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Abstract

We give upper estimates on the long time behaviour of the heat kernel on
a non-compact Riemannian manifold and infinite graphs, which only depend on
a lower bound of the volume growth. We also show that these estimates are

optimal.
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1 Introduction

Let M be a non-compact geodesically complete connected Riemannian manifold. Let
pi(z,y) be the heat kernel on M, that is the smallest positive fundamental solution to
the heat equation

ou
E—Au

on Ry x M. A lot of work has recently been devoted to connecting the large time
behaviour of the heat kernel with the geometry at infinity of M; see the surveys [28],
[18], [31]. One may summarize a large part of these results by saying that the behaviour

of sup pi(z,z) as a function of { — +oo is governed from above and below by the 2
rzeM
isoperimetric profile of M (see [17] for a precise definition).

However, this leaves open the question of the direct relationship between the volume
growth of the manifold and the rate of decay of its heat kernel. Denote by B(z,r) the
geodesic ball of radius r centered at © € M, and by V(x,r) its Riemannian volume.
Intuitively, one may expect that, the faster V(z,r) grows to +oo as r — +oo, the
faster pi(x, x) should decay to 0 as t — +oc.

Indeed, let M be a non-compact manifold with bounded geometry (the latter means
that M has a positive injectivity radius, and its Ricci curvature is bounded from below).
Then the volume growth on M is at least linear, and this reflects in the upper bound
of the heat kernel, since one knows ([37], [7], [30]) that, for all such manifolds,

sup pi(z,z) < CtY? > 1. (1.1)
zeM

This estimate is obviously sharp for M = R! and for cylinders M = R! x K where K
is a compact manifold.

On the other hand, a lower bound of the volume function gives fairly poor infor-
mation as far as the heat kernel decay is concerned. Indeed, even the maximal rate of
volume growth for a manifold with bounded geometry, namely the exponential one

Viz,r) >ce”, Yee M, r>1,

does not prevent the manifold from being recurrent (see [38, p.271], [25]). Since the
recurrence of M means that

+oo
/ pe(x,x)dt = +o0,

no estimate like
pe(z,2) <Ct'5, V> 1 (1.2)



(where € > 0) can hold on such a manifold. However, there is still a gap between ¢!
and t='/2 that deserves to be explored.

So far, the emphasis in the study of the large time behaviour of the heat kernel was
rather put on “nice” geometric situations (e.g. Lie groups, manifolds with non-negative
curvature, covering manifolds) and on fast decays of the heat kernel. Here we would
like to address the following question:

Given the volume growth, how slow can the heat kernel decay be?

Our first main result shows that, as soon as the volume growth is uniformly faster
than linear, one can improve (1.1). In the following statement, we assume that M has
bounded geometry. In fact, it is enough to assume that M has weak bounded geometry
as will be explained in Section 3.

Theorem 1.1 Let M be a geodesically complete non-compact Riemannian manifold
with bounded geometry, and ro > 0 be its injeclivily radius. Suppose that, for all points
x €M and all r > rg,

Viz,r) > v(r) (1.3)

where v is a conlinuous positive strictly increasing function on [ro,+oc). Then, for all
>t =713,

sup pe(z, z) < ¢ \ (1.4)
zeM 7(Ct>
where v is defined by
v(t)
=1y = / v=1(s)ds. (1.5)
Here vg = v(rg), v™! is the inverse function, and C,c are positive constants.
For example if, for all x € M and r large enough,
V(z,r) > erP, (1.6)
then, taking v(r) = cr”, we obtain from (1.5) y(1) ~ {7+ and!
sup p(z,x) < Ct_DLJrl, (1.7)
€M
for t large enough, which is better than (1.1) as soon as D > 1.
If v(r) =exp(er®), 0 < a <1, then y(t) ~ l/a and
(logt)l/ i
sup pi(z,z) < C——"— (1.8)

)
reM t

!The sign ~ means that the ratio of the left-hand side and of the right-hand side remains bounded
between two positive constants as the argument tends to 4oo.



for t large enough, which is not very far from the transience threshold. Recall that
the case @ = 1 corresponds to the maximal rate of volume growth for manifolds with
bounded geometry.

