Ann. Inst. Henri Poincaré,

Vol. 33, n° 5, 1997, p. 531-557 Probabilités et Statistiques

Transition density estimates for Brownian
motion on scale irregular Sierpinski gaskets
by

M. T. BARLOW !

Department of Mathematics, University of British Columbia,
Vancouver, Canada VT6 122

and

B. M. HAMBLY

Department of Mathematics and Statistics, University of Edinburgh,
King’s Buildings, Mayfield Road, Edinburgh EH9 3JZ, UK

ABSTRACT. — We construct Brownian motion on a class of fractals which
are spatially homogeneous but which do not have any exact self-similarity.
We obtain transition density estimates for this process which are up to
constants best possible.

RESUME. — Nous construisons un mouvement Brownien sur une classe
de fractals homogenes en espace mais n’ayant pas d’exacte propriété
d’auto-similarité. Nous obtenons des estimées du noyau de transition de ce
processus qui sont, a une constante prés, les meilleures possibles.

1. INTRODUCTION

There is now a fairly extensive literature on the heat equation on fractal
spaces, and on the spectral properties of such spaces. Most of these papers
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532 M. T. BARLOW AND B. M. HAMBLY

treat sets /' which have exact self- similarity, so that there exist 1-1
contractions v; : F — F such that ¢,(F) N;(F) is (in some sense) small
when ¢ # 7, and

F = Ui(F). (L)

In the simplest cases, such as the nested fractals of Lindstrgm [18], F C R¢,
the 1f; are linear, and ;(F) N4);(F) is finite when i # j. For very regular
fractals such as nested fractals, or Sierpinski carpets, it is possible to
construct a diffusion X, with a semigroup P, which is symmetric with
respect to p, the Hausdorff measure on F, and to obtain estimates on the
density p:(z,y) of P, with respect to u. In these cases (see [3, 15]) there
exist constants d,,, d; (called, following the physics literature, the walk and
spectral dimensions of F) such that

t

o — plde \ 1/ @a=1)
pi(z,y) < clt‘d‘-‘/zexp(wz(l———y‘—) ) (1.2)
te(0,1),z,y,€ F,

with a lower bound of the same form but different constants. Here |z — y|
is the Euclidean metric in R2.

In the mathematical physics literature, the main interest is not in regular
fractals, (except as models), but in irregular objects such as percolation
clusters, which are believed to exhibit “fractal” properties. 1t is therefore
of interest to investigate the extent to which bounds such as (1.2) hold for
less regular sets with some “fractal” structure.

In this paper we will study a family of sets F', based on the Sierpinski
gasket, which are locally spatially homogeneous, but which do not satisty
any exact scaling relation of the form (1.1). To give the essential flavour
of our results we consider a fractal first discussed in [10]. Consider two
regular fractals, the standard Sierpinski gasket SG(2) and a variant SG(3) -
see Figure 1. Each of these sets may be defined by

F= n;z’ozopn

where (for a = 2 or 3) F,, is obtained from F,_; by subdividing each
triangle in F,_; into a? smaller triangles, and deleting the ‘downward
facing’ ones. Thus we can write F,, = ®®(F,_;) for a = 2,3. (A more
precise definition of the maps ®(*) is given in Section 2.)

Let = = {2,3}™, and let ¢ = (&1,...) € Z; we call £ an environment
sequence. Given £ we can construct a set F'(&) = ﬂnF,sé) where we use £, to
determine which construction to use at level n: we have Fi&) = <I>(3”)F,55_)1.

Annales de {'Institut Henri Poincaré - Probabilités et Statistiques



TRANSITION DENSITY ESTIMATES FOR BROWNIAN MOTION ON SCALE 333

FiG. 1. — The first stages in the construction of SG(2) and SG(3).

Unless the sequence ¢ is periodic F¢) does not have any exact scaling
property, but it is spatially homogeneous in the sense that all triangles of
a given size in F©) are identical. Figure 2 shows the first 3 levels in the
construction of the set F associated with the sequence £ = (2,3,2,...).

FI1G. 2. - The first three levels of a scale irregular Sierpinski gasket.

A previous paper by one of us [10] considered the case when the
environment sequence £ was a sequence of i.i.d. random variables; the sets
obtained were called ‘homogeneous random Sierpinski gaskets’. We use a
different term here, as the sets studied in this paper are not necessarily
random. An example of such a scale irregular Sierpinski gasket was
discussed in Section 9 of [10]. We also remark that if, at each level, one
chooses a different (random) procedure for subdividing each small triangle,
then one obtains an example of the random recursive fractals studied in [19],
and that diffusions on some sets of this type are studied in {11].
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534 M. T. BARLOW AND B. M. HAMBLY

For the case described above our main results take the following form.
For a = 2, 3 write (I, m,,t,) for the length, mass and time scaling factors
(see [18]) associated with SG(a). Here (see [10]) we have (I3, ma,t5) =
(2,3,5) and (I3,m3,t3) = (3,6,90/7). Let Ly = My = Ty = 1, and set
for n > 1,

L":[Illfi’ Mn:l:]l:mfn Tn:l:[ltéi' (1.3)

There is a natural ‘flat’ measure 1 on F' = F'¢) which is characterised by
the property that it assigns mass M ' to each triangle in F of side L.
In section 3 we will construct a p-symmetric diffusion X, with semigroup
P, on F. We do this analytically, by constructing a regular local Dirichlet
form £ on L%(F,p). Here we follow the ideas of [16], [14], [8]; though
the arguments of these papers do not directly cover the case treated bere,
they can be adapted without difficulty to our situation.

Once we have constructed F;, we can prove the existence of a density
pi(z,y) with respect to p, and obtain bounds on p;, by using similar
techniques to those developed for regular fractals in [3], [7].

To maintain consistency with notation for more general SGs introduced
later, set B,, = L, and let

dy(n) =logT,/log Ba, ds(n) =2logM,/logT,,  (L.4)
and for n,m > 0 set

k=k(m,n)=inf{j > 0: Tny;/Bms;j 2 Tn/Bn}. (1.5)

Note that k(m,n) = 0if m > n, and that if m < n then n < m+k(m,n) <
0.

