COMPARISON OF QUENCHED AND ANNEALED INVARIANCE
PRINCIPLES FOR RANDOM CONDUCTANCE MODEL: PART 1II
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ABSTRACT. We show that there exists an ergodic conductance environment such that the
weak (annealed) invariance principle holds for the corresponding continuous time random
walk but the quenched invariance principle does not hold. In the present paper we give a
proof of the full scaling limit for the weak invariance principle, improving the result in an
earlier paper where we obtained a subsequential limit.

1. INTRODUCTION

This article contains the completion of the project started in a previous paper [4], where
we proved that there exists an ergodic conductance environment such that the weak (an-
nealed) invariance principle holds for the corresponding continuous time random walk along
a subsequence but the quenched invariance principle does not hold. In the present paper we
give a proof of the full scaling limit for the weak invariance principle, improving the result in
[4]. The improved result is, in a sense, a quantitative form of the invariance principle. The
proof consists of several lemmas. Some of them are specific to our model but some of them
have the more general character and may serve as technical elements for related projects.
Since this paper is a continuation of [4], we start by presenting basic notation and definitions
from that paper.

Let d > 2 and let E; be the set of all non oriented edges in the d-dimensional integer
lattice, that is, By = {e = {x,y} : v,y € Z%, |xr — y| = 1}. Let {.}ecr, be a random process
with non-negative values, defined on some probability space (2, F,P). The process {iic}eer,
represents random conductances. We write iz = flye = fi{z,) and set p,, = 0if {z,y} ¢ Ey.
Set

”x:Z“xya P(I>y) :@7

y Ha
with the convention that 0/0 = 0 and P(z,y) = 0 if {z,y} ¢ E4. For a fixed w € Q, let
X = {X;,t > 0,P% x € Z be the continuous time random walk on Z? with transition
probabilities P(z,y) = P,(z,y), and exponential waiting times with mean 1/u,. The corre-

sponding expectation will be denoted E*. For a fixed w € €2, the generator £ of X is given
by

(1.1) LF(x) = pay(f(y) — f(2)).

In [3] this is called the variable speed random walk (VSRW) among the conductances pi.. This
model, of a reversible (or symmetric) random walk in a random environment, is often called
the Random Conductance Model.
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bridge, and by MTA Rényi ”Lendulet” Groups and Graphs Research Group.
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We are interested in functional Central Limit Theorems (FCLTs) for the process X. Given
any process X, for ¢ > 0, set X = eX;/2, t > 0. Let Dp = D([0,7],R?) denote the
Skorokhod space, and let D, = D([0, 00), RY). Write dg for the Skorokhod metric and B(D7)
for the o-field of Borel sets in the corresponding topology. Let X be the canonical process
on Dy, or Dy, Pgm be Wiener measure on (Do, B(Do)) and let Epy be the corresponding
expectation. We will write W for a standard Brownian motion. It will be convenient to
assume that {y.}ecp, are defined on a probability space (2, F,P), and that X is defined on
(2,F) X (Do, B(Doo)) or (2, F) x (D, B(Dr)). We also define the averaged or annealed
measure P on (D, B(Dy,)) or (Dr, B(Dr)) by

(1.2) P(G) = E P%(G).

Definition 1.1. For a bounded function F on Dz and a constant matrix 3, let UX =
EVF(X?) and VE = Egy F(XW). We will use I to denote the identity matrix.

(i) We say that the Quenched Functional CLT (QFCLT) holds for X with limit ¥W if for
every T > 0 and every bounded continuous function ' on Dy we have ¥F — UL as e — 0,
with P-probability 1.

(ii) We say that the Weak Functional CLT (WFCLT) holds for X with limit X if for every
T > 0 and every bounded continuous function F on Dr we have UI' — W& as ¢ — 0, in
P-probability.

(iii) We say that the Averaged (or Annealed) Functional CLT (AFCLT) holds for X with
limit W if for every T" > 0 and every bounded continuous function F' on Dy we have
E W — WL This is the same as standard weak convergence with respect to the probability
measure P.

If we take > to be non-random then, since F' is bounded, it is immediate that QFCLT =
WEFCLT. In general for the QFCLT the matrix ¥ might depend on the environment p.(w).
However, if the environment is stationary and ergodic, then ¥ is a shift invariant function
of the environment, so must be P-a.s. constant. In [9] it is proved that if p,. is a stationary
ergodic environment with E y, < oo then the WFCLT holds. In [4, Theorem 1.3] it is proved
that for the random conductance model the AFCLT and WFCLT are equivalent.

Definition 1.2. We say an environment (y.) on Z¢ is symmetric if the law of (y.) is invariant
under symmetries of Z.

If (1) is stationary, ergodic and symmetric, and the WFCLT holds with limit W then
the limiting covariance matrix X7'Y must also be invariant under symmetries of Z?, so must
be a constant times the identity.

In a previous paper [4] we proved the following theorem:

Theorem 1.3. Let d = 2 and p < 1. There exists a symmetric stationary ergodic environ-
ment { e }ecp, with E(ul VvV p ?) < oo and a sequence €, — 0 such that

(a) the WECLT holds for X~ with limit W, i.e., for every T > 0 and every bounded contin-
uwous function F on Dy we have \I/i — Ul as n — oo, in P-probability,

but

(b) the QFCLT does not hold for X with limit W for any X.

In this paper we prove that for an environment similar to that in Theorem 1.3 the WFCLT
holds for X® as ¢ — 0, and not just along a subsequence.
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Theorem 1.4. Let d = 2 and p < 1. There exists a symmetric stationary ergodic environ-
ment {fte}eem, with E(u2 Vv p?) < oo such that

(a) the WFCLT holds for X¢ with limit W, i.e., for every T > 0 and every bounded contin-
uous function F' on Dy we have UE — UL as e — 0, in P-probability,

but

(b) the QFCLT does not hold for X¢ with limit W for any 3.

For more remarks on this problem see [4].

Acknowledgment. We are grateful to Emmanuel Rio, Pierre Mathieu, Jean-Dominique
Deuschel and Marek Biskup for some very useful discussions.