These examples are summarized in the table below (neglecting constant multiples)

V(z,r) > [ exp(r) | exp(r®) | rP r

lo lo 1/a
plz,z) < Tgt %

1~ D+t t—1/2

which shows how the upper bound of the heat kernel evolves between ¢! and t~'/2

depending on the lower bound of the volume growth function. Note that, for ¢ < to,
the heat kernel on manifolds with bounded geometry satisfies

pe(z, ) ~ (=472

where d = dim M (see [11], [10], [9], [27], [35]).

A natural question is whether the upper bound (1.4) is sharp under the condition
(1.3). The second main result of this paper is a positive answer to this question. For a
sequence of numbers D going to 400 , we construct a manifold with bounded geometry
having a uniform volume growth

V(z,r) ~rP (1.9)

and such that .
pe(x,x) = 17D (1.10)

(Theorems 4.1 and 6.3). The construction is rather non-trivial and is motivated by
recent developments in analysis on fractals (see [2], [3]). We first construct a graph
with the required properties (Section 4) and then obtain a manifold by thickening the
edges of the graph (Section 6).

For a more general function v(r), we can still construct a manifold with bounded
geometry satisfying V(z,r) > v(r) and for which the upper bound of the heat kernel
(1.4) is sharp up to at most a logarithmic factor. However, the volume growth function
V(z,r) does not satisfy in these examples a matching upper bound (see Theorems 5.1,
5.2 in Section 5 and Theorems 6.4, 6.5 in Section 6).

Let us give some historical comments on the exponent D/(D +1) in (1.7). Denote
by Bp the exponent corresponding to the slowest possible decay of the heat kernel of a
manifold of bounded geometry having polynomial volume growth of exponent D, that
is, satisfying (1.9). The above discussion shows that Gp = DLH' However, a priori it
was not clear even whether Bp > 0. The first result in this direction was the estimate
(1.1) proved in [37], which showed that 8p > 1/2. It was later proved in [23, Théoreme
8] that Sp > DLH. Note that D > 1 and, hence, DLH > 1/2.

Upper estimates of 3p require construction of manifolds satisfying (1.9) but having
slow heat kernel decay. The examples of recurrent manifolds with large volume growth
([38], [25]) suggested that Bp < 1 although none of those examples satisfied (1.9). The
fact that fp < 1 followed from the construction in [3], where a manifold was built

satisfying (1.9), with 1 < D < 2, and

pe(x,x) ~ 177,

4



DLH < a < L (see also [4], [32] for the graph case).

Finally, in the present paper, we have a complete description of the range of possible

with some a such that

heat kernel behavior for manifolds with polynomial volume growth.

Corollary 1.2 Assume that the Riemannian manifold M has bounded geomelry and
that, for all z € M and r > 1,

P < Viz,r) < CrP. (1.11)
Then, for all t > 1,
7 < sup pe(z,x) < C' 1~ o (1.12)
€M

Moreover, both upper and lower bounds in (1.12) are sharp.

sup pr(X,X)
A

T
{012 ¢ { DO+

t -1/2

Figure 1 The possible range of the heat kernel decay under the volume growth
V(z,r) ~rP.

The upper bound in (1.12) and its optimality have been discussed above. The
proof of the lower bound is contained in [20, Theorem 2.7.]. The optimality of the
lower bound is clear from the example of RP.

Let us also observe that the difference between the two exponents D/2 and D /(D +
1) in (1.12) vanishes if D =1 (which is the minimal possible value of D) and increases
as D increases, thus allowing a wider range for heat kernel long time decay. On the
other hand, 8p = D/(D+1) converges to 1 as D — 400, which means that the slowest
possible decay of the heat kernel approaches t='. Therefore, all the range between ¢~/
and ¢~! is really attained within the polynomial scale. Recall that up to a logarithmic
factor, the function t=! is also the slowest possible heat kernel decay in the case of the
exponential volume growth (see (1.8)).

The proof of Theorem 1.1 consists of two ingredients. The crucial observation is
that the volume growth hypothesis (1.3) implies a certain Faber-Krahn inequality:

M(Q) > Adlal) (1.13)

where ) is a large enough open precompact subset of M, with volume |Q], and A;(£2) is
the first Dirichlet eigenvalue of the Laplace operator in ). The function A is determined
by the volume growth function v(r) (see Proposition 2.5). In particular, if V(z,r) >
cr? then we obtain (1.13) with

D+1

Alv)=co™ D . (1.14)



Let us note for comparison that in R” we have V(z,r) = cr” whereas the stronger
classical Faber-Krahn inequality holds with the function

A(v) = oD,

The second ingredient of the proof is the general equivalence between the Faber-
Krahn inequality (1.13) and heat kernel upper estimate (1.4) where the function + is
determined by A (see [29], [30] as well as Proposition 2.3 below).

