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Abstract

Sub-Gaussian estimates for random walks are typical of fractal graphs. We char-
acterize them in the strongly recurrent case, in terms of resistance estimates only,
without assuming elliptic Harnack inequalities. (©) 2000 Wiley Periodicals, Inc.

1 Introduction

1.1 Statement of the main result

Let I be an infinite locally finite connected graph. That is, I" is a set whose ele-
ments are called vertices; some of the vertices are connected by an edge, in which
case one says that they are neighbours. If x,y € I" are neighbours, one writes x ~ y.
That I" is locally finite means that every vertex has a finite number of neighbours.
That I" is connected means that for every pair x,y of vertices in I, there is at least
one path in I joining x and y, that is a sequence xy = x,x1,...,x; = y such that
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X; ~ xiy1 for i =0,...,£ — 1. The length of such a path is £. The smallest possible
length of a path joining x,y € I is denoted by d(x,y), which defines a metric on I".

Assume that the graph I" is endowed with a weight (or conductance) Uy, that is
a symmetric nonnegative function on I' X I such that u,, > 0 if and only if x ~ y.
We call the pair (T, it) a weighted graph. Such an object may also be viewed as an
electric network, in which there is a wire of resistance /.1)5,1 between each pair x, y
with x ~ y.

Now, define t; = ¥ er Ly for each x € T, and set u(A) = ¥ e U for each
A CT. p is then a measure on I, and (I',d, it) is a metric measure space.

Denote by B(x,r) the ball in I" of radius r > 0 centered at x € I" with respect to
the metric d and by V (x, r) its measure, i.e.

B(x,r) = {y € F;d(x,y) < r}a V(x,r) = ,u(B(x,r)).

We will consider graphs satisfying the volume doubling condition, that is we
shall assume that there exists C > 0 such that

V(x,2r) <CV(x,r), xe€I', r>0. (VD)

It follows easily from (VD) that there exist C, > 0 such that for all x,y € T,
r>s>0,

(1.1) V(x,7) SC(E)OCV()C,S),

and consequently, for all x,y €I, r > 5 > 0,
d o
(1.2) V(x,r) SC<M) V(y.s).
s

We shall say that (I, it) satisfies the condition (VG()) if (1.1) holds, and we shall
say that (I', i) satisfies the stronger condition (VG(c_)) if (VG(y)) holds for some
Y € (0, ). In particular (VG(ct)) holds if (T", 1) has polynomial volume growth of
exponent o
Vi,r)~r* r>0,xeTl,
and (VG(a-)) holds if (", it) has polynomial growth of exponent y with 0 < y < c.
(Throughout this article, if f and g depend on a variable { ranging inaset/, f ~ g
means that there exists C > 0 such that C~! £({) < g({) < Cf(&) forall { €1.)
For each x ~ y, define
p(x,y) = .uxy/.ux-
In this paper, we will consider the discrete time Markov chain {X,,n > 0,P*,x €
I'}, with transition probabilities p(x,y). The chain X is reversible with respect to
U since
PO,y e = My = Hye = (%) Hy-
The associated Markov operator P, given by

Pf(x) =Y p(xy)f(),

yel
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is self-adjoint on £2(T, u).
Forn € Z, :={0,1,--- }, let p, denote the n-th convolution power of p, that is

0, x
Po (x,y) = 5x,y = { 1’ Xi;},

and
Y) =Y pi(x9)p(z,y), n>1
zel
Alternatively, p,(x,y) is the transition function of the random walk X,,, i.e.

pn('xay) = PX(XH = y)a
or the kernel of the operator P" with respect to the counting measure. Define the
heat kernel, that is the kernel of P" with respect to U, or the transition density of
X,, by
() = Pa(%,)

Hy

Clearly, h,, is symmetric, that is A, (x,y) = h,(y,x). As a consequence of the semi-
group law Pt = P™P" the heat kernel satisfies the Chapman-Kolmogorov equa-
tion
(1.3) hnm(%,Y) = Y 1 (%, 2) Bon (2, 9) e

zel
forall x,yeI',nme Z,.
Our aim is to give a geometric necessary and sufficient condition for sub-
Gaussian heat kernel upper and lower estimates to hold:

c d(x,y)P\ "
hn(x,y)gmexp —( cn ) ,forallx,yel', ne N
(UHK(B))
and
¢ )"
ho(3) s (53) > J= exp —(‘“C’ny)) L WHK())

for all x,y € I', n € N such that n > d(x,y). The reason (LHK(B)) uses h,(x,y) +
hnt1(x,y) instead of hy(x,y) is that if " is bipartite, then f2,41(x,x) = 0, and so no
non-trivial lower bound can hold just for %, (x,y). The conjunction of (UHK(3))
and (LHK (f3)) will be denoted by (HK(p)).

A priori B > 1, but in fact the estimates (HK(f)) can hold only if B > 2. One
way to see this is to observe that the upper bound £, (x,x) < CV (x,n'/B)~!, which
follows from (UHK (f)), is compatible with the lower bound from [48], A, (x,x) >
¢V (x,n'/*logn)~!, which always holds under (VD), only if B > 2. Further, if
(T, 1) has polynomial volume growth of exponent o, the estimates (HK(f3)) can
hold only if B < ¢+ 1. This can be seen in several ways: for instance, the lower



4 M.T. BARLOW, T. COULHON AND T. KUMAGAI

bound £, (x,x) > cn~*B which follows from (LHK()), must be compatible with
the upper bound £, (x,x) < C n~/(@+1) from [12]. Conversely, it was proved in [4]
that for every couple a, 3 such that 2 < B < a + 1, there exists a graph (I, i) with
polynomial volume growth of exponent o such that (HK(3)) holds.

The graphs associated with many regular fractals, such as the Sierpinski gas-
kets, carpets, and the Vicsek sets, do satisfy (HK(f3)). However, the existing proofs
all use some kind of Harnack inequality. While this is sometimes very easy to prove
(so easy it is often not stated explicitly) for some families of finitely ramified sets,
for infinitely ramified sets such as Sierpinski carpets the argument is considerably
harder. See [37], [2], [3], [4], [9], [10], and the references therein.

In this paper, we will characterize the estimates (HK(f3)) in the so-called ‘strongly
recurrent’ case, that is the case where the volume growth of the graph (I, it) is lim-
ited by the exponent 3, which governs the scaling between time and space, in the
sense that (VG(f_)) holds. Note that the Sierpinski gaskets, the Vicsek graphs and
the two-dimensional Sierpinski carpet are strongly recurrent, and that our method
probably gives the quickest way so far to check (HK(f)) (see Section 5 below for
the treatment of some examples).

In the case 3 = 2, it was proved in [22] that (HK(2)) is equivalent to (VD) plus
the standard Poincaré inequality (P/(2)). For B > 2 the situation is more compli-
cated. Characterizations of (HK(f3)) have been given in [29], [52], [53], [30], but
these all involve the elliptic Harnack inequality (EHI) (see Section 1.2 for a defini-
tion), whose geometric characterization remains an open question. In particular, it
is not known whether or not (EHI) is invariant under rough isometries (see Section
1.3). In [11], a characterization of (HK(f)) was given in terms of a f3-Poincaré
inequality (PI(B)) (see Section 1.2), and a condition, denoted (CS(f3)), requir-
ing the existence of suitable families of cut-off functions; these two conditions are
known to be invariant under rough isometry (see [34]). In this paper we give in the
strongly recurrent case a more transparent and geometric characterization, in terms
of electrical resistance, which is also clearly invariant under rough isometry, as we
shall explain in Section 1.3.

For an introduction to the connection between random walks and electrical net-
works see [24]. For f € R', define
(14 B(f) =5 L (/) = ) by

x,yel’
X~y

and for f,g € R such that &(f, f), &(g,8) < +oo define

(1.5 81,9 =3 L (1)~ ) (6x) — )ty

x,yel’
X~y

A straightforward computation shows that, for f,g € £2(I", 1),
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where {(.,.) denotes the scalar product in £2(", it). We abbreviate & (f, f) as &(f).
In terms of electrical networks, we can regard &(f) as the energy dissipation in the
network I" associated with the potential f.

We shall use the fact that & is a Dirichlet form, and in particular the fact, which
is easily checked, that for f € Rl anda € R,

(1.7) E((f—a)t) < &)

Let A, B be subsets of I'. We define the effective resistance between A and B as
follows.
(1.8) R(A,B)™' =inf{&(f):f €R', fla =1, f|s =0},

where we take inf@ = +co. We write R(x,y) for R({x},{y}). Taking f = 14 or
f=1—1pin (1.8) we see that R(A,B) > 0 if ANB = 0 and one of A, B is finite.
It is easy to prove (see Lemma 2.1 below) that the infimum in (1.8) is always
attained, and that R(A,B) < oo for any A,B C I". Note that if A C A’ and B C B
then R(A,B) > R(A',B').

