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Abstract

We consider the symmetric non-local Dirichlet form (€, F) given by

E(f,f) = / / (F@) — F(@)2 I (@,y) dzdy

Rd R4

with F the closure of the set of C! functions on R? with compact support with respect
to &1, where E1(f, f) := E(f, f) + [ga f(2)?dz, and where the jump kernel J satisfies

kaly — | < J(x,y) < Kaly — 2| 4P

for 0 < a < 8 < 2, |z —y| < 1. This assumption allows the corresponding jump
process to have jump intensities whose size depends on the position of the process and
the direction of the jump. We prove upper and lower estimates on the heat kernel.
We construct a strong Markov process corresponding to (€, F). We prove a parabolic
Harnack inequality for nonnegative functions that solve the heat equation with respect
to £. Finally we construct an example where the corresponding harmonic functions
need not be continuous.
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1 Introduction

In this paper we introduce a class of symmetric Markov processes of pure jump type.
Our assumptions allow the jump intensities to depend on both the position of the process
and the direction of the jump. Thus our processes can be highly anisotropic. Although
very little regularity is assumed, nevertheless we are able to obtain a number of results
concerning these processes.
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We begin by considering symmetric non-local Dirichlet forms. Set

et.0) = [ [() - 1@y daay, (1)
R? RY
F = CI®)”, (1.2)
where the jump kernel J(z,y) is a function of z and y satisfying the following conditions
(A1) J(z,y) = J(y,z) for all z and y;
(A2) J(z,y)=0for |z —y| > 1;
(A3) There exist a, 8 € (0,2), 8 > a and positive k1, kg such that

kily — x| T < J(zy) < koly—z| 4P forly—z|<1.

Here &1(f, f) :== E(f, f) + I3, CL(R?) denotes the space of C' functions on R¢ with
compact support, and F is the closure of C!(R%) with respect to the metric & (f, f)/2.

We obtain the following four main results in this paper. We emphasize that we make
no continuity assumptions whatsoever on the jump kernel J.

(i) We show that there is a Hunt X process associated to (£, F), and X has a symmetric
transition density function p(t,x,y), with respect to Lebesgue measure on R?. We
call this transition density function the heat kernel corresponding to (£,F) and
derive upper and lower bounds.

(ii) We show that the strong Markov process X corresponding to (£,F) is conservative
and can be realized as a weak limit of certain more regular jump processes.

(iii) We establish a parabolic Harnack inequality for nonnegative functions that solve the
heat equation with respect to (€, F).

(iv) We construct a counterexample to show that harmonic functions with respect to X
need not be continuous on R¢.

We now discuss each of these points in turn.

We first show there exists a Hunt process associated to (£, F).

Theorem 1.1 Suppose (A1)-(A8) hold. There exists N C R¢ having zero capacity with
respect to the Dirichlet form (€,F) and there is a Hunt process (X,P*) with state space
RI\N such that for every f € L*(R%,dx) and t > 0, z + E*[f(X,)] is a quasi-continuous
version of Tyf, where {T},t > 0} is the L?-semigroup associated with the closed form
(&, F).

Note that the Hunt process X can start from any point in R \ \ and that once it starts
from R? \ VV the process X together with its left hand limits takes values in RY \ A" up to
and strictly before its lifetime ¢. The set N is called the properly exceptional set of X (or,
equivalently, of (£,F)) and it has zero Lebesgue measure. For simplicity, sometimes we



just say that X is a Hunt process associated with (£, F) starting from quasi-everywhere
in R?. For more on terminology and properties of Dirichlet forms, we refer the reader to
[FOT94].

Let P(t,z,dy) be the transition probability for the Hunt process X associated with
(&,F).

Theorem 1.2 Assume conditions (A1)-(A3) hold. There is a properly exceptional set
N CR¢ of X, a positive symmetric kernel p(t, z,vy) defined on (0,00) x (RE\N) x (RE\N),
and positive constants Cy and Cy (depending on the constants in (A1)-(A3)) such that
P(t,z,dy) = p(t,z,y)dy, and

p(t,z,y) < Crt~ Y2t for every t > 0 and z,y € R \ . (1.3)

Moreover, for everyt >0 and y € R\ N, z > p(t,z,y) is quasi-continuous on R?.

We also obtain lower bounds on the heat kernel. Let B(z,r) denote the open ball of
radius r centered at z, and p?(t,z,%y) be the transition densities for the subprocess of X
killed upon exiting the ball B.

Theorem 1.3 Assume conditions (A1)-(A3) hold. Let yo € R*, T > 1/2, and 6§ €
(0,1/2). Let R > 0 and B = B(yo, R). There exists a properly exceptional set N and a
positive constant C that depends on R,T,«a, 3, k1, k2, and &, but not on yo such that for
all t € [0,T)

pP(t,z,y) > C (1.4)

for every (z,y) € (B(yo, 3R/4) \ N) x (B(yo, 3R/4) \ N).
Remark 1.4 The jump kernel J does not have any scaling properties, and so one should

not expect the results in Theorems 1.2 and 1.3 to be scale invariant. In particular, the
constant C' in Theorem 1.3 depends on R.

One of the difficulties in working with the process associated to (£,F) is that we do
not know that F defined above is equal to
Foo = {f € LQ(Rdadm) : 5(f7f) < OO}

(A similar problem arises when studying the minimal Brownian motion on a manifold.)
To circumvent this and other difficulties, we will approximate J by jump kernels J; which
have regular behavior for |z —y| < . We introduce the following condition, which we will
assume from time to time. Let £ > 0.

(A4)(¢) The jump kernel J satisfies
J(z,y) = koly — x| 4P when |y — z| < &.
If J satisfies (A1)—(A3), define
Te(@,y) = J(2,Y) L (joey>e) + K2|T — Y™ P L (poyi<e)- (1.5)

Let (£(), F(©) be the regular Dirichlet form on R? defined by (1.1)-(1.2) with J¢ in place
of J. We can then prove (see Lemma 3.1 below) that

F&) — {fe LQ(]Rd,dm) : 5(5)(f, f) < oo}

We also have



Theorem 1.5 As ¢ — 0+, (£©, F©) converges to (£,F) in the sense of Mosco.
Remark 1.6 See Definition 4.1 for the definition of Mosco convergence.

(i) Mosco convergence (see [Mo94]) implies that the semigroups of the processes X (€)
associated to £©) converge in L?(R%,dz) to the semigroup of the process X. We
establish Theorem 1.3 by first proving the result for X(€), with constants independent
of ¢; taking a limit then gives the result for X.

(ii) Studying X by first assuming (A4)(¢) and then taking limits is analogous to a common
procedure in the study of elliptic operators in divergence form. There one often first
assumes the coefficients are smooth and obtains estimates that do not depend on
the smoothness, and then uses a limiting procedure.

(iii) We prove Theorem 1.5 by first establishing a simple sufficient criterion for Mosco
convergence to hold. This is of independent interest.

(iv) It seems to be difficult to establish a similar result if we approximate J(z,y) from
below when |z — y| is small.

(v) As remarked above, we do not know in general that F = F. However if the jump
intensity kernel J is “translation equivalent” near the diagonal, that is, if there exist
constants ¢ > 1 and ¢ > 0 such that

c_lj(x,y) S J(.’B — 29— Z) S CJ(‘T,y)

for a.e. z,7y,2 € R with 0 < |z —y| < 6, then it is not difficult to show that F = Fuo.
Since such a result will not be used in this paper, we omit its proof.

Let X be the Hunt process associated with the regular Dirichlet form (£,F) on R¢,
which has an exceptional set A'. We say a function h : R — R is harmonic on a ball
B(y,r) if h(Xt/\TB(y,m) is a P?-martingale with right continuous paths for every r € (0,r)
and every x € B(y,r1) \ V. Here 7p(,,,) = inf{t : Xy & B(y,1)}-

Set V; = Vy — t and let P(5?) be the law of (V;, X;) started at (s, z). We say a function
u: [0,00) xR — R is caloric on Q = (a,b) x B(zg,r) with respect to &£ if u(Vinrg, Xtnrg,)
is a P(®%)_martingale with right continuous paths for every open subset Qi of @ with
Q; C Q and for every (s,z) € Q1 N (Ry x (RY\ N)). Here 1g, = inf{t : (V;, X;) ¢ Q1}-

We prove that nonnegative functions that are caloric with respect to & satisfy a
parabolic Harnack inequality.

Theorem 1.7 Suppose the Dirichlet form (E,F) is given by (1.1)-(1.2) with J(z,y)
satisfying (A1)-(A8). Let t¢ > 0,R > 1, and T > 0.There exists a positive real
C = C(o, B,K1,k2,d, R, T) such that if o € R? and u is nonnegative and bounded in
(to, to + 5T) X R? and is caloric on Q = (to,to + 5T) x B(xwg,4R) with respect to £, then

ess supg- u < Cess infg+ u,

where Q~ = [to + T, to + 2T] x B(zg, R) and Q* = [to + 3T, to + 4T] x B(zo, R).



Remark 1.8 Concerning the hypotheses and statement of Theorem 1.7, we make the
following remarks.

(i) We assume u(t,-) is bounded in R? in order to ensure that the random variable
u(Vt/\TQ,Xt/\TQI) is integrable. However the constant C' does not depend on this
bound.

(ii) Harmonic functions are caloric, so the parabolic Harnack inequality implies that an
elliptic Harnack inequality also holds.

(iii) Assumption (A3) does not satisfy any type of scaling property. As a result, one
cannot expect the parabolic Harnack inequality to be scale invariant, i.e., that the
constant C can be chosen independently of R or T'. Since an example in [BK05a]
shows that scale invariance can fail for the elliptic Harnack inequality, it can also fail
for the parabolic Harnack inequality. This phenomenon is well-known in the theory
of degenerate partial differential equations, see [CW86], [GWI0].

(iv) We shall see in Theorem 1.9 below that it may not be possible to extend a har-
monic function k to a continuous function on R%. Thus we have to use the essential
supremum and essential infimum in Theorem 1.7.

(v) Assumption (A2) rules out any jumps of size larger than 1. An example in [BK05a)
shows that the large jumps, although in many ways less interesting, can cause the
Harnack inequality to fail. For similar reasons we cannot replace the ball of radius
1 by arbitrarily small balls in Theorem 1.7.

(vi) We allow 0 < a < f < 2 with no other restriction on a and 8. This should be
contrasted with the situation in [BK05a], which considers non-local operators that
are non-symmetric, and where in addition it was required that f — a < 1.

Following [FS86] many papers have used heat kernel estimates to prove Harnack in-
equalities. The usual procedure is to obtain an oscillation inequality, and from this one
obtains a Harnack inequality. We cannot use this approach here, since our counterexam-
ple shows that the constant in the oscillation inequality can blow up as the radius r, of
the ball approaches 0. Instead, the proof of Theorem 1.7 uses a balayage argument; this
approach is new and is of independent interest.

