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Abstract

We show that elliptic Harnack inequality is stable under form-bounded perturbations
for strongly local Dirichlet forms on complete locally compact separable metric spaces that
satisfy metric doubling property (or equivalently, relative ball connectedness property).
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1 Introduction

Let X = {Xy,t € [0,00);P*, 2 € X'} be a diffusion process on a metric space (X,d). A function
h on a ball B = B(x,r) is harmonic if h(Xa-) is a local martingale under P? for every = € B;
here 7p is the exit time from B by the process X and the filtration is the minimal augmented
filtration generated by X. The (scale-invariant) elliptic Harnack inequality (EHI) holds for X if
there exist constants C' > 1 and § € (0,1) such that whenever A is non-negative and harmonic
on a ball B = B(z,r), then

sup h < C inf h. (1.1)

B(x,0r) B(x,or)

If it holds, the EHI is a valuable tool for the study of the process X and its associated heat kernel.
A well known theorem of Moser [Mol] is that the EHI holds if X is the diffusion associated with
a uniformly elliptic divergence form operator A = div(A(x)V). Associated with such a process
is the Dirichlet form (&, F) on L?(R%; dz), where

F = WhRY) = {f e L2(R% dz) : Vf € L*(RY; dm)}
is the Sobolev space on R? of order (1,2) and

E(f, f) = /Vf (2)Vf(x)dz, feF.

We say two Dirichlet forms on €1 and £ on L?(R%; dx) are comparable if there exists C' such
that
W, 1) <EXNf, ) < CED(f, f)  forall f € F;

here F is the common domain of the two forms. Moser’s result gives the stability of the EHI,
in the sense that if £®) and €@ are comparable Dirichlet forms on L?(RY; dx), associated with
uniformly elliptic divergence form operators A;, then the EHI holds for €@ if and only if it
holds for £V,



A few years later, Moser [Mo2, Mo3] proved a parabolic Harnack inequality PHI, which
holds for non-negative solutions to the heat equation associated with a divergence form operator
A. In particular, if v is any non-negative solution to the heat equation % = Au in a time-
space cylinder Q = (0,7%) x B(x,7), then writing T = R?, Q_ = (T/4,T/2) x B(z,r),Q+ =
(37/4,T) x B(z,dr), we have

esssupu < Cpessinf u,
Q- Q+
where constants Cp > 1 and § € (0,1) do not depend on z,r or u. Subsequently Grigoryan
and Saloff-Coste in [Gr(, [Sal92] gave a characterization of the PHI, and the stability of the PHI
follows immediately from this characterization. The methods of these papers are very robust,
and this characterization of the PHI was extended to diffusions on locally compact separable
metric spaces [St], and to random walks on graphs [Dell.

For a number of years the stability of the apparently simpler EHI remained an open problem.
Stability on a large class of unbounded spaces (including Riemannian manifolds and graphs)
was proved by two of us recently in [BMI]. However, the result there relied on the metric space
satisfying some strong local regularity conditions; one key use of this regularity was to ensure
the existence of Green’s functions.

The natural context for the study of the EHI is that of a metric measure space with a strongly
local Dirichlet form, which we call MMD spaces. Examples include Riemannian manifolds, the
cable systems of graphs [V], as well as various classes of fractals. Not only do MMD spaces
provide a common framework for all these examples, but also certain transformations (change of
measure, quasi-symmetric change of metric) which are not so natural for manifolds and graphs
are natural in the MMD space context. These transformations are key to the argument in [BMI1].

This paper has three main goals:

(i) We give a weak sufficient condition (a local Harnack inequality) for a MMD space to have
Green’s functions. This improves significantly the results of earlier papers, such as [BMI],
BM2]|, which needed some parabolic regularity. In particular, it allows us to drop the
Green function assumption ([BM1, Assumption 2.3]) made in [BMI].

(ii) We carry through the program of [BMI] in the context of a MMD space satisfying these
weak regularity conditions. In particular, we drop the bounded geometry assumption (see
[BMI, Assumption 2.5] for its definition) on the MMD space (X,d,m, &, F), and relax
the condition that (X,d) is a length (or geodesic) space; both are needed in [BM1]. We
make the weaker assumption that (X, d) is ‘relatively ball connected’ — see Definition
this property has the advantage that is preserved by quasisymmetric changes of metric.
Example [8.1] shows that some regularity of the metric is needed if we are to have stability
of the EHI.

(iii) We cover metric spaces (X, d) not only of infinite diameters but also of bounded diameters.

For a metric sapce (X,d), we use B(x,r) to denote the open ball centered at z € X with
radius ball, and B(z,r) = {y € X : d(y,x) < r} its closure. The following definition is adapted
from |GH Definition 5.5].

Definition 1.1. Let K > 1. A metric space (X,d) is relatively K ball connected if for each
e € (0,1) there exists an integer N = Ny (¢e) such that if o € X, R > 0 and z,y € B(xo, R) then
there exists a chain of balls B(z;,eR) for i = 0,..., N such that zp = z, 2y = y, B(zi,eR) C



B(zo, KR) for each i and d(z;—1,z;) < eR for 1 <i < N. We write Ny for the integer Ny(¢)
with € = 1/4. We say also that (X, d) satisfies the property RBC(K). We say that (X,d) is
relatively ball connected if there exists K > 1 such that (X, d) is relatively K ball connected.

A relatively ball connected metric space (X, d) is topologically connected; see Lemmal5.2(a).
Relatively ball connected property is equivalent to metric doubling property under the EHI;
see Theorem When (X,d) is a locally compact metric space, a Dirichlet form (£, F) on
L?(X,m) is said to be strongly local if £(u,v) = 0 whenever u,v € F have compact support
with v being constant in an open neighborhood of supp[u]. See Proposition below for its
equivalent characterizations.

The main result of this paper is the following stability result on the (scale invariant) EHI.
See Definition for a precise definition of the EHI.

Theorem 1.2. Let (X,d) be a complete, locally compact, relatively ball connected separable
metric space, and let m be a Radon measure on X with full support. Let (€£,F) be a strongly
local regular Dirichlet form on L?>(X;m). Suppose that (X,d,m,&,F) satisfies the EHI. Let
(&', F) be another strongly local Dirichlet form on L?(X;m) such that

CTEf f) < Ef, ) <CE(f,f)  forall f€F.
Then (X,d,m,&', F) satisfies the EHI.

Theorem [I.2]is established based on equivalent characterizations of the EHI given in Theorem
[7.9] This stability result is further extended in Theorem to strongly local MMD spaces that
may have different symmetrizing measures.

The remaining of this paper is organized as follows. In Section [2| we present definitions and
terminology associated with Dirichlet forms and some basic facts that will be used in this paper.
Existence and regularity of Green functions are given in Section [3| for transient Dirichlet forms.
The transience condition is removed in Section [ It is shown there that any strongly local
regular Dirichlet form (£, F) on a connected locally compact metric space X’ that satisfies the
local EHI is irreducible and has regular Green function. Various consequences of the EHI are
presented in Section In particular, it is shown that for a complete locally compact metric
space (X, d), under the EHI, relatively ball connected, metric doubling and quasi-arc connected
properties are all mutually equivalent. In Section[6] a good doubling measure 4 is constructed on
a MMD space (X, d,m,E, F) that satisfies the EHI and is relative ball connected. This measure
relates well with capacities and is a smooth measure with full quasi support on &X'. It is shown
in Section [7]that the Dirichlet form time-changed by the positive continuous additive functional
generated by this doubling measure p is a MMD space (X, d, u, E, F*) that satisfies Poincare
inequality PI(V), the cutoff energy inequality CS(V¥) and a capacity estimate cap(¥), where
U is a suitable regular scale function. From which we can obtain equivalent characterizations
of the EHI in Theorem and deduce the stability result of the EHI stated in Theorem
The aforementioned scale function ¥ varies both in space and in time; functions of this kind
were considered in [Te] who first studied such location dependent scaling functions in detail. An
extension of Theorem is given at the end of Section [7] that the second Dirichlet form & may
have symmetrizing measure p different from m; see Theorem Three examples are given in
Section [8] The first example shows that without certain regularity of the metric, the stability
of the EHI may fail. The second example is a strongly local regular Dirichlet form that fails to
satisfy non-scale-invariant Harnack inequality. The third one fits into the setting of this paper
and has the EHI but fails to satisfy the local regularity required in [BMI].



2 Preliminaries

In this section, we give definitions of some terminology from Dirichlet form theory that are used
in this paper and some basic facts. We refer the reader to [CF, [FOT] for more details on the
theory of symmetric Dirichlet forms. We use := as a way of definition.

Let (X,B(X)) be a measurable space and m a o-finite measure on X with full support. A
bilinear form (£, F) on L?(X;m) is said to be a symmetric Dirichlet form if

(i) F is a dense linear subspace of L?(X;m);

(ii) &€ is symmetric and bilinear on F x F such that E(f, f) > 0 for every f € F;
(iii) F is a Hilbert space with inner product E1(f,g) := E(f,9) + [y f(x)g(x)m(dz);

(iv) For every f € F, g:=(0V f) Alisin F and £(g,9) < E(f, f).

A bilinear form (£, F) on L?(X;m) satisfying properties (i)-(iii) above is called a symmetric
closed form. Any symmetric closed form is in one-to-one correspondence with a strongly con-
tinuous symmetric contraction semigroup {7;;¢ > 0} on L?(X;m). Property (iv) above is called
a Markovian property which is equivalent to the corresponding semigroup {7};¢ > 0} being
Markovian; that is, 0 < T, f < 1 for any f € L?(X;m) with 0 < f < 1. A real-valued function f
is said to be in the extended Dirichlet space Fe if there is an £-Cauchy sequence { fi;k > 1} C F
so that limy_,o fr = f m-a.e. on X, and we define E(f, f) = limg_00 E(fi, fx). Clearly, F C Fe.
It is known that F = F, N L?(X;m); see [CEF, Theorem 1.1.5(iii)].

The Dirichlet form (£,F) on L?(X;m) is said to be transient if there exists a bounded
L' (X;m)-integrable function g that is strictly positive on X so that

/X lu(z)|g(z)m(dx) < E(u,u) for every u € F.

Clearly, if (£,F) is transient, then (F,&) is a Hilbert space. The Dirichlet form (£,F) on
L?(X;m) is said to be recurrent if 1 € F, and £(1,1) = 0. Denote by {T};t > 0} the semigroup
on L?(X;m) corresponding to the Dirichlet form (£, F). By Theorem 2.1.5 and Theorem 2.18
Of [CE], (£, F) is transient if and only if there is some L!'(X;m)-integrable function g that is
strictly positive on X so that Gg := f0°° Tigdt < oo m-a.e. on X; and (&, F) is recurrent if and
only if for any non-negative g on X with 0 < [, g(z)m(dz) < oo, Gg = 0o m-a.e. on X.

Denote by B*(X) the completion of the field B(X) under the measure m. A set A € B*(X)
is said to be {T}}¢>0-invariant if Ty(14cf) = 0 m-a.e. on A for all t > 0 and f € L?(X;m). By
[CEl, Proposition 2.1.6], A € B*(X) is {1} }+>o-invariant if and only if 14u € F for every u € F
and

E(u,v) = E(1au, 14v) + E(1geu, 1 gev)  for every u,v € F. (2.1)

The Dirichlet form (€, F) on L*(X;m) is said to be irreducible if for any {T}};>o-invariant set
A, either m(A) = 0 or m(A€) = 0. An irreducible Dirichlet form is either transient or recurrent;
see |[CF, Proposition 2.1.3(iii)].

A Dirichlet form (£, F) on L?(X;m) is said to be regular if

(i) (X,d) is a locally compact separable metric space and m is a Radon measure on X with
full support;



(ii) FNC(X) is v/E1-dense in F, where C.(X) is the space of continuous functions on X having
compact support;

(ii) F N C(X) is dense in C.(X) with respect to the uniform norm || f||c = sup,ecx |f(2)] -

An increasing sequence {Fj; k > 1} of compact subsets of X' is said to be an £-nest if Up>1 FFp,
is v/&-dense in F, where Fp, :={f € F: f =0 m-a.e. on X'\ Fj}. Aset N C X is said to be
E-polar if there is an E-nest {Fj;k > 1} so that N C X'\ Up>1F;. An E-polar set A always has
m(A) = 0. E-polar sets can also be characterized by using capacity. Given a regular Dirichlet
form (&€, F) on L?(X;m), we can define 1-capacity Cap; as follows. For any open subset U C X,

Cap,(U) :=inf{&(f,f): feF, f>1m-ae. onU} (2.2)
with the convention that inf () := oo, and for any subset A C X,
Cap,(A) := inf{Cap,(U) : U D A}. (2.3)

It is known (see [CF), Theorem 1.3.14]) that for a regular Dirichlet form (&, F) on L?(X;m),
A C X is E-polar if and only if it has zero 1-capacity. A statement depending on x € A is said
to hold &-quasi-everywhere (£-q.e. in abbreviation) if there is an £-polar set N C A so that the
statement is true for every z € A\ N. A function f is said to be £-quasi-continuous on X if
there is an E-nest {Fy;k > 1} so that f € C(Fy) for every k > 1. When there is no possible
ambiguity, we often drop &- from &-quasi-everywhere and £-quasi-continuous. For a regular
Dirichlet form (€, F) on L?*(X;m), every f € F. has an m-version that is quasi-continuous on
X, which is unique up to an E-polar set; see [CF, Theorem 2.3.4] or [FOT, Theorem 2.1.7]. We
always represent f € F. by its quasi-continuous version.

Recall that a Hunt process X = {Xy,¢t > 0; P, 2 € X'} on a locally compact separable metric
space X is a strong Markov process that is right continuous and quasi-left continuous on the one-
point compactification Xy := X U {9} of X. A set C C X is said to be nearly Borel measurable
if for any probability measure p on X’ there are Borel sets A1, Ao such that A1 C C C Ay and

P# (there is some ¢t > 0 such that X; € 4>\ A1) = 0.

Let m be a Radon measure with full support on X. A Hunt process X is said to be m-symmetric
if the transition semigroup is symmetric on L2(X;m). For an m-symmetric Hunt process X on
X, aset N C X is said to be properly exceptional for X if N is nearly Borel measurable,
m(N) =0 and

P*(X; € Xg\N and Xy € Xy \ N forallt >0) =1 forevery z € X\ N.

In 1971, Fukushima showed that any symmetric regular Dirichlet form (£, F) on L?(X;m)
has an m-symmetric Hunt process process X = {X;,t > 0;P*, 2 € X'} on & associated with it in
the sense that the transition semigroup of X is a version of the strongly continuous semigroup
{Ty;t > 0} on L*(X;m) corresponding to (€, F), see [FOT], Theorem 7.2.1]. Furthermore, for
any non-negative Borel measurable f € L?(X;m) and ¢t > 0,

Pif(x) = E"[f(Xt)]

is a quasi-continuous version of 7;f on X. The Hunt process X associated with a regular
Dirichlet form (£, F) on L?(X;m) is unique in the following sense (see [FOT, Theorem 4.2.8)):



if X’ is another Hunt process associated with the regular Dirichlet form (£, F) on L?(X;m),
then there is a common properly exceptional set outside which these two Hunt processes have
the same transition functions. We say the m-symmetric Hunt process X on X is transient,
recurrent, and irreducible if so does its associated Dirichlet form (£, F) on L?(X;m).

In the remaining of this section, (£, F) is a regular Dirichlet form on L*(X;m) and X =
{X,t > 0;P*, 2 € X} is the Hunt process associated with it. Let ¢ denote the lifetime of X,
and {F3;t > 0} be the minumun augmented filtration generated by X.

A subset N C X is said to be m-polar if there is a nearly Borel set N7 D N so that
P*(on, < oc0) = 0 for m-a.e. x € X, where oy, = inf{t > 0: X; € N;}. It is known that a
subset N' C X is £-polar if and only if it is m-polar, and any £-polar set is contained in a Borel
properly exceptional set for X; see |[CF, Theorems 3.1.3 and 3.1.5].

If (£,F) is irreducible, then (see [CE, Theorem 3.5.6]) for any non-E-polar nearly Borel
measurable set A,

P*(ocq <o0) >0 for E-qe zeX. (2.4)

Let D be an open subset of X. The part process X of X killed upon exiting D is a Hunt
process on D whose associated Dirichlet form (€, F) on L2(D;m|p) is regular. Here m|p is
the measure m restricted to the open set D and

FP = {feF:f=0¢&-qe. on DY; (2.5)

see, e.g., Exercise 3.37 and Theorem 3.3.9 of [CE]. Property (2.4) combined with [CF, Proposi-
tion 2.1.10] yields the following.

Proposition 2.1. If (£, F) is irreducible and D¢ is not E-polar, then the regular Dirichlet form
(&,FP) on L?(D;m|p) is transient.

For u € F., the following Fukushima decomposition holds (see [CE, Theorem 4.2.6] or [FOT),
Theorem 5.2.2)):
w(Xy) —u(Xo) = M+ Ny, t>0, (2.6)

where M" is a martingale additive functional of X having finite energy and N is a continuous
additive functional of X having zero energy. The predictable quadratic variation (M“) of the
square-integrable martingale M™" is a positive continuous additive functional of X, whose corre-
sponding Revuz measure is denoted by pi(,y. We call i, the energy measure of u € Fe. It is

known that .
§“<u)(X) < E(u,u) < ppy (X)) for u € Fe.

When (€, F) admits no killings inside &X', which is equivalent to the Hunt process admits no
killings inside & (that is, P*(X._ € X,( < 00) = 0 for £-q.e. € X), we have

1
E(u,u) = §u<u>(X) for u € Fe. (2.7)

When u € F. is bounded, its energy measure fi(,,y can be computed by the formula
/ 0(@) poiyy (dz) = 2E (u, uv) — E(u?,v) for all bounded v € F. (2.8)
x

For general u € Fe, pu(y) is the increasing limit of y(,,) as n — oo, where u,, := (—n)V(uAn) € Fe.
See (4.3.12)-(4.3.13), and Theorems 4.3.10 and 4.3.11 of [CE] for the above stated properties of
-

The following is taken from Theorem 2.4.3 and Theorem 4.3.4 of |CF].



Proposition 2.2. The following are equivalent.
(i) (€,F) is strongly local;
(ii) E(u,v) = 0 whenever u,v € F with u(v — ¢) = 0 m-a.e. on X for some constant c;

(iii) The associated Hunt process X is a diffusion with no killings inside X ; that is, there is a
Borel properly exceptional set Ng C X so that for every x € X \ N,

P*(X; is continuous int € [0,()) =1 and P*( X, € X,( <o0)=0. (2.9)

In Theorem below, a new irreducible criteria will be given for strong local regular Dirichlet
forms.

We use notation V' € D for V being a relatively compact open subset of D. For any open
set U, we define

functions on X such that for each V & U, there is some
g € F so that f =g m-a.e. on V.

f is an me-equivalence class of R-valued Borel measurable}
. (2.10)

"T:lgc = {f

Note that each f € ﬂgc admits a m-version that is £-quasi-continuous on U, which is unique
modulo an £-polar set. We always represent a function in ]ﬂgc by its quasi-continuous version.
When U = X, we simply write Fio for F:¥

loc®

When the Dirichlet form (&, F) is strongly local, the energy measure fi,,, has the following
strong local property; see [CEl Proposition 4.3.1 and Theorem 4.3.10(i)].

