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Bro\r\d\img - selection gystems :

- Pacticlk Sﬂshmsr Pmr+icles bronch and move in spoce .
Killing rale kﬂb]as number of po\r-h'cles congtant.

. ’165 models Lor a POPU&lQ’hOr\, under Selection.
Location of a parﬁcle (= individual) represe,nh its e,\lolmhom\rﬂ {itness.

* Infroduced 65 Beanet and Derrida in 19905 .
Recent resubs and lots of open c,or\&echres about (Okg/-PeFM behoviour.

Overview :

L. N-pacticle bronching Brownian motion (N-BRM)
and reloted free bowndary problem

2. Brownian bees - ‘0m3—+erm behow iour (& ((H

3. N—Po\rﬁde, bro\r\cb\ims ondom walk,
Results and conjectures abount lom%/\'crm behow oW

Focus on probabilistic ideas in \DFOOQS + how use PDE resuMs.



N - \Jo\(Jric,\e, branching Brownian motion (N-BBM)

* N particles move in R according +o independent
Rrownian motions.

* Eoch particle, ino\eper\o\enﬂb, bronches into +wo T +ime
pacticles after an Exp(4) +ime.

* Eoch fime o pacticle branches, the leftmost
particle in the System is killed.

N pacticles in +he, 63s+e,m ot all +imes.
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N - \Jo\(Jric,\e, branching Brownian motion (N-BBM)

* N particles move in R according +o independent
Rrownian motions.

* Eoch particle, ino\eper\denﬂn, bronches into +wo T +ime
pacticles after an Exp(4) +ime.

* Eoch fime o pacticle branches, the leftmost
particle in the System is killed.

N pacticles in +he, 633’(%\ ot all +imes. ‘

Introduced by Maillard (2012). Nakura| continunous-time 0\r\0\lo<3uw, of discrete-+ime processes infroduced
bw Rrunet ond Derrida (1997F).

Toy model for a population under notural selection.
Position of a Par-l'icle on R repre,&nh e\:olv\howrs Litress,
Individuals with lowest Qi‘(’r\&%& are  killed.

Want to understond lona-term behoviour for large N (opeed + shape of cloud of particles, agnealogies)

One ool: over & fixed timescale, as N—> oo, density converges to solution of a free boundary problem.



Notation X" (%)= b((lm ), .., X(S) ) P(hﬂ’id& FoSH’ioy\S ot time +

D= min XU lefimost pactich postion of e &
LE \)---7 v
Free boumo\od‘b prob’ew\

Given o prolooxbilﬁa de,nsi+3 u,: R—= Ry, £ind o pair (w(t,2), L) that solves

g—zzlillm+w for €>0, x> L,
(F8P4) ‘:OUC’LQ: © for £>0 w(t,)
g[_:(é’b)dbz 1 for £>0 /—\
L
w(0,00) = Uy () for xeR. ‘

A unique solution exists ( Becestycki, Brunet, P 2019).
K £urns out that for large N,

u({:,&)%d\usﬂrnﬁ of particles of x of time £t « grgo
L, % position of leftmost pacticle at 4ime £ = |
\Nks do we get this FRP?
*For >l % l_‘E’, packicles « move according +o BMs /%_'Z = g An+u
* branch into 4wo P(M‘HC[&S o rate 1
- At o= Lf":',\; Ly, posticles are killed, o w(f,Ly)=0.

L L fpackicles in (-8 ,045) of kime 1}
N)

{ .

« Total rumber o@ Pov\"l'icf&S = N, %0 g?(éas)d‘t&: A



Notation X" (%)= b((lm ), .., X(S) ) P(hﬂ’id& FoSH’ioy\S ot time +

L(i) = r_niri " W (£) l\eftmost pacticle position of time +.
LE \)---7 v
Free bou.r\o\arb probfem
Gen o prolooxbilﬁs dbn$1+3 Wy R—> 1R+, -("mo\ o Podr (u(Jc,oc)) L{-,) +hat solves

g_u'—'—lg—’AM.+UL Lor Jc>O,oc>|_JG
(F8P4) ‘:O&’LQ: © for £>0 w(t,)
S‘L:(Jc,b)dbz 1 for £>0 /_\
Lg

w(0,00) = Uy (ax) for xeR.



Notation X" (%)= b((lm({:)) o X(S) ) PM‘l’iC(e FoSH’ioy\S ot time +
L(i) = r_niri " O (£) l\eftmost pacticle position of time +.
LE l)---; v
Free boumo\arS probfem
Given o prolooxbilﬁa de,nsi+3 u,: R—= Ry, £ind o pair (w(t,2), L) that solves
u ,

ot = ghu +u for €>0, x> L,
(F8P4) “leLy)= 0 for £>0 w(t,)
0
S‘L:L(é,b)db: 1 for £>0 /_\
L
w(0,00) = Uy () for xeR. ‘
Hbdro&bmmmic limit
Theorem (De Masi, Ferrari, Preswtti, Soprano-Loto 201%#) Suppose X{V(0), ..., X(,\T)(O) are i.i.d. with o\e,r\si‘l'j
Wo. Then for xeR, £>0, o0

LN#{LSN: X(Z‘"({")?’JC?] —> Socu(ic,b)db as. a5 N— o,

Foclier result: Ducredt + Remenik (2011). Hbo\rodammic [imit of o bmr\chmgzse(ed'bm smssh,m in confinuons
time . New particles yump from location of parent ofter branching. Leftmost particle killed.

Main proo{‘ dea: On shott time m+e,rval$, sondwich N-BRM between oo proceses ‘HLOU(' are easier to control.



Proof of lrwbo\roclsnamic limid cesult

Notation

Branching Brownian motion (BBM): pacticles move according to ir\olape,no{e,n+ BMs

branch into two pasticles ot rate 1.
X+(_€): (XTU—,),..., XT\I‘E #)) locodions of pmrhcl&& ot +ime +.