THEOREM 1.1. — (a) P; has a continuous density p,(z,y) with respect to p.
(b) There exist constants cy,cs,c3,cq4 (not depending on &) such that if
U< e -yl < L7, T <t < T, then

_ I — gy|dw (m+k) 1/(dw (m+k)—1)
pe(z,y) < cit de(m)/2 eXP(-’C2 (L——y—‘—“—) )» (1.6)

t
and
" /(dw (m+k)~1
> pap—de(m)/2 _ Lx_‘_f_(fﬁ = 1.7
pe(z,y) > cat expl| —¢4 7 . (L7)
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TRANSITION DENSITY ESTIMATES FOR BROWNIAN MOTION ON SCALE 5358

To understand these estimates intuitively first note that if &, = a (where
a = 2 or 3) then dy,(n) = logt,/logls, ds(n) = 2logm,/logt,, and we
recover the estimates for the heat kernels on the fractals SG(2) and SG(3)
obtained in [4, 15]. For non-constant ¢, d,,(n) and d,(n) are the ‘effective
walk and spectral dimensions at level n’. For given ¢, z, y, let m,n be as
in the Theorem, so that 7' ~ t and L;! =~ |z — y|.

If m > n then k(m,n) = 0, and the term in the exponential is of order
I, so that

pe(m,y) w42 x M,

Since u{y : |z —y| < L;'} = M2, it follows that in time T, the
diffusion X moves a distance O(L;;!).

If m < n, so that |z — y| is large relative to ¢, then n < m + k, and
the estimates (1.6), (1.7) involve the two ‘dimensions’ at different levels
of the set. For the time factor we have d;(n) as before, but the exponent
d,(m+ k) involves the structure of F' at a level finer than either the ‘space
level’ m or the ‘time level’ n. In both cases we see that the heat kernel at
time ¢ is not greatly affected by structures in the set F' which appear at a
length scale finer than L}, ,; that is by & for i > m + k.

In Section 6 we consider the case when d,(n) and d,(n) converge to
limits d, and d,, respectively, and in Theorem 6.1 we show that the bounds
given in Theorem 1.1 can be written in terms of the limiting dimensions
with correction terms. It is worth noting that we only obtain bounds of the
form (1.2) if the convergence of ds(n) and d,(n) is essentially as fast as
possible. (See Theorem 6.2 and the remark following).

If the environment sequence &; are i.i.d. random variables, then it is
clear that ds(n) and d,,(n) converge a.s. In this case the results we obtain
improve and extend those obtained in [10]; see Corollary 6.3 for the exact
correction functions hidden by the € used in that paper.

In Section 2 we define the fractal F, and set up our notation. The
construction of the process is outlined in Section 3, where we also establish
the key inequalities involving the Dirichlet form £. Sections 4 and 5
deal with the transition density estimates, which lead to our main results
Theorems 4.5 and 5.4, of which Theorem 1.1 is a special case. In Section 6
we look at some examples, and in Section 7 we use (1.6), (1.7) to estimate
the eigenvalue counting function N(X).

2. SCALE IRREGULAR SIERPINSKI GASKETS

As the building blocks for our scale irregular Sierpinski gaskets will all
be nested fractals, we begin by recalling from Lindstrom [18] the definition
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536 M. T. BARLOW AND B. M. HAMBLY

of a nested fractal. See [18] for a fuller account of the motivation and
definitions.

For a > 1, an a-similitude is a map v : R? — RP such that
¥(z) = a U (z) + 20, (2.1)

where U is a unitary, linear map and zo € RP. Let ¥ = {4,...,%,,} be
a finite family of o-similitudes. For B C R”, define

(B) = U ¢:(B),
and let
¢, (B)=%o0...09(B).

By Hutchinson [12], the map ® on the set of compact subsets of R? has a
unique fixed point £, which is a self-similar set satisfying F' = ®(F).

As each ), is a contraction, it has a unique fixed point. Let F’ be the
set of fixed points of the mappings v¥;, 1 < ¢ < m. A point z € F' is
called an essential fixed point if there exist ¢,5 € {1,...,m}, ¢ # j and
y € F’ such that ¢;(z) = v¥;(y). We write Fy for the set of essential
fixed points. Now define

Viy.in(B) =i 0...0¢; (B), BCRP.

We will call the set v;, ; (Fp) an.n-cell and 1;,
The lattice of fixed points F,, is defined by

;.. (F) an n-complex.

,,,,,

F, = o,(F), (2.2)
and the set F' can be recovered from the essential fixed points by setting

F = (U

n=0

F,).

We can now define a nested fractal as follows.

DeFINITION 2.1. — The set F is a nested fractal if {+1,..., ., } satisfy:
(A1) (Connectivity) For any l-cells C and C’, there is a sequence
{C; ¢ = 0,...,n} of l-cells such that Co = C,C, = C' and
CioinNGCy #0, i=1,...,n
(A2) (Symmetry) If z,y € Fy then reflection in the hyperplane H,, = {z :
|z — z| = |2 — y|} maps F, to itself.

Annales de I'Institur Henri Poincaré - Probabilités et Statistiques



TRANSITION DENSITY ESTIMATES FOR BROWNIAN MOTION ON SCALE 537

(A3) (Nesting) If {41,...,4,},{j1,...,jn} are distinct sequences then

(A4) (Open set condition) There is a non-empty, bounded, open set V' such
that the +;(V') are disjoint and U2 ¢, (V) C V.

We now define the family of scale irregular Sierpinski gaskets. Let
Fo = {20,721, 22} be the vertices of a unit equilateral triangle in R2. Let A
be a finite set, for a € A let [, € (1,00), m, € N, and for each a € A let

U@ = (8 @), ae A

be a family of [,-similitudes on R?, with set of essential fixed points Fj,
which satisfies the axioms for nested fractals. Write F(*) for the nested
fractal associated with U(®), and let ¢, be the time scaling factor (see [18]))
of F(#), (Note that the definition of ¢, just involves the sets Fy and F*).

