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1. LocaAL WEAK CONVERGENCE — BASIC RESULTS

The framework we adopt for the convergence analysis is that of local weak convergence, a
natural mode of convergence for sparse graphs. Essentially, a sequence of (rooted, locally finite)
graphs {G,, }nen converges locally to a limiting graph G if for each r > 0 the neighborhood of
radius r around the root G,, is isomorphic to that of G for large enough n; see Section for a
precise definition. Notably, as summarized in Section local limits are well known for many
common sparse random graph models: Erdds-Rényi graphs converge to Galton-Watson trees
with Poisson offspring distribution, whereas random regular graphs converge to (non-random)
infinite regular trees, and configuration models converge to so-called unimodular Galton-Watson
trees. The key notion that will be used in the dynamical setting considered here is a similar local
convergence notion that can be defined for marked graphs (G,y), in which elements y = (yy)vec
of some fixed metric space ) are attached to the vertices of the graph. In our setting, the marks
will represent either initial conditions & = (z,)yey or the (random) trajectories (X< ),y of
the interacting process.

This section describes the basic concepts of local convergence for marked and unmarked
graphs. For full details and proofs, see |4, Section 3.2] and Section [2| The notion of local weak
convergence was introduced by Benjamini and Schramm in [2]; other useful references on this
topic include [1,14,|10].

1.1. Unmarked graphs and the space G.. A rooted graph G = (V, E,0) is a graph (V, E)
(assumed as usual to be locally finite with either finite or countable vertex set) with a distin-
guished vertex ¢ € V. We say two rooted graphs G; = (V;, E;, 9;) are isomorphic if there exists
a bijection ¢ : V4 +— Vs such that ¢(¢1) = 02 and (¢(u), p(v)) € Es if and only if (u,v) € Fy,
for each u,v € V1. We denote this by G; = G2. We refer to the map ¢ as an isomorphism from
G1 to Gg, and denote by I(Gy,G2) the collection of all such isomorphisms from Gy to Ga.

Let G, denote the set of isomorphism classes of connected rooted graphs. Given k € N and
G = (V,E,0) € Gy, let Bi(G) denote the induced subgraph (rooted at ¢) consisting of those
vertices whose graph distance from ¢ is no more than k. We say that a sequence {G,} C G.
converges locally to G € G, if, for every k € N, there exists ny € N such that Bi(G,) = Bi(QG)
for every n > ny. There is a metric compatible with this notion of convergence that renders G,
a complete and separable space, such as

di(G,G") = Z 27 1B (G),Bu(G7)=0) (1.1)
k=1

where as usual 1743 = 1 if A holds and 174y = 0 otherwise.

Remark 1.1. We will often omit the root from the notation, writing G € G, instead of (G, 9) €
G, when there is no need to make explicit reference to the root. But we understand that a
graph G € G, always carries with it a root, which by default will be denoted g.
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1.2. Marked graphs and the space G.[)]. We also need a notion of local convergence for
marked graphs, where each vertex of the graph has a mark (or label) associated to it; as men-
tioned, these marks will later encode initial conditions or trajectories of particles. For a met-
ric space (),d), a Y-marked rooted graph is a pair (G,y), where G = (V,E,0) € G, and
y = (Yo)vev € YV is a vector of marks. For a Y-marked rooted graph (G,y) and k € N, let
By (G, y) denote the induced Y-marked rooted subgraph consisting of vertices within the ball of
radius k centered at the root. We say that two )-marked rooted graphs (G, y) and (G',y’) are
isomorphic if there exists an isomorphism ¢ from G to G’ such that (y,)yev = (y;(v))vev. We
write (G,y) = (G',y') to indicate isomorphism.

Let G.[)Y] denote the set of isomorphism classes of Y-marked rooted graphs. We say that a
sequence {(Gp,y"™)} C Gi[Y] converges locally to (G,y) € G.[Y)] if, for every k € N and € > 0,
there exists n; € N such that for all n > ny there exists an isomorphism ¢ : Bx(G,,) — Bi(G)
with max,e g, (G,) AV, Yp(v)) < € The space G.[)] can be equipped with a metric compatible
with this notion of convergence, and if (), d) is complete and separable then so is G.[)] (cf.
[4, Lemma 3.4]). An equivalent metric which we will use on occasion is

d((G,y), (Gy) =) 27 <1/\ inf max  d(yy, v ) 1.2
(G,y). (G ) ; el o dmas d(y ) (1.2)