In fact, R(x,y) defines a metric on I" (this is non-trivial, see [3], Proposition
4.25, or [40]); note that in [14], section 6, the metric considered is 8,(x,y) =

R(x,y).
The following easy lemma will play a key role in this paper.

Lemma 1.1. Forall f € R and x,y €T,
(1.9) f() = FO)P < R(62)E(S)-
Furthermore, for each x,y € T, there exists f € RY such that equality holds in (1.9).

The inequality (1.9) is an immediate consequence of the definition of R. For
the second assertion, see Lemma 2.1 below.

Definition 1.2. Following [4], we say that a graph is very strongly recurrent if
there exists p; > 0 such that, writing 7y = min{n > 0: X, € A}, T, = Ty}, T(x,r) =
TB()c,r)C >
(1.10) PYT, < t(x,2r)) > p1, forall xeI,r>1,y € B(x,r).

This property is called ‘strongly recurrent’ in [23], while in [53] ‘strongly re-
current’ is used for the property that there exists ¢ > 0, M > 1 such that
(1.11) R(x,B(x,Mr)) > (1+c)R(x,B(x,r)) forall xeI',r>1.
We prove below that (1.10) implies (1.11) — see Lemma 3.6. Further (see Example
5 in Section 5) there exist graphs which satisfy (1.11) but not (1.10). It is easy to
see that (1.11) implies that I" is recurrent.

We now introduce the following condition:

p(x,y) > po>0 forallx,yel, x~y. (po)
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For x,y € T, define V(x,y) = V(x,d(x,y)). If (VD) holds then by (1.2) there
exists C such that V(x,y) < CV(y,x) for all x,y € T
Our main theorem is the following:

Theorem 1.3. Let (I', 1) be a weighted graph satisfying condition (pg). Assume
(VG(B-)) for some B > 2. Then (HK(fB)) holds if and only if

It
RO = 2 xyer. (R(B))

In this case (T, 1) satisfies (1.10).

The condition (R(f3)) can be decomposed into a lower estimate:

dP (x,)
V(x,y)

there exists ¢ > 0 such that R(x,y) > ¢ forallx,y €T, (RL(B)),

and an upper estimate:

dP (x,y)
V(x,y)

Note that the conditions (VG(fB)), (VG(B-)), (PI(B)) and (RU(f)) all become
weaker as f3 increases, while (RL(f3)) becomes stronger.

In Section 2.2, we will see that, under some additional assumptions, (PI(f3))
and (RU(B)) are equivalent. This helps to give a geometric understanding of
(R(B)). Indeed, (PI(B)) (and therefore (RU(fB))) is a quantitative connectivity
property: balls of all radii are sufficiently connected, to an extent governed by f3.
Conversely, one can see (RL(f3)) as a property saying that there cannot be more
connections than the exponent 3 allows. In other words (R(f)) contains at the
same time a f3-Poincaré inequality and the matching anti-Poincaré inequality.

Here is the plan of this paper. In Section 2, we will show that the resistance
estimate (RL(f3)) can be strengthened and discuss the equivalence of (PI(f3)) and
(RU(B)) under some additional conditions. In Section 3, we shall show that for
any B > 2, (VG(B-)) (and, in fact, a weaker volume growth condition, see (2.1)
below) and (R(fB)) suffice for (HK(f)) to hold. The first step, in Section 3.1, is
to observe that (RU(f3)) together with (VG(f)) is enough for on-diagonal upper
estimates. In Section 3.2, we estimate the exit time of the random walk from a
ball in terms of its radius. One can then conclude that (HK(f3)) holds by using the
results in [30], but, taking advantage of our strong recurrence assumption, we will
give a more direct proof. In Section 4, we shall show that, together with (VG(f_)),
(HK(B)) implies (R(B)). This will use the implication from (PI(f3)) to (RU(B))
proved in Section 2.2. In Section 5, we give examples.

We note that, applying the technique in this paper, one of the authors obtained
the measure metric space version of our results using resistance forms (see [44]).

there exists C > 0 such that R(x,y) < C

for all x,y € T. (RU(B))
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Throughout the paper, we will use ¢,C with or without subscripts, to denote
strictly positive constants whose values are not important, and which may change
from line to line.

In the remainder of this section we give the comments on Harnack inequalities,
and invariance under rough isometry that we already announced.

1.2 Harnack and Poincaré inequalities

Let ¥ = P—1. We say that u : B(x,r) — R is harmonic in B = B(x, r) if u is
defined on B={y :y ~ x,x € B}, and Lu(x) =0, x € B.

We say that (I, 1) satisfies the elliptic Harnack inequality (with constant C) if
for all x € I',r > 0, and for any non-negative harmonic function u in B(x,2r), the
following holds

max u(y) <C min u(y). EHI
YEB(x,r) (y) T yeB(x,r) (y) ( )

The statement of the parabolic Harnack inequality is a little more complicated,
and depends on the index 8. We say (PHI(f3)) holds if whenever u(n,x) > 0 is
defined on [0,4N] x B(y,2R) and satisfies

(1.12) u(n+1,x) —u(n,x) = ZLu(n,x), V(n,x) € [0,4N] x B(y,2R),

then
(1.13) max u(n,x) <C 3ng1i2w (u(n,x) +u(n+1,x)),
XEB(,R) x€B(y.R)

when N > 2R and N ~ RP. Clearly, (PHI(B)) implies (EHI). Tt is known that
(PHI(P)) is equivalent to (HK(f3)) — see Theorem 3.1 in [30]. The original proof
for the case of B = 2 goes back to [45] in a continuous setting; see [22] for an
adaptation to the graph case.

For B C T set

(1.14) Es(f.f) = % Y (F) =) -

x,y€B
X~y

We say that (I, it) satisfies a scaled Poincaré inequality of order 3 if there exist
C >0, C' > 1 such that for every f € R and every ball B := B(xq,r), xg €', r > 0,

Y (F(0) = f5) e < CrP &0 (1), (PI(B))

xeB

where C'B := B(x(,C'r) and fz = ﬁxxelgf(x)ux.
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1.3 Invariance under rough isometry

Definition 1.4. Let (I'), u()), (I®, u(?)) be weighted graphs satisfying condi-
tion (pg). Amap T : ') - 1 is called a rough isometry if the following holds.
There exist positive constants a,c > 1,b > 0 and M > 0 such that

(1.15) a™'dV(x,y) —b <dP(T(x),T(y)) < ad") (x,y) + b Vx,y € T,
(1.16) d?(r(rW),y) <M vy eT®),
(1.17) Tl <) <enl? vrer®,

where d) (-, ) is the graph distance of (I'), u() for i = 1,2.
If there exists a rough isometry between two spaces, they are said to be roughly
isometric. (One can check this is an equivalence relation.)

The concept of rough isometry was introduced (for manifolds) by M. Kanai
in [38, 39], but without the condition (1.17). Under the assumption of bounded
geometry made in those papers, the analogue of (1.17) could be proved. A general
definition similar to the above one was given in [21], see also [34].

In [34], it is proved that (PHI(f3)) is stable under rough isometry. We can verify
this fact under the assumption of (VG(B_)) or (VG(B)) in the following way. It is
known that conditions (VG(f)) and (VG(pB-)) are stable under rough isometry, see
[21], Proposition I1.2. In [54], it is proved that the effective resistance is preserved
under rough isometry up to a multiplicative constant. (In [54], only unweighted
graphs (i.e. Uy, = 1 when x ~ y) are considered. But a simple modification of the
proof gives the same result for weighted graphs satisfying condition (pg).) Thus,
(R(B)) is stable under rough isometry. This together with Theorem 1.3 gives the
desired fact.

2 Resistance estimates and Poincaré inequalities

In this section, we shall only need a weaker form of (VG(f_)), namely

2.1) Vi) <o (5)Vins)
s
forall x e I', r > s > 0, where ¢ satisfies
t
2.2) timsup 28 — o,
isqoo P

In other words, it will be enough to assume that the volume growth of (I, 1) is uni-
formly strictly below (VG(f)), without necessarily being polynomial of a smaller
exponent than 3. We shall often use (2.1) in the following form: for any € > 0,
there exists 1) > 0 such that

sP ce P
Vix,s) = Vixr)’
for every x € I' and every r,s > 0 such that s < nr.

(2.3)
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We start with some basic properties of resistance.