In fact, the actual proof is more complicated since it involves an additional step of
discretization: we first obtain a discrete version of (1.13) on a graph which is an e-net
of M, and then transfer it to M by using the discretization techniques from [33], [13],
[24], [16] (see Section 3).

As we have already mentioned, the estimate (1.7) was obtained in [23, Théoreme
8] under the much stronger assumption (1.9) (see also [36, Theorem 3.5] for a slightly
different version). More generally, an estimate similar to (1.4) was obtained in [16,
Corollary VI.2], but again assuming two-sided estimates of the volume growth function.
The point of view adopted in these three papers was to use the upper and the lower
bound of the volume to obtain so-called relaxed pseudo-Poincaré inequalities (see also
[17] for more explanations). These inequalities, together with the volume lower bound,
yield a Nash inequality which is equivalent to the Faber-Krahn inequality (1.13). In
contrast to that, in the present paper we obtain the Faber-Krahn inequality in an
entirely different way, directly from the uniform lower bound on the volume (see Lemma
2.4 and Proposition 2.5).

To prove the heat kernel lower bounds in the examples of Sections 4 and 5, we use
the technique of anti-Faber-Krahn inequalities developed in [20]. An anti-Faber-Krahn
inequality is nothing but the optimality at all scales of a Faber-Krahn inequality. In
particular, we will prove that, on a certain manifold satisfying (1.11), the Faber-Krahn
inequality (1.13) with the function (1.14) is sharp up to a constant factor.

The structure of the paper is as follows. In Section 2 we prove Theorem 2.1, which
is the analogue of Theorem 1.1 for graphs. In Section 3, we obtain the heat kernel
upper bounds for manifolds (i.e. Theorem 1.1) from those for graphs by using some
discretization techniques. In Sections 4 and 5, we construct examples of graphs showing
that the heat kernel upper bounds obtained by Theorem 2.1 are sharp. In Section 6,
we show how to transfer these examples to the manifold setting.
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1. We denote everywhere by (', ¢ positive constants which may change with occur-
rences. Normally C' refers to a large constant whereas ¢ is a small one.

2. The relation

cf(s) < g(s) < Cf(s),

for all s large enough. Here s is either a discrete or a continuous positive variable.

2 Faber-Krahn inequality and heat kernels on graphs

Let I' be an infinite (countable) connected graph. If two points z,y € I' are neighbors,
i.e. are connected by an edge, we will write x ~ y and denote the edge by 7y. We
always assume that I' is non-oriented (i.e.  ~ y implies y ~ ), connected (i.e. any
two points can be joined by a path in I') and locally finite (i.e. each point has a finite
number of neighbors). Each edge Ty will be equipped with a weight (., = gy > 0.
We extend i, to a function on all pairs z,y € I' by setting p,, = 0 if  and y are not
neighbors.
The weight (1, induces also a weight p on vertices defined by

p(x) = Z Hay

y~

which extends to a measure on I' by

p(Q) = p(z)
zeQ
for all finite subsets Q@ C T'.

The pair (I', i) is called a weighted graph. For example, if we set p1,, = 1 for all
neighboring = and y, then p(z) is equal to the degree of the vertex z. This weight p is
referred to as the standard weight on T.

The graph structure induces the graph distance d(x,y) which is the minimal number
of edges in any path connecting the vertices * and y. Denote balls related to this
distance and their measures by

B(z,r)={y el :d(z,y) <r} and V(x,r)=pu(B(z,r)).

There is a natural random walk X on I' associated with the weight p. It is deter-
mined by the transition probability

P(z,y):= :(Jj)

and is obviously reversible with respect to the measure p, that is
Pla,y)p(e) = Ply, x)pu(y).
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Denote by Py(z,y) the transition function after k steps, that is
Py(z,y) =P (Xy =y | Xo = 7),

and by pi(z,y) the heat kernel defined by

pr(z,y) =

The reversibility of X implies pr(z,y) = pr(y, ). If p is the standard weight then X
is referred to as the simple random walk on T'.
Our main result for graphs is the following theorem.

