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RANDOM MAPS 2

OVERVIEW AND MOTIVATION

Definition 1. A plane map is an embedding of a finite connected (multi)graph in
52, considered up to the action of Homeo™ (S?).

For a map m let V(m) be the vertices, E(m) be the edges, F/(m) be the faces.
Fact 2. (Euler) #V(m) — #E(m) + #F(m) = 2
Definition 3. A rooted map is a map, together with a choice of an oriented edge.

Motivation.

e Study maps as discretizations of 2d Riemannian manifolds.

— Consider each face of m as a flat regular polygon where edge lengths

are constant.
e This comes from 2d quantum gravity in which a basic object is the path
integral
/ [Dy) exp (~S(s)
R(M)/ Diff+(M)

— Here M is a 2d orientable manifold, R(M) is the space of Riemannian
metrics on M, Diff " is the group of orientation-preserving diffeomor-
phisms, S(g) = aA,(M) + Bx(M) is the action.

— [Dyg] is the “volume measure”, which is not formally defined.

e How to deal with this measure?

— Quantum Liouville Theory (Polyakov, David ...): Write g = e?“h*go(p)
where wu is the conformal factor andgg(u) is the hyperbolic metric,
parametrized by the moduli u, and h € Diff " (M). Computing a for-
mal "Jacobian” for this transformation gives the following partition
function:

/ exp (—S1.(u, go(1))) Du

where Spis the Liowville action (a quadratic form in u) and for the
measure on u can take it to be the Gaussian free field. This has been
formalized by Duplantier—Sheffield.

— Discretization: Replace

[Dg]— Y or

/R(]V[)/Diff‘*'(M) TETr(M)

where Tr(M) is the set of triangulations of M. Then one takes the
scaling limat.

— This is useful in the setting of 1d path integrals, where random walks
approximate Brownian motion, who law is a Gaussian measure on
paths.

e At the moment the links between the two approaches are not well-understood.

Step 0: Enumeration of maps.
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Indirect methods. Tutte used generating function methods to count maps. For
example:

2 3" [2n
ted pl ith d = — .
# {Rooted plane maps with n edges} n+2n—|—1(n>

o Matriz integrals provide a new method for obtaining Tutte’s generating
function equations, generalizing to maps of all genera and with coloured
edges.

Example 4. We have

s [ o () - () on) - S 5

g>0 qceQ@)

where Q9) is the set of quadrangulations of genus ¢ and Hy is the space of N x N
Hermitian matrices equipped with Lebesgue measure dH.

Bijective methods. The methods above do not generally apply well to the metric as-
pects of the maps (notable exception: the [non-rigorous| computation by Ambjgrn—
Watabiki (1995) of the 2-point function of triangulations). However, an approach
by bijections with decorated trees was initiated by Cori-Vanquelin (1981), Arqés
(1986) and fully developed by Schaeffer (1998-).
[Image of a random quadrangulation by J.-F. Marckert; noted that it looks like

a topological sphere but metrically it is fractal and very different from the round
sphere]
Scaling limits.

e Choose a rooted plane quadrangulation @, € Q, (n faces) uniformly at

random.
e Endow V(Q,,) with the graph distance dg, .
e Typically dg, (u,v) =~ n'/%,

Theorem 5. (Le Gall 2011, Miermont 2011) We have (convergence in distribution,
in the sense of Gromov-Hausdorff topology)

(V(@n). (8n/9) g, ) =2 (S.D)

where (S, D) is the Brownian map.

Most of the course is devoted to the proof of this result. Other topics:
e Topology of the limit is that of S

e The 3-point function in the limiting space
e Replace quadrangulations with other models of random maps

0. BASIC PROPERTIES OF MAPS

Basic terminology — maps.

e Surfaces will always be orientable, compact and connected. Write S, for
the surface of genus g (Sp ~ S2, S =T?, ...),

e Graphs will be finite undirected multigraphs without half-edges, formally
thought of as triples (V, E, ¢) where V, E are finite sets (vertices, and edges)
and ¢ C E x V is the incidence relation.
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Fix a surface S. An oriented edge on S is a continuous map e: [0,1] — S where
either e is injective or e [jo 1) is injective and e(1) = e(0), considered up to
reparametrization e +— e o h where h € Homeo'([0,1]). An edge on S is a pair
{e, &}, where € is the edge €(t) = e(1 — t). For an oriented edge e write e~ = ¢(0),
et =e(1).

Definition 6. An embedded graph in S is a graph G = (V, E, 1) where V C S is
finite, F is a set of edges in S (as defined above), the incidence relation is that
v € V is an endpoint of e € F (we suppose that e(0),e(1) € V for all e € ]577),
and such that for any two distinct non-opposite oriented edges e, e’ € E we have
e((0,1))Ne ((0,1)) =0 and e ((0,1)) NV = 0. We will write E = UE for the set
of oriented edges of G.

The support of G is supp(G) =V U,z e ([0, 1]).

Definition 7. A map is an embedded graph m such that the connected components
of S\ supp(m) are homeomorphic to discs.

Lemma 8. A map is always connected as a graph.
Definition 9. A plane map is a map on S2.
Lemma 10. Every connected embedded graph on S? is a map.

Remark 11. This is not true for other surfaces. For example, T? \ {pt} is not
homeomorphic to a disc (it is homotopic to a circle).

Definition 12. A rooted map is a pair (m, e,) where m is a map and e, € E. Call
e, the root vertex of m.

Definition 13. Let m on S, m’ on S’ be two (rooted) maps. We say that they
are isomorphic if there is a homeomorphism ¢: S — S’ which induces a graph
isomorphism: u, e are incident iff h(u), h o e are incident (and hoe, = ¢€).

From now on we will usually identify isomorphic maps. Of course one works
with specific maps, but one cares about isomorphism classes.

Fact 14. An automorphism of a rooted map must fix the oriented edges.

Proof. Amounts to showing that a map is given by the cyclic order of the edges at
each vertex. (]

Vertices, Faces and degrees. Fix a map m on a surface S.

Recall that the faces F'(m) are the connected components of S \ supp(m). If
e € E(m is an oriented edge include it in the face that is to its left which we denote
fe (here we use the orientability of S). Note that it is possible that f. = f-.

Definition 15. Let v € V(m). Its degree is deg(v) is # {e €eE(m|e = v}. Let
f € F(m). Its degree is deg(f) = # {e € E(m | fe= f}

Remark 16 (The “fat graph” representation). Up to isomorphism a map is deter-
mined by the combinatorial data of the degrees of its faces and the incidence relation
of the faces (which edge of each face is glued to which face). It follows that the set
of isomorphism classes of maps is countable.
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Euler’s formula.

Theorem 17 (Euler). Let m be a map on a surface Sy. Then #V (m)—#E(m) +
def

#F(m) =2—2g = x(5,).

Example 18. Let m be an embedding of K5 on a surface of genus g. Then every
face has degree at least 3, since there are no self-loops (faces of degree 1) and
parallel edges (faces of degree 2). Thus

2#4E(m) = Y deg(f) > 3#F(m)

fEF(m)

so #F(m) < %. Also, by Euler’s formula #F(m) =2 —-2g+10—-5=7—2¢. It
follows that 29 > 7— 2 > 050 g > 0 and we find that Ksis not planar.

Exercise 19. Show that K3 3 is also non-planar.

Lemma 20. A plane map is a tree (as an abstract graph) if and only if it has one

face).

Proof. By the Jordan curve theorem a simple cycle in the underlying graph will
divide the sphere into two discs; the graph complement will have connected com-
ponents on each side hence at least two faces. Conversely, if the underlying graph
is a tree then the complement is connected (trace a polygon around the tree), and
this actually shows that every tree embedded in the sphere is a map. O

Exercise 21. Prove Euler’s formula for ¢ = 0 by inductively removing edges until
one is left with a tree (a plane map with one face).