Proposition 2.3. Suppose the Dirichlet form (E,F) is strongly local and D is an open subset
of X. Then

(i) py(D) =0 if u € Fe and u is constant E-q.e. on D;
(i) pwy = py on D for every u,v € F so that u — v is a constant E-g.e. on D.

Let {Uk; k > 1} be an increasing sequence of relative compact open subsets whose union is
X. For u € Flo, there is some uy, € F so that up = u m-a.e. on Ug. Define i,y = pigy,y on Uy.
Since (&, F) is strongly local, pu(, is uniquely defined by Proposition (ii). In view of ,
this allows us to extend the definition of £ to Fio. by setting

1
E(u,u) = §,u<u>(X), U € Floc- (2.11)

In this paper, we will use time change of Dirichlet form and its associated Hunt process so
we need the notion of smooth measure. The following definition is from [CFEl Definition 2.3.13].

Definition 2.4. Let (£, F) be a regular Dirichlet space on L?(X;m). A (positive) measure u
on X is smooth if it satisfies the following conditions:

(a) p charges no E-polar set;

(b) there exists an E-nest {F}} such that p(Fy) < oo for all & > 1.



By [CE], Theorem 1.2.14], the above definition of smooth measure is equivalent to that defined
in [FOT, p.83]. Cleary every positive Radon measure charging no -polar set is smooth, as in this
case we can take E-nest {Fj} to be the closure of an increasing sequence of relatively compact
open sets whose union is X. We say D C X is quasi open if there exists an E-nest {F),} such
that D N F, is an open subset of F), in the relative topology for each n € N. The complement
of a quasi open set is called quasi closed.

Definition 2.5. (See [CE] Definition 3.3.4] or [FOT), p.190].) Let x be a Borel smooth measure.
A set F' C X is called a quasi support of p if it satisfies the following:

(a) F' is quasi closed and pu(X \ F) = 0.

(b) If F is another set that satisfies (a), then F'\ F is E-polar.

We say that p has full quasi support if X is a quasi support of pu.

Except in Remark we assume in the remaining of this paper that (£, F) is a symmetric
strongly local regular Dirichlet form on L?(X;m). We call (X,d,m,&,F) a metric measure
Dirichlet (MMD) space. Sometimes, to emphasize its dependence on the symmetrizing measure,
we write F™ for F. Let X = {X;,t > 0;P*, 2 € X'} be the diffusion process associated with
(X,d,m,E,F), whose lifetime is denoted as (. The one-point compactification of the locally
compact metric space (X, d) is denoted as Xy := X U{0}.

3 Local regularity for transient spaces

Since (€, F) is strongly local, by Proposition its corresponding Hunt process X is a diffusion
that admits no killings inside X. Thus there exists a Borel properly exceptional set Ny so that
the Hunt process X, whose lifetime is denoted by (, can start from every point in X'\ My and
that

P*(X; is continuous in ¢ € [0,¢) and X;,— =0) =1 for every x € X\ Np. (3.1)
Here we used the convention that Xoo_ := X := 0. It follows that
P*(X; =z forallt € [0,{) and ( <o0) =0  for every z € X \ Np. (3.2)

In this section we assume in addition that (€, F) is transient. In view of [CE], Theorem 3.5.2],
by enlarging the Borel properly exceptional set A if needed, we may and do assume that

P (C = oo and tli>rgc>Xt = 3) =P (( =00) forevery z € X\ Np. (3.3)
For a nearly Borel measurable set A C X, define the stopping times
oa=1inf{t >0: X; € A}, 74 =04 =inf{t >0: X, ¢ A},
and write 7, for 7(,y.

Lemma 3.1. For each fivred x € X, P*(1, > 0) =0 for every x € X \ Np.

Proof. We have by (3.2) and (3.3) that 7, < ¢ P*-a.s. for every z € X \ Ny. Clearly X, =z
on {7, < (} since X is a diffusion. Let A, := {7, > 0}. Since A, = A 00, on {0 < 7, < (},
we have by the strong Markov property of X that for z € X \ A,

P(A,) = E* [PX7 (A%);0 < 7, < ¢] = PP(A) PP(0 < 7 < ¢) = (1 — P™(A,))P*(A,).
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It follows that P*(A,) = 0. O

Denote by {P;;t > 0} the transition semigroup of the process X; that is,
Pf(z) =E*[f(Xs)], x€X\No,t>0, f€B(X),

with the convention that f(0) := 0. Define the Green operator G by
Gf(x) = E“/ f(Xy)dt :/ E*[f(X¢)]dt :/ P f(x)dt, xe€X\Ny, f € BL(X).
0 0 0

Lemma 3.2. By enlarging the Borel properly exceptional set Ny if mecessary, there is an
LY(X;m)-integrable function go that takes values in (0,1] on X such that

Ggo(z) <1 forx € X\ Ny, Ggo € Fe and E(Ggo,Gygo) < 1. (3.4)

Proof. By [CE, Theorem 2.1.5(i)], there is an L!(X’;m)-integrable function g; bounded by 1,
strictly positive on X, such that Gg; < co m-a.e. on X and Gg; € F. with £(Gg1,Gg1) < 1.
Since Gg; is excessive and hence finely continuous, by enlarging the properly exceptional set
N if necessary, we may and do assume that Ggi(z) < oo for every z € X \ Np. Let g =
ey ]f_lQ_kl{Gglgk}gl + 1n;,. Then g is strictly positive on X,

Ggo(z) <1 for every z € X \ Ny,
Ggo € Fe and E(Ggo,Ggo) < E(Ggr1,Ggr) < 1. O

It follows from ({3.4) that for every x € X \ Ny, G(z,dy), defined by G(z, A) = G1(z), is a
o-finite measure on X. By the symmetry of the process X, each P; is a symmetric operator in
L?(X;m). Hence

/g(x)Gf(ﬂf)m(dx)I/ f(2)Gg(x)m(dx)  for f,g € By (X). (3.5)
X X

Definition 3.3. For a nearly Borel measurable non-negative function u on X, we say it is
harmonic in a ball B(zg,ro) if there is a Borel properly exceptional set ' O Ny such that for
every r € (0,79),

E* []u(XTB<wOM\) <oo and wu(z)=FE" [u(XTB(%T))} for every x € B(xzg,7) \ N.
We say u is harmonic in an open subset D C X if for every zg € D, u is harmonic in an open
ball B(zg,r) C D centered at xg.

The equivalence of the above probabilistic definition of harmonic functions with the analytic
characterization of harmonic functions can be found in [Che|. Clearly, for every bounded 0 <
f < ego for some ¢ > 0, u(z) := G f(z) is harmonic in X\ supp[f].

Definition 3.4. We say condition (HC) holds if there is an E-nest {F,;1 > 1} consisting of an
increasing sequence of compact subsets with No C X \ U, F,, such that if xg € X and r € (0,1],
and f has compact support in B(xg,2r)¢, and satisfies 0 < f < cgy for some ¢ > 0, then G f(z)
is continuous in B(xg,r) N F, for every n > 1.



Note that it follows from the definition of E-nest in Section |2, if {F,;n > 1} is an E-nest,
then so is {K,;n > 1}, where K,, = supp[lg,m|. Thus without loss of generality, in this paper
we always assume that the E-nest in (HC) has the property that F, = supp[lg, m] for every
n > 1. For an E-nest {F,}, N = X\ U, F), is E-polar and, in particular, has zero m-measure.

Theorem 3.5. Assume that condition (HC) holds with £-nest {F,,}. Let N be a Borel properly
exceptional set that contains X \ U, F,, D Ny. Then for every x € X \ N, G(x,dy) is absolutely
continuous with respect to m. Consequently, for every x € X\N andt > 0, Pi(z,dy) := P*(X; €
dy) is absolutely continuous with respect to m.

Proof. It follows from that G(z, A) = 0 m-a.e. on X for every A C X with m(4) =0
(by taking f = 14 and g = 1). Let go be the strictly positive function from Lemma Fix
zg € X\ N andr > 0. For j > 1,let E; = {x € X : 277 < go(x) < 2'"7}. Then the E;
form a partition of X \ Ny. Let A C B(xg,r)¢ with m(A) = 0. Since lang; < 27 g9, we have by
condition (HC) that for each £ > 1 and ¢ > 1 the function z — G(x, AN F; N Ej) is continuous
and therefore zero on B(xzg,r) N Fj,. Thus G(xz, AN F; N E;) = 0 for every x € B(xzg,7) \ N.
Consequently, G(z, A) = 377_ ) G(x, ANF; N Ej) = 0 for every x € B(wo,r) \ V. In particular,
this shows that for every zg € X \ N,

G(zo,dy) is absolutely continuous with respect to m(dy) on X \ {z¢}. (3.6)

We claim that G(zo, dy) is absolutely continuous with respect to m(dy) on X. This is clearly
true if m({zo}) > 0. We thus assume m({z¢}) = 0 and set

¢
h(z) == (Gl () = E7 /O g (X2 )ds.

Then h is a harmonic function on X'\ {z¢} and since m({zo}) = 0, we have by that h =0
m-a.e. on X. Further, by condition (HC), h(xz) = 0 on X'\ (NU{zo}). Thusif A = {y: h(y) > 0}
then A C N'U{x}. Since N is properly exceptional and x¢ ¢ N, P* (T < co) = 0. Let § > 0.
Let F = {(t,w) : 0 < t < 6, X¢(w) € X\ (N U {mo}}, and Dp(w) = inf{t : (t,w) € F} be
the ‘debut’ of F. By Lemma (3.1 we have P*(Dp < oo) = 1. So by the section theorem [DM]|
Theorem 44] there exists a stopping time 7" such that P* (T < oo) = 1 and (T'(w),w) € F for
all w. Hence h(X7(w)) = 0 for all w such that T'(w) < oo, and so

h(zo) < 6 + E®™h(X7) = .

As § is arbitrary we deduce that h(xog) = 0. This together with shows that G(z,dy) is
absolutely continuous with respect to m(dy) on X for every x € X \ N. That P*(X; € dy) is
absolutely continuous with respect to m for every 2 € X \ N and t > 0 follows immediately
from [CEl Proposition 3.1.11] or [FOT) Theorem 4.2.4]. O

With Theorem at hand, we can deduce the following. Denote by B*(X) and B*(X x &)
the completion of Borel o-fields B(X') and B(X x X) under m and m x m, respectively.

Theorem 3.6. Assume that condition (HC) holds with E-nest {F,,}. Let N be a Borel properly
exceptional set that contains X \U,F,, D Ny. Then there exists a non-negative jointly B*(0,00) x
B*(X x X)-measurable function p(t,z,y) on (0,00) x (X \N) x (X \ N) such that

(i) for every f € B4 (X), z € X\ N and t >0, E*f(X;) = / p(t,z,y) f(y)m(dy);
X
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(ii) p(t, z,y) = p(t,y, ) for every z,y € X \ N and t > 0;
(iii) For every t,s >0 and z,y € X \ N, p(t + s,x,y) = / p(t, x, 2)p(s, z,y)m(dy).
X

Consequently, g(z,y) = fooop(t,m,y)dt, z,y € X \ N, is a non-negative jointly B*(X x X)-
measurable function on (X \N) x (X \ N) such that

(i) G (@) = [ alr)fymldy) for cvery 2 € X\N and f € B ()

(v) g(x,y) = g(y,x) for every x,y € X \ N, and x — g(x,y) is excessive for every y € X \ N.

(vi) For every yo € X \ N, z — g(x,y0) is harmonic in X \ {yo}.
Proof. We first show that for each z € X\ and t > 0, X has a pointwisely defined transition
density function p(t,z,y). This part is almost the same as that for [BBCK| Theorem 3.1]. For
reader’s convenience, we spell out the details here.
By Theorem for every t > 0 and # € X \ \V there is an integrable kernel y — po(t, z,y)
defined on X such that
B /(X)) = Pif(@) = [ po(t.o.)f )y for every 1 € By(). (3.7)
X

From the semigroup property P;.s = P;Ps, we have for every t,s > 0 and x € X' \ N,
po(t+s,z,y) = / po(t,x, z)po(s, z,y)m(dz) for m-a.e. y € X. (3.8)
X
Note that since P; is symmetric, we have for each fixed ¢ > 0,

po(t,x,y) = po(t,y,x) for m-a.e. (z,y) € X x X. (3.9)

For every t > 0 and z,y € X \ W, let s € (0,¢/3) and define

pltsen) = [ s ([ (e =25, 2ms.p2mids) ) miaw).— (3.10)

By (3.8) and (3.9), the above definition is independent of the choice of s € (0,¢/3). Clearly by
(3.9) with ¢ — 2s in place of t and (w, z) in place of (z,y), we see that

p(t,x,y) = p(t,y,x) for every x,y € X\ N. (3.11)

By the semigroup property, (3.7) and (3.9), we have for any ¢ > 0 on X and z € X \ N,

(/Xpo(s,x,w) (/Xpo(t — 28,w,z)p0(s,z,y)m(dz)> m(dw)) o(y)m(dy)
([t ([ e = 2500 2. 2pmtes) ) m(a) ) o(upma)
= [ pleotyymiay) _
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Thus for each x € X \ N, p(t,x,y) coincides with py(t, z,y) for m-a.e. y € X. For t,s > 0 and
z,y € X\ N, take sg € (0, (t A's)/3). We have by (3.8)-(3.10])

p(t+s,2,y)

= [ mtso.w) ([ pute+5 = 250, 2. miz) ) mc

= /X5 po(s0,x, w)po(t — 280, w, u1)po(So, u1, u2)po(so, u2,v)po(s — 289, v, z)
po(S0,y, z)m(dw)m(dui)m(dug)m(dz)m(dv)
= /Xp(t, x,v)p(s, v, y)m(dv). (3.13)

Note that for each t > 0, || P|| 22 < 1. Since

/X f(x)Pg(x)m(dz) = /X f(zx) </Xp(t,m,y)g(y)m(dy)> m(dz), f,g¢€ L*(X;m),
we conclude from [FOT, Lemma 1.4.1(i)] that p(t,z,y) is a B*(X x X')-measurable function in
(z,y) on X x X. As P, is a strongly continuous semigroup in L?(X;m), we have by [DS, Theorem
I11.11.17] that p(t x,y) is jointly B*([0,00) x B*(X x X)- measurable on [0, 00) X (X x X).

Define g(x,y) fo (t,x,y)dt for z,y € X \ N. Tt follows from and Fubini theorem
that for every f € By (X )

=E" /000 f(Xs)ds = /Xg(x,y)f(y)m(dy) for every x € X \ V.

Clearly by (3.11), g(z,y) = g(y,x) for every z,y € X \ N. Note that for each fixed y € X \ N
and t > 0, by Fubini theorem and (3.13)),

RG(,y)(x) = /Xp(t7x72)g(27y)dz = /toop(s,%y)ds < g(z,y) forevery x € X\ N,

and limy o Pg(-,y)(z) = g(z,y). This shows that for each fixed y € X \ NV, z + g(z,y) is an
excessive function of X.

The proof of (vi) is similar to that for [KW) Proposition 6.2]. Let yo € X \ N . For
any zo € (X \N)\ {wo}, take 0 < r < d(z0,90) and 0 < r; < d(x,y9) — r. For any non-
negative f € C.(B(yo,71)), by Fubini theorem and the strong Markov property of X, for each
x € B(xzo,1),

/B< ¥ 9Ky 9)] F@)mdY) = B |(CF) (Ko, )]
Y011
= Gf(x) :/ 9(z, y) f (y)m(dy).
B(yo,r1)
Hence for each = € B(xg,r),

E* [g(XTB(xOM,y)] = g(z,y) for m-a.e. y € B(yo,71).
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Since y — g(z,y) is excessive, it follows from the monotone convergence theorem, Fubini theo-
rem, the fine continuity of y — ¢(z,y) and Fatou’s lemma that

Em g(XTB(zo,r)ayO)} - 1?51\%1 (PtEmg(XTB(IO’T>")) (yO)
> limsup (Pg(@, ) 1B(yo,m)) (o)
> Y% |:lilg(i)nfg($,Xt)lB(yg,rl)(Xt):|
- g(xvyo)

On there other hand, clearly E* {Q(XTB@O,W?JO)} < g(z,y0) as x +— g(x,yp) is excessive for

X. Thus we have E* {Q(XTB@M)’?JO)} = g(z,y0) for every © € B(zg,r). This proves that
x + g(z,yo) is harmonic in X'\ {yo}. O

Remark 3.7. There are gaps in the proofs of the existence of a Green function in [BBK] and
[GH, Lemma 5.2]. For details of the gap in [GH]|, see [BM2, Remark 4.19]. The gap in [BBK]
is that it is not proven that the Green’s function is an integral kernel of the Green operator (cf.

Theorem [3.6|(iv)).

We next give a sufficient condition for (HC).

Definition 3.8. (i) A positive function pp(z) on X is said to be distance to the boundary like
function on X if for any x € X and y € B(z, po(x)), po(y) > po(z) — d(x,y).

(ii) We say that the (non-scale-invariant) elliptic Harnack inequality (Ha) holds on X if there
is a positive distance to the boundary like function pg on X bounded by 1 so that for any
ball B = B(zg,r) in X with 0 < r < pg(x), there is a constant Cp > 1 and dp € (0,1)
such that for any non-negative u € F that is harmonic in B(zg,r),

eSSSUP B (55U < OB essinf gy 5,0 U (3.14)

Remark 3.9. (i) Any positive constant function is a distance to the boundary like function
on X. If p; and po are two distance to the boundary like functions on X, then so is
p1(z) A p2(x). If (X,d) is an open subset of another metric space (Y, d), then clearly

po(z) :==inf{x : d(z,y) :y € Y\ X'}
is a distance to the boundary like function on X.

(ii) Note that if property (3.14]) holds for a ball B = B(x,r) with constants Cp and dp then
it holds for any larger ball B(z, R) with constants Cp and dpr/R.

Proposition 3.10. Assume that (Ha) holds and that
Ay :=inf {E(f, ) : f € F with || fll p2(a;m) = 1} > 0.