Theorem 2.1 Let the weighted graph (I',u) satisfy the hypothesis

inf g1z, > 0. (2.1)

T~y

Suppose that, for all points x € I and all r > 1,

V(z,r) > v(r),

where v is a continuous positive strictly increasing function on [1,+00). Then, for all

x €1 and for all k € N,

pr(z,2) < (2.2)

where v is defined by
(*)
- /'Y v=1(s)ds (2.3)

and vy = v(1).

Observe that the hypothesis (2.1) is automatically satisfied for the standard random
walk.

Example 2.1 Assume that
v(r) = erP.
Then (2.3) and (2.2) yield
pi(z,2) < Ck™ 79, (2.4)

Example 2.2 Assume that
v(r) = cexp(dr®)

where o € (0,1]. Then Theorem 2.1 implies, for all £ > 2 and z € T,

C(logk)'/>

. (2.5)

pk(l’,l’) S



Remark 2.1 Under the stronger assumption V(z,r) ~ r”, the estimate (2.4) was
obtained in [23, Theorem 8]. For a general volume growth, an estimate similar to (2.2)
was obtained in [16, Proposition V.5], however, under the much stronger assumption

o(r) < V(z,r) < Co(r).
Remark 2.2 It useful to notice that the identity (2.3) defining the function v can be

rewritten as follows "
v (w) :/ v=1(s)ds. (2.6)

1

If v(r) is convex (which is typical for applications), then v~" is concave whence

=™ < o7 ) < )

Therefore, one gets from (2.6)

7 (s) ~ svTH(s). (2.7)

Corollary 2.2 ([37], [5], [26], [7], [30]) For any graph (T',u) satisfying the hypothesis
(2.1), we have
pelz,2) < Ck™7, (2.8)

for all x € T and for all positive integers k.

Proof. Indeed, the fact that I' is infinite and connected together with (2.1) implies
easily that V(z,r) > cr. Therefore, applying (2.4) with D =1 we obtain (2.8). W

The proof of Theorem 2.1 uses eigenvalues of the discrete Laplace operator. The
Laplace operator on (I', i) is defined by

Af(e) = ¥ plasy) () — J(@) = ——= 3 (V) i

y~z /”L(x) yel

where
Veuf = fly) — f(=).
For any non-empty finite set €, denote by ¢o(£2) the set of all real-valued functions
on ) extended by 0 outside . Denote by Ag the restriction of A to ¢o(£2), that is,

Saftr = M 7 €8

The space ¢o() can be identified with L*(Q, ). Then the operator —Agq acting in
L*(Q, u) is self-adjoint, positive definite and has discrete positive spectrum. Denote
by A1 () its smallest eigenvalue. It is possible to show that A (Q) € (0,1] (see, for
example, [21]). The first eigenvalue admits the following variational characterization:

inf E(f) (2.9)

F€0l@) Soer f(2)?p(x)

9

A(Q) =



where the energy F(f) is defined by

E(f) =5 3 (Vauf )ty (2.10)

z,yel

(the 3 compensates for the double counting of the edges 7y).

For certain graphs, A;(€) can be related to the measure (). For example, consider
7P with the standard weight p. Then it is possible to show that, for any non-empty
finite set Q C ZP,

M) > en() P,
On the other hand, for any ball B(z,r) in ZP, we have V(z,r) ~ r” and
1
M(B(z,r)) o~ — o~ Vi(x,r)~P,
r

It turns out that the heat kernel long time behaviour is closely related to the Faber-

Krahn inequalities - lower estimates of A1 () via the volume p(£2). This was established

in the case of manifolds in [6] and [29], and for the case of graphs in [16, Proposition
V.1].

Proposition 2.3 Assume thal

vo 1= gl_nrel{;,u(;c) > 0. (2.11)

Suppose also that, for all non-empty finite sets ), one has
M) > A(u() (2.12)

where A is a positive decreasing function on [vg,+00). Then, for all x € I and for all
k € N, one has

pr(z,7) < (2.13)

v(ck)’

() ds
t= _ 2.14
/uo sA(s) ( )

Remark 2.3 Note that vy can also be any number smaller than inf,er p(z) since
diminishing vg in (2.14) results in diminishing ().

where v is defined by

Remark 2.4 The converse of Proposition 2.3 holds as well if one assumes in addition
that the function ~ satisfies a certain regularity condition (see [16], §V).