1.3. Examples of locally convergent graph sequences. Here we catalog some of the most
well known examples of locally converging graphs. For a (finite or countable, locally finite,
possibly disconnected) graph G = (V, E) and a vertex v € V', we write C,(G) for the connected
component of v, that is, the set of w € V for which there exists a path from v to u. By viewing
v as the root, C,(G) is then an element of G.. Note that even if two distinct vertices u and
v belong to the same connected component of G, the rooted graphs C,(G) and C,(G) can be
non-isomorphic and thus induce distinct elements of G.. When the graph is finite, we may choose
a uniformly random vertex U of G, and we write Cyyit(G) := Cy(G) for the resulting G.-valued
random variable. That is, we write Cypyif(G) for the random connected rooted graph obtained
by assigning a root uniformly at random and then isolating the connected component containing
this root. We define C,(G,y) := (Cy(G),yc,(@)) and Cunit(G,y) similarly for marked graphs.

Example 1.2. Consider the Erdds-Rényi graph G,, ~ G(n,py), with lim,_, np, = 0 € (0,00).
Then {Cynit(Gr)} converges in law in G, to the Galton-Watson tree with offspring distribu-
tion Poisson(§), denoted GW(Poisson(¢)). Similarly, suppose G, ~ Gy, , which means G,
is selected uniformly at random from all (labeled) graphs on n vertices with m, edges. If
limy, 00 2mp/n = 0 € (0,00), then again {Cypnif(Gn)} converges to GW(Poisson(d)). See
[5, Proposition 2.6] or [4, Theorem 3.12] for proofs of these facts.

Example 1.3. Given a graphic sequence d(n) = (di(n),...,d,(n)), with each d;(n) a positive
integer less than n, let G, ~ CM(n,d(n)) be a uniformly random graph on n vertices with degree
sequence d(n). Alternatively, this may be constructed from the configuration model conditioned
to have no multi-edges or self-edges (see |9, Chapter 7]). Suppose the sequence of degree dis-
tributions {1 31" | 04,y } converges to some distribution p € P(Ng) with a finite nonzero first

moment, and assume also that the first moments converge, + 37 | d;(n) = >, oy, kp(k). Then
0

{Cunit(Gr)} converges in law in G, to the augmented or unimodular Galton-Watson tree with

degree distribution p, denoted UGW(p) and defined as follows: The root has offspring distribu-

tion p, and each subsequent generation has an independent number of offspring according to the

distribution p, where p is defined by

k) = (k+ Dp(k+1)

2 nenp(n)

, k€ Ng. (1.3)
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Note that p = p when p is Poisson. See [5, Proposition 2.5], [4, Theorem 3.15], or |10, Theorem
4.1] for a derivation of this limit.

Example 1.4. Let G,, denote the uniform k-regular graph on n vertices, for K > 2. Then the
sequence {Cypif(Gp)} converges in law in G, to the infinite x-regular tree; this is a well known
consequence of the results of [3]. Note that the infinite x-regular tree is nothing but UGW(4,,).

1.4. Convergence notions in the local weak sense. Fix throughout this section a sequence
of finite (possibly disconnected) random graphs {G,}. Let G be a random element of G,.

Definition 1.5. We say that {G,,} converges in probability in the local weak sense to G if
1
lim > f(Cu(Gn)) =E[f(G)],  in probability, Vf € Cy(G.), (1.4)

nee ‘Gn‘ ’UEGn

where we recall that C,(G,,) denotes the connected component of vertex v of Gy, rooted at v.

Note that this definition is meaningful even if the sequence of graphs is non-random, in
which case of course the phrase “in probability” in (1.4) is redundant.

Remark 1.6. Because G, is a Polish space, a standard argument using a countable convergence-
determining set in Cy(G,) yields the following equivalent definition: {G,} converges in proba-
bility in the local weak sense to G if and only if
1
lim Z dc,(an) = L(G), in probability in P(G.).

noee ’Gn’ UEGn

Remark 1.7. Throughout the paper, if we say that a sequence of random graphs {G,,} converges
in probability in the local weak sense, it should be understood that we implicitly require that
the vertex set of each graph G, is finite.

The definition of convergence in probability is borrowed from [10, Definition 2.7], where one
also defines converges in distribution or in law in the local weak sense as follows:

Definition 1.8. We say that {G,} converges in distribution or law in the local weak sense to
G if

=E[f(@)],  VfeC(9), (1.5)

where, recalling that Cuypnir(Gr) denotes the connected component of a uniformly randomly
chosen root in Gy, we may write the expectation on the left-hand side of (1.5]) as E[f(Cunit(Gr))]-

Hence, convergence of {G,} to G in distribution in the local weak sense is equivalent to
convergence in law of {Cunif(Gr)} to G in G, and of course convergence in probability in the
local weak sense is a stronger property.