Lemma 2.1. Let (I', i) be a weighted graph, and A,B C T with ANB = 0.
(a) Then R(A,B) < . Further if

(2.4) inf i, , = ¢ >0,
X~y

then

(2.5) R(A,B) < ¢ 'd(A,B).

(b) There exists a function f which attains the infimum in (1.8).

Proof. (a)Let f € R, ¢=d(A,B), and a = xg,x1,...,x; = b be a shortest path join-
inga €A, b€ B. Let f satisfy the constraints in (1.8), and let 0 < k¥ < min; Ly, , ,,.
Then

-1
L=|f(a)— fB)* < ¢ (;lf(xi) —f(xz'+1)|2>

(=1
<kl (Z |f(xl-)—f(xi+1)|2ux,»x,»+l> < k7 ULE(S).
i=0

Thus R(A,B)~! > &(f) > k€~ > 0. If (2.4) holds then we can take k = ¢ and
obtain (2.5).

(b) Let f;, be a sequence satisfying the constraints in (1.8) with &(f,) — R(A,B) .
We can assume that 0 < f;, < 1. A diagonalization argument gives a sequence
8k = fm, such that g; converges pointwise to a function g, and using Fatou

&(g) = &(liminf g;) < liminf & (gy) = R(A,B) .

Thus a minimiser exists. O

In general, R(x,y) can be substantially smaller than d(x,y), but there are ex-
tremal situations, such as trees, where the two quantities are comparable. In par-
ticular, on an unweighted tree one has R(x,y) = d(x,y). See Example 2 in Section
5 below.

We now show that the lower resistance estimate (RL(f3)) self-improves in the
presence of the other assumptions. Consider the condition:

p

there exists ¢ > 0 such that R(x,B(x,r)) > cﬁ forallxeI’, r>0.
X, r
(SRL(B))
It is easy to see that (SRL(f)) implies (RL(B)), since if d(x,y) = r > 2 then

c (r_l)ﬁ — rﬁ
R(x,y) > R(x,B(x,r— 1)) > m >c2 ﬁV(X,r) .

(If r=d(x,y) = 1 then the bound (RL(f3)) always holds, since R(x,y) > R(x,{x}¢) =
pot > v 1)Th)
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In fact, in the presence of (RU(B)) and (VG(B-)), the converse is true.

Lemma 2.2. Let (I',u) be a weighted graph. Assume (2.1) and (R(B)). Then
(SRL(PB)) holds.

Using this, in the presence of (RL(f)) and (VG(B-)), the upper estimate (RU (3))
is equivalent to (PI(B)).

Lemma 2.3. Let (I', i) be a weighted graph.

(a) (2.1) and (R(B)) imply (PI(B)).

(b) (VG(B-))" and (PI(B)) imply (RU(P)).

In pam'?ul?n if (T, u) satisfies (VG(B-)) and (RL(B)), then (PI(B)) and (RU(f))
are equivalent.

2.1 Improvement of the lower estimates

In this section, we prove Lemma 2.2, obtaining it as a particular case of a more
general result.

Lemma 2.4. Let (I', i) be a weighted graph satisfying (VD). Assume that

n(d(x,y))
(2.6) R(x,y) ~ ———=, x,yel
(x,y) Vi)
holds, with 1 increasing and satisfying
n(AnV(x,r)
leelgn(r)V(x,lr)

Then there exists ¢ > 0 such that

2.7 —0asA —0,.

n(er)
Vix,r)
Proof. Fix xo € I" and r > 0, and let A = B(xo,r) — B(xo,r/2). For x € A let hy
be the function on I" given by Lemma 1.1, such that A, (x) = 0, hy(xp) = 1, and
&(hy) = 1/R(xo,x). Let A < 3. As h, is harmonic on I'\ {x,y}, h.(y) is maximised
over B(x,Ar) by ay; with d(x,y;) = Ar. So, fory € B(x,Ar), by (1.9) and the upper
bound in (2.6),

Ar) n(Ar)
29 h 2<h —h 2<Cn( =C—Fr 7 ——.
( ) | X(y)| —| X(yl) X(x)l — V(X,AI") ( X) V(X,AF)R()C,XO)
Using the lower bound in (2.6), and (VD), if y € B(x, Ar) then

n(Ar)V (x,xo) NAr)V(x,r/2)
2.10 h(y)|> <C <C )
G100 IO g @t = Ve aGr)
Thus, by (2.7), there exists a constant 6 > 0 such that x € A, d(x,y) < dr, implies
that h,(y) < 3. We can assume & < 1/6.

(2.8) R(xaBC(xar)) >c

,VxeTI, r>0.

1A careful reader will notice in the proof below that, again, one can slightly weaken (VG(B-))
here, by assuming (2.1) with Y72 27 ¢(27) < +oo instead of (2.2).
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Now use (VD) to cover A by balls B(x;,0r), 1 <i < j, with x; € A. Here j is
bounded from above, the bound only depending on the volume doubling constant.
Letg=ming_y ;3 he. h=2(g—3)4.and B = hlg, ). Then K (xo) = h(xo) = 1,
and 7' = 0 outside B(xo,r), so that

R(xo,B(x0,7)) "' < &(H).
But it is clear that &(h') < &(h) since h =0 on A. Also, by (1.7),
&(h) <46 (g)-
Now, for x,y € I" such that g(x) > g(y), if g(y) = hy,(y), then

(8(x) —8())* = (8(x) = hx, ())* < (5 (x) = 1y, (7)) < _X]:(hx,» (x) = hyy ()

Il
—_

Summing over x,y, we obtain

J
(2.11) &(g) <Y E(hy)
i=1
Now using the lower bound in (2.6), and (VD),
1 V (x0,x) Vxo,r) _ -V (x0,r/2)
E(hy,) = <cC <cC <cC .
)= Ry = “ntateo.) = i) =€ n672)
Combining this with (2.11) implies that &(g) < CV (xo,7r/2)/n(r/2), and this yields
(2.8). O

Proof of Lemma 2.2. For this it is enough to observe that if n(r) = rP then (2.6)
follows from (R(f)), (2.7) from (2.1), and use Lemma 2.4. O

2.2 Upper estimates and Poincaré inequalities

This section, where we prove Lemma 2.3, can be skipped in a first reading.
In fact the implication from (VG(B-)) and (R(B)) to (PI(B)) will not be used
in the proof of the main result, and, furthermore is in any case be a consequence
of Theorem 1.3 and Proposition 4.2, although this route is rather indirect. As for
the implication from (PI(f3)) to (RU(f)), it is used only in the end to deduce the
converse part of Theorem 1.3 from Proposition 4.2.

We first need a version of Lemma 3.5 in [18], to compare resistance in I" with
resistance in a large ball. Recall the definition of &5 in (1.14), and for B C T set

(2.12) Rp(x,y) = inf{&p(f) : f(x) =0, (y) =1}
Lemma 2.5. Assume (2.1) and (R(B)). Then there exists C' > 1 such that
(2.13) R(x,Y) < Rp(xcrd(x,y)) (%:7) < 2R(x,y)-
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Proof. Since &g(f) < &(f) the left side of (2.13) is immediate.
For the right hand side we begin by proving the inequality

1 1 1
< + .
R(X,y) RB(x,ZC’d(x,y)) (x,y) R(X’B(Xa Cld(xa y))c)
Let C > 1, and write B = B(x,Cd(x,y)), B' = B(x,2Cd(x,y)). Let fi, f> be func-
tions which attain the infimum in the variational problems for Rg/(x,y) and R(x, B¢).
Thus fi(x) = f(x) =1, fi(y) =0, and f, = 0 on B°. We can take f; =0 on (B')°.
Let f = min(f}, f2). Then, using (2.11) in B, and the fact that f =0 on (B')¢,
R(x,y) ' <E(f) = Ep(f) < Ep() +Ep () = Er(fi) +E(f)
= Rpi(x,y) ' +R(x,B°)"!
proving (2.14). Using (RU(B)), (SRL(B)) it follows that there exists C' (not de-
pending on x,y) such that
R(x,B(x,C'd(x,))%) > 2R (x,),
and (2.14) therefore gives

(2.14)

1 1
< 7
2R(x,y) T Rp(xacd(xy)) (x,Y)
completing the proof of (2.13). O

We now return to the proof of Lemma 2.3.

Proof of (2.1) + (R(B)) = (PI(B)). Fix B = B(xp,r). By Lemma 2.5, there exist
C,C' > 0 such that

x,y))P?

[d(x,
|f(x) = fF)I SCW

Thus, for x € B, we may write
110 =il < o T 170) — sl < YL 3 [0 ik
yeB = /.L( yeB V/ (X y) -

Note that, since x,y € B, d(x,y) < 2r, therefore

@@C’B(f)a er Rr, X,y € B.

