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Abstract
A well known theorem of Delmotte is that Gaussian bounds, parabolic Harnack
inequality, and the combination of volume doubling and Poincaré inequality are equiv-
alent for graphs. In this paper we consider graphs for which these conditions hold, but
only for sufficiently large balls, and prove a similar equivalence.
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1 Introduction

Let T' = (V,E) be a connected, locally finite graph without double edges or loops. (We allow
V to be either finite or infinite.) Let p be a weight function on E, such that g, = p,, >0
for each (x,y) € E, while y,, = 0 for each (x,y) € E. Set p, to be the weight of a vertex =,

ie.,
Mo = Z Hay-

yev

We consider the continuous time random walk X = {X; : ¢ > 0} on I' with generator

Lof (1) = — S () — F)) ey

P =

this is sometimes called the constant speed random walk or CSRW on V. Write P, for the
law of X starting at z. We are interested in the transition density of X, or heat kernel on
I', given by

pi(z,y) = ——-
Hy
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For any two vertices z and y denote by d(z,y) the graph distance between x and y. Write
B(z,r) :={y € V:d(y,xz) <r} for balls in I". We extend p to a measure on V and set

V(z,r) = u(B(z,r)).

In [10] Delmotte, extending the earlier results of [13, 19] on manifolds, proved that the
following three properties of I' are equivalent:

(1) Gaussian bounds on the heat kernel,
(2) A parabolic Harnack inequality,
(3) Volume doubling and a family of Poincaré inequalities (PI).

(See below for the precise definitions.) The hardest implication is that (3) implies (1) and
(2). This is also the most useful one, since the conditions on volume growth and Poincaré
inequalities can often be verified easily given geometric data on the graph. In addition, it is
straightforward to verify that the two conditions in (3) have certain stability properties (for
example under rough isometries), while this stability is not evident for the properties (1) or

(2).

The ideas in [10], and more generally the methods of Moser and Nash on which [10] is
based, have proved very fruitful in the study of random walks in symmetric random environ-
ments. For example [3] used Nash’s ideas to obtain Gaussian bounds on the heat kernel on
supercritical percolation clusters in Z?, while [1, 2] use Moser’s iteration argument to obtain
a quenched invariance principle and Harnack inequalities for the random conductance model
under quite general conditions.

A general feature of these random environments is that the various kinds of regularity
required for heat kernel bounds or Harnack inequalities only hold for sufficiently large balls.
In (3], where instead of volume doubling the stronger condition that V(x,r) =< r? is consid-
ered, it is shown that, for suitable (non random) constants ¢y, ¢o, one has with probability
one for each z € V(w) (the unique infinite percolation cluster in the random configuration
given by w) that there exists a (random) R, = R,(w) < oo such that

cr® < Vi(z,r)(w) < crd for all r > R, (w). (1.1)

Thus while the inequality in (1.1) will fail for many small balls, for any x it will hold for all
large enough balls with centre x.

In this paper we extend the results of [10] to deterministic graphs such that, for all large
enough balls, volume doubling and Poincaré inequality hold. (We do require some additional
local regularity.) In the course of our work, we also obtain more precise sufficient conditions
on the range of balls for which ‘good behaviour’ is required in order to obtain heat kernel
bounds and Harnack inequalities.

Definition 1.1 Let 6, Cp and Ap be constants with Cp > 0,0 > 1 and A\p > 1. Let 0 € V,
h > 1. We say B(o, h) is good if V — B(o,2h) # ),

V(0,2h) < 2°V (o, h), (1.2)



and for all f: B(o, A\ph) — R one has the Poincaré inequality (PI)

min (fy) = a)l’y < Cph® Y (f(y) = [(2)hye. (1.3)

yE€B(o,h) y,2€B(0,Aph)

Let a € [1,h]. We say that B(o,h) satisfies the condition Gy(«) if B(z,r) is good for all
x € B(o,h) and r € [a, hl.

If B(o, h) satisfies Go(a) then volume doubling, given by (1.2), and the PI, given by (1.3),
hold for balls with centers in B(o, h) over a range of sizes. We call these conditions restricted
volume doubling (rVD) and restricted Poincaré inequality (rPI). Note that in (1.3) the ball
on the right side is A\p times the radius of the one on the left; this is sometimes called a weak
Poincaré inequality. However, as in [21] we will call this a Poincaré inequality, and will use
the term strong PI for the case Ap = 1.

While Gy(a) controls V(o,2r)/V (o,r) for @« < r < h, to obtain pointwise bounds on the
heat kernel we need some additional local regularity of the graph, which controls volume
growth for small r. (See Remark 7.6.) We say that B(o, h) satisfies G («) if it satisfies Gy(«)
and in addition there exists Cy such that

V(r,a) < Couga®  for all 2 € B(o, h). (1.4)
Our first theorem gives upper bounds on the heat kernel.

Theorem 1.2 Let § € (0,1], 1 <a <bandx € V. If B(x,h) satisfies G, (h'~°) for each
h € [a,b], then there exist ¢; = ¢1(0,Cp, Ap,Co,0) and a universal constant cy such that for
any y € B(z,b/2),

pe(r,y) < ﬁexp {—@M} , fort € [a®,b*] with t > d(z,y). (1.5)
x?

Note that we cannot expect the upper bound (1.5) to hold when ¢t < d(x,y). As usual,
we need a stronger condition for the heat kernel lower bounds.

Theorem 1.3 Let 6 € (0,1] and o € V. There exist ¢; = ¢;(0,Cp, \p,Cy,d) such that if
1 <a<b, and (2\p)"? < b, and if B(z,h) satisfies Gi(h'~%) for each z € B(o,b) and
h € [a,b], then for any x,y € B(o,b/8),

pi(x,y) < ﬁ exp (— CQd(:z:;y)Z% fort € [a?,b%] with t > d(x,y), (1.6)
x?
c d(z,y)?

pe(z,y) > V(Tg\/_t) exp (— ¢ ty ), fort € [a? b%] with t > ad(z,y). (1.7)

We can reformulate the results above as follows.



Theorem 1.4 Let 6 € (0,1], z,y € V, r = d(x,y) and t > vV (2Ap)¥?. There exist
constants ¢; = ¢;(0, Cp, Ap, Co,0) such that the following holds.
(a) If B(z, h) satisfies G1(h'~°%) for t1/2 < h < (tY/2 v 2r) then

&1 d(l‘ay)Q}
z,Y) < —————expq —¢ . 1.8
o) < s e { - (19
(b) Let a = (t/r) ANtY2 and b = t'/2 v 8r. If B(z,h) satisfies G (h'~%) for z € B(x,b) and
a<h<bthen

c

3 d(z, y)*
pi(z,y) > m exp {—04 ; } . (1.9)

Remark 1.5 (1) See Theorems 4.2 and 6.3 for more precise upper and lower bounds in a
fixed ball B(o, h).

(2) Note that while the upper bound (1.6) holds for ¢ > d(z,y), the lower bound (1.7) only
holds for a more limited range of ¢. This is because to obtain the Gaussian lower bound when
t ~ rd(z,y), we need to use a chaining argument with a sequence of balls of side order r, and
if  is too small then we cannot ensure that we have the necessary lower bounds on p,2(z, y).
For this reason it is helpful to consider a more restricted lower bound condition, such as the
condition HKE(7; ¢) given on p. 1102 of [7]. The condition (pGB) which is introduced below
is similar.

(3) Previous lower bounds, as in [10, 15], require some kind of local regularity of the graph.
For example, [15] uses the ‘py condition’, which is that there exists pg > 0 such that

Pay/ e > po, forall z,y € V. (1.10)

In Lemma 6.1 we see that, provided b is not too small -more precisely provided b > co(Ap, ),
then we can use the Poincaré inequality to obtain enough control on small values of ji,, so
that we can drop the py condition.

Before we discuss our extensions of Delmotte’s theorem, we need some further definitions.

Definition 1.6 Fix x € V, R > 100 and T" > 100. Let

Q(z,R,T)=(0,T] x B(x,R—1), Q(x,R,T)=][0,T] x B(x,R)
and
Q-(x,R,T) = 3T, iT] x B(x,3R), Qi(z,R,T)=[3T,T] x B(z,3R).

Let u(t,y) be a non-negative function on Q. We say that u is caloric on Q, if u(y,-) is
continuous on [0, 7] and satisfies

Set D(Q) = {u:u > 0on Q and u is caloric on Q}. We say that the parabolic Harnack
inequality (PHI) holds with constant C'y for Q(x, R, T), if whenever u € D(Q) we have

sup U(t7y) S C’H (tu y)

inf wu
(ty)EQ— (ty)EQt



Definition 1.7 For A C V write p/}(x,y) for the heat kernel of the process X killed on
exiting from A. Let C; > 0, n > 1. We say that partial Gaussian bounds (pGB) hold with
constants 7, Cy on B(o, h) if

pe(z, ") < G <h2 V 1>n/2 exp ( - d(:c,—az’)2>’

Vio,h)\ t Cht
for z, 2" € B(o,h/2), t > d(z,2), (1.11)
Blom (g ) > ——— "€ B(o,h/4), 107h? < t < I? 1.12
Dy (.T,l‘) - C’lV(o, h)a x,T S (07 / )7 O — Y = . ( : )

Remark 1.8 If there exist C4, 7 such that (pGB) hold on enough balls then Gaussian bounds
as in (1.6)—(1.7) follow — see Proposition 7.8.