Then (HC) holds.
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Proof. Since Ay >0, Gf € L?(X;m) for every f € L?(X;m) with |G f|z2 < A3 || f]|z2. Under
Ax > 0 and (Ha), for every zy € X, r € (0,1], and any ball B(yp, R) C X \ B(zo,r) with
R € (0,1], by the same argument as that for [GH, (5.10)], we have for any f € L'(X;m) with
f =0on B(y()?(SB(yO»R)R))C7

CB(2o,) UB(yo,R)
Ao/ m(B (@0, 820, m(B (Y0, 50,1 R
Let {xp;k > 1} C X be a dense sequence of points in X', and

A = {n=(zi,zj,mem) 14,5,k 1> 1, € QN (0, po(x;)), 7 € QN (0, po(x;))
with B(zs, ) N B(zj,r;) = 0}

esssupB(zO,&n)\Gﬂ < HfHLl(X;m)' (315)

Let C;, > 1 and ;1 € (0, 1) be the constants in (Ha) for Harnack inequality in the ball B(z;, ry).
Note that A is a countable set. For each n = (x4, z;,7%,71) € A, let {fp,p > 1} C Ce(B(xj,95,71))
be dense in L'((B(xz;,8;;r);m). Since fr € L*(X;m), Gfr, € F and it is quasi-continuous
by the 0-order version of |[CE| Proposition 3.1.9] or [FOT, Theorem 4.2.3]. Thus there is an
E-nest {Fé”),n > 1} consisting of an increasing sequence of compact sets such that Gf), is
continuous on each F,Sn) for every integer p > 1; see [CE, Lemma 1.3.1]. Let NV, := X\U;?leﬂ(ln),
which is £-polar and in particular has zero m-measure, and C), := ik

C dx/m(B(xi0s ki) )m(B(xy,05,m))
Inequality(3.15)) yields that for every n > 1,

sup |Gfk1 (z) — Gka(:L’)‘ < Cankl - fk2||L1(B(xj,5jﬂl7"l);m)'
xEB(Z’i,éi’k’r‘k)ﬁFan)

Since { fp,p > 1} C C(B(z;,d;r;) is dense in L' (B(x;, §;,r1); m), it follows that G f is continuous
on each B(x;,0; k7x) N Fé”) and

sup IGf(@)| < Coll Fll L1 (B 6. gry)m)s
z€B(xi,0; k1K) \ Ny n LY (B(z;,65,1m1);m)

for every f € L*(X;m) with f = 0 on B(x;,8;;m)°. By [CF, Lemma 1.3.1] and its proof, by
taking suitable intersections of FT(LZ)7S, there is an £-nest {F,,,n > 1} consisting of an increas-

ing sequence of compact subsets of X such that for every n € A, Gf is continuous on each
B(z;, 6; k) N Fy, and

sup \GF(@)] < Cull FIlLr (Bl 5, 1r0):m (3.16)
T€B (4,05 k7 ) \N K LY (B(zj,85,1m1);m)

for every f € L'(X;m) with f =0 on B(z;,8;;m)¢, where N := X \ U, F,, which is &-polar.

As {z;} is dense in X, For any compact subset K of X, one can deduce from by finite
covering that for any f € L'(X;m) that vanishes outside K, G'f is continuous on each K¢N F,,
and for any xg € K¢, there is some ry > 0 with B(zg,r9) C K¢ so that

z€B(zo,r)\N

O

Under the assumption of Theorem we have by (3.17) that for every compact subset
KcX, Gz, K)<ooforxze (X\N)\K.

Using a time change argument, we can remove the assumption of Ay > 0 in Proposition [3.10
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Theorem 3.11. Assume that (Ha) holds. Then (HC) holds. Consequently, the conclusions of
Theorems [3.3 and [3.8 hold.

Proof. Recall that our running assumption is that the Dirichlet form (£, F) on L?*(X;m)
(or equivalently, its associated Hunt process X) is transient. Let gy be as in Lemma and
wu(dz) = go(x)m(dx). We now make a time change of X via the inverse of the positive continuous
additive functional A; := fot go(Xs)ds. That is, let Y; = X,,, where 7, := inf{s > 0: A; > t}.
Then Y is p-symmetric and transient, and its extended Dirichet form is the same as that of X;
see [CEL [FOT] (since p and m are mutually absolutely continuous). So the Dirichlet form of ¥
is (&, F. N L?(X;p)) on L?(X; ). Since Y and X share the same family of harmonic functions,
(Ha) holds for Y. We claim that

Ny = nf{E(f, f) : | € Fo L2(X; ) with | fll 2 = 13 > 1. (3.18)

Denote by G the Green potential of Y, that is, for f > 0 on X,
Gf()i=B" [ f(¥dt =B [ f(Xn )i
0 0

Using the time change, we see that éf(x) =E* [[°(f90)(X:)dt = G(fgo)(x). In particular, we
have G1 = Ggo < 1. Thus for u € L?(X; ), by Cauchy-Schwarz and the symmetry of G with
respect to p,

| @ur@utn) < [ Gw)@)Giann < | G @n(d
X X X
2~ 2
< /X w()2C1 ()l d) < / w(z)2u(dz). (3.19)

X
Since the spectrum of G as a symmetric operator from L?(X;u) into itself is the reciprocal of
that of the infinitesimal generator of Y, we conclude from that )\§ > 1. Alternatively,
for any u € L2(X;p), [pu(z)Gu(z)u(dr) < [, u(z)?p(de) < co by B19). It follows (cf. [CF,
Theorem 2.1.12] or [FOT]) that Gu € F. N L2(X; p) with £(Gu, Gu) < I w(z)Gu(x)p(dx).
Hence for v € F, N L?(X; 1), we have by and the Cauchy-Schwarz,

/ u? (@) p(dz) = E(Gu,u) < E(u,u)/?E(Gu, Gu)'’? < E(u,u)/? ||ull L2 (20)-
X

Consequently,
1wl L2 < E(u,u)?  for every u € F, N L*(X;p).

This again proves the claim (3.18)). N
For process Y, we can take g5 = 1 in the role of gy for X in (3.4) as G1 = Ggo < 1. By

Theorem (HC) holds for process Y. Since Gf = G(fgo), we conclude that (HC) holds for
process X. [l

Remark 3.12. All the results in this section in fact hold for any transient strong local quasi-
regular Dirichlet form (£, F) on a metrizable Lusin space (X, d, m) that has the property that
m(B) < oo for any finite ball B. This is because any such Dirichlet form is quasi-homeomorphic
to a transient strongly local regular Dirichlet form on a locally compact separable metric space;
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see, e.g., [CEL Chapter 1] for this and related terminologies. Thus Lemmaholds for a transient
strong local quasi-regular Dirichlet form on a Lusin space through this quasi-homeomorphism.
The remaining results in this section do not need to require the strongly local Dirichlet form
is regular except that m(B) < oo for every finite ball. It is shown in [BG] that the non-scale-
invariant Harnack inequality fails for infinite-dimensional Ornstein-Uhlenbeck process but any of
its bounded harmonic functions are Lipschitz continuous. This gives us an example of a strongly
local quasi-regular Dirichlet form on a (non-locally-compact) infinite-dimensional Hilbert space
that such that (Ha) fails but (HC) holds. In Example we will given an example of an
irreducible strongly local Dirichlet form for which (Ha) fails. Moreover, (HC) fails for its part
Dirichlet form on an open ball.

4 Green functions

We now drop the hypothesis that (€, F) is transient.

Definition 4.1. For a MMD space (X,d,m, &, F), we say

(i) the (scale invariant) elliptic Harnack inequality (EHI) holds if there exist constants dy €
(0,1) and Cy € (1,00) so that for any x € X, R > 0, and for any nonnegative harmonic
function h on a ball B(z, R), one has

esssup h < Cg essinf h; (4.1)
B(z,64 R) B(z,0u R)

(ii) the EHI<; holds if (4.1) holds for nonnegative harmonic function on balls B(z, R) with
0<R<LG

(iii) the (scale invariant) local elliptic Harnack inequality EHI, if there is a distance to the
boundary like function pg(z) on X bounded by 1 (see Definition [3.8(i)) so that (4.1 holds
for nonnegative harmonic function on balls B(x, R) with 0 < R < po(z).

Remark 4.2. (i) Clearly, the EHI implies the EHI<;, the EHI<; implies the EHI,,., and the
EHI},. implies (Ha).

(ii) If (X,d) is a geodesic metric space and inequality (4.1]) holds for some value of §, then it
holds for any other ¢’ € (0,1) with a constant C'r(d').

(iii) If the EHIjc holds, then iterating the condition (4.1)) gives a.e. Holder continuity of har-
monic functions, and it follows that any harmonic function has a continuous modification.

Let D be an open set of X. Note that if (X,d,m,&,F) satisfies the EHI},., then so does
(D,d,m|p, &, FP), where (£, FP) is the Dirichlet form for the part process X of X killed upon
leaving D (see ) Let Dgiag denote the diagonal in D x D. For a subset A C X, we use A
to denote its closure and 0A its boundary.

Definition 4.3. Let D be a non-empty open subset of X such that D¢ is not £-polar. We
say that (€, F) has a regular Green function on D if there exists a Green function gp(x,y) on
D x D\ Dgiag with the following properties:

(i) (Symmetry) gp(x,y) = gp(y,x) for all (z,y) € D x D\ Dgiag;
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(ii) (Continuity) gp(z,y) is jointly continuous in (x,y) € D x D \ Dgiag;

(iii) (Occupation density) There is a Borel properly exceptional set N of X such that

wﬂmmmmzéwwwmmwm,xanM

for any f € Cc(D).

(iv) (Harmonicity) For any fixed x € D, the function y — gp(z,y) is in .ﬁlo)c\{x} and is harmonic
in D\ {z}.

(v) (Maximum principles) If o € U € D, then

U{?xo}gD(mO’) gbgD(an ), g{ggD(xo,) s;[PgD(xo,) (4.2)

We say that (£, F) has reqular Green functions if for any bounded, non-empty open set
D C X whose complement D¢ is not E-polar, (£, F) has a regular Green function on D.

Theorem 4.4. Suppose that the MMD space (X,d, m,E,F) is irreducible and D is an open
subset of X such that D¢ is not €-polar.

(i) Assume that (D,d,m|p, &, FP) satisfies (Ha). Then (£, FP) has a Green function gp(x,y)
in the sense that

(i.a) gp(z,y) is a non-negative jointly B*(D x D)-measurable function and there is a Borel
properly exceptional set Np of XP such that

WAWNW®=Lw@Mﬂwmm,wUNML (4.3)

for any f € C.(D);

(ib) gp(@,y) = gp(y,x) for every x,y € D\ Np;
(i.c) For every yo € D\ Np, x — g(x,yo) is harmonic in D\ {yo}.

(i) If (D,d,m|p, &, FP) satisfies the EHl oc, then (€, F) has a reqular Green function on D.

Proof. Since (&, F) is irreducible and D¢ is not £-polar, the regular Dirichlet form (£, F?)) on
L?(D;m|p) is transient by Proposition

(i) The conclusion of this part follows directly from Theorem by replacing X and X by
D and XP, respectively.

(ii) Suppose now that (D,d,m|p,&, FP) satisfies the EHI),. in D. Let u be a bounded
harmonic function in B(zg, 2r) C D. Iterating the condition yields that there are constants
co >0 and 8 € (0,1) that depend only g (D) and Cy (D) in (with D in place of X) such
that

ju(z) = u(y)] < collullz(peozmlz — ol° for ae. 2,y € Blo,1). (4.4

Since (Ha) holds on D, we have by (i) a Green function gp(z,y) in D. For each fixed yo € D\Np,
x — gp(x,yp) < oo m-a.e. and is harmonic in D \ {yo}. It follows from the EHI),. that
x +— gp(z,yo) is (essentially) locally bounded in D \ {yo}. By the characterization of harmonic

17



functions in [Chel, gp (-, yo) € .ﬂ?c\ljy()}. So there is an E-nest {Fy; k > 1} for D\ {yo} consisting

of an increasing sequence of compact subset of D\ {yo} such that gp(-,yo) € C(Fx) for every
k > 1. Holder estimate implies that there is a locally Holder continuous function gp(-, yo)
on D\{yo} such that gp(x,y0) = gp(x,yo) for every x € Up>1F. Since gp(-, yo) is XP_excessive,
we have for every x € D\ (Np U{yo}), P*-a.s.,

gp(x,y0) = lim gp (X, y0) = lim gp (X, 0) = (2, %o).
t—0 t—0

This establishes that gp(z,v0) = gp(z,y0) for every z € D\ (Np U {yo}).

For xg € D\ Np, define gp(zo,y) = §(y, xo) for y € D. Note that y — gp(zo,y) is continuous
in D\ {x0}. Clearly we have by (i.b) that gp(z,y) = gp(z,y) for every z,y € D\ Np with
z # y. We next show that such defined gp(z,y) on (D x D)\ (Np x Np U Dygiag) is locally
jointly Holder continuous and hence can be extended to (D x D) \ Daiag-

Let xo,y0 € D \ Np with xo # yo. There is r > 0 such that B(zg,2r) N B(yo,2r) = (. By
the EHI},. in D, for every x € B(zo,7) \Np and y € B(yo,r) \ Np,

9p(z,y) < Cu(D)gp(x,y0) < Cu(D)*gn(x0,30)-
It follows from (4.4) that for z1,xe € B(zo,7/2) \ Np and y1,y2 € B(yo,7/2) \ Np,
lgp(z1,91) — gp(22,92)| < [gp(21,91) — Gp (2, 91)| + gD (22, Y1) — G (22, 92)|
< Cu(D)*gp(x0, yo)co (\xl — ol + |y — y2|ﬂ> :
Consequently gp(x,y) can be extended continuously to B(zg,r) x B(yg,r) and hence to D X
D\ Dygiyg as a locally Holder continuous function. Clearly, gp(x,y) = gp(y, ) for z,y € D with

x # y, and for each fixed y, * — gp(x,y) is harmonic in D \ {y}. From now on, we take this
jointly continuous version gp(z,y) for the Green function gp(z,y) in D and drop the tilde from
go(z,y).

Suppose U is a relatively compact open subset of D and zg € U. Let rg > 0 be such that
B(xo,79) C U. For every y € D\ U and for every r € (0,r9), we have by the strong Markov
property of X that

™D xp [P
/ gp(z,y)ym(dz) = E / 1 pag.r) (Xe)ds = EVEX% / Loy (Xa)ds
B(zo,r) 0 0
_ / EVtgp(z, X2 ym(dz).
B(zo,r)

Dividing both sides by m(B(z,r)) and then taking r» — 0 yields that gp(zo,y) = EYgp (o, Xé)U).

It follows then supyc p\p 9p(20,y) = supyecoy 9p(T0,Y)-
For each fix x € U\ Np and any Borel measurable function f > 0 on D, by the strong Markov
property of X,

| ante.smidy) = [ 7 H(X)ds > E*Gpf(Xey) = | Elon (X )l wym(as).
D 0 D

Hence gp(x,y) > E*[gp(X+,,y)] for m-a.e. y € D. Since for every z € D, y — gp(z,y) is
continuous on D \ {z}, we have by Fatou’s lemma that

gp(z,y) > E*[gp(Xr,,y)] for every y € U\ {=}.
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Taking y = zo and by the symmetry of gp(x,y), we get for every z € U\ (Np U{zo}),
gp(zo, ) > E*[gp (w0, X7,)] > inf gp(z0,y).
yeoU

In the last inequality, we used the fact that P*(7y < oo) = 1, which follows from the transience
of XP and compactness of OU in view of (3.1) and (3.3). By the continuity of z — gp (g, z)
on D\ {x¢}, one deduces

inf xo,y) = inf 0,Y)-
yEU\{xo}gD( 0 y) yeaUgD( 0 y)

This shows that gp(z,y) is a regular Green function on D. O

We next give a sufficient condition for a strongly local MMD space (X,d,m,E,F) to be

irreducible. First we present a characterization of irreducibility for such a Dirichlet form,

which in fact holds also for any strongly local quasi-regular Dirichlet forms by using quasi-

homeomorphism. See [CE, Theorem 5.2.16] for an irreducible characterization for recurrent
Dirichlet forms.

Theorem 4.5. Let £,F) be a strongly local regular Dirichlet form on L?*(X;m). Then the
following are equivalent.

(i) (&, F) is irreducible;
(i) If u € Fioc having E(u,u) = 0, then u is constant £-g.e. on X.
Proof. (i) = (ii): Suppose u € Fioc and E(u,u) = 0. Let {Uk; k > 1} be an increasing sequence

of relative compact open subsets whose union is X. Then for each k£ > 1, there is some u; € F
so that up = u m-a.e. on Ug. By Fukushima’s decomposition,

up(Xe) — up(Xo) = My"™ + N*,  ¢>0,

where MY* is a martingale additive functional of X having finite energy and N¥* is a continuous
additive functional of X having zero energy. Since fi(,,)(Ur) = fiuy(Ux) = 0, we have M"* =0
for every t € [0, 7y, | and

E(u, ) =0 for every ¢ € FNC.(Uy).

The last display implies by [FOT], Theorem 5.4.1] that N;* = 0 for ¢ € [0, 7y, ]. Consequently,
we have for each k£ > 1 that almost surely

U(Xt) — U(X()) = uk(Xt) — uk(Xo) = 0 fOl" t e [O,TUk].
As limy_,o 7y, = ¢, we have for quasi-every z € X, P*-a.s.,
w(Xy) = u(Xo) for every t € [0,(). (4.5)

For a € R, define A, = {x € X : u(z) > a}, which is quasi open. In view of (4.5), P14, < 14,
m-a.e. on X. Hence by the irreducibility of (€, F), either m(A,) = 0 or m(X \ A,) = 0. This
proves that u is constant m-a.e. and hence £-q.e. on X.

(ii) = (i): Were the Dirichlet form (€, F) on L?(X;m) not irreducible, there would exist a
nearly Borel measurable set A with m(A4) > 0 and m(A°¢) > 0 such that for 1,u € F for any
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u € F and (2.1) holds. In particular, both 14 and 14c are in Fj,.. Since (€, F) is strong local,

by Proposition
E(lau,14ev) =0 for every u,v € F.

This together with gives that for any bounded u,v € F,
/ V() p gy (dr) = 28(1au, Lauw) — E(1au?,v)
§ = 2E(u, (1av)u) — E(u?, 14v)
= [ Ga)@he).

This yields
(1 gy (d) = 1A (2) iy (d). (4.6)

Let {Ug; k > 1} be an increasing sequence of relative compact open subsets whose union is X’

and ug € F N C.(X) such that ux = 1 on Uy. We have by (4.6)) and Proposition [2.3(i) that

/‘(1A>(Uk) = M(lAuk)(Uk) = ,u(uk)(Uk NA)=0 foreachk>1,

and so 1

E(Lp, 1p) = Sr(1,)(X) = 0.
This contradiction, as 14 is not constant m-a.e. on X, establishes that the Dirichlet form (&, F)
on L?(X;m) is irreducible. O

Theorem [4.5] in particular implies that irreducibility is invariant under form-bounded per-
turbations in the following sense. If (X,d,m,&,F) and (X,d,u,E', F) are two strongly local
regular MMD spaces such that the Radon measure i does not change £-polar sets and full quasi
support on X, and there is a constant C > 1 so that

C 1 (u,u) < &' (u,u) < CE(u,u) for u € F,

then (£,F) on L?(X,m) is irreducible if and only if so is (£,F) on L?(X,u). Note that,
by [CEL Theorem 5.2.11 and Exercise 3.3.2(iii)], the condition that u is a smooth measure of
(X,d,m,E,F) with full quasi support on X ensures that two extended Dirichlet spaces coincide.