Let Z = AN; we call £ € = an environment. We will occasionally need a
left shift 6 on Z: if £ = (£, &, ...) then 0 = (&2,&3,...). For B C R? set

o) (B) = U ¥i(B),
j=1

P& (B) =) o .. 0 ®EI(B).

Then the fractal F(©) associated with the environment sequence ¢ is defined
by
F® = (U, 09 (Fy)). (2.3)

This set is not in general self-similar, but the family {F©) ¢ € Z} does
satisfy the equation F& = ®&)(F) Let H be the closed convex
hull of F,. For many examples the families of maps ¥(*) will have the
additional property that &) (H) C H for each a € A, and in this case we
have a slightly simpler description of F(¢):

FO = (M @ (H).
n=0

At this point we fix an environment sequence ¢, and, except where clarity
requires it, will drop ¢ from our notation.

We will use ¢, ¢’ to denote unimportant positive constants, which may
change in value from line to line, and ¢; to denote positive constants which
will be fixed in each section. Outside Section i we will refer to the j-th
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538 M. T. BARLOW AND B. M. HAMBLY

constant of Section ¢ as c; ;. These constants will in general depend on the
family of nested fractals specified by ¥(*), ¢ € A, but will be independent
of the particular environment sequence ¢.

We define L,,, T, and M, by (1.3). We define the word space W
associated with £ by

W = ®{1,...,m£i} = {(wy,wa,...) 1 1 < w; <mg,} (2.4)

For w € W write wln = (w1, ..., w,), and

Yun = PE 0. o), (2.5)

We write W, = {(w1,...,wn) : 1 < w; < mg,,1 < i < n} for the
set of words of length n. Let 4 be the unique measure on F such that

B (FEO)) = M7 for all w € W, n > 0. As for nested fractals we
define F, = Uyew,¥w(Fo), and call sets of the form ), (Fy) n-cells,
and the sets Yy, ,, (F®"$)) n-complexes. We define a natural graph structure
on F, by letting {z,y} be an edge if and only if x,y both belong to the
same n-cell. This graph is connected by (Al); write p,(z,y) for the graph
distance in F,. (So p,(z,y) is the length of the shortest chain of edges in
the graph F, connecting z and y.)

DEFINITION 2.2. — Let b, = p1(z0,21) on the graph Fl(“), and set

B, = ﬁbgi. ' (2-6)
=1

The scaling factors (,,m,,t,,b,) play a fundamental role in what
follows. We note the following elementary facts:

la>1, 6,22, by>l, me>3, acA 2.7)

Write m* = max, m,, t* = max, t,, b* = max, b,.

For many simple nested fractals, such as the SG(2) and SG(3) discussed
in the introduction, we have [, = b,. In this case it is easy to see that
there exists ¢ such that if z,y € F then z,y are joined by a piecewise
linear arc (with in general infinitely many segments) of length less than
c|lz — y|. In general however we can have b, > [,, and then we will have
to define an intrinsic metric on F. For general nested fractals this takes
some work — see [15], [7], but here the simple nature of the Sierpinski
gaskets makes it straightforward.
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Let @
a
b, = max{pi(z,y) : z,y € F}"'},

and write bt = max,bl. Since A is finite, b, /b, < ¢ for some
¢ < oo. It is then easy to verify that if .,y € F,, and m > n then
p’nb(g"’y) = (Bm/Bn)pn(x,y), and [hat

pnlz,y) < 1B, /By, if z,y € F,, belong to the same k-complex. (2.8)
Now define
d(z,y) = B 'pn(z,y) forz,y€ F,, n>0. (2.9)

Then d is well-defined, and from (2.8) we deduce that d extends from U, F),
to a metric d on F. It follows from (2.8) that

d(z,y) < yBy! if z,y belong to the same k-complex. (2.10)

Note also that if d(z,y) < B,:1 then z,y are either in the same k-
complex or in adjacent k-complexes. If B(z,r) = {y € F : d(z,y) < r},
then as the y-measure of each k-complex is M, ', we have c; M, ! <
w(B(z, B;Y)) < esM . Set

log M,,
= ; 2.11
£(n) log B, (2.11)
it follows that if B! < r < BJ1,,
car™™ < u(B(z,7)) < esr¥ ™, zeF. (2.12)

Write dimp,q(.) and dimp 4(.) for Hausdorff and packing dimension with
respect to the metric d. The following result follows easily from (2.12) and
the density theorems for Hausdorff and packing measure — see [6].

LEMMa 2.3, - (a) dimH,d(F) = lim infn_,oo df(n),
(b) dimpy(F) = limsup,_, ds(n).

For some simple fractals the distance d is equivalent to Euclidean
distance. We just prove this for the examples given in the introduction.

LEMMA 2.4. — Suppose that A = {2,3}, and F'*) is the SG(a) defined
in the introduction. Then

lz —yl <d(z,y) <cslt —y| z,y€F.

Proof. — Note that as [, = b, for each a € A, L, = B,, for all n. If
z, y € F, then there exists a path in F), connecting z and y of length
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540 M. T. BARLOW AND B. M. HAMBLY

L tpa(z,y). So d(z,y) > |z — y| for 2, y € F,, and this inequality
extends to F.

The other inequality requires a little more work. For z € F let &, (z)
denote the corner of the nm-complex containing z which is closest (in
Euclidean distance) to z, where we adopt some procedure for breaking
ties. (If x € F, then ,(z) = x). We have p,41(kns1(), kn(z)) < 3,
s0 that d(kn41(2), n(z)) < 3L 1. So d(x,kn(2)) < 3L, Forz € F
let D,(z) denote the union of the n-complexes containing &, (). Write
¢r = V/3/4, and note that B(z,c;L;Y) N F C D,(x).

Now let z,y € F, and choose m such that y € D,,(z) — Dpyy1(z). Then
|z —y| > ¢; L%, while y and k,,(z) are in the same m-complex. Since
d(km(z), km(y)) < L1, we have

d(z,y) < TL,! <clz —yl.