To state our extension of Delmotte’s theorem in its simplest form, we will make some
overall regularity assumptions on I'. (For more precise results under weaker hypotheses, see
Corollary 6.4 and Theorems 7.2 and 7.5.) So we assume that I" is an infinite graph such that

V(z,r) < cugr? forall z € V,r > 1. (1.13)

Definition 1.9 Let x € V, R, < co. For k € (0, 1) we introduce the following conditions:
(Ax) There exist ¢, 6, Cp, Ap such that B(y,r) is good whenever r > ¢;(d(z,y) V R,)".
(B,) There exist ¢y, Cy, n such that B(y,r) satisfies pGB whenever r > ¢o(d(z,y) V R,)".
(C,) There exist c3, Cy such that Q(y,r,r?) satisfies PHI whenever r > c3(d(x,y) V R,)".

Theorem 1.10 Let I' satisfy (1.13).

(a) If (Ax) holds then (B,s) holds for any k' € (k, 1).
(b) If (By) holds then (Cy) holds.

(c¢) If (Cy) holds then (Ay) holds.

Remark 1.11 In number theory a constant arising in an argument is called effective if it
could in principle be computed. In this context we say a constant in a result is effective if it
is a function of the constants in the ‘input data’. Thus the constants c;, cs in Theorem 1.2
are effective, since they depend only on the constants 6, Cy, Ap, Cp, 0 in the hypotheses.

All the constants in this paper and in particular those in the theorem above, are effective.
Thus, more precisely, (a) above states that if (A,) holds, then (B,/) holds, with constants
n, Cy which depend only on &, k" and the constants ¢y, 60, Cp, Ap in (A,).

The outline of this paper is as follows. Sections 2, 3 and 4 deal with the proof of Theorem
1.2. The first step is to obtain an on-diagonal upper bound, that is an upper bound on
pe(x,x). We use the basic approach of [3], which in turn is based on [17], but extend the
argument from the case of regular volume growth of order 7¢ to the volume doubling case.
Our argument uses an auxiliary graph I'”, which has the same structure as I inside a selected
ball B(o,h), and a suitably regular global structure. This graph is constructed in Section
2. Then, in Section 3 we obtain heat kernel upper bounds for I'V. The off-diagonal upper
bounds for I'" are proved using the ‘two-point’ method of Grigoryan — see [14, 9, 12, 8]. In
Section 4 we bring these bounds back to the original graph T'.
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For the lower bounds in Theorem 1.3 we use the general approach of Fabes and Stroock
[11]. In this paper, as well as [3] and other works which use these ideas, one considers
the heat kernel p;(z¢,-) in a ball B(o,h), and needs a weighted Poincaré inequality in this
ball, where the weight function ¢ is of order 1 in B(o,h/2) and is suitably small near the
boundary of B(o,h). In the case when the PI holds for all balls, this weighted PI follows
from the (weak) PI by an argument of Jerison [16]; see also [20] which gives a somewhat
simpler proof. However, both proofs of the weighted PI rely on having the weak PI hold in
small balls close to the boundary of B(o,h). In our context this would require that a (the
smallest size of ball for which one can be sure that the PI holds) satisfies oV (0, ) < h?,
ie. a < ch?(+3) in the case when all balls satisfy V(z,r) =< r?. To improve this to the
condition o < h'~? given in Theorem 6.3, we use the following idea. First, in Theorem 5.1
we prove the weighted PI in a weaker form:

min Y (f(@) - )Y@ <ah Y (f(@) = F©))(@(x) A ) pay.  (1.14)

a€R
z€B(0,h—cor) z,y€B(o,h)

To follow through the argument of [11], we then need to control terms of the form

> [logpi(ao, y) P (y)my,

yeB—Be

but this can be done using a general lower bound on p;(zg,y). With these changes, one
can use standard methods (as in [3]) to obtain a near-diagonal lower bound (see Theorem
6.3), and hence also Gaussian lower bounds. Section 6 gives the proof of lower bounds, and
Section 7 relates Gaussian bounds, parabolic Harnack inequality, and the conditions rVD
and rPI.

For A C V we define the exterior boundary of A by

0A ={y €V — A: there exists x € A such that y ~ z},

and set 0;(A) = O(V — A). We use the notation C. to denote fixed positive constants. c,
¢ etc denote positive constants which may vary on each appearance, and ¢; denote positive
constants which are fixed in each argument. If we need to refer to constant ¢; of Lemma 2.1
elsewhere we will use the notation ¢ 5.

2 Graph Modifications

We begin by stating some results on ball covers. We write Cy = 2°.

Lemma 2.1 Leto €V and a < h.
(a) Suppose B(o,h) satisfies Go(c). Then, for any x,y € B(o,h), r € [a, h] and R € |0, h],
if R+ d(z,y) > r then

V(?/aR) 2 R+d($7y) ’
v <o (TR

(b) Suppose B(o,h) satisfies Gy(«). Then
V(o,h) < c1h’py for all z € B(o, h). (2.1)



Proof. (a) This is well known when I satisfies VD; the proofs are the same in the rVD case.
(b) By (1.4) and the first result,

(4
V(O7 h) _ V(ZL‘, O[) V(O7 h) S Coae . 0‘2/ h + d(O, .Z') S 000‘2/29]10.

Standard arguments using the volume doubling condition give

Lemma 2.2 Let k > 1. Let B(o,h) satisfy Go(«). Let « < Ry < r; < Ry for alli € I. If
B(x;,r;),1 € I are pairwise disjoint balls with z; € B(o, h), then there exists a constant C,
depending only on Cy, Ry/Ry and K, such that for any v € V,

{i: 2z € Bz, ki) }| < C.

We now fix A € N and for the remainder of this section we will assume that B = B(o, h)
is a fixed ball which satisfies Gy(a). We shall construct modifications I'” and I'” of T" which
keep the same structure inside B but modify the remainder of the graph. Set

Vo, h
favg = %; (2.2)

this choice is made so that the estimates in Lemma 2.5 will hold. We wish to modify I" so
that pu, is not too large outside B. Let

D={zxeV —DB:p;> flayg} (2.3)

For each z € D let ny, = [pty/tavg |. Choose x € D which minimizes d(o, z), and replace x
by n, vertices (z,7), 7 =1,...,n,. We define the weights

:u/(xﬂ'),y = ng;l,uxlh (24>

so that ,u’(m.) = Zy ,u’(x’i%y = n,'y,. Thus z € V is replaced by n, vertices in V', with the
same neighbors as . We then continue this construction, and denote the resulting graph
"= (V,E). Write 7 : V' — V for the function which maps x € V— D to x and (z,i) to x
for x € D, and write B'(z,r) for balls in V'.

Proposition 2.3 (a) For every vertex v € V' — B we have i, < fiay.
(b) The ball B'(o,h) in the weighted graph (I, ') satisfies the condition rPI with constants
Np=ApV2and Cp =1V Cp.

Proof. (a) This is immediate from the construction.
(b) By induction, it is enough to consider the case when only one vertex z € V is split into
n = n, new vertices. Fix zy € B(o, h) and r € [, h]. Let Ay = B(xo,r) and Ay = B(zg, \pr)
be balls in T, and A, = 771(4;) be the related balls in I". We need to establish (1.3) for
A C AL

If z ¢ Ay then A} = Ay and the inequality is immediate since B(o, h) satisfies Go(«).

7



Suppose z € Ap, and write z; = (z,7) for each 1 < 7 < n. Set V; = Ay — {2z} and
Vi = A; —{z}. Then

Ay=VoU{z:1<i<n} and A =ViU{z:1<i<n}.

Let f: A} — R, and define f: A — R by:

n

flo)=f(z), 2 Vi, f(z)=n"") fl(z).

=1

We can assume that

F=>" f@u, =0,

z€EA]
so we also have Y, f(x)pe = 0. Set

i=1
Note that B(z,1) C B(xg,r + 1) C A;. Therefore

: Z (flx) = fW) iy, — 3 Z (f(@) = F (1)) ttay

x7y€All x:yeAl

=D D ) = F@)*n ey = ) (F(2) = f) hsy = V(). (25)
yeV] i=1 NS%
A direct calculation gives

n

@)l = > f@) e =0 f(z) 0 — f(2) s = Va(f). (2.6)

zEA] TEAQ =1

Using (2.6), (2.5) and the PI (1.3) for the original graph I' we obtain (1.3) for Afj C A}.
If z € Ay — Ao, then A = A and (1.3) for A C A} is proved in a similar fashion as the
second case. O

If X’ is the random walk on I'" then we can couple X and X’ so that w(X]) = X; for all
t. Hence, writing p}(z,y) for the heat kernel on I, we have

pe(z,7(y)) = pi(z,y) forallz e B, ye V. (2.7)

In particular, the heat kernels agree on B(o, h). So, as long as we are just concerned with
pe(z,y) for z,y € B(o,h), we can replace our original graph I" by I/, or equivalently (which
will simplify our notation) we can assume that the set D given by (2.3) is empty, so that
r=r.

