


Log - correlated fields : Aug-23,2021
Some useful tools

Plan

① Log - correlated field ? Examples
② Typical questions
③ Methods :

• ( Path) localization
,
first +second moment

method

• Genealogical structure : separation of
scales

• Gaussian comparison / Berry - Essen
bounds

• Non Gaussian ?

① Log - correlated fields
Abstractly speaking : Vn metric space with distanced
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→ Slow decay of correlations



Examples
Ext Binary branching random walk with

Gaussian increments
.

Ncaa =• 2h leaf .

!É÷Éc¥; on each edge

•
•

iid NCO
,
1)

.

•

-

Vn= set of leafs .

✗
✓
In)= sum of weights on path to Ivevn

root

✗
✓Cnt ~ NCO ,n )

correlation :

E- ( Xvlnl Kiln 't )
= # edges that { path ✓→ root } and

3 path V'→ root} share
.

= : ✓ Avl overlap of and v1
,

branching time .

Some nice properties :

• Decomposition in indep . increments

• branching time :

very explicit



before : full dependence
after : complete independence .

• Self similarity :

Look at level K :

2
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copies of BRW's with n- k levels
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É:/ ← indep .
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Ex 2 Branching Brownian motion

① start on BM at 0 . ~~•wWNV② After expat split in two '

•www.fmmwqpf③ New particles perform indep.
BM from splitting location

④ Same splitting role .

At time t : nlt) number of particles
ECNCHI -- et

34+11-1 ,
Ken 413 particle positions .

4+11-1 ~ Nco ,t-) .



Ex 3 2d DGFF

Vn finite square of 212 n indicating the size .

Pu : slaw of SRWS starting from revn

Ev covvesp . expect .
en exit time of Vn

.

3 Xvlnl , vevn ] Gaussian process with mean

Zero and covariance

E- [Xrcnlxvilnl]=Ev[ É
"

Ms
,
v1]

15-0

= Gnlviv ' )
As d--2 : Gn behaves like log !

Ex 4 Riemann Zeta function
•

y
51st = E-

nuns
= IT ( 1- p
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p prime,

critical axis : 12 + it YER .

choose an interval of length 1 uniformly
from [0 ,TJlarse .

Look at {f. ( 12 + it) it c- random int
.

3
.

This looks very much like a log -
correlated fields !



Ex5 Log of characteristic polynomial
for (some) random matrix ensembles

For example :
'

CUE

NXN matrix unitary sampled uniformly
from the unitary group.

Pun (O ) characteristic polynomial

log / Purcell is essentially log- correlated

② What are questions of interest ?

① Level sets

② Extreme values
• Rough order of maximum .

→
• maxx Expression + 0111 flotations
• Extremal process
• Quantitative results
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size parameter → • : convergence when)properly normalized ?

If yay
'

: Limit object GMC



I gsjc : Extremes I

③ Extremes

• { Xvlnl} binary BRW n-levels
.

• Upper bound on max Xvlnl :

Vfvn

NmrnXdn1 > YI
= Pl E.vn/kxrlnbyyZ1 )
%"" E- l€vnNzxvcntY3 )
= Eun R( Xvlnlsy)

Incant
= 2h Rlxlnl > y)

Iwcoin)
Gaussian

tail 2nr¥n_y e- Y%n=I¥y e'logan
- Y%n

Find y such that this is of order 1 .

y=FlogIn + olnl

Good choice : y=FlogIn - ¥jlogn



If C is large constant and we take

y= Elgin - z¥gz login + C

Then
IP Imax Kdnl > y ) small!

VENN

Result :

Elgin - z¥gz login + 011)

first upper bound on Max .

Vote We have not used anything about

BRW !

Apart from : 2
"

v.v.

Each v.v. NCO
,
nl

For example : same computation with

2
"

iid Moin ) .

In fact : Tzeogtn - ¥egz- logn +0111

is the order of max . of 2
"

id

incant .

In fact True answer for BRW:

max a RlogTn - ¥rg, logn +011)



What we have not used :

K level → 2
"
Gaessians with variance k.

↳ Try to do better tomorrow !

Universality : Log correlated models

⇐ iid set-up
Max .

have same first order and

in the second order replace 1h3 !