3. DIRICHLET FORM AND BROWNIAN MOTION

We now construct a Dirichlet form £ on L2(F, ), following the ideas
of [8, 14, 10]. It will be useful to keep in mind the interpretation of Dirichlet
forms in terms of electrical networks — see [5, 14]. Note that as F,, is a
discrete set, the space C(F,) of continuous functions on F, is just the
space of all functions on F,. For f € C(Fp) define

Ef0)=5 3 (F@) — ) ox) — o). (BD)

Set 7, = t,/mg: we call r, the resistance scaling factor of the nested
fractal F(®). Set '

Rn = H TEi, (32)
=1
Ea(f,9)=Rn Y Eo(f 0 %u,g0tu). (3.3)
wew,,

Then we can write

E(f.0)= 3Be Y enlw)(f(&) ~ FW)(0(@) — 9lw))s  (34)

z,yekl,
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TRANSITION DENSITY ESTIMATES FOR BROWNIAN MOTION ON SCALE 541

where e, (z,y) = 1 if there exists w € W,, such that x,y € 1,(Fp), and
en(z,y) = 0 otherwise.
The choice of R,, above ensures that the Dirichlet forms &, have the

decimation property

En-i(g.9) = nf{En(f, )« flr,y =g} forg € C(Fnmr),  (35)

— see [8] for details. We need some further inequalities relating £,,m,
and [,.

LEmMA 3.1. — For each a € A,

(199

; (3.6)
2> 2b,. (3.7)

Ta
ta

AV
S

Proof. — Let g(z0) = 0, g(z1) = g(22) = 1, so that &(g,g) = 2. We
let &, = a and apply (3.5) in the case n = 1. For (3.6) let f(z) = A for
T € F1 - F(). Then

E(f, f) = ra(2A + 4(1 = 1)?),

so that, taking A = 2/3, we obtain 7, > 3/2.

To prove (3.7) let f(z) = min(l,p1(20,2)/b,), for © € Fy. Let
i € {1,...,m,}, and consider the 1-cell wfa)(Fo) = {y1,y2,y3} say.
Since the distance (in the graph F.™) between each pair y;, yi is 1,
we have |f(y;) — f(yx)| < b3, for each j,k, and at least two of the
f(y;) must be equal. Therefore &(f o (), f o ¥{*) < 2b72, so that
2 = &y(g,9) < Tama(2b7?). The second inequality in (3.7) is immediate
from (2.7). O

LEMMA 3.2. — Foralln > 0, f € C(F,), 0 < m < n we have
IF (@)= f@))? < c1tRIEL(S, f) if z,y are in the same m-complex. (3.8)

Proof. — We can view F, as an electrical network with associated
Dirichlet form &, — see [5]. Note that the resistance of an edge in F,, is
Rl Write 7(z,y) for the effective resistance between the points = and y
in the network F,,. Then (see [14]) = is a metric and for f € C(F),)

|f(@) = FW)I* < r(a, y)€nlf, f)- (3.9)

Note first that if £ < n, z,y € F} and pi(z,y) = 1 then r(z,y) < 1/Ry.
So if z,y € Fy are in the same (k — 1)-complex then r(zr,y) < bt /Ry.

Vol. 33, n° 5-1997.
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Now let z,y € F,, and suppose that z,y are in the same m-complex.
Choose zn, € F,, in the same m-complex as z, y. Then there exists a chain
Zm = Ty Tmtl,---,Tn = & such that 2, € Fy and zy_1, 2, are in the
same (k — 1)-complex. Hence

7(2m,T) < Z T(Tp-y,Tr) < b Z 1/Ry
k=m+1 k=m+1
<BYR,N D (2/3) < 26V R
J=1
where we used (3.7) in the last line. Combining this with (3.9) proves the
lemma with ¢, = 4b*. O

The decimation property (3.5) implies that if f : F — R then
E.(f|F., f|F,) is non-decreasing in n. This enables us to define a limiting
bilinear form (£,F) by

F={f €C(F): lim &.(f,f) < oo},
and

E(f.)=E0(f.f) = lim E.(f.f), [feF.

The following result is proved from Lemma 3.2 in the same way as
Theorem 4.14 of [16].

THEOREM 3.3. — (a) The bilinear form (€, F) is a regular local Dirichlet
form on L*(F, p).

(®) |f(z) ~ fW)I? < ci€(f,f) for all f € F.
Note also that from (3.8) we deduce for f € F

If()—f()|? < ciR;E(F, f) if z,y are in the same m-complex. (3.10)

We need some further properties of the Dirichlet form £, and begin
by proving the following Poincaré inequality. For u € C(F) we write
U = fF udye.

LEmMMmA 3.4. — For f € F

E(f, f) = eallf - Fli3 (3.11)

Proof. ~ Let ¢ = f — f. Then from Lemma 3.2, for z,y € F,

(9(z) - 9(9))* = (f(2) ~ f(¥))* < c1€(f, f). So,

aE ) = / / G, Hidoydy) > | / (6(2) — oy)2u(dz)u(dy)
= 2/g(m)2u(dx). a
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The following decomposition of Dirichlet forms is along the same lines
as that given in [15], but the non-constant environment gives it a more
cumbersome form. We use notation such as R,(£) to denote the quantity
R,, associated with the environment sequence £.

LemMa 3.5. - For f € F, n > 0,

EOf = Y RuQETO(foyu. fotp).  (312)

wEW,(£)

Proof. — f m 2> n then

EQ(f, f)
- Z R (6)E(f o Y, [ 0t)
weW,, (£)

= 3 Y Rul®Run-nl6E)E(f 0t 0, f 0t 0 1)

wWEWn () vEWrm_n(678)

3 RaOEL D (f 0w, f 0 ).

weW, (€)

Letting m — oo the result follows. ]

4. TRANSITION DENSITY ESTIMATES: UPPER BOUNDS

Let P; be the semigroup of positive operators associated with the Dirichlet
form (£,F) on L2(F, ), and let (A, D(A)) be the infinitesmal generator
of (P;) - see [9]. As (£, F) is regular and local, there exists a Feller
diffusion (X;,t > 0,P* z € F) with semigroup P,, which we will
call Brownian motion on F. As in [8] we deduce from Theorem 3.3
that Gy = [e *P,dt has a bounded symmetric density gx(z,y) with
respect to p. As ga(z,y) € F C C(F), gx(z,.) is continuous for each
x. As in Lemma 2.9 of [7], it follows that P, has a bounded symmetric
density p;(z,y) with respect to y, and that p,(x, y) satisfies the Chapman-
Kolmogorov equations. We now obtain upper bounds on p,(z, y), beginning
with the on-diagonal upper bound, where we follow closely the argument
of [17].

