
that G, "G, =V,: %, and H = V,: o/ occur as maximal symplectic automorphism
groups of a K3 surface. For the first group the associated K3 surface § g P? is given by the
equation X* + Y* + Z* 4+ T* = (; for the second group it is given by the equation
X*+ Y*+ Z* + T* + 12X YZT = 0. In addition, he proves that Syl,(M,,) is the unique
symplectic automorphism group of a K3 surface of order 27, and the largest 2-group which
occurs in this way. Aside from providing a concrete description of these groups, these results
indicate that they contain geometric information which may be reflected in their cohomol-

ogy.

2. THE SYLOW SUBGROUP OF M,

The 2-Sylow subgroup of M, is especially interesting as it is also the Sylow subgroup of
three other simple groups, two of which are sporadic, U4(3), M3, ML, and it is closely
connected to the Lyons group, Syl,(Ly) = Syl,(M,,):2.

We pointed out in Section 1 that Syl,(M,,) can be given as an extension

1> UT,(2) = Syl,(M3;)—> Z/2- 1
and as a central extension
15 2Z/2 - Syl,(M3;)—= UT4(2)— 1.

We make these extensions explicit now and use them, together with results from [1], where
we studied yet a third extension

1 - Syl,(L3(4)) = Syl;(M33)—> Z/2~ 1

to determine H*(Syl,(M,,)) in (4.1).

The group UT,(2) = V, x;(Z/2)* has index two in Syl,(M,) and is also the quotient of
Syl,(M,,) by its center Z/2. UT,4(2) is generated by the six elements 4, B, C, D, « and B, each
of order two where (A4, B,C,D) = V, and {«, B> = (Z/2)>. Moreover, the action of « and



THE COHOMOLOGY OF THE MATHIEU GROUP M;, 395

B on ¥V, can be described via the diagram

!

O e O

2.1)

53
o

L d
B
where o acts to exchange the rows while f acts to exchange the columns. The symmetry
between row and column results in the existence of an outer automorphism, ¢, of UT,(2)
given as ¢:u« f. A B, while ¢ fixes B and C.
From this point of view we can think of Syl,(M,,) as the semi-direct product

(2):2 = (UT4(2), E>

where E interchanges «, 8, but E(4) = BCD, E(B) = ABD, E(C) = ACD and E(D) = ABC.

The center of UT,(2) is Z/2 = { ABCD ), and, since E also fixes this subgroup, it is the

center of Sylz(M 22) as well, Consequently, as indicated, Syl,(M,,) can be described as
PRy N\ .A-..c.ﬁ,-“;_,\“

ol - ~ w4 le
a centrai CAlCllblUll L U 1 4\1.), WllClC, lll l,llC LluUllClll Uy \ADLU /s t ne iaentiiication witn

UT,(2) is given by the correspondence

ABx o ACR
4 1 !
s o B 22)
E

It follows that ¢ on the quotient above lifts to an automorphism of Syl,(M,,) which we
again denote by ¢,
p:AeE
R
B+ ABu

s0 ¢(B) = Eaf, ¢(C) = EBCufy, (D) = EAD. In particular, the image ¢(UT,(2)) is a sec-
ond copy of UT,(2) contained in Syl,(M,,),

E « EBCaf
a 1 7
Eoaf EAD
ABux

(2.3)

Thus we have constructed two distinct copies of the elementary two group 2* contained in
Syl,(M1,). Moreover, from [6], these are the only copies of 2* contained in Syl,(M3,).

Remark 2.4. This outer automorphism, ¢, is used to construct the 2-Sylow subgroup of
the sporadic group Ly.

M,, = L,(4) and Syl,(L3(4):2,) = Syl,(M,,), where 2, is the automorphism induced
by the non-trivial element in the group Gal(F,/F;). An embedding

<E9 aﬁ’ A’ Ba ADs BC>CL3(4)
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is given by
1 ¢ 0 1 220 1 0 ¢
A~ 0 1 0}, B—{ 0 1 0]}, AD—| 0 1 0
0 0 1 0 0 1 0 01
1 0 ¢2 1 00 1 0 0O
BC—|0 1 0}, af—| 0 1 1], E—l 0 1 2
0 0 1 0 01 0 0 1

and o 2,. Under this isomorphism one of the elements of order three, 7, in the intersection
Ny, (Va) A Ny, (W) = Vit

corresponds to the matrix

¢ o
01 0
01 ¢!
so it acts on Syl,(L3(4)) via the rule 1(af) = aBE, 1(A) = B, 1(B) = AB, 1(AD) = ABCD,
1(BC) = AD and ata = 1~ %,

We define 6 elementary 2-subgroups in UT,(2) as follows:

# = {o,B,ABCD)
# = (ABx, ACB, ABCD
W,={a,AB,CD)
W, = (B, AD,BC)
W;s = (B, AC,BD)
V=1{(A,B,C,D)>. (2.5)

One can think of these groups as inverse images in UT,(2) from the quotient UT,(2)
obtained by factoring out the center, since they all contain the center. In this way # and
4 arise from the two rows while the group ¥ comes from A and the product of the two rows,
and the Wy come from the two columns and their product. In particular, since both rows
and columns are in the intersection of U7 ,(2) and ¢(UT,4(2)) it follows that the W, and the
%, 4 groups are contained in this intersection, but since ¢ interchanges rows and columns,
their roles are interchanged.

