MATH 223: Axioms. Richard Anstee

Field Axioms
A field is a set of elements F which we call scalars when

used in a vector space. A quick check verifies that the real
numbers R, the complex numbers C and the rational num-
bers Q all are examples of fields. The integers Z are not
(because no multiplicative inverses). There are other useful
examples of fields which we do not use in this course.

In what follows «, 3, are arbitrary elements of F

Va,B € F, a+ g =5+ a (commutativity)

Va,B,ve€ F, a+ (B+7) = (a+ B)+ v (associativity)
40 with Va € F, a+ 0=«

Vo e F,3—a € F witha+ (—a)=0

Va,B € F, aff = fa (commutativity)

Va,B,v € F, a(By) = (af)y (associativity)

d1 with Va € F, al = «

Va € F with a # 0, 3o~ ! with aa™! =1

Va, 8,7 €F, a(6+7v) =af + ay



Vector Spaces Axioms
We have as set V' of vectors and a field F (typically R in
this course) of scalars.

In what follows u, v, w are arbitrary elements of V" and k, ¢
are arbitrary elements of F.
Vu,ve V,u+v eV (closure)
VuaeV Vk € F, ku € V (closure)
Vu,v € V, u+ v = v+ u (commutativity)
Vu,v,w eV, (u+v)+w=u+ (v+w) (associativity)
30 (that is unique) withVu e V. 0+ v =v
Vk € F Vu,v € V k(u+ v) = ku+ kv (distributivity)
Vi, 0 e FYueV (k+/{)u= ku+ fu (distributivity)
Vk, 0 € F Yu eV klu = k(lu)
VvueV 1l-u=u