L OV & PPullyd(x) =)
TR v<x )
- C/rﬁ/lmz xs—l)'

A / V(x,s)
Recall that for any sequences {a;}>1, {bs}sz 1, the following holds

2r 2r—1

Z asbhsy = Z As(bs - bx—',—l) +A2rb2ra
s=1 s=1
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where A, := ), _, a,. Applying this with

as=V(x,s)—V(x,s—1), by= ﬁ’
we obtain
2 V(x,s)—V(x, 2wl fV(s) — - -
; V(xs) Z\/W\/V +1) =V (x,5) +/V(x,2r)

< 24/V(x,2r) < Cy/1u(B)

In the last inequality we used the fact that x € B = B(xo,r) and (VD). Taking
squares and summing, we have

_ B
Y () = ) e < Cr <gac'B NY w=crf&op(f),
xEB u(B) xEB
that is (PI(f3)). O

Proof of (VG(B-)) + (PI(B)) = (RU(B)). This can be proved by modifying Propo-
sition 3.3 of [18]. First, note that by applying Cauchy-Schwarz to (PI(B)), we
obtain for each B = B(x,r),

12 5 12
Z |f(z) = flu. < (ﬁ Y (f(z) —fB)Zﬂz> < (%é&c'zz(f))

zeB Z€B
1/2
Clrﬁ
(2.15) < E(f .
(u(B) )
Fix x,yin T and f € RY. Write B; = B(x,27'd(x,y)), i € Z. We have
_ 2 _ > 1 _
|f(x) _fBo| < Z |fBi _fBi+l| < Z B. Z |f(Z) _fBi“J'Z
i=0 S 1(Bit1) By

<C

_ o (@idey? .\
fBi|;u'ZSCZ 7@&(f) :

= m(Bi) &5, i=0 u(Bi)
Here we have used (VD) and (2.15). Now (V (B,)) implies that
1

with o < . This yields

dP (x,)
V(x,y)

(2.16) £ (%) = Faapey)* < C &(f)-
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Similarly,
. dP (x,y
@.17) 170) = Tt P < €206,
Finally, under (VD),
- - C -
. — ——m—F—— - .
(2.18) |fB(ratey) — B | < V(2d0) ZEB(X%W) 1/ (2) = fBix2d()) M

Using (2.15), we have

) Y. 1/2
|f(Z)—fB(x,zd(x,y))|HzSC< (v.7) 5(f)) :

219 ——
V(X, 2d(xay)) zEB(x,Zd(x,y)) V(X,y)
By (2.16), (2.17), (2.18) and (2.19), we obtain
dP (x,y)
x) — 2<c—22e&(f), VfeR' vxyel,
1@~ <CTERew), v y
which is the claim. O

The proof of Lemma 2.3 is complete.

3 From resistance estimates to heat kernel estimates

In this section, we shall prove that (R(f)) together with (VG(B_)) implies
(HK(B)). In fact, we will only need the weaker form of (VG(B-)) given by (2.1).

3.1 On-diagonal upper heat kernel estimate

We obtain the on-diagonal heat kernel upper estimate from the resistance upper
estimate and a volume upper bound in a relatively direct way, and this is the first
main simplification in our case with respect to [30]. Here, we need only assume
that the volume growth exponent does not exceed f3.

Theorem 3.1. Assume (VG(P)) and (RU(B)). Then there exists C > 0 such that
C

< =

= V(x,n!/B)’

We obtain this from a more general result. Note that in the following statement,
we do not assume (VD).

iy (x,x) VxeI,neN. (DUHK (B))

Proposition 3.2. Assume that there exists a one-to-one increasing function 1 from
[0, 00) 10 itself such that

d(x,))

n (d(x,
. <
(3 1) R(x7y) — V(x,y) b v‘x?y E ]‘—"
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and such that, for some A > 0, n(r)/V (x,r) satisfies
s r
VTZ)(C 1) =4 VTZJ(C 1)
Then there exist C,c > 0 such that
C
V(x,n~"(cn))’
The above estimate holds also for small n if one assumes that [, =~ L, for x ~ y.

(3.2) Vxel,rssuchthatO <s<r.

(3.3) hy(x,x) < VxeTl,n>4.

Proof. Fix xo € I'. Forn € Nand x € T, set f,,(x) = hy(x0,x) + hyp1(x0,X).
Let r > 0. Write B(r) = B(xo,r) and V(r) =V (xo,r). If x_ € B(r) is such that
fa(x-) = Minyep() fn (x),
fn(xf)v(’”) < Z fn(x).ux < Z hn(x0>x).ux+ Z hn+l(x0>x).ux <2,

x€B(r) xell xell

so that f,,(x_) <2/V(r).
Using (1.9), (3.1) and (3.2), we can write

o) < 2(f7 () + 1 fulxo) = fu(x-) ) <
8 m(d(xo,x-)) 8 . Cn(n)
SN Vier) W Sy
It is easy to check, using (1.3) and (1.6), that

3.4 0 < &(fu) = fon(x0) — fons2(x0).

We obtain therefore
i (x0) S 8V(r)2+Cn(r)V (r) ™" (fan(x0) — fons2(x0)) -

Fix N > 2 and sum this from N to 2N — 1:
ON—1

Y fi(x0) S8NV(r) 2 +CV(r) ™ n(r) (fan(x0) — fan (x0))-
n=N
Since for each even n € {N,...,2N — 1} we have, using (3.4), fu(x0) > fan(x0),
it follows that
1
5 (N = 1) 3 (x0) <8NV (r) 72 +CV (r) ™0 (r) fon (o).

Then
Fin(o) SCV (1) +CNWV ()~ n (1) fan (x0).-
Take r = 1~!(¢N), with ¢ > 0 small enough, to obtain
C

ol < V= T
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that is
C

V(x0,n ! (cN))’
from which (3.3) follows. O

hon (x0,%0) + hont1(x0,%0) <

Taking 1(r) = CrP, and using (VD) once more in the end to obtain exactly the
desired estimate, we obtain Theorem 3.1.

The above argument can also be used without any volume growth assumption
or resistance estimate. The following proposition gives an estimate similar to that
in [12], Theorem 2.1, but with much weaker hypotheses.

Proposition 3.3. Ler (I', 1) be a weighted graph satisfying assumption (2.4). Then
there exists C > 0 such that

C

_— r
S Voow 1)’ Vxel',neN,

where w(r) := rV (x,r).

Proof. We use the same notation as in the proof of Proposition 3.2. Proceeding as
before and using Lemma 2.1, we obtain

1

S Fa () SAV(N T+ CréE(f),
and hence

fr(x0) 8V (r) 2+ C'r(fan(x0) — fany2(%0))-
This leads to
fzzN(xo) < CV(r)_2 + C'rN_leN(xo).
So taking ry = sup{s : sV (s) < N} we obtain
Fn <C'V(ry)™h
O

Instead of using R(x,y) < Cd(x,y), the universal estimate from Lemma 2.1, one
could also derive other upper estimates of A, (x,x) under assumptions of the form

R(x,y) <6 (d(x,y)),

where 6(r) << t. We leave this to the reader.
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3.2 Off-diagonal upper heat kernel estimate

If B =2, (DUHK(2)) and (VD) imply (UHK(2)). (See [35] for the case when
the volume growth is polynomial, and [16] or [17] for the general doubling volume
case). The situation is quite different when B > 2, and further tools are needed.

Recall the definition of 7(x,r), and consider the following estimate for the ex-
pected exit time from a ball:

E*[t(x,r)] ~ rﬁ, r>1. (Eﬁ)

Proposition 3.4. Assume 1 is increasing and satisfies (VD), (2.6), (3.2) and (2.7).
Then there exist C,c > 0 such that:
(3.5)

E*[t(x0,7)] < Cn(r), E®[t(x0,r)] > cn(cr), Vr>1, xo €T, x € B(xo,r).

In particular, taking 1 (r) = rP, (2.1) and (R(B)) imply (Ep).

Proof. The argument for the upper bound in (3.5) goes back to [51], and is quite
general. Let X5 be the random walk on (I, ) killed on exiting B := B(x,r). The
associated sub-Markov kernel is defined by

B - p(xay) X,y € Ba
(%) '_{ 0 otherwise.
Define the transition function p2(x,y) as the n-th convolution power of p?, and let
h8(x,y) := pB(x,y)/1,. The Green kernel gg(x,y) of X2 is defined by gp(x,y) =
Yo ohB(x,y). It is easy to check that gp(x,-) is harmonic on B\ {x} and that
ZLgp(x,-) at xis —(u,) ~'. Thus gp(-,-) has the following reproducing property:

(3.6) &(gp(x,7), f) = f(x) for all f € R" such that f|c = 0.
Set ()
. _ 8B\X,Y
px(y) =PUT, < t(x,r)) = i)’

The second equality is because both functions are 1 at x, 0 outside B and harmonic
elsewhere. Using the reproducing property of gg and the fact that p, is an equilib-
rium potential for R(x, B¢), we have

(3.7) R(x,B) ™ = &(px) = gslx,x) .
Since p,(y) <1forally €T,
(38) gB(xay) S gB(X,.X) Vx,y erl.