We now construct another weighted graph I'”, which also keeps the same structure inside
B. Without loss of generality, we can assume that VNN = (). The new graph has vertex

8



set B(o,h) U (NN [h+1,M"]), where M" € N is defined below, and is obtained by mapping
points in the shells dB(o,r) into NN [h + 1, M"] in such a way that the total weights of
points mapped onto a point j is, as far as possible, close to fiay,-

Set H = 2h. Then 0B(o, H — 1) # () as B(o, h) satisfies Gy(«). We define a function

X from B(o,H) to BU{r € N : r > h+ 1} and a strictly increasing function ¢ from
{0,1,2,--- | H + 1} to Z, such that:

x(z) = x for each x € B,

& =rforeach 0 <r < h+1,

X T{leN: & <l<&41)) COB(o,r—1) foreach h+1<r<H,
0 < p(x &) < 2ftayg, for each h+1 <r < H,

pave < (X (1)) < 2pavg for each h+1<r < H, § <1< &y1.

(
(
(4
(

The existence of such functions x;, £ is clear from Proposition 2.3. We set M" = &1 — 1.
Then M"” > H = 2h. Now we define a weighted graph I = (V" E” v) as follows. Let

V"'=BU(NNIh+1,M"]);

E" = {(x(®),x(v)) : 7,y € B(o, H), x(v) # x(v), (v,y) € E}
U{(r,r+1):reNnh+1,M" —1]}.

For any z,y € V" with x # y, we set

Z Z My + 2Navg1{z>h,y>h,|a:—y|:1}~ (28)

uex—(z) vex—1(y)

Thus v,y = vy, and

Moy if x,Yy € B;

Vay = D uex—1(z) Huy ife>h+1,ye B\ B(o,h—1);
2“3"% + Zuexﬂ(m),vex*(y) Houw fr—1= y > h;
ZuEx—l(x),UEX—l(y) Myw fex—1> y > h.

We set
ve =S v,
y
Lemma 2.4 Ifx € B then v, = pp. If x e NN [h+ 1, M"], then
2tave < Vg < Oflavg-

Proof. The first result is obvious. For the second, the lower bound on v, is immediate from

the definition (2.8). Also,

it 55 5

uex 1 (z) yeV" vex—



- 4,uavg + Z Z Hayp

uex~1(z) veB(o,H)

S tavg T Y = Ytavg T (X (@) < 6ty

uex 1 (x)
Here the last inequality follows from the conditions (4) and (5) of the construction.

Write dr» for graph distance in I'”.

Lemma 2.5 (a) There ezists ¢; so that if x,y € V" then drv(x,y) < c1h.
(b) There exists co so that v(V") < c2V (0, h), where v(V") =37 v vy.

Proof. By the conditions (3),(4) and (5) of the construction,

£r+1 1

Vo,r —Vio,r—1
G —1-6 < Z ulx (or) = Vior=1)
=&+ 1 ,uavg Havg
So, using rVD,
H H
Vio,r) —V(o,r —1
§H+1—§h:Z(§~+1—fr SZ(l-I— ( ),u ( ))
r=h =h ave

<1+ h+ gV (0, 2h
<1+ h+ ppsCyV(o,h) =1+ (14 Cy)h.
Consequently
M'=¢gy1—1<h+14+(1+Cy)h—1=2+Cy)h;
and for all z € V", dpv(o,z) < M", proving (a). For (b),

v(V) =Y v+ D <Y 6 ) fa

yeB yENN[h+1,M"] yeB yENN[h+1,M"]
<V(0,h) 4+ 6M" pravg < V(0,h) + 6(2 + Cv ) hftavg
—(13 + 6Cy)V (0, h).

Our heat kernel estimate will use Poincaré inequalities in the two different parts of the
graph V”. The first is already given by Proposition 2.3, and controls balls with centers in
B(o,h). The second is a strong Poincaré inequality on N, which it is straightforward to

prove by elementary arguments.

Lemma 2.6 Let a,b € N with b > a. Then for any function f on N,

win Y (7(0) — 27 < (b 0 (76 + 1)~ F0)

10



The following bound will play an essential role in the heat kernel upper bound in Section
3.

Lemma 2.7 Suppose 2a <r < h/Ap. Let g : V" — Ry with Y _g(z)v, = 1. Then

0
> (9(x) = 9(W)vay = ar” (Zg W) (2.9)

z,yeV”

Proof. Define §: V— R, by g(z) = g(x(z)) if v € B(o,H), and g(x) =0, x € V—B(o, H).
Then

S Y Y dens Yol

ueV z€x(B(o,H)) uex 1(z) zeVv”

By the definition of v,
> lo(@) = 9(u)vay

z,yeV”
M -1

= Y W@ -wP Y et b 3 o+ 1)~ g(a)]

z,yeV’” uex—1(z),vex1(y) r=h+1

We estimate the two sums separately, beginning with the first. We have

Ylg@) g Y pw= Y ST () = §00) Pt

z,yev”’ uex~1(z),wex—1(y) z,yeV" uex—1(z),vex1(y)
= > [3w) = §0) Pt
u,v€B(0,H)

Let ©, C B be such that {B(z,r/2),z € ©,} are disjoint, and B C U,ece, B(x,r). Since
r < h/Ap, for any x € ©, we have

B(xz,A\pr) C B(z,h) C B(o, H).

By Lemma 2.2 there exists a constant K so that any y € B(o, H) is contained in at most K
of the balls B(x, \pr),x € ©,. Let g, . be the mean of g on B(x,r). Using the rPI (1.3) for
the balls B(x,r),z € O,,

S - g0 P 2 K ST [50) — §(0)] e

u,v€B(0,H) z€Or uveB(z,\pr)

>K'Cp 2 Y 0 Y (9y) — G )ty

€O, yeB(z,r)

=(KCp) ) | D 9w - Zyenten g()y)uyP

€0, \yEB(z,r)

11



h9
> (KCpr?)™ [ Y g(y)? CVQQV(O A S dwm)

yeB €O, yeB(z,r)

In the final inequality we used Lemma 2.1 to bound V' (z,r) from below, and also the first
statement in Lemma 2.4.

We bound the second sum in a similar fashion. We divide N N [h + 1, M"] into disjoint
intervals A;, [ = 1,...,k, chosen so that r < |A4;| < 2r for each [. Using Lemma 2.6, and
writing g, for the mean of g on A;,

Havg Z (g(:L’ + 1) - g(x))Q Z 2" 27“_2/~Lavg Z[g(x) - gl]2

T€Az+1EA; TEA
= 272172 Loy (Z g9(x)* — g7 \Az!>
TEA;
2
Clﬂav (z g(:L‘))
> ) 2 o g TEA; '
> cr <§ g9(x)v A
TeA]

Here we used the bounds on v, from Lemma 2.4. Since §# > 1 and |A;| > r,

Havg ( erAz g(x)) < 1 Z g(x)ﬂavg> :

|Al| ~ Mavg” oy
h? 2
< Z g ,U/avg> S —9( Z g(m),uavg> .
= V(o, h)r =
Combining the inequalities above we obtain
h@
2 -2 2 2
> (9(x) = 9(1)vay > cr ( > gla)v, - C/W J ), (2.10)

z,yev!” eV
where
2 k 2
=> ( > 3§ uy> +> ( > g(y)uavg) - (2.11)
€O, yeB(z,r) =1 yeA

Since Y- a7 + > y; < (30 || + X |ws1)?, and each point in V is in at most K of the balls
B(z,r),

J<Y T > F uwzz ) pave

€O, yeB(z,r) =1 z€A;
M//

<K g+ Y, gl <K +1.
yev z=h+1

Substituting this bound on J into (2.10) completes the proof. O
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3 Heat kernel estimates for the extended graph

Throughout this section we fix a ball B = B(o, h) and assume that for some 6 € (0, 1] the
ball B satisfies G;(h'=%). Let I be the graph constructed in the previous section, and let
Y be the continuous time random walk on I'”, with generator .%, and heat kernel ¢;(z,y)
given by

L) = LS U0 - @ aley) = =D
Let pimin = mingep i, and set
n=0/5; (3.1)

note that n > 6 > 1.
Lemma 3.1 We have v, > iy for all x € V.

Proof. By the construction, v, = iz > pimin for each x € B. As B satisfies Gy(«) we have
V — B(o,2h) # 0 and V' (0,h) > hpimn. So, using Lemma 2.4, for each z € NN [h+ 1, M"],
Vg 2 Mavg = v<07 h)/h > Hmin - O

Proposition 3.2 There exists ¢, such that for any w € V" and t > 0,

h2 n/2 1
a(w,w) < ¢ <— \ 1) : (3.2)

Proof. If 2h'=% > h/Ap then h < (2Ap)*/?, and for any ¢ > 0,

ig 1 < 02.1.1h(9 <CQ.1.1<2)\P)0/6

v = o SV(0h) = V(oh) (3.3)

qt(wa w) S

Thus (3.2) holds in this case.
Now let 2h'=% < h/\p. Fix w € V”. For t > 0 and = € V", set

p(t) = qu(w,w), and fi(r) = ¢(w, ).
Then p(t) = 3, fi(x)*v, and

—(t) = —%(ft,fﬁ = —2<aft ft> =-2ZLfi, fr) = Z [fe(x) = fr(y)] ey

ot’
z,yev”’

Therefore by Lemma 2.7, for any r € [2h'=° h/\p],
h@
Ol qrp— a— 4
P02 e (o= (3.4

Set ¢4 = ¢35 + 2"¢y11 and
C4hn

SNTIHOD)
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By (2.1),

0
cah” c21.1h 1 1

BV o) 2 Vo) = Momin > v, = qo(w,w) = ¢(0).

g(2h'=") =

Define r(t) by
r(t) =g~ (p(t)).
Then r(0) > 2k, so r(t) > 2h'~° for all t > 0. Now let #; be such that 7(t;) = h/Ap. We

obtain from (3.4),
cor(t)2p(t), for t € [0,t1]. (3.5)

N

(1) < -
So for t € [0, 1],

—¢'(t) 2 5e20(t) (g (0(1) 2 = 52021V (0, h) feah?)? /1.