(ordecing not important - could use Ulam- Harris)
HY (¢, 20):= "N'# {if Nz’ XT(\‘/)Z :x,} = 'ﬂ#{wrholss in BBM % of time ﬂ.
N-BBM. X(N)({:)= (_XﬁNJUC),--., XL,:D(@) locations of particles at +ime 1.

Ordecing: af time O, pacticles are labelled 1,2,..,N.

When particle with label § branches, if leftmost pacticle has label k. then the two new particles are
qven [abels ('\,w\ol k. (l—F &=k+¢xe,r\ r\o-l"{air\S kappens).
Labels don’€ CL\O\Y\S@ beween brw\ckms events.

HY ()= 7 # §iaN s X0 % o0k = 2 packicles in N-8BM »ox ot Fime +1.



Proof of lrwbo\roclsr\amic limid cesult

HY (¢,29):= I’N# iz Nz= XT(©)» xt= 'ﬁ#{mr%iole& in BBM 2 2c ot time ‘l’}.
H® (4, x):= ~HSigN: )(-L(N)(ﬁ)k f = ~7F Lpacticles in N-BBM > o at time .

Lemmo. (wpper bound couplina) For any K= (XX e RY, there exists o coupling of the BBM (X*(¢),£%0)
ond +he N-BBM (X®(£),4%0) such +hat under the Coupling,

KXW (=X =X 0)  and HM(,x) € H'(£,x) YEx0, xeR.

Proof : Particle 5‘33+e"‘ c,onsis+in3 of red and blue poxhcle&.

At time O, pacticle c,oMCiSurotHon is aiven bn X ,and all N particles are blue.

Porticles move oxworolin% to independent BMs and bronch of rode 1.

When a blue pacticle branches, the 4wo offspring pacticles are coloured blue, and the leftmost blue particle in
the ssg-Fe,m is Colonced red.

When o fed pocticle branches , the two offspring particles are red.

The blue Pw{—ief&s form an N-BBM and the whole 835+em of Puhcles formg & BRM.

Onder this coupling,

F#5ien: K @Ot H#Sie N X O%=T o



Proof of lrwbo\roclsr\amic limid cesult

HY (¢,29):= I’N# iz Nz= XT(©)» xt= 'ﬁ#{mr%iole& in BBM 2 2c ot time ‘l’}.
H® (4, x):= ~HSigN: )(-L(N)(ﬁ)k f = ~7F Lpacticles in N-BBM > o at time .
Notation: For XeR™ X'e R™, write X7 X if

\X,'\ Y;)C,oo)\? \'X,lﬂﬂocjoo)l VDC€(R 1Q{—‘ mZm' and 3 \)e,rmwl’w{’mn 5 o{l &\,...)m’g sik.
Xy X Vigm
Lemma (Lower bound oouupfimb) Suppose X e RN, XFeR™ and X7 X
There exists o coupling of the N-BBM (X“’(£),£20) and +the BBM (X*(€),4>0) such that under
He coupling,
X&(0)= X, XH0)= X, and for £%0, H® 00> H (£,00) Yoce R if N{ <N,
'K#Po\rﬁc_l&s in BRM ot

Proof: Let vf= branching time in X* time +

I-Q-F XCN)(_67>/ X+(_€)
Claim: For Xe RY, Xre R™ with X7 X*, can couple (X(")(é),éZO) and (X¥(),€%20) in such o way that

XP0) =K, XH)=X" and X7 XHE) Ve { lo, 747 i IXH<N
[o,t}) if IXH=N.

Assuming the claim, get the resalt by applying the claim succe,ssive,ln on +ime intecvals [0,€}7,

+ + +
<1, [/c“_m,fN_mi .



Proof of lrwbo\roclsr\amic limid cesult
Claim: For Ke RY, XTeR™ with X7 X", can couple (X(£2,4%0) and (X*(£),£20) in such o way thot

XM =X, XH0=X" and XV 7 XT(E) Ve { (0,747 ig  (Xf|<N

Proof of claim: Astume (by reordering) X . X! Vizm. lo,wf) if Ix'=N.

[et T =i br‘w\dnm% +time. in X"
§i= index of qu+icle thot branches of time -T;
k= index of [g{:+mos+ Po\r‘f'id& ot +ime T
Comple, forw\c,hin% +imes <o ’L’;_': Tt where = min{i\f/ii i< M}.
Couple BMs up 4o time Tp: [et (B (£),4%0) for is N be ii.d. BMs starting at O.
[eA )((LN)U’J" X+ Bl£) t<Typ,c=sN,
XT (= XT B 44Ty, igm, s for igm, X7 X{(O) Vi<,
= X7 X*(#) Vi<t
At time Ty, if T2 T (e if fgmm) for ioN, X (o= o XP(00) ikky
XN’ (T i=ky
so for izm, X2 X (> Xi(t)= X (1), Hence X (fiw X* (1),
Same construction on [7, 75T, [Tie, s T.) = X))z X{(© Lor £
= X)) 7 X¥%) for t<T;. Now ossume m< N.
At time T:=T) | ‘)ar-h(,le a = y o+ branches in BBM and N-BBM, and po\(‘{’icle, l&*'i:leﬁ o Killed in N-BBM.
For ksm, k# kY, X‘m(’f)—- X% (t-)= Xh(f'> }

, (sm

m+l pacticles in N, _+ P
X (), ench < So X (e) 72X (). o

diffecent pacticle in X ')

and X‘"’ (t) = X‘”) (t-)= ><+ (T-.
L kK <m, ><<N’ (*)> X(N)('C )% X (o).

m+1|



Proof of lrwbo\roclsr\amic limid cesult

For &:IR”’(R and me R, let  C,f(x)= min g(x),m) 'aceﬂQL.t_ - “cut”
For +>0 and glR—%R leA qu@x,) ]E [_%(B,c)] SJH _7-"-3_@3)&3 xe R “SPr‘g,o\d”

Take ¢>0 small and £>0 fixed | Take N [arge. N
/ﬁke XG IRN O\r\d IQ,‘(" V(m(t))"_Z{ﬂ_X>5 ’W\eu q(,'Vw)(_’x, =‘;\TZ ﬂ)x(XLZ B{)
=1
£ X*(©)=X then w.h.p., H ¢, = Ze, P, (B,c,ac)Jr ON )= &G v (@ +ON) VYxeR.