Theorem 4.6. Suppose that (X,d) is connected. If a strongly local (X,d,m,E,F) satisfies
(Ha) and any function that is harmonic in a ball is continuous there, then (X,d,m,E,F) is
1rreducible.

Proof. Suppose u € Fioc and E(u,u) = 0. By the proof of (i) = (ii) part of Theorem we
know w is harmonic on & and

u(Xy) = u(Xo) foralltel0,() (4.7)

P*-a.s. for £-q.e. x € X. By assumption, u has a continuous version; we will use this continuous
version and still denote it by u. Since (&, F) is strongly local, 1 € Fi. and £(1,1) = 0. Let xg
be an arbitrary point in X" and denote u(xg) by ap. Then u — ag € Fioc and piiy—_aq) = fiy DY
Proposition [2.3(1). Thus

1 1

E(u—ap,u—ag) = 5/1(“,&0)(/1’) = §u<u>(/1’) =&(u,u) =0.
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Let v = |u — ag|. By [CE|, Theorem 4.3.10], v € Fioc and E(v,v) = 0. By the same reasoning as
that for u in the above, v is harmonic on X'. Since v(z¢) = 0, by (Ha) v(xz) = 0 on B(xg,r) for
some 1 > 0; that is, u(x) = u(xo) on B(xg,r) for some r > 0. This shows that for any constant
a € R, both A, := {z € X : u(x) > a} and its complement A¢ = {x € X' : u(z) < a} are open
subsets of X. If u is not a constant, then there is a constant a so that neither A, nor AS are
empty sets. This would contradict to the assumption that (X, d) is connected. So u must be
constant. This establishes the irreducibility of (X', d, m,&, F) by Theorem [4.5 O

Theorem 4.7. Suppose that (X,d,m,E,F) is irreducible and satisfies the EHI)o.. Then (€, F)
has reqular Green functions.

Proof. Since (X,d,m, &, F) satisfies the EHI},, every locally bounded harmonic function is
locally Holder continuous, and (D, d, m|p, &, FP) satisfies the EHIj, for every non-empty open
subset D of X whose complement D¢ is not £-polar. The conclusion of this corollary follows
directly from Proposition and Theorem [4.4(ii). O

Combining Theorem@with T heoremshows that if (X, d) is connected and (X, d, m, &, F)
satisfies the EHI} ¢, then (&£, F) has regular Green functions.

5 Implications of EHI

Recall the definition of relative K ball connected from Definition[I.1l We introduce a few related
properties.

Definition 5.1. (i) A metric space (X, d) is said to be metric doubling (MD) if there exists N >
2 such that given € X', R > 0 there exist 21, ..., 2y such that B(x, R) C UY, B(z;, R/2).

(ii) A metric space (X, d) is said to be uniformly perfect, if there exists C' > 1 such that for all
x € X,r >0 with B(z,r) # 0 satisfies B(z,r) \ B(z,r/C) # 0.

(iii) A metric space (X, d) is said be L-linearly connected (for some L > 1), if for all z,y € X,
there exists a connected compact set J such that x,y € J and diam(J) < Ld(z,y).

(iv) A distortion function is a homeomorphism of [0, c0) onto itself. Let ) be a distortion func-
tion. A map f: (X1,d;) — (X2, d2) between metric spaces is said to be n-quasisymmetric,
if f is a homeomorphism and

B(f(@), fa) _ (di(z,a)
&(f @), 70) =" <d1<x, b))

for all triples of points z,a,b € &1, * # b. We say f is a quasisymmetry if it is n-
quasisymmetric for some distortion function 1. We say that metric spaces (X1, d;) and
(Xo,dy) are quasisymmetric, if there exists a quasisymmetry f : (X1,d1) — (Xo,d2). We
say that metrics di and ds on X are quasisymmetric (or, dy is quasisymmetric to dg), if
the identity map Id : (X,dy) — (X, d2) is a quasisymmetry.

(v) We say a metric space (X,d) is quasi-arc connected, if there exists a distortion function
n : [0,00) — [0,00) such that for all pairs of distinct points x,y € X, there exists a subset
J C X and a n-quasisymmetry v : [0, 1] — J such that v(0) = 2 and (1) = y. Here J is
endowed with the metric d and [0, 1] has the Euclidean metric.
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The following lemma clarifies some relationships between these conditions.
Lemma 5.2. Let (X, d) be a complete metric space.

(a) Assume that (X, d) is relatively K ball connected metric space. Then exists L > 1, such
that for all x,y € X, there exists a curve ~ : [0,1] — X such that v(0) = =z, y(1) = y, and
diam(v[0,1]) < Ld(z,y). In particular, (X, d) is L-linearly connected.

(b) If (X,d) is L-linearly connected then it is uniformly perfect.

(c) If (X,d) is relatively ball connected and satisfies metric doubling, then (X, d) is quasi-arc
connected.

(d) If (X,d) is quasi-arc connected, then (X, d) is relatively ball connected.

(e) Assume that (X,d) is relatively K ball connected metric space. If p is quasisymmetric to
d, then (X, p) is also relatively ball connected metric space. In other words, the property of
being relatively ball connected is a quasisymmetry invariant.

Proof. (a) Fix € € (0,1) and let K, N = Nx(e) be the constants of relative ball connectivity.
Let z,y € X a pair of distinct points. For each k € N, we define ~ : [0,1] — X as follows.

Let z((]l), zg), . (1) be a sequence of points in B(x, Kd(z,y)) such that d(z; (a ), 1(+)1) < ed(x,y),
with z(() - z](\,) =y. Let 7 : [0,1] = X be a piecewise constant function on intervals defined
by

@) =2", foralli=0,1,...,N and for all i/(N +1) <t < (i + 1)/(N + 1)

and 71 (1) = y. Similarly, for alli =0,..., N, we chose z( ) J=4(N+1),i(N+1)+1,...,i(N+

1) + N such that Z((J)V+1) = zZ(l), Zi((2])\/+1)+N = zl(i)l,d(zj(?), ](_31) < 2d(z,y) and set

yo(t) = 2P, foralli=0,1,...,(N +1)> — L and for all i/(N +1)> <t < (i +1)/(N +1)?,

with 72(1) = y. We similarly define ~; : [0,1] — X a piecewise constant function on intervals
[/ (N+1)* (G+1)/(N+1)%), 5 =0,1,...,(N+1)*—1. Since for all t € [0, 1], d((t), ver1(t)) <
Ke*d(z,y), the sequence {7.(t), k € N} is Cauchy, and hence converges to say v(t) € X. This
defines a function 7 : [0, 1] — X. Note that

o

<> Ketfd(z,y) = Kd(z,y)/(1 - ¢).

k=0

If [ty — tof < 5% for some k € N, we have
d(y(tr),7(t2)) < d(ve(t1),v(t1)) + d(i(ta), 7(t2)) + d(ve(t1), Vi (t2))

<2 <i Kgld(:n,y)> +2(K + 1)k d(z, y)

=k
<2K+1)(1+ (1 —e) Herd(z,y),

which implies the continuity of ~.
This shows that the image J = ([0, 1]) is a compact, connected set with x,y € J with
diam(J) < Ld(z,y), where L = 2K /(1 — ¢). Therefore (X, d) is L-linearly connected.
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(b) Let B(x,r) be a ball such that B(xz,7)¢ # 0. Let y € B(x,r)¢ and let J be a compact
connected set containing x and y. Let v/ < r. By the continuity of the map z — d(z, z), for all
z € J, there exists 2’ such that d(z,2’) = 1/. Therefore B(x,r)\ B(z,r/C) # () for all C' > 1.
(c) By part (a), (X,d) is linearly connected. By Tukia’s theorem ([Macl, Corollary 1.2] and [TV
Theorem 4.9]), (X, d) is quasi-arc connected.
(d) Let n be the distortion function corresponding to quasi-arc connectedness. Define K =1+
n(1). Let z,y € B(x,0, R) and v : [0,1] — J be a n-quasisymmetry such that v(0) = z,v(1) = v.
For all ¢t € [0, 1],
d(z, (1)) < n(t)d(z,y) < n(1)d(z,y),

and hence B(vy(t),ed(x,y)) < Kd(z,y).

Let € € (0,1) be arbitrary. Let N € N be such that 2n(2/N)n(1) < € and define z; = v(i/N)
fori=0,1,..., N. By n-quasisymmetry, we have

d(zi, ziy1) < 0(2/N)d(zi, w) < 0(2/N)n(1)d(z,y) < 2n(2/N)n(1)R < eR,

where w = x if i < N/2 and w = y otherwise. This implies that (X, d) is relatively K ball
connected, where K =1+ n(1).

(e) Let Id : (X, p) — (X,d) be a n-quasisymmetry, where (X, d) is relatively K ball connected.
Let € € (0,1) and let 2,y € X be arbitrary. Chose ¢’ € (0,1) such that

(2" (n(K) +1) <e

Choose points 2o, 21, . . . , 2y such that d(z;, zi41) < ed(x,y), where N = Ny 4)(¢') is the constant
associated with the relative ball connected property of (X, d). For any i = 0,1,..., N — 1, let
w € {x,y} be such that d(z;, w) = max(d(z;, x),d(z,y)). Since d(z,y)/2 < d(z;, w), we obtain
(e, 2611)/d(z1, 0oz, w) < 0(2") (Pl 20) + Pl )

(2¢) (n(K) + 1) p(z,y) < epla,y).

Since p(x,z;) < n(K)p(z,y), (X, p) is relatively K, ball connected, where K, =2+ n(K). O

p(ziaziJrl) < n
<n

Remark 5.3. See [GH] for the definition of relatively (e, K) ball connected. It is immediate
that if (X,d) is relatively K ball connected then it is relatively (e, K) ball connected for any
e € (0,1). Conversely it is straightforward to show that if for some € € (0,1), K > 1 (X,d) is
relatively (g, K') ball connected then it is relatively K’ ball connected with K/ = (1+ K)/(1—¢).

The main result of this section is the following.

Theorem 5.4. Let (X, d) be a complete locally compact metric space. Assume that (X,d, m,E, F)
satisfies the EHI. The following are equivalent:

(a) (X,d) is relatively K ball connected for some K > 1.

(b) (X,d) satisfies metric doubling.

(c) (X,d) is quasi-arc connected.

Proof. (b) = (a). This follows by the argument in [GH| Proposition 5.6]: for any K > 1+ &5
we obtain relative K-ball connectedness. (The hypothesis of volume doubling there is only used
to obtain metric doubling.)

(c) = (a), (a) + (b) = (c) (and so (b) = (c)) are proved in Lemma[5.2]
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The proof of (a) = (b) needs more preparation and will be given after Lemma O

For the proof of (a) = (b) in Theorem [5.4, we follow [BMI, Section 3]; however it was
assumed there that the metric d was geodesic, and some changes are needed to handle the case
when we only have that (X, d) is relatively K ball connected. We now outline these changes.

Definition 5.5. We say that (X,d, m, &, F) satisfies the condition (HG) if (X, d, m,&, F) has
regular Green functions and there exist constants Cq, Kg such that for any g € X and R > 0
and bounded domain D with B(z¢, KgR) C D with D¢ non-E-polar

sup  gp(wo,y2) < Cq inf gp (0, Y1) (5.1)
y2€D\B(zo,R) y1€B(z0,R)\{zo}

Assumption 5.6. Throughout the remainder of this section except for Lemma/5.15] we assume
that (X,d) is a complete locally compact separable metric space, that (X,d, m, &, F) satisfies
the (scale invariant) EHI with constants Cp,dy and is relatively K ball connected for some
K >2.

Recall that by Lemma [5.2|(a), a complete metric space (X,d) that is relatively K ball con-
nected is connected. Thus under Assumption (X,d,m,E,F) is irreducible by Theorem
and has regular Green functions by Theorem By the maximum principle (4.2)) for the regular
Green function gp in Theorem [£.4ii), we have for any B = B(zo, R) € D,

sup gD(:Z;Oa ) = sup gD($O7 ’)7 inf gD(«T(), ) = inng(‘TOa ) (52)
D\B OB yeB\{zo} oB
Proposition 5.7. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . Then for
any Kg > K, (HG) holds with constants Cg, K, where Cg depends only on Cy, 0, Kg, Nk .

Proof. (a) This follows from the proof of [GH|, Lemma 5.7]. (The statement of the result in [GH]
has stronger hypotheses, but these are only used to obtain the existence and regularity of the

Green function, and prove that (X, d) is relatively (e, K') ball connected for some ¢ € (0,1) and
K >1) O

Under Assumption , (€, F) has regular Green functions by Theorems and and
(HG) holds with constant K¢ = K + 1 and Cg > 1 by Proposition

Corollary 5.8. (See [BMI1, Corollary 3.2].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption . Let K1 = K+ 1. For any 6 € (0,1/2], there exists a positive constant C' that
denotes only on § and the constants in Assumption such that the following holds: for any
bounded domain D whose complement D¢ is non-E-polar and for any B(xo, K1R) C D,

gp(xo,x) < Cgp(xo,y) for z,y € B(xo, R) \ B(xg,0R).

Proof. Let x,y € B(zo, R) \ B(xo,dR). If d(x,z0) > d(y,xo) then the inequality is immediate
from (HG). So suppose that d(z, z¢) < d(y,zp). We can assume that dy < 1/2. Let £ = 605 /(14
drr); we have € < §/2. We connect y to xg by a chain of balls B(z;,eR), i = 0,1,... N, with the
properties given in Definition of relatively K ball connected. Let iy be the first integer such
that d(z,, o) < 0R. With the definition of € given above, gp(xo, -) is harmonic on B(z;,eR/0m)
fori =0,...,ip—1, and so we can use the EHI to deduce that gp(z, zi,) < C¥gp(z0,y). Finally
by (HG) we have gp(zo,z) < Cagp(wo, zi)- O
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Lemma 5.9. (See [BM1, Lemma 3.3].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [5.6 Let Ko > 2K + 1. There exists Co > 1 that depends only on the constants in
Assumption such that the following holds: Let xg € X, R > 0 and let B(xo, (2K +1)R) C D,
where D is a bounded domain such that D¢ is non-E-polar. Then if x1,x2,y1,y2 € B(xo, R) with
d(z;,y;) > R/4, then

gp(z1,91) < Cogp (22, y2). (5.3)

Proof. Note that for any four numbers a; € [0, R), 1 <i < 4,
(0, R) \ UL, [a; — (R/9),a; + (R/9)]| > R— (8R/9) = R/9 > 0

so there is some ag € (0, R) so that |ag —a;| > R/9 for all 1 < i < 4. As d(xo, ) is continuous
and by the RBC(K) property and Lemma [5.2(a), B(0,R) contains a connected path from
xo to B(0, R)¢, we have {d(xo,z) : © € B(xo,R)} = [0,R). Thus there is ap € (0, R) so that
|ap—d(zg, w)| > R/9 for w € {z1,x2,y1,y2}. Let z € B(0, R) having d(zo, z) = ag. Now applying
Corollary to the balls B(x1,2R), B(z,2R) and B(z2,2R) with 6 = 1/18 consecutively, we
get by the symmetry of the Green function gp(z,y) that

gp(z1,91) < Cyp(1,2) < C?gp(22,2) < CPgp(z2,y2).
This establishes the lemma by taking Cy = C®. O

As in [BM1], we define for an open set D C X with non-E-polar complement:

gD(.’IJ,T) = inf gD(J"?y)a
yd(zy)=r

Capp(A) =inf{E(f, f): fe FP, f>1&qe on A}, AcCD.

We call Capp(A) the relative capacity of A in D. The maximum principle (4.2)) implies that
gp(x,r) is non-increasing in r, and an easy application of (HG) gives that if d(z,y) = r and
B(z,Kgr) U B(y, Kgr) C D then

gp(x,7) < Cagp(y, ). (5.4)
The proof of the next Lemma is the same as in [BM1, Lemma 3.5].

Lemma 5.10. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . There is a
constant C > 0 depending only on the constants in Assumption[5.0 such that for any bounded
open set D whose complement D¢ is non-E-polar and for any B(xg, Kgr) C D where Kg > K,

gp(zo,7) < Capp(B(zo,7)) " < Cagp(zo,T), (5.5)

Remark 5.11. For any z € X, 0 < R < diam(X,d)/2, the ball B(z, R)¢ is non-E-polar.
This is because by the arc-connectedness of (X, d) and the triangle inequality, there exists
z € X and 0 < r < diam(X,d)/2 — R so that B(z,r) C B(z,R)°. Since m has full support,
m (B(z, R)¢) > m(B(z,t)) > 0 and thus B(z, R)¢ has positive capacity.

Lemma 5.12. Let (X,d,m,E,F) be a MMD space that satisfies Assumptz’on (with K > 2
there). Let B = B(xg,R) C X, and By = B(z1, R/(8K)) with ©1 € B(xo, R/(4K)). There
exists po > 0 depending only on the constants in Assumption [5.6 such that

PY(Tp, <7B) >po >0 forye Bz, R/(2K)). (5.6)
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Proof. We consider two cases.

(i) Suppose B(z, R)¢ is non-E-polar. By the maximum principle it is enough to prove this for
y € 0B(zg, R/(2K)). The argument, which uses Corollary is the same as in [BM1, Lemma
3.7].

(ii) Now suppose B(z, R)¢ is £-polar. By Remark [5.11] R > diam(X,d)/2 and diam(X,d) <
oo. If R > 2diam(X,d), then By = X and is obviously true. Therefore, it suffices to
consider the case when R < 2diam(X,d) < oc.

Similar to the first case, it suffices to consider zy € X, 1 € B(xo, R/(4K)),y € 0B(xo, R/(2K)).
Let ¢ = 1/(33K) and let B; = B(z;,eR),1 <1i < N := Nx(e) be a chain of balls with zg = v,
ZN = x1, B; C B(xg, R/4) for all each i and d(z;—1, 2;) < eR/(4K) for 1 <i < N as in Definition
with R/(4K) in place of R there. Since 8KeR < 16Ke diam(X,d) < diam(X,d)/2, by Case
1 and Remark we have

PY(Tp(zer) < TB(zi_1,8KeR)) > Do for w € B(zi—1,4eR).
Since B(z;,8KeR) C B(xg, R/2) for all i, using the strong Markov property, we conclude that
PY(T, < 71B) > py >0 fory € B(zxy, R/(2K)).

By replacing pg by pév , we obtain ([5.6]) in the second case as well. O

Remark 5.13. (i) In [BMI, Lemma 3.7], the corresponding result held for y € B(xo, 7TR/8);
we cannot expect that here, since such a point y might not be connected to By by a path
inside B.

(ii) Let B; = B(z,eR), 0 <i < n be a chain of balls as in Definition Using this Lemma
we have for each ¢

PY(TB(z;eRr) < TB(z_1,8KeR)) > Po for y € B(zi—1,eR).