2. DESCRIPTION OF THE ENVIRONMENT

Here we recall the environment given in [4]. We refer the reader to that paper for proofs
of some basic properties.

Let Q = (0,00)%2, and F be the Borel o-algebra defined using the usual product topology.
Then every t € Z?* defines a transformation Ty(w) = w + t of . Stationarity and ergodicity
of the measures defined below will be understood with respect to these transformations.

All constants (often denoted ¢y, cs, etc.) are assumed to be strictly positive and finite. For
aset A C Z*let E(A) C E; be the set of all edges with both endpoints in A. Let Ej(A) and
E,(A) respectively be the set of horizontal and vertical edges in F(A). Write x ~ y if {z, y}
is an edge in Z2. Define the exterior boundary of A by

OA={yeZ*— A:y~xfor some x € A}.

Let also
0;A = 8(22 — A).

Define balls in the £*° norm by B(x,r) = {y : ||z — y|| < r}; of course this is just the square
with center x and side 2r.

Let {an}n>0, {Bn}n>1 and {b,},>1 be strictly increasing sequences of positive integers
growing to infinity with n, with

1:a0<b1<Bl<&1<<b2<62<a2<<bg...

We will impose a number of conditions on these sequences in the course of the paper. We
collect the main ones here. There is some redundancy in the conditions, for easy reference.

(i) ayn is even for all n.
(ii) For each n > 1, a,_; divides b,, and b, divides 3, and a,.
(iii) by > 1010,
(iv) an/\/% < b, < ap/+/n for all n, and b, ~ a,//n.
(V) bpy1 > 2", for all n.
(vi) b, > 40a,,_, for all n.
(vii) by, is large enough so that the estimates (5.1) and (6.1) of [4] hold.
(viil) 100b, < B, < byn'/* < 283, < a,/10 for n large enough.
In addition, at various points in the proof we will assume that a, is sufficiently much

larger than b,_; so that a process X1 defined below is such that for a > a,, the rescaled
process

(@' x5 1> 0)
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is sufficiently close to Brownian motion. We will mark the places in the proof where we
impose these extra conditions by (&) .

We begin our construction by defining a collection of squares in Z2. Let
B, = [0,a,)?,
B! =[0,a, — 1]*NZ?
8u(2) ={x+ayy+ B, : y€Z*}.

Thus 8, (z) gives a tiling of Z? by disjoint squares of side a,, — 1 and period a,,. We say that
the tiling 8,,_1(z,_1) is a refinement of 8, (z,) if every square @ € 8, (x,) is a finite union
of squares in 8,,_1(x,—_1). It is clear that 8,_1(x,_1) is a refinement of §,(z,) if and only if
Ty = Tpn_1 + ap_1y for some y € Z2.

Take O; uniform in B/, and for n > 2 take O,,, conditional on (O, ..., 0,_1), to be uniform
in B/ N (0,_1 + a,_1Z?*). We now define random tilings by letting

Sn =8,(0,), n > 1.

Let n,, K, be positive constants; we will have 1, < 1 < K,,. We define conductances on
E, as follows. Recall that a,, is even, and let a], = %an. Let

Co={(r,y) €B,NZ*:y>z,0+y<a,}
We first define conductances v for e € E(C,,). Let
DY = {(a}, = Bu,y), @), — 10b, < y < a), + 10b, },
Dyt = {(x,a}, + 10by), (z, a;, + 10b, + 1), (z, a;, — 10by,), (2, a;, — 10b, — 1),
an — Bn— by <x < al, — B+ by}

Thus the set DY U DY resembles the letter I (see Fig. 1).
For an edge e € E(C,,) we set

v =, ifec E,(DY),
v = K, ifeec E(DY),

e

v =1 otherwise.

We then extend v™° by symmetry to E(B,). More precisely, for z = (z,y) € B,, let
Riz = (y,z) and Rez = (a, —y,a, — x), so that R; and Ry are reflections in the lines y = x
and  +y = a,. We define R; on edges by R;({z,y}) = {R;z, Ry} for z,y € B,. We then
extend v%" to E(B,) so that 19" = y%’fe = V%’:e for e € E(B,). We define the obstacle set
D? by setting

1
Dy, = J (DY U Ri(DYY') U Ro(D3) U Ry Ry (DY),
i=0
Note that 1% = 1 for every edge adjacent to the boundary of B, or indeed within a distance
a,/4 of this boundary. If e = (z,y), we will write e — 2 = (x — z,y — z). Next we extend
v to By by periodicity, i.e., v0 = %%  for all « € Z2. We define the conductances v by
translation by O,,, so that

n _ .n0
v =v e € k.

e—0p?
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200,

—
2bn,

FIGURE 1. The set DY U D% resembles the letter I. Blue edges have very
low conductance. The red line represents edges with very high conductance.
Drawing not to scale.

We also define the obstacle set at scale n by
(2.1) D, = | (anz + 0, + D).
T€Z?

We will sometimes call the set D,, the set of nth level obstacles.
We define the environment p inductively by

W= vr AL
pt =t it =1,
Once we have proved the limit exists, we will set

(2.2) pre = lim 11

Lemma 2.1. (See [4, Theorem 3.1]).

(a) The environments (V}',e € Es), (ul,e € Ey) are stationary, symmetric and ergodic.
(b) The limit (2.2) exists P-a.s.

(¢) The environment (p.,e € Es) is stationary, symmetric and ergodic.

Now let
(2.3) Lof(x)=>> " ph, (fly) = f(x)),

and X™ be the associated Markov process. Set
(2.4) N = b Y™y >,

n

From Section 4 of [4] we have:

Theorem 2.2. For each n there exists a constant K,, depending on ny, Ky, ... 01, K,_1,
such that the QFCLT holds for X™ with limit W.
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For each n the process X ™ has invariant measure which is counting measure on Z?2. For
r € R? and a > 0 write [za] for the point in Z? closest to ra. (We use some procedure to
break ties.) We have the following bounds on the transition probabilities of X ™ from [5].
We remark that the constant M, below is not effective — i.e. the proof does not give any
control on its value. Write k;(z,y) = (2rt) ™' exp(—|z — y|?>/2t) for the transition density of
Brownian motion in R2?, and

" (x,y) = PLX =)
for the transition probabilities for X ™).