Summarizing, we have
(3.9) R(x,B) = gp(x,x) = Z hB (x,x) VxeT.
n=0

By the monotonicity of resistance,

R(x,B°) < R(x,y) VxeTl,ye B-.
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Thus, by the upper bound in (2.6),

¢ n(r)
1 =R(x,B°) < .
(3 0) gB(xax) (x7 ) = CV(X, I")
Now, since, for x € B,
(3.11) Et(x0,7)] = Y, g8(%, )k,
yeEB
we have

C
E*[t(xo,7)] < ?(r)) V(xo,7) <C'n(r),
X, r
where we use (3.8), (3.10), and (VD). We thus obtain the upper bound in (3.5).
For the lower bound, by (1.9) and (3.6) we have
R(x0,y) _ R(x0,y)

1- 2< = LA,
1=ra O < gs(x0,x0)  R(xo,B°)
Thus, if d(xo,y) = Ar, using the upper bound in (2.6), and (2.8) (which holds due
to Lemma 2.4) we obtain

n(Ar) V(xo,r)

1- l<c .
Hence, by (2.7), there exists 6 > 0 such that

<

85(x0,Y)
(3.12) » =——"<2>1/2 Yy € B(xg, 6r).
P o(y) gB(Xo,Xo) / y ( 0 )
On the other hand, by (3.9) and (2.8) , we have
o o cnler)
3.13 = R(xy,B) > .
( ) gB(XO’-x()) (X(), ) st V(X(),l")

Combining this with (3.12),

28(x0,y) > —! (er)

_ma Vy € B(xo, 67).

Thus, using (3.11) and (VD),

E*[7(x0,7)] :xez;,ggB(Xan)ﬂy > %V(xo,&’) > c'n(cr),

where ¢’ > 0 depends on §. We thus obtain the second estimate in (3.5). O

As a by-product of Proposition 3.4, we obtain:

Proposition 3.5. Let (I',it) be a weighted graph satisfying (VD), (2.6), (3.2) and
(2.7). Then it is very strongly recurrent and satisfies the elliptic Harnack inequality
(EHI).

Proof. (3.12), which was obtained in the proof of Proposition 3.4, implies imme-
diately that (I, u) satisfies (1.10). This implies (EHI) by [4], Lemma 1.6. O
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We also can prove that (1.10) implies (1.11).

Lemma 3.6. If (T', i) is very strongly recurrent it is strongly recurrent.

Proof. Note first that if d(x,y) < r then 7(x,2r) < 7(y,3r). So (1.10) implies that
(3.14) PYT, < t(y,3r)) > p1, forall yeI',r>1,x¢€B(y,r).
Fix y €T, and set

—1 !
L=ty ) Ly

Then B’ Ly, = g5(,)-
Let B = B(y,r), and write A = B(y,3r). Then if d(x,y) = r+ 1 the condition
(1.10) implies that

(3.15) ga(x%,y) > p2ga(y,y)-
So,

ga(,y) = E'Ly, = E*(Lq, — Lyy) + g8(3,y)
= EE*% L, +g5(3,y) > p2ga(3,y) + 851, y).

Thus ga(y,y) > (1—p2)~'gs(y,y), and using (3.7) we deduce that (I, ) satisfies
(1.11). O

We now come back to our main goal, which is to prove that (R(f))+(VG(B-)) =
(HK(B)). Given Proposition 3.4 we could finish its proof by using known results.
By [30], Theorem 6.2, (VD)+(DUHK(B))+(Eg) implies (UHK(B)). We could
even have avoided Section 3.1, since Lemma 2.2 and Proposition 3.4 show that
(R(B))+(VG(B-)) implies (Eg), while as we just observed (EHI) is a by-product
of Proposition 3.4. Now one concludes by invoking [30], Theorem 3.1 (i), (iv),
i.e. that (VD)+(EHI)+(Eg) is equivalent to (HK(f3)). We did not choose this way
because our Theorem 3.1 is of independent interest, and has a much simpler proof
than the general on-diagonal upper bound in [30].

We will also give full details of the final steps of the proof, because again they
are much simpler in our strongly recurrent situation than in [30].

We also mention that yet another approach can be found in [27], where it is
proved that (DUHK(3))+ (Eg) implies (and in fact is equivalent to) (UHK(j)),
the intermediate step being a B-version of the so-called relative Faber-Krahn in-
equality used for instance in [16]. See also [42] for related sufficient conditions for
(UHK(B))-

Finally, under the assumptions of Proposition 3.5, one can probably obtain gen-
eral heat kernel estimates in the style of [36], Section 5. We will not pursue this
here, and we will limit ourselves in this regard to the case where 1 is a power
function. See [44] for this generalization.
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Consider the following estimate of the repartition function of the exit time:

B\
\Pn(x’r) = Px(f(x, r) < n) < CCXp - (a) . (\P)

The next lemma is known (see for instance, Proposition 7.1 of [29]) but we will
give a shorter probabilistic proof based on an argument which dates back to [6],
with several subsequent variations.

Lemma 3.7. On any weighted graph (T, i), (Eg) = (‘P).
Proof. Assume (Eg). We first prove that there exist 0 < p < 1 and A > 0 such that
(3.16) P*(t(x,r) <n) < p+An/rP VxeTl,r>0,neZy,.
Indeed, by the Markov property we have
E'[t(x,r)] <n+E* [I{T(xyr)>n}]EX" [t(x, r)]] <n+E [l{r(x,r)m}]EX" [T(Xn,2r)]} .
Applying (Eg), we have
crP <n+CrPPY(t(x,r) > n) = n+CrP (1 —P*(z(x,r) <n)).

Rearranging gives (3.16).
Next, let / > 1, b = [r/l], and define stopping times o;, i > 0 by

oy =0, Oj+1 = inf{m >0;: d(XO'”Xm) > b}

Let § =0, —0;—1, i > 1. Let %, be the filtration generated by {X; : i < m} and
let¥,, = %,,. We have by (3.16)

P (&1 < n|¥)) = PXo (1(Xg,b—1) < n) < p+An/(b—1)P < p+A'n/bP.
Since d(Xs,,Xs,,,) = b, we have d(Xo,Xs,) < r, so that o; = Zle & < t(Xo,r). So,
by Lemma 3.14 in [3],

Alln\ '? 1
logP*(t(x,r) <n) <2 (_n) —llog (—) =C(r P *Bp)12 — ¢l
pbP p

Now we optimize on /; namely, we consider the case rfn~! > a for some a > 0
and take /o the greatest integer / that satisfies

(3.17) Cl/2> c(r P1'+Pp)'/2,
Note that by taking a large enough, (3.17) holds for small / € N. Then
1P=1 < (2/4C?)Pn= < (1p+1)P~", and logP*(t(x,r) < n) < —cly/2.

We thus obtain (¥) when r#n~! > a. Adjusting the constant if necessary, (V)
clearly holds also if An~! < a. O

Proposition 3.8. (VD) + (DUHK(B))+ (¥) = (UHK(B)).
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Proof. We adapt the proof of Proposition 8.1 of [29], which is written for polyno-
mial growth, to the volume doubling situation — see also [8], Theorem 6.2. This
uses the following general inequality for reversible Markov chains:
(3.18)
Pnm (%,9) < Wa (o, 7) sup b (y,2) + ¥ (v, 1) sup b (x,2),  Vx,y €T n,m €N,
Zz Zz

where r < d(x,y)/2.
Let us recall its proof for the sake of completeness. For x,y € IT" distinct, let
r < d(x,y)/2. Then, since B(x,r) and B(y,r) do not intersect, and for n,m € N,

hopm(y) <Y ha( Db+ Y, (X, 2) (2, ) 1

2¢B(x,r) 2¢B(y,r)
< sup Ay ( Z Pn(x,2) +sup hy(x,2) Z pm(2)
¢ Z¢B(x ) ¢ 2EB(vr)

sgp h (v, 2)P*(X,, & B(x,r)) + sgp T (x,2)PY (X, & B(y,1))-

Since P*(X,, ¢ B(x,r)) < W,(x,r), (3.18) follows. Now, using Chapman-Kolmogorov,
Cauchy-Schwarz, and again the symmetry of 4,