The group & contains two conjugacy classes of elements of order three, one of which
acts without fixed vectors on ¥, and the other of which has a (Z/2)? fixed space. We already
determined the action of t on Syl,(L3(4)). The action of an element in the other conjugacy
class, T, on UT,(2) is given by T(«) = B, T(B) = «f, and

T(A)=B, T{B)=C, T(C)=A4, T{D)=D

while ETE = T~ . Clearly T cyclically permutes the three groups W, , Wj and W, in (2.5),
while it normalizes # and V. Again 1T = T?t and {1, T) > %,.
Incidentally, there is only one conjugacy class of involutions in M,, and

<UT4(2)9 71,E> = V4:y4

is the centralizer of ABCD in M,,, [6]. It corresponds to the second conjugacy class
¥, C.os, and is not isomorphic to G; N G,.
We now identify a representative of the extremal 23, V5, with {a, 8, ABCD >.
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ProPOSITION 2.6. Each of the groups Wo, W,s, Wy in (2.5) is contained in a 2°CM,,.

Proof. W,3C{E,af,AD,BC) and the element T described before (2.6) is contained in
V:aolgCM,,. But T acts transitively on the three groups W,. [ |

Next we have the following lemma.

LemMma 2.7. If L = Syl,(M,,) is conjugate to V3 in My, then L = {a,,ABCD) or
{aAB,BAC,ABCD and both groups are already conjugate in Syl,(M,,).

Proof. L £ V,, so the projection n: V,: Dg — Dg, when restricted to L, has image either
a copy of Z/2 = Dg, or one of the two (Z/2)*’s in Dg,{a, B> or {E,af).

There are five copies of Z/2 in Dg, {a), {(af>, {B>, {E) and {Eaf). Suppose that
n(L) = o). Then there is an element fxe L with HeV,. Since (x)? = 1 we have that
0 commutes with «. Hence 8 {AB,CD) and L = W, which is impossible by the previous
result. Similar arguments work for (#> and <af). If n(L)=<E) then 6EeL and
0e{AD,BC). 1t follows that LC<{E,af,AD,BC). A similar argument works if
(L) = (Eaf).

Suppose n(L) = {E,af>. Again it follows that LC{E,af, AD, BC), so the only case
which remains is n(L)= {a, ). In this case fx and tf are contained in L with
0e{AB,CD)», 1e{AC,BD). The element common to these groups is ABCD, so, since
LnV,=12/2, it follows that ABCDe L. Thus, we can assume that § = AB or 6= 1.
Suppose that § = 1. Then, tf and « commute so T = 1,and L = #. If § = AB then a similar
check shows that 1 = AC so L = A% A. ]

COROLLARY 2.8. Each of the three extremal elementary two groups V4, Wy, Vs is weakly
closed in Syl,(M ;) in M,,.

Proof. We know that Syl,(M,,) only contains the two copies of 2%, V, and W,.
Moreover, they are not conjugate in M,, since they have non-isomorphic normalizers
there. Thus they are weakly closed in Syl,(M,,), and the result above shows that V; = & is
also weakly closed in Syl,(M,,). ]

The core of the structure of M,, comes from the amalgamation

Vardls o o Wai¥s

Vi: %y
where the group V,: %, = G, " G,. Let M = W,:(&3 xZ/2)CW,: &5 be the subgroup

'/”z <W4,T’a’}'>

where Ae W,: &5 is represented by the matrix

O - O
o O =
-0 O

# is not conjugate to any subgroup of V,: o/ though Syl,(.#) is conjugate to the second
UT,(2)CSyl(M3,), {W,,0,ABD. Set /" = M NGy nG, = W,:%;. Then we have the
following lemma.
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LEmMMA 2.9. Let e H*(G, n G;). Then O eim(res*: H¥(W,: %5)— H*(Gy n G,)) if and
only if res*(0)e H*(A") .

Proof. There are two double cosets of G; N G, in W,: &5, corresponding to the double
cosets of £, in 5. In particular, for the non-trivial double coset G; N G,AG; N G, we have
A2 =1and AG; N G,A(\ Gy N G, = W,: &3, with A commuting with &;. Thus, an element
in H*(G; n G,) is stable if and only if the condition of (2.9) is satisfied. [ |

LeMMa 2.10. An element 6 € H*(G N G,) is in the image of restriction from H*(V,: o) if
and only if

(a) the restriction of 6 to H*(V,) is contained in H*(V,)* and
(b) the restriction of 8 to H*(UT4(2)) is contained in H*(UT,(2))T°.

Proof. Once more we look at the double coset decomposition of V,: o in terms of
G, n G,. As in (2.9) this is determined by the decomposition of &7 in terms of the copy of
Sy = {(12)(56), (123), (13)(24) > C ;. Thus there are three double cosets

Va:sdls = Gy 0 G, U Gy G,(456)Gy A G, Li Gy 1 G,(35)(46)Gy A G,.

Moreover, G; " G, ﬂ (456)G, N G,(654) = (V,,(123)), so the constraint due to this
double coset is subsumed in the assumption that the restriction of 6 is contained in
H*(V,)*. Finally G, 0 G, (}(35)(46)G, " G,(35)(46) = UT,(2) and UT,(2) together with
(35)(46) are both contained in (UT,(2), E, T), the centralizer of (ABCD) in M,,. |

We next note the following lemma.

Lemma 2.11. Ler 6e H*(Svl,(M,,)), then 0 is in the image of restriction from
H*(GynG,) if and only if the restriction of 6 to H*(Syl,(L3(4))) is contained in
H*(Syl,(L3(4)))". (This is again an easy exercise with double cosets.)