Set 1) (t) = p(t)~2/"; then for t € [0, ],

V (o, h)>2/n.

W) = ~met) gt 2 & (V%

Hence

() > (0) + tcg/n<V(;;h)>2/" > tcg/n<V(Z;h)>2/"7

which implies that

X
This proves (3.2) for 0 <t < ;. If t > t; then
C4)\np
t) < o(ty) =glh/Ap) =
(1) < olt) = g0/ Ae) = b
so again (3.2) holds. O

We now obtain general Gaussian upper bounds on I'.

Proposition 3.3 There exist ¢y = ¢1(Cp, Ap, 8, Cy, ) and a universal constant cy such that
for x,y € V" with t > 1V dru(z,y),

h2 n/2
@y, r) <o <7 \ 1)

<nq)<_02iiifl92>. (37)

V(o,h) t

Proof. For z € V" set

fe(t) = (c321) 7" (h; Y 1) R h,

Vg

By Proposition 3.2,
for z € V”.

(Y =) = e,z < oo

14



Following Grigoryan [14] (in the manifold case), and [9, 12] (for random walks on graphs), [8]
obtains Gaussian upper bounds for a random walk on a graph given only on-diagonal upper
bounds as in (3.2). The metric d,(z,y) in [8] is just dr~(x,y), and one can easily check that
fo(t) is (27/2,2)-regular: see [14, 8] for the definition. Therefore, by [8, Theorem 1.1 and
Remark 1.1] there exist universal constants cs, ¢4 such that for t > 1V dpr (2, y),

d%// (I‘, y)
t

es212(1, 1)1/
N }

64h2 n/2 1% d2 7" (i[f y)
—,21/2 V1 z e MASE LA Y
C3 C3.2.1 ( ; ) V(o, h) exp{ C4 ; }

Py (Y, =2) <

The bound (3.7) follows immediately. O

By [8, Corollary 2.8] the following ‘long range’ bounds hold for ¢;(z,y). There exist
1,00 > 0 such that if z,y € V"' r = dpv(x,y), t > 0, then

@ (2, y) < (vpry) V2 exp(—r?/(16t)), ift >, (3.8)
@ (2, y) < c1(vevy) " exp (—irlog((1+4do)r/t)) ift<r.

Corollary 3.4 Let z,y € V" with dr«(z,y) > h/16. There exists ¢; so that if h < t < h?
then

1 h2 n/2 ey
(z,y) < —— [ — —eah®/t, 3.10
g, vV v<o,h><t) ’ (310

Proof. We bound separately the supremum on the intervals [0, C”h] and [C"h,t]. By (3.8)
and (3.9) we have for 0 < s < C"h,

4s(2,y) < c(vr,)2emeh,

So, by Lemma 2.1,

hé‘ —c3h

su z,y) <
ogsgg”hqs( y) < V(o, h)

c h2 77/2 1 h 1
< e 5C3 0 5csh
_V(o,h)(t> ¢’ (S‘}lph‘f )

/2
0,

By Proposition 3.3 and Lemma 2.5(a),

c h2 77/2
sup  gs(x,y) < sup (—) exp(—c'h?/s),

Crh<s<t V(o,h) crn<s<t \ S

and it is straightforward to verify that this supremum is bounded by (3.10). O
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Lemma 3.5 There exist constants ¢; such that if h > ¢, then for x € B(o,7h/8) and

coh <t < c3h?,
1
Proof. Since I'” keeps the same structure with I' inside B, we have dr»(z,y) > h/16 for

y € V" — B(x,h/16). Then by Proposition 3.3 and Lemma 2.5, if co51h < t < h? then

& h2 /2 d2// T,y
P.(Y: & B h/16) < 3 Wlh) (?> exp( ey (t D,
yeV" —B(z,h/16) ’

< oV (h—2)n/2 exp(—CQ(h/16)2)

~ V(o,h) \ ' t t
h2 n/2 h2
< 1659 (7) exp(—cT). (3.11)
So taking ¢3 small enough we can make the right side of (3.11) less than 1. 0

4 Upper bound of heat kernel on the original graph

We now fix a ball B = B(o, h) satisfying G;(h!°) and define I and Y as in the previous
two sections. Recall from Section 1 the definition of X. We set

™ =inf{t >0: X, ¢ A},
and write
X X
Ter = TB(J:,T)'
We define the stopping times 7} in the same way. If X and Y start at the same vertex in

B, then since I' and I'” have the same structure in 3, we can couple X and Y on the same
probability space such that

X, =Y, forall0 < s <7y =174. (4.1)
We use the same probability measure P, for both X and Y.
Lemma 4.1 Let B(o,h) satisfy Gi(h'=°). If h > ¢; then for any x € B(o,5h/8),
IP’w(Tfh/s < h?) < 1
Proof. Fix x € B(o,5h/8). Since X and Y agree until time 75, we have Tgfh/g = Tgh/g
P,-a.s. Write 0 = T;fh/g. Then d(Y,,z) > g, P,a.s. Let ty = c353h? and t; = ty — c3.59h.
Let By = B(z,h/16). Then if ¢; is large enough so that t; > c352h and t; > %tg,
Px(O' < %tg) < ]P)x(O' < tl,Yt2 g Bl) + Px(O' < tl,YtQ c Bl)
< PV ¢ BY) + Eu(lpan Py, (Vi € BY)
L+ max sup  P.(Y, & B(z,h/16)) < 1.

4
2€B(0,Th/8) ¢3 5 sh<s<t>

VAN
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Theorem 4.2 Let B(o,h) satisfy Gi(h'™°). Then there exist ¢; = ¢,(Cp, Ap,0,Cy,d) and a
universal constant ¢y such that for any x,x’" € B(o,h/2) and t > d(z, '),
C1 ]’L2

nle,a) < s (+v 1)9/25 exp (- @d@f/)z). (4.2)

In particular, the upper bound (1.11) of (pGB) holds with n=0/0.

Proof. If h < ¢;, then the result is trivial by (3.3). So, let h > ¢;. Define the heat kernel
for the process X killed on exiting B by
P.(X; =y, 78 > t)

B
P (w,y) = ;
t ,uy

by (4.1) this is also the heat kernel for Y killed on exiting B. Write 7 = 75 . It is clear that

Pt (,y) < polr.y) A ai(e,y), v,y € B.
Set
Let T = inf{t > 0 : X; € A}. Applying the strong Markov property at 7" we have for
x € B(o,h/2), and w € B(o, h),

Py, (X: =2) = E,Px. (Xi—r = ) < sup maxP, (X, = z). (4.3)

0<s<t z€A

Fix z € B(o,h/2) and set

P(t) = maxp(y,x), ¢ (t) = max a(y, 7)

Then using (4.3) and the strong Markov property, for y € B,

pt(y7 iIZ') = ptB(y7 I) + Ey(1(7<t)pt77(Xﬂ l’))

< q(y,xz) +Py(7 < t) sup maxp,(z,)
0<s<t 2€A

< @y, z) + Py (T < t) sup p*(s). (4.4)

0<s<t

Now let ¢ < (1 Acgq12)h? By Lemma 4.1 we have P,(7 < t) < % for y € A, so by (4.4)

p*(t) < ¢"(t) + 3 sup p*(s),

0<s<t

and therefore
sup p*(s) <2 sup ¢*(s). (4.5)

0<s<t 0<s<t

Let z,2" € B(o,h/2). By (4.4) and (4.5)

p(a’,x) < gz, 2') + 5 sup p*(s) < qulz,2’) + sup ¢*(s). (4.6)

0<s<t 0<s<t
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If h <t < (1Acs12)h? then using (4.6), Proposition 3.3 and Corollary 3.4 gives (4.2).
Next suppose h >t > d(z,2"). Then by (4.6) and Corollary 3.4, writing r = d(z, 2’),

C1 h2 77/2 _ 2 _ 2
N < / * < [(_) car?/t hn/2 coh® [t . 4.7
pe(z, 2") < gz, 2") —|—Os<151§phq (s) < Vo L7 e + e (4.7)

Now (t/h)"? <1 < exp(cy(h? —r?)/t), and rearranging we see that the second term in (4.7)
is dominated by the first, so that we obtain (4.2).
Finally, if t > ch? then

Cl

pt(xvx) < pchQ(xvx) < m>

and since py(z,2") < py(x, 2)?p,(2', 2')/?, we obtain (4.2) for this range of ¢ also.