Thus if
D = U B(z,8KeR),
then
PY(Tg, < mp) > py for y € B(zp,eR). (5.7)

Corollary 5.14. (See [BM1, Corollary 3.8]). Let B(z,R) C D, where D is a bounded domain
and D¢ is non-E-polar. There exist positive constants ¢ and 0 that depend only on the constants
in Assumption[5.6] such that if 0 < s <r < R/(K +1) then

0
gD(l',’I“) > C(f) ) (58)
gp(z,s) T
Proof. This follows easily from Corollary O

The following Lemma is used to regularize chains of balls obtained by the using the RBC(K)
property.
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Lemma 5.15. Suppose that (X,d) satisfies the RBC(K) property. Let d(x,y) < R, ¢ € (0,1)
and eR < r < R. There exists a chain of balls B(z;,eR), 0 < i < n with the following properties:
(i) z0 =z, zp, =y and d(z;—1,2;) < eR for 1 <i<n;

(ii) B(zi,eR) C B(xz,KR) for 0 <i<mn;

(iii) If j = max{i: z; € B(x,r)} then B(z;,eR) C B(xz,Kr) for 0 <i <j;

(iv) n < Nx(e) + Nx(eR/r).

Proof. Using the RBC(K) property there exists a chain of balls B(w;,eR), 0 < i < m; connecting
z and y and satisfying the conditions of Definition[L.1] Let k¥ = max{i : w; € B(x,r)}. Using the
property again for x and wy, and with € replaced by ¢/ = eR/r, there exists a chain B(w},eR),
0 <i < my with B(wj,eR) C B(x, Kr). Joining the paths wy, ..., w),, and w41, ... wn, gives

a path (z;) which satisfies the conditions (i)—(iv). O

Lemma 5.16. Let (X,d,m,E, F) be a MMD space that satisfies Assumption . There exists
an integer N > 1 that depends only on the constants in Assumption such that if xg € X,
R > 0 and B(z;,R/8), 1 < i < m, are disjoint balls with z; € B(xg, R) \ B(zo, R/2), then
m < N.

Proof. This lemma corresponds to [BM1, Lemma 3.10]. The proof in [BMI], where the metric
d on X is assumed to be geodesic distance, uses the geodesic property quite strongly. The proof
here is much longer since we only have the weaker property that (X,d) is relatively K ball
connected.

Let (zx,1 < k < m) satisfy the hypotheses of the Lemma, and write By = B(z, R/8).
Choose ¢ = 1/(120K?), and let n = Nx(g) + Nx(8¢). For each k we use Lemma with
r = R/12K to find a chain of balls B(wg;,eR) with 0 < i < n connecting zj to xg. Note that by
taking wy; = xq for large ¢ if necessary, we can assume that all the chains have length n. We
set i = max{i : B(wy; € B(z, R/12K)}, and write 2, = wy;, .

We now find a subset I of the balls B; such that the chain (w,0 < k < n) associated with
one ball does not hit any other ball with index in I.

For 1 < 4,7 < m set aj; = 1if {wiy,1 < k < n}NB; # 0, and let a;; = 0 otherwise.
Let b; = >, a;j. Since each w;j is in at most one ball Bj, we have Zj a;j < n, and hence
>ibi =222 ai; <mn. Thus if J = {j : b; < 2n} then [J| > m/2.

We now consider the collection of balls (B;,i € J), and relabel them Bj,..., By, where
my = |J| > m/2. We now start with the ball B;, and remove from the collection of balls
Bs, ..., By, any ball B; such that either a;; = 1 or aj; = 1. Since 1 € J, at most 3n balls are
removed. Set j; = 1. Let jo be the smallest label of a ball which has not been removed; we
now repeat the procedure above with this ball, and remove any ball B; such that ¢ > jy and
aj,i + aij, > 1. We continue until there are no balls left, and write I = {ji,1 < k < m/} for
the set of balls which are retained. Since at each step we remove at most 3n balls, we have
3nm’ > %m.

By the construction above we have that

wikgu#iBj foriel, k=0,...,n.
For i € I set B, = B(z,cR), A; = B(z},eR), and let

D = B(:ZZ(), 2KR) \ UiEIBz{'
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We now claim that
PY(Tp < 75,) > pf  fory € Ay, (5.9)
P* (T4, < Tp) > p§- (5.10)

Both these inequalities follow by chaining the bound in Lemma as in Remark (2), along
a sequence of balls. For we use the sequence B(wjj,eR),0 < j < j;, and for we use
B(w;j,eR), ji < j <n. (Westart at j =n and end at j = j;.)

The remainder of the proof is as in [BM1, Lemma 3.10]. Let F; = {T4, < 7p}, and

Y=Y 1p

be the number of distinct balls A4; hit by (X;,0 < ¢ < 7p). The bound (5.9) implies that if X
hits A; then with probability at least py it leaves D before it hits any other ball A; with j # 1.
Thus Y is stochastically dominated by a geometric r.v. with mean p;", and so

E*Y < p,™.
However, by (5.10)) we also have

E©Y = "B (F) > |1|pf = m'pj.
el

Using the bound on m/ given above, it follows that m < 6np; n O

Now we can finish the proof of Theorem by giving the

Proof of (a) = (b) in Theorem[5.4 (i) Suppose that a metric space (X, d) has the property that
there is an integer N’ > 1, so that any ball B(z, R) contains at most N’ points that are at distance
of at least R/2. Given any ball B(x, R) C X, take z; € B(z, R), 22 € B(x, R) \ B(z1, R/2), and
for k > 3, z, € B(z,R) \ U?;%B(zj,R/Z) if the set is non-empty. By the assumption, we can
only proceed this procedure up to some number kg no larger than N’. Clearly Ug?ole(zj, R/2) D
B(z,R). Thus (X,d) is metric doubling. Conversely, suppose (X,d) is metric doubling with
positive integer N > in Definition [5.1fi). For any ball B(x, R), applying the definition of (MD)
to B(z, R) and to balls with radius R/2, there are N? number of points w1, ...,2y2 in B(z, R)
so that Uévle(xj,R/Zl) D B(x,R). Suppose {z1,...,2,} are n points in B(z, R) that are at
distance of at least /2, then each z; can be in exactly one of the balls { B(zy, R/4);1 < k < N?}.
Thus n < N?2. This proves that a metric space (X, d) is (MD) if and only if there is some constant
N’ so that any ball B(x, R) contains at most N’ points that are at distance of at least R/2 from
each other.

(ii) Now let N > 1 be the integer in Lemma [5.16] Let 29 € X, R > 0, and let z; € B(z, R),
1 <4 < n, with the property that the balls B(z;, R/8) are disjoint. By Lemma applied first
to B(zo, R) and then to B(xg, R/2), there are at most 2N of the z; in B(zg, R) \ B(xg, R/4).
Using the K-ball connectivity of X', we can find z; such that R/2 < d(x¢,z1) < 3R/4. Thus
B(zo, R/4) C B(z1,R) \ B(z1,R/4). So by Lemma [5.16] applied to B(z1, R), there are at most
2N points z; in B(xg, R/4). Consequently, m < 4N. This proves that (X, d) is (MD) in view of
its equivalent characterization given in (i). O

We need to compare the Green function in two domains.

28



Lemma 5.17. (See [BMI, Lemma 3.12].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption[5.0l There exists a constant Ci that depends only on the constants in Assumption
such that if B = B(xo, R), 2B = B(xg,2R) and B(xg, (2+1/(64K?))R) is non-empty, then

928(x,y) < Cigp(z,y)  for z,y € B(xo, R/(16K)).
Proof. Let a; = 1/(8K), as = 1/(4K), a3 = R/(2K), ¢ = 1/(64K?) and B; = B(xo,a;R). Let
p1 > 0. Suppose that for each y € B; there exists a domain D with B3 C D C B and a set A
such that

P*(X,, € A) > p1, for z € Bo, (5.11)
PY(mop < Tp,) > p1 for w € A. (5.12)

Let x1 = x1(y) € 0By be chosen to maximize gop(z’,y) for ' € 0Bs. Write h(w) = P¥(rap <
TBQ). Then

928(x1,9) = gp(21,y) + B g28(X7p, ) < gB(21,) + B (1 — h(X+,))g2B(71, ).

Using (5.11)) and (5.12]),

98(z1,Y) > gon(x1, Y)E M X+,) > goB(21,9)pi-

Then if z € By,

928(7,y) < 9B, (2,y) + E9op(Xrp, . y) < 98(2,y) + g28(21,9)
< g(x,y) + py *g(21,Y).

Let ) be the point in dBy which minimizes gp(z’,y). By the maximum principle ,
gB(z,y) > gp(«),y). We now apply Corollary to the ball B(y,a1R + a2R) to deduce
that gp(z1,y) < cgp(z),y). Combining this with the inequalities above we obtain the bound
g28(z,y) < Cgp(z,y). (Note that the constant C' only depends on p; and the constants in
Corollary it does not depend on y.)

It remains to find p; > 0 such that for each y € Bj there exist sets D and A satisfying
and (5.12). Let yo € X \ B(zo,(2 + )R). By Lemma there exists a sequence
To = 20y...,2n = Yo such that if j = max{i : z; € B3} then B(z;,eR) C B(xo,KasR) for
0 <i <j. Write B, = B(z,eR). Now let D = B \E;, and A = 0B}. Using the EHI, it is
sufficient to prove for x € By, and for w € B;-.

If i > j then B(z;,8KeR) N By = (). So we can chain along the sequence of balls Bj,... By,
to obtain with p1 = pj.

If 0 < ¢ < j then d(zo, 2z;) < KasR and so B(z;,8KR) C B(xo, KasR+8:KR) C B. Hence,
chaining along this sequence we obtain

P*(Ty, € A) > p), for z € Bj.

To complete the proof of (5.11]) we need to extend this estimate to x € Bs.
Let € By. Then there exists a chain of balls B(w;,eR), 0 < j < k with wy = z, w, = %
and with B(wj,eR) C B(zo, KagR). Since then B(w;,8¢KR) C B, we deduce that

P*(Tp, <7B) 2 h.
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It follows that
P(T,, € A) > pktm.

Since | and n only depend on the constants Ny (¢), this completes the proof of (5.11]). O

The following corollary is a direct consequence of Lemmas and and Remark

Corollary 5.18. (See [BM1, Corollary 3.13].) Let (X,d, m,E,F) be a MMD space that satisfies
Assumption . There ezists C; = C(dg,Ch, K) such that for all A > 16K and for all
0 <r <diam(X,d)/6A, x € X,

CapB(:p,QAr)(B(xa 7")) < CapB(x,Ar) (B(l‘, T)) <G CapB(r,2Ar) (B(l‘, T)) (513)

In the following, notations f < g, f < g and f 2 g mean that there are positive constants
c1,¢2 so that c1g < f < ¢og, f < c2g and f > c¢y1g, respectively, on the common domain of
definition of f and g.

Lemma 5.19. (See [BMI, Lemma 3.14].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [5.6 with K > 2.

(a) Let D be a bounded domain in X such that D¢ is non-E-polar. Let x € X and r > 0 be
such that B(x,Cor) C D, where Cy > 2K + 1. There ezists a constant C; > 0 such that

Capp(B(z,r)) < C1Capp(B(y,r)) forye B(z,r).
(b) Let A > 16K. There exists a constant Cy > 0 such that
Capp(a,an)(B(x,1)) < Ca Capp(y 4 (B(y,7))  fory € B(z,r), 0 <r < diam(X,d)/(6A).
(c) Let A > 16K and Ay > 0. There exists a constant Cs > 0 such that
Capp(g,an (B(x,7)) < C3 Capp(y 4 (B(y, 7)) fory € Bz, Arr), 0 <r < diam(X, d)/(64).

Here the constants C1,C4,Cs depend only on A, Ay and the constants in Assumption [5.6,

IV

Proof. (a) As in the proof of Lemma choose z € B(x,r) be such that min(d(z, z), d(z,y))
r/4. By Corollary and Lemma Capp(B(x,7)) < gp(z,2)~! and Capp(B(y,r))
gp(z,2)~L. The conclusion now follows from Lemma

(b) By Corollary and part(a), we have

Cappaz,an)(B(z,7)) < Capp(g2ar) (B2, 7)) < Capp(g 245 (B(y, 7))

Since B(y, Ar) C B(z,2Ar), we have Capp(, o4, (B(y,7)) < CapB(%AT)(B(y,r)).

(c) The case A; < 1 follows from (b). For A; > 1, by the RBC(K) conditition there exists
N such that for z,y € X with d(z,y) < Ajr, can be connected by a sequence of points xy =
x,r1,...,2y =y, where N depends only on A; and the constants in RBC(K) condition. By

applying (b) repeatedly, we obtain (c) with C3 = C3, where Cj is the constant in (b). O
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Proposition 5.20. (See [BMI, Proposition 3.15]) Let (X,d,m,E,F) be a MMD space that
satisfies Assumption [5.00 with K > 2. Let D C X be a bounded open set such that D€ is
non-E-polar and let B(xg,2KR) C D. Let b > 24. Suppose there exist disjoint Borel subsets
{Qi,1 <i<n} of X withn > 2 such that

F= U?=1Qi

and for each i, there exists z; € X so that B(z,R/b) C Q;. Then there erists 6 =
5(0r,b,Cpr, K) > 0 such that

Capp(F) < (1-9) anpD(Qi)'

i=1

Proof. The proof is similar to that of [BMI|, Proposition 3.15]. The only difference is that we
use RBC(K) condition, a chaining argument using the EHI along with Lemma to obtain
the lower bound on the equilibrium potentials h; for Capp(Q;). O

The following lemma is an extension of Corollary

Lemma 5.21. Let (X,d,m,E, F) be a MMD space that satisfies Assumption with K > 2.
Let 1 < Ay < Ay < oo. There exist positive constants C1 and Cs that depend only on the
constants in Assumption such that for all 0 < r < diam(X,d)/Ch,

CapB(z,Agr) (B(.I', T)) < CapB(x,Aﬂ‘) (B(.Z', T)) < 02 CapB(m,AQT) (B(xa T))

Proof. The estimate Capp(y, a,r)(B(,7)) < Capp(g,a,,)(B(x,7)) follows from domain mono-
tonicity. For the other estimate, by domain monotonicity we may assume Ay > 16K.

Choose A3 > 16K so that As/As < A; — 1. Then B(y, Asr/Az) C B(z, Ayr) for all y €
B(z,r). By the metric doubling property, there exists N € N (depending only on As and the
constant associated with metric doubling) such that yi,...,yn € B(x,r) and UY B(y,r/A3) D
B(xz,r). By considering the function e = max;<;<y e; where e; is the equilibrium potential
corresponding to Cappgy, a,r/as)(B(vi,r/As)), we obtain

N
CapB(ac Al'r) Z app yl,Agr/Ag)( (yb T/A?)))

By connecting the points  and y; using a r/As chain and using Lemma [5.19{(b), we obtain

Capp(y,, Asr/a5) (B(is7/A3)) < Capp(a,aor/as) (B(2,7/A3)),

for all z € X, r < diam(X,d), and ¢ = 1,..., N. By Corollary and domain monotonicity,
we have

CapB(.Z‘,AQT/Ag) (B(.Z, T/A?’)) = CapB(x,Agr)(B(xﬂ T/A3)) < CapB(a} Aar) (B(ZE 7’)),
for all x € X, r < diam(X', d). We obtain the desired bound

CapB(z,Alr) (B(:E7 7")) 5 CapB(m,Agr) (B(l‘, 7"))

by combining the above three estimates. O

The following lemma is used to compare capacities at different scales.
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Lemma 5.22. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . Let A1 > 1.
There exist constants C1,Cy > 1 and v > 0 that depend only on the constants in Assumption
such that for all x,y € X and 0 < s <r < diam(X,d)/C1, we have

1T\ T\
3 (2) Cappe e (B(@,9)) < Cappiya,n(B(@1)) < Co (£) Cappge a0 (Bl 5)).

Proof. By Lemma [5.21] we may assume without loss of generality that A > 16K, where K > 2
is the constant in RBC(K) condition. By Remark Corollary Lemma and domain
monotonicity, we have
_ m\? _
Cap(pan) (B(:7)) = 90,0 @, 1) S (L) 90,0 (@,8) ™ S Cappe 4 (Bl 9))

forall z € X,0 < s <r < diam(X,d), where § > 0 is as given in Corollary

For the reverse inequality, we use Corollary repeatedly and domain monotonicity to
obtain

r\ 01 7\ 01
Capp(r a9 (B(:9) 5 (£) Cappiean (Blz.s)) < (£) Cappgp,an(Bla, 1),

forallz € X,0 < s <r < diam(X,d), where 6; = logy, C1 > 0, where C1 is as given in Corollary
Setting v = max(6,0;), we obtain the desired conclusion. O

6 Good doubling measures

As in [BMI1], Section 4] we now use the argument of Volberg and Konyagin [VK] to construct a
new measure y such that (X, d, u) satisfies volume doubling; that is, there is a constant ¢ > 1
so that p(B(x,2r)) < cu(B(z,r)) for all x € X and r > 0. We need further that u relates
well with capacities — see Definition below. One key difference from [BMI] is that we do
not assume bounded geometry condition on the original MMD space (X, d, m,E, F)). Another
difference from [BMI] is that we do not have any cutoff at small length scales. This means that
© need not be absolutely continuous with respect to m, and it is not a priori clear that p is a
smooth measure having full quasi support on X. This property is established in Proposition [6.17]
of this section. The key inputs from the previous section are inequalities controlling capacities

Corollary Lemma and Proposition

6.1 Construction of a doubling measure

The following definition is a simplification of [BMI] Definition 4.1]: we do not require absolute
continuity with respect to the reference measure m. We do not require the volume doubling
property for the measure v either — this will follow from Lemma [6.3

Definition 6.1. Let D be either a finite ball B(xg, R) C X or the whole space X. If D = X,
fix xg € X. Let Cp € (1,00) and 0 < 1 < Ba. Let A denote the constant in Corollary If
D = B(xg, R) with R < oo, let I = (0, A2R?); and if D = X with diam(X’,d) = oo, then let
I = (0,00). We say a Borel measure v on D is (Cy, A, 81, f2)-capacity good if for all x € B(zo, R)
and s1,s9 € I with s1 < s9,

_ S A V(B(x752)) CapB z,As (B<m731)) S p2
1 2 (z,As1) 2
Co < ) = V(B(@. 1)) Cappaany Bl@52)) ~ C ( > |

Since v is locally finite, any capacity good measure v is a Radon measure.

52 (6.1)
S1
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In this section, we often make the following assumption.

Assumption 6.2. We assume that (X, d) is a complete locally compact separable metric space,
that (X,d, m, &, F) satisfies the (scale invariant) EHI with constants Cp, dp. Furthermore, we
assume that the metric space (X, d) satisfies one (and hence all) of the equivalent conditions in
Theorem [5.41

Under Assumption we observe by Corollary that the second inequality in (6.1 of
Definition [6.1] implies the volume doubling property for v.

Lemma 6.3. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . Let v be a
(Co, A, B1, B2)-capacity good measure on X. Then it satisfies the volume doubling property.

Proof. 1If diam(X,d) = oo, then the volume doubling property follows from Corollary
and domain monotonicity of capacity, since Capp, a4 (B(x,s) and Capp(y 244 (B(z,2s) are
comparable.