Finally, we note that the results above give an effective method for determining when an
element in H*(Syl,(M,,)) is in the image of restriction from H*(M,,): 0 € H*(Syl,(M,;)) is
contained in the image of restriction from H*(M,,) if and only if it is in the image from
H*(V,: o), the image from H*(W,:¥s) and its restriction to H*(V3) lies in H*(V3)2,

The group H*(Syl,(L3(4)))* has been studied in [1]. It has a radical but the restriction
map H*(Syl;(L3(4)))/Rad - H*(V,) ® H*(W,) is injective. Also, Syl,(.4") is isomorphic
to the wreath product (Z/2)*?Z/2 and its cohomology is detected by W,
{ABCD,af,«> = V3, both of which are normalized by A. It follows that the constraints
imposed by 4" are subsumed in the requirements that the restriction to H*(W,) be ¥
invariant and to H*(V3) be invariant under L;(2). Consequently, we only need to study
H*(UT,(2)) before we can completely control H*(M,,).

To conclude this section we give, as promised in Section 1, a list of the centralizers of the
four 2%'s in M;,. From the structure of Syl,(M,,) we see easily that each 22 in Syl,(M,,) is
contained in a 23, so there are no more than four conjugacy classes. Moreover, since V; has
Weyl group L;(2) any two 2%'s contained in ¥V, are conjugate. Thus the 22 in V;
is Vin Wy =<aB,ABCD)> =V, ;. Likewise Voo=Van Wy=<{AD,ABCD>,
V2, = (ABCD, E ), and the remaining subgroup V, ; = (ABCD, ABC > C V,. In particular,
each of these groups contains ABCD and so its centralizer is contained in {(Syl;(M,;), T).
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Consequently, we have
C(V2,0) = Syl2(L3(4)) = (Vy, Wy)
C(Vz1) =< Ws,a)
Cr)=W,
C(Vys)=(Vs, T (2.12)

and, as claimed in Section 1, all the centralizers are distinct so these subgroups cannot be
conjugate in M,,.

3. THE COHOMOLOGY OF UT,(2)

The ring H*(U T,(2)) plays a decisive role in determining H*(Syl,(M;)). In this section
we determine H*(UT,(2)) and show that it injects into the sum of the cohomology rings of
its elementary 2-subgroups. The procedure is to use the Stiefel-Whitney classes of its
irreducible representations to construct enough elements to detect H*(UT,(2)). Conse-
quently, we begin by determining the irreducible representations of UT4(2).

There are two irreducible four-dimensional representations of UT,(2): the first, ry, is
induced up from the one-dimensional representation of V,A— —1, B,C, D+ 1, while the

second is E(r). Let
0 1
J= (1 0).

Then, on generators they are given explicitly as
-1 1
-1
A B— |
1
1
Cr— D— 1
-1 1
1 -1
. J 0 P 0 I
0 J I 0
and for r, the same matrices for «, § while
-1
A B— |
( -1
-1 -1
1 -1
C— 1 D— 1
—1 1

Next there are six two-dimensional representations. They form two orbits under the action
of the element of order three, T, constructed in Section 2, one which we denote ( + ) and the
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other ( — ). The ones associated to « are given as follows:

0 1 -1 0 1 O
E, ,: an—»i[,ﬂr—»(l 0), A,Bo—><0 1), C,DH<0 _1>.

Finally, there are the eight one-dimensional representations with generators
(AY:A— —1,a, 1
{a): A1l a—>—1,8—1
By A1 a1, f— —1.

We obtain from Table 1 restrictions of the Stiefel-Whitney classes of these representations
to the 5 elementary 2-subgroups of H described above, where I = e(l + m) + (I + m)?,
0 = (Im(l + e)(m + e)), o; is the ith symmetric sum and w; = o3 + 0,0;. Table 1 is, of
course, highly redundant. Simplifying, we obtain a table of generators (Table 2) which are in

Table 1. Restrictions for S-W classes

Rep. S-W class »# W, W.s Wy vV
r wy 0 0 0 0 0y
r w, d, et 4T e 4T e2 4T [ 23
ry w3 ds el’ el’ el a3
r Wy v* + vydy + vds 0 0 0 g,
ry wy 0 0 0 0 gy
r W, d, e+ T e 4T 24T g, + a3
r, W dy el’ el el o3+ 03
r, Wy v 4+ v%d, + vdy 0 0 0 G4 + W30,
E, Wy k 0 e e 0,
E. + w, 0 0 r r (a+ b)c+d)
E, Wy k 0 e € I8
E, - wy (k + h}h e? r r (a+ b)c+d)
E; . Wy h e e 0 T,
;.. Wy 0 r r 0 (a+ )b +d)
Eg _ Wy h e e 0 g,
E; w, kik + h) r r e? (a+ c)b+d)
Eup. + Wy h+k e 0 e oy

Wy 0 r 0 r (a+ d)(b+¢)
Eup - Wy h+k 3 0 e g,

W, hk T e? r (a+ d)(b+c)
{ad Wy h e e 0 0
B> wy k 0 e e 0
(A Wy 0 0 0 0 T,

Table 2. Image of restrictions from H*(UT4(2))

Name #B W, Wy, W, vV
wy 0 0 0 0 o,
h h e e 0 0
k k 0 e e 0
w, 0 r r r g,
wy 0 el el el g3
ws v* 4 v2d; + vd,y 0 0 9 G4
Y12 0 0 r r (a+ b)c+d)
713 0 r r 0 (a+c)b+4d)
Y14 0 T 0 r (a+d)b+c)
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the image of restriction from H*(UT,4(2)), where the notation is the same as that in Table 1.
Out of these generators we construct three elements of dimension three,
v, = h(a + d)(b + ¢) = hy14, Ve = h(Wy + y14) and vg = ky4. They restrict as shown in
Table 3.