1/2 1/2
hon(x,y) Zh X, 2)hn (2, ), < (th (x,2) ) (Z%()’J)Hz)
Z

zel
= hou(x,x) 12 hzn(yay)l/z-

Thus, by (DUHK(B)),
< < J
\/V(X,nl/ﬁ)v(yanl/ﬁ)

Taking m = n in (3.18), applying (W) and taking, say, r = d(x,y)/3 yields
(3.20)

1
(o B\
hon(x,y) < exp| — | = , Vx,yel',n>1,
2n(x,) \/V (5, n17B)V (y,n1/B) p (Cn) y

and a similar estimate follows for odd n since

(3.19) hon(x,y)

Vx,yel',n>1.

hans1(x,y) Z hon(x,2)p(2,y) < max hon(x,2)-
zel
By (VD), these estimates are equivalent to (UHK (f3)). O

3.3 Lower heat kernel estimates

We now prove the lower bounds. Our approach is much more direct than the
one in [30], essentially because we rely fully on the assumption (VG(B_)) and
incorporate some arguments from [15]. The first step is an argument of Benjamini-
Chavel-Feldman [13] in the case B = 2 (see also Lemma 7.1 of [8]), which can
easily be adapted (see [15], proof of Theorem 3.1), to show that the upper estimate
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(UHK(P)) together with (VD) always implies an on-diagonal lower heat kernel
estimate. We sketch a proof for the sake of completeness.

Proposition 3.9. Assume (VD) and (UHK(f)). Then there exists a constant ¢ > 0
such that

hon(x,x) > v ,Vxel',neN. (DLHK (B))

c

(x,n!/P)
Proof. Using (VD) and (UHK(P)), one checks that, for C large enough, every
n€Nandevery x €T,

hﬂ('xay) Ny S 1/27
y¢B(x,Cn'/P)

(see the computations in [28], proof of Theorem 3.2). Thus
Z B (X, y) y =1 — Z B (x,y) 1y > 1/2

yEB(x,Cn!/B) y¢B(x,Cn!/B)
Write now
hon(x,x) = Z h%(x,y) My > Z h%(xa)’) Uy
yel’ B(x,Cn!/B)
2
>__ 1 Y e | >
2 ST B n Yy | 2 7
Vi Cnl/8) | o & 4V (x,Cnl/B)
Adjusting for parity and using (VD), (DLHK(f3)) follows. O

We now prove a near-diagonal lower estimate. The next proposition is inspired
by [15], pp. 800-801, with the usual additional difficulties due to discrete time. See
also [20], Lemma 2.4.

We first need a lemma. For a fixed x¢ in T, set f,,(-) = hy(xo, ") + hyt1(x0,.)-
Lemma 3.10.

C
(3.21) E(fa) < ;hZ[n/Z] (x0,x0), Vn > 1.
Proof. Set g,(-) = hy(xo,-). One checks easily that Pg, = g,,+1. Thus
E(fu) = ((I—=P)(gn+8n+1),8n + &nt1)
= ((I=P)(P"+ P"")go, (P"+ P"")go)

= (1= P*)P*"go,g0) + (I — P*)P*"* g9, 20).
Using the fact that P is self-adjoint and contractive on £2(T", i), write
@@(fn) = <(I_P2)gnagn> + <(I_P2)gn+lagn>
<N = P?)gall2llgall + 1T = P*)gns1 ]2 ]|all2
< 2|1 = P*)gall2llgnll> < 2112 = PP)PHD P gp ool gy 2
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Now c
1= PP |22 < —in 21

by spectral theory (this is because P? is a non-negative operator on £2(I", t)); for
details and comments, see [19], p. 426). Therefore, for n > 1,
! I/

c 2
< - -
E(fa) < i 1/ 821112 = —haju/2 (x0, %0),
according to (1.3). O

Set ”n(xay) = hn(xay) +hn+l(xay)'

Proposition 3.11. Assume (2.1), (RU(B)), and (DLHK(B)). Then, there exist
¢,C > 0 such that

U (x,y) > 4, Vx,yel,neN such that d(x,y) <cn'/B. (NLHK (B))
V(x,nl/B)

Proof. Let xo € T. Putting f,(-) = un(x0,-) in (1.9) gives
(3.22) [fa(x) = o) < R(x,y)E(f) forall x,y € T.
Since (DUHK(B)), (DLHK(B)) and (VD) hold,

hofn 21 (x0,%0) < C fu(x0,X0)-
Thus, using (3.21), one obtains
(3.23 ) = SO < SR 3) fulror ).
So, using (RU(B)),

C'dP (x,y)

_ 2 2 )
09~ 0P < S5

and using (DLHK (f)) again,

fu(x0,X0),

dﬁ(xay) V(x()anl/ﬁ) 2
Vi) Jrle:

‘fn(x) _fn(y)|2 < c"

In particular, choosing xp = x,

B 1/B
[t (2, %) — 1, (x,))* < C”d (,f’y) V‘(jc(’:’y) )uﬁ

(x,x).
By (2.1), there exists 6 > 0 such that
1" dP (xy) Vix, nl/ﬁ)
n V(xy)
as soon as d(x,y) < n'/B. For such y,

1
< —
4

1
|un(x’x) _”n(X,y)‘ < Eun(xax)'
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Thus .
() > 3 (5,),
and (NLHK(f3)) follows from (DLHK (f3)). O

The full heat kernel lower bound is now within reach.
Proposition 3.12. (po) + (VD) + (NLHK (B)) = (LHK(B))

Proof. This is a classical iteration argument, see for instance [22], Theorem 3.8,
for the case B = 2. We write the proof for the sake of completeness, and also to
emphasize the role of condition (pg). We write p,(x,y) = u,(x,y) 1ty = pn(x,y) +
Pn+1(x,y). We consider the following cases:
Case 1: d(x,y) < Cn!/P;
Case 2: Cn'/B < d(x,y) < en;
Case 3: en < d(x,y) <n,
where C is the constant in Proposition 3.11 and € > 0 is a small constant chosen
later.

In Case 1, (LHK(B)) follows from Proposition 3.11. In Case 3, (LHK())
becomes

~ CHy

(3.24) Pn(x,y) > W
which can be deduced directly from (po). Indeed, since there is a path from x to y
of length either n or n+ 1, the P*-probability that the random walk will follow the
path is at least pg("H). Thus, j,(x,y) > exp(—c'n). Clearly u,/V(y,n'/P) < 1, so
we obtain (3.24).

We now consider Case 2, which is the main case. Denote d = d(x,y), take k € N
such that

(3.25) k<d,

and define m by m = |n/k| — 1. Since k < d < &n, we see that n/k > ¢! and m
is positive. Since n > k(m+ 1), by a simple calculation using (po) condition and
Chapman-Kolmogorov, (cf. Lemma 13.6 in [29]), we have

(3.26) C" ™ B (x,Y) > (Pm)* (x,3),

where (ﬁm)k is the k-th convolution power of p,, = p,, + pm+1. Note that there
exists a sequence 01,03, -0 € I such that x = 0;,y = o and

d(x,y)
k

exp(—c'n),

(3.27) d(O,’,O,’_H) S |_

1:=r Vi=1,2,--- ,k—1.
Clearly, we have

(328) (ﬁm)k(X,y) Z Z Z ﬁm(-xazl)ﬁm(ZbZZ)"'ﬁm(zk—l’y)'
B(oy,r

Z1€ ) z1€B(0k_1,7)
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Assume that we have in addition
(3.29) 3r<Cm'/B.

Since d(z;_1,z;) < 3r, by Proposition 3.11, we have 5,,(zi1,2) > cit,V (zi_1,m'/B)~!
foralli=2,--- ,k— 1. The same applies to p,,(x,z1) and p,,(zx—1,y). So, we obtain
from (3.26) and (3.28)

330) 7RG (x,y) >&ﬁ y ).
= V(x,ml/ﬁ) =1 \zieBlor) V(Zi,ml/ﬁ)

We now specify the choice of k to ensure that both (3.25) and (3.29) hold. Using
the definition of m and r, we see that (3.29) is equivalent to cd /k < C(n/k)'/B or

1/(B-1)
B
(3.31) k> ccP/(B=1) (d—) )

n

Let k be the minimal possible integer satisfying (3.31). By the hypothesis d >
Cnl/ﬁ, we have

(3.32) k>c k~ <£> R .

n

The condition (3.25) follows from the hypothesis n > £ ~!'d provided & > 0 is small
enough. By (3.27), (3.29), (3.32) and by the choice of m, we obtain

n\ B/(B-1) AT
(3.33) m e (3) » T= (3) ‘

By (VD) and (3.33),

H'Zi CZZieB(oi’r) .u'Z,' _ CIV(Oi’r) >CII
V(zi,m'B) = V(0;,m'/B) V(oim!/P) =

zi€B(0;,r)
Combining this with (3.30), we obtain
k ~mk—m k~—(n—mk)
N "y, cC M Iz
3.34 > Y Y > 24
(30 Pilod) 2 GEmy 2 Y lom By 2 Vi allP)

where we use the facts m < n, n —mk < 2k which follow from the definition of m.
Putting (3.32) into (3.34), we obtain (LHK(f3)). O

exp(—c'k),

4 From heat kernel estimates to resistance estimates

In this section, we prove that (HK(f3)) together with (VG(B_)) implies (R(B)).
In fact, we shall prove that (HK(f)) alone implies (PI(f8)) and (SRL(f)). The
above claim then follows from Lemma 2.3. Note that (HK(f3)) = (VD) holds (see
Proposition 7.2 in [53], or Theorem 3.1 in [30]).