Remark 1.9. For each of the examples in Section it is known that there is in fact conver-
gence in probability in the local weak sense; see |10, Theorems 3.11 and 4.1].

The above discussion is equally valid for marked graphs. Let ) be a Polish space. Let
y" = (yi} )veq,, be random Y-valued marks on the vertices of Gy, and let y = (¥ )vec be random
Y-valued marks on G.

Definition 1.10. We say that the sequence {(G,,y")} converges in probability in the local weak
sense to (G,y) if

lim |G1| > F(Cuo(Gnyy™) =E[f(G,y)],  in probability, Vf € Cy(G.[V)), (1.6)

n—oo
’UGGn
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Once again, convergence of {(Gp,y™)} to (G, y) in probability in the local weak sense implies
{Cunit(Gn, y™)} converges in law to (G, y) in G.[V]. Remark|1.7|applies also for marked graphs.

Note that the “root mark map” G.[)] 3 (G,9,y) — ys € Y is continuous. Thus, applying
with f of the form f(G,0,y) = g(ys) for g € Cy()), we deduce that convergence in
probability in the local weak sense implies convergence in probability of the empirical mark
distributions:

Lemma 1.11. If {(Gn,y")} converges in probability in the local weak sense to (G,9,y), then
the empirical measure sequence {IGiln\ > vea, Oy} converges in probability to L(y,) in P(V).

Lastly, we state a useful equivalent characterization of convergence in probability in the local
weak sense, valid for marked or unmarked graphs. The proof is given in Appendix

Lemma 1.12. Suppose {G,} is a sequence of finite (possibly disconnected) random graphs.
Suppose y" = (Y )veq, are (random) marks with values in a Polish space ), for each n € N.
Let (G,y) be a random element of G.[Y]|. Assume |G| — oo in probability. Let U* and Uy
denote independent vertices that are uniformly distributed on G, given Gy. Then {(Gn,y™)}
converges in probability in the local weak sense to (G, x) if and only if

Elg1(Cup (G, y™))g2(Cup (G, y™))] = Elg1 (G, 9)|E[92(G,y)], - V1,92 € Co(G:[V]). (1.7)

1.5. Examples where graph convergence implies marked graph convergence. In Sec-
tion and Remark we provided illustrative examples of many interesting examples of
graphs {G,,} that converge in the local weak sense (both in law and in probability). For many
of our results, we will require that the sequence of randomly marked random graphs {(G,,Y")}
converge locally (either in law or in probability), where the random marks Y™ = (Y,"),eq,, rep-
resent random initial conditions taking values in some Polish space ). It is thus natural to ask
if there are important classes of random initial conditions for which the local weak convergence
of {G,} implies the local weak convergence of the corresponding randomly Y-marked graphs.
It is shown in Corollary that this is true when the random initial conditions Y = (Y,)yeq
are i.i.d. A more general class of initial conditions for which this holds is the class of Gibbs
measures, defined below. Throughout, fix the Polish space ), a reference measure A € P()) and
a bounded continuous function v : Y? — [0, 00) that serves as a pairwise interaction potential.

Definition 1.13. For each finite graph G = (V, E), the (¢, \)-Gibbs measure on G is the
probability measure Pg € P(Y") defined by

Pa(d()oer) = g T %Gew) T] Aldw),

(u,v)eE veV
where Z& > 0 is the normalizing constant.

This definition does not make sense for infinite graphs G since Z© is infinite in that case.
Instead, as is standard practice, we use an alternative characterization of Pg in terms of a
certain conditional independence or Markov random field property, which then admits a natural
extension to locally finite infinite graphs G = (V| E). Given (¢, ) as above and a finite set
A CV,as usual let 0A :={u € V' \ A: (u,v) € E for some v € A} denote the boundary of A,
and define a map Y94 3 yga — 7§ (- |yoa) € P(Y?) by

1
Y5 (dya | yoa) = Zon) 11 (o va) ] Mdyw), (1.8)
A\YoA (u,v)EEEA, vEAUDA weEA

where Zf(ya 4) > 0 is the normalizing constant. Note that for finite G, any random element
Y& = (Y,%),eq taking values in Y whose law is the (¢, \)-Gibbs measure Pg € P()") satisfies
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for every finite A C V,
VRV = LOYE | Y5h) = LOVE |V ) as. (1.9)

It is clear that 'yg = v whenever AUOA is a common subset of the vertex sets of two graphs G
and H that induce the same subgraph on AUOQA. The observation (1.9) motivates the following
definition.