By appes bound C,oquirLﬁ, i K(N)(O):X, H(N)(«‘.,m)é Cj_H+(Jc,'ac)é C,e* G & + O(N®) VxeR wh.p.
L where X+(0)=X
BS lower bO(M'Ld CDIAP!”LS’ i{‘ X(N)(O)':X) ‘H!\Q,r\ (E,‘H'Irk—s X+(_O)’ X+ = He N(e, €_ N ) Fl%l'\‘*'mOS‘{' Pod"hc eS In X
+
(50 X7 XE and i fﬂ—X“’?m_ C C,Vém('x:) )
£ NEsN ten HPMEx)7 HY(6x) 7 €8 G, Cope_ e V%) -O (N Q) \]:x: G.hp.
 fhis happens w.h.p.

% for >0 Small,

e G5 C ot vy - 0N £ HYV (S50 < Cﬂ_e GV ) + O(N®)  YxeR  wh.p.

For £>0 .('ixe,ol) +o\kirx3 S~ N_d st. tfs =n,eN 63 i+e,r‘od—'n\,z3,
‘(:

(G5 C o) Ve - (N < H ’(ms x)< (C 8 G v + OIN™Y) Yoo whop.



Proof of hbdrodsr\amic limit cesult
For §:R—R ond me R, let C, ()= m.n(g(x),m) oceﬂZ &
For £>0 and ¢ R—>R, let qu@@ E, Lg(B]= gm &R ggdy  xeR.
For £>0 fixed, foking §~N° st *f5=neN,
(ﬁ, GsC —S>m (N)(OC) @(N_c> < H(N)(‘(t y) £ (_Cj_e/ GS)'” v () + O(N ) Ve w.h.p.

Lemmo. [Led v(£,2¢)= g k(‘é,ts)d.s) where  (w,L) solves (FBPAL) with initial condition w,.

o €

[e Ny ()= S ULO(S)OLA Then _For ne N and $>0,
* (¢ Gs Co- 5) Vo () £ V('\S )< (C,e QS) V()  YxeR.
Cud +L\{,\\ arow/ Mmejh the right S~ Grow/spread then cuf.
Spread. of oc in N-RM with
N"=" 0o . Grocs/ spread
Proof - Use Feanmm—Kau: formula. and cut at me time.
Lemmo. For Vo: R—>[0,1], §>0 ond ne N, | (Cleﬁqs)"vo» (e,sQSCUg)“VOHOO = (e,'“g+ l)(e,g—l)_
Pfoo{'- 1. “QS& Qgg\ I\-G ‘3“ L. éqsce’sgzc\se’scésg
2.1C28-Caollat 1§~ qlloo =G Che® &

3.1 \Quwam 1€ g~ o mox (E-151-€%)= -1
n~ n—| s ! Sv
1(C, G Vo (€G5Ces) Vol < 1€, G (e Q) V- Go (€, Gs) Voll,, G (Gie? G Cieo
631+3\ {65 1z t “CIS(C(EISGS)AHVO’ (qS C,%S)n Vo”oo
< E»s"i- + CS('\/D “Vo"'Clﬂ,gVo“oo§(€/’Lg+\>(eas’l) "5 3. o



Proof of lrwbo\roclsr\amic limd resuldt
For &IR"‘%[R oand me R, let C, g(oc)- mm(g(x), M-) ’.)C.G_ﬂzt.m_ -
for 420 ond CR—R, let G (= By [((B]- Tmee ™ cgdy  weR

For £>0 fixed, foking €§~N° st ¢f5=neN,
(€65 Ce5) V6" - o) < MO 2 € (Co GO P + ONT) Voo @k p

Lemmo. [Led v(£,2¢)= g k(‘é,ts)d.s) where  (w,L) solves (FBPAL) with initial condition w,.

[e Ny ()= S ULO(S)OLA Then _For ne N and $>0,
* (¢ Gs Co- 5) Vo () £ V('\S )< (C,e QS) V()  YxeR.

Lemmon  For Vo: [R—> [O, Ij) §>0 and rL€|N> “ (Cle,. Qs) Vo — (Q, QS E,’s) VO”oo < (&J_\_ l)(e,s'l\

For N large , if X(N)(O) X,E,N)(O) are iid. with density u,,
LN)()’NZﬁﬂ_x(m(ob F(X(N)(O)> %) = Vo () VexeR wh.p.

So w.k.p. VDCG, @,
(e,s Gg C&—S)n Vo() —o(A) < H (€, o) < (Cl&gag)n Vo(2) + o ()
Y S
v(n§,0) =V ($,%) V(r&,00) = V(£,20).



Long-tem behaviour of N-BBM for lacge N

Asymptotic speed

\}?: min X(.LN)(-O. 3 deterministic oy 5€.  lim L—(_T = 0y &8
(<N t=00 4

¥ and G.N“-)\/z as N— 00.

NB. lim T2 XK 17 ae
£->00 +£

Selection prir\Lin&

N— 00

N-B8M particle configuration Solukion w of FBP

ot +ime 4 E ot time €
hydco d3nam ic

limit
Harcis t—=00 ) t—=00 | 7 Compoctly
(eCh(Tence supporfed
initial condition
Stationary distribution of N —> 0o Trowelling wove solution
N-8&M pacticle c,on{!iswra‘l'[m H of FBP with speed {2
(viewed Lrom leftmost pacticle) PP (minima | SPee,o\)

Selection prir\ciple,: both PDE and Po\c—{—ic,le System ‘select’ Yhe same +ro\ve((m5 wove. to determine
long-ferm behowiowr.



Brownian bees

« N particles move in R4 according to independent
Brownian motions.

(] @
* Each particle, indepeno\wlrlb, branches into two
particles after an Exp(L1) +time. . @
* Each time o particle branches, the particle in @

the System fucthest from the origin i killed.

~ Exclideon distance
N particles in +he, system at all +imes.