Example 2.3 Suppose that, under the hypotheses of Proposition 2.3, A(s) ~ s~
that is,
M(0) > (@),

where v > 0. Then one gets from (2.14) v(¢) ~ t” and

pe(z,z) < CE™".

10



Example 2.4 Suppose that, under the hypotheses of Proposition 2.3, A(s) ~ W,
that is,
¢
A(Q) > ~ ,
# () o7 ()

where a €]0,1]. Then one gets from (2.14) v(¢) ~ W and

C(logk)'/>
—

Hence, it order to prove a heat kernel upper bound, it suffices to prove a Faber-

pk(l’,l’) S

Krahn inequality. This motivates the following statement.
For any set @ C I', denote by r(Q) its inradius, that is,

r(Q) = max {r € N: 3z € Q such that B(z,r) C Q}.

Lemma 2.4 Let (T',u) be a weighted graph salisfying the hypothesis (2.1). Then, for
any non-empty finite set  C T,

M) 2 Ty

Proof. Let f be any function from ¢y(€2) normalized so that max|f| = 1. Then

we have
2 [ e)u(r) < p(@). (2.16)

(2.15)

To estimate the energy
1

E(f) =522 (Veuf) pe: (2.17)

:L‘7y
consider a point g such that |f(xz¢)] = 1 and the largest integer n such that the ball
B(zg,n) is in Q. Clearly, n < (). Then there exists a sequence of points

Tog™~ L1 ™~ T~ ..~ Ty

starting from zq € Q and terminating at a point z,, ¢ Q.

Xn
Figure 2 The chain z¢ ~ ... ~ z,

11



Therefore,
E(f) 2 2 (i) - S(2i51)) ta i

> ¢ ( e stel) 2 & 215)

where we have used the notation ¢ = inf, ., pisy and the inequality

n—1

SoIf(@e) = fl@an)] > | f(xo) = flan)] = 1.

1=0

Finally, we obtain

K
2o f(x)p(x)
and (2.15) follows by (2.9). H

Next we have

Proposition 2.5 Let the weighted graph (I',u) satisfy the hypothesis (2.1). Suppose
that, for all points x € 1" and all r > 1, we have

Viz,r) > v(r) (2.19)

where v is a continuous positive strictly increasing function on [1,+00). Then, for any
non-empty finite set Q C T,

(2.20)

Example 2.5 If

then (2.20) gives

Example 2.6 If
V(e,r) > cexp(r®),

where a € (0, 1], then (2.20) gives

M2 )l (O

Proof of Proposition 2.5. Denote r = (). Then, for some point z € Q, we
have B(z,r) C  whence the hypothesis (2.19) implies

v(r) < p(Q)

[
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and

P <o (o).

Hence, (2.20) follows by Lemma 2.4 from (2.15).

Finally, we can prove Theorem 2.1.

Proof of Theorem 2.1. By Proposition 2.5, we have the Faber-Krahn inequality
(2.12) of Proposition 2.3 with the function

By Proposition 2.3 and by v(1) < u(z), we obtain the upper bound (2.2) where v(¢) is
defined by (2.3). W

In the rest of this section, we consider some further applications of the idea of the
proof of Lemma 2.4. Denote by || f]|, the L? norm of a function f on I' with respect to
the measure . Denote also

1/q
VA, == (Z |Vryf|q:ury) :

y~T
The following statement is an L? extension of the inequality (2.18).

Proposition 2.6 Under the hypotheses of Lemma 2.4, we have, for any q € [1,+00]
and f € ¢o(),
1 fllse < Co(r() [V £, (2.21)

Proof. Indeed, using the notation of Lemma 2.4, we have

f(zo)" < (2:: | f(z:) — f(flii+1)|) < Cn! 2:: |f(2:) = f(@ig)|" fraiziys
whence

1 1/q
1l < On' (Z |vwf|mw) |

T~y

and (2.21) follows, provided ¢ < +oo. The case ¢ = +00 can be treated similarly (see
[15, p.89]. W

As in the proof of Proposition 2.5, the assumption
Viz,r) > v(r) (2.22)
implies
1 £llee < Cyw™ () 77NV f - (2.23)

This inequality gets stronger with increasing of ¢. As was noticed in [14], §I11, there is
no loss of information in (2.23) for ¢ = oo since it is equivalent to (2.22). At the other
end of the scale, for ¢ = 1, (2.23) becomes

1/l < ClIV I (2.24)

13



which contains very little information. Indeed, in isoperimetric terms, (2.24) simply
means that the boundary of every set is non-empty, which follows from the fact that
I' is infinite and connected. Note that this information is enough to recover Corollary

2.2 (see [19, Prop. 3.1]). The point of Theorem 2.1 is that the inequality (2.23) for
g = 2 contains quite sharp information as far as the heat kernel decay is concerned.