The argument above proves (4.2) with constants ¢; = ¢;(6, Cp, Ap, Cp,0) for i = 1,2. We
can now use [8] again, as in the proof of Proposition 3.3, to obtain (4.2) with a universal
constant cy. O

Proof of Theorem 1.2. Let y € B(z,b/2) and t € [a?,b*] with ¢ > d(z,y). If h € [a,b] and
d(x,y) < h/2 then by Theorem 4.2,

ple,y) < v(il, B <h72 v 1)W exp (- CQd(xist)- (48)

We now consider two cases.

Case 1. t > 4d(z,y)?. Let h = t'/2; then h € [a,b] and d(x,y) < h/2, so the bound (1.5)
follows immediately from (4.8). (Note that in this case the exponential term is of order 1.)

Case 2. t < 4d(x,y)*. Let h = 2d(z,y), and write r = d(z,y), v = r?/t. Then (4.8) gives

1 4r2\n/2 e 1 s 1
z,y) < —(—) e < LT3 gupyi/2e 22,
o) = e\ Ve
from which again (1.5) follows. O

5 Weighted Poincaré Inequality
Let 3>2, heN, 1< a<h, and assume that B = B(o, h) satisfies G;(a). Let

p(x) = h—d(o,z) for each z € B, (5.1)
so that p(x) < d(z,0;B) and let

1V (h—d(o,z))? (1Vp(x))?

W(r) = = = (5.2)

Let Ay = [10V 4Ap], Ry = [10V 4| and Ay = A}/(A\; — 1). In this section we prove that B
satisfies the following weighted Poincaré inequality.

18



Theorem 5.1 Let B = B(o, h) satisfy Gi(«), and let B, = B(o,h — \aRy). Then

min » (f(z) = a)*(@)us < erh® Y (F(0) = F) (@) A@)hay.  (5:3)
TEBe z,yeB
Of course the value of @ which minimizes the left side of (5.3) is the mean value of f on

B, with respect to the measure

a(A) = Zﬂx, where fi, = (). (5.4)

T€A

We follow the proof in [21] that the (weak) PI implies the weighted PI. However, there are
two differences from [21]: first, we only have volume doubling and the PI for balls of radius
greater than «, and second the argument has to be done in a discrete setting. Together these
mean that we cannot as in [21] take a simple Whitney covering with ball radii converging to
zero as the balls approach the boundary of B. These difficulties were already encountered
in [3] in the context of percolation clusters in Z%. The argument here simplifies that in [3],
which is based on Jerison’s proof in [16], in two respects. First, because we look at B, rather
than B on the left side of (5.3), we do not need to consider the covering close the boundary
of B. Second, we can avoid Jerison’s delicate estimate on the structure of the ball covering
near the boundary (see [3, Lemma 4.6]) by using an observation of Guozhen Lu [18]. (See
p. 133 of [21] for more on the history of this improvement.) Since many of the proofs are
standard, we will omit them and refer the reader to [3] or [21] for details.

We choose balls B; = B(x;,r;), i =1,..., N as follows. We take 21 = o, and r; = h/)\;.
Given B; fori=1,.... k —1set A, = B, — Uf;llBi. If Ay is empty then we let N =k — 1
and stop; otherwise we choose z;, € Ay to minimise d(o, xy), and set

p(xr)  h—d(o,zy)

T = .

A A

We also define

Lemma 5.2 (a) The balls B; cover B,.
(b) We have ry > ro > 13> - > 1y > %RO.
(¢) The balls B; are disjoint.
(d) If y € B(x;, kr;) then
(A = r)r < ply) < (A1 + B)7. (5.6)

Proof. See [3]. O

We now define a tree structure on the set of indices {1,..., N}. Let i > 2. We need to
consider two cases.
Case 1: if d(o,z;) > 2r; let z; be the point on the shortest path from z; to o with d(z;, z;) =
[2r;]. Since p(z;) > p(x;) > ARy, there exists j such that z; € B;. (If there is more than
one such j we choose the smallest.) We have |p(z;) — p(z;)| < r;, and therefore

2r; + )\1Ti < d(ZZ, l’z) + p((L’Z) = p(ZZ) < 2r; + )\17"7; + 1,
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27°Z‘ —+ )\17”1' — rj S )\17"'j = p(.ﬁL’J) S 27"1' + )\17"1‘ —+ 1 + Tj.

s A +2 A +2 1
1 1
; <oy . 5.7
VIRl VI R P (5.7)
In particular we have r; > r;, so j < i. We define an ancestor function a : {2,..., N} —
{1,..., N} by taking a(i) = j.
Case 2: if d(o, x;) < 2r; then we set a(i) = 1. Since 2r; > d(z;,0) > r1, we obtain
Ay = 2r; = h —2r; < p(a;) = My < Ay — 1y,
and hence
A1 A1+ 2
Ti > ~ Ti.
A1 DY
Thus in both cases there exist 0; and d; depending only on \; so that if j = a(i) then
(L+01)ri <7y < (1+02)ry; (5.8)

further we can take §; = (1 + A1)~ and &, = 4/9.
We write a; for the k-th iterate of a. Using this ancestor function, starting in B; we

obtain a sequence B;, Bqi), Bay(i), - - - Ba,(i) of successively larger balls which ends with the
ball Bj.

Lemma 5.3 (a) If j = a(i) then d(z;,z;) <1+ 2r; +1;, and
(B, 2r;) N B(xy, 2r;)) > CFP (u(Bj) V u(B)). (5.9)
(b) If j = ai(i) for some k > 1 then

4(14 01)

d(z;,z;) < 5, r;.

(5.10)

Consequently B; C B(x;, Kr;) N B, where K = 5\;.

Proof. For (a) see the proof of (4.22) in [3], or [21, Lemma 5.3.7]. (b) follows easily from
(5.8). O

For 1 <7< N let

Note that for each i,
B;C B; C Bf € D; C D; CB.

Lemma 5.4 There exists a constant Ko such that any x € B is contained in at most Ky of
the sets D;.
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Proof. The result follows directly from Lemma 2.2 on using Lemma 5.2(d) to control r;. O
Let f:V — R. For each finite subset A C V, we set
Fa=pwA)™) f@)p
z€A

for the mean value of f on A. For finite sets A C A* we write P(A, A*) for the smallest real
number C' such that the following PI holds:

D (@) = Fa) e <CF Y (F(@) = F(9)tay. (5.12)

We also write

Ex(fi ) =1 3 () = F(9))tar:

T,yEA*

Ea-(f, 1) =3 Y (f(@) = ) ttay () Ao(y).

T,ycA*
The next result is used in chaining the Poincaré inequality.
Lemma 5.5 Let A; C Af, 1 = 1,2 be finite sets in'V, and f : V — R. Then
2P(Ay, AT)EA; ([, f) + 2P(Ag, A3)Eas (S, )

fo—f 2< . 5.13
|fA1 fAQ’ = /L(AlﬂAg) ( )
Proof. See [21, Lemma 5.3.9). O
Let g be the measure p restricted to B, that is
(4) = (AN B).
We use || - || 2z to denote the Ly norm with respect to zi. The following lemma shows that
1t has the rVD property.
Lemma 5.6 For any x € B and r > 2a,
a(B(x,2r)) < ciu(B(x,r)). (5.14)

Proof. We consider two cases. Case 1: » > h. Let y be point of the shortest path from x
to o which satisfies d(z,y) = |d(o,x)/2]. Then B(y,h/2) C B(z,h) N B. By Lemma 2.1,

- o (d(o,y)+h - PP

(B = Bl /2) = O (TEDER ) (o, ) 2 470 C (B 20).
So (5.14) holds in this case. Case 2: 2a < r < h. Similarly, there exists y such that
B(y,r/2) C B(xz,r) N B, and again using Lemma 2.1, we obtain (5.14). O

Given that jz is doubling, the next two lemmas are proved in the same way as in [21] —
see Theorem 5.3.11 and Lemma 5.3.12.
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Lemma 5.7 Let f:V — R. Set for each u € B,

Mf(u) = sup !

r>2a,0€eB with ueB(v,r) M(B(U7 r

M > If@)la().

z€B(v,r)
Then (M [z < cll fllz2@)-

Lemma 5.8 There exists a constant C such that, for any a; > 0,

| ZailDZ e S |l ZailBé L2() (5.15)
- ¥(a)
maxp, Y(x
i = , V= ——— 5.16
2 rrb%xw(x) v minp, ¢ () (5.16)
Using the definitions of D; and 1 it is easy to check that
Lemma 5.9 There exists ¢y such that v; < ¢y for each i.
Using the rPI we have:
Lemma 5.10 There exists ¢; such that
P(B;,D;) <cr?, 1<i<N.
Set
P, = max v;P(B}, D;);
1<i<N
by the previous two lemmas we have
P, < Ch*. (5.17)

Proof of Theorem 5.1. We can assume that h > Ay Ry, otherwise, the left side of the weighted
Pl is empty. Let f:V — R and write f, = fg-. Then since the balls B} cover B,

S If@) = HlPv@)e <> °) (@) = FilPe(@)

r€Be i zeB}
<2Y > @) = LY @pe +2) Y 1Fi = FilP ().
it xeBY it wzeBY
=51 + 5.

Using the weak PI for B C D;, and Lemma 5.4,

N
S1<2> Y wilf(@) = Filte

=1 x€B;
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<2Zw@ Di)én,(f. ) <c2vz 5 D)Ep,(f. f) < cK2P.Es(f. ).