Lemma 2.3. For each 0 < 6 < T there exists M,, = M, (0, T) such that for a > M,

1
(2.5) ékzt(a:,y) < a*py) ([wal, [ya)) < 2ki(x,y) for all§ <t <T,|z|,|y| < T>

3. PRELIMINARY RESULTS

Since a proof of Theorem 1.3(b) was given in [4], all we need to prove is part (a) of
Theorem 1.4. The argument consists of several lemmas. We start with some preliminary
results on weak convergence of probability measures on the space of cadlag functions. Recall
the definitions of the measures P and P2.

Recall that D := D; = D([0, 1], R?) denotes the space of cadlag functions equipped with
the Skorokhod metric dg defined as follows (see [6, p. 111]). Let A be the family of continuous
strictly increasing functions A mapping [0, 1] onto itself. In particular, A(0) = 0 and A(1) =
If z(t),y(t) € D then

ds(z,y) = inf max  sup (A1) — ], sup [y(A(B) — (¢)]).

AEA te[0,1] te[0,1]
For x(t) € D, let Osc(x,d) = sup{|z(t) — z(s)| : s,t € [0,1],]|s — t| < }.
Lemma 3.1. Suppose that o : [0,1] — [0,1] is continuous, non-decreasing and o(0) =
(we do not require that o(1) = 1). Suppose that |o(t) — t| < § for all t € [0,1]. Let
e>0,0 >0, z,y € D with ds(x(-),y(-)) < ¢, and Osc(x,d) V Osc(y,0) < 6;. Then
ds(z(a(-)),y(o(-))) < e+ 241
Proof. For any €1 > ¢ there exists A € A such that,

max ( sup A(®) = t], sup [y(A(®) ()]} <.
t€(0,1] t€[0,1]

We have for X\ satisfying the above condition,

sup |y(a(A(t))) — z(a(t))]

te[0,1]

< sup (|y(a (A1) = y(A@))] + [y(A@)) — 2(O)] + [x(t) — z(a(t))])

tel0,1]
< Osc(y, d) + 1 + Osc(x,0) < &1 + 26;.

Hence,

max ( sup |A(t) —t|, sup |y(a(A(t))) — x(a(t))|) < &1+ 20;.

te[0,1] te€(0,1]

Taking infimum over all £; > ¢ we obtain ds(z(o(-)),y(a(-))) < e+ 24;. O
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Let d denote the Prokhorov distance between probability measures on a probability space
defined as follows (see [6, p. 238]). Recall that 2 = (0,00)%2 and JF is the Borel o-algebra
defined using the usual product topology. We will use measurable spaces (D, B(Dr)) and
(Q,5) x (Dr,B(Dr)), for a fixed T' (often T' = 1). Note that Dy and €2 x Dy are metrizable,
with the metrics generating the usual topologies. A ball around a set A with radius € will be
denoted B(A,¢) in either space. For probability measures P and @, d(P, Q) is the infimum
of € > 0 such that P(A) < Q(B(A,¢)) + ¢ and Q(A) < P(B(A,¢)) + ¢ for all Borel sets A.
Convergence in the metric d is equivalent to the weak convergence of measures. By abuse of
notation we will sometimes write arguments of the function d( -, -) as processes rather than
their distributions: for example we will write d({(1/a)X t(;), t € [0,1]}, Paa). We will use d
for the Prokhorov distance between probability measures on (2, F) x (Dz, B(Dr)). We will
write d,, for the metric on the space (D, B(Dr)). It is straightforward to verify that if, for
some processes Y and Z, d, (Y, Z) < ¢ for P-a.a. w, then d(Y,Z) < e.

We will sometimes write W (t) = W, and similarly for other processes.

Lemma 3.2. There exists a function p : (0,00) — (0,00) such that limsop(6) = 0 and
the following holds. Suppose that 6,8 € (0,1) and o : [0,1] — [0,1] is a non-decreasing
stochastic process such that t — oy € [0,0] for all t, with probability greater than 1 — ¢§'.
Suppose that {W;,t > 0} has the distribution Pgy and W} = W {(oy) for t € [0,1]. Then
d({Wt*,t S [0, 1]}7PBM) < p(5) + 4.

Proof. Suppose that W, W* and ¢ are defined on the sample space with a probability measure
P. Tt is easy to see that we can choose p(d) so that limsjo p(0) = 0 and P(Osc(W,0) > p(d)) <
p(9). Suppose that the event F' := {Osc(W,0) < p(d)} N{Vt € [0,1] : t — oy € [0,0]} holds.
Then taking A\(t) = t,

ds(W.W*) < max sup [A(®) =], sup [WA(0) ~ W (1)])

te[0,1] te[0,1]

= sup |[W(t) —W(a(t))] < Osc(W,d) < p(d).

t€[0,1]

We see that if F' holds and W € A C D then W*(-) € B(A, p(9)). Since P(F°) < p(§) + &,
we obtain
P(W € A)
SP{WeAINF)+ P(F) < PEA{W* e B(A,p(d)} NF)+p(d) + ¢
< P(W* e B(A,p(d))) + p(d) + 4"

Similarly we have P(W* € A) < P(W € B(A, p(d))) + p(d) + ¢, and the lemma follows. [

Lemma 3.3. Suppose that for some processes X,Y and Z on the interval [0,1] we have
Z =X +Y and P(supy<,<; | Xi| <6) > 1 6. Then d({Z;,t € [0,1]},{Y;,t € [0,1]}) < 0.

Proof. Suppose that the event F':= {supy<,;; |X;| < d} holds. Then taking A(t) = t,

ds(Z,Y) < max Qiké% A ¢, sup Z(A0) - v (1))
= sup |Z(t) - Y(t)| <.

t€[0,1]
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We see that if F' holds and Z € A C D then Y(-) € B(A,d). Since P(F¢) < §, we obtain
P(ZeA)<PH{ZeAINF)+P(F°)<PHY €B(AN}NF)+0
< P(Y € B(A,0)) + 0.
Similarly we have P(Y € A) < P(Z € B(A,¢)) + 6, and the lemma follows. O

Recall that the function e — p! is periodic with period a,. Hence the random field
{1 }ecr, takes only finitely many values — this is a much stronger statement than the fact
that ! takes only finitely many values.