Part 1. Random trees
1. THE CONTOUR PROCESS AND ITS SCALING LIMIT

1.1. Random trees. Let T be the set of rooted plane trees, T,, C T the set of
trees with n edges.

Theorem 22. #T,, =C(n) = %_5_1(2:)

Combinatorial Proof. Let A(z) =3 . #Tnz". Then A(z) = 1+ z(A(z))? since
every rooted tree can be written as the union its root and the two trees obtained
by removing the root (oriented by the next edge at each vertex, respectively. O

Geometric Proof. Given a rooted tree t walk around it, starting at the root. Let
Ct(k) be the distance from the root at time k (so C(0) = C(2n) = 0, and add
C(2n + 1) = —1). Make this into the graph of a function by interpolating linearly.
Conversely, given any sequence (“lattice path”) C(0),C(0),---,C(2n) € Z>( with
|C(i+1)— C;| = 1 we can define a tree by interpolating linearly in [0,2n] and
identifying times s1,s2 if C(s1) = C(s2) and the interval [s1,s2] x {C(s2)} lies
entirely below the graph of C(s). Then the map t — C; gives a bijection between
trees and walks. O

Note 23. The function C'(n) will be called the contour function of the tree.
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Generating random trees. Start a random walk S; on Z where Sy = 0. Let 7; be
the stopping time min {¢ | S; = —i}, so that 0 = 79 < 71 < ---. Then the “paths”
(Srisk — Sr =i+ Sr4n) 20 form an iid sequence of excursions. To the ith path

associate the tree T

Lemma 24. The degree of the root of T©) has distribution Geom (%), and the
subtrees at the children of the root are of same distribution as T°).

Proof. The neighbours of the root consist of the times ¢ < 7 such that S; = 0
(by construction they are all visible from the root). Moreover, at every time where
S; = 0 we end the excursion with probability % Finally, between consecutive times
where Sy, =S¢, =0, S is precisely a bridge starting at 1 at time S;, 11 and getting
to 0 for the first time at time to. O

Corollary 25.

(1) T 4s a Galton-Watson tree with child distribution Geom (1)
(2) We have

1

0 _+) — _ o—(#V+#E) _ o—(1+2#E

P<T()—t)— [ e =2" ) =27 :
veV(t)

where deg,(v) is the out-degree of v, so that ) deg,(v) = #E. We also
used that #V = #FE + 1.

(3) Conditioned on #FE(T©) = n, T is uniform on the set of trees with n
edges.

1.2. The Brownian bridge.

Theorem 26 (Donkers). Fort € Rxq set Sy = (1 — {t})S|y) + {t} S Then
Sant > ()
t —— (t— B
( - \2nt n— oo ( H t)

where By is a standard Brownian motion, and the convergence in C(R>o,R) is
uniform on compact sets.

As above, for © > 0 set r, = inf {t | B, < —z}, ky— = lim,_, k,. We then set
egm) =x+B,, for0<t<ky—Ky_.

Remark 27. {x | Ky > ky—} is countable a.s.

The functions e®) belong to & = U;~0C ([0,¢],R), and for f € & let ¢(f) be
the duration of f. With the metric d(f,g) = sup;>q |f(EAC(S)) — gt AL(9))] +
I¢(f) — ¢(g)| this is a Polish space. Enumerating {z;},.; the set of z such that
Kg > Ky, let N = Ziel 5(‘,1‘,1_’6(1“) as a measure on the product R x &.

Theorem 28 (1t6). The measure N is a Poisson random measure on Rsq X & with
the intensity measure 2 dxz @n(de) where n is a o-finite measure on £ (“Itd measure
of BM”).

1.3. Scaling limit. We can now calculate the scaling limit of C'r) conditioned on
having at least n vertices:
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Corollary 29. Let Ry = inf {z >0 | Cle®)) > 1}, so that e(F1) s the first arc of
B; with length> 1. Then, conditioned on #FE(T) > n,
OT(O) (2n)
A

Moreover, the law of 1) isn (- | (f) > 1) (here n(E|A) = "(75234) which makes
sense if 0 < n(A4) < co.

D (R

. C (Tl)(2ns)
Proof. Tt is enough to show that TT

r1 = inf {k | #E(T™®) > n}. Now if the operation of taking the first excursion of
duration> 1 was continuous in the uniform topology, we’d be done by the weak-*
convergence of the SRW to Brownian motion. However, for BM local minima are
a.s. attained only once, and for z large, k, — Kk, # 1. O

converges to the above limit, where

z2
Properties of n. Let p;(x) = \/%e’ﬁ be the heat kernel, p;(z,y) = pi(y — x),

pi (z.y) = pe(@,y) — pe(@, —y), @:(x) = Zpy(x). Then g is the probability density
function for k,, for which we use the notation P (k, € dt) = ¢:(z) dt.

Theorem 30.

(1) For every measurable f: R~g — Rso, n (f(et)]l{g(fbt}) = fooo dzq:(z) f(z).
(2) (Markov property) of n.

Corollary 31. Forall0 <t; < -+ <tg,n(ey €daxy A+ Aey, € dag Al(x) > )
g, (v1) dwy - p._y (z1,@2) dwg - pf (w1, 2p) dog.

Remark 32. It is possible to disintegrate n so that n = [;° n®P (¢(f) € dt) (and the
latter marginal is known). Then n() is called the law of the normalized Brownian
excursion e. For example, scaling the time of e(#1) by R; gives a random function
with law e.

Proposition 33. For everyt € (0,1), F measurable and non-negative on C([0,t]),

n® (F ((s s e(s))ogsgt)) —n (F ((3 s e(s))ogsgt) Me(eysr - Nﬂql_t(e(t))) .

In other words, n®) restricted to the c-algebra F; generated by e, for s < t is
absolutely continuous with respect to n [, Licey>y with density 2v/2mqr ¢ (e(t)).

Exercise 34. Show that if U is uniform in [0, 1] independent of e (with law n(!)
22
then P (2ey € dz) = ze™ 'z dz.

1.4. Main Theorem: the scaling limit of the contour process.
Theorem 35. If T, is a uniform plane tree with n edges, and C, is the contour
process of Ty, then
< C’n(2ns)> (d)
S ——= — e
0<s<1

o
in the space C ([0,1],R) with |||

Proof. One approach is to show that the finite marginals converge and then show
tightness of the sequence.
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Alternatively, let F' be cts and bounded and let 0 < ¢ < 1, and consider

E F(s»—>cn(2ns)> = E F<5|—>52m> m=2n+1
V2n 0<s<t V2n/ o<s<t
Sons —
- E|:F(SD—> \;ﬁ)ogsgt/\Tl_Qn—i_l]
B P(rp=2n+1)

B [F (s ’_) %)oqq Lz > 20611 Pspa, (11 = 20+ 1 — [2nt])

P (’7’1 =2n+ 1)
where we have used the Markov property, and Pg, is the probability when the SRW
is started at Sp.

Lemma 36. Pj(my = m) = SELP(S,, = —1).

Proof. Pi(r1 =m) =P {S; >0for0<i<m-—1,5,-1=0, Sm:—l}:%}P’l{SiZOfOI“OSiSm, Sm_1 = (

SO
1

Pl(Tl :m) = 5

(Pl {Sm—l = O} - {Sm—l = O7 g5 : Si < 0})

To estimate P;(.S,,, = —1) we use the local limit theorem
Fact 37. sup;¢y, ‘\/EJP’O (S =1V Sp=1+1)—2p; (ﬁ) ’ —— 0, where p1(x)
is the probability density of the standard Gaussian.

It follows that Py (1, =2n+1) = (27%}}»0 (Sons1 =—1) ~ W x 2p1(0) ~

W, and therefore that
1
Po (11 > [2nt]) ~ ——= .
0 ( 1 |— -|) \/Hnl/Q

E

With the calculation above this gives:
Crn(2ns) n Sons Sront) +1
F —— ~ —E|F — P =2n+1-—[2nt ’ >
(s BN >0§s§t‘| Vi (S T V2 ) geyer 20— [2nt] ¥ 1 1 (1 =2n+1-—[2nt]) |1y

Y QTL SQns) S[Qnﬂ +1
~ E|F|s S /20 — 2ntP =
VE(2n(1 —t))*/? l < -~ V2n)ocscr V210 Stanny (T1

ny 2n SQne SQnt
a5k | F — - — > V2nt| ,
\/i(2n)3/2 (s — 2n)ogs§t q1—t < 2n> ’71 n]

where in the last claim we again used the local limit theorem.
Now recall that, with e(/*) being the first excursion of BM with duration at least
t

)

v 2n n— o0

S . d
(5 — 2"8) conditionally given 7 > 2nt @ (R
0<s< 2L

It follows that

F (s — Ciﬁiiz(ﬂ)ogsgj e in (F(e(s))ogsgtCIkt(@(t))‘C(e) > t)

E
n—oo \/‘E




RANDOM MAPS 9

and since n ({(e) > t) ~ ﬁ, we see that

E
\/2n n— oo

F (s — O"<2n5)>0< ) ] —— V2an (F(e(s),0 < s < t) qie(e(t)Lic(e)se))

= nH (F(e(s),0<s<t)).