Thus by (5.17) we have N
Sl S Ch253(f, f)
The sum S; is harder. Set

x) = Zl/ﬁlﬂﬁl _7j|1B; ().
J
As the balls B are disjoint,
P =30l — 7L (a),
J

and

S2<22¢J|f1 f |2 <CZ¢J|JC1 f | w(B —ng —CHQH%Z(;])‘

zeB

To bound g we first fix j € {2,... N}. Let m = m; be such that a,,(j) = 1, and write
Jr = ag(y) for k=0,...,m. Then by Lemma 5.5

UiPF - fr<2w”2|fjk Ficil

s ;;y jk)ng (f f)+P( ij?Dij) ]kﬂ(f f)
—CZ: (wj w(B; NB: ) )

Jk+1

Since ax(j) < j, we have ¢; < ey, and so ;Ep, (f, f) < cv;,Ep, (f. f). Let

b2 = P(B!, D; )—”"if(g)f ).

By Lemma 5.3(a),

P(Bg*kv jk)ng (f f)"’P( ]k+17Djk+1) gk+1(f f) 9
N(B* N B* ) < C(bjk +bjk+1) :

Jk+1

(0

Also, by Lemma 5.3(b) we have B C Dj , and so

01 F = Tl (2) < cZ bj Ly (
N
:ClB/ Zb]le <ClB/ )szlDz*(fE)
=1
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Note that the constant in the final bound does not depend on j. Using again the fact that
B are disjoint, so ) lp <1,

N N
g(@) =Y [F = Fllp (@) <> 1p (@)Y bilp:(z) < ¢ bilp:(x).
J j i=1 i=1
Hence using Lemma 5.8,

Sy < cllgliag < ¢ ZbilDZ(x)“iz(g) < ZbilBé(m)Hi?(ﬁ)

= 'S BB < Py En(f,f) < Kb Es(f. ).

6 Lower bound estimates

In this section we shall use the method introduced by Fabes and Stroock [11] to obtain a
‘near diagonal’ lower bound. We write p;'(z,y) for the heat kernel for X killed on exiting A.
The following Lemma enables us to relax the “pg-condition” which is used in many previous
papers on lower bounds.

Lemma 6.1 Let 1 < o < h, let h* = (2h) V (h + Apa), and suppose that B* = B(o, h*)
satisfies Gy (). Then there exists a subtree T = (V(T), E(T)) such that

(a) V(T) D B(o, h),

(b) V(T) C B(o,h+ Apa),

() fey > cxh 2 max{pg, iy} for any (x,y) € B(T).

Proof. Tt follows from (2.1), that |B(o, h*)| < ch?. Let 7y be the tree which contains only
the vertex {o}. Suppose we have found a sequence of trees 7y, ..., 7} which satisfy (b) and
(¢). For simplicity, we write 7y for the vertex set of the tree 7.

If B(o,h) C 7 then we set 7 = 7}, and stop. Otherwise, since B(o, h) is connected, there
exist x,y € B(o,h) with z ~y, © € Ty, and y € T;.. Set By = B(x,«a), By = B(z, \pa) and
W - BO - 77,3

Letting f = 17,, and employing the PI on B(z, «), we have

pW)(V (2, o) — p(W))
V(z, )

S C’POC2 Z Hwz-

weB1NTy,2€B1—T},

Choose u € By N7, and v € By — 7}, to maximize i, in the sum above. Then

Z Moz S |Bl|2ﬂuv S Ch?Qﬂuv-

weB1NTy,2z€ B1—T},
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Since x ¢ W and y € W, using (1.4),

pW)(V (@, a) = p(W)) _ pytta i
V(z,«) Z V(z,«) z e VY, a).

By the rVD we have V(y,«a) > ¢V (y, 1 + Apa) > cpy, so combining the inequalities above
we obtain

[ > ™2,
Similarly iy, > ch~92p1,. Now let V(Tisr) = V(T) U{o} and E(Tiy) = E(T) U{(u,0)},
so that 7;,4 is a tree and still satisfies (b) and (¢). As B(o,h 4+ Apa) is finite, the process
must terminate and we obtain a tree 7 which satisfies (a), (b) and (c). O

Using the subtree 7 we can obtain a weak uniform lower bound for p5 (x, ).

Lemma 6.2 Let 1 < a < h, h* and B* be as in the previous Lemma, and suppose that B*
satisfies G(a). Let T = 107°(cq12h* A1). Then for any x,y € B(o,h) and s € [T, h?],

log (Mypf ) (mﬁ) > —c,h (6.1)

Proof. By Lemma 6.1, there exists a path z = xy, ..., z,, = y from z to y with m < |B*| <
ch?, such that at each step the probability that X jumps from x; to x;4; is at least ¢;h™.
Using the representation of X as a discrete time Markov chain run according to a Poisson
process (N, t > 0) , we have

* s™m
luyplsg (*1'7 y) 2 ]P)(Ns = m)(clhicg)m - %eis(clhiw)m

> exp (mlog T — (s +mlogm + m|log(cih™)|) ) > exp(—c'h’™).
O
Theorem 6.3 Let § € (0,1]. There exists a constant ¢; such that if h > 1, (2h)° > 2\p,
and B* = B(o,2h) satisfies G1((2h)'~%), then for any x1, 72 € B(o,h/2) andt € [107°h2, h?,

C1

V(o,h)

pr (21,22) > (6.2)
Proof. Let o = (2h)'7%, so that a\p < h and hence h* as defined in Lemma 6.1 is 2h. If
h < ¢q then by Lemma 6.2 for x,y € B(o,h/2) and t € [107°h?, h?],

log (V(0> h)pr (:B,y)) > —co21h'? > —coa1c)t,

so that (6.2) holds in this case. We will choose the constant ¢y during the course of the
proof.

As in Section 5, we set A\; = [10V 4\p], Ry = [10V 4a], Ay = A2/(\; — 1), B = B(o, h),
B. = B(o,h — X\aRy) and p(z) = h — d(o,z). Let

200+ 1)
==

g
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and define ¢ by (5.2).
Fix z € B(0,h/2), let T = 107°(cy1.2 A 1)h? and I = [£,T]. We choose ¢, large enough
so that B(o,3h/4) C B, and h > ¢411. Employing Lemma 4.1 on B*, for each ¢t < T we have

P.(X; € B(0,3h/4), 13- > t) > P.(Topya > t) > 1. (6.3)

Applying Theorem 4.2 on B*, there exists ¢* such that for each x € B and t € I,

1

B < < —.
Py (Z,(L’) _pt(Z,l’) — C*V(O,Qh)

Let i, = ¥ (x)pu, be as in (5.4), and set Vy = i(B). By the volume doubling property, we
have
i 'V(o,h) <277V (0,h/2) < Vy < V(o,h). (6.4)

Write u(t,x) = us(x) = pP (2, x), and set
w(t, z) = wy(z) = log (" Vou(t, z)).
Thus if x € B and t € I then
VopP (z,7) <1 and w(z) <O0. (6.5)

For any ¢t > 0, let
H(t) = H(z,t) = Vo' Y d(@)wi(@) e

z€eB

As in [3], by differentiating, and then using an inequality of Stroock and Zheng [22], we
obtain

VoH'(t) > S1 + Sy + 53,

where

S1= 1373w () A v(y)) (i) — wi(y)) ey,

zeB yeB
_ 1 (¥(z) —¥(y))?
=10 2 G n e
= -1 T _ w(y)\"
To bound Sy note that if x ~ y with x,y € B and k =1V (p(x) A p(y)), then
w@ - vy () = 0°) _ oo 22
() AY(y) — ()7 = (&)



So
Sy > —c’h’QZ,ux = —h?V(o,h) > —c'h 2V},

z€eB

Also, if x € B, y ¢ B and if pu,, > 0, then ¢ (z) = h™? < h™2, so that

S5> 5 S = Y > a7,

zeB y¢B zeB

To bound the remaining term Sy, we set

Then using Theorem 5.1, for any ¢ > 0,

> Vi S0 ST W) A D) w0lx) — w(9) Py — 2h”

> — C2hx§8j ecjhz%l ; (wi(2) — He(t))* () e (6.6)
Writing e
T =15 %;(wt(x) — He(t))*(2)py and ¥ = V! ;(wt(x) — H(t))*$(2) o,
(6.6) becomes
RPH'(t) > —cy + 3V + c3(V, — ). (6.7)

We estimate the terms ¥ and (V. — V) in (6.7) separately. For U we follow [11]. Fix
t € I. Since v — (logv — 1)?/v is decreasing on [e*™, 00) and (6.5), we have

V=)

zeB

log cVout )) H(t))2
Vou(z)

b@u@, > CHO? Y @),

z€B:c* Voue (z)>e2HH®)

Then since ¢ (z) > ¢ on B(o,3h/4),

Z () ue () o

zEB:c*Vyue(z)>e2HH (1)

> Z (@) u(z) o — Z V(@) ur(z) py

z€B(0,3h/4) z€B(0,3h/4):c* Vour (z)<e2TH(t)
> Y wl@)u - 3 P(2) (V) 1O
z€B(0,3h/4) z€B(0,3h/4):c* Vous (z) <e2TH(t)

>cP,(X; € B(o,3h/4), 15+ > t) — 2THO (V) 1V (0, 3h/4)

204 - C5€H(t) )
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where the last inequality is by (6.3). Combining these estimates, we deduce that
U > H(t) (ca — czef) . (6.8)

We now control |V, — ¥|. Write V, = (B.), J = VoH(t) and J, = V.H.(t). A direct
calculation gives,

Vo(0 — W) = > (wi(w) — Ht) e — Y (wilx) — Holt))*fi

IEB meBe
2 p

- Z wi(w)?fiz + AT
ceB—Be e 0

As w(z) <0 for all € B we have |J.| < |J| and hence

J?J? 1
|J + J| J?
< _ _
2Wo|H —

For each z € B — B, we have 9(z) < caPh™? = ¢/h™P = ¢/h=2072 and therefore using
(6.4)

Vo—-V. [Q(B-—B. _ "y 20—
0 = A ) =Vt Z V() e < "h72072 (6.9)
‘/0 ‘/0 zeB—B.