By Theorem 2.2 for each n > 1,

lim d({(1/a)X,2),t € [0,1]}, Pau) = 0.
a— 00
Thus (&) we can take a,1 so large that for every w, n > 1 and a > a1,

(3.1) do({(1/a) X"t € 0,1]}, Paw) < 27"

ta?

Let 6 denote the usual shift operator for Markov processes, that is, Xt(n) 0l = Xt(zl for
all 5,¢ > 0 (we can and do assume that X is the canonical process on an appropriate
probability space). Recall that B(z,r) = {y : ||z — y||«c < r} denote balls in the ¢> norm in

Z? (i.e. squares), a,, = a,/2, B, = [0,a,]* and u,, = (da,,,a,,). Note that u, is the center of
B,,. We choose (3, so that
(3.2) byn''® < B, < [ban'/*] < 26, < a,/10,

and we assume that n is large enough so that the above inequalities hold. Let €, = {u, +
O, + a,Z*} be the set of centers of the squares in 8, and let

(3.3) K(r)= | B(zr).

2€Cn
Now let

I, = X(25,),
L7 =2\ K(4B,).
Now define stopping times as follows.
Sy =Ty =0,
Up =inf{t > 5, X" e}, k>1,
Sp=inf{t>Ur: XM ell}, k>1,
Vi = inf {t e Jiop.sp): XM e x(1) + an,1Z2},
k>1
TP =inf{t >V XM eTl},  k>1,
Vi=Viobr , k>2
Let

J=Jwv 1
k=1
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for t € J the process X is a distance at least 8, away from any nth level obstacle. Now
set for t > 0,

t o]
0?1_/11 s=Y (TP At—VPAL),
0

N k=1
o =t—op! :Z(Vkﬂl/\t—Tg"/\t).
k=0
Let ™7 denote the right continuous inverses of these processes, given by
o7 =inf{s>0:0™ >t},j=1,2.
Finally let

t
Xt = x4 / 1;(s)dXx™
0
+Z XO(TEAL) — XDV AL,
X = x50 + X"J(a:“),

t
xr? = x4+ / 1e(s)dX (™
0

" Z XV Aty — XO(TE AL,

Xp? = X"+ X"’2<8?’2)-

The point of this construction is the following. For every fixed w, the function e — !
is invariant under the shift by za,_; for any x € Z?, and X" (V") = X"(T}") + za,_, for
some x € Z2. It follows that for each w € €2, we have the following equality of distributions:

(3.4) (Xr >0 Qx> o0,

The basic idea of the argument which follows is to write X(™ = X™! 4 X™2_ By Theorem
2.2, or more precisely by (3.1), the process X™! is close to Brownian motion, so to prove
Theorem 1.4 we need to prove that X™? is small.

We state the next lemma at a level of generality greater than what we need in this article.
A variant of our lemma is in the book [1] but we could not find a statement that would match
perfectly our needs. Consider a finite graph G = (V, E) and suppose that for any edge 77y,
sy is @ non-negative real number. Assume that Zyw fay > 0 for all z. For f:V — R set

Ef ) =D may(f(y) = f(@)*
{z,y}€F
Suppose that Ay, Ay C V, A; N Ay =0, and let
H={f:V — Rsuch that f(z) =0 for x € Ay, f(y) =1 for y € Ay},

=inf{E(f, f): [ € H}.
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Thus r is the effective resistance between A4; and A,. Let Z be the continuous time Markov
process on V with the generator £ given by

(3.5) Lf(@) = pay(fy) — f(@)).

Let T; = inf{t > 0: Z, € A;} fori = 1,2, and let Z® be Z killed at time T;.

Lemma 3.4. There exist probability measures vy on Ay and vy on As such that
E”T) + E"T, =r|V|.

Moreover, fori=1,2, v; is the capacitary measure of A; for the process ZB3=9.

Proof. Let hio(x) = P*(Ty < Ty). Set D =V — A; and recall that Z® is Z killed at time
T;. Let G5 be the Green operator for Z?), and go(x,y) be the density of G with respect to
counting measure, so that

E*Ty = Z 92(@, y).

yev

Note that gs(z,y) = g2(y, ). Let eys be the capacitary measure of A; for the process Z(2).
Then r—' = > .ea, €12(2), and

hia(z) = Z e12(2)ge(z, ).

z€Aq

So, if 11 = reqs, then

th(y) = Z Z 612(@92(%9)

yeV yeV x€ Ay
=r' > (1)) ga(,y)
T€EAL yeV
=r! Z vi(z)E*Ty = v BT,
T€A
Similarly if hoy (z) = P*(Ty < Ty) we obtain r~!E*2T} = Zye\? ho1(y), and since hys+ hoy = 1,
adding these equalities proves the lemma. O

4. ESTIMATES ON THE PROCESS X™?
In this section we will prove
Proposition 4.1. For every 6 > 0 there exists ny such that for alln > ny, u > a%, and w

such that 0 ¢ TL\ O,T'}

(4.1) P° (0;"2/u <6, sup u” Y2 X™?| < (5) >1-0.
0<s<u

The proof requires a number of steps. We begin with a Harnack inequality.