As we mentioned above, harmonic functions need not be continuous. We prove

Theorem 1.9 There exists a Dirichlet form (€,F) given by (1.1)—-(1.2) with the jump
kernel J satisfying (A1)-(A3), but where there also ezists a bounded harmonic function
that cannot be extended to be a continuous function on B(0,1).

Remark 1.10 (i) We will also show that continuity can fail for P;f, even when f is
smooth.

(ii) Our construction also gives an example of a martingale problem for which uniqueness
fails. The example also shows that the existence of a properly exceptional set N in
Theorem 1.1 and Theorem 1.2 is essential and cannot be dropped in general.



(iii) The harmonic function we construct may be continuous outside a set N of capacity
0.

Heat kernel estimates and Harnack inequalities have a long history in the theory of par-
tial differential equations. After path breaking work by DeGiorgi [DG57] and Nash [Nas58]
on regularity, Moser [Mos61] proved a scale invariant Harnack inequality for functions that
are harmonic with respect to second order elliptic operators in divergence form. This was
extended in Moser [Mos64] to solutions to the heat equation, i.e., the parabolic case; see
also [Mos71]. A quite different proof of this was given in Fabes-Stroock [FS86]. The Har-
nack inequality for operators in nondivergence form was established by Krylov-Safonov
[KS80]. However the corresponding theory of Harnack inequalities for jump processes is
still largely unknown.

Non-local operators such as those considered in this paper arise in the study of models
of financial markets (see [SS06] and the references therein). They also arise in the study of
the Dirichlet-to-Neumann map, particularly for subelliptic operators or in rough domains.

Harnack inequalities for non-local operators have been considered in [BL02a] and [SV04]
for fixed order, non-symmetric operators, [BL02b] and [CK03] for fixed order, symmetric
operators. A scale dependent Harnack inequality has been established in [BK05a] for
variable order, non-symmetric operators. Additionally, regularity of harmonic functions
is considered for variable order, non-symmetric operators in [BK05b], [HuKa05]. For heat
kernel estimates and parabolic Harnack principle for symmetric non-local Dirichlet forms
on d-sets, see [CK03], [HuKu05] for fixed order and [CKO06] for variable order. See [SU05]
for related results for processes given in terms of pseudo-differential operators.

The paper is organized as follows. In the next section we obtain some upper bounds for
the fundamental solution of the operator corresponding to £ and in Section 3 we consider
lower bounds. The Mosco convergence is proved in Section 4. The parabolic Harnack
inequality is established in Section 5. The counterexample is constructed in Section 6. We
use c¢j,c or C to denote finite positive constants that depend only on «, 3, k; or d and
whose exact value is not important and may change from line to line. Further dependencies
are mentioned explicitly. We denote the Lebesgue measure of a Borel set A by |A|. If A
is a Borel set and Y a right continuous process, we use the notation

TY =Ty =inf{t >0:V, € A}, 715 =7a=inf{t>0:Y; ¢ A}. (1.6)

For processes Y with paths that are right continuous with left limits, we let Y;_ be the
left hand limit at time ¢ and AY; :=Y; — Y;_ the jump at time t.

2 Upper bounds for the heat kernel

Throughout this section we will assume that the jump intensity kernel J satisfies (A1)—
(A3). We begin with the proof of Theorem 1.1, which is easy.

Proof of Theorem 1.1: Let C,(R?) denote the space of continuous functions on R?
that vanish at infinity and let || - ||oo denote the supremum norm in Cy (R?). Tt is easy to
check by using Fatou’s lemma that the bilinear form (€, F) is a closed form (cf. [FOT94,
Example 1.2.4]). As C}(R?) is dense both in (F,&;) and in (C, ||+ ||eo), (€, F) is a regular
Dirichlet form on R?. Our result now follows from [FOT94, Chapter 7). O



It is well known that Nash’s inequality implies the operator norm estimate for the
transition semigroup P; from L'(R?) to L*°(R¢). However this only implies for every
t > 0 the existence of p(t,z,y) almost everywhere on R¢ x R? such that for every f > 0
on R%,

Rf@) = [ pltaniwiy  forac a R

We need something stronger.

Since the following result has independent interest, we state and prove it in a more
general context. For the next theorem only, let £ be a locally compact separable metric
space and m a Radon measure on E whose support is all of £. A symmetric Dirichlet
form (€,F) in L2(E,m) is said to be regular if C.(E) N F is dense both in (F,&;) and
in (C.(E), | - lloo)- It is well known (cf. [FOT94]) that a regular symmetric Dirichlet
form (&£, F) has associated with it a symmetric Hunt process X that can start from every
point outside a properly exceptional set A/ (cf. Theorem 1.1). For z € E\ N, we use
{P(t,z,dy),t > 0} to denote the transition probability of X. The transition semigroup
{P;,t > 0} of X is defined for z € E\ N by

P f(z) .= E* [f(X4)] for f>0on F and ¢t > 0.

Theorem 2.1 Let E, m, and P; be as above. Assume that there is a positive left contin-
uous function M(t) on (0,00) such that

|1P:flloc < M ()| fl1 for every f € Ll(E,m) and t > 0. (2.1)

Then there is a properly exzceptional set N C E of X and a positive symmetric kernel
p(t, z,y) defined on (0,00) x (E\N) x (E\N) such that P(t,z,dy) = p(t, z,y) m(dy),

p(t+s,z,y) = /p(t,:v,z)p(s,z,y)dz for every z,y € E\N and t,s > 0,

and
p(t,z,y) < M(t) for every t >0 and z,y € E\ N. (2.2)

Moreover, for everyt >0 andy € E\N, z — p(t,z,y) is quasi-continuous on E.

Proof. Let N be a properly exceptional set of X. Recall that the transition semigroup
{P;,t > 0} of X is defined for z € E\ N by

P f(z) .= E* [f(X4)] for f>0on F and ¢t > 0.

Let {fx, k > 1} C C.(E)NF be dense in both L?(E, m) and L'(E,m). For each fixed t > 0
and k > 0, P, f is quasi-continuous on E. Thus for each £ > 0, there is a £-nest {F,gt),n >
1} consisting of an increasing sequence of compact sets such that P, fy is continuous on
each F\" for every k > 1 (cf. [FOT94, Theorem 2.1.2]). Let A, := E\ U, F which is
&-polar and in particular has zero m-measure.

Inequality (2.1) yields that for every n > 1,

sup |Pifj(x) — Pofe(z)] < M@)|f; — frllr-
:can(t)



Since {fx,k > 1} C C.(E) N F is dense in L*(E,m), it follows that P,f is continuous on
each Fét) and

sup [P f(z)] < M()[|f]lx
zEE\N;

for every f € L'(E,m). Therefore for every t > 0 and = € E \ N}, there is an integrable
kernel y — po(t, z,y) defined m-a.e. on E such that

E? [f(X,)] = Pof (x) = /E polt o, 9)f(y)dy  for every f € L'(E,m)  (2.3)

and
po(t,z,y) < M(t) for m-a.e. y € E (2.4)

From the semigroup property P;;s = P;Ps, we have for every t,s >0 and z € E\ (N45U
Nb),

wit+say) = [ mitomlszpmdy) v mace ye B (29)
E
Note that since P; is symmetric, we have for each fixed ¢ > 0,
pO(taxay) = pO(taya:E) for m-a.e. ("L"y) €eEXE.

By enlarging the properly exceptional set N if necessary, we may and do assume that
N D Useq, N;. For every t >0 and z,y € E\ N, let s € Q; be less than /3 and define

plt.0) = [ mmGs,eu) ([ ot~ 250 (s nla) ) miaw). (26
E E
By (2.5) the above definition is independent of the choice of s € Q4 N (0,¢/3). Clearly,
p(t,z,y) = p(t,y,z) for every z,y € E\N. By the semigroup property and (2.3), we have
foro >0on Eandz € E\ N,

E* [p(Xt)]

= [ (L ontsszo) ([ sote = 25,0 2 n(o,20)n(a) ) () ety

= [ ([ mteszw) ([ pote = 25,0 20m(0,0. 2m(d2) ) ) ) ey
/E plt, 7, 9)p(y)m(dy).

Thus p(t, z,y) coincides with po(t, z,y) m-a.e. on E x E. Note that it follows from (2.4)
and (2.6) that for every t > 0 and z,y € E\ N,

p(t,z,y) < M(t — 2s) for every s € Q4 and s < /3.
Taking s | 0 yields

p(t,z,y) < M(t) for every t > 0 and z,y € E\ N.



For t,s > 0 and z,y € E \ N, take so € Q1 N (0, (t A s)/3), and we have by (2.5)-(2.6)

p(t+ s,z,y)
= [ otsszw) ([ ota-+ 250, (o0, @) ) i)

= /5P0(So,$,w)p0(t — 250, w, u1)po(S0, u1, u2)po(s0, u2, v)po(s — 250, v, 2)
E
po(80,Y, z2)m(dw)m(duy)m(dus)m(dz)m(dv)

= /;p(t,:(?,’l))p(S,’U,g)‘Tﬂ(d’U)-

We may assume that there is an E-nest {F,,n > 1} such that N' = E'\ (U3, F,,) and
P, fr, is continuous on F, for each &k > 1, each ¢ rational, and each n. It follows from
inequality (2.1),

sup |Fifj(x) — Pofe(z)| < M@ S5 — frll

for every t € Q; and n,k > 1. Since {f;,j > 1} is dense in L'(E,m), we conclude
that P,f is continuous on each F,, whenever f € L'(E,m). By (2.4), the function w
S po(t — 2s,w, 2)po(s,y, z)dz is L'-integrable on E, and so as a function of z, p(t,z,y) is
continuous on each F;, for every real t > 0 and y € E \ N. This proves the theorem. 0O

In order to get off-diagonal estimates for p(¢,z,y) from the on-diagonal estimate (2.2),
we need the following.
Theorem 2.2 Let the heat kernel p(t,z,y) and the properly exceptional set N be as in
Theorem 2.1. Suppose that 1) € C.(E) and that there is a positive left continuous function
My(t) on (0,00) such that

IPY flloe < My(@)fll for every f € L'(B,m) and t >0, (2.7)
where {th,t > 0} is the semigroup defined by P¥ f(z) := e¥* @ Py(e=¥f)(z). Then
p(t,z,y) < e_’/’(z)+1/’(y)M¢(t) for every t >0 and z,y € E\ N.
Proof. Clearly by Theorem 2.1, {th ,t > 0} admits a heat kernel
pY(t, z,y) == e¢(‘”)p(t,$,y)6_¢(y) fort >0 and z,y € E\N.