In the case diam (X, d) < oo, we view X as the closed ball B(xg, diam (X, d)) and use Corollary
to obtain the volume doubling property for balls B(z, s) with s < diam(X, d). The volume
doubling property for larger balls follows from a covering argument and the metric doubling
property. O

The following is the main result of this section.

Theorem 6.4 (Construction of a doubling measure). Let (X,d,m,E,F) be a MMD space that
satisfies Assumption[6.9. Then there exist constants Cy > 1, 0 < f1 < B2 and a measure i on
X which is (Co, A, B1, B2)-capacity good.

The proof of Theorem [6.4] requires a preparation of a few results. We begin by adapting the
argument in [VK] to construct a measure with the desired properties on a family of compact
sets. We then follow [LuS| and obtain p as a weak® limit of measures defined on an increasing
family of compact sets.

The proof uses a family of generalized dyadic cubes, which provide a family of nested parti-
tions of a space. Such a decomposition of space was introduced by Christ [Chrl, Theorem 11].
The following is a slight modification of the construction in [KRS| Theorem 2.1]. Since the
requirement (f) and (g) are new, we provide some details.

Lemma 6.5. Let (X,d) be a complete, metric space satisfying RBC(K) property. Let xy € X
and A > 8. Then there exists a collection {Qy; : k € Z,i € I, C Z,} of Borel sets satisfying the
following properties:

(a) X = Uier,Qk,i for all k € Z.
(b) If m<m andi € I,, j € Iy, then either Qn; N Qmj =0 or Qni C Q.

(c) For every k € Z and i € Iy, there exists xy,; € Qi such that

B(xg,i, caA™") C Qri C Bl CaA™F),
where cy = % - ﬁ, and Cy = ﬁ.
(d) The sets Ny, = {xy;: i € I}, where x; are as defined in (c), are increasing in k and
xg € Ny, for all k € Z; that is Ny, C Ngy1 for all k € Z and xo € Nkez Ng.
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(e) Property (b) defines a partial order < onZ = {(k,i): k € Z4,i € I} by inclusion, where
(k,i) < (m, j) whenever Qi C Qm.j-

(f) There exists Cpy = Ca(A) > 0 such that, for all k € Z4 and for all x; € Ny, the
‘successors’

Sk(wri) = {zpry o (k+1,7) < (k,0)}

satisfy
ISk (i) < Cyr for allk € Z,i € I,. (6.2)

Furthermore, we have d(zy;,y) < A7Fr for all y € Sk(xk;).

(g) Let
ko =1inf{k € Z: |I}] > 1}, (6.3)

where || denotes the cardinality of I,. Then ko € Z U {—oc} satisfies
caA™R0 < diam(X,d) < 20, Ao, (6.4)
For all k > ko, k € Z and i € Ij,, we have |Sk(zk,;)| > 2.
(h) For allk € Z, Qo is compact and x o = xo.

Proof. The sets Q. j,k € Z,j € I}, are refered to as ‘generalized dyadic cubes’. We follow the
construction in [KRS] with a minor modification so as to ensure the property (h).

We choose Ny C X such that g € Ny and Ng = {zg; : i € Ip} is a maximal subset of X
such that d(zg;,x0) > 1 for all ¢+ # j with i,5 € Iy. For k > 0, we define Ny = {xy; : i € I};}
is a maximal subset of X' such that Ny C Ny d(xk, vk,;) > A~F for all distinct Thir Tk €
Nj. For k < 0, we define N, = {x}; : i € I;;} as a maximal set such that zo € N C Njyq,
d(Ik,i,ﬂSkJ‘) > A~F for all distinct Thi» Tk,j € Ng.

We label the indices Ij, such that xy o = x¢ for all k € Z. For each (k,i) € Z x I, we pick an
element (k —1,j) € Z x Iy such that

d(Trs, Th—1,5) = zgzlin d(Th, Th—1,)-
k—1

We define < as the smallest partial order that contains the relations (k,i) < (k — 1,7) for all
(k,i) € Z x Iy, where (k —1,j) € Z x I_; is chosen as above.
We relabel the indices of Iy of Ny such that for all £ < 0,

l1 <lp forall k<0,ly€{iely:(0,i) <(k,0)}and s € Ip\{i € Ip:(0,i) < (k,0)}. (6.5)

This relabeling exists since {i € Iy : (0,7) < (k,4)}) is finite for all & < 0 (by the doubling

property).
Define the sets Qo as

Qoi={ze: (LE) = (0,0)F\ | Qoy

J<i,jelo

For k < 0, we define the sets )1 ; inductively as

Qri = U Qk+1,5

(k+1,5)=<(k,i)

34



whereas for k£ > 0, we define

Qi = Qr-1; N {zy : (L) < (k,)}\ | Quyr where (ki) < (k- 1, 7).
j<i,j€l}
Properties (a)-(f) are contained in [KRS, Theorem 2.1].

(g) The estimate |Si(z,i)| > 2 relies on the following consequence of RBC(K): r < diam(B(z,r)) <
2r for all B(z,r) # X. Since 2C4/ca = 4A/(A —3) < A for all A > 8, we have

diam(Qp;) > caA™F > 00,4701 > diam(Qp41,;) for all k > ko, k € Z.

Hence Qp; # Qi+1,5 for all k > ko,i € Iy, j € I41, and therefore |Si(xy;)| > 2 for all k > k.
Clearly by (c), diam(X,d) = oo if and only if kg = —oco. If kg € Z, the estimate follows

from B(mo,CAAka) C Qipo0 & X = Qry—10 C B(wo,CAAkaJrl).

(h) By (6.4), Qx is closed for all k € Z, since Qpo = {(L,j) : (1,j) < (k,0)}. By (c) and [(MD)

Q.0 is compact for all k& > 0. O

We fix a family
{Qri: ke€Ziecl, CZ.},

of generalized dyadic cubes as given by Lemma and define the nets Ny and successors Si(x)
as in the lemma.

Definition 6.6. We define the predecessor Py(x) of x € N to be the unique element of Nj_4
such that = € Sy_1(Px(z)). Note that for z € Ny, Sp(z) C Ngy1 whereas Py(x) € Nx_1. For
x € By, we denote by Qj(x) the unique Q; such that x € Qy ;.

Let kg € Z U {—oc} be as defined in (6.3). For k& € Z with k > kg + 2, denote by ci(z) the
relative capacity
cr(x) = Capp(y a—++1)(Qr(2)). (6.6)

The following lemma provides useful estimates on c;. Note that if k£ > kg + 2, then

2(A—1
AR < g7hol < AT diam(X, d) = (14(1—3)131 diam(X, d).
Lemma 6.7 (Relative capacity estimates for generalized dyadic cubes). Let (X,d,m,E,F) be
a MMD space that satisfies Assumption[6.2. There exists Ay > 8 such that the following hold.

(a) For all A > Ay, there exists C1 = C1(A) such that for all k > ko + 2,2,y € Ny with
d(z,y) < 4A7F, we have

Crlex(y) < (@) < Cren(y). (6.7

(b) For all A > Ay, there exists C1 = C1(A) such that for all k > ko+ 2,z € Ny and y € Si(z),
we have

Crlep() < cp(y) < Crep(a). (6.8)

(c) For all A > Ay, there exists C1 = C1(A) such that for all x € X and s < diam(X,d)/A*,
Crlep(2) < Cap(B(x, s), B(x, As)) < Crex(x) (6.9)

where k € 7 is the unique integer such that A% < s < A=F+1,
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Proof. We use domain monotonicity of capacity along with Corollary and Lemma to
obtain the above the estimates. For (c), note that A=% < s < diam(&,d)/A* < 204 AF=3 <
A~F0=2 implies k > ko + 2. O

We record one more estimate regarding the subadditivity of ¢, which will play an essential

role in ensuring (6.1)).

Lemma 6.8. ([BM1l, Lemma 4.6]) Let (X,d, m,E, F) be a MMD space that satisfies Assumption
[6.3. There exists Ag > 4,6 = 6(A) € (0,1) such that for all k € Z, k > ko + 2, A > Ay, for all
x € Ni, we have

a@ <(1-0) ¥ )

yESg(x)

Henceforth, we fix an A > 8 large enough such that the conclusions of Lemmas [6.7) and
hold.

We need the following modification of [VK| Lemma, p. 631], which was stated in [BMI]
Lemma 4.7] without a proof. For reader’s convenience, we provide its full proof below.

Lemma 6.9. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . Let ¢ (+),
k> ko+2, k € Z denote the capacities of the corresponding generalized dyadic cubes as defined
n . There exists C > 1 satisfying the following. Let uy be a probability measure on Ny
such that

p(e) _ o tu(e”) : k
(@) <C () for all €', e" € Ny, with d(e’,e") < 4A™". (6.10)

Then there exists a probability measure pp1 on N1 such that

(1) For all ¢',g" € Nyy1 with d(g', ") < 4A7*1 we have

wi+1(g") o tkt1(9")
LA O Ga SRy 6.11
en(d) = anle” (6.11)

(2) Let § € (0,1) be the constant in Lemmal6.8 For all points e € N, and g € Si(e),

c-! i (€) < ti+1(9) <(1- 5)/%(6)‘ (6.12)

ar(e) = k(g cr(e)

(3) The construction of the measure pgiq from the measure py can be regarded as the transfer
of masses from the points Ni to those of Npi1, with no mass transferred over a distance
greater than (14 4/A)A7F.

Proof. By the metric doubling property

sup sup |Si(z) =S < o0, (6.13)
kEZ zEN,

where Sy () is as define in Lemma [6.5](f). We choose

C =005,
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where C is chosen such that (6.7)), and hold. For any probability measure p; on Ng
supported on Ny such that
/ 1
ZACHRPTICS)
cr(e) = exp(e)
for any points €/, e” € Ny, with d(e/,e”) < 4A7F.
The transfer of mass is accomplished in two steps. In the first step we distribute the mass
ur(e) to all its successors Si(e) such that mass of g € Si(e) is proportional to ci41(g), that is

ck+1(9)
filg) =
' >gresie) Chr1(g’

)/Lk(e)7

for all e € Nj, and g € Si(e).

By (6.13), Lemma and Lemma we have

ckle) ~ ext1(g) ck(e)’

for all points e € Ny and g € Si(e). If the measure f; on Ny satisfies condition (1) of the

Lemma, we set py+1 = fi. This is the desired measure. Condition (2) is satisfied by (6.14)), and

(3) and (4) are obviously satisfied by Lemma c¢). The second step is not necessary in this
case.

But if fy does not satisfy condition (1) of the Lemma, then we proceed as follows at the second

step. Let p1,. .., pr be the indexed pairs of points {¢’, ¢} with ¢’, ¢ € N1 with0 < d(¢,¢") <

4A7F=1pr, Take the pair p; = {g},9/}. I olo) g2 _folar) g foled) o o2 Jolg) ppen

ck+1(91) — cr+1(9y c+1(9y) — ck+1(97)?
we set f1 = fo. Assume one of the inequalities is violated, say % > (C? C:i(lg(lg)) Then we
1

construct a measure f; from fy such that
fi(gh) = folgh) — on,
fi(g)) = folgi) + on,
filg) = folg), 9 # 1,91,
where o1 > 0 is chosen such that

al( c* 1 ): fog1) oo Jolgd)

c1(91)  ara(91) /) crra(91) crr1(g7)

It is clear that fl(gl) =(C? fl(gll,/)/ )
1(9 ) Ck+1(91)

The next step is the construction of measure fs from f7 in exactly the same way that f; was
constructed from fy. Here we consider the pair ps. A measure f3 is next constructed from fo
and so on. We claim that pug41 = fr is the desired measure in the lemma.

We first verify that for all e € N, for all g € Si(e) and for all s =0,1,...,T, we have

ce(e) = eralg) ck(e)
By (6.14)), it is clear that (6.15)) holds for s = 0. We now show ((6.15)) by induction. Suppose (/6.15))
holds for s = j, we will verify it for s = j 4+ 1. Let pj11 = (¢',9"), € = Prr1(9’), €" = Prr1(g").
If f; = fj+1, there is nothing to prove. But if f;j;1 # f;, then assume, say, that
o, on
f](g ), >02 fj(g /), )
cr+1(9) ck+1(9")

(6.16)
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By (6.16]) and the construction, we have

fi+1(g) < fi(g)),  firalg") > fi(9"). (6.17)
Therefore by the induction hypothesis (6.15)) for s = j and (6.17)), we have
firld) _ (1-4 pe) - fiale") o ()

cr+1(9") c(e)”  crr(g”) c(€')

Therefore it suffices to verify that

fi+1d") o Aormnle)  fira(g”) o (€”)
o) = ¢ a@ anw) = Ve

Suppose the first inequality in (6.18]) fails to be true, then by construction, (6.17) and the
induction hypothesis (6.15]) for s = j , we have

(6.18)

o-1ie(€) _ finle) o fin") 2 Sild") o opn(e”)

> , 6.19
@)~ an(e) ~ C anle) ~C an@) = Caten (6.19)
which implies 5 :((:’/)) > (2 ‘CL :((:,/,/)) However ‘C‘ :((:,/)) < C? 5 :((:’/’/))’ by the assumption on py, since

de,e") <d(,g)+d(g,g") +d(", ¢") < QA Fr 1 4ATF 1y < 4 ARy

This proves the first inequality in (6.18)). The proof of the second inequality in (6.18)) is similar.

Indeed, assume to the contrary that f}iigig > (1-194) ’Z:((:::)), then we have

Cak(€) o fild)  finle) _ e fivi(") ey o He(€”)
A=) e) 2 an@ ~ antg) ~ C ante = ¢ e

(6.20)

which again implies % > 02%. Therefore (6.15)) follows by induction. In particular,
lk+1 = fr satisfies condition (2) of the lemma.

We now verify condition (1) for ugy1 = fr. For this, it suffices to prove the following

assertion:if . ) Y
o2 fitd") _ _1ilg) <02 fi(g")
ch41(9") T crpr(9) T crga(9”)

holds for a pair of points ¢', g"” € Ny 1 such that d(g, g") < 4A~*1r then the same inequalities
hold when f; is replaced by fjy1.

We now prove this. If pj11 = {¢’,¢"}, then fjy1 = f; and there is nothing to prove. If
pNpj11 = 0, then again there is nothing to prove. Let pj11 = {g1, g2}. Without loss of generality,

we assume pj+111{g’, 9"} = {g1} where g1 = ¢" and f;(¢")/cr11(9") > C*fj(92)/ck+1(g2). Then

(6.21)

fiigzﬂi - fiigzzgy firalg") < 1ilg"),  fivald) = £i(9). (6.22)

Therefore, only the second inequality in (6.21]) can fail for f;yi. Suppose that this happens,

that is , .
fj—i—l(g,) S 2 f]+1(g”).
crv1(9) crt1(9")

(6.23)
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Let €' = Py11(g') and ez = Py41(g2). Then by (6.23), (6.22) and (6.15)

k(€ o fira(g) o fi+1(d") 4 fiv1(g2) 5 i (€2)
=00 Z o)~ an) = antw = ate Y

which implies that %:,l)) > C2L:2)  Fowever since d(€,eq) < d(€, g )+ d(g,9") +d(g1,92) +

ck(e2)

d(ga,e2) < 2(A7F +4A7%1) <44~ we have a contradiction and hence is false. This
shows for the case f;(g")/ck+1(9") > C%fi(g2)/ck+1(g92). The case f;(g")/cks1(9") <
C~2fi(g2)/ck+1(g2) is analyzed similarly and therefore the assertion given by is proved.
It remains to observe that this assertion proves condition (2) of the lemma for the measure
pr+1 = fr. Along the path from fy to fr, we “correct” the measure at all pairs of points where
condition (1) is violated, and the assertion given by shows that once a pair is corrected,
it remains corrected when further changes are made.

Condition (3) is easily seen to be true. It remains to verify condition (4). Note that by
Lemma there was a mass transfer over a distance of at most A~* while passing from py, to
fo. Therefore it suffices to verify that while passing from fy to fr = prs+1 there is a transfer
over a distance of at most 4451,

We will now verify this. It suffices to verify that there are no pairs p; = {g1, 92}, Pm = {92, 93},
1 <1< m <T, such that mass is transferred from g; to go (in the transition from f;_; to f;)
and then mass is transferred from go to g3 (in the transition from f,,—1 to f,). Assume the
opposite. First note that that the assertion given by can be modified as follows. If the
second inequality in is true for f; it remains true for f;1. The same argument as before
goes through. Using this modified version of the assertion, as the assumption that there is mass
transfer from g; to go followed by mass transfer from go to g3, we have

folg1) S o fo(g2) fo(g2) S o2 fo(gs)

crt1(91) cry1(92) ’ Ccr+1(92) 0k+1(93)'

(6.25)

If €1 = Pk+1(g1), €3 = Pk+1(93), then
d(er,e3) < d(e1, g1) + d(g1, g2) + d(ga, g3) + d(gs, e3) < 2r(A™F + 447 1) <447F,

Consequently by assumption, u(e1)/cx(e1) < C?ug(es)/ck(es). However the inequalities (6.25))

and (6.15)) imply the opposite inequality pug(e1)/cr(e1) > C?ur(es)/ck(es). We have arrived at
the desired contradiction and the proof of the lemma is complete. O

Remark 6.10. If M C Ni and if uy is a probability measure on My, satisfying the assumptions
of Lemma [6.9] then the above construction yields a measure jig41 on M1 C Niqq satisfying
the conclusion on Lemma where My, 1 = UyEMk Sk+1(y).

We now adapt the method in [VK] to construct the doubling measure.

Proposition 6.11 (Measure in a cube). Let (X,d,m,E,F) be a MMD space that satisfies
Assumption[6.3 Let 1 > ko — 1. There exist constants Cy, A > 1 and 0 < 31 < By such that for
any integer | > ko — 1, there exists a (Cy, A, B1, B2)-capacity good measure v = v on Q.

Proof. Choose A large enough such that the conclusion of Lemma holds. The cubes Qo
for k < 0 and Qk; C Qo for k > [,j € I form a generalized dyadic decomposition of the
compact space Q. Let Np,k € Z be as given in Lemma (d) for the generalized dyadic
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decomposition of (); ¢ as mentioned above. Let 43 be the probability measure on N3 such
that ueo is proportional to co; that is

c143(x)
yENl+3 Cl+3(y) ’

for all x € Ni43.