In particular, we find that within the subring of H*(UT,(2)) generated by the elements
above, the ideal given as the kernel of restriction to H*(V) @ H*(#) has the form

F2[h, wa, wa](Va, vap) @ Fa[k, wa, walvg.
Moreover, the quotient by this ideal has the form
Fy[wal{F,[h k] ® F,[wy,ab + cd,ac + bd,](1,ad + bc,ws,ws(ad + bc))}.
It follows that the Poincaré series for H*(UT,(2)) is at least as big as

1 3x3 N 1 14+ x24+x*+x° L+ x
Q=1 =x%)|1-x* 1-x (1 — x?%)?

_1+2x+2x2+x3—x“—x5
T (1 =x)1 =x?)*1 —xY

We now show the following theorem.

THEOREM 3. H*(UT,(2)) is exactly the ring above. In particular, H¥(UT4(2)) is detected
by restriction to the 5 elementary 2-groups B, W,, W,s, Wg and V. Moreover, H*(UT,(2)) is
generated by the Stiefel-Whitney classes of its irreducible representations.

Proof. The index 2 subgroup LC UT,(2) generated by «, 4, B,C, D is isomorphic to the
wreath product (Z/2)*}Z/2. Consequently,

H*(L)=F,[a+ b,c +d,ab,cd}(1,ad + bc) ® F;[ab,cd,h]h.

B acts on H*(L) to interchange a + b and ¢ + d. It also acts to interchange ab and cd. It
follows that the E, term of the spectral sequence for the extension from L to UT4(2) (which
equals H*(Z/2; Hj(L))) is given explicitly as

Fo{wy,(a + b)(c + d),ab + cd,ws](1,ad + bc, w3, ws(ad + bc))
@ F,[ab + cd,wy, h]h
@ Fy[wy, h k]hk
@ Fy[(a + b)(c + d), wy, k1(k,k(ad + bc)). (3.2

When we compare the Poincaré series for the E, term above with the Poincaré series of the
subalgebra described before the statement of the theorem we see directly that they are equal.
Consequently, the spectral asequence collapses and the result follows. [ ]

Remark 3.3. The cohomology of U T,(2) has been previously determined by Tezuka and
Yagita [16]. However, the point of view here is quite different and the explicit identification

Table 3.
Name B W, W, W vV
Dy 0 el 0 0 0

[=]
<
.
[=]
[=]

Uap
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of the cohomology generators in our treatment is crucial in our determination of
H*(Syl,(M,,)). For a related discussion of some of the elements in H*(U T4(2)) see also [9].

We can understand (3.2) best in terms of invariants. Note that ¥ is normal in UT,(2) but
the Weyl group for & is 22 = ( AB, AC), and the Weyl group of W, is Dy = {A4,8) so
W, Wg and W,; are normal in UT,(2) as well, while the normalizer of %,
Nyr,2)(#) = Dg* Ds.

LEMMA 3.4. For notational convenience write H = UT4(2), then we have
(1) The ring of invariants H*(V)¥"") is given as
F,(61,ab + cd,ac + bd,04](1,ad + bc,65,(ad + bc)os).

where H*(V) = F;[a,b,c,d] with a dual to A, b dual to B, etc. while o, is the ith symmetric
monomial in a, b, c,d.
(2) The ring of invariants H*(W )W *™) is given as

F,[e,(e + 1+ m)(l + m), Im(l + e}(m + e)]

where e is dual to o, | is dual to AB and m is dual to CD.
(3) The ring of invariants H*(#)""¥ is given as

Falh, k, c(c + h)(c + kXc + h + k)]

where h is dual to «, k is dual to B and c is dual to ABCD.
Thus the image of the restriction map from H*(H) lies in these invariant subrings, and indeed,
except for multiple image classes surjects onto these subrings.

(This is direct.)

4. THE COHOMOLOGY OF Syl,(M,,)

There are at least three ways of looking at Syl,(M,,): first as a central extension of
UT,(2), second as a semi-direct product UT4(2):2, and third as the semi-direct product
Syl,(L3(4)):2,. In this section we determine the ring H*(Syl,(M,;)) using these different
decompositions to construct a sufficient number of non-zero cohomology classes so that we
can show there are no possible differentials in the spectral sequence associated to the third
decomposition (with E, term H*(Z/2: #*(UT,(2)))). We initially wrote this E, term down
in [1] and recall it in (4.1). We will construct these classes from the Stiefel-Whitney classes
of the irreducible representations of Syl,(M,,) and as classes in the image of transfers. Then
we will show they are non-zero by restricting to the abelian subgroups in (2.5). Thus we turn
now to the structure of these representations.

As we remarked in (2.1)2.3) UT,(2) occurs both as a subgroup of Syl,(M,,) and as its
central quotient. So far we have concentrated on the subgroup. Now we look at the central
extension

Z/2 — Syl;(My3) —» UT,(2).

The most basic thing is to determine the K-invariant of the extension as that determines the
kernel of n*: H*(UT,(2)) - H*(Syl,(M,3)).