Can determine loms—i'ezrm behaviowr for large. N Jrkromgl\
connection with o (-’re,& bounn\ar\u} Proble,m.

Notation.: X(m(@ = (X;_M)(Q, . X%N)(H) Far+ic(€, positions (in RY) of +ime 4.

(e 51N} “ X(:‘)({)” MAX |Mum Po\r{'icla distonce. {:rom 0 of +ime L.
) ~ -1 is Exclidean (£,) norm

. ) ) 0
Guess: is  lim [im M(: = {mv\s—{-. ?
N-so00 {£-200

oo
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Free bou\nolo\rs Froble,m
Given, on initial probobi h+3 measire Do On R Lind o paic (w(t,00, R,) that sdves

%Z: L Au+w el < Ry, £>0 =0
(F_ ; w(€,2)=0 “OC«“>/ R{; ,£>0
B
’ > {w,x)doe=1 £>0
||0C“‘§Kh

w(%, oc)oLOC —> Po(dc) we,O\kl«s as tNO.
Theorem ( s+3ck|>8rune+ Nolen, P. 2020) For any Rorel ‘)robodo l|+5 meosare Po On [R there is o
anioue. solution (w;R) 4o (FRPZ). Moreover, £+ R, is Continwous on (O,00).
Write R (a):=34¢ RY: loc-yll< ct

K 4urns out that for larae N, wld, o) % o\u\s\+3 of pocticles ot x of Fime +

= ég\o N Vol(Bs(o))#g,Po‘r+'Qle'5 n %5(0) ot time ‘{’75

Ry \o\rses(— pactide disfance from 2 ot Yime 4 M(N)

Whey do e get this FRP?  For llocl(< R % MJc , parkicles move according to BMs g— =g hu+u
branch info +too pacticles ok rote 4

At disfance Rex MT from O, PM"Hcles ace Kifled,s0 w(,x) =0.

Total number of particles =N, so S w(k,)doe =4
locl < Ry



Hudcodynamic limit
Notation : P(N)(_(:)O\Dc)~ Z Sxm&) (d=) empirical measure of pacticles ot time 4.
Theorem (RBNP) Suppose po is & Borel probobility messare on R, and
e X005, X82(0) ace iid. with diskribution bo
* (w,R) is the solution of (FBPZ) with initial condition pq.
Then for any £>0 and any measucable  Ac RS, almost sufely

PR = fula)de  and M =Ry as N—>oo.

A

ownian bees
o Pa“” (£, da) — Solution of FBP

N—>o00 (M.(‘é,,‘)) R'l',)



Lomzs~ term behavionr oQ FRP solutions

[ot (U(x),R,) be the anique, solution +o

-Alk(c)= W) locll < Roo
h(=)> O || < R
W)= 0 el > R o

S () doc =L
lc|l€ Roo

Theorem (RBNP) For any initial Borel Proloodoim’\j meagure Po, the Solution (w,R) of (FBPL) sodisfies
lim K£: Reo and lim |ult,)-0UE[_=0.

+t—=>00 400

ownian bees
S Paw (£, doc) ﬁ Solution of FBP

N—>00 (w(€5s R'l',)

—é,—%ool/

S‘(’eﬂ\o\s state
solution (U,Rq0)



Stationary distribution
Theorem (BBNP) The process (X™(£),420) has « Unigque invariont measure TN
which is o proéoxbilﬂ's meosare o (RHY
For any initial particle confiouration , the law of X™(£) converqes in total variotion
norm fo T™ as 4= 00,  In particular, for C € (R measurable,

P(x™©ec) = ™) as +—= 0.

ownian bees
e Pa‘”’ (4, do) ——— Solution of FBP
) N—>o00 (M.(‘é,,‘)) R'l',)
\l/ Lo 4 —=>o00 \l/
Stationary 6‘(’60\0\3 state

distribution TN solution (W,R0)



Selection Primc,i?/e,
Theorem (BBNP) For 220 and Ac RY measucable, as N—>00
(\) ANN L s
©® (§ Xe (RO : [ Z Aoy on- §\m(@o\m(>z}) — 0

and (N3 AW | max
™ ($ Xe (RO | Le{l;--»'\)}”XLH - Ryulz2})— O

.. for N fo\rge,N Lor (X505 X)) € (IR"\>N with law TC(N),

‘l" N
N %j]'- X.e A > S U(TID doc and moX H X ” ~ R "
A iE‘.{l)..,f\)} L oo w. P
Brownian bees
o (&, doc) — Solukion of FBP
(“‘(’E}')) R.b-)
Lo
4 =00 \l’
S'l'ox‘hor\o\rs N— o0
distribution, TN ) S+m°\3 State
solution (U,Rq0)



Proo{l o\C hso(roolsnova\ic, limit
Lok FUls0= p® (B (00 4) = T F T et N XV (0]t
One,—o\ime,r\SiOI'\O\l {lre,e bouu\olo\ra Problem

GQiven. Vo LC))oo)f%EO)ij me,O\SuJ'OJ)IE,> _Q\vu}\ o pair (\/(‘ﬁ)r), Rb) sach thot

v _d-1 2
o= ghv- Ty £>0, re (0, Ry)
v£,)=4 £>0,rcZ R.&
v (£,R) =0 >0

(FeP2) < ¥ (&R
\/(-E)O>=O t>0
\/(O;'):Vo

For N [o\rge,, V(£ w F(N)({>r>.
Proposition For ang Vo: [0,09) = [0, 1] measurable, there exists a wnigue solution (v,R) o (FBPIS).