Hl+3(x) = Z

We use Lemma [6.9 and Remark [6.10] to inductively construct probability measures i, on Ny, for
all k > 1+ 3. We define the measure v = v; as a weak (sub-sequential) limit of the measures py,
as k — oo (the existence of such a limit follows from the compactness of Q; ). We claim that

v is (Co, A, B1, B2)-capacity good for some Cy, A, 51, f2 > 0. (6.26)
For each x € Q0 and k > [ + 3, we choose a point e, ; € Nj, such that

d(z, N) = min d(z,e) = d(z, ez ) < CaA".
e€Ng
If s < At diam(Qy) < AT3204A7 < A7173 then s < A3, In order to show (6.26), we
prove the following two sided estimate on measure of balls: there exists Co > 1 such that

C’;lun(ex,n) <v(B(z,s) N Qo) < Copnlern), forallz e Qro,s < A3, (6.27)

where n is the unique integer such that A" 1 < s < A™".
Note that, by Lemma the mass from e € Ni travels a distance of at most

o
(1+447H)) AT =C347",  where Cg = (1 +4A71)(1 - A71)71 < 12, (6.28)
=k

Therefore, none of the mass outside N, N B(z, (1 + C3)A™™) falls in B(x, s), and therefore
v(B(z,s)) < pin (Ny N Bz, (1+C3)A™™))  for all z € Q9,5 € (0, A7173). (6.29)
By the triangle inequality, if e € N, N B(x, (1 + C3)A™"), then
dle,egn) <d(e,x)+d(x,ez,) < (1+C3)A™"+CpA™" < 4A™".

Therefore by (6.29), (6.10), (6.7), and the metric doubling property, we obtain the upper bound
V(B(z,5)) S tin(es,n) n (62,

For the lower bound in (6.27), using (6.28), we have that for all z € Q; and for all s < A==3
with A~ 1 < s < A™" n € Z,, the mass from ez nt2 travels a distance of at most C3A™ 2 <
%A‘”_Q from ey p42. Since d(z,epi2,) < A7""2 we have that the mass from en+2,c Stays
within

19 —n—2
B(z,—A ) C B(

7 C B(x,s/2).

19
x, 7—As)
Therefore
V(B(xv S)) > Nn+2(6:13,n+2) (6.30)

By (6.12) and , we obtain that pni2(egnt2) and pin(Pri1(Pry2(eznt2))) are comparable,
where Pyt1, Ph+2 denote the predecessor as given in Definition By triangle inequality,

we obtain that d(egn, Pot1(Prt2(eznt2))) < 4A7", and therefore by (6.7), we obtain that
(P (Prg2(€znt2))) and pin(eyn) are comparable. Combining the above with (6.30]), we
obtain the lower bound v(B(z,s)) 2 pin(€zn) in (6.27). This completes the proof of (6.27)).
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Next, we obtain (6.26) from (6.27). Let 0 < s; < so < A7'73. Let ny,ny € Z such that
A~ < g; < A7 for i = 1,2. For x € Q1,0, let x,,, € Ny, be unique point in N, such that
Tn, € Qn,(x). By (6.27) and Lemma ¢), we have

v(B(z,s2)) Capp(y,as)) (B(z, 51)) _ Hng (Tpy ) eny ()
I/(B(:L’, 81)) CapB(:}c,ASQ) (B($7 82)) Hny (:Enl )an (:U)

Let Z,, be the unique point in N,, such that x,, € Qn,(Zn,). By the triangle inequality and

Lemma [6.9)(1), we obtain
v(B(z, 52)) Cabp (e a6,)(B(%,51))  fin, (Zny ), (2n,)

V(B(x7 81)) CapB(a:,A52) (B(.Z‘, 32)) Hna ($n1)0n2 (an)
Next, by using Lemma (2), we obtain

ni—ng < V(B(CC, 52)) CapB(x,Asl)(B(x’ 51)) _ Hng (jng)cnl (:L'nl)
~ V(B(‘/Ev 51)) CapB(x,Asz) (B(x’ 52)) Hny (xm )Cn2 (jHQ)

The desired estimate ((6.26)) follows by setting ;1 = —log(1 — §)/log A and B2 = log Ca/ log A.
O

(1-9)

ng—mni
<oy,

We are now in the position to give the

Proof of Theorem [6.4, The compact case follows by choosing [ = ky — 1 in Proposition [6.11
It suffices to consider the non-compact case. For | < —1,1 € Z let 1; be the measure given by
Proposition [6.11] on @Q;,0, and choose a,, > 0

aiv(B(xo,1)) =1, forallleZ,1<0

By a compactness argument similar to that in [LuS] yields the existence of a measure v which is
a sub-sequential weak™ limit of the sequence of measures q;v; as | — —oo, bounded on compacts,
such that it is (Cy, A, 81, B2)-capacity good. O

6.2 A criterion for smoothness of measure

In this section, we will provide a useful sufficient condition for a doubling measure to be smooth.
The definition of a smooth measure is given in Definition

Lemma 6.12. (See [GH, Lemma 7.1 and 7.4] and [GNY, Lemma 2.5]) Let (X,d,m,E,F)
be a MMD space that satisfies Assumption [6.3. There exists C, A > 0 such that for any ball
B(z,r),n € N with A"r < diam(X,d)/A, denoting By, = B(x, A*r), we have

n—1 n—1
ZCapBiJrl(Bi)*1 < Caan(Bg)*l < C’ZCapBiH(Bi)*l.
k=0 k=0

Proof. The upper bound is contained in [GH, Lemma 7.1 and 7.4]. The upper bound in [GH] is
under the additional volume doubling property assumption but the proof only uses the weaker

metric doubling assumption. The lower bound is a general fact that does not require the EHI —
see [GNY| Lemma 2.5]. O

The following lemma follows immediately from [CE|, Theorem 3.3.8] or [FOT|, Theorem 4.4.3]
and the countable subadditivity for capacities.
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Lemma 6.13. Let (X,d,u,E,F) be a MMD space. Let {B;:i € I} be a countable family of
open balls such that U;erB; = X. Let U C X be a Borel set. Then A has zero capacity for
(&, F) if and only if U; := U N By has zero capacity for the part Dirichlet form (£25i, F2Bi) for
alli €.

Proposition 6.14. Let (X,d,m,&,F) be a MMD space that satisfies the EHI. Let p be a capacity
good measure. Then p is a smooth Radon measure.

Proof. Let A denote the constant in Lemma [6.12] Let B = B(zo,r) denote any ball such that

r < diam(X,d)/A2. For z € X, s < diam(X,d)/A?, we set ¥U(z,s) = CapB“(i(f(%)(m 5

We will show that = — [ gp(x,y) p(dy) is bounded uniformly in B.
Fix £ € B and set B; = B($, Al_id(l',y)), A; = B; \ B7;+1 for ¢ € Nzo.

/ gB(z,y) p(dy) < / 9B(zar) (@, y) p(dy) (by domain monotonicity)
B B

<Z / B An (@) p(dy)  (since u({a}) = 0)
< Z / G, (Bi+1) ' u(dy)  (by Lemmal[5.10)

S Z/ Z Capp, (Bj+1)~ Yy(dy)  (by Lemma

BNA; 55
<anpB Bjt1) Z/ dﬂ<zcapB Bjt1) 1M(Bj)
BNA; =0
< W@, 2279r) £ Uao,r).  (by (E1)). (6.31)
j=0

Since the above bound is uniform in x € X, we obtain that

/ / 952, y) p(dz) p(dy) < (o, r)u(B) < 00
BJB

for any ball B = B(zg,r) with r < diam(X,d)/A?. This implies that H‘B is of finite energy for
the part Dirichlet form (£8, FB) of (£, F) on B, and hence smooth for (2, FB). Since balls of
the form B = B(zg,r) with r < diam(X’, d)/A? can be used to form a countable cover of X, by
[FOT, Lemma 2.2.3] and Lemma the Radon measure p assigns zero measure to every set
of capacity zero. Hence yu is smooth for the Dirichlet form (€, F) on L?(X;m). O

A smooth measure p on X uniquely determines a positive continuous additive functional
AP = {Al';t > 0} of X. It can be used to define a time-changed process Y; := X, where

=inf{r > 0: Al > t}.

Let S(u) denote the quasi support of u (see Definition and F' be the topological support of
u. Clearly S(p) C F &-q.e.. and p(F'\ S(u)) = 0. Suppose p is a smooth Radon measure. Then
the time-changed process Y, after possibly modification on a Borel properly exception set for
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X, is an p-symmetric Hunt process on F' and its associated Dirichlet form (£, F*) on L?(F; )
is regular. Moreover,

FH = {(ZJ € LQ(X, )¢ =u p-ae. forsomeu € ]:e} ,
EH(p, ) = E(Hguyu, Hg(yu), for ¢ € F¥, where ¢ =u p-a.e. for some u € Fe,  (6.32)

where Fe is the extended Dirichlet space of (X,d,m,&,F) and Hg(,yu(z) = E*u(Xosy ) for
x € X. See [CF, Theorem 5.2.13] or [FOT, Theorem 5.1.5 and Theorem 6.2.1]. The Dirichlet
form (E#, FH) is called the trace Dirichlet form of (£, F) on L2(S(u);p). If p has full quasi
support, then F}' = F, by [CF|, Theorem 5.2.15] and can be simplified as

]:,LL:]_‘eﬂLQ(X”u)’ g“(u,u) zg(u,u) fOI‘ allue]:e (633)

Remark 6.15. The above mentioned properties for time-changed processes and Dirichlet forms
in fact hold for any smooth measure p rather than just smooth Radon measures except that
the time-changed process is a right process instead of being a Hunt process on F' and the trace
Dirichlet for (E#, F*) is quasi-regular on L?(S(u); u) instead of being regular on L?(F; ). See
[CE, Theorem 5.2.7].

Recall the definition of quasi support of a smooth measure from Definition In this work,
we are interested in smooth measures with full quasi support as defined below.

Definition 6.16 (Admissible smooth measures). Let (X, d,m,&, F) be a MMD space. We say
that a smooth Radon measure p on X is admissible if p has full quasi support. In particular,
the time-changed Dirichlet form is given by ([6.33)).

Proposition 6.17. Suppose that (X,d) is relatively K ball connected for some K > 1 and
(X,d,m,E,F) be a MMD space that satisfies the EHI. Let u be a capacity good (hence smooth,)
measure. Then u is admissible.

Proof. Let Ny be a Borel properly exceptional set for the Hunt process X associated with the
regular Dirichlet form (€, F) on L?(X;m). Denote by S(u) a quasi support of u. Following
IBK|, Proposition 2.6], it suffices to show that

P*(ogy =0) =1 for quasi every = € X. (6.34)

For the reader’s convenience, we recall why implies that u has full quasi support. By [FOT,
Theorem 4.6.1(i)] we may assume that S(u)¢ is nearly Borel and finely open, by adjusting S(u)
on a set of capacity zero. Then since S(u)€ is nearly Borel and finely open for any x € S(u)“\ Np,
we have P*(og(,) > 0) = 1, which by implies that S(u)¢ has capacity zero.

Note that (X,d, m, &, F) is irreducible by Theorem Let z € X\ Np. Let t >0 and e > 0
be arbitrary. Applying Lemma to the subprocess X Z(@10) of X killed upon leaving a ball
B(z, Ry) whose complement has positive capacity, we can choose r = r(z,t,¢) so that

PY(T <t)>1—¢, where T = op(y e (6.35)

By decreasing r = r(x,t,¢) if necessary, we may assume that 0 < r < diam(X,d)/(4A), where
A is the constant in capacity good condition. Fixing r = r(z,t,¢) as above, we define

K, = (B(z, A™"r) \ B(a:,A_"_lr)) NS(u),
A, = {UKn < T}.
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We show that there exist constants ¢y € (0,1) and Ny > 1 that depend only on the constants
associated with Assumption [6.2)) such that

P*(A,) > co for all n > Nj. (6.36)

Let e, denote the equilibrium measure for K, such that e,(K,) = Capg(K,), where B =
B(z,r). To prove ([6.36)), by Proposition there exists Ny such that

P*(A,) = /gB(x,y) en(dy) < gp(x, A7"r) Capg(K,), for alln > Ny and q.e. z € X.

(6.37)
Using an argument similar to that of (6.31), for all y € X', s > 0 such that B(y,2s) C B, we
have

/ 95y, 2) u(dz) < g5 (y, )u(B(y, )). (6.38)
B(y,s)

Using the fact that (X, d) is relatively ball connected, for any n > 1, there exists y € X such
that B(y, A~ 'r(A —1)/3) € B(z, A~"r) \ B(z, A~""!r). Since u is a doubling measure and
u(S(p)¢) =0, we obtain

p(En) = p (B(z, A7) \ B(z, A" 'r)) > pu (B(y, A" (A= 1)/3)) Z p (B(z, A™"r)) .
(6.39)
We recall the following variational characterization of capacity (Kelvin’s principle):

Capp(K) ™ =inf [ [ gnly,2) vl vido),

where v varies over all Borel probability measures supported in K,,. By considering the measure
v(-) = p(K,N-)/u(K,) and using Lemma we obtain

CapB(Kn)_l < M(Kn)

_2/n/ngB(y,Z)lu,(dy)u(dZ)
-2

< (i) / 95(y, =) p(d=) u(dy)
B(z,A="r) J B(z,A=™r)

< ()2 / g5(2, A=) (B, A=) u(dz)  (by (635))

B(z,A="r)

Sgp(z, A7), (by (6.39)). (6.40)

Combining (6.37) and (6.40|) establishes the claim (6.36)). Choosing ¢ = ¢y/2 and n > Ny, we
obtain

P (og( <t) > P*(og, <T)—P*(T >1) (since {ok, <T} C {ogp <t} U{T >1t})
>co—e > 3c0. (by (6:35) and (6.36))

Since t > 0 is arbitrary, the 0-1 law gives P*(0g(,) = 0) = 1. O
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7 Quasi-symmetry and stability

Although the assumption that all MMDs are strongly local is in force in this section, we remark
that Lemma Proposition Lemma [7.5(a) in fact hold for general Dirichlet forms as well.

The following is a straightforward consequence of the definition of quasisymmetry.

Lemma 7.1. ([BMI1, Lemma 5.8]) Let (X, d;, pu, E, F*),i = 1,2 be two MMD spaces such that dy
and dy are quasisymmetric. If (X, da, p, E, F*) satisfies the EHI, then so does (X, dy, u, E, F*).

The next definition is a slight modification of [BMIl Definition 5.4], the change being made
so that it applies to both compact and non-compact spaces.

Definition 7.2. We say that a function ¥ : X x [0,00) — [0,00) on a metric space (X,d) is a
reqular scale function if ¥(x,0) = 0 for all x and there exist constants C1, 81, 2 > 0 such that,
for all z,y € X and finite 0 < s < r < diam(X, d), we have with R := d(z,y)

o () () < Fed ca( )" ()™

Given a regular scale function ¥ on (X, d), we now define a metric dy. This is proved as in
[BM1] — the proof there still works when diam(X, d) < oo.

Proposition 7.3. ([BMIl, Proposition 5.7]) Let ¥ be a regqular scale function on a metric space
(X,d). There exists a metric dg : X x X — [0,00) satisfying the following properties:

(a) There exist C, 3 > 0 such that for all x,y € X,
C Y (x,d(x,y)) < dy(z,y)? < CU(x,d(x,y)). (7.2)

(b) d and dy are quasisymmetric.

(c) Assume in addition that (X,d) (or equivalently (X,dw)) is uniformly perfect. Fiz A > 1.
Let By and B denote metric balls in (X,dy) and (X,d) respectively. If either By(x,s) C
B(z,r) C By(z,As) C X or B(x,r) C By(z,s) C B(x, Ar) C X holds for somex € X, r >
0 and s > 0, then there is a constant C1 > 1 (which does not depend on x € X,r > 0,5 > 0)
such that

Crls? < W(x,r) < Cy1sP, (7.3)

where 5> 0 is as given by (7.2)).

We now introduce Poincaré, cutoff energy inequalities, and capacity bounds with respect to
a regular scale function ¥ on (X, d). This is again a slight modification of [BMI1] Definition 5.8
and 5.13], so as to include both bounded and unbounded spaces. Recall that a cutoff function ¢
for By C By is any function ¢ € F* such that 0 < p < 1in X, ¢ =1 in an open neighbourhood
of By, and supp ¢ € Bs. Recall also that f(p) is the energy measure of f € F; see Section

Definition 7.4. Let ¥ be a regular scale function on (X, d), and (X, d, u, €, F*) a MMD space.

(i) We say that (X, d, u, £, F*) satisfies the Poincaré inequality PI(V), if there exists constants
C, Ay, A2 > 1 such that for all x € X, R € (0,diam(X,d)/A2) and f € FH

/B U RS O Ry (Bl AR, PI(W)
where f = 7M(B(1x,r)) fB(z’R) fdu.
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(ii))We say that (X,d,pu,E, F*) satisfies the cutoff energy inequality CS(V), if there exist
C1,Cy > 0,A1, Ay > 1 such that the following holds. For all R € (0,diam(X,d)/As),
x € X with By = B(z,R) and By = B(x, A1R), there exists a cutoff function ¢ for
By C Bs such that for any uw € F#* N L,

C!

2 2 2

ud < Cippy(Ba \ By) + / u” du. CS(¥
/32\31 H{p) LR )( 2\ B1) U(z, R) Ba\Bs H (V)

(iii) We say that (X,d, u,E, F*) satisfies the capacity estimate cap(V¥) if there exist positive
constants C7, Ay, Ay > 1 such that for all R € (0,diam(X,d)/A2) and z € X

1 1(B(z, R)

e < Cap (B(z, R), B(z, A1R)") < Cy wB(z, R) ) cap(D)

U(x,R)
If U(r) = r®, we denote PI(¥), CS(¥), cap(¥) by PI(3), CS(B), cap(3) respectively.

The following lemma shows that the Poincaré and cutoff energy inequalities take a much
simpler form with respect to the metric dy.

Lemma 7.5. ([BM1, Lemma 5.9]) Let (X,d,pn,E, F") be a uniformly perfect MMD space and
let U be a reqular scale function. Let dy be the metric constructed in Proposition[7.3 with 8 > 0

as given in . Then

(a) (X,d,p,E,FH) satisﬁes if and only if (X,dy,p,E, F*) satisfies .

(b) (X,d,p,E, F") satisfies|[CS(W)| if and only if (X, dw, pn,E, F*) satisfies[CS(B)}
The following comparison of annuli follows readily from the definition.

Lemma 7.6. ([M1, Lemma 1.2.18]) Let the identity map Id : (X,d1) — (X,d2) be an n-
quasisymmetry for some distortion function n. Then for all A > 1,x € X,r > 0, there exists
s > 0 such that, writing B; for balls in (X, d;)

Bs(x,s) C By(xz,r) C Bi(x, Ar) C Bo(x,n(A)s). (7.4)
In , s can be defined as
s =sup{0 < sy < 2diam(X,dy) : Ba(z, s2) C Bi(z,7)}
Moreover, for all A>1, x € X and r > 0, there exists t > 0 such that
Bi(z,r) C Ba(z,t) C Ba(z, At) C By(z, A7), (7.5)
where Ay = 1/n7Y(A™Y). In (7.5), t can be defined as
t = A" sup {0 < ry < 24 diam(X, dy) : Bo(x, Ary) C By(x, A7)} .
The following is an analogue of Lemma for the capacity estimate

Lemma 7.7. Let (X,d,u,E,F") be a quasi-arc connected MMD space that satisfies the EHI
and let W be a regular scale function. Suppose p satisfy the volume doubling property on
(X,d). Let dg be the metric constructed in Proposition with f > 0 as given in (7.2)).

Then (X,d,u, E, F*) satisfies|cap(V)| if and only if (X, dy, u,E, FH) satisfies .