Since 9 € C,(E), for every z € E\ E and s > 0, y ~ p¥(t,z,y) is L'-integrable. Thus by
(2.7), for every s € (0,t) and z,y € E\ N,

Pty = /Epw(t—S,w,Z)p”’(s,z,y)m(dZ)

< Mw(t—S)/pw(S,Z,y)dZ
E

= My(t—s)e¥ (2)E, [e_’/’(Xs)] .



Since M (t) is left continuous and ¢ € C.(F), letting s | 0, we have by the bounded
convergence theorem that

P* (1) < My (1)@ e™V® = My (1),

and the conclusion of the theorem follows. O

We are now ready to prove Theorem 1.2. For 0 < s < 1, we use H*(R?) to denote the
usual Sobolev space of fractional order:

¥ (RY) := { v € L3(R?, da) : / %dydm<oo . (2.8)

R4 xR4

Proof of Theorem 1.2: We begin with the following inequality of Nash form: for all
functions u € H? (R%) N L (R%)

(‘R/u i) < //'“ |d+a|2 dy do [\u(xnd:c ! 29

where ¢y is a positive constant depending only on the space dimension d. This may be
proved using the continuous Sobolev embedding Hz (R?) < L?¥/(¢=%)(R?%) and interpola-
tion in LP(R?) spaces. An alternative way of proving this is to recall that the transition
densities for a symmetric stable process of order « are bounded by ¢t~%® and then to
apply Theorem 3.25 of [CKS87].

We then deduce from (A3)

3 < e| [ %%i%@iwm+@4ﬂmWM|HW“
z—y|<1
< a7 E(uu) + oo full3) [[ul 7. (2.10)
Let {P;,t > 0} denote the transition semigroup of X; that is,
Pif(z):=E"[f(X;)]  for f>0onR% and ¢ > 0.
It follows from Theorem 2.1 of [CKS87] that
e U Pof oo < st ¥ £l (2.11)

Noting that (£,F) is a regular Dirichlet form on R?, the conclusion of this theorem now
follows immediately from Theorem 2.1. O

Let B C R? be a ball. Denote by XZ be the subprocess of X killed upon leaving B.
Let {PB(t,z,dy),t > 0} be the transition probability of XZ. We will need the existence
and regularity of the transition density of X&.

10



Theorem 2.3 Assume conditions (A1)-(A3) hold. Let N be the properly exceptional
set of X in Theorem 1.2. There ezist a positive symmetric kernel pB(t,z,y) defined on
(0,00) x (B\N) x (B\ N) such that PB(t,z,dy) = pP(t,z,y)dy, and

pB(t,z,y) < Cit~4e for every t >0 and z,y € B\ N, (2.12)

where the constant Cy depends on «, B, k1,d. Moreover, for everyt >0 andy € B\ N,
x> pB(t,z,y) is quasi-continuous on B.

Proof. Let N and p(t,z,y) be the properly exceptional set and the transition density
function, resp., in Theorem 1.2. Define 75 = inf{t > 0: X; ¢ B}. Then

pB(t,.’I),y) ::p(taxay) - E [p(t_TBaXTBay);TB <t]7 T,y € B\Na

is the transition density function for XZ. It is easy to see that p®(¢,z,y) is symmetric
and y — p(t, z,y) is quasi-continuous.
Note that the Dirichlet form for X2 is (€, FP), where

FB ={ueF:u=0E&qe on B} (2.13)
So for u € FB,
E(u,u) = /BXB(u(w) —u(y))QJ(x,y)dwdy—1—/Bu(:(;)2/€3(m)d:(;, (2.14)
where
kp(z) =2 - J(z,y)dy. (2.15)

It follows from (A3) that there exists a constant ¢; > 0 such that
aidist (2, 0B) * < kp(z) < ¢; *dist(z,dB) # for z € B.
Thus we have from (2.10) that there is a constant ¢, > 0 such that for u € FB,
el 7 < e () Jul 7.

It follows from Theorem 2.1 of [CKS87] that the transition semigroup {PZ,t > 0} of X5
satisfies
I1PE flloo < cst™¥®||f|l.  for f € L'(B,dz) and ¢ > 0.

This implies that

pB(t,z,y) < cgt~ U fort >0 and z,y € B\ N.

11



Remark 2.4 We will use several times the following construction of Meyer [Mey75] for
jump processes. Suppose we have a jump intensity kernel J(z,y) and another jump in-
tensity kernel Jy(z,y) < J(z,y) such that

J(z) := /Rd(J(x,y) —Jo(z,y))dy <c; for all z. (2.16)
Let
J(2,y) — Jo(z,y)
J(z) '

Let Zz(0) = {Zt(o),t > 0} be the process corresponding to the jump kernel Jy. Then we
can construct a process Z corresponding to the jump kernel J as follows. Let S; be an

q(z,y) = (2.17)

exponential random variable of parameter 1 independent of Z°, let C; = fot J (Z§°)) ds,
and let U7 be the first time that C; exceeds S;. We let Z; = ZS(O) for 0 < s < Us.

At time U; we introduce a jump from Zp,_ to Y;, where Y; is chosen at random
according to the distribution ¢(Zy,—, y)dy. We set Zy, = Yi, and repeat, using an
independent exponential Ss, etc. Since J(z) is bounded, only finitely many new jumps
are introduced in any bounded time interval. In [Mey75] it is proved that the resulting
process corresponds to the kernel J. See also [[INWG66].

Note that if Aj is the null set corresponding to Z(%) then this construction yields that

NCN().

Remark 2.5 Conversely, we can also remove a finite number of jumps from a process
Z to obtain a new process Z(®). Suppose J(z,y) = Jo(z,y) + Ji(x,y), where we have
J Ji(z,y)dy < ¢; for all z and for simplicity we also assume that Jo(z,y)Ji(z,y) = 0.
One starts with the process Z (associated with J), runs it until the stopping time S; =
inf{t : J1(Z;—,Z;) > 0}, and at that time restarts Z at the point Zg, . One then repeats
this procedure. Meyer [Mey75] proves that the resulting process Z ) will correspond to
the jump kernel Jy. In this case we have Ny C V.

We will need the following bound, which arises easily from Remark 2.4.
Lemma 2.6 Let Z(9), Z be as in Remark 2.4, and F € U(Zt(o),O <t< ). Then
P*({Zs = Z{O for all 0 < s <t} N F) > e~ llepz(F).
In particular, if D C R% and A C D,

P*(Zy € A, 7L > t) > e IVl (200 € 4 72 > ). (2.18)

Proof. We have, writing ¢; = ||7||oo and G = {Z, = 2,0 < s < ¢},
P*(GNF)=P"(U; > t,F) =P*(C, < $1,F) >P*(S1 > e1t, F) = P*(F)e ",

The last equality holds because S; is independent of the process Z(©).
For the second assertion, let F' = {Zt(o) € A, Tg(O) >t},and G ={Z; = ZS(O) for all 0 <
s < t}. Then,

P*(Z; € A, 75 > t) > P*(Z, € A, 78 > t,G) = PX(F N G) > et =p?(F).

12



O

Let J(z,y) = Jo(z,y) + Ji(z,y), and let J, g be defined by (2.16), (2.17). Write
pO) (¢, z,y) for the transition density of the process Z(®) associated with J;. Let

r(t,z,y) = / o(z, 2)p(t, z,y)dz. (2.19)

The following lemma, which follows quite easily from Meyer’s construction, is proved
in [BGK].

Lemma 2.7 (a) For any Borel set B
¢
P*(Z € B) =P*(Z") € B, S, > 1) +]E$/ / r(t— s, 20, 27 (Z9)dzds.  (2.20)
0o JB
(b) If | J1]loo < oo then
We need the following standard result.

Lemma 2.8 Suppose that there exist positive constants r, t and p such that
P*(| Xs —z| >71)<p forallz e RE\N and 0<s<t. (2.22)

Then

P*( sup |X;— Xo| >2r) <2p forallz e RE\N.
0<s<t

Proof. Let S = inf{t : |X; — Xo| > 2r}. Then using the strong Markov property of X
and (2.22)

]P’z(sup|Xs — > 27~) =P*(S < 1)
s<t

<P(IX, — | > r) + P*(S <t and X, € B(z, 1))
<p+P*(S<tand |X; — Xg|>r)

=p +E (Ls<yP* (|1 Xi—s — Xo| > 1))

< 2p.

O

We now use Lemma 2.7 to obtain off-diagonal upper bounds on p(t, z, y); this technique
was introduced in [BGK].

Proposition 2.9 Let N be the properly exceptional set of X in Theorem 1.2. There erist
constants tg > 0, c1, ¢, c3 > 0 such that for every z,y € RE\ N,

(a) pt,z,y) <ciif|lz—y|>1andt<2.

(b) P* (sup|XS —z| > r) < cote” @7 for everyr > 1/8, t < tp.
s<t

13



(c) There ezxists t1 > 0 such that

P* (sup | Xs —z| > 1/4) < 1/4.
s<t1

(2.23)

Proof. (a) For § > 0let JO)(z,y) = J(7,9)1(3—y|<s), and let £©) be defined by (1.1) with
J@ in place of J. (Of course, if § > 1 then £ is just £.) Clearly (£, F) is a regular
Dirichlet form on R¢. Thus there is a Hunt process X9 associated with (£, F) and a
properly exceptional set AV(§) so that X starts from every point in R? \ A/(§). Since using
Meyer’s procedure we can construct X(®) from X and vice versa, we can take A (0) = N.

Let p® (¢, z,7) be the transition density of X ().
By (A1)-(A3) we have

/B e = / (T(@,y) — TO (@, 9))dy < cs67,

/ @ — y2 (@, y)dy = / @ — Y200 (2, y) dy < 502,
B(x,0)

=T = sup J(z,y) <ced 4P
|z—y|>d

Starting from (2.9) we have

2+(2a/d) Ju(z) —u(y)l _ 2/d
Il el <erl(f [ PO dyde s 57wl
z—y

< ea(my € (uy ) + 67 [ull3) lull 7.
Theorem 2.2 in Section 2 and Theorem 3.25 of [CKS87] now give
PO, z,y) < cot =W *e100 = Es2bzy)  for 1y € RY\ N(6),
where
L)) = [ (7(a) = 1) D (a0)
As()? = le™T5(e”,€”)l|oo V € Ts(e™ ™) |oo,

(2.24)

By(t,,y) = sup {[4(a) —(y)| - ths(¥)? : € F N Cy(R) with Ag(y) < oo} .

Let t > 0 and zq,y0 € R? \ NV; write R = |z¢ — yo|. Note that the set C of compactly

supported Lipschitz continuous functions is a core for £©). Let A > 0 and

¥(@) = AR~ |zo — z|)".
So |(x) — ¥(y)| < M|z — y|. Noting that |ef — 1|> < t2¢?!l, we obtain

A5(6¢)2(w) — /(e¢(w)—w(y) _ 1)2J(‘5)($’y)dy

6”/\2/ |z — y[2T9) (z,y)dy

611(/\5)262)‘5(5_’6 S 61263)‘65_’6.