Pr_o‘)osiﬁon Ler Vo(= Fo(Br(p». Sv\PPos& (v, R) solves (FBP3> with initial condition \o 5, and
(w, R) solves (FBPYD) with initial condition Po- Then for £>0 and r20,

Re= ﬁ.t and v(t,0) = g w(€,x) doe .

locll< r
‘)roPor‘HOh- / /& O{QJ\SH’S of oo
within distance © 0—(:\ 0



Proo{l o\C hso(roolsnova\ic, limit
Lok FUls0= p® (B (00 4) = T F T et N XV (0]t
One,—o\ime,r\SiOI'\O\l {lre,e bouu\olo\ra Problem

GQiven. Vo LC))oo)f%EO)ij me,O\SuJ'OJ)IE,> _Q\vu}\ o pair (\/(‘ﬁ)r), Rb) sach thot

v _d-1 79
o= ghv- Ty £>0, re (0, Ry)
v£,)=4 £>0,rcZ R.&
v (£,R) =0 >0

(FeP2) < ¥ (&R
\/(-E)O>=O t>0
\/(O;'):Vo

No‘{’o\‘{'iOr\_i For :JCLN)G ((RA)N, write (Px(m(')—‘- (PC | X(N)(O)= C(‘.LN))

PﬂPosH’ioA (one.—o(ime,nsioml hbdroo{ammic limit) There exists ¢, >0 sach that _éor N Sm%fici&n‘f'fs
Io\r%e,) Lor £>0 and x™e ([RO\)N>

rPoc(hD( Srmio \ F(N)(‘éﬂ")

(L)l\e,(e, (y(-N)) K(N)> SO!VQ,S (FBP3> ®|+l\. Vo((_): F(N)(OJ‘-). — So U\f\de)r [P (N))

Vo(r) = / Zﬂ- "x(\u)” <r

2:€ "C'.’.L> N'l'cl

)

Proof : Similar o N-BBM - apper and  [ower bound COU\PHILSS.



Proof of hudrodynamic limif
Gouglinay with d-dimensional BBM: (XF(£), i< NY) particle positions of time € in BBM.
For 0454t and i< Nz, X:'>é(3):= position of +ime-8 ancesfor of particle labelled i of time 4.
Couple s0 V& X = X¥(®), and
X®y = § XT@: i N, [ xF ()]« MY Vselo, ]t

Assumptions for d-dimensional P\ﬁolrod(sno»mic limit result:
Suppose P i o Borel Probabili‘l'd measure on [RO\, and

. Xﬁ“’(o),..,xi,”)(o) are i.1.d. with disfribution Po

* (w,R) solves (FBPR) with initial condition p,.
Lot (v,R) solve (FBPR) with initial condition Vo () = Po( B (0)).

@Posiﬁor\, There exists ¢,>0 such thot for any O<'y|<’l’> for N SmQ\Cicie,nJrla larse,
-[-Cq

P(3+te [, T]: Mi”>>RJG+41)s N
Proof : &-Pi E[C?;O s£. for N &I\J{{liciu\'ﬂn laxrge,){.or £>0,

P( “ F(N)(‘é)'>" V(.'éD')HoO7/ &ﬂ: N—Csx) < Q;é' N

-[{-Ca



Proof of hso(roolsnoufv\lc, limit
Suppose P iS o Borel probabi ility measure on R , and

+ X0, XG(0) are iid. with distcibution po
+ (&,R) solves (FBPL) with inifial condition p,.
Let (v,R) solve (FBPB) with inttial condition ve(e)= pol B(0)).
Proposition There exists ¢;»0 such that for any O<N<T, for N s@{icianﬂa large.,

’l"CQ_

P(3+e[n,T] M{">Ry+m)< N

Proof : &'Pi E[C,?D>O $&. for N &/\Q{icienﬂb lo\rse,>{,or €0, — F(N)({) QQ%V(‘@RQ

P( “ F(N)(‘é)'> — V(éf)”oo? €2£ N'Cs> < ef‘ N—l—cs, w.h.p. =1
Proof of step 1
Let (v, R™) solve (FBPY) with initial condition VéN)(r)= F<N)<O,F). Then
[F@E vl € [FP) - v @0l + V6D v,

use O'\Q‘d"MMSOW/ we Hot [V, - v < €8 (V- vl
hﬁdrodnr\mmic [imit

00
= ¢ f:% | F™ lo,0 - FO(Br(o))]
¥ q/wan+i+0\‘{'iva Glivenko- Cantelli +heorem.



Proof of hudrodynamic limif
Suppose o iS o Borel Probabih{'a measure on IRD\, and
. xﬁ“)(o),_..,xi,”)(o) ace i.i.d. with disfcibution po
+ (&,R) solves (FBPL) with inifial condition p,.
Let (v,R) solve (FBPB) with inttial condition ve(e)= pol B(0)).
Proposition There exists ¢;»0 such that for any O<N<T, for N s@{icianﬂa large.,

P(3+e[n,T] M{">Ry+m)< N
Proog: Step L Fcy>O sS4 for N sufticiently lacge, for €0, o FOUL R (R
P FY, ) - Vi€, 7 e N'CS) < &N

S‘{'_&(J_Q- [ef €= N—Csl?—. For N SU\QF[UU\'{'% IO\rSe,, for te [_O;Vj,
P(3se[z,2e] Moo > Ry+e™) < 28N
Proof of step Z: Suppose FO>U,R) = 4- PN (happens w.h.p. by Step 4). Then w.hp.
* by time €+&, the pacticles in 'BRE(O) of +ime O have >N descendants in t+he BRM

'l"CQ_

-1-Ca w.h.p. =1

—I’CS

* on the time intecval [4,£+22], no pacticles in the BBM move more than distance 'gilk’

_Grom their dime-t oancestor’s PosH'ion.. () L s *
=> M, Rrze” ome g€ [o,2]



Proof of hso(roolsnoufv\lc, limit
Suppose P iS o Borel probabi ility measure on R , and

+ X0, XG(0) are iid. with distcibution po
+ (&,R) solves (FBPL) with inifial condition p,.
Let (v,R) solve (FBPB) with inttial condition ve(e)= pol B(0)).
Proposition There exists ¢;»0 such that for any O<N<T, for N s@{icianﬂa large.,

(P(g{e [_’yl)’]’] M_SU>>R_(5+'V|>5 N—I~C?_
Proo: Stepd JeyO 4. for N sufficiently large, for £20, = FOULRY % V(R
P( [ F(N)(‘é)‘> - V(é,')l\ooz e N—CS\) < of N—‘—Csl w.h.p- =1

Caf2

54'_9_,‘3_2 let =N ' For N SU\§Fl'cie,r\+l3 lo\rae,, for te [osTl,

P(3se[z,2e] Moo > Ry+e™) < 28N

—I’CS

Apply Step 4 with t=ke, for ke Ny, k< T/z).