We first give a lemma, which is a sub-Gaussian version of Lemma 5.1 in [25]
(see also Lemma 3.9 in [22]).
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Lemma 4.1. Let xo € T, r > 0, B := B(x,r) and let hB(x,y) be the transition
density of the random walk X,, killed on exiting B. Suppose (HK(B)) holds. Given
0 < & < 1, there exist c,a > 0 such that

uf(x,y) = hg(xay)—i_hg-i—l(xay) 2 m fOl" X,yEB(X(),(l _g)nl/ﬁ)’ng (ar)ﬁ-

Proof. Letx,y € I',n € N. By (LHK(f)), we have

c
(41) un(xay) Z V(T’Sl/ﬁ)’ for X,y EB(XOanl/ﬁ)a
for some ¢y > 0. Then, note that the following holds:

(42) hf(xay) = hn(xay) - EX[I{TBSn}hnfTB (XTBay)]'

Asa consequence,

(4.3) ha(x,y) —hf(x,y) = hy(y,x) —hg(y,x) = Z P(Xs =&, Tge = 5)hy—5(E,x).

0<s<n
56317

Now we estimate (4.3) from above. By (UHK(f)), for 0 < s < n (in fact we
can assume n — s > r > 0 since otherwise h,—s(&,x) = 0)

- c AN
hy—(&,%) = hy_(x,&) < Vi (n—s) By P |~ (c(n_s))

If & € B¢, x € B(xo, (1 — &)n'/B), and n < 1P, it follows that d(x,E) > er, hence

C ebr \ T
hn=s(65%) < G TRy &P _(m>

=
S

J
—
e

=
~—
IN

C V(x,r) exo | — ehrP e
VenlB) \ Vi, (n—s)78) P\ T\ Cln—s)

c o B\
V (x,n!/B) PL7\n=s

by doubling . Now, if in addition n < (ar)ﬁ ,a<l,

BB
Z_Za ’
n—s n

VAN

and

hy—s(&,x) < Lexp (—c'a_ﬁ/(ﬁ_1)> .
n—s ? — V(x,nl/ﬁ)
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Taking a small enough we can ensure that

co
(4.4) hy—s(&,x) < Wa

for all £ € B¢ and 0 < s < n. Gathering (4.3) and (4.4), we obtain

Cco o

h HB —_— PY(Xy =&,Tp = -

n(xay) (X y) > 4V(X nl/ﬁ) O;n é B S) = 4V(x,n1/ﬁ)’
5631,
hence
o
Un(X,y) — (X y) < m

Together with (4.1), this yields the result. O

Proposition 4.2. 1) (HK(B)) = (PI(B)).
2) (HK(B)) = (SRL(B)).

Proof. The proof of 1) is standard. It originates in [45]. We modify the argument
given in [50] (see also Theorem 3.11 in [22]). Let B = B(xo,r). Let {H?} be
the discrete time semigroup corresponding to & g (the corresponding process is the
random walk X, reflected at {y : d(xo,y) = r}). If we denote the transition density
as 12 (x,y), then clearly /8 (x,y) > hB(x,y). Let B' = B(xo,ar/2) where a > 0 is the
constant in Lemma 4.1. For y € B’ we have by Lemma 4.1 (with € = 1/2),

U = FODP0) > m/z Y 17(2) — HE 5, 0) P

zeB’

xar/2 Z |f f_B" Uz,

z€B/

where in the last inequality, we use the fact that ¥ g |f(z) — ot|*1; attains its
minimum when & = fp. Summing up over B’, we obtain

T = H 0D 008 2 € T 10 = P

(34

On the other hand, we have

Z i) (F = Hit oy F ) ) 1y

—HE oy F1Bp < CrPEs(F),

where we write || f ||%7 5 = Lyen S () 1y Here the first inequality is a simple compu-

tation of the variance (plus the fact ||[HZ f2||; 5 < || f ||% ) and the second inequality
is a general estimate of Dirichlet forms (Lemma 1.3.3 (i) in [26]). We thus obtain

(PI(B)).
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We now prove 2). By (3.9), we have R(x,B) = Yo ohB(x0,x0). Thus, by
Lemma4.1,

[(ar)P]
R(xo,B°) > ¢ ub(xo,x0) >’ | Y V(xo,n'/P)yM+1
n=1
(ar)P B

>
N V(XOa [(ar)ﬁ]l/ﬁ) N V(X(), I‘) ’
where we use (VD) in the last inequality. We thus obtain (SRL(f3)). O

S Examples

In this section, we give examples of weighted graphs where (HK(f)) holds.
Let (I, 1) be a weighted graph satisfying the (po) condition.

Example 1: Case § =2

We note that (RL(2)) always holds. Indeed, for x,y € T, define f = f,, € R! by
f(z) :==d(x,z) Ad(x,y). Then clearly &(f) < V(x,y). By this and (1.9), we have

R(x,y) > ‘f(x) _f(y)|2 > d(xay)z’

&(f) V(x,y)
as required. It follows that (RL(f)) can hold only if B > 2, and, by using Theorem
1.3, one recovers the well-known fact that (HK()) can hold only if B > 2. Also,
by Theorem 1.3, we have the following equivalence under (VG(2_)) and (po):

(5.1) (HK(2)) & (RU(2)) & (PI(2)).

It is known in general that (HK(2)) is equivalent to (VD) + (PI(2)) (cf. [22]),
but (5.1) gives an additional equivalence condition under (VG(2_)). In the even
more particular situation where (VG(1)) and (2.4) hold (the volume growth is then
linear) (RU(2)) follows from Lemma 2.1. One therefore recovers the well-known
fact that, on a weighted graph with (VG(1)), (po) and (2.4), (HK(2)) always holds
(see [20]).

Example 2: Trees
A graph I''is called a tree if it has no cycle, a cycle being a sequence of vertices such
that xg ~ ... ~ x,,, with no repetition besides x, = x9, and n > 2. A connected graph
is a tree if and only if any two points x,y are joined by a unique (non-oriented)
self-avoiding path.

Lemma 5.1. IfT is a tree satisfying (2.4) and
(5.2) Sup lyy =M < oo,

xrvy

then
R(x,y) = d(x,y), x,y €T.
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Proof. It follows from Lemma 2.1 that R(x,y) < Cd(x,y), Vx,y € I'. Now take two
distinct points x,y in I, and let f € R be such that f(x) =0, f(y) = 1, f is linear
on the geodesic path joining x and y, and constant on any other geodesic emanating
from x, y, and any intermediate point. This construction is of course possible only

because I is a tree. Now &'(f) < %, therefore

()1 £ €R S = 1.50) = 0} < 7o
hence MR(x,y) > d(x,y). O

As a consequence, if I is a tree satisfying (2.4) and (5.2), (RU(B)) (resp.
(RL(B))) is equivalent to the volume growth condition V (x,y) < Cd(x,y)P~! (resp.
V(x,y) > cd(x,y)P~1), i.e. to the fact that (I, it) has polynomial growth of expo-
nent  — 1:

Vi,r)~rP~! xel,r>0.
Thus, as a corollary to Theorem 1.3, we have the following.
Proposition 5.2. Ler (T, it) be a tree such that 0 < inf py, < sup pyy, < oo. If (I, 1)
X~y X~y
has polynomial volume growth of exponent o > 1, then it satisfies the following
heat kernel estimates

() < S exp (— (L)

no+t Cn
d( )a+1 L
c X, ¢
a5s9) s (53) > — exp (— (L) )

noa+i cn

RI=

),forallx,yef, eN

and

Conversely, if (T, i) satisfies (VG(B-)) and (HK(B)) for some B > 2, then it must
have polynomial growth of exponent 3 — 1.