Let us consider another example of application of our approach for obtaining Faber-
Krahn inequalities. Let us call a capacitor any couple (A, B) of sets in I' such that
A C B and A is finite. Define the capacity of the capacitor (A, B) as

AB)= iof E
cap(A, B) recml | (f),

where the energy E(f) is defined by (2.17). If B = I" then we write cap(A). One knows
that the random walk X}, is transient if and only if the capacity cap(z) of any vertex
z € I' is positive (see, for example, [39]). We say that X is uniformly transient if

Jlgrené cap(z) > 0.

Proposition 2.7 Suppose that the random walk Xy, is uniformly transient. Then, for
any non-empty finite set Q C I,

c

A(Q) > . 2.25
Consequently, for all x € T and for all positive integers k,
pr(z,2) < Ck™L. (2.26)

Proof. Let f be again a function as in the proof of Lemma 2.4. By changing its
sign, we may assume f(zo9) = 1. Then f can be considered as a test function for the
capacitor ({zo}, ) whence

E(f) = cap(zo,Q) > cap(zo) = c.

Combining with (2.16), we obtain (2.25), whence (2.26) follows by Proposition 2.3 (cf.
Example 2.3). W

Remark 2.5 In terms of Sobolev type inequalities, the conclusion of Proposition 2.7
corresponds to

[Fllee < CIV Fl2s

whereas (2.8) corresponds to

1A% < CULANV 112

14



Remark 2.6 If the random walk X} is transient (but not necessarily uniformly tran-
sient) then one still gets, for any = € T,

pr(z,x) = O(k_l), kE— >
(see [8]).

Let us finish this section by pointing out that one can always build a graph with a
given volume growth but such that

sup pr(z, ) > ck™'. (2.27)
zel

Indeed, using Proposition 4.2 below, one sees that (2.27) holds as soon as, for every k,
the graph contains a set of vertices whose cardinality is of order k£ and which has only
a finite set of boundary points. Sections 4 and 5 below are devoted to the construction
of more sophisticated examples.

3 Heat kernels on manifolds with bounded geome-
try

Our main underlying space in this section is a weighted manifold, which is a slightly
more general object than a Riemannian manifold, because the measure and the metric
are independent. Let M be a smooth connected non-compact and geodesically complete
Riemannian manifold. Denote by d(z,y) the geodesic distance between z,y € M and
by B(z,r) the open geodesic ball of radius r > 0 centered at z € M.

Suppose that M is equipped with a Borel measure ¢ having a smooth density o
with respect to the Riemannian measure. We will take all integrals against the measure
i and denote

1/p
lell, = (/ el” dﬂ) and £(¢) = [ Vgl dp.
M M
The measure of geodesic balls will be denoted as follows:

V(z,r) = pu(B(z,r)).

There is a natural Laplace operator A associated with the weighted manifold (M, u)
which is defined by
A = o7'V(odiv)

where V and div are the Riemannian gradient and divergence, respectively. The op-
erator A with domain C§°(M) is essentially self-adjoint in L?(M, u) and non-positive
definite. The associated heat semigroup e'® has a smooth density p:(z,y) with respect
to p, which is the heat kernel of A. Equivalently, the heat kernel is the transition
density of the diffusion process X; on M generated by A.

15



Denote by A1(£2) the bottom of the spectrum of the operator —A with domain
Cs2 (), where © is an open subset of M. If ©Q is precompact then A;(2) is the first
eigenvalue of the Dirichlet boundary value problem for A in Q. Alternatively, A1 () is
defined by the variational principle

M@ = f 2@

weLin(@) ||y’

where Lipg(§) is the class of Lipschitz functions on M with support in €.