46



Proof. Let B and By denote balls in the metrics d and dy respectively. By Lemma
(X, dy, p, E, F") also satisfies the EHI. Let the identity map Id : (X,d) — (X,dg) be an n-

quasisymmetry. Note that p satisfies the volume doubling property with respect to the metric
d and dy.

Let (X,d, u,E, F*) satisfies Set A; =n(2). By Lemma we may assume that

B
Capp(y,a,r)(B(z,7)) < W, for all z € X,0 < r < diam(X, d). (7.6)

By Lemma and Proposition (c)7 for all 0 < s < diam(X,dy), there exists r > 0 such
that B(z,r) C By(z,s) C By(z,2s) C B(z,n(2)r) and s < ¥(z,7). By the volume doubling
property p(B(z,7)) < pu(By(x,s)). By domain monotonicity and (7.6]), we have

u(B(z,r)) _ p(Bu(z,s))

CapBg(zQs) (B‘If (.f, 5)) > CapB(z,Alr) (B(.ZL‘, 7“)) = \I/(l' T) = $B ) (77>

forall z € X,0 < s < diam(X, dy).

Set Ay = 1/n~'(A7"). By Lemma and Proposition (c), for all s € (0,diam(X,dy)),
there exists 7 > 0 such that By (z,s) C B(x,r) C B(z, Air) C By(x, Ar) and ¥(z,7) < s°. By
the volume doubling property, p(B(z,r)) < pu(By(z, s)). By Lemma[5.21] domain monotonicity
and , we have

Caqu,(oc,Zs) (B‘I/ (xv S)) = Ca’pB\p(CE,Ags) (B‘I’ (LIZ, 5))
u(B(z,r)) _ w(Bu(z,s))

< CapB(m,Alr) (B(x7 T)) = \If((li, T’) ~ 85 (78>
for all x € X,0 < s < diam(X, dy). By (7.7) and (7.8)), (X, dw, p, E, F*) satisﬁes
The converse follows from a similar argument. O

We will now apply these results in the context of a change of measure on a MMD space. Let
(X,d,m,E,F) be a MMD space which satisfies the EHI and satisfy one (and hence all) of the
three equivalent conditions in Theorem Let (€, Fe) be its corresponding extended Dirichlet
space, and u be the measure constructed in Theorem By Propositions and wis a
positive Radon measure charging no set of capacity zero and possessing full quasi-support. Let
(EX, FH) denote the time-changed Dirichlet space with respect to p as defined in (6.32). We
have F* = F, N L2(X, u), EX(f, f) = E(f, f) for all f € F*, and F' = F, (cf. [CE, Theorems
5.2.2 and 5.2.15]). Moreover, the Dirichlet form (£#, F*) on L?(X;u) shares the same quasi
notions as the original Dirichlet (€, F) on L?(X;m); see [CE, Theorem 5.2.11].

Theorem 7.8. Let (X,d) be complete, locally compact and quasi-arc connected. Suppose that
(X,d,m,&E,F) is a MMD space which satisfies the EHI. Let p be a (Co, A, 51, B2)-capacity good
measure. Denote D = diam(X,d). Then the function ¥ defined by ¥(z,0) =0 and

pw(B(,r)) if 0 <r <D,

_ ) Cappg(, . a4)(Blz,r/A%))” (7.9)
ifr>D and D < oo, '

V(z,r) = (Blz,D))
Cappg(, p/at)(B(z,D/A%))’

is a regular scale function on (X,d). Furthermore, the MMD space (X,d, u,E, F*) satisfies the
Poincaré inequality [PL(W)|, the cutoff energy inequality |(CS(W)| and the capacity estimate|cap(W)|.

47



Proof. By volume doubling and Lemma [5.19(c), there exists C > 0 such that for all » > 0 and
for all z,y € X with d(z,y) < r, we have

Oy (2, r) < U(y,r) < Co¥(x,r). (7.10)

If R < r the inequalities in ([7.1)) are immediate from Theorem and (7.10). If s < r < R,
then writing

Y(z,r)  V(z,r) ¥(y,R) ¥(z,R)

U(y,s) U(z,R) V(y,s) ¥(y,R)’

and bounding each of the three terms on the right using Theorem and ([7.10) gives (|7.1)).
Thus V¥ is a regular scale function.

By Lemma the MMD space (X, d, u, £, F*) satisfies [cap (V)
Let dy and 8 > 0 be as given by Proposition By Lemma the MMD space

(X, dy, p, E, F*) satisfies By Lemma and Proposition b), (X, dy, p, E, F") sat-
isfies the EHI.

By Lemma the space (X, dy) is uniformly perfect, and hence the measure p on (X, dy)
satisfies (RVD). Therefore by [GH, Theorem 3.14], since (X, dy, 1, €, F*) satisfies the EHI and
cap ()} it satisfies [PI(5)| and |[CS(5)l We now conclude using Lemma O

The following gives equivalent characterization of the EHI for a MMD space (X, d, m, &, F).

Theorem 7.9. Let (X, d) be a complete, locally compact, quasi-arc connected metric space with
a strongly local reqular Dirichlet form (£, F) on L*(X;m). The following are equivalent:

(a) (X,d,m,E,F) satisfies the EHI.

(b) There exists an admissible smooth doubling Radon measure p on (X,d) and a regular scale
function ¥ such that the time-changed MMD space (X,d,u,E,F*) satisfies the Poincaré

inequality |P1(W)| and the cutoff energy inequality |CS(W )|

(¢) There exists an admissible smooth doubling Radon measure p on (X,d), a metric dg
on X that is quasisymmetric to d, and B > 0, such that the time-changed MMD space

(X, dy, p, E, F") satisfies Poincaré inequality [P1(3)| and the cutoff energy inequality |[CS(5)|
for some B > 0.

Proof. (a) =-(b) This is immediate from Theorems and

(b)=-(c) Let dg and B > 0 be as given by Proposition Quasisymmetry of dy follows from
Proposition [7.3|(b). Then [PI(3)| and [CS(B)| for (X, dy, 1, €, F*) follow from Lemma

(c)=>(a) By Lemma[5.2(a,b,d,e), (X, dw) is uniformly perfect. Thus p satisfies (RVD). Since
w is doubling on (X, d), the space (X,d) is metric doubling and therefore so is (X, dy). So by
[BM1] Proposition 5.11 and Remark 5.12], we obtain the condition (CSA) in [GHL|]. Then by
the implication (CSA) plus implies the EHI in |[GHL, Theorem 1.2], we obtain the EHI
for (X,dg, u,E, F*). Since dy and d are quasisymmetric, the desired EHI follows from Lemma

71l O

Remark 7.10. (i) Note that conditions (b) and (c) in the Theorem above do not include
the requirement that (X, d,m,&,F) satisfies the conditions (HC) or (Ha) introduced in
Section |3 (It would be undesirable to include (Ha) or (HC), since we do not know if they
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are stable.) Thus (b) or (c) do not immediately give the existence of Green’s functions;
however the existence of regular Green functions does follow from the implications (b), (c)

= (a) and Theorems {4.6| and

The proof in [GHL] that (CSA) plus implies the EHI does not require the existence
of Green’s functions.

(ii) The result (a) implies (c¢) in Theorem can be sharpened as follows. If (X,d,m,&,F)
satisfies the EHI then for any 8 > 2 there exists a metric dg on X that is quasisymmetric
to d, and an admissible smooth Radon measure i such that the time-changed MMD space
(X, dy, u, E, F") satisfies Poincaré inequality and the cutoff energy inequality
The condition 5 > 2 is sharp in the sense that any § in property (c) must necessarily satisfy
B > 2 and there are examples for which 5 = 2 is not possible. These results are contained
in [KM].

Proof of Theorem[1.3 The condition that E(f, f) < &'(f, f) for all f € F implies that the asso-
ciated energy measures satisfy 15y < Ml(f) (by [LJ, Proposition 1.5.5(b)]). Hence the conditions
[PI(W)| and [CS(W)| hold for &', and therefore the implication (b) = (a) in Theorem implies
that the EHI holds for &’. O

The following is an extension of Theorem where the symmetrizing measures for the
Dirichlet forms may be different.

Theorem 7.11. Let (X,d) be a complete, locally compact, relatively ball connected metric space,
and let m be a Radon measure on X with full quasi support. Let (€, F) be a strongly local regular
Dirichlet form on L?(X;m). Suppose that (X,d,m,E,F) satisfies the EHI. Let yu be a smooth
Radon measure of (X,d, m,E, F) with full quasi support on X,, and (£',F') be another strongly
local Dirichlet form on L*(X;u) such that F N Cu(X) = F' NCe(X) and

CTLEf, ) <ENf, f) S CE(f, f)  forall f € FNC(X). (7.11)

Then (X,d,u,E', F') satisfies the EHIL.

Proof. Let X be the Hunt process associated with the regular Dirichlet form (€, F) on L?(X;m).
Since p is a smooth Radon measure has full quasi-support, its associated positive continuous
additive functional A; is strictly increasing up to the lifetime of X. Thus its time-changed
process Y; := X,,, with 74 := inf{r > 0 : A; > t}, has the same family of harmonic functions
as that of X. By , the Dirichlet form (€, F*) of time-changed process Y is regular on
L?(X;p) and has the property that F#* = F, N L?(X;p), F& = F. and EF = £ on F,. Since
both m and p are Radon, any f € F that has compact support is in F* and

FNCAX) = (Fe N LAHX;m)) N Co(X) = (FL N L2(X;m)) N Co(X) = FF N Cu(X).

Hence (£, F*) is strongly local and satisfies the EHI. Since 7' N C.(X) = F* N C.(X) is dense
in 7/ and F* with respect to the norm /€] and /&, respectively, where

E(u,u) = &' (u,u) —i—/

u(x)?u(de) and  EV(u,u) := EM(u,u) —i—/ u(x)?pu(de),
X

X
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we have by (7.12) that 7/ = F* and
CIEL(F, f) < E(f. f) < CEX(f, f) forall fe FH (7.12)

The desired conclusion of the theorem now follows from Theorem applied to the MMD
(X7 d7 /"L7 gu?‘FM)' |:|

Remark 7.12. The stability results of this paper, Theorem and Theorem hold for
the EHI<; as well. We now indicate the needed modifications. All of the results of Section
extend easily under the assumption EHI<; except that the conclusions only hold for balls of
small enough radii. The main difference is in the construction of the measures v; in Proposition
Instead of the initial condition on N;13 for the inductive construction using Lemma[6.9] we
set the initial condition on N; to the uniform probability measure on Ny, where N7 is as given
in the generalized dyadic decomposition of the generalized @Q;o. Then the weak™ subsequential
limit as in the proof of Theorem will be a capacity good measure (only at small enough
scales using the same argument). However, this property is enough so that our construction
gives a smooth measure with full quasi support. All the results used in Section 7 (for example,
IGHL, Theorem 1.2]) will also admit local versions. Although there is no clear reference in the
literature for these results, a careful reading of the proofs in the literature shows that these local
versions do hold, with essentially the same proof.

8 Examples

Example 8.1. The following example, based on an example of instability of the Liouville
property of Benjamini [Ben2], shows that in general without (MD) the EHI is not stable.

We begin by describing Benjamini’s example. Let (B, Eg) be the (1-sided) binary tree with
root Og. We have

B={0p}U [j {0,1}".

n=1
We call an edge of the form {z,(z,0)} with z € {0,1}" a 0-edge and an edge of the form
{z,(x,1)} a l-edge. Let EI(B]) be the set of j-edges for 7 = 0,1. Given f : B — R and an edge

e = {z,y}, set [Vf(e)| = [f(2) = f(y)l.
Let ap =0, a1 € (0,1) and define the quadratic forms

EDf =D VAP +A+a;) Y. [Vf(e)

eEEH;O) eEEﬂél)

Clearly, EV(f, f) and £?)(f, f) are comparable and they have the same domain of defnition.
Let m be counting measure on B. Let X&) be the Markov process associated with €Y. Then
(see [Lyol Benl]) there exists an infinite subset A C B with the property that started at any
point in B, X is a.s. ultimately in A, while X() is a.s. ultimately in B \ A.

Let W be the zj-axis in Z*. Let ¢ : A — W be bijective. Let (V, Ey) be the graph with
vertex set V = B U Z* and edges consisting of Ep, the edges of Z*, and all pairs of the form
{x,p(z)} for z € A. We extend the forms £U) to V by assigning unit conductance to all edges
not in Eg. Write Y1) for the Markov process associated with £U) with counting measure (on
V). Then since the SRW on Z* hits W only finitely often the process YO will ultimately stay
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74, a.s. On the other hand Y(!) has a positive probability of never visiting Z*. Since Z* has the
Liouville property, it follows that all bounded &£(®-harmonic functions are constant, while ()
has non-constant bounded harmonic functions.

The same property holds for the cable system (X, d) of the graph (V, Ey). It is easy to verify
that (MD) fails for this space. Let m be the measure which assigns a copy of Lebesgue measure
on [0,1] to each cable. Let d'(x,y) = 1 A d(z,y). The EHI holds for (X,d’,m,£® F), but fails
for (X,d',m,EMD, F).

Example 8.2. We give an example of a strongly local irreducible MMD space where harmonic
functions may be discontinuous and (Ha) fails. Furthermore, (HC) for its part MMD space
on a ball. The space consists of three parts: the closure of a domain in R?, the standard
Sierpinski gasket, and a line segment. Let A} be the compact Sierpinski gasket, with vertices
Ay = (0,0), Ay = (1,0) and A3 = (3, @), Xy =[0,1] x [—1,0] a unit closed square, and let X3
be a smooth curve outside X7 U X5 that connects the vertex Az of the Sierpinski gasket with
the point A4 = (1/2,1) at the middle of the right side of the square Xo. We identify X5 with a
closed line segment of length [ > 1.

Let X = X} U Xp U X3, equipped with Euclidean metric inherited from R2. Clearly, (X, d)
is a compact separable metric space. Let m; be the measure on X7 which assigns mass 37" to
each triangle of side 27", and for j = 2,3, let m; be Lebesgue measure on X. Let m be the
measure on X such that m|yx, = m,; for each i. Clearly, m is a finite measure on X.

Let (€M, FM) be the strongly local Dirichlet form on L?(X;,m;) associated with the stan-
dard diffusion on the Sierpinski gasket — see [Kig, Chapter 3]. It is known that C2(&}), the

space of C? functions on R? restricted to A}, is 4/ 8{1)-dense in F) | where

W (u,u) = €W (u,u) + /X w(x)?my (dw).

The Dirichlet form (€M), F(D) on L?(X;,m1) is a so called resistance form, each point in X is
of positive capacity and every f € F() is Holder continuous on X; — see [Kig].

Denote by C?(X) be the space of continuous functions f on X so that f|y, € C?(X;) for
i=1,2,3, and define for f,g € C?(X),

(f.9) =€V lnsl) + 5 [ V@) Vomado) +3 [ F@g@mala).  5)
2 3
Clearly, the bilinear form (€,C?(X)) is closable in L?(X;m) in the sense that if {f,;n > 1} C
C?(X) is &-Cauchy and f, converges to 0 in L?(X;m), then lim, oo £(fn, fn) = 0. This is
because each term in the right hand side of is closable on L?(X;;m;) for i =1,2,3. Let F
be the /& -completion of C?(X), where &1(f, f) := E(f, f) + [y f(x)?m(dz). Then (£, F) is a
regular Dirichlet form on L?(X;m). Clearly it is strongly local, and is irreducible by Theorem
It is easy to see that f € F if and only if f|x, € FI, fla, € WH2(X;) for i = 2,3 and the
trace of f|y, on K := X1 N ([0,1] x {0}) coincides on K with the trace of f|x, on [0,1] x {0}.
Let X = {X;,t > 0;P*, 2 € X} be the diffusion process associated with the regular Dirichlet
form (£,F) on L?>(X;m). The diffusion X is conservative as 1 € F with £(1,1) = 0. The
diffusion X on & behaves as follows:

(i) when X is inside A}, it behaves like Brownian motion on the Sierpinski gasket X until it
reaches the vertex Az or the bottom K;
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(ii) when X; is inside X», it behaves like two-dimensional Brownian motion in X5 reflected on
00Xy \ Xi;

(i) when Xy is inside A3, it behaves like one-dimensional Brownian motion reflected at the
end point Ay;

(iv) when Xy is at the vertex As, it has positive probability to enter either X} and A3; when
X, is at the Cantor set K, it has positive probability to enter either X7 and X5; when the
Xy is at Ay, it gets reflected into 3.

Note that single point in X5 is polar for reflected Brownian motion in &X5. Thus the process
X starting from X5 \ {A4} can only enter X3 through the Sierpinksi gasket X} via vertex As.

For any r € (0,1/2), let h(z) = P*(7g(a,,,) € B(As4,7) N &X2). Clearly h is harmonic in the
ball B(A4,7), h(x) =1 for x € B(A4,7)N X2\ {A4} and h(z) = 0 on B(A4,7)NA3. Thus h does
not satisfy the non-scale-variant Harnack inequality. In other words, (Ha) fails for this strongly
local Dirichlet form (&, F).

Note that the point A4 is of positive capacity and (€, F) is irreducible. On the other hand, the
part Dirichlet (£, FB(A4)) on L2(B(Aq4,7), m|B(a,,r)) is not irreducible for any r € (0,1/2]; the
space B(Ay4,r) has two disjoint invariant sets B(Ay4, r)NAXs) and B(By, r)NX3. (This example also
shows that a strongly local regular Dirichlet form does not need to be irreducible even though the
underlying metric space is connected.) Thus (HC) fails for (B(Ag4,r), d,m|B(A4’,,),5,]:B(A47T));
for instance, Gpa, ) f(z) := E* fOTB(A“’T) f(Xs)ds with f = 1(p(a,r)\B(As,3r/4))n1, 15 bounded
away from a positive constant in B(A4,r/2)NAX2\ {As} and identically zero on B(A4,7/2) N 5.
However, if we define a new metric p on X so that its restriction on X; U X3 is comparable
to d, and on Xy \ {A4} is locally comparable to d but sending As to infinity from the side of
XoN B(A4,1/4). Then (X, p) is a locally compact separable metric space and (X, p,m, &, F) is
a strongly local regular irreducible MMD space. Under this metric, one can in fact show that
the EHI holds on balls with radius no larger than 1.

Example 8.3. To give a concrete example of an irreducible strongly local MMD space that
fits the setting of Theorem but fails to satisfy the local regularity of [BMI] in the compact
setting, consider X' to be the join of Vicsek tree (compact) with the unit interval [0, 1], where
the symmetrizing measure m is given by the Hausdorff measure on each of the pieces. The
space X satisfies the relatively ball condition. We take (£, F) to be the strongly local regular
Dirichlet form on L?(X;m) obtained by combining the Dirichlet form associated with Brownian
motion on (0, 1] with the Dirichlet form associated with the diffusion on the Vicsek tree, in a
similar fashion to the previous example. The argument in [De2] can be adapted to show that
this example satisfies the EHI. This example is essentially due to Delmotte [De2].
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