In (2.2) we see that o and f commute with each other, 4Bx and ACPB also commute.
Moreover each of these elements has order two in Syl,(M,,), as do A4, E. However, the
commutators [4,E] = [a, ACS] = [ 8, ABa] = ABCD, the central element. Consider now
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the 5 detecting groups corresponding to the groups in (2.5) but for the quotient UT4(2)
given in (2.2) and the central extension restricted to them. We find

{a,B,AB,ACY+—>Dg+* Dy
(A, AB, ACS 2
(E,ap, ADafy+s2*
(AE, ABaf, BC Qg x 2
{A,E,BCY— Dgx2.

In particular, the K-invariant for the extension restricts to the first group as
a*(AC)* + B*(AB)*, trivially to the second and third groups and as

(AEY*(ABaB)* + ((ABaf)* + (AE)*)?

in the fourth group. Finally, in the fifth group it restricts to A* E*. Consequently, the
K-invariant has the form

(hk,0,T + €2,0,ad + bc),

and this is the restriction of the element (E* + A*)? + w,(ry) + wa(E4g, +)-

Write K for this K-invariant. Note that (4* + E*)K —(d5,0,0,0,0). On the other hand,
Sq (K)—(d5,0,el,0,(a + d)ad + (b + ¢)bc). Thus the element which restricts to
0,0,eI’,0,Sq! (ad + bc)) maps to zero in H*(Syl,(M,;)), and, in particular h times this
element, which restricts to (0,0,e2I",0,0) also maps to zero in H*(Syl,(M,,)). But the
K-invariant shows that A* E* maps to the same element as the element which restricts to
(0,0,T',0,ad + bc). Consequently, the image of A*(E *)3 is the same as that of the element
which restricts to (0,0,e%T",0,0), and is thus zero. This shows that there are nilpotent
elements in the ring H*(Syl,(M,,)) so H*(Syl,(M,,)) cannot be detected by restriction to
2-elementary subgroups.

The projection (Z/2) = Syl,(M,) = UT,4(2) lifts back a copy of the representation ring
of UT,(2) as a direct summand of the representation ring of Syl,(M ;). There is one further
representation of this group that we need, r3, given by inducing r, on the copy of UT,(2) in
(2.1) to Syl,(M3,). It restricts back to UT,(2) as the direct sum r; + r,, and by Frobenius
reciprocity is thus irreducible. Now, by a dimension count, we have found all the irreducible
representations of Syl,(M,,). Call the representations of Syl,(M,,) obtained by pulling
back the irreducible representations of the quotient U7T,(2) by the same names that they
had in the previous section. Then, on restricting back to the subgroup
UT.(2) = {a, B, A>CSyl,(M,,) we obtain Table 4 of Stiefel-Whitney classes where we have
again left out redundant classes.

To give the restrictions of the Stiefel-Whitney classes for the representation rj to these
elementary 2-groups we introduce some mnotation Wi = Sq'(w;)=w;w; + wj,

Table 4.
Rep class B W, Wy W vV
ry wy h+k e 0 e 0
r Wy 0 0 r: 0 (a+b)a+c)b+d)c+d)
Epy Wy hk 0 e? 0 0
E,_ wy h+k e 0 e Ty
E, - wy 0 r 0 r (a+d)b+c)
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Ya = wa(wy + wi), Ps = SqPW3 = waw; + Wiw;, Y8 = Wal(Wa + Wy W3) and
p=v*+v%d, + vdy in H*(#). Then the only Stiefel-Whitney classes to restrict non-
trivially are w, , wg, w, and wg, and we have Table 5.

There is also one other element that we should note which lies in the image of restriction
from H*(Syl;(M,,)), K5 = (h + k)w,(r;). Indeed, it restricts to

((h + k)(v* + v2d; + vds), €6,0,¢0,0)

which shows that K5 has the form (1 + E*)(hw,(r;)) and hence is in the image of the
restriction preceeded by transfer.

We now recall the partial results of [1]. We considered the spectral sequence associated
to the index 2 subgroup Syl,(L;(4))CSyl,(M,,), where Syl,(L3(4)) can be identified with
the explicit subgroup (A, B,C,D,E,af8>. The E, term is given explicitly as follows, where
we have modified the notation of [1] to write the result more in keeping with the structure
of H*(UT,(2)).

F2lva,781{F2[01,(a + d)(b + ¢)1(vs(1)) @ F2[E*, {hk}1(75(2))} (1, N)
@ F2[v4.781{F2[01.(a + d)(b + )] ® F.[E*, {hk}]} (W3, N)
® F2lva, 78] {F2[oy,(a + d)(b + ¢)1(Ny,Ng) ® FL[E*, {hk}J(N4, N5)}
@ F1[y4,781(01 E* 0, E**, T5, T+)
@ {F2[v4,78,51/(s74) = 0)} (Vs5, N§g)
@ {F;[ys,(a+ d)(b + ), { hk},s1/((a + d)(b + c){hk} = 0)} (s, Ngs). 4.1
The way to read and understand what (4.1) means is
(1) In [1] it is shown that the ring of invariants
F,[a,b,c,d]? = F,[oy,(a + d)(b + ¢), 74, y81(1, W3, Ny, ys,Ng, N7, Ng,75Ng)

and the first three lines of (4.1) show that the images under restriction to H*(V,) and
H*(W,) are these three invariant subrings.
(2) The subring of multiple image classes in H*(V,) ® H*(W,) is

F2lv4,781(1,W3,N7)

so, in particular, there is an element which restricts to (w3,0) in the direct sum but none
which restricts to (w3, 0). (It appears from the above that N is also multiple, and it is, but
the class Ng restricts to (0, Ng) in the direct sum, though N also has non-trivial restriction
to H*(V3).)

(3) The fourth line gives the terms in Rad(H*(Syl,(M,,))).