Given a geodesically complete weighted manifold (M, i), we say that (M, u) has
weak bounded geometry if there exist ro > 0 (called a radius of bounded geometry) and
a constant C' such that

(Do) (the local doubling property) for any x € M and r € (0, 7o),

V(z,2r) <CV(z,r);

(Po) (the local Poincaré inequality) for any © € M, r € (0,1r9) and for any ¢ €
C*(B(x,2r)),

inf (p —s)*du < 07“2/
B(

Vol?du .
s€ER JB(z,r) 27“)| SO| a

T,

Our main result in this section is the following theorem containing Theorem 1.1 as
a special case.

Theorem 3.1 Let (M, p) be a geodesically complete non-compact weighted manifold
with weak bounded geometry. Suppose that, for all points x € M and all r > 1o (where
ro s a radius of bounded geomelry),

V(z,r) > v(r), (3.1)

where v is a conlinuous posilive strictly increasing function on [ro,+oc). Then, for all
L>1g:=13,

C
;) < ; 3.2
e = S >
where v is defined by
()
t—ty = /W v~ !(s)ds (3.3)

and v = v(rg) (here v=! is the inverse function).

Proof. We shall deduce Theorem 3.1 from Proposition 2.5 and [16, Proposition
I11.2] (the latter being a continuous analogue of Proposition 2.3) by using the well-
known discretization techniques ( [33], [13], [24], [16]). The ingredients we need are
contained in the proof of [16, Theorem VI.1]; only trivial modifications are required in
order to take into account the presence of the weight .
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Fix some ¢ € (0,79/10) and denote by I' an e-net on M, that is a countable set
of points of M such that the balls B(xz,2¢), x € I', cover M whereas the balls B(z,¢)
do not intersect. We say that two points z,y € I' are connected by an edge and write
x ~yif d(z,y) < 2¢. As follows from (Dy), I' is a locally uniformly finite graph, i.e.
the number of neighbors of any point in I' is uniformly bounded. Denote by d the
graph distance on I' and by B(z,r) balls on T.

The weight fi,, on I' is defined by

fiay = V(@,2) + V(y.).

As follows from (3.1) and (Dy), fiz, satisfies the hypothesis (2.1) necessary for Propo-
sition 2.5.

Denote also by fi the induced measure on I' and set ‘7(1:, r) = [L(B(r, r)), forz €T
and r > 0. It follows from [24, Prop. 2.2 and Section 6], that (3.1) implies

V(z,r) > cv(er), VYr>1,

for some fixed ¢ > 0. Now Proposition 2.5 implies

[

v (CR())A(Q)”

M(9) > (3.4)

for every non-empty finite subset € of I', where A refers to the first eigenvalues on the
graph (I', ). Denote for simplicity

Als) = v71(Cs)s
so that (3.4) can be written as
M(Q) > A(u(Q). (3.5)

By [29, Lemma 2.1] (see also [1] and [12, Lemma 7.2]), one derives from (3.5) the
following Nash inequality on I':

1711
i

for all finitely supported functions f on I'. Following the second part of the proof of
[16, Theorem VI.1], one finds that, for every fixed a > 0,

E(f) > SIA1E A

)7

2
1

£(g) > el AcLE]

lell3

for all non-negative functions ¢ € C5°(M) such that

) (3.6)

lelly < allell -

17



Note that (Dg) and (Fp) imply by [35, Theorem 4.2], for all ¢t < ¢y :=r2 and z € M,
pt($7$) S V

Together with V(z,r9) > vy = v(rg) (which follows from the hypothesis (3.1)), this
yields
C
Pro(z,2) < —. (3.7)
Yo
Then (3.6) and (3.7) imply, by [16, Proposition 111.2], the upper bound (3.2).
There is another proof of Theorem 3.1 which does not use the discretization tech-
niques and which follows the same lines as the proof of Theorem 2.1 for graphs. How-
ever, the proof of a continuous analogue of the key Lemma 2.4 is more complicated:
instead of considering a chain of vertices zg, x1, ..., z, one considers a chain of balls of
some radius r centered at x; and uses the local Poincaré inequality (Fp) to estimate

the difference f,.(x;) — f.(xiy1), where f.(z) is the mean value of f in the ball B(z,r).

4 An example with pinched polynomial growth

The aim of this section is to prove the following result.

Theorem 4.1 For arbitrarily large values of D, there exists a locally uniformly finite
graph U such that, for the standard weight u on ' and for all x € T and r > 1,

cr? <V(z,r) < OrP,

whereas, for even k,
sup pg(z, ) ~ Iy (4.1)
ze€M

The upper bound in (4.1) follows by Theorem 2.1 so we will have only to prove the
lower bound.