Lemma 4.2. Let 1 < X\ < 10. There exist p; > 0 and ny > 1 with the following properties.
(a) Let x € 72, let By = B(x,\B,) and By = B(x,(2/3)\3,). Let F be the event that X™
makes a closed loop around Bs inside By — By before its first exit from By. If n > ny and
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D, N By =0 then PY(F) > p, for all y € Bs.
(b) Let h be harmonic in By. Then

: < p; 'min h.
(4.2) n}ga;xh < p 1%12nh
Proof. (a) Using (&) and (3.1) we can make a Brownian approximation to [, 1X™ which is
good enough so that this estimate holds.
(b) Let y € By be such that h(y) = max.ep, h(z). Then by the maximum principle there
exists a connected path v from y to 9;B; with h(w) > h(y) for all w € 7. Now let ¢/ € Bs.
On the event F the process X ™ must hit 7, and so we have

h(y') > PY(F)minh > pih(y),
Y

proving (4.2). O
Lemma 4.3. For some ny and ¢y, for alln > ny, k> 1, and w such that 0 ¢ TL\ 9,T'},
(4.3) Ey(Up = Sy | Fsp,) < a1y

Proof. Assume that w is such that 0 ¢ T’} \ 9;T'L. By the strong Markov property applied at
Si | for k > 1, it is enough to prove the Lemma for k& = 1, that is that E%(U}") < ¢182 for
all x ¢ T\ 0T}, Let
V = B(un + 0,40, + 1),
A1 = 0;B(un + 0y, (3/2)Bn),
Ay =0,V,
T,=inf{t>0: X" €A}, i=123.

Let Z be the continuous time Markov chain defined on 'V by (3.5), relative to the environment
™. Note that the transition probabilities from x to one of its neighbors are the same for Z
and X if z is in the interior of V, i.e., x ¢ 9;VU(Z?\ V). Note also that Z and X"~V have
the same transition probabilities in the region between A; and Az. The expectations and
probabilities in this proof will refer to Z. By Lemma 3.4, there exists a probability measure
vy on A; such that BTy < r|V|. We have |V| < 82

To estimate r note that by the choice of the constants 7, ; and K,,_; in Theorem 2.2, the
resistance (with respect to u”~!) between two opposite sides of any square in 8,_; will be
1. It follows that the resistance between two opposite sides of any square side [3,, which is a
union of squares in 8, 1 will also be 1. So, using Thompson’s principle as in [2] we deduce
that r < ¢3.

So, by Lemma 3.4 we have

(4.4) E"'Ty < cyf32.
We have for some c5, py > 0 all n and x € V\ B(u, + 0,,(3/2)5,),
Pi(Ti ATy < c553) > pi,

because an analogous estimate holds for Brownian motion and (&) we have (3.1). This and
a standard argument based on the strong Markov property imply that for x € As,

E‘f(Tl VAN TQ) S Cﬁﬁ'rZL'
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Now for y € A; and x € V set
vi(y) = PS(X"(TAT) = y).
(Note that there exist « with > _, v5(y) < 1.) We obtain for n > n, and x € A3,
(4.5) EXT,) = EX(TY NT) + EXS((T2 — Th)1py <)
= EX(TyANTy) + E5Ty < cgf82 + ES Ty

For y € A; the function x — v§(y) is harmonic in V \ A;. So we can apply the Harnack
inequality Lemma 4.2 to deduce that there exists ¢; such that

(4.6) VE(y) < e (y) for all 2,2’ € Ag,y € Ay,

The measure v is the hitting distribution on A; for the process Z starting with vy (see |1,
Chap. 3, p. 45]). So for any 2’ € A,

vi(y) = P*(Zn =y) = Y P*(Zr, = 2)Pi(Zr, =)

r€A;3

> N" P (Zn = 2) P (Zronr, = y) = min i (y) = o5 '3 (y):

s TEA3
Hence for any x € Az,
ERTy < e ERTy < csf3y,
and combining this with (4.5) completes the proof. O
Let

RY = inf {t >0: X" € (y+ anZ2) U F;} .

Lemma 4.4. There exist ¢; > 0 and p; < 1 such that for all x,y € 72,

(4.7) P (RY > c1by) < py,
(4.8) P ( sup |z — X"| > Clbn) <1
0<t<Rj},

Proof. Recall that the family {u7'},cz2 of translates of the environment p"~! contains

only a finite number of distinct elements. Since each square in 8,,_; contains one point in
(y + an_1Z?), if b, /a,_; is sufficiently large (&) then using the transition density estimates

(2.5) as well as (3.1), we obtain (4.7) and (4.8). O
Lemma 4.5. For some ny and cy, for alln > ny, k> 1, and w such that 0 ¢ T} \ §,T'L,
(4.9) ES(V =Ty | Frp ) < erbin!/?.

Proof. Assume that w is such that 0 ¢ T'} \ 9;,I'}. Let
— inf {t >Un: XM e (XO(ID) + an_1Z2) U r;} .

Let F, = {R" < S'} and G}, = ﬂ] , F¢. Since b,n'/® < j, for large n, we obtain from (4.8)
and definitions of T'y, T2, U* and S} that there exists ps > 0 such that for z € I'2,

PI(Fy | Fup) > pa.
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Hence,
(4.10) P*(Gy) < (1 —po)™.
Note that if F}, occurs then V" < ﬁ" We have, using (4.3), (4.7) and (4.10),

B (Vi — Ty sZEO (Up = Sp)le, ) + > ES(Ry — UMig, )
k=1 k=1

< Z (1 =) ) e (1 - po)t !
k=1
< 04,6’2 < C5bin1/2.
This proves the lemma for £ = 1. The general case is obtained by applying this estimate to
the process shifted by 7} ;; in other words, by using the strong Markov property. 0

Lemma 4.6. For every 6 > 0 there exists ny such that for all n > ny, u > a2, and w such

that 0 ¢ TL\ O;T},
(4.11) P (o0?/u<6)>1—4/2.
Proof. Assume that w is such that 0 ¢ T'L \ §,'L. Fix an arbitrarily small § > 0, consider

u > a? and let j, = [u/(b?n*®)]. Then (4.9) implies that for some ¢; and ng, all n > ny,
u>a?,

n’

E; <]— > V- Tj—l) < ebpn'/?,

Hence, for some ns, all n > nz, u > a2,

( Zvn Tn > 5[?2 9/16) < (5/8
,]*

and, since j,6b2n%/'6 < $u,

Jx
(4.12) P (Z VE—Tr, > 5u> < /8.

j=1
Recall K(r) from (3.3). Let
Ve =inf{t > V7 XM e Z2\ K(byn® )} AT, k> 1,
Ve =inf{t > V7 | XM = XM > (1/2),038), k> 1.