IN

VAN
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Since the same bound holds for As(e~%)?(z) we have
—E5(2t,20,y0) < —AR + c1otd P3N, (2.25)

In what follows we will always choose & so that § < e, and ¢ such that ¢t < 6%. Hence
t < 6% < ¢136%, so that the term e°0% “ in (2.24) is bounded by c14. We take

1 68
. 2.2
A= 35 log ( ) >0 (2.26)
So 5 5
R _ R t
—FEs(2t, 9, y0) < ~35 log ( ) + c15t6 ﬂ<7) EY; log ((5_5) + c16. (2.27)

Hence by (2.24),

) R/ (35).

PO (t, o, y0) < cirt™ d/a((sﬁ (2.28)

We need to consider two cases. Set Ry = 3e(1+d/a). First, suppose R > Ry and ¢ < 1.
Set § = e. Then since there are no jumps larger than 1, we have p(t, o, yo) = p'% (¢, zo, %0),

and by (2.28)

) R/(39)

p(t, To,y0) < errt~ 4@ < cigte PRI3e, 2.29
5B

Next, suppose 0 < R < Ry, and set § = Ra/(3(c + d)). We assume that ¢ < 6% = c1gRP.
Then since R/(30) =1+ d/a, (2.21) and 2.28) give

t t t t
p(t; o, 90) < €20 53T pdja +ca1 55+d < €22 151 Bd/a + c23 A+

(2.30)

Combining (2.29) and (2.30), we deduce there exists ¢; > 0 such that if |zg — yo| = R and
R >1/16, and t < t1, then

p(t,.’[)o,yo) < 624t6_625R for t € (O,tl]. (2.31)

(a) now follows on combining (2.31) and (1.3).
Integrating (2.31) and (2.29) over B(z, R)¢, we obtain, for z & N,

P*(X; & B(x, R)) < cogte” 1 if R > 1/16 and t € (0,1],

and (b) follows by Lemma 2.8. (c¢) is immediate from (b). |

Theorem 2.10 The process X is conservative.

Proof: From the probabilistic interpretation of the Beurling-Deny decomposition for
(£,F) (cf. [FOT94]), X admits no killing inside R?. On the other hand, by Proposi-
tion 2.9 the process X cannot escape to infinity in the time interval [0,1]. Since the
lifetime ¢ of X satisfies P*(¢ > 1) = 1 for all z € R? \ NV, we have P?({ = c0) = 1, hence
X is conservative. O
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3 Lower bounds on the heat kernel

Throughout this section we will assume that the jump kernel J satisfies (A1)-(A3) and
also (A4)(¢) for some ¢ € (0, 1), unless otherwise specified.

Lemma 3.1 Let J(z,y) satisfy (A1)-(A3), and (A4})() for some & € (0,1). Then
F={f e P’®R%dz): E(f, f) < oo} = HP/>(RY).

The corresponding Hunt process X is a conservative strong Markov process which can start
from any point in RE.

Proof. For two bilinear forms £ and C having a common core C}(R?), let us write
E(f, ) = C(f,f) if there is a finite constant ¢; > 0 such that cl_lé'(f,f) < C(f,f) <
c1&(f, f) for every f € CH(RY). As (€,F) satisfies (A1)-(A3) and (A4)(¢), we have for
f € Ce(RY),

_ 2
e ~ [ TP a1k
=Y
_ 2
~ [, O T dway 12
= Cl(faf)

So F = Ccl(]Rd)(€1 = C(}(]Rd)c1 = HP/2(RY) = {f : Ci(f, f) < oo}, which is the same as
{f:&(f, f) <oo}.
Note that the process X can be constructed from the Lévy process Z on R¢ whose
Lévy measure is
Jo(h)dh = ||~ P 1y <e) dh
using Remark 2.4. As Z is conservative and can start from every point in R?, the same is

true of X. 0

In view of the above we can take the properly exceptional set N to be the empty set
throughout this section.

Let B be a ball of radius R centered at 0 for R € [1,4]. Let p®(t,z,v) be the transition
density function of the subprocess X2 of X killed upon exiting the ball B.

Lemma 3.2 There exists a positive constant c1 depending on & such that

opP(t,z,y)

pB (t7 Zz, y) S Clt_d/a and ‘ ot

<ot
for every x,y € B and t > 0.
Proof. The assertion for p? follows immediately from (1.3). As

/ MW%WM@Z/fmmﬂﬁ<w
BxB B
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the symmetric semigroup PP of X? is a Hilbert-Schmidt operator on L?(B,dr) and so
it is compact and has discrete spectrum {e~% i > 1}, with repetitions according to
multiplicity. Let {1;,7 > 1} be the corresponding eigenfunctions normalized to have unit
L2-norm on B and to be orthogonal to each other. Then it is well known (see, e.g., [Bas97],
Section VII.6) that

pB (ta z, y) = Z e_/\it’(pi (33)7/11 (y)
=1
Hence

B Z
W(t,x) = - Z)\ie*)\itd)i(x)wi(y)’ (3.1)

where the convergence is in the L?-sense. Note that for any given § > 0, by Cauchy-
Schwarz and the Chapman-Kolmogorov equations,

i(z) = N0 /B PP (6,2, 9) i () dy

Se,\i(s(/BpB(d,x,y) dy) (/(¢z( ) d )/2

< 6)\i6p(26,.’15,.’1))1/2 < 026 d/ae(03+)\ )0

for every x € B by (1.3). It follows that the series on the right hand side of (3.1) converges
uniformly on (26,6~1) x B x B. The function z — ze~**/2 is bounded over nonnegative x
by c4/t, so for z,y € B, the right hand side of (3.1) is bounded in absolute value by

%Ze—Ait/Qwi(q;” [vi(y)| < _(Ze—/\ t/2¢ >1/2<Ze_’\ t/2¢ )1/2

= 2pP(t/2,3,2) PP (t/2,y,9).

Our upper bound (2.12) on p®(t,-,-) yields the desired bound on |9p? (¢, z,v)/0t|. O

Lemma 3.3 Let Y be a pure jump symmetric process on RE with jump kernel Jy (z,v)
satisfying
ale —y| 4P < Jy(zy) <ole -y P, zyeRL (3:2)

Let D = B(0, %) and pL(t,z,y) be the transition density of the subprocess of Y killed upon
exiting D. Then there exist constants cs, c4 (depending on c1, co) such that

p2(t,z,y) > cze™"  fort >3 and z,y € B(0, ).

Proof. It is known from [CKO03] that such a process Y is a Feller process that can start
from every point in R? and has a Holder continuous transition density function p(t, z,y).
This implies in particular that the transition density function pe (t,z,y) for the subprocess
of Y killed upon leaving D exists and is continuous on (0,00) x D x D. For each fixed
T € D, (t,y) — p2(t,z,y) is a caloric function of Y in (0,00) x D.

Let B' = B(0,%). Then P(r}, > 3) > ¢5 > 0. By [CKO03] a parabolic Harnack
inequality holds for Y. Therefore for every x € D, i <t < % and % <ty <1,

pP(t1,z,y) < cep¥ (t2,2,y')  fory,y' € B

17



So if z1,y1 € BI,

| VAN

/ tlaxla dy
/ v (t1,z1,y)dy

pP(t2, 21, y1)dy = cg|B'|pP (t2, 21, v1)-

IN

| /\

BI

This proves the result for ¢ € [%, 1]. An easy iteration argument now gives the result for
t>1. O

Proposition 3.4 Let B = B(0,R) with R € [1,4] and 0 < ty < t1 < oo. There is a
constant ¢; = c¢1(&,to,t1) > 0 such that

pB(t,z,y) > ci(R— |z|)’(R - |y|)?  for every t € [to,t1] and z,y € B.
Proof. Recall we are working under (A4)(£); the constants ¢; in this proof will depend
on £. We can assume without loss of generality that & < %. By considering the process
X} = Xy/4y, which satisfies (A1)-(A3) and (A4)(§) (but with different constants x;), we

can assume that ty > 2.
Let V be a Lévy process with jump kernel

Koly —x|747Fif [y — 2 <,
Jo(z,y) = {kily—z| T ifé<ly—z <1,
0 if |y —z| > 1.

We can construct X from V by using the construction of Remark 2.4. Since J(z) :=
Jzn(J(z,y) — Jo(z,y))dy is bounded, by Lemma 2.6 there is a positive constant c; =
c2(t1) > 0 such that

P* (X; € Aand 75 > t) > o P* (V; € A and 75 > t)

for every t € (0,t;] and A C B. It thus suffices to get a lower bound on vZ(t,z,y), the
transition density of the subprocess of V killed upon exiting B.
By the Chapman-Kolmogorov equations,

vB(t, z,y) > / vB(t/2, 2, 2)vB ()2, z,y) dz.
B(0,1/4)
Therefore it is enough to prove that

vB(t,y,2) > cs(R—|y|)? forye B, ze B(0,1/4), t € [1,t]. (3.3)

Lety € B,e = R—|y|, and = (¢ A€)/2. Let yo € B(0,R — 3) with |yo —y| < 3. Our
first estimate is to prove that there exist c4,c5 > 0 such that

pY (thg € B(yg,1/4) and 15 > tn’3> > cstn for t < ¢4. (3.4)
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To prove this, define

V! =Vot+ ) AVilgay,<y):
0<s<t

Note that V7 is a Lévy process with jump kernel ko|z — w|*d*ﬂ]l(|$,w|§n) and that the
processes V" and V — V" are independent. We write Ji(z,w) for the jump kernel of
V-vn

Each coordinate of V" is a square integrable martingale. Applying Doob’s maximal
inequality to each coordinate of V" separately yields

P( sup V7 - V§| 20 ) <4d(m/d) 2 E[ |V}, - V7]
s<tnf "

= 4d3tnPn? / ko|h|?>~ 4 Pdh
|k|<n

S Cet. (35)
Let ¢4 = min {ﬁ, ﬁ}
There are constants cg > ¢y > 0 such that the total Lévy measure of V — V" is bounded
by

e P < /Rd J1(0,z)dz < cgn~P.