Definition 1.14. For a general (countable, locally finite) graph G = (V, E), the set Gibbs(G) =
Gibbs(G, 1, A) € P(YV) of (1, A)-Gibbs measures on G is the set of laws L£((Y,%),e1), where

(Y9 ey is a random element of )V such that

LYFIYE ) =75(1Y5h) as.,
for each finite set A C V, where 1§ is as defined in (T.9).

Unlike in the finite case, when the graph is infinite, the Gibbs measure may not be unique.
However, since the reference measure ®,cy A is invariant under permutations of the vertex set of
the graph and the interaction potential ¥ is homogeneous in the sense that it is the same on all
edges of the graph, it is easy to see from Definition [L.14]that |Gibbs(G1, ¥, A)| = |Gibbs(G2, v, A)|
whenever (1 is isomorphic to Gy (see also |7, Chapter 5] for related assertions). Therefore, we
can define U = Uy » by

U :={G € G, : |Gibbs(G)| = 1}. (1.10)

In other words, U consists of (isomorphism classes of) locally finite graphs G for which Gibbs(G)
is a singleton. For G € U, let Pg denote the unique element of /. Note that every finite connected
graph belongs to U, so this is consistent with the notation introduced in Definition Note
that if 1 = 1 then we recover the i.i.d. setting, where Pz = \® for each G and in particular
U =G,. Forany G € U, let Y denote a random element of Y with law Pg, and write (G, Y )
for the corresponding random element of G.[)].

We now state key convergence results for Gibbs measures, whose proofs are given in Appendix
for completeness.

Proposition 1.15. Suppose G,,,G € G, with G,, — G in G.. If G € U, then with YG",YG
being random Gibbs configurations as defined above, L(Gp,Y %) — L(G, YY) in P(G.[V]).

Now, if G is a random element of I/ with law M, we may define a random element (G, V%) of
G.[)] in the natural way, by first sampling G' and then generating Y according to the measure
Pg. More precisely, the law of (G,Y?) is determined by the identity

E[f(G,Y)] = / Ef(H, Y™ M(dH), f € Cy(G.[V)).

u

Proposition [1.15| ensures that the integrand is continuous in H on U, so that this is well defined.

Proposition 1.16. Suppose G is a random element of G., with G € U a.s. Suppose G, are
finite (possibly disconnected) random graphs such that Gy, converges in probability (resp. in law)
in the local weak sense to G. Then, with Y, YC being random Gibbs configurations as defined
above, (G, Y ") converges in probability (resp. in law) in the local weak sense to (G,Y ).

An immediate consequence of Propositions [1.15| and is that analogous convergence
results hold when the initial marks are i.i.d. with law A € P())), conditionally on the graphs
{G,}, as stated below.
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Corollary 1.17. Suppose G is a random element of G, and Gy, is a sequence of finite (possibly
disconnected) random graphs such that G,, converges in probability (resp. in law) in the local
weak sense to G. Let Y™ = (Y )veq, and Y = (Yy)peq be i.d.d. with law X\, given the graphs.
Then {(Gn,Y %)} converges in probability (resp. in law) in the local weak sense to (G,Y%).

2. LOCAL CONVERGENCE OF MARKED GRAPHS - DEFINITIONS, RESULTS AND PROOFS

2.1. Essential properties of the metric space of local convergence. This subsection
develops the essential properties of the space G,[)] of isomorphism classes of rooted connected
marked graphs, introduced in the previous section. Throughout this section, (), d) is a fixed
metric space. Some of these results (albeit with a different choice of metric that induces the
same topology) can be found in [4, Section 3.2].

Let I(G,G") denote the set of isomorphisms between two graphs G,G’ € G,.. Recall from
Section |1.1] that a sequence {(Gn,y")} C G[V] converges locally to (G,y) € G.[V] if, for every
k € N and € > 0, there exist N € N such that for all n > N there exists ¢ € I(By(G,), Bk(G))
with d(yy, Yp)) < € for all v € By(Gp), where recall that Bj(Gr) represents the induced
subgraph of G, on vertices of GG,, that are no greater than distance k from the root. We may
endow G,[Y] with either of the following two metrics:

d.((G 27k (1A f d(yw, v ,
(@), Z ( eI (Bl B vl w y“"”))>

oo
Z Ao, Vo) | -

de1 ((G,y), (G y) =) 278 [ 1A inf
vGBk(G)

1 el (By(G),Br(G"))

where the infimum of the empty set is understood to be infinite. We will show in Lemma
that these are genuine metrics on G.[)]. The following proposition confirms first that they are
indeed compatible with the aforementioned notion of local convergence.