Conclusion. Since we fixed ¢ < 1, we have proved that

(On(2n8)> (d) (e )
Vo /<oy o oSt

for the topology of uniform convergence over compact sets of [0, 1). For the endgame,

note that both processes are invariant under reflection: C,(2n —-) @ Cy(+). It fol-

lows that
(C’n(2ns)> _@ (es)
Van 0<s<1 T Osest
and together we obtain the Theorem. (]

1.5. Consequences of the scaling limit. Let T,, € T,, be chosen uniformly.

Proposition 38 (Flajolet—-Odlyzko 82). For a rooted tree T let H(T') = max {dr(root,u) | u € V(T)}.
Then

H(T,) (a sup e
V2n n—oo g<s<1 °

Proof. Cp,(i) = dr, (root,u;) where u; is the ith vertex visited during the contour
process. It follows that H(T,,) = maxo<;<on C1, (1) = maxo<s<1 Cr, (2ns). Since
f + sup(f) is continuous in the uniform topology on continuous functions, the
claim follows. O

Proposition 39. Let u,, be a uniformly chosen vertex of T,, (conditionally given
T,). Then

dr, (root,u,) (d)
V2n n—00 e

where U is uniform in [0, 1], independent of e.

Remark 40. As seen above, the law of ey is the Rayleigh distribution.

Proof. Clear that %;:U) 9, ey . What needs to be checked is that Cp, (2nU)

\/7 n—oo
is close in distribution to dr, (root,u,), and this can be checked by starting from
the contour and forming the tree. O

2. METRIC CONVERGENCE: THE CONTINUOUS RANDOM TREE

For the Continuous Random Tree and the Brownian Snake, see also [9]
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2.1. Recovering the metric from the contour process. From the tree 7;, we
obtain the metric space (V(Tn), \/%dT,,)- We would like to interpret Theorem

as stating that this random pointed metric space converges in distribution.

For a plane tree t, let u,v be visited in order by the contour process. Suppose
that the contour process visits u at time ¢, v at time j and that ¢ < j. Then
min;<,<; Cy(s) is the height of the most recent common ancestor of u, v so

) = (0 - min o)) + (Gl - i cu(o))
= Ci(1) + C(j) — 2 min Ci(s).
1<s<j

Note that the contour process may visit u twice, but between the visits it remains
in the subtree of descendants of u, so C(s) > C(i) at that time, and hence this
minimum is not affected by the choice of i, as long as at time ¢ we visit «. Similarly
for j, and the formula on the right is symmetric in 4, j so we can also drop the order
assumption.

2.2. Getting an R-tree from a continuous function.
Remark 41. For a reference on R-trees see [§]

Given f € € recall that that f > 0 and the notation f(0) = f(¢(f)) = 0. Then
f induces a pseudometric on [0, ¢(f)] by

ds(s,t) = f(s)+ f(t) —2inf {f(u) | sAt <u<sVi}.
Notation 42. fo; = {f(u) | s At <u <sVit}

Definition 43. Let T = ([0,{(f)]/ ~,ds/ ~) be the quotient metric space (s ~ t
if d¢(s,t) =0).

Lemma 44. Note that py: [0,((f)] — Ty be the obvious projection. Then this is
continuous for the standard topology on [0, 1] and the metric topology of T.

Proof. dg (ps(s),ps(t)) = ds(s,t) = f(s)+f(t)—2fs. Tt follows that lim; . ds (ps(s), ps(t)) =
2f(s) —2f(s) =0. O

Notation 45. Write p; = p;(0) and call it the root of T.

We now identify some geodesics in T. For this note that ds(0,s) = f(s) so the
distance from the root to ps(s) is f(s). For s € [0,((s)] and r € [0, f(s)] set
Io(r) = sup{t=s|f(t)=r}
LH(r) = inf{t<s|f(t)=r}.

Since f(t) > r for all t € [Ty (r),TF(r)], pr (T5 (r)) = ps (T (r)) and we call this
common value 7, (r).

Lemma 46. ~,: [0, f(s)] — T is a geodesic connecting 0,pr(s).
Proof. Let 0 < r < ¢’ < f(s). Then for every u € [[F(+'),TF(r)], f(u) > r =
[ (TH(r)). It follows that dy (CF(r'), T (r)) =r+r" —2r =|r' —1r|. O

Lemma 47. Let 0 < s < t < ((f), and let u € [s,t] be such that f(u) = fqr.
Then a geodesic from a = ps(s) to b= ps(t) is obtained by connecting the pieces of
geodesics to p that lie above ¢ = py(u).
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Proposition 48. T is an R-tree.
Proof. See [9, Thm. 2.2] O

2.3. Gromov—Hausdorff convergence.
Remark 49. For a reference on metric geometry [6, [5]

Definition 50. Let (Z,9) be a metric space. The Hausdorff distance between
A,BCZis

on (A, B) = sup d(a, B) + supd(A,b).
acA beB

This defines a pseduometric.
Definition 51. Let (X,d), (X’,d’) be compact metric spaces. Set
don (X, X') = inf {67 (f(X), f(X") | (Z,8) metric space, f: X — Z, f': X’ — Z isometric embeddings} .

Example 52. If X is a Euclidean isosceles triangle, X’ a point, then dgy (X, X') =
1, where Z = X I1 X’ and 6(z,2’) = § for all 2 € X, where X’ = {2'}.

Proposition 53. There is a set M of non-isometric compact metric spaces con-
taining a representative of every isometry class of such metric spaces (this is since
every compact metric space has a countable dense subset). Then (M,dgm) is a
compact metric space.

Definition 54. A subset R C X x X' is a correspondence if for all x € X, 2’ € X'
we have {z} x X'NR # § and X x {2’} N R # 0. The distortion of R is the number

dist (R) = sup |d(z,y) —d'(,y)] .
(z,2')ER
(y.9')ER
Proposition 55. Let (X,d), (X', d’)
Remark 56. For pointed spaces, set

dan (X, X') = inf {57 (F(X), f/(X") + 62(f(2), f(@') | £+ (X,d) — (Z,8), f': (X',d') — (Z, ) isom embedding

Then the claims above still hold, with M the space of pointed compact metric
spaces. For the formula with correspondences, insist also that (z,z’) € R where
x,x’ are the base points.

Proposition 57. The map & — M given by f — (Tt,ds, py) is 2-Lipschitz.
Proof. Given f,g € Elet R ={(pr(t A{(f)),pg(t AC(9))) |t >0} C Ty xTy. Then

dist(R) = sup |dy (s NC(F) A C(S)) = dg (s A C(g),t A C(g))]
= swp |[F(s ACU) = 9(s ACN] + [F(EAC) = gt ACO] =2 (foe — o) |
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2.4. The Theorem.
Theorem 58 (Duquesne-Le Gall). Let T, be a uniform element of T,. Then

dr d
(V<Tn), \/% mot) % (Te.d, p)

Definition 59. The random metric space (Te,d, p) is called the (Brownian) Con-
tinuous Random Tree.

Remark 60. The CRT was introduced by Aldous [I] with a different construction.
The construction above is due to Aldous [2] and Le Gall.

o C,(2n-) (d)
Proof of Theorem [58, From the fact that e T

e and the continuity of

[Ty we get
Tcn(2"') L (Te7d7p) .
VZn = Nn—00
Moreover, if the contour process visits u;, u; € V(T3,) at times 4, j respectively then
dr, (ui,uj) = dg, (1, 7). It follows that (V(T},), dr, ,root) is isometrically embedded
in (Tg,,dc, ,root). Moreover, T, is within distance 1 of the image (for all s,

de, (s,]5]) <1). It follows that

d 1
don <<V(Tn), \/zln,root> , (TC'Q(;') ,distance,root)) < E

and we are done. O

Remark 61. Theorem [58|is strictly weaker than Theorem [35] since we have only
retained the metric structure of the tree but have lost the embedding in the plane,
that is the cyclic order of the vertices.