We choose ¢, large enough so that the final term in (6.9) is less than 1—11. Hence 4V, > 3V}
and using Cauchy-Schwarz on the term |J — J,|

VolW = We| < Y wy(@)fie + 4 H )| = el + 2H()* (Vo — Vo)

zeB—Be
1/2
< Y wi(@) e+ AH @) (Vo — V)Y 2( > wt(:c)zﬂx) +2H(1)*(Vo — Vo)
rEB—Be reEB—Be
<3 ) wylw)fi, +AH () (Vo — Vo).
r€B—Be

By Lemma 6.2 and the choice of § we have for t € I, x € B,
0 < —wy(x) < ch*? = ¢ (h/a)?
Therefore,

Z wy(z)*fi, < c Z (h/a)P(a/Rh)py < V.

reB—Be reB—Be

Combining the bounds above we obtain

VoW, — 0| < eV + CVoH (t)2h 2072, (6.10)
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So from (6.7), (6.8) and (6.10) we get, for sufficiently large h,
R2H'(t) > —c — W27 2H(4)? + H () (cy — c5eHD)
> —c+ "H(t)?(c), — c5ef®). (6.11)
The inequality (6.11) implies that there exist cg, ¢7 such that if sup,.; H(t) < —cg, then
TH'(t) > c;H(t)?, tel. (6.12)

As in [3] it is straightforward to see that (6.12) together with that fact that ctT~' + H'(t)
is increasing, implies that there exists cig such that

H(t) = H(z,t) > —ci, for T <t < h*

To conclude the argument, we use Jensen’s inequality as in [11, 3] to obtain

C11 C12

P (1) 2 (¢7Vp) et > TR > S

and adjusting the constant we get the desired result. O

Recall from Section 1 the definition of (pGB).

Corollary 6.4 Let § € (0,1]. Let h > 1 and h* = hV (2\p)Y/°. Suppose that B(o, h*)
satisfies Gy ((h*)179).

(a) If h > (2\p)*/?, then (pGB) holds on B(o,h).

(b) For z,y € B(o,h/2) and t € [107°h% h?],

C1

V(o,h)

pe(@,y) > (6.13)

Proof. (a) The upper bound (1.11) holds by Theorem 4.2, the lower bound (1.12) by The-
orem 6.3.

(b) If h > (2Ap)'/?, then this is immediate from (a). Otherwise we have h* = (2\p)'/%. Em-
ploying Lemma 6.2 on B(o, h*/2), we deduce that for x,y € B(o,h/2) and t € [107°h?, h?|,

log (Mypf( )(1: y)) —C62. 1<h*/2)1+9 > _C6.2A1(2/\P)(1+9)/6,

which gives the lower bound (6.13). O

Remark 6.5 If we just require that B(o, h) satisfies G, (h! %) then we would need a condition
such as h° > cAp to obtain the lower bound in (pGB). To see this, consider a cycle which
has vertex set V = {—4h, —4h + 1,--- ,4h} and edge weights ug1 = €, _apan = €', and
fnnir = 1 for —4h < n < 4h. We will fix h € N, let € € (0,1) be arbitrarily small and
consider B(0,h) = {—h,--- ,h}.

Choose 8 = 1 and Cy = 3. While volume doubling does not hold for the whole cycle,
we still do have for any z € B(0,h) and r < h, that V(x,2r) C [—3h,3h] and hence
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V(z,2r) < 2V(x,r) = 29V (z,r). We also have V(x,7) < Cor for any x € B(0,h) and
1<r<h.

Set Ap =10, Cp =1 and o« = h/2. Then B(z, Apr) =V for any = € B(0,h) and r > «.
Consider first the graph with modified weights fig1 = 0, fi—apan = 1, and fi. = 1 for all other
edges. By the strong PI given by Lemma 2.6, B(x,r) with weights fi. satisfies (weak) PI.
Therefore, since fi, < p, in B(z,r) and fi. < g in the cycle, the PI holds on B(z,r) under
the original weights p.. Thus B(z,r) is good for any z € B(0,h) and r € [a, h], and so
B(0, h) satisfies G (a).

Now choose ¢ small enough so that h® < 2, and thus a < h'=%. Then B(0, h) satisfies
G1 (k%) for any ¢ € (0,1). Thus all the conditions of the corollary above are satisfied except
for h > ¢o. However p,2(0,1) — 0 as € goes to zero and the lower bound of (pGB) fails.

7 Parabolic Harnack Inequality

In this section we relate the conditions (pGB) and (PHI) defined in Section 1 with volume
growth and the Poincaré inequality. We begin with some consequences of (pGB).

Lemma 7.1 If (pGB) holds on B(o, h) with constants Cy,n then for any x € B(o,h/2),
V(o,h) < Creph".
Proof. Let = € B(o,h/2). Using (pGB) we obtain

Cyh"
V(o,h)

p(z,z) <

Combining this with the fact that p;(z,z) > p, e, we have the result. O
We now show that (pGB) implies (PHI), using the balayage argument of [5, 6].

Theorem 7.2 Let b > a > 10%, and Cy > 1, n > 1. Suppose that for each x € B(o,h) and
h € [a,b], (pGB) with constants Cy,n holds on B(x,h). Then there exists Cy = Cy(Ch,n)
such that for any x € B(o,c1b) and R € [ca, c3b], PHI holds on Q(x, R, R?).

Proof. Let B(xz,h) satisfy (pGB). Write By = B(x, th), By = B(z,1h), B = B(x,h) and
T = %hQ and let u(t,y) be nonnegative and caloric in Q(z, h,T). Using a balayage result
from potential theory we can write for any t € (0,7] and y € By,

t
uty) = om0+ Y [ ook s (7.1)
z€B; z€0;B1 0

where ks(z) > 0. For the proof see [6, Proposition 3.3], and particularly equation (3.9).
Fix t; € (3T, 3T, ts € [%T, T| and yy,y2 € By. Using (1.11), we get for z € By,

C h2\n/2 c
B < Bt S B <
i, (Y1, 2) < V(z, h) (t1> ~ V(z,h)’
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and for s < 7T'/2,

1
B
>
th*s(y%Z) = 01‘/(1', h)
Further for s € [0,t; — h] and z € 0;B;, we have d(yy, z) > % and
C B2 /2 h?/100 ¢

B < 1 — < . 7.2
Po-s91,2) ST <t1 _s) eXp( Ci(th —s)) = V(z, h) (7.2)

From the long range bounds (3.8), (3.9), and Lemma 7.1, we can also obtain (7.2) for each
s € [ty — h,t1]. Hence

to
uta,y2) = Y Py, 2)u(0, 2)ps + Y uz/ Piy—s (Y2, 2)ks(2)ds
0

z€B1 ZE@Z'Bl

t1
>N ph (Y, ul0,2) s+ Y e / pe_ (Y2, 2)ks(2)ds
0

2€B1 2€0;B1
t1
> Y pllyn2ul0,2)p. + o Y uz/ pi_(y1, 2)ks(2)ds = crulty,p).
2€B1 2€0;B1 0

Therefore, if u is nonnegative and caloric in Q(x,h,T') then

sup u<¢ , inf  w. (7.3)
[iT,%T]xBO (3 T.T1xBo
Given this, a standard chaining argument then proves the PHI. a

Next we look at consequences of the PHI. Our arguments follow those in [10, 21].

Lemma 7.3 Suppose PHI holds with constant Cy for Q(zo, R, R?). If u is non-negative
and caloric in (0,00) X B(xg, R) then for k > 1 there exists a constant ¢, = ¢.(Cy) such
that, writing B' = B(xg, R/2), T = R?,

sup  u <y inf u. (7.4)

1
[iT,%T}xB’ [(k—7)TkT]x B’

Proof. The standard PHI gives the case £ = 1. Now setting v(s,z) = u(s — T/2,z) and
applying the PHI to v we obtain

sup u<Cy ignf u,
[%T,T}xB' (3T, 5T]xB’

and continuing in this way we obtain (7.4). O

Next we prove that the PHI gives volume doubling.
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Lemma 7.4 Suppose that PHI holds with constant Cy for Q(o, AR, \*R?) for 3 < X\ < 2.
(a) We have for 1 < s <2,

Cu

perz(2,y) < VoI forx € B(o,R), y € V. (7.5)
(b) There exists ¢; = ¢1(Cy) such that
B(0,2R) C1
Pop2 (.Z',y) > m fOT’ T,y € B(O, R/4> (76)

(¢) In particular there ezists co = co(Cy) such that
V(o,R) < ¢,V (0,272R). (7.7)

Proof. (a) Let y € V; applying the PHI to p.(y,-) in Q(0,2R,4R?) we obtain for z,2’ €
B(o,R) and s € [1,2],
psr2(y, ) < Cupare(y, ). (7.8)

Hence summing over 2’ € B(o, R),

par2(y, )V (0, R) < Crr > pre(y, @ )par < Ch,
z’€B(o,R)

which implies (7.5).
(b) Let B = B(0,2R), A = B(0,27'?R), B’ = B(o, R/2), B" = B(o,R/4), and t, =
R?/8. We define a function u(t, z) which is caloric on (0,00) x B’ by setting

(t,2) if t <ty
U\, r) = X
ZzeA :uzp?—tl (z,2) ift >ty

Apply the PHI to u in Q(o, R/2, R?/4) to obtain

1 =u(ty,x) < CHZung(x,z), for z € B".
z€A

Applying Lemma 7.3 in the region (0,00) x B’ to pP(z,-) gives
pfl(x,z) < cpftl(x,z), for x € B,z € A.
Now we can use use the PHI in Q(o,2'/2R,2R?) to obtain
P (2,2) < CpPe(z,y) for z € A,z,y € B”.