Since |yo — y| < %,

/ J1(0, w)dw > 9.
B(yo—y,1/8)

Let t < ¢4 and F(t) be the complement of the the event on the left side of (3.5). Then
P(F(t)) > 3/4. Let G(t) be the event that V — V" makes exactly one jump in the time
interval [0,tn?], and that the size falls within the ball B(yo — v, 1/8). Then

PY(G(t)) > (crnP)(tn?)e(esn™ ) 2> ¢ 4B,

cgn

Note that 7 < £/2 < 1/16. If both F(t) and G(t) occur, then Vs € B(yo,1/4) and
T > tn®. As V" and V — V" are independent, we obtain (3.4). In particular, we have for
every y € B, with s, := 4277 (R — |y|) A €)?,

PY (V;, € B(0O,R — 1) and 735 > s1) PY (V;, € B(yo,1/4) and 7} > 1)

>
> c581-

Similarly, for every z € B(0, R — 1), let 29 € B(0, R — 3) with |z — 2| < 3/4. Note that
in this case R — |z| > 1/4 and £ < 1/8 and so 7 := % = g The same argument as
above shows that, with s := ¢,27P¢5,

P* (Vi, € B(O,R — %) and 75 > s9) P* (V;, € B(z,1/4) and 1) > s9)

Cs §9.
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Applying the Markov property of V' at time s;, we have for y € B,

PY(Vy,4s, € B(O,R — %) and T}.,( > 81 + 82)
Py (IP’VSI (Vs, € B(O,R — 3) and TS > s2); Vs € B(O,R — %) and TS > $1)
css9PY (Vy, € B(O,R — 1) and T > 1)

c%szsl.

v IV IV

Repeating this at most [4R] number of times, for any y € B, there exists so < i such that
PY (Vo € B(0,1/4) and 7} > s0) > e11(R — |y))”. (3.6)
Now let
Ja(z,y) = Jo(2,y) + k2|z — Y|~ P L (poy 1)

and Y be the associated Lévy process; note that Jo satisfies (3.2). We can use Remark
2.4 to construct Y from V. Let T be the time of the first added jump, so that Vs = Y,
0<s<Tand|AYr| > 1. Let B' = B(0,%). If z € B’ and A C B’ then T > 7%, > 7},
Therefore

P*(V; € Aand 74 >t) >P* (Y € Aand 73, > 1),

from which it follows that
v (t,3,y) > 07 (t,3,y) > p¥ (t,2,y),
for z,y € B'. So, using Lemma, 3.3
vB(t,z,y) > c1o  for z,y € B(0, 1) and 2 <t <t (3.7)

Hence for ¢ € [tg, t1], y € B and z € B(0, 1), with s the time corresponding to y in (3.6),
we have from (3.7)

P(t,y,2) > / 0P (s0,, WP (t — s0,w, 2)dw
B(0,1/4)

Z C12 / UB(507 Y, w)dw

B(0,1/4)
= c1o Y (VS0 € B(0,1/4) and TS > %)
> crzen1 (R — |y))?,

which proves (3.3). O

Define

12/(2-8
+) [e=e (3.8)

o(2) = (R~ o)

The following corollary follows immediately from Proposition 3.4.

Corollary 3.5 For every y € B, 0 € (0,1) and v € (%, 1], there is a constant C =
(y,8,6,&) > 0 such that

o(z)7 [pP(t,2,y) < C, for every t € [0,4] and = € B.
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Recall the definition of FZ from Section 2.

Lemma 3.6 For ecveryt >0 and y € B, pB(t,z,y) as a function of x € B is in F5.

Proof. Fix y € B. By Lemma 3.2, if t > 0, f(z) := p®(¢/2,z,y) € L?(B,dz) and so (see
[FOT94, Lemma 1.3.3)), pZ(t,z,y) = Ptl/an(:v) as a function of z € B is in FB. 0

Lemma 3.7 For eacht > 0 and yo € B, the function ¢(-)/pB(t,-,y0) is in FB.

Proof. Without loss of generality, we may assume that ¢ < 4. By Corollary 3.5,
()12 /pB(t,-,y0) is bounded on B. By extending the function z — ¢(:)/p®(t,-,y0) to be
zero on B¢, we see that z — u(z) = () /pP(t,-,y0) vanishes continuously on B¢. Recall
the killing function xp from (2.15). It is clear that [, u(z)?(dz) < co. So by (2.13)—(2.14)
and Lemma 3.1, it suffices to show

e@) el Qw_ By o
/BxB (PB(t,iE,yo) pB(t,y,y0)>| Y| dz dy < oo. (3.9)

We look at

¢(y) o() 2 —d—-B
T — dx dy;
//yEB,(p )><p($ (t yayO) pB(ta-TayO)> | y| Y

if we show this is finite, we will have finiteness of the the integral over ¢(z) > ¢(y) by the
same argument, and combining the two estimates shows (3.9). We need to bound

// ( ) — (P(x)) Iz —y|_d_’3d$dy
YEB,p y)>§0(m pB(t, y,yo)

PP (t,y,90) — PP (t,2,90) \2 d
+// <P$ Y — z —y|""Pdzdy
z,Y€B,o(y)>p(x) ( ) pB(ta Z, yO)pB (ta Y, yO) ) | |

=1 + I5.

On the set {(z,y) € B x B : ¢(y) > o(z)}, since p(z) < o(z)/?p(y)'/? and
o(x)'/? /pB(t,x,yo) is bounded in z by Corollary 3.5, the finiteness of I, follows from
Lemma 3.6. To handle Iy, let v = (2 — 3)/3. Note that |p(y) — o(z)|?’ < |@(y)[*’, and
that ()27 /pP(t,z,90)? is bounded in z by Lemma 3.4. Since ¢ has a bounded deriva-
tive, |o(y) — o(z)|>72" < 1]y — z|>727. As |y — z2|?>7277%F is integrable over B x B since
27y < 2 — 3, the finiteness of I; follows. O

Lemma 3.8 Fiz yg € B and let G(t) = [ () log pB(t, z,y0) dz. Then for every t > 0,

¢) = ¢ (p%, ) o).

pB(t,-,90)
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Proof. Write (f,g) for [, f (z) dz. Using Lemmas 3.6 and 3.7, we know by [FOT94,
Lemma 1.3.4] that

¢ (4 0), #)—hm (P2 ) 2P (0, )

pB(t, -, y0) hi0 h pB(t,-,90)
1 o(*) )

= lim — t+h,-, B,., —_

1o h (p ( o), =p" (s, 0), pP(t. -, 90)

—hm/ t+h$y0) —1)dx.
rl0 h twyo)

Also
1
G'(t) = lim — [ (logp®(t+ h,z,y0) — logp® (t, 7, 50)) ¢ (x)dx.
h—0h Jp
Let
B(t + h,z,v0)
F(h) = |1ogp? “ogpB _ p(—,,o_l )
(h) |:ng (t+haxay0) ogp (tawayo) ( pB(t,LE,yo) (p(:I’-)
Then
0 1 1
F'(h t+h, —
W =g+ haw) (i ~ e

o(z) _
pB(t + ha z, yO)pB(ta z, ’!/0)

By the mean value theorem, F(h)/h = F'(h*) for some h* = h*(z,yg,h) € (0,h). Hence
by Lemma 3.2 and Corollary 3.5, F(h)/h tends to 0 uniformly in z € B as h — 0. The
lemma, now follows from the dominated convergence theorem. O

B(t+ h,z,y0) 0" (t + h, 7, 90) — P (¢, 2, 90)

T ot

We need a weighted Poincaré inequality, which we derive along the lines of the appendix
to [SCS91].

Proposition 3.9 Let R € [1,4], yo € R¢, B = B(yo, R),

or(@) =1 (B2 — |z — 302) /™ 15(z) (3.10)

with normalizing constant ¢; > 0 chosen so that [, ¢r(z)dx =1, and set

7= / f(@)¢r(x) do
B

There ezists a constant co depending on R but not f or yo such that
[ 18@ = FPorz < [ [ (@)~ 1)Por(o) A or) Io.y) dady,

Proof. If B is any ball, let

(/. f) = /B /B () — F())2T () de dy.
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Set fg = |B|™! [ f(z)dz. If B is any ball of radius r < 1, using (A3) we have

/B f(@) — fpldo = / (f(2)? — (f5)?)de

= 1|B|” 1// )2 dz dy

LB (st // (f(2) - F))* T (2,y) dzdy
= car®*Es(f, f)-

We now follow the proof in the appendix of [SCS91] closely, with the principal changes be-

ing to use Ep(f, f) in place of [ |V f(z)[Pdz, [ [5(f ()~ F(©)*(¢(z)Ap(y)) J(z,y) dz dy
in place of [ |V f(z)*¢(z) dz, and r* in place of r2. 0

| /\

Proposition 3.10 Let J satisfy the conditions (A1)-(A3). Let & € (0,1), J¢ be defined
by (1.5), and X© be the Hunt process associated with (£, F©). Let yo € R? and
0 €(0,1/2). Let R € [1,4], B = B(yo, R), and p?(t,x,y) be the transition density of X(©
killed on exiting B. Then there exists a positive constant C that depends on «, 3, k1, k2,
and 0, but not on & or yy such that for all t € [6, 2]

pE(t,z,y) > C (3.11)

for every (z,y) € B(yo,3R/4) x B(yo,3R/4).

Proof. By a change of coordinate systems, without loss of generality we may assume
that yo = 0 and so B = B(0, R). Fix an arbitrary zy € B(0,3R/4) and write u(t,z) =
p?(t,xo,x). Let ¢ : R — R, be equal to ¢ as defined in (3.10). Set for ¢ € (0, 00)
r(t, ) = u(t, )/ o(z)"/?,
1) = | pl)logutt.y) dy
6() = [ vogr(t) dy= [ o oguttn)dy—e = 7O~

Then by Lemma 3.8

G'(t) = —£© (u(t, 9, -2 ) . (3.12)
u(t,-)

The reason we work with £&) rather than & is so that we can use Lemma 3.8 to
obtain (3.12). The remainder of the argument does not use the condition (A4)(¢), and in
particular the constants can be taken to be independent of £.

By (2.14),

/ [“ t y —u t N fu(t, 2)p(w) — p@)ut, )T (@) dy dz

»Y)
- /B (p(:c)ﬁB(:c)dx.
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The main step is to show that for all ¢ in (0,1] one has

2 [ [ Pogult) ~logu(t.a)P(ple) A p) T ) dody — s (313)
BJB
for positive constants ¢, c3.
Setting a = u(t,y)/u(t,z) and b = p(y)/¢(z), we see that

[u(t, y) — u(t, z)]
u(t, z)u(t,y)

[u(t, z)o(y) — @(z)u(t,y)]

= ¢(z) (b _b_ a+ 1) (3.14)

a

(G T E )

a

Using the inequality
1
A+ = —2> (log A)?, A >0,

A
with A = a/+/b, the right hand side of (3.14) is bounded above by
(p(@)'? = 0(1)'7*)? = (p(x) A p(y)) (log r(t,y) — logr(t, 2))*.
Substituting in the formula for G'(¢) and using Proposition 3.9 and (2.15),
() =G0 > —ei+ [ [ (ogritn) = logr(t,2)? (plz) A pl0)) 19 @,y) da dy
> —ci-+ s [ (logr(t,n) = G)Pola) dy

> —cs+r /B (logu(t,y) — H())2p(y) dy .