2.5. Applications.
Proposition 62. The CRT has almost surely infinite total length.

Proof. e has infinite total variation almost surely. In fact, e is (3 — ¢)-Holder
continuous for all € > 0 but not %—H(’jlder continuous, almost surely (this is inherited
from the analogous property of Brownian motion). O
Proposition 63 (Re-rooting principle). Fiz s € [0,1]. Then (Te,de,pe(s)) @
(Te, de; pe(0))-

Proof. The same is true for T;,: there is an obvious automorphism of T;, obtained

by re-rooting at the ith edge seen during the contour process. It follows that
(V(Ty,),dr,,e;) 9 (V(T,),dr,,eq ). To complete the proof choose i, so that

\}57 — s € [0,1] apply the main Theorem. 0
n—oo

Corollary 64. If U is uniform in [0,1], independent of e then (Te,de,pe(U)) @

(e, de, pe(0))-
Thus, if we let me be the pushforward to T via pe of Lebesgue measure on [0, 1]
then (conditionally given e).

Theorem 65 (Duquesne-Le Gall). The measure me can be recovered from Te: it
is the Hausdorff measure on this space with respect to a particular gauge function
(x?log log %) with a deterministic scaling.
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Corollary 66. Let U,V are independent and uniform in [0,1] thende(U,V) @
de(U,0) = ey. In other words, if x1, x5 € Te are chosen independently according to

the measure me then de(x1,x2) @ de(x1,p).

Proposition 67. Almost surely dimy (Te, de) > 2.

2
—2°/2 4z so

7,2

T 12
Bie (B, (py1) = [ ™% do iy
0

By re-rooting we see that the same holds for any ball, and therefore

Proof. However, we know that P(2ey € dz) = ze

Markov

E /Tf dme(x)]l{me(dee(l',r))>r26}‘| < r°’E [/Tf dme(z) - me (Ba, (z,7))

,’,‘6

= 1 ?E[meBay, (p:7)] ~r—o bR

Now choose r = 2%, k > kq. The set of probabilities is then summable, so by Borel-

Cantelli, we see that Prob-a.s. the set of  for which me (Ba,, (z,7)) > (2”“)276
for infinitely many k has me-measure zero. Consequently, for me-a.e. x € T,
Me (Ba,. (x,r
lim sup e(+()) <(C < oo
r—0 reTe
where C' is a non-random constant. (]

Lemma 68. Almost surely, the projection pe: [0,1] — Te is Hélder continuous of
order X —e.
2

Proof. de(s,t) = (e(s) —€s) + (e(t) —&s1) < |es —ey| + |ey — e,| for some u
between s,t. It follows that

de(s,t) < 2]leflco.a [t —s|” .

Corollary 69. Almost surely, dimy (Te,de) < 2.

Proof. If f: X — Y is surjective and Holder continuous of order o then dimpg Y <
édimH X by pushing forward arbitrary covers of X to Y via f. O

In summary, we obtain:
Theorem 70. Almost surely, dimyg (Te, de) = 2.
Remark 71. Recall that the same holds for the trace of Brownian motion in R?,
d>2.
3. DECORATED TREES
3.1. Combinatorics.

Definition 72. Let t be a a tree. An admissible labeling on t is a 1-Lipschitz
function £: V(t) — Z such that ¢(root) = 0. Write T,, for the set of labeled trees
on n edges.

Lemma 73. #T,, = 3"#T,, = i(zn)

n+l\n
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Proof. DFS the tree. Whenever we visit a new vertex we have 3 choices for the
label (given the label of its parent, which is already known). O

Now let (t,,¢,) € T,. t, may be encoded using its contour process C,, = Cy,,.
If w; is the vertex visited by the contour process at time ¢ then let L, (i) = £, (u;).
We call L,, the “label process” of the labeled tree. It is important to realize that
when the tree is chosen at random L, is not a nice process. For example, every
vertex is visited twice by the contour process and at both times L, must take the
same value.

We will now consider random labeled trees and try to work out their scaling
limit. Since every tree in T, has the same number (3") of labelings, a uniform
element (t,,%¢,) € T, is given by choosing t,, € T, uniformly and choosing ¢,
uniformly, conditioned in t,. Note that, conditioned on t,,, the labels on a given
simple path are then given by a lazy standard random walk on Z. In particular,
the labels of the tree are a tree-indexed random walk, and their limit should be an
R-tree indexed Brownian motion.

To identify the scaling exponent note that a one-dimensional SRW reaches dis-
tance about /¢ at time t. Since the branches of a random tree on n vertices have
length about \/n, we will need to scale the labels by nt/4,

3.2. Brownian labels on R-trees. Let f € £ and let (T}, dy, py) be the associated
R-tree. We'd like to define a process {Zl{}aeTf so that on each path [py,a] we see
Brownian motion, but for a,b € Ty the restriction [ps,a A b] are equal while the

restrictions to [a A b, a], [a A b, b] are independent.

Proposition 74. Let Z] be the centered Gaussian process on [0,t] with covariance
function Cov (Z!,Zf) = fs,t. Then, almost surely, Z7 is defined on Ty and has
this property.

Proof. We need to check first that fs,t is a positive definite kernel. Indeed, for any
continuous g: [0,¢(f)] — C we have

// 9(s)g(t) fepdsdt = // / doly, p 3 dsdt
(s,t)€[0,¢()]? (s,t)€[0,¢(f)]?
Fubnn / // —_—
dz g(s)g(t) Ly, 7 1dsdt
retoce” {a<fod}
S AT SN | R ET G
(s,t)eI?

IeZ(x)

where Z(z) are the connected components of the set {u | f(u) > z}. The reason
for this is that if s,¢ belong to different intervals in this set then there is a point
between s,t where f dips below z and so fs,t < x, while if they are in the same
interval then f does not dip below them so that fs,t > x also. We can rewrite this

identity as
// 9(s)g(t) fsidsdt = / EY / ds
(s:)€[0,¢(f)]? I€T(x) I
To see that Z/ is defined on T}, let Z°(x) be the connected components of the
open set {u | f(u) > x}. This is a disjoint union of intervals, and if (a,b) is such

2
>0.
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an interval then dy(a,b) = 0. Let J = {(a,b) € R? [3g € Q: (a,b) € I(q)}. This
2
z] *Zz{’ ] = dy(a,b) = 0;

is a countable set, and for each (a,b) € J we have E {

taking a countable union we have a.s. that for every (a,b) € J, Zf = Z{. Finally,
check that if d¢(s,t) = 0 then (s,t) € R? is a limit point of J.
Next, let s < u <t € [0,((f)] with ps(u) = ps(s)Aps(t), that is with f(u) = fs-
Finally, we need to show that Z/ — Z/, Z{ — Z{ are independent. It suffices to
check that they are uncorrelated, and indeed

E|(2]-2]) (2 -2])| = E|zlz]-2zlz]-2]z]+2]z]|

fs,t - fs,u - .ft,u +.]Eu,u
f(u) = fu) = fu) + f(u)
0.

O

Lemma 75. Suppose [ is Holder continuous of order o > 0. Then the process
Z1 admits a modification which is almost surely Holder continuous of any order

pe(0.9)

zf -z

Proof. By Kolmogorov’s criterion it is enough to estimate the moments E {

Since Z{ — th is a centered Gaussian with variance

?|
?|

7zl - 7]

2 . . .
:| :fs,s+ft,t_2f5,t:df(svt)
we have

zi — 7!

ﬂ = E[N(0,ds(s,£))*]
= dy(s,t)’E [N(0,1)%]

< fllco s =t

and therefore Z/ can be modified to be (ag—;)l)—Hélder continuous for every p >

0. O

From now on we work with the continuous modification.
Corollary 76. Almost surely for every s, t such that ds(s,t) = 0 we have Z! = th.

We now specialize to the case where f = e (recalling that e is a.s. Holder
continuous of every order a < %), writing Z = Z°©.

Definition 77 (Le Gall). The pair (e, Z) is called the “head of the Brownian snake”.

Remark 78. We will need several properties of this process that are best proved
using the full “Brownian snake” process, which we will not consider.

q
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3.3. The scaling limit of random labeled trees.

Theorem 79 (Chassing—Schaeffer, Janson-Marckert). Let (t,,¢,) be uniform in
T,, and let C,, L, be the associated contour and label processes (linearly interpolated
in [0,2n]). Then

(680 o (2 ")) e

n (C(]0, 1],]1%))2 with the topology of uniform convergence.