We can use estimates for Brownian hitting probabilities (&) to see that for some cq, ¢35 and
ny, all n > ny, k,

log(453,) — log(20,)
log(20,n3/8) — log(24,)

There exist (&) ¢y and ns, such that for all n > ns, k > 2,
Py = Vit > c4b721n3/4 | an < Ty, ?‘7;)

(4.13) POV < TP | Fup) >

> c3/ logn.

> PLS(‘N/kn - ‘716” > C4bin3/4 | ‘7;4” < Tg,?f/g> > 3/4.
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This and (4.13) imply that the sequence {T}' — V;"}x>2 is stochastically minorized by a
sequence of i.i.d. random variables which take value c;b2n3/* with probability c3/logn and
they take value 0 otherwise. This implies that for some ng, all n > ng, u > a?,

1S,
m<52ﬁw4@swﬁwm%>éwi
j=2

and, because 7,b2n%*/log®n > u assuming ng is large enough,

Jx
P? (ZT]” —-Vr < u) <d/4.

j=2

We combine this with (4.12) and the definition of 6™ to obtain for some ny, all n > ng,
u>a?,

(4.14) Po™ Ju < 6) > 1—30/8.

This completes the proof of the lemma. 0

k+1

For z € Z2, let I1,,(z) € B!, —u,+ O, be the unique point with the property that x —II,,(x
a,y for some y € Z2.
We next estimate the variance of X™?(Vr, ) = > L Y™

Let Y, = (Yz}h Ykn2) = X(n)(vkﬁl)_X( )( ) Set Ykn = SUPrp <<y |X(n)(t) (n ( 1?)
)

Lemma 4.7. There exist c¢1,co and ny such that for alln >ny, k>0, j=1,2, and w,

(4.15) EQlYiG] < EQIY| < EQIY| < e,
4.16 Var V", < Var V" < ¢, 32, under P*.
k:j k n w
Proof. Let
(4.17) 200(0) = X" IL(XOUI) = XU, e [TV

and note that
Y= (Vi Vi) = 267 (V) = G (T7).
It follows from the definition that we have supgn < <pn 1IXM () — XS )| < 168,

a.s. This, (4.8) and the definition of V;".; imply that |Y}?| is stochastically majorized by an
exponential random variable with mean c3(3,. This easily implies the lemma. O

Next we will estimate the covariance of ;" and Y}y for j # k.

Lemma 4.8. There exist c1,co and ny such that for alln > ny, j < k —1 and w such that
0¢TL\ Tk, under PO,

(4.18) Cov (Y™,

4,1 Yl:l) < CleicQ(kfj)@%'
Proof. Assume that w is such that 0 ¢ T’} \ 9;I'}. Let
2 =T NB(up + O, an/2) = Blu, + 0,,28,),
= 0;B(uy, + Op, 35,),

7(A) = inf{t > 0: X (1) € A}.
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Suppose that x,v € I'® and y € I'}. By the Harnack inequality proved in Lemma 4.2,

P05 (r(T4)) = )
Py (r(r)) =

(4.19)

Let T} have the same meaning as 77" but relative to the process f)C/,(c rather than X . We
obtain from (4.19) and the strong Markov property applied at 7(T'4) that, for any z,v,y € T2
we have

PRI (T =) o,
PO =y)

Recall that T = 0. The last estimate implies that, for z,v,y € T3,

z)
v)

Since the process X ™ is time-homogeneous, this shows that for z,v,y € I’ and all £,

P(X(1) =y | 7 (T7)
P X1y =y | X5 (Ty)

Z C3.

P(GL () =y | X ”><T"> =)
P(XM (1) =y | X0V (1) =)

We now apply Lemma 6.1 of [8] (see Lemma 1 of [7] for a better presentation of the same
estimate) to see that (4.20) implies that there exist constants Cy, k > 1, such that for every
k and all x,v,y € '3,

(4.20)

C3.

PE(XC(T7) = y)
Pu(X(T) = )

> C.

Moreover, Cy, € (0,1), Ci’s depend only on ¢3, and 1 — Cj, < e~%* for some ¢4 > 0 and all k.
By time homogeneity of X™ for m < j < k and all z,v,y,z € I'3,

PG () =y | X(T) =0)
n . n n = Yk—j,
PA(G(T7) =y | %57 (17) = v
and, by the strong Markov property applied at T7',
24 x(n) Tn — x(n) n) —
L) =y | =)

Pz (1 >fyrx"><T">—v>‘
This and (4.15) imply that for j < k — 1 and = € Z?,

IEZ”}(YM EJJYM | 9T]”+1>| - |E$(Ykn1 | fTrT" ) - Emyknﬂ
< (1= Cg—j-1) sup Ey’Ym’
y€eZ?
(4.21) < e I e, < eI,
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Hence for j < k —1,

Cov( ]17Yk 1) = 5(( ch}/]nlxyknl - EiYknl))
= E(ES (( — ESY)(Y0 — EGY) | )
= ES((Y]" EZ¥”1)E$(Yk"1 — E5Y | T )
< ES(Y)h — ESYH |- |EG(Y — EGY)0 | T )I)
< E$| |C e—calk— J)Bn
< cree! k .

OJ

Proof of Proposition 4.1. Assume that w is such that 0 ¢ T’} \ §,'L. We combine (4.18) and
(4.16) to see that for some ¢; and ¢y and all m > 1, we have under P?,

(4.22) Var (Z Y,gjl> = Z 3" Cov(Y}h, vi)

For fixed n and w, the process {f)C ( ),k > 1} is Markov with a finite state space and
one communicating class so it has a unique stationary distribution. We will call it p(n).

We will argue that EE(")Y,C”1 = 0. Since X™ and X®~V satisfy the quenched invariance
principle and they are random walks among symmetric (in distribution) conductances, they

have zero means. Recall that X = X! + X2 and X™! has the same distribution as
X®=1 Tt follows that for some ¢4 > 0 and c5 < 1/4 and all large ¢, we have

p5<">( > t)=P£<”>(sup |X§”—”|zw¥)<cﬁ-
1<s<t 1<s<t

Since X' = X™1(5") and 5}"' > ¢, the last estimate implies that

ppm (sup | X > 04\/E> < ¢;.