Since £—= R, is continuons on (0,00), we can toke N SU\J{QUU\‘HS \o‘r%e, +thadt

RZ(L"-/&J—I)+Z'/3 < KJC+7‘ Vfce['r‘,‘r].



Proof of hudrodynamic limif

Proposition There exists C;»0 such that for any O<N<T, for N s@ficienﬂn large,
P(3te[n,7]: MEY >R+ 1) < NI

Proal of d-dimensional hbd\rocianmmic limit:

Claim Jcy>0 s£. for £>0, §>0 and Ac R measucable, for N sugficiently lacae,

l-Ca

P(p™ (¢, A)- Su(e x)dxe > %)< N

Then since pM2(£,A) =4~ P‘”’(ﬁ,ﬂi‘*\l\) and Su@é x)doc.z L - gw(fc x) doxc,

RANA
PO, A) - [ultd doe = -5 ) = IP(e‘“’(fc RANAY - Julesmdda > $) < N
A RA\A

for N sufpiciently larae, by Claim. So by Borel-Cantelli, a.s.

\ﬁ“’(&ﬂ)—ﬁ&\d@@@(d and  M{7>Ry-8' for N sufficiently lacae.



Proof of hudrodynamic limif

Proposition There exists C;»0 such that for any O<N<T, for N s@ficienﬂn large,
P(3te[n,7]: MEY >R+ 1) < NI

Proal of d-dimensional hbd\rocianmmic limit:

Claim Jcy>0 s£. for £>0, §>0 and Ac R measucable, for N sugficiently lacae,

-l-Cu

ﬂD(P(N)(-E A)- Sm(-é oc)doe > g)‘ N

Proof of cloim: For 1> 0 and €20, le,+ 6 M4 {KL(Jc) ¢ £ “th(s)l(é RS+'Y] Vsemjfc]}.

It M R ¥se[m,b] Hhen X®P(6)e €
S P, A) - Jal,x)de > §)
A
< P(3se mjéj: Mc:)> Ret ) + [P('ﬂ \CWM nAl - gu(%,ac)o\oc »>$)

A
- (TELN(C Al = Juleie

ond E[ (5 1CyenAl- Lf(cnénAu)]

Mt

nse ProPOSi‘HOn

-2



Lono—term behoviour ~ free bow\d\afb Proble,m

Recall ((A)Roo> IS 8*'&0@6 state solution of (FRPL.
et V(F)=S(L(OC) doc .  Then (\/,ROJ S QA &Jre,o\&\b) stote, solution of (FBRP3).

lloc(l<
Pﬁspcgi‘{'{om For ¢>0, K>0 and £>0, there exists ‘62=££(C)K>€(O)OO) such thot

£ Vo: [0,00)—[0,1] is momfo(ecreo\smg with vo(K)zc and (v,R) solves (FBP3)
with initial condition v, then

(v&,)-V(Ol<e ¥rz0  and \Rt’Rool<£ ezt (%)

Proof: &JP_i Show (% holds for (v,RT) and (v¥,R"), where
* (vT,RD) solves (FBP2) with imtial condition vg(r)= C/ﬂ—rzK
« (v, BY) solves (FBP3) with initial condition V(=1
Step 2 Comparison principle: |£ VP> £ v (© \_f\’ and (v, R™) solves (FBP3) with
initial condition \S© (i=1,2) then
VO, « v&(£,0) ¥¢>0,0%0 = RJ(CD > RLZ‘) V¢so.

For Vo [0,00) == 1051} non- decreasing with Vo(K)> ¢, V3 (D) <Vo(D €I () Y20,
So V()2 vEsD) e vE,) V450,720 and R < Re< R Ji>0



Lomsf{—e,rm behowviowr — Brownian bees

Theorem “Take K>O and ¢>0. For £>0, for NZNg and £%Tg, for an initial condition
e (M) such Hhat F¥>0,K)>c,

P sup [FH,0-Vinlze) < ¢

and P ((MO-Rol>2)<e

Prool: Assume mloi)) K is (Oxﬂs& and ¢ is small. Fix T lo\rge, and take 4%
SmpPoseJ F(N)(‘E”r, |<>>/ ¢ . Then

1.1 N is lo\rﬁe) . h.p. FNY, ) a v (T,-),
where (v, RM) solves (FBPR)  with Vo(r)= F™(£-T, 1),
by 14 hﬁdrooltsnam'lc limit+ cesult

2. I T is lo\rsej V(N)(’l’)~> " \/() becanse VO(K>: F(’N)(‘é~’r, K)z c.
So w.k.P. F(N)G,,->% \/() Hence STP:

Claim For (o\r%e, S, F(N)(SJ K)7Zzc wh.p



Long - te.cm behaviour — Brownian bees
Claim For loxr%e s, F™(s,K)7zc w@.h.p. (A%wmims K is lorge and ¢ is small) -
Proof of cdaim: Fix 4+,>0. [et D, = min{Le N, : F(N)(méo, K+t)> C}. @n

7z cN

i@ D <m then
pmr+iCI&S

[emma  For neNg and m>0,

P( Dy > meg | Frp)) € 4dN e
T nedurol QHr‘od*lom

d’/%ed’ﬁo vte N

Proof - Take n= 0) w[os
CO\AP(|A$ with BRM. SV\PPOSQ, \X (‘E)’ Lé(-o>"<’d’ ‘v’{e [O -éj (< N{-,

* Case 1+ (£ M > K+ m+€<\, V< ‘éo,‘/’z'\en no descendants of ?oﬂ—lclas
in %K+m( ) are killed 63 time 15, s0 there are % cN Fou"('i(‘,(&% in BK+M+'(§3—

a+ ‘]’lme, + .
* Case 2 [£ M(JCN,: £ K4+mts 3 for some ¥« £, , then at time £* > ol surviving
PO«HC(&S are in %K+m+ :%(O) and for 1< Nz ;

[ X6k = X7 O 2 WX ey - XE ()] + 11X (00 - XD, (€] < 2y,

(0)

o all surviving particles ace in BKJ(W_&(O) at time 1.