Hence

1< e ppha(e.y) = V(0,27 2 R)pha(a.y),
z€A

which proves (7.6). Combining the inequalities (7.5) (with s = 2) and (7.6) gives (7.7). O
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Theorem 7.5 Suppose that PHI holds with constant C for Q(xo, AR, \> R?) for% < A<Z8.
Then there ezists ¢c; = ¢1(Cy) such that for any function f on V, we have the PI
min Y (fy) —ap SaR Y (F) ~ F(2) uye
yEDB(zo,R) y,2€B(x0,9R)

Proof. (See [10, Theorem 3.11].) Set By = B(xo,9R), By = B(xo, R) and let T' = 2(4R)?.
Let f:V — R. Let pj(x,y) be the density of heat kernel of the continuous time random
walk X’ on the graph By with edge weight y/ = ,u{ Box Bo* (So X' is X with reflection at the
boundary of By.) By Lemma 7.4, for x,y € B(xo, R),

B(z0,8R) (

pr(z,y) > pr r,y) >

c
V(zg,232R)
Let P! be the Markov operator

= P y)g)m,

y€Bo
Let 7 = 5 cp, £(a)pe. For o € By we st o, = Py (a). Then
Pr{(f = a)’ (@) = ) piple(,y) (f(y) — a2)?
y€Bo
>3 e, y) (f(y) — a.)?
yeB
c
> N2
> _V(xo, 23/2R) g;&(f(y) (g)” fy
C p—
> — ) u,.
—vmﬁwmgﬁw Py
So, summing over x € By we obtain
cV(xo, R)
Voo 2y 2 T =D < 3, Pl =@
! yEB, r€B;

A direct calculation, followed by using (3.21) of [10] gives
> Prl(f = ao W@ty = | flZ2guy — 1PEF I Zoy < 2TE'(f. 1),

x€Bg
where
E =1 (fl@) = f(1) iy,
x,yEBO
Therefore,
— V(zo,2**R
S ()~ Py < B L2 S () ),
V(ZL‘[), R)
yeB] z,y€ By
and using the volume ratio bound (7.7) completes the proof. O
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Remark 7.6 The PHI for large cylinders Q(o, R, R?) does not give polynomial control on
V (o, h)/pe. More precisely, one might hope that given Cy > 0 then the PHI with constant
Cy for Q(o, h, h?) for all h > ca would imply that there exist ¢; = ¢;(Cy) such that

V(o,a) < pocra. (7.9)

However, this is not true. To see this, consider the graph obtained by adding one edge {0, o}
to Z¢ with s = ¢ < 1. (Here o ¢ Z%.) Some straightforward calculations give that for
t>1,

pi(0,0) < (e1e™t) v 02,
pelo,x) <t~ 42 if |z| <tz #o.

It follows that the PHI with a constant C of order 1 holds in Q(o, R, R?) if e e~ < t~4/2
for R?/4 <t < R?, and so in particular if ¢! < exp(R?/5). However, if a is such that
e~ ! = exp(a?/5), then
V(o, ) ~ ade® /5
Ho

so that (7.9) cannot hold.

In view of Lemma 7.1 this example shows that we cannot obtain (pGB) from (PHI)
without some additional condition such as (1.4).

Proof of Theorem 1.10. (a) Choose § > 0 such that k < (1 —d)x’. Let y € V, r > ¢ with
(d(z,y) V R(z))" <.

Let z € B(y, )andr1 5 < s <r. Then d(z,2) < r+d(z,y) < 2/~ < ¢ /Fp(=0/x  Also,
R(x)* < re/% < ¢r'r!=% Hence

cy(d(z, 2) V R(z)" < r!i? < s,

so by (A,) the ball B(z,s) is good. Thus B(y,r) satisfies G;(r'~%), and hence (pGB).
(b) and (c) are proved in a similar fashion, using Theorem 7.2, Lemma 7.4 and Theorem 7.5.
O

Finally, we show that if (pGB) hold on enough scales, then we can recover full (upper
and lower) Gaussian bounds. We need that (pGB) implies volume doubling: of course this
follows from Theorem 7.2 and Lemma 7.4, but a direct proof is very simple.

Lemma 7.7 Let 1 < a < b and o € V. Suppose that (pGB) holds on B(x,h) for each
x € B(o,b) and h € [a,b]. Then restricted volume doubling holds, that is, for any x € B(0,b),
he b,

V(z,2h) < cV(x, h).

Proof. Using the lower bounds of (pGB) on B(z,h), we get pp2(z,z) > pb(z,z) >
2h

x)
¢/V (x,h), while the upper bounds of (pGB) on B(x,2h) give pp2(z,x) < ¢ /V(x,2h). Hence
V(z,2h) < "'V (x,h). O
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Proposition 7.8 Let 1 < a < b and o € V. Suppose that (pGB) holds on B(z,h) for each
2 € B(o,b) and h € [a,b]. Then for any x,y € B(0,b/8) and t € [a?,b?],

C1 d(l‘,y)Q

pi(w,y) > WGXP (—c " ), fort > ad(x,y), (7.10)
C3 d(I,y)Q

pi(r,y) < mexp ( - C4T)7 fort > d(z,y). (7.11)

Proof. The upper bound is proved in the same way as Theorem 1.2 is proved from Theorem
4.2.

The lower bound is proved by a standard chaining argument. Fix z,y € B(o,b/8) and
t€[a®b?. It >t > M, let h = (8t'/2) Ab. Then d(z,y) < h. From (1.12) and the
rVD given by Lemma 7.7,

pe(@,y) = V) > Vi) (7.12)

Otherwise, suppose ad(z,y) <t < d(mffp. Then d(z,y) > 4a. Let m = [d(x,y)*/t] and
r = [t/d(z,y)]. So there exists a sequence of vertices zg, - , z, such that zy =y, 2z, = =
and d(z;41,2;) < r for each i. Note that

d(z,y)
4

b b
d(o,z) + d(z,y) + 8r < §+Z—l+8(

We can further assume that d(o, z;) + 8r < b. Let F; = B(z;,r) and F; = B(z;,8r). Since
r > a, balls F; and F} satisfy (pGB). Let s = 72/6; using (pGB) on F} we have

]1<0.

C3
p(Fy)

ps(y',a’) > for y' € Fiy, 2’ € Fi. (7.13)

Hence by the rVD,

Note that

d(z,y)? 1 t >t
t— >t — 1])-= 1] > -.
e = < i 6 \ d(z,y) i ~ 6

Employing (pGB) on B(x,4+/t) and the rVD, for any y' € F,, we have

Pt—ms (ZE, y/> > ‘ % (714)

= Vo4~ V(o)

Therefore,

Pz, y) =iy, ) > py 'Py(Xis € F;, 1 <0 <m, X, = )
> ' min Py (Xi s = )"
y' €l
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Ce

V(z, Vt)

Ce , Cr
> —————expy—Cmyt >
~ V(z, V1) p{=cim} =

which completes the proof. O

_..m : / m
=Cy IlIlll'l Pt—ms (ZE, y) 2 Cy
y' €Fm

,d(@,y)?
W exp{—c} ; 1,

Remark 7.9 Note that the argument above only requires lower bounds for p,(z,y), rather
than the lower bound for the killed heat kernel pZ(x,y) given by (1.12) given in Definition
1.7.

Proof of Theorem 1.3. The upper bound (1.6) is immediate from Theorem 1.2.
By Proposition 7.8 and Remark 7.9, to prove the lower bound (1.7) it is sufficient to
prove that whenever z € B(o0,b) and a < h < b then

Cc

V(z,h)’

pe(z,a’) > r,x’ € B(z,h/4), 107*h? <t < h?. (7.15)

Ifh> (2/\p)1/5 then (7.15) holds by Corollary 6.4(a), while if a < h < (2/\]3)1/6 then it holds
by Corollary 6.4(b). O

Proof of Theorem 1.4. This follows immediately from Theorems 1.2 and 1.3 by choosing
a,b appropriately. In (a) we take a = t'/2 and b = t*/2 v 2r, and for (b) we use the values
of a,b given in the statement of the Theorem; note that the condition on t implies that
b> (2\p)1/9. O
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