Remark 80. There is an analogous metric convergence in the space of pairs (X, f)
where X is a compact metric space and f a bounded function on X,

Proof. We will first show that the finite-dimensional marginals converge, and then

establish tightness.
Step 1. We already know that ——— e. By the Skorokhod representation

Theorem, we can assume that on the underlying probability space this convergence
occurs almost surely. Recall that the trees may be recovered from the contour
functions. Accordingly, we assume that the probability space further carries a
family of random variables (V") ¢z, ) which are iid on {0,1, -1}, conditionally
given (7},),~,, and such that the label function L, satisfies L,(u) = >, Y
(e  u means that e is on the path from the root to u). Now, conditionally given
(Ch),,>; and e, for each t € (0,1) we have that

1/4
(9> Lo(2nt) =2 N (0,e,).

8n n—00

Indeed, since |L,,(2nt) — L,(|2nt])| < 1 we can use L,(|2nt|) instead. This is
Zemm” Y, a sum of C), (|2nt]) iid centered random variables. Since Var(Y") =

Cn(2n-) (d)

2
5, we have

nt]) Zc (12nt)) v

,/ZC’ [2nt])

where Y; are iid uniform in {0,+1}. Now using the central limit theorem and the

C
nvergen f == have:
convergence of 2 we have

=

(|2nt])

n (12
Lo(|2nt)) @" Z

L2nt) @ [ X&) Cu(12nt))
(8n/9)1/4 20, (|2nt)) Van
D N0,1) x e

D N0 e).

We next consider the convergence of two-point marginals. For this let 0 < t; <
to < 1. We want to show that, given (Cy,),~1,

1/4
(9> (La(12002)), Ln(12082))) Y (24, 2,,) |

8n n— 00
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Note that, given e, (Z;,, Z;,) is a centered Gaussian vector with covariance matrix

O Ot ) Yinite iy, for the last common ancestor of u |2, |, U|2nt,| 0 Th.
€1ty €ty
Then
L, (|2nt;|) = A" + B}
where A" =3 Y and

Br= > Y.

Unteku L2nt; ]

Also, the three variables A™, BY, BY are independent, and each is a sum of some
number of iid Y. Since the distance of @,, to the root is C,, (|2nt; |, |2nt2|) we can
apply the same argument as for the one-point function to conclude that

8n n— 00

where on the RHS we have three independent Gaussians with respective variances
étl,tz) €y, — étl,t27 €y, — étl,tz' It follows that

9 1/4 (d)
( ) (A7L7BIL7BS) — (A’BlvBQ)

9 174 (d) (d)
( ) (A" + By, A" + BY) —— (A+ B, A+ By) = (Zy,, Z,) -

% n—oo

Now suppose we have 0 < t; < to < --- < f; < 1. Drawing the subtree of T,
spanned by those points (whose combinatorial type eventually does not depend on
n by convergence of the C,) one can write random variables A, (corresponding
to the most recent common ancestor of all times) and B}’ (corresponding to the
paths between various ancestors in the tree) so that these are all independent sums
of iid Y of lengths that depend on the contour process so that L, (|2nt;]) can be
written as the sum of A" and those B)) so that the paths together add up to a path
from the root to the appropriate vertex. Now the by the CLT and the convergence
of (Cp)n>1 the scaled A", Bj will converge to independent Gaussians A, By, with
variances given by values to e, and it will follow that the L,, converge to vector of
the Zti .
Tightness. By Kolmogorov’s criterion it is enough to show that, for all 0 < s <t <
1

)
2p

E

‘ L,(|2ns]) — Lp(|2nt])
i/

(Cn)n21‘| < Cple) [t — sf”

where Cp(e) is almost surely finite. Indeed, for 0 < i < j < 2n we have

2
dr,, (wiuj) P

B[1La) = L) | €)oo | =B || X0 Tl | < Ky, s s)

by a quantitative CLT. Writing the distance in terms of C,, we find that, uncondi-
tionally,

E[ILn(i) = ()] < KB [|Cali) + Cali) — 266, 1)) -
By the re-rooting invariance of the random tree, the expectation in the RHS is equal
to E {|C’(j - i)|2p] = > 120 P(Cn(j — i) =1)1??, and the latter can be estimated by
counting paths. (]
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Part 2. Random maps
4. THE CORI-VANQUELIN-SCHAEFFER BIJECTION
Our first goal is obtaining the following enumeration.

Theorem 81 (Tutte). There are %“n‘g—“(%f) rooted planar maps with n edges.

Recall that a planar map is a quadrangulation if all its faces have degree 4.

4.1. The “trivial” bijection. Start with be a planar map m. Add a (dual) vertex
in each face, and connect each of those vertices to every “corner” in boundary of
the corresponding face (there are in bijection with the oriented edges along the
boundary by associating to each oriented edge its tail vertex. Note that this is not
the same as vertices on the boundary, since a vertex can appear several times in the
boundary cycle of an edge. Now every undirected edge is the union of two oriented
edges, each connected to a single dual vertex. Removing the two oriented edges we
are left with a quadrangle, whose vertices are the two endpoints of the edge and
the two dual vertices at the two sides (these don’t have to be distinct).

This process converts a planar map with n edges to a quadrangulation with n
faces, together with a 2-coloring of the vertices (we know which vertices of the
quadrangulation come from vertices of the map, which from dual vertices). We
move the root by fixing its source vertex and moving the endpoint to the next
vertex of the quadrangle formed from the original root edge.

For the converse we need the following:

Lemma 82. Planar quadrangulations are bipartite graphs.

Proof. A simple cycle in a plane map is a Jordan curve and divides the sphere into
two parts; apply Euler’s formula to one of those parts. ([

Now given a rooted planar map q, the root edge gives a choice of one side of the
bipartition (the side containing its tail). We then let m be the planar map with
vertices being the vertices on that side, and edges being those “diagonals” of the
quadrangles which connect vertices in the chosen side.

Corollary 83. Let Q, = {rooted plane quadrangulations with n faces}, Qp =
{(q,v«) |9 € Qn, v« €V(q)}. Then Tutte’s Theorem is equivalent to the as-

sertion #Qp = 2n3+n1 (27?)

Proof. First, since rooted plane maps have no automorphisms and every quadran-
gulation with n faces has n + 2 vertices (apply Euler’s formula, using 4#F(q) =
2#E(q)), #Qp = (n+ 2)#Q,,. Second, the bijection just constructed shows that
#Q,, is the number of plane maps. O

Lemma 84. Let G be a connected bipartite graph, and let u,v,w € V(G) with u,v
adjacent. Then |dg(w,u) — dg(w,u)| = 1.

4.2. The C-V-S bijection. Given (q,v.) € Q2 let £: V(q) — Z be the distance
to v,. By the last Lemma, if u, v are adjacent |¢(u) — £(v)| = 1. It follows that the
labels around a face must have one of the patterns (£,£+1,£+2,£+ 1) (in cyclic
order around the face) or (¢, +1,¢,¢+ 1) (in cyclic order). Construct a map t
consisting of the vertices of q and new edges as follows: for each face of the first
type take an edge between the second and third vertices inside the face, in the
second case the two opposite vertices with label £ + 1.
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Claim 85. t is a tree (as yet, unrooted).

Proof. We show that #V (t) = n+ 1, that #FE(t) = n, and that t has no cycles.
First, let v # v, be any vertex. Then d(v,v,) > 0 and there is a neighbour v’ of

v with ¢ & d(v',v.) = d(v,vs) — 1. Let e be the directed edge from v to v, and
let f be the face to the right of e. The labels along ¢’ are £ + 1 (at tail) and ¢ (at
head). There are several possibilities for the labels of the other two vertices in that
face, but one checks that in any case the t-edge associated to this face is incident
to v, the tail of e. It follows that every v € V(q) \ {v«} is incident to at least one
edge in tt. Since v, itself is not incident to an edge we have #V (t) = n+ 1. By
construction we have #E(t) = #F(q) = n.

Finally, suppose t had a simple cycle. By the Jordan Theorem this cycle divides
the sphere into two connected parts, and v, belongs to one of them. Let u be a
vertex on the cycle with minimal label £. Suppose first that it has a t-neighbour v
along the cycle with the same label. Then u,v belong to a quadrangle with labels
£—1,0,0—1,¢, with the two vertices with labels £ — 1 on different sides of the cycle.
This is impossible: consider the vertex with label ¢ — 1 which is in the part not
containing v,— any shortest g-path from v, to w must cross the cycle and therefore
meet a vertex with label at least £, a contradiction. Otherwise, the two t-neighbours
of u along the cycle, say v, v, have labels ¢ + 1. It follows that (v1,u) and (u,v9)
are edges of q belonging to faces of q, one inside the cycle and one outside, and
each contains a vertex with label ¢ — 1, again a contradiction. O

Remark 86. This was the original proof, which is specific to the sphere via the
Jordan Curve Theorem, but there are proofs which generalize to surfaces of any
genus.