(4) The last two lines are the parts which cup non-trivially with s. Here s is dual to « or
B, consequently restricts to h + k in UT,4(2), and has filtration (1,0) while every other
generator 8 has filtration (0, dim(8)).

Table 5.
Class R W, W.s Wy v
W, d3  e*+T? e*+T? e*41I? Vs + 0, W3 + 61
We d3 ell? er? el gys+ Wi+ odys + aiw,
W 0 0 0 0 wiwi + wiys

wg u 6° 0? 0 Vs
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Table 6. Restriction images

Class Restriction
sSwa(E,-) 0,eT,0,¢'T,0)
s'w,(Egs) ((h + k)'hk,0,0,0,0)
siwy(Eq )2 0,e'T2,0,6'T2,0)
siws(Egs)? ((h + kY(hk)2.0.0,0,0)
$'Ks (0,e'716,0,¢*10,0)

(5) The class ys(1) was originally described in [1] as /v + #w which, when multiplied
by & + &, gives the class o/ Fv + BEw. In turn, this class corresponds to the class T in the
description above, while T, corresponds to (& + % )?(/v + #Bw). Thus we see that T and
T, are represented, respectively, as E*y5(1) and (E*)?ys(1).

It follows that the only possible differentials occur on elements not annihilated by s. The
generators of this subalgebra are yg, (a + d)(b + ¢), {hk}, Vs, Ng and N. y can be taken to
be wg(rs) and is thus non-zero. Moreover, the class (a + d)(b + ¢) is represented as
wy(E,—) while the class {hk} is given as w,(E,.), and s restricts to
wy(ry) = (h + k,e,0,¢,0). The class E* restricts to 0 in H*(UT,(2)) and, indeed, the kernel
of this restriction map is exactly the ideal { E*). Finally, we will represent the class y, above
as Wy(rs).

We have already seen that the class K5 = ((h + k)(v* + v%d, + vd;), €0,0,6,0) is in the
image of the restriction map from H*(Syl,(M,,)). On the other hand, the elements y5(1)
and y5(2) are both of the form (1 + a*)4 in H*(UT;(4)), hence cup trivially with s. It follows
that the class Vs must be an infinite cycle in the spectral sequence and has a representative
which restricts to K5. As a consequence we have Table 6 of restriction images and these
classes are all linearly independent. It follows that none of these classes, nor any linear
combinations of them are hit by differentials in the spectral sequence. Thus Ng and N must
both be infinite cycles and, as was asserted in [1], the spectral sequence collapses.

5. THE INVARIANT SUBALGEBRAS FOR H*(M,,) AND RAD(H*(M,,))

We begin by determining the invariant subrings which occur in H*(V,), H*(W,) and
H*(V3). Then the main difficulty in specifying H*(M,,) will be to determine the radical.

As we discussed in the introduction F,[x,x;,x3]1%*® = F,[d,,ds,d-], the Dickson
algebra, where Sq%(d,) = dg, Sq'(d;) = d,. From [3] we have

F2la,b,c,d]™ = F5[W3,y5.ds,d121(1,79,by5,79b15)

where w; = Sx?x;, where the x;, x; run over a,b, ¢, d, while y5 = Sq*(W3), 7o = Sq*(ys) and
dg,d,, are the Dickson elements. In [1] we show that

F.la,b,c,d]E8> = F,[r,s,v,w](1, L, M, LM)
where
r=a+d
s=b+c
v=a2d® + ad(rs + s?)

w = b2c? + be(rs + r?)
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L = adr + a%c + ac® + bd? + b*d
M =a%c + ac? + bes + b2d + bd?.

L and M are both invariant under the action of L,(4) = /5 and « acts to interchange r and
s, L and M, v and w in pairs. In particular, L + M and LM are %; invariants. Finally we
have the following lemma.

LemMma 5.1, Let ¥ act on V, as the extension &5 = L,(4).2,, then
F2la,b,c,d]* = F2[Ws,7s.ds,d121(1,n6, 18,79, R10,1&, X 12, X14, X15, X165 X185, X24)-

Here ng = LM, ng = qu(ne), nyo = 8q*(ng), X2 = Sq*(ns), x14 = néqu(n6) and ws is
represented by L + M. In particular, this invariant subalgebra is Cohen—Macaulay over the
same polynomial subalgebra as occurs for of.

Proof. Consider the inclusion (E, af8 > C.%5. This gives an inclusion in the reverse order
of the invariant subrings. Set w; =L + M. (If we make the change of variables
a—a+b+c,b—b+c,c—a+ b d—d then L + M»—»Sx,?xj, while dg and d, are fixed,
so we can regard L + M as equal to w;.) Thus, we see that F,[a,b,c,d]** contains
the polynomial subalgebra # = F,[W,,ys5,dg,d 2] In particular, we have the explicit
relations

L =(r+s)?v+riw+ (r®s + rs?)L
M?* =520+ (r + s)*w + (r’s + rs*)M
ys=ro+sw+ (r>+rs+ s?)(L + M)
dg =v? +ow+ w2+ (r® + rs + s?)*
diz=(*+rs+s%)dg+ (rP +rs +s2)5 + (r3s + rsH)* + v2w + ow?.  (5.2)

It suffices to show that F,[a.b,c,d]**#> is Cohen-Macaulay over #. To do this
consider the surjective map from a polynomial algebra on six formal variables (given the
names of their images) to F,[a, b, c,d]¢E-*#

F.lr.s,o,w,L,L + M]— F,[r,s,0,w](l,L, M, LM)

with kernel I, the ideal generated by the relations for L? and (L + M)? generated by the first
two relations above. It follows that F,[r,s,u,w](l,L,M,LM)(® — {1}) is exactly
F,[r,s,v,w, L] modulo the ideal, J, generated by the relations

ro + sw, v + ow + w? + r8 + r4s* + 58
UZW+ UW2+r12+r1082+r854+r6s6+r458+r2810+S12, r2U+S2W
(r*+sHo+r’w+ (r’s+rs?)L + L2

To find this quotient explicitly we used Macaulay to construct a resolution of J over
F,[r,s,v,w, L]. Table 7 shows the generators and degrees in the resolution.