1<s<t

We also have for some ¢g > 0 and ¢; < 1/4, and all large t,
ppm (sup X > 06\/_> < ¢q.
1<s<t
Since X™? = X — X™! we obtain for some cg > 0 and ¢y < 1/2 and all large t,
ppm (sup | X2 > ch/Z) < cg.
1<s<t

This shows that X™? does not have a linear drift. It is clear from the law of large numbers
that liminf, , o}" /t > 0, so X™2 does not have a linear drift either. We conclude that
ERMyr = 0.
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Now suppose that X(ﬁ”) does not necessarily have the distribution p(n). The fact that
EE(n)kal = 0 and a calculation similar to that in (4.21) imply that,

[BSY] < croe™ B,

Let ¢12 be the constant denoted ¢; in (4.15). The last estimate and (4.15) imply that for
some ci3 and all m > 1,

EB Z Yiq| < Z |E2Y1§1| +sup E2|Ykn|
k=0 k>0 k21
(4.23) < Z cr0€” " B, + 1280 < 1350,
k>0

All estimates that we derived for ;s apply to Y;",’s as well, by symmetry.
Note that | X™ (U, ) — X(TP)| > B,/2. We have V', — Tp > Up,, — T} so we can
assume (&) that b, /a,_; is so large that for some p; > 0 and ny, for all n > ny and k > 1,

PI(Viiy =T > B2 | Fp) > 1.
Let V,, be a binomial random variable with parameters m and p;. We see that o™?(V") =

oo Vit — T is stochastically minorized by S2V,,.
Recall that u > a?. Let m; be the smallest integer such that

(4.24) PV <w) <d/4.
Then
(4.25) PV <wu)>6/4.

Since 0 in (4.14) can be arbitrarily small, we have for for some n3 and all n > na,
(4.26) P02 /u < 6%) >1—6/8.

The following estimate follows from the fact that o™2(V?

' _1) is stochastically minorized by
B2V, -1, and from (4.25)-(4.26),

Po.?(ﬁivml—l < 54“) > PS(O’”’2(V£171) < (5411,)

> PY(o? <6, Vi ) <) >6/8.

This implies that for some ¢4, we have m; < ¢1463u/B2. In other words, u > my 32 /(c146%).
Note that for a fixed §, we have for large n, (&) u'/26 /4—c;38, > u'/25/8. These observations,
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(4.22), (4.23) and the Chebyshev inequality imply that for m < my,

ZY,;}I + ZY,&) > 5/2>
< P° ( > vyl > u1/25/4> + PP ( Xm:

(4.27) P (u_1/2

Y| > u1/26/4>

= k=0

Sy - B
k=0

k=0

> U1/25/4 — 0135n>

[\
e
/_\

3

+ P° ( SOV = ENY V| > w5 /4 clgﬁn>
k=0 k=0
< Var (Z?:o Ylg,ll) Var (ZZL:O Yk%)
- ud? /64 ud? /64
202m162
0155

Let M = min{m > 1 : v 2 (|30, Yiu| + [ X Yih|) = 6}. By the strong Markov
property applied at M and (4.27),

(4.28)

PO sup u- Y
v <1<m£m1 (kz kol

mi—M
< PO ( —1/2 (

k=
Recall that u > my32/(c146%). For a fixed ¢ and large n, (&) w26 — 2c198, > u/?6/2. Tt
follows from this, (4.15) and (4.16) that

) > 6, u'/? ( > ovn|+ ZY&) < 6/2)
k=0 k=0

> 25/2|M<m1> §6155.

m
E n
Yk,?
k=0
mi1—M

n
§ Yy
k=0

(4.29) P (3k <my |V > u1/26) <my sup P (|Y]| > u1/25)
<my

<my sup P (Y| — EJ|Y,?| > u?5 — c123,)
k<mi

C1152 01152

Tus2ya = "N I m 52) 02

< c160.
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We use (4.24), (4.27), (4.28) and (4.29) to obtain

P? ( sup u” Y2 X™?| > 2(5)

0<s<u

< POV <u)+ P (u‘” ( PR
k=0

+ P sup u"l/? Y|+
(o, (B

+ PY (Elk <my:|Y"] > u1/25)

S 5/4 + 0155 + 6156 + 6165.

+ ZY&) > 5/2)

k=0
m mi
S ) > 5, ( S
k=0 k=0

+

m

n
§ Yk,Q
k=0

)<

Since § > 0 is arbitrarily small, this implies that for every § > 0, some n3 and all n > ngs,
P? ( sup u” Y2 X™?| > 5) < 4/2.
0<s<u

This and (4.11) yield the proposition. O
Recall from (1.2) the definition of the averaged measure P.

Lemma 4.9. For every § > 0 there exists ny such that for alln > ny and u > a2,

(4.30) P <JZ’2/U <6, sup u VXM < 5) >1-—0.

0<s<u
Proof. By Proposition 4.1 applied to 6/2 in place of 9, for every 6 > 0 there exists ny such
that for all n > ny, u > a2, and w such that 0 ¢ T’} \ 9,T"},

(4.31) P? <UZ’2/U <6, sup u VXM < 5> >1-4/2.
0<s<u
Let |A| denote the cardinality of A C Z2. Since |I'}| < 2532 < 25a2n~Y2 = 25n~1/2|B! |,
the definitions of O,, and T'} imply that P(0 € TL \ 9;,T'}) < §/2 for some nz > ny and all
n > ns. This and (4.31) imply (4.30). O

In the following lemma and its proof, when we write the Prokhorov distance between pro-

cesses such as {(1/a)X 1:(:271)’ t € [0, 1]}, we always assume that they are distributed according
to P.

Lemma 4.10. There exists a function p* : (0,00) — (0,00) with lims;op*(6) = 0 and a
sequence {a,} with the following properties,

(4.32) d({(1/a) X5Vt € [0,1]}, Per) <27, a > an.