Thus given (q, v,) we have a tree t on n+1 vertices, hence n edges. To construct
an admissible labeling of this tree, let vy be that endpoint of the root e, with the
t1ovo=e, . It is clear from
-1 wvyg=c¢f
the definition of the edges of t that ¢ is an admissible labeling of t, if we root t at
the vertex vy and the edge begin the edge of t associated to the face of q lying to

the right of that orientation of e, which beings at vg.

Theorem 87. (C-V-S) The map ®: Qf — T, x {£1} given by ®(q,v.) =
((t,£) ,¢) is a bijection.

larger label, and set £(v) = £(v) — £(vg). Let € =

Proof. We exhibit an inverse ¥: T, x {£1} — Q (which is, in fact, the more
useful direction of the bijection).

Accordingly, given ((t,?),¢€), let {e; }jigl be the oriented edges in the contour
(DFS) exploration of t,with ey being the root edge of t, and extend this by es,4; =
e;. Also, set {(e) = {(e”) for each e € E(t).

First, add a vertex v, not in supp(t) incident to a single oriented edge e.,. Next,
for each ¢ > 0 set s(i) = inf {j > i | l(e;) =4(e;) — 1} =inf {5 > i | l(e;) < L(e;)}
(here inf () = 00), and set s(e;) = ey(;). Now for each e € E(t) draw an arc from e
to s(e).

Let q = ¥ ((t,£),¢€) be the graph with vertices V(t) U {v.} and edges the new
arcs, rooted at the edge from the root edge of t to its successor if € = +1, at the
reverse of this edge if e = —1.
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Remark 88. The reason for extending {e;} cyclically is that finding successor to a
given edge might require going around the tree past the root.

The rest of the proof is subdivided into several claims.
Claim 89. The arcs can be drawn in non-crossing fashion, that is q is a plane map.

Track the contour process of a plane tree as running on the boundary of a
convex polygon with 2n sides. Each corner of the tree corresponds to a vertex of
the polygon, so that a vertex in the tree of degree d corresponds to d vertices of
the polygon, with the identification being such that the convex hulls of the sets of
polygon vertices corresponding to different tree vertices are disjoint (one can think
of the tree as coming from collapsing the polygon). Now the (single) face of the
tree corresponds to the outside face of the polygon.

Next, we label the vertices of the polygon according to the labels from the tree,
and consider the edges of q. First, all vertices with minimal label are connected
to a new vertex in the outside face. Next, each other vertex is connected to its
successor, that being the next vertex of the polygon (going clockwise) with a smaller
label. There is no intersection of the edges: suppose a vertex v; of the polygon is
connected in q to its successor v;. Now consider vy with i < k < j in the cyclic
order (clockwise around the polygon). Then the label of vy is at least that of v;
(since it comes before v;). Since the label of v; is strictly less than that of v;, it’s
also less than the label of vy, so the successor of vy occurs before v; and we can
draw the edge leaving vy without crossing. A similar argument applies if k occurs
after j but before 7.

Claim 90. q is a quadrangulation.

Proof. Suppose we have a tree edge e connecting vertices with labels ¢,/ +1 in that
order. Let ¢’ be the next edge leaving the vertex of label £+ 1. Then s(e) = s(s(¢e))
and we get a degree-4 face containing the edge. Suppose that e connects vertices
with the same label . Then there is an edge ¢’ leaving the head of e so that
s(e) = s(e’) has label £ — 1, and similarly e” so that s(€) = s(e”) has label £+ 1,
and we obtain a face of q of degree 4.

This shows that g has at least n faces of degree 4. But q has 2n edges (one for
each corner of the polygon) and exactly n + 2 vertices (the vertices of the tree plus
one) so by Euler’s formula exactly n faces. It follows that q is a quadrangulation.

O

Lemma 91 (Key lemma). Let (q,v.) = U ((t,£€),€). Then for every v € V(q) \

{oi} = V(t), dg(v,v.) = L(v) d:eff(v) —minf (V(t))+1 (could include v, by setting
£(v) appropriately)

Proof. Note that [¢(u) — £(v)| = |f(u) — £(v)| = 1 if u,v are connected by an arc of
g- Since vertices of minimal label are connected to v, the triangle inequality gives
that £(v) < dq(v,v.). For the converse let e be any edge leaving v, and consider
the chain e — s(e) — s%(e) — s3(e) and so on, which are edges of q. The labels

are strictly decreasing along this path, so the length of this chain is at most £(v)
and we have dq (v, v,) < £(v). O

Claim 92. ¥ is a right inverse to ® (® o ¥ =id).
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Proof. The proof of the claim [90] shows that the edge ® would associate to every
face of W ((t,),¢) is precisely the edge of t corresponding to that face [we have
shifted the labels by a constant, but that does not change the property that the
vertices of a face have labels like ¢, £+ 1,¢,¢+ 1), while the Lemma shows that the
labels are the ones ® uses. One also needs to verify that the rooting convention is
recovered. |

Claim 93. ¥ is a left inverse to ® (proof omitted; see |7, 4]).
O

4.3. An alternative point of view of the CVS bijection. Replace every vertex
of a planar map q with a “roundabout”: a circle in the plane which meets edges at
the vertex at distinct points.

Now cars leave v, at take unit time to traverse an edge. Flows meeting at
vertices follow the roundabout rule: if traffic has arrived into the vertex from an
edge it travels right (counter-clockwise) and takes exits as long as no traffic has
already come in through those edges. Otherwise the traffic is jammed. It is easy
to check that eventually every edge will carry traffic in some direction, and that if
we only include the arcs of the roundabout that actually carry traffic together with
these edges we’ll get a spanning tree of q. Also, if we let a bud leave the vertex at
each arc of the roundabout where there is no traffic (since traffic is incoming rather
than outgoing at the edge to the right) then every face of q will have exactly two
incoming buds which we are connected in a tree-edge. One can check what this
means in terms of the labels.

e The CVS bijection is thus a discrete analogue to the cut locus on a Rie-
mannian manifold (the cut locus of p € M is the set of points ¢ for which
there are at least two minimizing geodesics between p, q).

e But note that while on the sphere the cut locus of a point is exactly the
antipodal point, on any quadrangulation of the sphere the discrete cut locus
is practically dense, since there are many short cycles.

5. RANDOM QUADRANGULATIONS

Remark 94. Let @, € Q, be uniform. Then if we randomly choose a vertex
vx € V(Qy), uniformly conditioned on Q,,, the pair (Q,,v,) is a uniform element
of Q7.

From now on assume that (Q,,v.) = ® ((Tn,¥,),€) where (T,,¢,) € T, is
uniform and e is independent and uniform in +1.
We start by considering basic statistics of q:

Definition 95. The radius of q (as seen from v,) is
R (q,v.) = max {d(u,0.) | w € V(a)} -
The profile of q (as seen from wv,) is the sequence of volumes
Igw. (k) = #{dg(u,v.) =k |u e V(q)} .

Theorem 96 ((1),(3) in Chassing—Schaeffer 2004, (2) in Le Gall 2005). Let Q,
be uniform in Q,,, Vi, Ve two independent uniform vertices of Q,, (given Q). Let
(e, Z) be the head of the Brownian snake. Then:
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(1) ()" R (Qu,ve) =2 sup Z — inf Z;
) ()" dg (00.0) 9 sup 7
(3) The mndom measures
I(Qn,'u*)(k)
H@ne = 2 Ty = g 2 U8 et
k>0 ) vt

converge weak-* in distribution to the random probability measure on Rx

1
He,z)(9) = / g(Zs —inf Z)ds
0

Remark 97. The “Integrated super Brownian excursion” (Aldous 90’s) is the related
random measure ISE(g fo

Proof of Theorem. ( ) For the first claim, recall that if (Q,,vs) = ® ((Th, 4n) s €)
then dq, (v,v.) = £n(v) — ming,ey (7, £(u) 4 1 s0
R(Qn,vx) = max¥l, —minf, +1
= maxL, —minlL, +1
where L,, is the label process L, (i) = £, (u;). It follows that

9\ L(2ns) Ly (2nt) 1
— ) R(Qn,v.) = —nm ) mi .
<8n> (Qn,ve) = max, B/o)/A 20 (Bn/9)/A | Bnjoyi/t

d
Now, since (ér";/(ggf/l _@ Z in the uniform topology, in which max, min
n—oo

are continuous, it follows that

n—oo

9\ /4 @
<8n) R(Qn,vs) —— maxZ —minZ +0.