Proposition 2.1. Let (G,y), (Gp,y") € G[YV], for n € N. The following are equivalent:

(1) (Gn,y™) converges locally to (G,y).

(2) d((Gn,y"), (G,y)) = 0.
(3) due1((Gnyy™), (G,y)) — 0.

Proof. Clearly d,; < dx, so (2) = (3). To prove (1) = (2), suppose (G, y") converges locally
to (G,y). Fix e > 0 and k € N such that 2!~ < e. Find ny, such that for all n > n;, there exists
¢n € I(Bi(Gn), Br(G)) with d(y}}, yp, ) < 27F for all v € Bi(Gy). Note that for j < k the
restriction ¢n|p;(q,) belongs to I(B;(Gr), Bj(G)). We deduce that, for n > ng,

Gn,y"), (G,z)) < Y 27727F 4 23( inf maxdv,’v>
h Z Jzkil ¢€l(B;(G),B;(G") veB;(G) (Y0: Yip())

Finally, to prove (3) = (1), fix k € N and € > 0. Choose M € N such that 2= < ¢/|By(G)|
and M > k. Find N such that ds1((Gn,y"), (G,y)) < 272M for all n > N. Then

Z Ay, yl) <27 <27M p >N, <M.
UGB( )

inf
p€I(B;(G),B;(Gn))
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In particular, choosing j = k, we may thus find for each n some ¢, € I(B(G), Bx(Gy)) such

that
1

|Br(G)]

> A yiw) <27
’UGBk(G)
Bounding the maximum by the sum,

d(yw, y" 27M|BL(G)| < e.
pona (Mo, Ypy) <277 |Br(G)| < €

In summary, we have shown that for each £ € N and ¢ > 0 there exists N € N such that for all
n > N there exists ¢, € I(By(G), Bx(Gy)) such that max,cp, () d(yv,yg(v)) < €. This shows
that (Gp,y") — (G,y) locally, and the proof is complete. O

Lemma 2.2. (G.[)],dy) and (G«[]Y],ds1) are metric spaces.

Proof. We first check that d, is a metric. Symmetry is clear, as is the fact that (G,y) = (G',v')
implies d.((G,y), (G',y)) = 0. Conversely, if d.((G,y),(G",y’)) = 0, we show that (G,y) and
(G',y') are isomorphic as follows: Find a sequence ¢y, € I(By(G), Bi(G')) such that y, = y;k(v)
for all v € Bi(G). Extend each ¢y, arbitrarily to a function from G to G’, and view each ¢y as
an element of the space (V/)V. Endowing V' and V with the discrete topology, we may equip
(V)V with the topology of pointwise convergence. The sequence () is pre-compact in this
topology since ¢n|p, () C Br(G’ )W for each n > k, so we may find a subsequential limit point
¢ : V= V' The restriction ¢|p, () belongs to I(By(G), Bx(G")) for each k, and it follows that
¢ must be an isomorphism from G to G’. Moreover, we must have y, = y; ) for all v € By (G),
for all k, and we conclude that ¢ is an isomorphism from (G, y) to (G',y').

Next, note that d.1((G,v), (G',y’)) = 0 if and only if d((G,y), (G',y')) = 0. Therefore d;
is also a metric. O

The following lemma is taken from [4, Lemma 3.4].
Lemma 2.3. If Y is a Polish space, then so is G.[)].

2.1.1. Auailiary results. With the essential properties of the metric space (G.[)], dx) now estab-
lished, we now establish two auxiliary results. The first addresses the question of convergence
of empirical measures.

Proposition 2.4. Suppose (), d) is a complete, separable metric space. Let (G,y),(Gn,y") €
G«[YV], and assume G and G, are finite graphs. Define the empirical measures

1 1
:U’G — @Zéyw Hn = |Gn’ Z 5%7)1

veG veEGn
If (Gn,y™) = (Gy) in G, then py, — p in P(Y).
Proof. Fix finite graphs G, G,, in G.. Consider the 1-Wasserstein (Kantorovich) metric,

Wi(m,m’) :sup{/)(fd(m—m’) X =R |f(x) = f(y)| <d(z,y)Vo,y € X}.