LEMMA 4.1. — There is a constant c; such that if T <t < TY then

P:ll100 < €1 Mn. (4.1)
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Proof. — For w € W, write f, = f o, and

fu = /F e Fu(@)u®" O (dx).

Note that for v € C(F,), o = [vdu = 3w My 0.

Let ug € D(A) with ug > 0 and |lug||y = 1. Set w(z) = (Poug)(z)
and g(t) = ||u)|2. We remark that g is continuous and decreasing. As the
semigroup is Markov, ||u.]|; = 1, and using Lemmas 3.5 and 3.4,

% () = —2&(ue, ur)

=-2 Y R.£®9(u 04y, u09,) (by 3.12)
wew,

S _203.1Rn Z /(ut,w - ﬂt,w)Zdu(onf)
= —2¢31 R, M, / ufd,u + 2¢31 R, Z ﬁiw
< —2¢3.0 Ry M ||[us]|3 + 2c3.1 R M. (4.2)

Since M, R, = T,, we have ¢'(t) < ~cT,(g(t) — M,), for all n > 0.
Therefore

L rog(glt) - Ma) > €T, if (1) > Mo (43)

Let s, = inf{t > 0 : g(t) < M.} for n € N. Thus (4.3) holds for
0 < t < s,. Integrating (4.3) from s,,12 to 5,41 we obtain

cT(Snt1 — 5n+2) < —log (9(3n+1) - M,) +log (9(sn+2) — M)
=log (Mpn12 = Mn)/(Mpy1 — M,) <log(m™ +1).

Thus Sp41 — Snie < ¢(T,)"Y, and iterating this we have
$n < ¢ Z (Tk)—l < C2(an>_1-
k=n—1

This implies that g(ca/Tn) < g(sn,) = M,. It follows that there exists
¢; < oo such that if ;' <t < T}, then

g(t) S Can-
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Finally
1Pll1—ce = 1Pt} 2 = sup g(t),

and as D(\A) is dense in F, this proves the Lemma. O

As in [7], Lemma 4.6 we can now use the symmetry of p.(x,y), and
the fact that it satisfies the Chapman-Kolmogorov equations, to deduce that
p(x,y) is jointly continuous in z,y for each t. We therefore obtain from
Lemma 4.1 the pointwise bound

pt(xay) S ClM'na T,y € F. (44)

For any process Z on F define the stopping times S¥(Z) by S¥(Z) =
inf{t > 0: Z, € Fy}, and

SHZ) = inf{t > SF1(2): Z € F\{Zsx ()} }:

these are the times of the successive visits to Fy; by Z. We define the
crossing times on level k by WF(Z) = S¥(Z) — S¥ ,(Z), and write
SF = Sk¥(X), WF = WF(X). We now recall some properties of X and
the crossing times — see [4, 18] for details. Let ¥» = X 5?; then Y" is
a simple random walk on F,,. The ‘Einstein relation’ ¢, = m,r, implies
that EWMY™) = T, /T, for i > 1, n < m. If X! = Y7,y then, as
in [4], we have that the processes X" converge a.s. to X. We also have
WHX™) — WP(X) as. and in L? as m — oo, from which we deduce
that EW(X) = T;! forn > 0, ¢ > 1.

Now fix z € Fn, and B be the union of the n-complexes ,,(F),
w € W, which contain z. Write Sg = inf{¢t > 0 : X; ¢ B}, and note that
E*Sp =T, ' Forz € Bwehave Sp < S} P* -as., and since S™, m > n
is a decreasing sequence with limit 0 (as X is non-constant), we deduce

Sp < ) (Si-Si. (4.5)
As Xgiv1 € Fiyq, we have E(Si - 8ith) < Y(€i1)TL], where v(a) is
such that if &, = a and Sy = inf{r > 0:Y,! € F;}, then
max EYSy = vy(a).

yEF(a)
(Note that as Y'! is for each a a random walk on the irreducible set Fl(“),
v{a) is fimite:) Let e3 = max, v(a). From (4.5) we have, for z € B,
E$SB < C3 Z H—l < C4T_ (46)
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Since Sp < t+ 1(s,>(Sp — t) we have, from (4.6),

E*Sp <t+ E*(L(s,50E~(SB))
<t+ P*(Sp > t)e TL

So P*(Sp < t) < ¢j Tt + (1 —c;'), and as Sp = WP P -as., we
deduce there exist cs > 0, cg € (0,1) such that

Pz(Wln S t) S CsTnt + Cg, i 2 0. (47)

This bound is quite crude, but we can now, as in [2], use it to derive a
much better estimate on P*(W* < ).
We first define

_ _oeloog Tt o T
k—k(m,n)_mf{]ZO.—B—;:jzg;—}. (4.8)
As the function k(m,n) plays a crucial role in our bounds, we need to
spend a little time exploring its properties. First, we recall the inequalities
2<b, <V, 4<t, <t% 2 < b, < tafby < t*/2, from (2.7) and
Lemma 3.1.
If m > n then T,,,/B,, > T,/ Bm, so k(m,n) = 0. If m < n then as
T./Bn < Tn/By we deduce that k(m,n) > n — m. On the other hand,
writing k£ = k(m,n), we have

Toii-1/Tm
2k—1 < m+k—1/4tm < Tn Tm < (¢ nfm’
S Box /B [T < (%)
so that
n—m< k(m,n) <c;(n—m) when m <n. (4.9)

Note also from (4.9) and the remarks preceding that if m < n then
n<m+k<m+c{n—m) < (1+ ¢r)n. Therefore,

n<m+k(mn) <(1+c)n if m<n. (4.10)