Lomsf{—e,rm behowviowr — Brownian bees

Claim For (O\r%e, S, F(N)(SJ K)Zzc wh.p (A%smmims K is (oxrrse, and ¢ is small)

Do+ K
Proof of daim: Fix +,>0. Let D, = mir\,{i,e N, ° F(N)Q\éo) K+i)> C}. @

Lemma For nelNo and m>0, if Dmé m then

P D> meg | Fop) € bdN et e /304 yien
T nadural Liltration

7z cN
pmr-fidﬁ&

For £, lmr%e,, for mz0, if Vo(K+m)>c then if (v,K) solves (FRP3),
V(£o, Kem-1)> Zc.

So by 4d hydrodynamic limit, it Dyem, P(Dpy>m- | Foe) < N7
Uge. Lemmo 40(‘ 5§ ((OSN)qg.

Can Q,OU\FIQ, (DQT:O with o Po&H’ive, cecurrent Markov Chain (Y,JZO:O i such o way
that Dp<Y. Vn and P(V,=0)> 1-¢ Lor n (mrse.

Then ¥,=0 = D=0 = FY(nto,K)>c.



Bo\rﬁce,rd'ric Brownion bees L. /-\Ao\ario»Berrtg) 3. Lin, T Tendron 2020
N Par-l'ide,s in [RD\ movirus o\c,c,or‘dimt) to Brownian motions and bro\r\ckinob af rote 1.
Each fime a pacticle branches, the particle {furthest from the cendre of mass (barycentre)
of the Zs(ﬁsﬁ,m is killed.
Notadion: XM ()= (X({‘D(Q)..., XS\D(“")) pacticle positions af time .

N
X(#) = ’:(j_ Z X(g)(‘é) bo\r&sce,n‘f’re at +ime 4.
k=1

Theorem ( Invariance princiP(e) For Nz1, Er: o (LN) € (0,00) s ag m—00,
(m'/q, X(—(:m) O<t< ) — (GIBJC>O<E<1L
w.r+ . Skorohod '{'oPo(oc\in\.

Conjecture For \arﬁe N, of a lo\f‘cse time £, for AS R‘A,

e XOO-X@eat = Jueds  akp



Genecol d-dimensional N-BBM N. Be,re,&+bcki) L Z. Zhao 20|8
FR' - R \CiJrn&&s 1Cuu\c{'iom. Fitness value of a parficle at o is T ().

N Po\r‘Hc(&S In [RO\ mov'lrus oxccoro{in% 4o Brownian motions and branclnirus ot rote 1.

Eoch +ime o Po\rJric(& branches, the porticle in the &u\sshm with the lowest fitness value
i< killed.

Case F(20) = ||| Pacticles form a C"U‘MF tHhod moves Aoy from O of o deterministic speed
in a random direction.

Case F ()= <>\,D:> Pacticles ,Qorm o C{wnP thod moves in direction N ot o

dederministic SPe,e,ol

Cor\a,e)c;(’ure, Hgo{rooluk\namic imit. Lok ﬂ(= {OCG (RA 3 () > 4@}

: Ju |
Find  (w(,5, LX) s 2e - 2w €20, me Ll
wi,x)=0 JC>O>°C¢—QM>
Su.(Jc;Dc} dee =1 £>0
a

w(,)— Po boe,oxl((us as £NO



N-particle branching random walk  (N-BRW)

[e4 X be o real-valued random voaciable (&U\MP dishibu&’ion)
N Foﬂric(&& with locodions in R.

At each time ne Ny, each porticle hos two offspring

Each of the 2N offspring Foﬂ'iclﬁs makes an ino\eFeno\er&
gamp Leom its Po\re,n+’s location , with the same low as X

The N ri?)kjrmosjr pacticles (of the IN offspring ?o\r-hc(e,s) “ ‘

Lorm +he Popudocf‘iorx ot time n+1

Notation: K%N7(n)é Xg_”)(n.) < < X(,:D(m) ordered Pa(‘ﬁde PoSH’iOrLS af time n.
Asﬁmfﬁohc speed

N> (N>
it EXJ<oo then Jvye (0, 0) st. lim Ky () = Vy = lim ><:L () a.S. ond
h —> 00 n n— 0 n in L.i.
Theorem (Béracd and Goutré 2010) I¢ & Le}xl< 00 for tome 2> O  (+fechnical assumpfions)
then \ir\Jm—aooVN T Vo eXists and Ve -Vy o~ C (\ogl\i)'q‘ as N = o00.

Covx&e,d'u&rw\ b‘& Branet + Desrida. 199F. Related resnlf «For Fisher KPP e,ot/ua‘f’iou, with noise
(Muelles, Mutnik, Quastel 2009)



N-particle branching random walk  (N-BRW)

[e4 X be o real-valued random voaciable (é,u\mta dishibu&'ion)
N Foﬂric(&& with locodions in R.

At each time ne Ny, each porticle hos two offspring

Each of the 2N offspring Poﬂ'iclﬁs makes on ino\&Feno\er&
gamp Leom its PO\FE’,M"S location , with the gsame low os X

The, N ri?)kjrmosjr Qoﬂ—\c(e,s (o@ te 9N o@SPrim% Poﬂ'id&&)
Lorm +he Popudocf‘iorx ot time n+ 1

Notation: ><(im(n)é Xg_”)(n.) < < XS)(N) ordered Pa(‘ﬁde PoSH’iOrLS af time n.
A&ﬁmfﬁo{'ic speed

N (\ND
it EXJ<oo then Jvye (0, 0) st. im X (v = Vy = lim Xy () a.s. ond
h—> cQ n n—>0d n in L.i.
Theorem (Ee’,ro\ro\ and Gowtré 2010) 1t EEQ}X1< 00 ,Qor some, 2> O (Jr technical aS&umPﬁOmS)
then \ir\Jm—aooVN T Vo eXists and Ve -Vy o~ C (\ogl\i)'q‘ as N = o00.