It is well known that convergence in this metric implies weak convergence. For any (rooted
connected) graph G' = (V/, E',¢') € G, let R(G') = inf{n > 0 : G’ = B,(G’)}, and note that
R(G'") is simply the distance from the root to the furthest vertex. A graph G’ € G, is finite if
and only if R(G') < co. Moreover, G' = Bp(q)(G') = B(G") for any r > R(G’). Because the
graph is connected, it is also clear that if B,(G') = Bs(G’) for some s > r, then there are no
vertices that are at a distance greater than r from the root, and so G’ = B,(G’) and R(G’) < r.



8 KAVITA RAMANAN, BROWN UNIVERSITY

Now, let r = 2R(G). Let € > 0. The assumed convergence (G,,y") — (G,y) implies the
existence of N € N such that for all n > N there exists ¢, € I(B,(G), B.(Gy)) such that
maX,ep, (@) d(yv,ygn(v)) < e. Now, since G = B,(G) = Bpr)(G), by isomorphism we must
have B.(Gn) = Bpr(g)(Gr). From the argument of the previous paragraph we deduce that
G, = B.(G,) and R(G,) = R(G). Thus ¢, is an isomorphism from G to G, and

1 1
Wi (pn, = Sup — J (Yo _fyn v < dywyn v)) < € O
1t ) =su |G|UGZG(( )= Fhw) 6] 2 90)

We now present the proof of Lemma [I.12] stated in Section [1.4] which provides equivalent
characterizations of convergence in probability in the local weak sense.

Proof of Lemma[1.13 The proof is similar to that of the Sznitman-Tanaka theorem [8, Proposi-
tion 2.2(i)]. A simple and well known argument shows that the total variation distance between
LU, UF)|Gr) and L((m,(1),m,(2)) | Gy) is no more than 2/|G,| on the set |G, | > 2, where
7, 18 a uniformly random permutation of the vertex set of G,, (given Gy, and assuming without
loss of generality that the vertex set of G, is {1,...,|Gp|}). Since |G, | — oo in probability, we
deduce that the total variation distance between £(U7', U3') and L(m,(1), 7,(2)) vanishes. Thus,

is equivalent to
E[1(Cory 1) (G ™) 92(Co 2)(Conn ™)) = Elgn (Goy)Elgel G, Van, g2 € CHGY). (21)

Let uy, := ﬁ > veG, 0C,,, (1) (Gnyn)- Since the (conditional) joint law L((Cro(0) Gy ¥™))vec, |Gn)
is exchangeable, for g1, g2 € Cy(G«[Y]) we have

1 n n
E [(tn, 1) (tin, g2)] = E |Gn|? > 91(Crnw) (G y™)92(Cor () (Gins y™))
" wweGy
|Gn| -1 n n
—E ng(Cmn(Gmy )92(Crr, (2)(Gns ™)) (22)
1

+ @gl(cmu)(Gmy"))92(cwn(1)(Gmy”)) :
Now suppose that , or equivalently (2.1)), holds. Let f € Cy(G.[YV]), and take g;(-) :=
fC)=E[f(G,y)] for wi = 1,2. Then the right-hand side of converges to E[g1(G, y)|E[g2(G, y)]
= 0, and we deduce that

E (s f) = ELF(G,9)))?| = El{ptns 1) (10 92)] = 0.

As this holds for arbitrary f, we deduce that

li !
m ——-—
n—oo |Gn|

> bc, Gy = lim g, = L(G,y),  in P(G.[V]), in probability. (2.3)
UeGn

Note that the first identity is just the definition of u,, upon removing the permutation. Thus,
is precisely the convergence in probability in the local weak sense of (G, y) to (G, y), which
completes the proof of the “if” part of the claim.

To prove the converse, we assume holds and deduce as follows. Note that
implies E [(tin, g1){iin, g2)] converges to E[g1(G,y)|E[g2(G,y)], whereas the right-hand side of
clearly has the same n — oo limit as the left-hand side of since |G| — c©. O
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2.2. Proofs of local weak convergence of Gibbs measures. The goal of this section is to
prove the results in Section A number of prior works, such as [5,/6], have studied Gibbs
measures on locally converging (sparse) graph sequences and Lemma on the convergence of
the whole particle configuration is well known in a more general context (see [7]), but we include
it here for completeness.