Using the bounds on ¢,/b, above we have, for i > 0,

gitl Lyt L1414+ < (4 /9y Tyt
Bm+l Bm+1+l+i m<4-l

from which it follows that
|k(m + 1,n) — k(m,n)| < cg, for all m,n. (4.11)
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So, we have,

Bml m’',n Bm m,n
1og(——~———gk( - )>—log(———————g( : )>
m’ m

We now define the approximate walk and spectral dimensions,

< (1+cs)|m’ —m]|logb*. (4.12)

_ 2log M,

dw(m) = , d, = . 4.13
(M) = fog Bn () = e 7o (4.13)
LemMMmA 4.2. — Let 0 <t < 1, 0 < 7 < 1, and let n, m satisfy
T <t<T7Y, B;'<r<B;l,.
Then writing k = k(m,n),
1 Btk pidu(m+k) | 1/(dy (m+k)—1)
5exp<09 B ) 5exp(<————t————)
BTn
< exp(clo—Bﬂ). (4.14)

Proof. — If m > n then k = 0, and so B,,x/B,,=1. Since d,,(m) <
logt*/log?2 < ¢, and 7 < ¢B;;!, we have rdv(m+k) = plogTm/logBm <

m °*

¢T;Y, so that r¢(m+k) /t < T /T, < . As r3=(m+8) /t > 0 the lower
bound is clear. It follows that (4.14) holds.
If m < n then writing a = d,(m + k),

ra/t < CTn/Bfr‘z < CTm+k/(Bm+kB:z_1) = C(Bm-Hc/Bm)a—lw
with a similar lower bound. O
LemMMA 4.3. — There exist constants ¢y, c12 such that if k = k(m,n) then

P(W™ < T;7') < errexp (—¢12Brtr/ Bum)- (4.15)

Proof. — If j > 0, then for the process X to cross one m-complex it must
cross at least N = B,,4;/B,, (m + j)-complexes. So

Bj+m/Bm

wr> YV
=1
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where V; are i.i.d. and have distribution W' “F9 Lemma 1.1 of [2] states
that if P(V; < s) < po + as, where pg € (0,1) and « > 0, then

IogP(ZVi < t) < 2(aNt/p)*? — Nlog(1/pq). (4.16)

Thus, using (4.7) and (4.16), we have
log P(W" < T.)

< ¢13(Binti/B) Y *[(Tonti / Ta)? = €1a(Bmj/Bm)?].  (4.17)
Given k = k(m,n) as above, there exists c;5 and ko such that
k—ci5 < ky <k, and

1
Tk /[ T)? < 5014(Bm+ko/3m)1/2-

Provided ky > 1 we deduce

1
log PW < T;1) < —5613c14Bm+k0/Bm < —¢12Bmtk/Bm.-

Choosing c;; large enough we have 1 < ¢11 exp(—¢12 Bmtk/Bm) whenever
k < ci15 + 1, so that (4.15) holds in all cases. |

LemMMa 4.4. — There exist constants ci1,Cig such that if 0 < t < 1,
0 < r < 1, and n,m satisfy

T7'<t<T7Y, B'<r<B;l,
and k = k(m,n) then for x € F
P*( sup d(X,,z) 2> 1)

0<s<t

pdu(m+k) 1/(dw(m+k)—1)
<en exp(—cle (——t——> ) (4.18)

Proof. — Let my be such that 2¢21B;,! < r < 2¢ 1Bm0 ,- Then
|m — mg| < c. From (2.10) we have that d(:v y) < e 1B if z,y are
in the same I[-complex. So, d(X,,z) € 2cp 1B} < r for 0 < s < §7™.
Therefore, writing ko = k(mq,n),

P*(sup d(X,,z) >r) < PF(57" <1)

0<s<t

< P(ST < T
< 11 exp(—c12Bimg+ko / Bmo)
< ¢11 exp(—¢Bum+k/Bm), (using (4.12))

i (me+k) 1/(dw(m+k)—1)
<ecn CXP<—016(‘—7—) ),
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by Lemmas 4.2 and 4.3. 0

THEOREM 4.5. — There exist constants ci7,Cig such that if 0 < t < 1,
x,y € F, and n,m satisfy

T-'<t<T ', B;!<dy)<B,., (4.19)
and k = k(m,n) then

Pz, y)

d(z, du (m+k) \ 1/(dw (m+E)—1)
S cl7t—ds(n)/2 exp<_cls(_(___yl.t__-_> . (420)

Proof. — Noting that M, < ct=% (/2 this is proved from (4.4) and
Lemma 4.4 by exactly the same argument as in Theorem 6.2 of [3]. O

Remark. — Note that the bound (4.20) may also be written in the form

pe(z,y) < cM,, exp(—¢ Bmir/Bm), (4.21)

where m,n satisfy (4.19), and k = k(m,n).

5. LOWER BOUNDS

In this section we use techniques developed in [3], [7] to obtain lower
bounds on py(x,y) which will be identical, apart from the constants, to
the upper bound (4.20).

LEMMA 5.1. — There exists a constant ¢y such that if T;' < t then
p(z,z) > 1M, forallz € F. (5.1)
Proof. — Note from Lemma 4.4 that if 7 = AB !, with A > b*, then
P¥*(d(z, X)) > r) < cq11€xp(—C4.16 Bmar/Bm),

where m < n satisfies B;;' < AB;' < B;;! |, and k = k(m,n). Note that
A < (b*)"~™*1. Since m+k > n we have Byir/Bm > Bn/Bm > 27™,
Thus

Bm+k/Bm > C)\log 2/ log b*,
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so that there exists ¢; > 0 such that
P*(d(z, X;) > 1) < cexp(—c' A?). (5.2)

Now let A = A be large enough so the left hand side of (5.2)
equals 3. Then by (2.12) u(B(z,AoB;')) < cM; !, and so writing
G = B(z, \B;') we have P*(X, € G) > L. So, using Cauchy-Schwarz,

1 T 2 _ o, ?
1 < P(X, € G)) ( [ n y)u(dy)) ,
< u(G) /G pe(,9)2uldy) < M p(, 7).

Ift > 77" then t/2 > T,, ), so we deduce that p,(x,z) > cMp 41 > a1 M,,.
O

We need to extend this ‘on-diagonal lower bound’ to a ‘near-diagonal
lower bound’, which we do via an estimate on the Holder continuity of
the heat kernel.