Moreover, suppose that for 6 < 1/2 and all u > a2,

(4.33) P (03’2/u <6, sup u Y2 X™?| < 5) >1—0.
0<s<u

Then d({(l/a)Xf;),t € [0,1]}, Ppy) < 27" + p*(9), for all a > ay,.
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Proof. Formula (4.32) is special case of (3.1).
Fix some a > a,. We will apply (4.33) with u = a®. Note that on the event in (4.33) we
have

(4.34) 1— 0% ja* = ufu— ot Ju= o /u < 6.

The function t — UZL’; /a? is Lipschitz with the constant 1 and 021’21 /a? <t so (4.34) implies
for t € [0, 1],

(4.35) t—on/a® <1—0a%'/a* <4

Recall the function p(d) from the proof of Lemma 3.2, such that Pgy(Osc(W, ) > p(d)) <
p(0) and limsyo p(8) = 0. By (4.35), we can apply Lemma 3.2 with o, = o, /a®. Recall that

W*(t) = W(oy). By the definition of X™!,
d({(1/a) X7t € [0, 1]}, Poar)
< d({(l/a)Xt"/iQ,t € [0,1]},{W;, t € [0,1]}) + d({W;, t € [0,1]}, Pam)
d({(1/a)Xyz .t € [0, 1]}, {Wy, t € [0.1]}) + p(0) + 6
d({(1/a) X" o7), 1 € 0,11}, {W (073 /a®), t € [0,1]}) + p(6) + 6.

Recall from (3.4) that for a fixed w € ©, the distribution of {X;"',¢ > 0} is the same
as that of {X7"',t > 0}. In view of Theorem 2.2, we can make a, so large (&) that
P(Osc(X™,8) > 2p(6)) < 2p(8). This, Lemma 3.1 and the definition of the Prokhorov
distance imply that

IN

(4.36)

A({(1/a) X" (o72). t € [0, 1]} (W (o7t /a). 1 € [0.1]})
< d({(1/a >X:;,te 0,11}, {Wi,t € [0.1]}) + 4p()
= d({(1/a)X{5 1 € (011}, {Wi,t € [0.1]}) + 4p()
< 27" 4 4p(5)

In the final two lines line we used (3.4) and (4.32).
Combining the estimates above, since P° (SUpogsgu w2 X2 < 5) >1—6and X =
Xl 4+ X™2 Lemma 3.3 shows that

({(1/6) it st € 10,11}, Pow)
<d({(1/a)X 1t € [0,1]}, {(1/a) Xt € [0,1]})
+d({(1/a) X7z, t € 0,1]}, Pon)
<d+27"+5p(6) + 0.
We conclude that the lemma holds if we take p*(d) = 5p(d) + 20. O

Proof of Theorem 1.4. Choose an arbitrarily small ¢ > 0. We will show that there exists a.
such that for every a > a,,

(437) d({(l/a’)Xtazat € [O’ 1]}7 PBM) <e.

Recall p* from Lemma 4.10. Let ny be such that 27 < ¢/4 and let § > 0 be so small that
27" + p*(9) < /2. Let ny be defined as n; in Lemma 4.9, relative to this §. Then, according



INVARIANCE PRINCIPLE 21

to Lemma 4.10,
(4.38) d({(1/a) X}z, t € [0,1]}, Pem) < 27" + p*(d) < €/2,

for all n > n3 :=ny Vne and a > a,,.
For a set K let B(K,r) = {z : dist(z, K) < r} and recall the definition of D,, given in
(2.1). Let

Fy ={0 € B(Dnt1, ans1/log(n + 1))},
Fy = {0 ¢ B(Dyy1,anar/log(n+ 1)} N {3t € [0,a2,,] : X" € Duin},
= {0 € B(Dy, bp/k)}, k>n+1,
Gh={0¢ B(Dy,bi/k)} {3t e[0,a2,,]: X" € Dy},  k>n+1.
The area of B(D,11,any1/log(n + 1)) is bounded by ¢;(any1/log(n + 1))? so
(4.39) P(F)) < ¢i(ans1/log(n +1))* /a2, = c¢1/log*(n + 1).

We choose ny > n3 such that ¢;/log?(n + 1) < /8 for n > ny.
Note that D, is a subset of a square with side 45,11 < 4a,1n~
that there exists ns > ny such that for n > ns,

PBM (Ht € [O, &i+1] . W(t) € Dn+1 | 0 ¢ B(Dn+1, anH/log(n + 1))) S 8/16

We can assume (&) that a,1/a, is so large that for some ng > ny and all n > ng,

/4 This easily implies

(4.40) P(Fy) <P (315 €[0,a2,,]: X™ € Dyy1 | 0 ¢ B(Dyyr, anin/ log(n + 1)))
(4.41) <¢e/8.

The area of B(Dy, by/k) is bounded by cyb2 /k so
(4.42) P(GY) < (cabir/k)/ak < cs(O/k)/(kby) = cs/k*.

We let n; > ng be so large that Z,Qm c3/k* < ¢/8. For all k > n+1 > n;+ 1, we make
b/ k so large (&) that

(4.43) PGH <P( sup |XP|>bi/k) < s/
tE[O,ai_H]
We combine (4.39), (4.40), (4.42) and (4.43) to see that for n > ny,
(4.44) P(3t € [0,a2,,] 3k >n+1: X™ € Dy)
<P(R)+P(F)+ Y PGH+ > PG
k>n+41 k>n+1

<e/8+¢/8+¢/8+¢/8=¢/2.

Let R,y = inf{t > 0: X, € UanJrl Di}. It is standard to construct X and X on a
common probability space so that X; = X/ for all ¢ € [0, R,,+1). This and (4.44) imply that
for n > n; and all a € [a,, a,4+1] we have

P(3te0,1]: (1/a) X # (1/a)X) <e/2.
We combine this with (4.38) to see that for all a > a,,,
d({(1/a)Xa2,t € [0,1]}, Pem) < e/2+4¢/2 =¢.
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We conclude that (4.37) holds with a, = a,,.
This completes the proof of AFCLT. The WFCLT then follows from Theorem 2.13 of
[4]. OJ
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