Although we have focused our attention on factor models with pairwise interactions, the
same arguments extend easily to bounded-range interactions. Recall the definitions given in
Section and fix the pair (¢, \) as defined therein. Also, recall that given a Polish space )
and a graph G = (V, E), P € P()V) is said to be a Markov random field with respect to G if
for every finite A C V,

P(yalyna) = P(yalyoa) for P-ae. yy 4 € YV (2.4)
The first step toward the proofs of Propositions and is the following lemma, which
is inspired by |7, Proposition 7.11].

Lemma 2.5. Suppose G = (V, E) € U. Let Pg be the unique (1, \)-Gibbs measure, and let A,, be
any increasing sequence of finite sets with Up, A, = V. Then, for any m € N and f € Cyp(Y4m),
we have

lim sup
0 g4, €YOAR

Fyan) . (dya, | von,) / F(5a,.) Po(dgy)| = 0.
yAn yV

Recall that the definition of the kernel v§ (dya | ysa) is given pointwise in (T.8), in terms of
the continuous interaction function . Because we work with this particular version of the con-

ditional probability measures, it makes sense that Lemma [2.5]is stated in terms of a supremum
rather than an essential supremum.

Proof of Lemma[2.5. We first note that ysa — Y5 (- |yoa) is continuous with respect to weak
convergence, for any finite graph GG and nonempty finite set of vertices A, because 1 is bounded
and continuous. Moreover, because 7 is bounded, we have

Gy,
sup di ( |y8A)(

T M ya) < oo,
Yy

In particular, this readily implies that

G lyaa) s yoa € Y24} € P(Y?) s tight for each G and A. (2.5)

Now suppose that, in contradiction to the assertion of the lemma, there exist an increasing
sequence of finite sets A, with U,A4, =V, m €N, f € C,(Y4™), € > 0, and Yja, € Y94n such
that

>e¢, Vn>m. (2.6)

‘ Fa) 4, (dya, |95a,) / f(ya,,) Paldyy)
yAn yV
Define P* € P(YV) by setting

P™(dyv) =% (dya, |ypa,) [ Mdw).

’UEV\An

Then it is easy to verify that P™ is a Markov random field with respect to GG, in the sense that
(2.4]) holds when P is replaced with P". Moreover, as a consequence of (2.5)), the sequence (P™)
is tight and thus has a weak limit point, say P € P(}"). By (2.6), we have

f(ya,,) (P — Pg)(dyy)| > e (2.7)

‘yv
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Now, let (P™) denote a subsequence of (P") that converges weakly to P. Also, let Y* =
(YF)pev and Y = (Y)pev be random YV-valued elements with laws P™ and P, respectively.
Consider disjoint finite sets B,C' C V and g € Cy(YB), h € Cp(Y®). Then, first using the weak
convergence of (P™) to P, then the Markov random field property of P", the definition of P"*,

and finally the continuity of 71(3;» we have
Elg(Vp)h(Ye)] = Jim Elg(v)h(E)]
= lim E[E[g(V) | 5] (E)
—00
= lim E[(v5(-| Ygp), 9)h(Y0)]

=E[("5(-|Yan), 9)h(YC))-

Because B and C' are arbitrary finite subsets of V, this is enough to conclude that P belongs to
Gibbs(G) = Gibbs(G, ¥, A). Since G € U, this implies P = Pg, which contradicts (2.7)). O

The following Lemma includes Proposition as a special case (by taking G2 to be an
independent copy of GL and G,, to be the disjoint union of G} and G2), and it will also be
useful in proving Proposition [1.16]

Lemma 2.6. For n € N, let Gy, be a finite (possibly disconnected) random graph, and for
i = 1,2, let o, be a (random) verter in G,, and let G, be an induced (random) subgraph of
G, rooted at of,. Assume L(GL G?) — L(G',G?) in P(G. x Gi) for some random elements
G, G? ofU, and assume also that dg, (0%, 02) — 00 asn — oo in probability. Then, for random
elements Y&, YGl, and Y with laws Pa, , Pa1, and Pg2, respectively, we have

LG YEM (G YEM) = LG YD) % LG YY), in G.[Y] x G.[V].

n -Gl

Proof. By the Skorohod representation theorem, we may assume that G,,, (GL,ol), and (G2, 02)
are non-random. Fix r € N and fi, fo € Cp(G.[YV]) with |f1], |f2] < 1. Recall that B,(G) denotes
the ball of radius r around the root in G, and we similarly write B,(G,y) for a marked graph.