(2) It suffices to prove the result if v, is uniform in V(Q,,)\ {v«,root} (the root
of T},) since the event v.. € {v«,root } occurs with probability —=5 — 0.
Now V(Qn) \ {vs,ex } = V(T),) \ {root}. We have seen that one Way to

choose a random element of this set is to let U be uniform in [0, 1] and take
the vertex () where

dC, (2nU) _
wy = [2nU] == = -1
n ’VQTLU‘I dC,, (2nU) — 41 ’

dx
so we may assume that v.. = uyy, . In that case,
dog, (Vs, Vas) = En(uw)n) —mint, +1

L,(2nU) —min L, + 1+ (én(uw)n) — L, (2nU)) .
Since ‘En(u<U>n) - Ln(2nU)’ <1 It follows that

(89n> v do, (Ve 0ar) = ((;) . Ln(2nU)> - <rntin ( 89n> v Ln(2nt)> + ( 8(‘2) "y

where | X| < 2, and hence that

n—oo

9\ /4 @
(8n> dg, (Ui, Vsx) —— Zy —inf Z.
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It remains to show that Zy — inf Z @ sup Z. For this, note that re-
rooting T}, at e; and shifting the labels by —L,, (i) leaves the label measure
on the label process invariant. In other words, for ¢ fixed the function
(j— (Lp(j+4) — Ly(7))) has the same distribution as L,. Taking the

limit as n — oo we see that (¢t — (Zi4s — Zs)) D 7. Now taking infimum

in s and choosing ¢ uniformly gives the claim.
(3) Again, if we integrate s € [0, 1] w.r.t. Lebesgue measure, u(, ranges over
all the vertices of the tree with equal weights. It follows that
1 ! 1
~ > gw) = [ dsg(dg, (ve,ug,)) + —(9(0) + g (dg, (vs,rootr,))) -
0

uGV(Qn)

Rescaling and using |L,(2ns) — Ly((s),,)| < 1 we see that

! L, (2ns) — min L,
an,v*)(g):/o dsg( (2(8n)/9)1/4 >+09(1)

and hence that

1
(@) :
1@ o) (9) —— [ dsg(Zs —minZ) .
0

n—oo

Exercise 98. (Specific vertices)
R(Qnsey (d) .
(1) Show that W — sup Z — inf Z.
Hint: Show that if e,, is uniform in E(Qn) then @, re-rooted at e,, has
the same law as @,

(2) Show that dﬁgg(/g;;ii ) n(j)oo sup Z.

Hint: Couple e, with a vertex v,,, uniform in V(Q,).

6. THE METRIC SPACE (V(Qn), (%)1/4 dQ")
6.1. Tightness in the Gromov—Hausdorff' topology. Let (q,v.) € Q? be
coded by (t,¢) € T, via the CVS bijection, so that V(t) = V(q) \ {v.}. Let

L(i — j) denote the minimal label along the cyclic interval from e; to e; around t.
Lemma 99. dq(u;,u;) < L(i) + L(j) — 2L(i — j) +2

Proof. Look at the arcs e; — s(e;) — s%(e;) — -+, and let ¢’ = s(e) be the first
corner visited which lies outside the cyclic interval [e;, e;]. Then 4(e) = {(¢/) +1 =
L(i — j): Also, the chain from e; to (¢/)~ has length £(e;) — £(e') = L(i) — L(i —
j)+1. Now look at the chain e; — s(e;) — s*(ej) — ---. € must belong here, since
it is the first edge after e; (hence e;) with label L(i — j) — 1. The length of the
chain from e; to e’ is therefore £(e;) — £(e’) = L(j) — L(i — j) + 1. Concatenating
the two chains, we obtain the claim. O

Corollary 100. dq(u;,u;) < L(i) + L(j) — Zmax{f/(i — ), LG — i)} +2
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Remark 101. Note that one of {L(i — j),L(j — i)} is the minimal label, and so
will not intervene. Also, the estimate cannot be precise. In fact, L(i) + L(j) —
2max {L(i — j),L(j — i)} defines a tree metric, basically the distance dz. This
tree is precisely the tree we saw in the roundabout construction above.
Observation 102. dq(u,v) > [{(u) — £(v)|, since [£(e) — £(s(e))| = 1.

Exercise 103. dq(u,v) > £(u)+£(v) —2ming,epy,.], £(w) where [u, v}t is the unique
geodesic in t connecting wu, v.

We now couple the different metric spaces under consideration by setting D(,,) (i, j) =
dq, (ui,uj) for 0 < i,j < 2n, and adding an extra point 9 ¢ Z for which D, (4, 1) =
dg, (v«,u;). Then ({0,1,---,2n,0},D(y)) is a pseudometric space and its natural
quotient is isometric to (V(Qn),dq, ). Extend D, to [0,2n)° bilinearly, in other
words set:

(6.1)

Dy, y) = (1 = {2z} ={y})Dew) (L], [y)) + 1 ={2}) {y} D) (2], [y])

+{z} (1 = {y})Dw) ([z], [y]) + {2z} {y} D) ([2], [¥]) -

Lemma 104. D,: [O,Qn]2 — R>q is continuous and satisfies the triangle in-
equality. Moreover,

where L(x) is defined by linear interpolation.

Finally, rescale by setting

8n

Theorem 105. The sequence (Dy),~, is tight in C([O, 1]2,]R) for the uniform
topology. -

9\ /4
Dn(s,t) = (> D(n)(2ns, snt)

Proof. Since D,,(0,0) = 0, by the Arzela—Ascoli theorem it is enough to estimate
the modulus of continuity of the functions D,,. Moreover, by the triangle inequality

|D7’L(Sa t) - Dn(sl7 t/)| < Dn(S, S/) + Dn(ta t/)

SO

sup [Dn(s,t) — Dp(s',t')] < 2 sup D, (t,t).
ls—s/|,|t—t/|<5 [t—t/|

By the final claim of Lemma [104] we see that (if we order ¢,t’ so that ¢ — ¢’ is the
shorter interval)

Dn(t,t)

IN

1/4
<89) (Ln(2nt) + L, (2nt") — L, (20t — 2nt') + 2)
n

L,(2n-)
. <<8n/9>1/4’

IN

P R T
(8n/9)t/4
L,(2n)  (d)

4 ——— Z in the uniform topology, their moduli of continuity converge
(Sn/g) / n—oo

in probability (see [3]): for every e,n > 0 there is § > 0 so that

. L,(2n)
hrilzs}lpp (w ((871/9)1/4’5) > e> <n.

Since
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Therefore, Ve, > 036 > 0 such that
limsup P (w(Dy,,d) > €) < 7.
n>1

Now, given € > 0, for every k > 1 there is §; > 0 such that

sup P (w(Dn,(Sk) > 1 ) <

n>1 2k 2

&
For this first apply the previous claim (with ¢ = 27%) to get a § that holds for n
large
Fixing n and summing over k we find:

1
P(Vk’:w(Dn,&k) < 2k> >1—c¢,

which is a uniform bound on the modulus of continuity of the D,,. O

6.2. The Brownian map. Since (D,),, -, is tight, the same is true for the sequence

of triples . .
() (@) ).,

We can therefore choose a subsequential limit of this triple. More precisely, we can

choose a sequence (ny),~, along which this triple convergence to a limit (e, Z, D).
d .

Remark 106. Until further notice we fix the subsequence, and @, will mean

n—oo

convergence in distribution along this subsequence. By the Skorokhod Theorem we
may assume the convergence holds almost surely.

Notation 107. s. = arg min,g(o,1] Zs-
Lemma 108. s, is uniquely defined almost surely.

Proposition 109. Almost surely for every t € [0,1],
D(t,s«) = Zy— Zs,
= Z;—minZ.
Proof. (%)1/4 dg, (ui,ve) = % Now choose i, = i.(n) so that u;,is
the last visited vertex in a geodesic from w; to v.. Then dg,, (u;, u;,) = dg,, (u;, v)—
1=1L,(i) — min L, so L, (i.) = min L,,. Passing to a subsequence we may assume

{%} converges almost surely. The uniqueness of s, and the convergence
n>1

of % to Z shoes that % — s, along the subsequence. Now also choose

i =1(n) so that % — t. We now get

9\ /4 9\ /4

9 \* i
- i S 1
<8n> Dn (Qn’ 2n> +o(1)

. D(t,s.)
n—oo

n() g ominLa—1 Z,.. O

. L
while =657 (8n/9)1/4
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Definition 110. Let (S,D) = ([0,1],D) /{D = 0}. Write m: [0,1] — D for the
quotient map.