An interesting class of trees with polynomial growth is given by the Vicsek
graphs considered for instance in [12], Section 4.

Example 3: Finitely ramified fractal graphs

For o > 1 and I = {1,2,--- ,N}, let {¥,}ic; be a family of «-similitudes on RP.
An o-similitude is a map ¥;x = a~'Ux+ ¥;, x € RP where U; is a unitary map and
¥ € RP. We assume the open set condition for {¥;}c;, that there is a non-empty,
bounded open set W such that {¥;(W) };c; are disjoint and U;e;¥;(W) C W. Since
{Wi}ies is a family of contraction maps, there exists a unique non-void compact set
K such that K = U;¢;'W;(K). We will consider the case where K is connected.

Let Fix be the set of fixed points of the ¥;’s, i € I. A point x € Fix is called an
essential fixed point if there exist i, j € I, i # j and y € Fix such that ¥;(x) = ¥;(y).
We write V} for the set of essential fixed points, we assume V) > 2. Following [34],
K is called a (compact) uniform finitely ramified fractal (u.f.r. fractal for short) if it
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satisfies the following finitely ramified property in addition to the above properties:
(FR) If {iy,...,in},{Jj1,---,Jn} are distinct sequences, then

i oin K) (Vo (K) = i i VO (i (VO),

where we denote W; ; =W; o---0%¥;. If we further assume the following
symmetry condition, then K is called a (compact) nested fractal as introduced in
[47].

(SYM) If x,y € Vp, then the reflection in the hyperplane H,, = {z € RP lz—x| =
|z—y|} maps V,, to itself, where

(53) Vn = Ui1,~~~,in€I\Pi1,...,in (V())

Thus, u.f.r. fractals form a class of fractals which is wider than nested fractals, and
is included in the class of p.c.f. self-similar sets ([40]).

We assume without loss of generality that ¥ (x) = ocl_lx and 0 belongs to V.
Let I' = Uy_,a"V,. We now introduce uniform finitely ramified graphs. These
will be graphs with vertices I" and a collection of edges B. In order to define the
edges, we first define By := {{x,y} : x # y € Vo }. Then inside each a"¥;, _; (Vo)
(n >0,iy,--+,i, € I), we place a copy of By and we denote by B the set of all the
edges determined in this way. Now, we assign [, = U, > O for each {x,y} € B.
We assume that the weights are bounded from above and below, i.e. there exist
¢,C > 0 such that

(5.4) c< Uy <C, V{x,y} € B.

Then, (T, 1) is a weighted graph satisfying condition (po). We call the weighted
graph (', i) a uniform finitely ramified (u.f.r.) graph. If we construct the graph
starting from a nested fractal, then it will be called a nested fractal graph. We
denote the corresponding quadratic form (1.5) as & ,.

On a u.fr. graph (I', 1), we can naturally define a renormalization map F as
follows.

Ep(u)(u) =inf{&y(v) :ve RY, v(ox) = u(x), x € T}, WweRL,
In [34] (together with a result in [43]), the following theorem is proved.

Theorem 5.3. Let (I, u) a u.f.r: graph and assume that there exists { [y, } satisfying
(5.4) and such that

(5.5) F(u)=p~'u
for some p > 0. Then, there exist C,c > 0 (which depend on 1) and 0 < 7 <
such that for each x,y € I and n > d(x,y),

R SHIN T
() < Cnm5T exp (_ ( R ) |
n

R S+1\ 12
hn(xay) +hn+l(x,y) > Cniﬁ exp (_ (&) ’

cn



SUB-GAUSSIAN HEAT KERNELS ON STRONGLY RECURRENT GRAPHS 31
where S =1ogN/logp.

In [34], it is also shown by counter-examples that in general one cannot take
M = 7%, and that one cannot obtain the same type of heat kernel estimates with
d(-,-) instead of R(,-).

By Theorem 5.3 and Theorem 1.3, we have the following characterization of

(HK(B))-

Proposition 5.4. Let (I', 1) be a u.f-r. graph satisfying (5.5). Then, (HK(f)) holds
on (L', 1) for some B > 2 if and only if the following relation between the resistance
metric and the graph distance holds:

(5.6) R(x,y) ~=d(x,y)"  Vx,y€eT,
for some y > 1.

Proof. Suppose (5.6) holds. Note that (1 (Bg(x,r)) =~ rS where Bg(x,r) :={y € T":
R(x,y) < r} (cf. Lemma 3.2 in [34]). Thus, we have V (x,r) ~ r5?. Similarly, since
EX[Tpy(x)) =+, we have E*[7(x,r)] ~ rP where B = (S+1)y. Thus (VG(B-)),
(RU(B)) and (RL(B)) hold with B = (S+ 1)y which implies (HK(f3)) by Theorem
1.3.

Next, suppose (HK(f3)) holds. Then, by comparing them with Theorem 5.3 for
x =1y, we have n=5/(5+1) ~ V (x,n!/B) for all n € N and all x € T'. Thus,

(5.7) V(x,r) o~ pSB/(SH1) VreN, xeT,
so that (VG(B-)) holds. Now, by Theorem 1.3, (RU()) and (RL()) hold. So,
together with (5.7), we obtain (5.6) with y= B/(S+1). O

For nested fractal graphs, it is known that (5.5) and (5.6) hold. Thus, this propo-
sition gives another proof of the known fact that (HK(f3)) holds for such graphs
(cf. [34]).

Example 4: Graphical Sierpinski carpets

Let Hy = [0,1]¢, and let [ € N, [ > 2 be fixed. Set 2 = {I1L,[(k; — 1)/1,k;/1] :
1<k<LkeN(A<Li<d)} letl<N<I?andletW¥;,, I€l:={l,---,N} be
orientation preserving affine maps of Hj onto some element of 2. (We assume
that the sets W;(Hp) are distinct.) Set H; = U;e;'¥;(Hp). Then, there exists a unique
non-void compact set K C Hy such that K = U;¢;'P;(K). K is called a (generalized)
Sierpinski carpet if the following holds (cf. [9]):

(SC1) (Symmetry) H; is preserved by all the isometries of the unit cube Hy.
(SC2) (Connected) H; is connected.

(SC3) (Non-diagonality) Let B be a cube in Hy which is the union of 24 distinct
elements of 2. (So B has side length 2/~!.) Then if Int(H; N B) is non-empty, it is
connected.

(SC4) (Borders included) H; contains the line segment {x: 0 <x; <1, xp =--- =
xq =0}
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The main difference from p.c.f. self-similar sets is that Sierpinski carpets are
infinitely ramified, i.e. K cannot be disconnected by removing a finite number of
points.

Let V| be a set of vertices for Hy and define V,, as in (5.3). Then, one can define
a graphical Sierpinski carpet I' in the same way as in Example 3 — see [10]. In
[7] and [49] it is shown that there exists p > 0 such that the resistance across a
cube of side 7% in T" grows as pX. In [10] it is proved that I satisfies (V G(«)) for
o =1logN/logl, and (HK(B)) with B =1log(pN)/logl.

The proof in [10] relies on an elliptic Harnack inequality, which is proved in
[9] by a difficult probabilistic coupling argument. In the case p > 1 it may be
possible to prove (R(f3)) directly using resistance bounds similar to those in [7] and
[49]; this would then yield a much quicker proof of (HK(f)) for these Sierpinski
carpets. We remark that such classes of infinitely ramified fractals are also studied
in [46].

Example 5: A graph which is strongly recurrent but not very strongly recurrent
Choose ; < B, i= 1,2 such that2 < §; < a; + 1 and if 6; = B; — o; then 6; < 6.
Then, by [4] there exist (distinct) graphs I';, i = 1,2 satisfying (po), VG(o) and
R(B;), and therefore also HK(f3;). Since each of I'; is very strongly recurrent, it is
also strongly recurrent. Fix x; € I';, and let I" be the graph obtained from I'; UI
by identifying the vertices x; and x;. (I' is the join of I'} and I',.) We can assume
that the probability, starting in the common point x = x| = x; that X enters each of
I;is 1/2. InT; one has, if 1 < r < 2r <, that R(B(x,r),B(x,R)¢) ~ s%. Using this
it is not hard to check that I" satisfies (1.11).

However, I' cannot satisfy (1.10) since it fails to satisfy the EHI. To see this,
let B = By (x1,r) UBy(x2,r), and let i be the harmonic function on B which is zero
on dBNBj(x1,r) and 1 on dBN By(x,,r). Since (in I';) one has that if y; ~ x; then
P(T,, > (x,r)) ~ r~ %, we deduce that h(x) ~ r~ %% On the other hand, if z, is
a point in I'y with d(x2,22) = r/2 then h(z2) > ¢; > 0.
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