LEMMA 5.2. — Letm > 0, n > 0, and T;* < t, d(z,2’) < B;;L,. Then
for each y € F,

Ipe(z,y) — pe(z’,9)| < caMny/ %‘—‘ (5.3)

In particular py(.,.) is uniformly continuous on F' x F for each t > 0.

Proof. — By (3.10) if z,2’ are in the same m-complex then

pe(z,y) — pe(2's 9)|* < eRIEWe (. y), p:(,9))- (5.4)
As in [7} Lemma 6.4, we have, writing u(z) = py/2(2,y),

E(Pu, Pryau) < c{t/2) 7 jull3,
<t ply,y) < TIM, < T M,

As T, = M, R, we deduce that (5.3) holds if z,z’ are in the same m-
complex. i now we just have d(z,z’) < B!, then there is a chain of
at most b+ m-complexes linking z,z’, and again we have, adjusting the
constant ¢, that (5.3) holds. O

LemMa 5.3. — There exist cq,cs such that if T,* < t, then

<

pi(z,y) > cuM,,  whenever d(z,y) < csB; ' (5.5)
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Proof. — We can find ¢ such that there exists m withn <m < n+cand
R /Rn > (3/2)™™ > 4ck/c3. As m —n < ¢ we have B,," | > cs B!
for some constant c5. So if d(z,y) < csB;7! then by Lemmas 5.1 and 5.2,

pe(z,y) > pelx, ) — pe(2, y) — po(z, 7))
1
_.>_ Mn (Cl - c3(Rn/R7n)l/2 ) Z _2'C1Mn,

O
We can now use a standard chaining argument to obtain general lower
bounds on p; from Lemma 5.3.

THEOREM 5.4. — There exist constants cg, cy such thatif z,yin F, t € (0,1)
and
T <t< Tl Brl<d(zy) <Bpli,

then

d(z, y)dw(m+k) 1/(dw (m+k)-1)
_— . (5.6
: (56)

pe(x,y) > cgt ™4 M/2 exp(—C7(

Proof. — Using (5.5) we see that the bound is satisfied if m > n. Now let
m < n, write k = k(m,n), and choose j,! with 0 < j < | < ¢ such that

2179 > 3b* e, (B*) < (2b%)7;

note that such a choice is possible, with a constant ¢ depending only on
cz and b*. We then have

Bén+k+l < Bm+k+j (b*)l—j S‘Tm+k+]’ 2—j(b*)l—j < Tm+k+]" (57>
m+k i

Btk bk Ttk

and

* *xj—1
Boik+t = Bmykt; T Bmakss

Let N = Bpykti/Bm. Since d(z,y) < b*B.! there exists a chain

(5.8)

T = 29,21,...,28 = y with d(z;_1,2;) < b*B;l}Hcﬂ-. Let G; =
B(zi,b* B ,.,); then, if ; € Gi, we have
d(.’L‘i_l,.’L'i) < gb*B;lik-H < CZB;L’H-]" (59)

Let s = t/N, then

B B 1
5> ™ > mik . 5.10
ToBmik+t  TosrBumikst Ttk (5:10)
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From (5.5), (5.9) and (5.10) we have p,(z;41,2;) > cMpyrtj > ¢ Mk
Therefore since u(G;) > chm+k, and m + k > n,

Pile,y) > /G /G Pul(@, 1) o1, Yld) .. (),
> (H H(Gi))(CstM)N,

=1
> cMp i1 exp(—coN) > ¢M, exp(—c10Bm+k/Bm)-

Using Lemma 4.2 completes the proof. O

Proof of Theorem 1.1. — This is an immediate consequence of Lemma 2.4
and Theorems 4.5 and 5.4. |

6. EXAMPLES

In this section we apply Theorems 4.5 and 5.4 to see how oscillations in
the environment sequence ¢; relate to oscillations in the transition density.

For the environment sequence & set

ha(n) =n1 Z 1(&:0,)7 a € A
Let (p,) be a probability distribution on A, and suppose that £ satisfies, for
some regularly varying increasing function g,
ho(n) - p, asn—oo foreachac€ A, (6.1)
|ha(n) = pa] <n7Mg(n), n2>1,a€A (6.2)

Note that if 0 < p, < 1 then liminf |nh,(n) — nps| > 0, so that the rate
of convergence given by taking g(n) = O(1) is the fastest possible. We

take ¢(0) =
We have
_ 2 Za he (") logm, _ Za ho(n)logta
S SN I SN
Let
L 2}, palogm,
ds, = 1171111 ds(n) = S palog s

and define d,, similarly.
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If (pa), (qo) are probability distributions on A, and for a € A, u,, v,
satisfy u* > u, > c¢1, v* > v, > ¢, then elementary calculations yield

2 Ga¥a D Pall
Y GuVa Y. Pala

Therefore (6.1), (6.2) imply that

< ¢ *uv* max |Pa — qal- (6.4)

%‘ds(n) — di| < csn”lg(n), dw(n) ~ du| < 0377'_19(”)' (6.5)

Let
P(t) = g(log(1/t)), te€(0,1).
THEOREM 6.1. — Let € satisfy (6.1) and (6.2). Thenfor0 <t < 1, x,y € F

d 5 du, 1/<du-_‘1)
pi(2,y) < eyt ™%/ 25900 exp( ‘W(t)(~—~————(T’§/) > ) (6.6)

p oo \ 1V (de—1)
pe(z.y) > et~ % /250 (2) exp(—cse“”"(t) (@L’C_t@_> > (6.7)

Proof. - Let T;' <t < T7, B;! <r=d(z,y) < B ,. Then, since
" <T, < (t*)" and similar bounds hold for B,,, we have

en <log(l/t) < c¢'n, om <log(l/r) < d'm. (6.8)
So by (6.5)