Covx&e,d'mre,& b‘& Branet + Desrida. 199F. Related resnlf «For Fisher KPP e,ol/ua‘f’io‘«, with noise
(Muelles, Mutnik, Quastel 2009)



N-particle branching random wolk  (N-BRW)

[e4 X be o real-valued random voaciable (&U\MP o\isﬁibu&’ion)
N Foﬁric(&& with locodions in R.

At each time ne Ny, each porticle hos two offspring

Each of the 2N offspring Foﬂ'icles makes an ino\eFeno\erv)r
gamp Leom its Pmren+7s location , with the same low as X

The, N ri?)kjrmosl— ?oﬂ—\c(e,s (og te 9N o@SPrim% Wr%ic(as)
Lorm +he Popudocf‘iorx ot time n+ 1

Notation: K%N7(n)é Xg_m(ro < < X(,:D(r\-) ordered Pa(‘ﬁde PoSH’iOrLS af time n.
A&ﬁr\f\?{'o{'io speed

N (\D
\¢ ED(] <oo then Jvy e (0, 00) st lim Y (v = Vy = lim ><5L () a.S. ond
n—> o0 n n—>00 n i LT
Theorem (Béracd and Goutré 2010) I¢ & [‘_e}x1< 00 for tome 2> O  (+fechnical assumpfions)
then \iMm_aooVN T Vo eXists and Ve -Vy o~ C (\ogl\i)& ag N —>o00.

Con&e,d‘mre,& bl& Branet + Descida. 199F . Related result for Fishes ~K PP eobua‘l’iovu with noise
(Muelles, Mutnik, Quastel 2009)



N-particle branching random wolk  (N-BRW)
[e4 X be o real-valued random voaciable (&uxm‘a o\isﬁibu&’ion)
N Poﬂric(&& with locodions in R.

At each time ne Ny, each porticle hos two offspring

Each of the 2N offspring Foﬂ'icles makes an ino\e,Peno\err)r
gamp Leom its Pmren+7s location , with the same low as X

The, N ri?)kjrmos(— ?oﬂ—\c(e,s (og te 9N oI{gSPrim% Wr%icf&s)
Lorm +he Popudocf‘iorx ot time n+ 1

Notation: K%N7(n)é Xg_m(ro < < Xﬂl\‘)(r\-) ordered Pa(‘ﬁde PoSH’iOrLS af time n.
A&ﬁr\f\?{'o{'ic speed

N (\ND
\¢ ED(] <oo then Jvy e (0, 00) st lim Y (v = Vy = lim ><_’L () a.S. ond
n—> o0 n n— 09 n in L.ﬂ‘.
Theorem (Béracd and Goutré 2010) I¢ & Le}x1< 00 for some %> O (+fechnical assumPﬁOrLs)
+Hhen \iMm_aooVN T Vo eXists and Ve -Vy o~ C (\O%M)_(L ag N — oo.

Cov\(ije,drmru\ bl& Branet + Descida. 199F . Related result for Fishes ~K PP E,Ot/(L(k‘['iOV\, with noise
(Muelles, Mutnik, Quastel 2009)



Qeneo\(oga
Fix ke N. Sample kR pacticles umi{orm/% of rondom fProm the N Poﬂicl&s ot a loxrfse
+ime +. Trace their omce,s+r3 backwards in Fime

—> process (?,\)ozo of packitions of $1,..,k] Coalegcent process

¢ and & in Same block in Pu if common ancestor ot time t-n.

l 2 3 & 95 Bolthausen-Sznitmon coalescent

when b blocks in fotal (b-D!

Ty

LJ \‘J Merqer rate of any aiven K-taple of blocks (k=) (b-K)!

Thonks fo A. Wakolbinse,r
ond G. K&FS‘H'L%




Qeneo\(oga
Fix ke N. Sample kR pacticles umi{orm/% of rondom fProm the N Poﬂicl&s ot a loxrfse
+ime +. Trace their omce,s+r3 backwards in Fime

—> process (?,\)ozo of packitions of $1,..,k] Coalegcent process

¢ and & in Same block in Pu if common ancestor ot time t-n.

l 2 3 & 95 Bolthausen-Sznitmon coalescent

when b blocks in 4otal (b-D!
Conjecture (Brunet, Derrida, Mueller, Munier)
Il X has exponential moments then the %e,nealom of a sampf(;
on o (loaN)” timescale converaes fo a Bolthausen — Sznitman
coo\legce,ra as N—=>o00. (Al Lor N-BRM)

LJ \‘J Merqer rate of any aiven K-taple of blocks (k=) (b-K)!

\
2>

Be,resmcki) Ee,fesjr‘scki) Sclmoe,insber6= RBM with dri\CJf —\/2‘ - (log N +3loS|03N ’

Po{hd&& killed i\C hit 0. Under suitable inifial conditions , Popw(m+iom has Site v N

Theorem Semple particles ot time —EUO%N)? After re,sc,o\lirus Fime by (lng)s , 9enealogy

converaes to Ro[thausen - Sznitman coalescent as N— oo,




N-BRW with fr\e,o\\usf +ai led FAMP distribution
Suppose. IP()(>OC)NO<‘:°6 as  oC—> 00.

Asymptotic speed
Theorem ((Bérard and Maillard  2014)

L)) ot ., —
0 E[x]<oo, im0 Vy where vy~ CMN{ ([oSN)/OL . as N—> 0.
n— 00 n
It ElxX]=00, cloud of particles accelerates.

QU\&O\IO%S
Theorem (P, Roberts ;Talyighs 2021)
Somrxpfe, R_ me‘\’iC[&S of a time 13 L\—(OSLN.
The, %e,r\e,o\(o% on a locsN timescale is o\pproxlmo&elﬂ oven bﬁ o Star-shaped coalescent
when N is lacae.
T

¢ [loagN, Zlo%lNl

] o(logN)