Corollary 111. (Along ny) We have the following convergence in the Gromouv—-

Hausdorff metric:
9\ /4 @
(V(Qn)7 (87’7/) dQn7 ’U*) ;:; (Sa D7 S*) .

Proof. By the Skorokhod Representation Theorem we may assume that D,, —>—

n—oo

D. Certainly D is non-negative on [0, 1] and satisfies the triangle inequality there,
since the D,, do. It vanishes on the diagonal since D, (t,t) < (8%)1/4 — 0,

n—oo

so it is a pseudometric. To estimate the Gromov-Hausdorff distance we use the
correspondence

R = {(tv LQTLH) | le [07 1]}U{(S*va)} c [Oa 1] X {Oala"' ,2”, a} :

Its distortion is at most

1/4
D(t,t') — 2 Dy ([2nt] , |2nt']) g
8n

D(t,5%) — (Sn)m Dy (120t] )] -

sup
t,t'€[0,1]

+ sup
te[0,1]

Dt t) - @) Y (sz;;u | L2;:J )

since D,, — D in the uniform topology, and we have an a-priori bound on the
modulus of continuity of D.
For the second term,

The first term is

0

sup
t,t'€[0,1]

n—oo

9\ 9
(2) B - (2) "t
L,(|2nt]) —min L, + 1
(8n/9)171
— Zy—minZ =27y — Z,,
= D(t, )
for the coupling defined above. O

Definition 112. The pair (S, D) is called a Brownian map.

6.3. Basic Properties of the Brownian map.

e D(z,x.) = Z, —min Z where z = 7(s), . = m(sx) (note that almost surely
for all s,t if D(s,t) = 0 then Z, = Z;, so the notation Z(,) for Z, makes
sense)

e Define dy(s,t) = Z, + Z; — 2max (Z,_.t, Zs—s) where the notation refers
to the cyclic order on [0,1]. Then the natural quotient of ([0,1],dz) is an
R-tree T'z. It is isometric to the R-tree Tz where Z = Zsys, — Zs, where
the addition is mod 1.

Proposition 113. Almost surely, for all s,t € [0,1] D(s,t) < dz(s,t).
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Proof. Immediate from dg, (u;,u;) < Ly (i)+ Ly (j) —2max (L(i — 5), L(j — 1)) +
2. ([

Remark 114. So far we have concentrated on D, a function given by the labels,
which encode distances in the map. But we also have the tree coded by e, which
parametrizes the vertices of the map.

Lemma 115. Suppose de(s,t) =0. We can the find 0 < iy, j, < 2n for each n so

that 5= — s, 5= — 1 and u;, = uy,.

Proof. [Omitted| O

Proposition 116. Almost surely, for every s,t € [0,1] if de(s,t) = 0 then D(s,t) =
0.

Proof. Choose iy, j, asin the lemma. Then D, (42, %7) = D) (in, Jn) = dq,, (insjn) =

0. By the uniform continuity of the D,, we can pass to the limit and get D, (s,t) =
0. O

Corollary 117. The relation D(s,t) = 0 is a refinement of the transitive closure
of the union of de(s,t) =0 and dz(s,t) = 0.

Proof. Combine Propositions and O
Claim 118. In fact, we have equality here.

Consider now the set of all pseudometrics d on [0, 1] such that d < dz and de(s,t) =
0 = d(s,t) = 0. For such d let s,t be fixed, and consider a finite sequence s =
S1,t1,82,t2, ..., Sk, ty, = t such that de(t;,s;41) =0 for 1 <i <k —1. Then

k k—1
d(s,t) < Y d(sit) + Y d(ti,si1)
i=1 i=1

k
S ZdZ(Siati) +0.
i=1

It follows that d(s,t) < D*(s,t) for the pseudometric

k
D*(s,t) & inf {Z dz(sits) | {si}r_y, i}, € [0,1] with sy = s, tg, = t,do(ts, 5i11) = o} .

i=1

It is easy to check that this is a pseudometric (analogue of the “path metric” con-
struction). Since D*(s,t) < dz(s,t) and de(s,t) = 0 = D*(s,t) = 0, D* is the
maximal element of the class, and in particular D < D* < d.

Theorem 119 (Main Theorem of these lectures; Le Gall 2011, Miermont 2011).
Almost surely, D = D*.

Corollary 120. We have almost sure convergence along the full sequence

9 1/4 (a.s.)
V(Qn), <8n) dg,,vs | —— (8,D*, z,)

n—oo

in the Gromov—Hausdorff topology.
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Proof of Corollary. The metric D* only depends on e, Z and hence so does [0,1] / {D* = 0} =
[0,1] /{D =0} = S. It follows that (S, D*, z.) is equal to every subsequential limit,
so the whole sequence converges. (]

Note first that for every © € S we have D(z,z.) = Z, — Z,, = dz(s,5s)
where m(s) = = and 7(s.) = z.. Let pz be the quotient map [0,1] — Tz =
[0,1]/ {dz = 0}. Then:

Proposition 121. The identity from [0,1] to itself induces a continuous map
¢: Tz — S. Furthermore, ¢.[pz(s.),pz(s)ly, is a geodesic in (S, D) from .
to x = m(s).

Proof. For any 0 < r <71’ < dz(s,s.) = D(s,ss) let pz(t),pz(t') be the points at
dz-distance r, 7’ from pz(s.) along the geodesic. Then

[r=1'| =D (n(t),2.) = D (n(t)),z.)] < D(d(pz(1), dlpz(t))) < dz(t,t') =r'—r,
so the restriction of ¢ to the geodesic is an isometry. (I
6.4. The volume measure. The projection 7 is Holder continuous of any order
o < 1 since D(n(s),7(t)) < dz(s,t) < 2[|Z]|cow |t — s|” where ||Z] g0 < 00

almost surely (which gives an alternate proof that (S, D) is compact). Animmediate
corolla of the Holder continuity is the following bound:

Proposition 122. dimg (S,D) < 4 almost surely.

In fact, we can say more. For this m be Lebesgue measure on [0, 1], A = m.m, a
Borel measure on S. It is then enough to show the following:

Proposition 123. Almost surely Ye > 03drandom c,n > 0 such that for every
zeS,re(0,n)
X (Bp(z,7)) > erte.

Proof. For any s such that 7(s) = z,

A(Bp(z,r)) = m({t|D(s,t) <r})
> m({t[dz(s,t) <r})
> 2h
where h is such that 2| Z]|50.a h* < 7. Choosing a = ﬁr& gives the claim. O

Theorem 124 (Le Gall). Almost surely Ve € (0,4), there ezist a random C €
(0,00) such that for all x € ¢S, r >0

A (Bp(z,r)) < Cri=e.
Corollary 125. dimgy (S,D) > 4 almost surely.
And we obtain equality.

Proposition 126 (Re-rooting the Brownian map). Let (S,D,x.) be “the” Brow-
nian map, and let x.. € S be chosen with law \, conditionally given (e, Z,D) (in
practice, T.. = w(U) where U is uniform in [0,1] and independent of (e, Z,D)).
Then

S,D,2.) Y (8,D,a.) .
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Proof. Recall that (V(Qn),dg,,,vs) @ (V(Qn),dq,, , vex) where v,, is uniform in
Vrq. We now replace v, with w.. =wg, where U is uniform in [0,1]. Then ..
and v,, do not precisely have the same law, but they can be coupled with error
that goes to 0 as n — co. Then

9 14 (a.s.)
V(Qn)’ 8771 dQn?u** - (S,D,LL‘**)

n— 00

where z,, = m(U). To show this, we introduce the correspondence R, = {(u|251], (1)) U

{(vs, 20), (’LL<U>n,7T(U)) }. Checking that the distortion of R, tends to zero with n
almost surely is left as an exercise. O

}tE[O,l]

We will need the following generalization

~
Z

Proposition 127. If {J:i}le are @id (X) in S then (S, D, xx, x2,...,2) = (S,D, 21,22, ..., Tk)
in the sense of k-pointed spaces, with the Gromov-Hausdorff metric dguy (X, dx,z1, ..., z5), (Y, dy,y1, .-, Yk)) -
Linf {dist(R) | R € Corr(X,Y), Vi : (z;,y;) € R}.
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