= de(n)/2 < y=ds/2y—can”"g(n)
<t %2 exp(eg(cn)) < t74/2 exp(esy(1/t)).  (6.9)

For the off-diagonal term we have; writing u = rév /t,

T, Tk B \ 7 du(m+k)~d.,
“ S cBg{“ S cBm+de -1 - C( BnL ) B’m+k ’
so that if v = (dy — dw(m + k))/(d,, — 1) then

Byt B > cute0BY

(6.10)
If m < n then using (4.10) we have ¢'n < log B4 < ¢’n, and so

log B) . > —cnldu(m + k) — dy,| > —¢g(n), (6.11)
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while if m > n then By,yi/Bm = 1. From (4.21) we have
Dt (.’L‘, y) S Ct_ds (n)/2 eXp("CBm—Hc/BNL)y

and combining this with (6.9), (6.10) and (6.11) we obtain (6.6).
The lower bound is proved in exactly the same way. O
The on-diagonal bounds here are (up to constants) the best possible. Set
g (z) = pi(, z)t%/2,
THEOREM 6.2. — Let £ satisfy (6.1) and suppose there exists a sequence
n; — 00 such that

ni(ds(ni) - ds) > g(nl), 12> 1. (612)
Then if s; = T,
gs,(z) 2 exp(cy(1/s:)), 121 (6.13)

Similarly, if ni(ds(n;) — ds) < g(n;), then s, (z) < exp(—cy(1/s,)) for
i > 1

Proof. — From Theorem 5.4, and using the calculations in Theorem 6.1
we have ‘

G, (%) > s D2 > cexp(cg(ny)) > cexp(cP(1/s:)),

which establishes (6.13). The upper bound is proved in the same way. [l

Remark. — Theorems 6.1 and 6.2 imply that the bounds on p, of the kind
which hold for regular fractals such as nested fractals or Sierpinski carpets,
(see [3, 15]), hold for scale irregular Sierpinski gaskets if and only if the
convergence of ds(n) to d, is as fast as possible, so that the function g
in (6.2) satisfies g(n) < K for all n.

We can apply Theorem 6.1 to the case when the environment random
variables £; (defined on a probability space ({2, F,P)) are i.i.d. with (non-
degenerate) distribution (p,). By the law of the iterated logarithm the
random variables h,(n) satisfy (6.2) with g(n) = C(w)(nloglogn)'/2,
where P(C(w) < oo) = 1. Applying Theorem 6.1, and writing ¢(t) =
max{((log(1/t)) log log log(1/t))!/2,1}, we have
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COROLLARY 6.3. — There exists a constant C = C(w) € (0, 00) such that
for0 <t <land z,y € FEW) p g,

(. )\ M=)
pe(x,y) < cat /2000 exp(—cﬁe‘cd’(” (—(—’ty)-—> , (6.14)

with a similar lower bound.

Remark. — In [10] it was proved that for each € > 0 there exist ¢r(e, w),
cs(e,w) such that for z,y € FEW)

d ’ dwte\ 1/ (dw—1)~¢
pt(m,y)S67t“ds/2‘sexp(—68(-(—x—yg—~) ) (6.15)

Setting 7 = d(z,y) let a(r,t), b(r,t) denote the right hand sides of
(6.14) and (6.15) respectively. Since limy g tfec®® = 0, we have that
a(0,t) < b(0,t) for all sufficiently small ¢{. With a little more labour
we can also show that a(r,t) < b(r,t) for all sufficiently small r,t, so
that, neglecting constants, the bound in (6.14) improves that of (6.15). (Of
course, this is to be expected, since Theorem 5.4 shows that the bounds in
Theorem 4.5 are, up to constants, the best possible).

Note, however, that for the on diagonal bounds there is less oscillation
in the random recursive case [11] than that observed here.

7. SPECTRAL RESULTS

Write £ for the infinitesimal generator of the semigroup (F;): we call
L the Laplacian on the fractal F. The uniform continuity of p;, (see
Lemma 5.2) implies that P; is a compact operator on L?(F, ), so that
P;, and hence —L, has a discrete spectrum. Let 0 < A\; < ... be the
eigenvalues of —L, and let N(A) = #{\; : \; < A} be the eigenvalue
counting function.

Since

/ pe(z, z)p(dz) = /°° e "' N(ds), t>0,
F 0

using (4.20) and (5.6) we have
aM, < / e /T N(ds) < caM,,, n>0. (7.1)
0
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PROPOSITION 7.1. — There exist constants cs, ca, ¢s such that if A > c3 and
n is such that T,,_1 < X < T,, then

caA (/2 < N(X) < e A% /2] (7.2)
Proof. — It is sufficient to prove that there exists cg > 0 such that
cM,, < N(T,) <M, forn > c.

The right hand inequality is easy. From (7.1)
oM, > /O " e=5/Ta N (ds) > e~ N(T,).
For the left hand inequality, let r < n and note that
eiM, < N(T,) + /;Oe‘S/T”N(ds).

We have

J.

n

e N(ds) = Z / e~/ N(ds) (7.3)
k-—n

< Z e~ T/ N (T ) (7.4)
k=n

<M, Z m*(m* )" exp(—4¥7").  (7.5)

k=n

So there exists ¢g > 0 such that if n > cg then there exists n —cg < r <n
such that

o 1
/ e/ N(ds) < =¢c1 M,
- 2

We therefore deduce that N(T},) > 2¢i M, > ¢'M,, by the choice of r for
n > Cg. [

Finally, we consider the case, mentioned in Section 6, when the
environment sequence is i.i.d. with non-degenerate distribution (p,). Let
#(A) = ((log A)logloglog A)'/2. Combining Proposition 7.1 with the
calculations made in Section 6 we obtain

COROLLARY 7.2. — There exists positive constants cz, cg such that P-a.s.

) NN e—crd(A) N(\)ecse(D)
0< hirisip—(-—))\;jz—— < llrggfi)\—?i:/—zm— < 00.
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