In the first inequality we used the fact

[ [ 01 = o) 10w, p) dody < s,

which follows from (A3). Recall the constant ¢y from Proposition 2.9. We may assume
that ¢ < ty. By Proposition 2.9, for every t < %,

/ u(t,z)dz > P | sup |X;— Xo| <1/4
B(z0,1/4) s€[0,t0]

>1-P" | sup |X;—zo| >1/4| > 2.
s€[0,t0]

Choose K such that [B(zg,1/4)|e™® = 1 and define

Dy = {z € B(zg,1/4) : u(t,z) > e K},
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By Theorem 1.2, if t < %

3 < / u(t, z)dz :/ u(t, z) dz +/ u(t, z) dz
4 7 JB(0,1/4) Dy B(zo,1/4)\Dy

< co| Dyt + |B(mo,1/4)|e" K.

Therefore
td/a
|Dy| > E2010>0

if t € [6/4,10]. Note that the positive constant ¢;9 can be chosen to be independent of the
¢ in condition (A4)(¢).
Jensen’s inequality tells us that if ¢ < ¢

Ht) = /B (logu(t, z))o(z) dz < log/Bu(t, 2)o(w) dz < 1og || ]leo = 1.

On Dy, logu(t,z) > —K so there are only four possible cases:
(a) If logu(t,z) > 0 and H(t) < 0, then (logu(t,z) — H(t))? > H(t)2.
(b) If log u(t,z) > 0 and 0 < H(t) < H, then

(logu(t,z) — H(t))> > 0> H(t)? — H2.

(c) If —K <logu(t,z) <0 and |H(t)| > 2K, then (logu(t,z) — H(t))?

Vv
W
=

o~
N
[\

(d) If —K <logu(t,r) <0 and |H(t)| < 2K, then

(logu(t,z) — H(t))? > 0> ~H(t)> — K2

Thus we conclude

(logu(t,z) — H(t))> > ~H(t)?— (HV K)?>  on D.

| =

Since ¢ is bounded below by ¢11 > 0 on B(zg,1/4), then

o / (log u(t, z) — H(8))2p(x)dz — cg > ¢ / (log u(t, z) — H(t))2p(z)dz — co
B Dy
1 2 _ (P 2

> c12|Dt|(ZH(t) — (AVK) ) .

We therefore have
H'(t)> FH(t)> = E,  t€[5/4,1]
for some positive constants £ and F' that are independent of £.
Now we do some calculus. Let to € [6/2, tg A 2]. Let Q := max(16E, (16E/F)/?).

Suppose H(t3) < —Q. Since H'(t) > —F,

H(ts) — H(t) > —2E  for t € [§/4, 5], (3.15)
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This implies H(t) < —Q/2. Since FQ?/4 > 4E, E < £ H(t)? and hence

F
H'(t) > 5H(t)2'
Integrating H'/H? > F/2 over [, t5] yields
1 1 F Fé

H(ty) H(5/4) < _§(t2 —§/4) < -5

Since H(6/4) < —Q/2 < 0, we have 1/H (t2) < —F§/16, that is,

16
Fé§

This proves that either H(te) > —Q or H(t3) > —16/(Fd). Thus in either case, H(t2) >
—U, where U = U(¢) := max{Q, 16/(Fd)} > 0, and so G(t2) > —U + ¢;.

H(tz) >

Now for every zg,z1 € B(0,3R/4), applying the above first with 2y and then with z;
replaced by z1, we have

10gp?(2t2,$0,.771) = log/p?(t%anz)péB(tanlaz) dz
> log / PB (b, 0, 2)p2 (b, 21, 2)p(2) dz — 1og | plloe
B
> [ 1o (2 (12,20, 2088 (02,1, 2) ) (2) =~ 1og el
B

=/ 10gp?(t2,$0a2)¢(2)d2+/ log pg (ta, 21, 2)p(2)dz
B B

— log [|¢l0o
Z _2(U + 012)1

that is, p?(Ztg,mo,xl) > e~ 2(U+tc2) - A repeated use of the semigroup property (but at
most 2/t more times) then shows p?(t,:z;o,xl) > c13(8) for every t € [6/2, 2]. O

Theorem 3.11 Let J satisfy the conditions (A1)-(A8). Let ¢ € (0,1), Je be defined
by (1.5), and X© be the Hunt process associated with (£, F©). Let yo € R? and
4 €(0,1/2). Let R > 0,T > 1/2, B = B(yo, R), and pf(t,w,y) be the transition density
of X© Filled on eziting B. Then there ezists a positive constant C = C(R) that depends
on o, B,K1, k2, R and 8, but not on & or yy such that for all t € [4,T]

pé (t,z,y) > C (3.16)

for every (z,y) € (B(yo,3R/4) x (B(yo,3R/4).

Proof. By a change of coordinate system, we assume without loss of generality that
yo = 0. Suppose first that 7> 2 and R € [1,4]. Let r = 3R/4,n = [T], and § = 1/n. So
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if t € [1,T], then t/n € [4,2]. By the semigroup property, if z,y € B(0,3R/4) \ N, then

pB(t,:B,y) 2/ / pB(t/n,w,zl)pB(t/n,zl,zQ)--- (3.17)
B(0,r) B(0,r)

pB(t/na 2n—2, zn—l)pB (t/na Zn—1, y) dzl e dzn—l
> c1| B(0,r)|"" > ¢

by Proposition 3.10. We therefore have the conclusion of the theorem for all 7' > 2.

Next suppose R > 4. Suppose z,y € B(0,3R/4)\ N, t € [§,T], n = 2[|z — y|] + 1, and
let zg = x,21,.-.,2n—1,2n, = ¥ be equally spaced points on the line segment joining x and
y. Then |zj41 — 2| < 1/2 < R/8. Set r = 1. Using (3.17) and Proposition 3.10 with §
replaced by d/n, we again obtain our conclusion.

Finally, suppose R < 1. Fix § and T. Consider the process Z = R 'X© with
corresponding jump kernel Jz. By a change of variables, we see that it suffices to obtain a
lower bound on pZ(t, z,y) for z,y € B(0,3/4), and pZ is the transition density for Z killed
on exiting B(0,1). The jump kernel corresponding to Z is Jz(z,y) = R~4J(Rz, Ry). Let
70 (2,y) = Jz(2,y) 1 (jg—y|<1)- It is easy to see that J, (o satisfies (A1)-(A3) and (A4)(§)
(but with different constants x1, kg, €). Let Z( be the process corresponding to J 70y and
construct Z from Z(© using Remark 2.4. Then if A C B(0,3/4), 7 = inf{t : Z; ¢ B},

and 7% = inf{t : Zt(o) ¢ B}, by independence, and using Lemma 2.6,
| pEta)dy =2 € Ara > 1
A

> e_(SUpj)T/Apg(o) (t,:v,y) dy > C3|A|’

which proves the theorem in this case as well. O

4 Mosco convergence

In this section we first prove some general results on Mosco convergence. We will then use
these to prove Theorems 1.3 and 1.5.

Let us first recall the definition of Mosco convergence and its properties. Let E be a
locally compact separable metric space and m a Radon measure on F with full support.
Given a densely defined quadratic form (£, F) in L?(E;m), we can extend its domain of
definition to L2(E;m) by setting £(u,u) = oo for u € L%(E;m) \ F. Throughout this
section we will use this extension and, unless otherwise specified, all the quadratic forms
encountered will be assumed to be densely defined in L?(E;m). Recall that given (£, F)

we set &1 (f, f) =E(f, f) + || f]13-

Definition 4.1 A sequence of closed quadratic forms {(£",F™)} on L*(E;m) is said to
be convergent to a closed quadratic form (£,F) on L?(E;m) in the sense of Mosco (cf.

[Mo94]) if

(a) For every sequence {un,n > 1} in L?(E;m) that converges weakly to u in L?(E;m),

lim inf E™ (up, uy) > E(u,u),

n—oo
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(b) For every u € L*(E;m), there is a sequence {un,n > 1} in L%(E;m) converging
strongly to u in L2(E;m) such that

lim sup E" (up, un) < E(u,u).

n—oQ

Let {P;, t > 0} and {P}*, t > 0} be the semigroups of (£, F) and (£", F"), respectively,
and {G4,a > 0} and {G?,a > 0} their corresponding resolvents, respectively. The
following result is known (see Theorem 2.4.1 and Corollary 2.6.1 of [Mo094]).

Proposition 4.2 Let (€, F) and {(E",F™), n > 1} be closed quadratic forms on L2(E;m).
The following are equivalent:

(a) (E™, F™) converges to (£,F) in the sense of Mosco;

(b) For every a > 0 and f € L*(E;m), G*f converges to Gof in L2(E;m);

(c) For every t > 0 and f € L*(E;m), PI'f converges to P,f in L*(E;m).

Here is a criterion for Mosco convergence to hold.

Theorem 4.3 Suppose
(i) F* CF for everyn > 1 and E™(u,u) > E(u,u) for every u € F".
(ii) There is a common core C for the Dirichlet forms (€™, F™) and (€,F) such that

lim &"(u,u) = E(u,u) for every u € C.

n—00

Then (E™,F™) converges to (€,F) in the sense of Mosco.

Proof. Let {ux,k > 1} be a sequence in L?(E;m) that converges weakly to u in L?(E;m).
Without loss of generality, we may assume that limy_, o, £¥ (ug, uy) exists and is finite. This
in particular implies that u, € F* C F for every k > 1 and supy>1 € (ug, ug) < 0o. Since
{ug,k > 1} is bounded in L?(E;m), taking a subsequence if necessary, we may assume
that the Cesaro mean of {ug,k > 1} converges in (£1,F) to some function v (see page 14
of [Si74]). As uy converges weakly to u, we must have u = v € F. Therefore,

1 1
hkn_1>£f5 (ug,ug) > limsup & (ug, ug) > limsup& % 2_ Ui % E_ uj | > E(u,u).

k—00 k—00

The second inequality follows since the triangle inequality tells us that

1ea 1 v 1 k
Z E Z 12
% ’U,J,% U] E ’UJ,UJ /
i1 i=1 i=1

This shows that the condition (a) of Definition 4.1 is satisfied.
For any u € F, there exists a sequence {v;} C C converging strongly to u in L?(E;m)
such that
lim &(vj,v5) = E(u, u).

j—)OO
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Since for each j > 1,
i Nl ) — s
nhm & (vj,v5) = E(vj,v5),

using induction we can find an increasing subsequence {n;} such that
|E™ (v, v5) — E(vj, ;)| <279 for n > n;.