Table 7. Generators and degrees in the resolution

Dim Number of gens. Degrees

1 5 566812

2 10 11111213141417181820
3 10 17191920232324252626
4 5 2529313132

5 1 37
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It follows that the Poincaré series of the quotient F,[r,s,v,w,L]/J is given as the
alternating sum of the terms

x37 3 x25(1 + x4 -+ 2x6 + x7)
(x = 1P(x* = Dx* ~ 1) (x — 1?(x* = D(x* = 1)?

x4+ 2x% + x3 4+ 2x5 + x7 + x® + 2x%)
(x = 1)2(x® = )(x* = 1)?

X2+ x+x%+2x3+ x4+ 2x7 + x%)
(x — D2(x3 = )(x* = 1)?

(1 +2x+ x>+ x7) 1
(x— 123 = D(x* =12 (x— 1)?(x> = D(x* = 1)

This factors and simplifies to give the polynomial

p(x) = x2* + 2x23 4+ 3x22 4+ 5x2! 4 9x2% 4 12x'% + 14x'8 + 18x!7 + 23x1°
4 25x15 + 25x1% 4+ 28x13 + 30x1? 4 28x!! 4 25x10 4 25x°
+ 23x% 4+ 18x7 + 14x% + 12x° + 9x* + 5x3 + 3x2 + 2x + 1.

On the other hand, this quotient can be regarded as representing a generating set for
Folr,s,v,wl(l, L, M, LM) over 4 and we see that there are exactly 360 generators required.
But a short calculation shows that p(x) is also equal to the quotient

(1 4+ x3)P2(x* = Dx® — D(x® = D(x*2 — 1)
(x = 1)(x* = 1)

which represents the minimal possible number of generating elements, and these two
numbers are equal if and only if F,[r,s,»,w](1, L, M, LM) is free and finitely generated, i.e.
Cohen-Macaulay, over 4. But then F,[a,b,c,d]% is also Cohen—Macaulay over 4.

It remains to see that the list of generators is correct. But in [1] we determine
Fs[a,b,c,d])*. Its Poincaré series is given after some simplification as

14 x84+ x84 x% 4+ x10 4 2x12 4 x14 4 x15 4 x16 4 18 | 24
(1= x*)(1 = x*)(1 = x®*)(1 — x'?) '

Moreover, we know that ng = LM is &5 invariant and from this and the first two relations
in the Grobner basis, it follows that (LM )? will be part of a generating set for F,[a, b, c, d]**
over 4. [

COROLLARY 5.3. The images of the restriction maps res: H*(M,,) — H*(V), where V runs
over the three extremal elementary 2-subgroups of M,, are given as follows:

(1) For V = F, the image of res* is
Fola,b,c,d1¥ = F3[W3,75.ds,d121(1, 79,715, Yo 715)-

(2) For V = W, the image of res* is H*(W)”s determined above,
(3) For V= V3 the image Ofres* is |F2[ds,d7,d‘2t](1,d4d6,d4d7).

Proof. As we discussed in the introduction the Cardenas—Kuhn theorem shows that if
V' CSyl,(M,,) is weakly closed in G, then the image of res* is

im(res* : H*(Syl,(M5,)) ~ H*(V)) (Y H* (V)"
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But (4.1) shows that the image of H*(Syl,(M,,)) in V, is H*(V,)P® and similarly for
H*(W,) and the first two statements follow from the Cardenas—Kuhn theorem.
To prove (3) we note that (v* + v2d, + vds)d, + d} = dg, but this is the restriction of
v+ Ks(h + k) + d3. Also, d; = (v* + v%d, + vds)ds, and we have seen that this element
is in the image of restriction from H*(Syl,(M,,)). The other classes are obtained sim-
ilarly. |

From (4.1) we see that the kernel of the sum of the three restriction maps above is
H*(M,,) " F;[74,751(01 E*, 0,(E*)?, Ts, T,) and is the radical in the ring H*(M,,). We
now prove the following result.

PRrOPOSITION 5.4. H*(M ;) N F3[ 74,75 1(61E*, 6,(E*)?, Ts, T;) is equal to

H*(Gl N GZ) e [FZ [V4, VB](Ux E*, GI(E*)Z’ T6’ T7)
and this in turn has the form F,[ds,d;, (0, E*, T7,ay1,a14).