It suffices to show that
Jim B [£1(B, (G YN (BGRLYE)] =B [A(B/(G Y] E (B2 Y )] (28)

Let € > 0. We may define a function f; € Cy(YB @) by fi(y) := fi(B.(G',y)), for i = 1,2. By
Lemma [2.5| we may find £ > r such that, for each i = 1,2,

su 7 i i d i iy ) — iy) Pri(d S €. 2.9
yeyaBIg)(Gi) /yBe(Gi) fi(WB, ) VB, (Y, (Gi) | YoB, ) /yGi fB, (i) Pai( y)‘ (2.9)

For each i = 1,2, since G; — G, we may find N < oo such that for all n > N there exists an
isomorphism ¢y, : Byy1(G') — Byy1(Gy,). For any positive integer m < £+ 1 we may also view
4,0% as a dual map me(G;) — me(Gl) by setting

wiy = (y@%(v))'UeBm(Gi)7 for y = (yv)vEBm(Gfl)'

For 4 € yan(G;), we have
2 i vGn Gn R Tl AR e G
E [fi(@nYBT(Ggl)) | YaBg(G%) = y} = /yBg(G%> fz(SOnyBr(Gg)) ’YBZ(G%)(dyBg(Gg) 1Y)

B /yBem fi(yBNG"” ’YgZ(Gﬂ(dyBe(Gi) lond):
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and thus (2.9) implies

sup } [fz(SDnYGTE )) | Yacgne(ggl) =y - [fl(YBGZ(Gz | <e (2.10)
gey?Be(Gh)

By assumption we may choose n large enough so that dg, (0}, 02) > 2¢. Then, use the fact that
Y& is a Markov random field over the graph G, and the fact that B,(Gl) and B,(G2) are
disjoint, to get

[fl(QOn B )fQ(QOn B(g2))]

~E|E[f < Y i o JELR(2Y S0 | Vit oa)]]
Combine this with (2.10]), and recall that | fi| <1, to obtain
BT (oA ) P 2Y S| = BLAYS (o) ELRYS ()| < 26,

for sufficiently large n. Plugging in the definitions of ﬁ and ¢, this becomes
LA (B (Gl YEM) (B (G2, Y§)] = ELf2(Bo (G, Y E BB, (G2 Y )] < 26,
for n large. Since € was arbitrary, this implies (2.8]). O

Proof of Proposition[I.16. We first prove the “in law” case. Note that the convergence of G,, —
G (resp. (Gp,Y%) — (G,YY)) in distribution in the local weak sense is equivalent to the
convergence in law of Cyn(Gy,) — G in G, (resp. Cyn (G, YE) — (G, Y ) in G.[Y)]), where U™
is a uniform random vertex in G,,. The “in law” case then follows immediately from Proposition
1.15| via continuous mapping or marginalization.

Next we prove the “in probability” case. By Lemma we know that

L(Cyp(Gn), Cup(Gr)) — L(G) x L(G), in P(Gx X G),

where U]', US are independent uniform random vertices in G,,. Because G, — G in probability
in the local weak sense, it is known from [10, Corollary 2.13] that dg,, (UT*, U3') — oco. By passing
to a Skorohod representation, we may assume the limits are all almost sure, and then invoke
Lemma 2.6 to deduce that

L(Cup(Gn, YO, Cup(Gn, YY) = L(G, YY) x L(G, YY), in P(G[V] x Gu[V]).
By Lemma this is equivalent to the claim. O

Corollary 2.7. Suppose G is a random element of U. Suppose {Gy} is a sequence of finite
(possibly disconnected) random graphs. Let H, C G, be random induced subgraphs, and let
A C G. be a Borel set with P(G € A) > 0. Suppose H,, converges in probability in the local
weak sense to a random element H of G, with L(H) = L(G|G € A). Then, given random
elements Y and YC with laws Pq, and Pg, respectively, the sequence of marked random
graphs (Hn,YIS’:?) converges in probability in the local weak sense to the marked random graph
with law L((G, YY) |G € A).

Proof. By Proposition m (Hn,Yg;) converges in probability in the local weak sense to

(H,Y™). So we must only argue that £(H,YH#) = £((G,Y%)|G € A). But this is easy
to see: recalling that U is the collection of graphs on which the Gibbs measure is unique,
there exists a map ® : U — G.[)], which is in fact continuous by Proposition such that
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L(H,YH) = £(®(H)) for each H € U. Together with the assumption £(H) = L(G |G € A),
this implies the desired result:

[1]

L(H,YH) = £(®(H)) = L(B(G) |G € A) = L((G,YE) |G € A).
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