Put u3y =+ = up,—1 =0 and Up; =0 = Up; -1 = Vj for j > 1. Tt is easy to see that
{ug, k > 1} is a sequence in C converging strongly to u in L2(E;m) such that

lim EF(ug, ug) = & (u, ).
k—o0

For u € L?(E,m) \ F, since £ (u,u) = oo, it trivially holds that

lim sup EF (ug, ug) < &(u,u).
k—o00

This shows that the condition (b) in Definition 4.1 is satisfied. Hence we have shown that
(EF, F*) is Mosco-convergent to (£, F). |

Let X* be the Hunt process associated with (€%, F*) and X*® be the subprocess of
X* killed upon exiting an open set B. It is known (see [FOT94]) that the Dirichlet form
(EF, F&-B) of X* is given by

FhB = {u eFF:u=0 &*-qe. on BC} )

Theorem 4.4 Suppose B is an open set and the following hold.
(i) F¥* C F and E¥(u,u) > E(u,u) for every u € F¥ and every k > 1.
(ii) There is a common core C for the Dirichlet forms (E¥, F*) and (£,F) such that

lim & (u,u) = £ (u,u) for every u € C.

k—o00

Furthermore, there is a common core Cg C C for the Dirichlet forms (€%, F*B) and
(&, FB).

Then (EF, F%B) converges to (€, FPB) in the sense of Mosco.
Proof. To emphasize the domain of definition, for this proof only, we write £8 and &5
for (€%, F%B) and (&, FPB), respectively. With this notation, £&(u,u) = co when u ¢ F5

and EB(u,u) = oo when u ¢ F5B.
First note that, since £F(u,u) > &1 (u,u),

F*CF and FRECFB
For any v that converges weakly to v in L?(B;dz), we claim that

lim inf £58 (vy,, vy,) > (v, ). (4.1)

k—o0
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Suppose that the left hand side of (4.1) is finite. Then there is a subsequence {nj} such
that

lim £"B (v, v,,) = liminf 8B (vg,vp)  and  sup E™B (v, ,v,,) < 0.
k—o00 k—o0 k>1

In particular, this implies that v,, € FreoB and

B ng,B
sup &; (U”k’vnk) < supglk (U”k’vnk) < o0.
k>1 k>1

By taking a subsequence if necessary, the Cesaro mean of {vy,,,k > 1} converges in in F B
with respect to the Hilbert norm 4/&Z to a function w, which has to be v. This implies

that v € FB. By extending v,, and v to take the value zero off B, we have v,, € Fm"
and v € F. By Theorem 4.3, (£%, F*) converges to (£, F) in the sense of Mosco, and we
have in particular that

lim inf £F (v, vg) > & (v, v).

k—o00

As 8B and €8 agrees with £ and € on F*B and FP, respectively, this proves (4.1).
Noting that Cp is a common core for (£, FP) and (¥, F%P), it can be shown that the

second condition (b) in Definition 4.1 holds for (£%%, F%B) and (£, F?) in much the

same way as that in the proof of Theorem 4.3. O

Proof of Theorem 1.5: Let §; be a sequence of positive numbers decreasing to 0. Set

J(z,y) for |z — y| > og;

4.2
Kely —z| 74 F  for |z —y| < &, 4.2)

Jk(xay) = {

and define (¥, F*) in the same way as we defined (£, F) in (1.1)-(1.2). Note that &£*
satisfies A4(0;). Take EX(f, f) = +oo if f € L?(R%, dz) \ FF.

It is clear that Ji(z,y) decreases to J(z,y) as k 1 oo, and so F*¥ C F and ¥ (u,u) >
E(u,u) on F* for every k > 1. By Lemma 3.1,

FE = HP/2(RY).

and thus in particular F* is independent of k. Note that C{(R?) is the common core of
(EF, Fk) for k > 1 and for (£, F), and that

lim E¥(u,u) = &(u,u) for every u € C}(R?).

k—00

Theorem 1.5 now follows from Theorem 4.3. O

Corollary 4.5 Let B be a ball and define F*B by (2.13), where (¥, F*) is as in the
proof of Theorem 1.5. Then (%, F%B) converges in the sense of Mosco to (€, FPB).

Proof. Note that C!(B) c C}(R?) is a common core for (£, F5) and (£¥, F¥B). The
conclusion of the corollary follows directly from Theorem 4.4 and the proof of Theorem
1.5. O
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Proof of Theorem 1.3: Let J; be a sequence of positive numbers decreasing to 0. Define
Ji(z,y) by (4.2) and define (£%, F*) as in the proof of Theorem 1.5. Clearly J; satisfies
the conditions (A1)-(A3) as well as (A4)(d;) with the same k1 and k2 as J.

Let p*B(t,z,y) and p®(t,z,y) denote the transition density functions of X*# and X5
respectively. It follows from Theorem 3.11 and Proposition 4.2 that for any given ¢ € (0, 1),
there is a constant ¢ = ¢(d) > 0 such that for any bounded non-negative functions f and
gon Bandte€[42],

/ PP (t,2,y) f (2)g(y)dz dy
B(y0,3R/4) ><B(y0,3R/4)
= lim PP (t,z,y)f(z)g(y)dz dy
—00 B(yo,3R/4)xB(yo0,3R/4)

>c | F (@)g(y)dz dy.
B(yo,3R/4)XB(yo,3R/4)

This implies that p(t,z,y) > c for almost every z,y € B(yo,3R/4). On the other hand,

it follows from the proof of Theorem 1.2 that there is a properly exceptional set N so

that p(t,z,y) is well-defined on (B \ N) x (B \ N) and that for each fixed y € B\ N,

z + pB(t, z,y) is XB-quasi-continuous (and hence X-quasi-continuous). It follows that

p(t,x,y) > c for every t € [,2] and every z,y € B(yo,3R/4) \ N. O

5 Parabolic Harnack inequality

In this section we prove Theorem 1.7 in the case R > 1. The argument uses balayage; see
[BG68], Chapter VI, for details.

Proof of Theorem 1.7: Without loss of generality we may assume the following: by
a change of coordinate system, we may assume xy = 0; by the Markov property we
may assume ty = 0; by looking at the process X| = Xi/T, we see that the jump kernel
corresponding to X' satisfies (A1)-(A3) (but with different x1,k2), so we may assume
T = 1. With these assumptions @ = (0,5) x B(0,4R). Recall the notation for hitting and
exit times given in (1.6). Let E = (3,3) x B(0,3R), D = (2,%l) x B(0,2R), and write

A= B(0,3R) \ B(0,2R) and B = B(0,4R). By the martingale property,

PP u(s,z) < wu(t,z), fors <t with (s,z), (y,t) € Q. (5.1)

9
2
4

This says that the function u is excessive with respect to the space-time subprocess
(V¥,X9) of (V,X) killed upon exiting @, where V; = Vy —t. We can define ug, the
réduite of u with respect to F, by

ug(s,z) = B [u(Vry,, X1, ): T < Q).

The function up is again excessive with respect to the killed process (V?, X?), is 0 on Q¢,
and agrees with u on F; see [BG68]. Note that the process (¢, X;) is in duality with the
process (V;, X¢) in the sense of [BG68, Chapter VI]. By the Riesz decomposition theorem
(cf. [BG68, Theorem VI.2.11]), ug is the potential of a measure vz supported on E. This
means that if (¢,z) € @ then

ug(t,z) = /EpB(t —r,z,2z) vg(dr,dz). (5.2)
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Here we have pB(s,z,y) = 0 if s < 0.

Since the jumps of the process X are bounded by 1, ug is caloric on (1/2,9/2) x
B(0,2R). It follows that the support of vg is contained in E\ ((1/2,9/2) x B(0,2R)). For
t€(1/2,5), let

Thus if (¢,z) € D then we can write (5.2) as
u(t,z) =ug(t,z) = / pB(t —r,z, 2) vg(dr,dz). (5.3)
F(t)

Since vg is an equilibrium measure (i.e., a capacitary measure), it does not charge polar
sets; in particular, it does not charge [0,5] x N.

Consider (5.3) when (t1,z1) € Q- = (1,2) x (B(0,R) \ N). If (r,z) € Fi(t) then
|z1 — z| > R, and thus by Proposition 2.9(a),

pB(ty —rz1,2) < plty —r,21,2) < e1. (5.4)
If (r, z) € Fy(t), then t; —r > 3 and by Theorem 1.2 again (5.4) holds.

Now let (t2,z2) € Q4+ = (3,4) x (B(0,R)\N). If (r,2) € F(t1) thento—r > to—t; > 1,
and |z2 — z| < 4, so by Theorem 1.3

pB(tg —7r,T9,2) > Co. (5.5)
Hence
u(te, r9) = / pB(tQ —r,z9,2)vgp(dr,dz)
F(t2)
> / pP(ta — 1,22, 2)vp(dr, dz)
F(t1)
> covg(F(t1))
> ((32/c1)/ pB(ty — r,z, 2) vy (dr,dz)
F(t1)
= (c2/c1) ulty, z1),
giving the parabolic Harnack inequality with constant C' = ¢1/co. O

6 Harmonic functions need not be continuous

One of the applications of scale invariant Harnack inequalities is that they imply regularity,
e.g., Holder continuity of harmonic and caloric functions, and resolvents. This can be used
in order to remove properly exceptional sets. It is therefore interesting to see that such
regularity can fail, even when a Harnack inequality holds. We say a function A is harmonic
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in a domain D C R? if h(Xt/\rDl) is a right continuous martingale for every subdomain
D with 51 C D, where D, = inf{t >0: Xy ¢ Dl}

In this section we construct a class of symmetric jump processes satisfying our hypothe-
ses where there exist bounded harmonic functions that are not continuous. An interesting
side result related to this example is that the martingale problem for variable order jump
processes is not always well posed. See Remark 6.8(d) and the results in [HuKa05] for
other examples which are similar but lead to continuous harmonic functions and Feller
semigroups.

Using the integral conditions given in Theorems 11.2 and 11.5 of [Fr74] we obtain:

Lemma 6.1 Let X; be a one-dimensional stable process of index o € (0,1) and € > 0.

Then X X
.. t . i 0.
h?i)l()nf )T — o0 and 111:1_?811) o) — 0, P -a.s.

Before constructing the main counterexample on R?, we need to look at an auxiliary
process Y. Let 0 < a < b < 2 and set for z € R?, 2 # 29 :

i —a-2 —b=2 if V <1
m(21,22) _ IIllIl(|2'1| ,|2’2| ) 1 |2’1| |22| = 4 (61)
0 if |z1] V |z2| > 1.
Assume |z1| V |z2| < 1. Note that
1 < mi ( 1 1 ) < 2
min .
2102 + [22]0F2 = 20|42 [22[0T2) = (21|02 + |2 02
This implies
colz[7*7? <min(|z1|* % [z " ?) <erlz| P2, (6.2)
where ¢, ¢; are independent of z. Now for z,y € R2, z # y let
Jo(z,y) = m(|z1 — y1l,[z2 — yel) ifz —ye[-1,1,
’ 0 ifz —y¢[-1,1]2.
Furthermore, set
a+1)(b+1)-1 a+1)(b+1) -1
_ @B -1 o (@t DE+) -1 63

b+ 2 ’ a+2

The following facts are now obvious.
Lemma 6.2 (a) Jy(z,y) is symmetric in (z,y) and

clz —y[™*? < Jo(z,y) <calz — gy for |z —yu| Vw2 — g2 < 1. (6.4)

(b) a < B.
(c) a < (2—=0)/bif and only if § < 1.
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Now choose a, b with 0 < a < b < 2and a < (2—10)/b, so that 0 < a < 8 < 1. Let
Y; = (Y}, Y?) € R? be the pure jump symmetric Lévy process with jump intensity kernel
Jo- The following lemma explains the behavior of the marginals Y;l, Y?.