Proof. From the discussion of double coset decompositions at the end of Section 3 we
see that the only constraint on the radical, since H*(UT,4(2)) 1s detected by 2-elementaries,
is the condition res*(8)e H*(Syl,(L;(4))). But this is clearly the same as saying the

elements lie in Rad(H*(G, n G,)).
We now determine Rad(H*(G, n G,). From (4.8) of [1] we see that

Rad(H*(Syly(L3(4))) ® Fy = Fulvs, wol(AF, BE, AF 2, FA?)
and B acts to interchange the elements in the pairs (v, w), (4 F, BE), (AF*, F4?). Thus
res*: Rad(H*(Syl,(M,,))) —» Rad(H*(Syl,(L;(4)))
is an injection with image Rad(H*(Syl,(L;(4)))?, and it follows that
Rad(H*(M,, )) = Rad(H*(Syl,(L;(4)))”

where &3 = {f, T). Now, the calculations in [1] at the beginning of Section 3 determine
this invariant ideal and (5.4) follows. ]

6. THE MULTIPLE IMAGE ANALYSIS

Although it is not strictly necessary, we begin this section by listing the images of
restriction to the four 22 subgroups of M,,. This will give an additional proof that ng is
multiple image.

LeEMMA 6.1. Consider the restriction maps
rest, H¥(W4)— H*(V3,1)
resy H*(V3)—> H*(V,,,)
res§ : H*(V,)— H*(V2,0)
resy :H¥(W,)— H*(V, o).

We have that each restriction map on Wy is zero, each restriction map on dg is (x* + xy + y?)*,
each restriction map on dy, is (xy(x+ y))*, res¥(ds) = (x> + xy+ y?)* and
res§(ds) = resk(ng) = (xy(x + y))*.
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Proof. A representative for V, ; is (ABCD, af). The embedding V, ; C W, CUT4(2) of
{2.3) shows that using the outer automorphism which switches V,, W, in Syl,(M ;) that we
can identify ¥, , with (ABCD, AB)CV, and use the restriction map from H*(V,)** to
(ABCD, AB) to calculate the desired restriction, using (5.1) to write down explicit gener-
ators for the invariant subring. On generators we find x;—=x + y, X=X + y, X3 X,
x4+ x. Consequently, both L and M mapto x2y + xy? = xy(x + y). The restriction map
for ¥V, ¢ is determined on generators by x; —Xx + y, XX, X3 X, Xx4+—x + y, and from
this L and M map to zero. The other assertions are similar. n

We now complete our determination of H*(M,,) by showing that (b;5, 0, 0) is in the
image of restriction from H*(M,,).

LEMMA 6.2. There is a class hyg in H*(M,,) which restricts to (W3bys5,0,0) in
H*(V,)® H*(W,)® H*(V3).

Proof. From [6] we have that the centralizer of the involution ABCD in M, is the
other subgroup V,: %, CV,: . From Theorem (3.2) of [1] we have that the invariants
under this action of &%, give the ring F,[0(,Ws,V4,78](1,7s,b7,7sb7) where
va = 6,(0; + 03), y5 = 64(04 + W30,) and b, = o, b + 0,W3. Here the notation is that of
Table 2. Also, the polynomial submodule F,[7,, y5](1, W3, b;) is multiple image, but the
rest is not. Now bys = Sgh; + S107s + S12W3 + 81404, and multiplying by w; gives the
existence of a class in H*(Syl,(M ,,)) which restricts to the desired class. But such a class is
manifestly stable under all the double coset conditions so it comes from H*(M,). ]

At this stage the only problem is whether b, 5 is a multiple image class or not. To verify
that it must be we check the structure of the Bockstein spectral sequence. First we apply the
derivation Sq' to H*(M,,). The resulting homology groups form a ring and the mod(4)
Bockstein is a derivation on this ring. The resulting homology groups admit B as
a derivation, and so on. In the limit we have only a single copy of Z/2 in degree zero.

There are three keys to this calculation. The first is the observation that

H, (F2[ W3, 7s,dg, d12]1(1, y9): Sql) = F,[ds,d12]1(1, w3)

since, as we have pointed out Sq'(ys) = w3, Sq'(yo) = y%. The second is the observation
that we can write

[F2[d4’ d6’ d7]d7 = ﬂ:Z[d4a dé](d7’ d6d7s d'zh d6d2a LR i7’ d6 i7ﬂ )
and Sq'(ded}) = d2*'. Hence, the resulting Sq’ homology of this piece is simply
F2[di. d§1(d,, dady).

On the other hand, Sq'(ng) = d4, Sq'(n1o) = dsd; + W3ng + ysne, and from this it follows
that some Bockstein of (W3 xg + 75n¢) = ny2, SO ny,dg is an integral class since n,, is. Also,
we recall, in particular the result Sq!(W3x, + ysn,0) = y%ne from the introduction. Using
these partial calculations and the other Sq''s for F,[a, b, ¢,d]%* as listed in the introduction
we reduce ourselves to x;s, X146, X15 and Xx,4.

Through dimension 20 we are uncertain of whether (b5, x,5, 0) or (b5, 0, 0) occurs in
the image of restriction. We are also uncertain of Sg* on x;5, X6, X;5. But, modulo that
uncertainty we obtain that the following classes generate the Sq' homology in dimensions
13-20 at most. There may be further Sq'’s among these generators which cut down the Sq!
homology by removing further pairs of elements in successive dimensions, but there are no
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other possible homology generators.

dim 13 14 15 16 17 18 19 20
ara bys? W3bys adg dgd,,
azdg d3 W3Xjs a;d;
X1s X16 W3Xia  X18 W3X16
a,d? Wsd3
(W3ng + ysne)ds nyzdg

Here we know dgd, , is integral and consequently must be in the image of some Bockstein.
Also, B4(a,d3) = w3d3 and some Bockstein of a,dg = d3. Thus the only way that the
Bockstein spectral sequence can work out is if both b; s and x, 5 are present which can only
happen if (b;5, 0, 0) is in the image of restriction.

This completes our discussion of H*(M;,).
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