Lemma 6.3 We have

1

2 2b
n1(z1) := /m(zlazz)d@ =331 hg 1|Zl|7°“71 for z1 € [-1,1],
1
1
2 2a
= ,29)dz = —— —A-1 e[-1,1].
na(22) /m(z1 29)dz1 P +a+1|22| for zp € [-1,1]
21
Proof.
at2
1 |z1]b+2 1
1
§/m(z1,zz)d22 = / |zl|*a*2dzz + / |z2|*b*2sz
- ° 21| B
,(a+§)(g+1) 1 1 | |7(a+§3r(g+1)
= + _—— —
1] thrl b1

Note that % = a + 1. The first assertion of the lemma follows. The second one is
proved analogously. O

The coordinate processes Y* are one-dimensional Lévy processes with jump measure
n;; note however that Y and Y? are not independent.
Let

V(A) ={(z1,22) : |z1] < Az2|}, 7y =inf{t >0: Y ¢ V(A)}.
and write V = V(1).

Lemma 6.4 Let A > 0; then ]P’O(TV()‘) >0)=1.

Proof. By Lemma 6.3, ny differs from the jump measure of a stable process of index a by
a finite measure. Therefore Y'! has the same local behavior at time 0 as a stable process
of index «; similarly Y2 has the same local behavior at time 0 as a stable process of index
B. (Note that points are polar for these two processes.) Choose ¢ such that € + % < é —e.
By Lemma 6.1 for all sufficiently small ¢ > 0,

0 <[] < #H)e < I/ < LAY,

1
2

Remark 6.5 By Lemma 6.4 we can find ¢ > 0 such that PO(7y /3 < to) < 1/20. Let
D = D(r) = (—r,7)?, and choose r small enough so that P°(Y;, € D(r)) < 1/20. Let

mp =inf{t >0:Y; ¢ D} and F\) ={Y;, e V(N }.
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Note that if Y;, € V/()) and 7y () > to then we have 7p > 7y(5) > to. So,
PY(F(3)) < ]PO(TV(%) < to) + P°(V;, € D) < 1/10.
Note also that the events F(\) are increasing in A.

Lemma 6.6 There ezists sequence T, — 0 and 0, — 0 such that | J32, B(zn,0,) C V(3)
and

PY(F(3)) > 7/10 fory e [j B(zp, bn).

n=1

Proof. Let hy(z) = P*(F(3)). Then hy(0) > 9/10 and hy (Yirr,) is a right-continuous
martingale. Using the right-continuity of hy(Y) and Y, and the fact that Y; € V(1/4)
for all small times ¢, we deduce that there exist =, € V(1/4) with z,, — 0 such that
hy (zy) > 8/10 for all n.
Note that, since the coordinate processes Y* are symmetric stable processes, each point

z € OD is regular for D°. Therefore, if the event F($) occurs for the process Y (w) (with
Yy = z,) then F(3) occurs, a.s., for the process u+Y for all sufficiently small u. It follows
that, for each n,

. 1

lgggfpy(F(ﬁ)) > 8/10.
We now take 6, > 0 small enough so that B(zn,6,) € V(3) and PY(F(3)) > 7/10 on
B(zyp, 0n). |

We now define a second jump kernel J; follows. Write B = B(0,1). If z,y € V we set

Ji(z,y) = m(|lzr — w1, |22 — v2l) 15— yen)-

If z,y € V¢ we set
Ji(z,y) = m(|$2 — 2, |71 — y1|)11(z—y63)-
Ifx €V and y € V° or vice versa and |z — y| < 1, we define

Ji(z,y) = (lo1 =977 Alzz — 92l 777%) Lia—yem)-
It is easy to see that J; satisfies (A1)—(A3).

Proof of Theorem 1.9: Let X = {X;,t > 0} be the symmetric jump process associated
with the Dirichlet form given by (1.1)—(1.2) with J; as above in place of J. Note that if
z € V, then Ji(z,y) = Jo(z,y) for y € V, while Ji(z,y) < Jo(z,y) for y € V€. Thus X
makes as many jumps within V as Y does, but makes fewer jumps from V to V¢. This
can be made more precise by using Remark 2.4 to construct Y from X. Although when X
enters V¢, the positive continuous additive functional C' = {C},t > 0} defined in Remark
2.4 becomes infinite immediately, we will only be looking at time intervals [0,y (X)],
so this will not be an issue for us. In particular, all that we need is that Xy = Y, for
0<s<r V(Y)
Let o =inf{t > 0: X; ¢ D}, and set

h(z) = P*(X, € V(3)).
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h(z) =P*(X, € V(3)) > 7/10  for z € E.
Let © : R2 — R? be defined by
O((z1,22)) = (z2,21). (6.5)
Then the reflection symmetry of the law of X gives
P’ (X, € O(V(3))) > 7/10, T € O(E).

Hence we have
h(z) < 3/10, z € O(E).

Since E and O(F) are open sets and 0 is an accumulation point of both sets, we deduce
that h is not continuous at 0. O

Corollary 6.7 There ezxist a bounded continuous function H and tg > 0 such that x —
E* [H(X},)] is not continuous at 0.

Proof. Recall that Y is the Lévy process with jump intensity kernel J;. By Remark 6.5
there exist g > 0 and r such that

9

B0 (¥, € V(1/3)\ D(r)) > 1.
Let H be a continuous function bounded by —1 and 1 such that H is 1 on V(3) \ D(r),
H >0 on V(1), and H(z2,z1) = —H(z1,%2). Since H is bounded below by —1, then
E? [H(Y:,)] > 1% — 11—0 = %. Since Y is a Lévy process, it has the Feller property, and so
z — E® [H(Y,,)] is continuous. Therefore lim,_,o E* [H(Yy,)] > .

As in the proof of Theorem 1.9, there exist sequences z, — 0, 6, — 0 such that
E = U,B(zy,0,) C V(1) and E* [H(Xy,)] > 15 for z € E. By the antisymmetry
of H, E* [H(Xy,)] < —1 for z € O(E), where © is defined by (6.5). We conclude
z +— E* [H(X4,)] is not continuous at 0. 0

Remark 6.8 (i) If we wish we can replace the double cone V' (\) by the half-space H_ =
{z1 < 0}. Use polar coordinates in R? and let 6y € (0,7/2) satisfy tanfy = 1/\.
Let 1 : [0,27] — [0, 27] be strictly increasing and piecewise linear with 4 (0) = 0,
P(0y) = 7/2, P2 — by) = 3w /2 and (27) = 2x. Let ¥(r,0) = (r,1(0)); note that
U(V(N) C H-.

Let Z = ¥(X). Then Z is a symmetric jump process associated with a Dirichlet
form &£ and jump measure n' which satisfies (A1)—-(A3). By the construction of Z
and using Remark 6.5 we see that there exist points z,, — 0 with z,, € H_, and
to > 0 such that, for all n,

pon (75_ > to) > 9/10. (6.6)
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If we time change Z so that the associated Dirichlet form is on L*(R?,dz), the new
process Z still satisfies (6.6) with a different value of .

In particular we see that for the processes considered in this paper, if H is a half
space, points on 0H need not be regular for H.

(ii) In this example we needed o < < 1 because points are not polar for the symmetric
stable process with a > 1. If we look at similar constructions in higher dimensions
such as R* = R% x R? then it seems likely that we could construct a similar example
forany 0 < a < g < 2.

(iii) Note that (6.1) allows for the choice of b = a + ¢ for any value of € > 0. Define
in {21702, Tog (2|22 2} if || V[l < 1,
(2 7m) = mn{|z1| (522l | |z1] V | 22| < 6.7
0 if |z1] V |z2| > 1.

Then m is very similar to m in (6.1). Now, proceed as in the example above but this
time construct J; with the help of m instead of m. Then it is shown as a corollary
in [HuKa05] that the Dirichlet form corresponds to a Feller semigroup and that
harmonic functions are continuous satisfying certain a priori estimates. Therefore
when trying to construct discontinuous harmonic functions, one cannot modify our
class of examples much.

Proposition 6.9 With J as above, the martingale problem for the operator
£1@) = [ (et h) = @)oo+ b dh
R
acting on C? functions is not well-posed.

Proof. The function Lf is bounded by the C?-norm of f when f € C2(R?) by (A1)—(A3).
Section 3 of [Bas88] (trivially modified to handle the case of dimensions larger than one)
shows that {P? : z € R?} is tight.

We claim that any subsequential weak limit point of P* as z — 0 is a solution to the
martingale problem for £ started at 0. If PP is such a limit point, it is easy to see that
PXg=0)=1IffeC?andr; <--- <1, <s<tandg,...,g, are continuous
functions with compact support, then

B {0 - £ - | () dulY] (6.8)

— e [{700) - 1) - [ sy au}y]

where Y = [, gi(Xy,). Since X has no jumps larger than 1, we see that if f € C?(R?),
then L£f will be zero at points that are a distance more than one from the support of f.
Therefore Lf also has compact support. Let € > 0 and let I be a continuous function
that equals £ f except on a set A of Lebesgue measure at most e. Since f(X;)Y, f(Y})Y,

f(X)Y,Y fo w)du, and Y fo ») du are continuous functionals of the path, thelr
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expectation under P** converges to the corresponding expectation under P. We have the
estimate

t ¢
B / 1£f (Xu) = I(Xu)|du < erty + e/ E™ [/ 1a(Xy) du] <citr + cgtl_d/a|A|
0 t

using Theorem 1.2. If we set t; = |A|*/(®9) we obtain the upper bound c3|A|*/(@+d) A
limit argument yields the same bound for the expectation with respect to P. Therefore

tim sup|E[ { /(X)) = £(Xo) - /0 LX) du}Y]
~E[{70x) - 100) - [ s (x)du}Y)

< el atd).
Since ¢ is arbitrary, we have (6.8) with E*» replaced by E. This shows that P is a solution
to the martingale problem started at 0.

Suppose now that we had uniqueness to the martingale problem for £ started at 0.
We conclude P* — PV as £ — 0. In particular, if H is a bounded continuous function,
E* [H(X;)] — E° [H(X;)] as £ — 0 for all £ > 0. But this contradicts Corollary 6.7. O
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