Our example is motivated by sets studied in the ‘diffusions on fractals’ literature,
and is based on an N-dimensional version of the Vicsek set (see [2]). We first explain
why it is natural to look at this example. Let F' be a fractal set with Hausdorff
dimension d; € [1,400). Given sufficient regularity (and in particular if F'is in one of
the families of these sets with good behaviour, such as nested fractals or generalized
Sierpinski carpets [34], [3]), then the standard continuous-time heat kernel on F' (see
[2] for a definition) satisfies, for some d, > 0 and for all z € F', 1 € (0,1)

p(x,x) ~ {72, (4.2)

It is convenient to define a third quantity d,, by d,, = 2ds/d,. One finds that d,, > 2,
so that d; < dy. Under certain regularity conditions, and provided that the shortest
path metric on F' is comparable to Euclidean distance, one has in addition that

dy <1+ dy, (4.3)
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which implies d; > 2d¢/(1 + dy). For a precise statement see [2, Theorem 3.20] — a
proof has not yet been written up. The underlying point is that if ( = dy — d,, then
the effective resistance between points at distance r € (0,1) apart is roughly r¢; if F
is connected then one must have { < 1.

Note that d; is directly related to the volume growth on F', namely, V(z,r) ~ rir,
for r € (0,1). Hence, constructing the fractal with the minimal possible spectral
dimension d; = 2d;/(1 + df) means to have ( = 1. The latter can be achieved if F'is a
tree (so contains no loops) which explains why our example is based on the Vicsek set.

Given any suitably regular fractal F' then one can construct an infinite ‘pre-fractal’
graph I'p such that the large scale structure of I'r mimics the small scale structure of
F. In particular, the graph I'r has a volume growth of order 7% and the heat kernel
associated with the simple random walk on I'r satisfies, for all  and even k,

pr(z,x) =~ kde/?, (4.4)

If ds/2 = d¢/(1 + dy) then I'g is exactly the required example.

We remark that while it would probably be possible to piece together what we
need from the ‘fractals’ literature, the results we need are sometimes not given very
explicitly, or require a good deal of technical apparatus to explain. So we prefer to
give here a direct proof, using the method of anti-Faber-Krahn inequalities developed
in [20], which is based in the following statement.

Proposition 4.2 (/20, Propositions 2.3, 4.4 |) For any graph (I',u), for any non-
empty finite set Q@ C M and for any even? integer k, the following inequalily holds
oM (K
suppy(z,r) > ——.
zer K 2) ()
Proof of Theorem 4.1. Given D > 1, let us set ¢ = 3P and suppose that we
can find in I' a family of finite subsets {Q,}, . such that

(4.5)

p(,) < Cq" and A (,) <C(3q¢)™". (4.6)
Then if k is even and large enough, choose n such that
k ~ (3q)".

From (4.5) and (4.6), we deduce

sup pi(z, ) > > cklega/log(3a) — of=D/(D+1)

zel ,M(Qn)

If at the same time the volume growth function of I' satisfies

erP? <Vix,r) < CrP, (4.7)

“Note that, in general, one cannot claim any non-trivial lower bound for pg(z, z) if k is odd. Indeed,
on any bipartite graph (including Z"), one has px(z, z) = 0 for all odd k.
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then I' is the required example.
Next we show how to construct I' and {Q,} satisfying (4.6) and (4.7). We begin
0,1

by defining a fractal set F' as a motivation for I'. Let Fy = ]V be the unit cube on

?

RY. Let x1,..., 2y~ be the corners of Fy, and let 9 = (3,...,3) be the center of Fy.
Define the contraction ; centered at x; by
1
ile) = zi+ 5o —w), 0<i <2V,

and, for compact sets K C RY, set
2N
U(K) = | i K).
=0

In other words, W(K) is a union of g := 2 4+ 1 copies of K scaled by the factor % with
the centers z;.

Define inductively F,, = W(F,_;). It is easily seen that {F,} ., is a decreas-
ing sequence of non-empty compact connected sets. The set F' = N2, F, is the N-
dimensional Vicsek set.

Figure 3 The set F;, = U(W(Fp)) consists of 25 black squares with the sides 1/9
(case N = 2)

Now we explain how to construct a graph I" which has at the large scale the same
structure as F' at the small scale. Let us consider the sets

H,=3"F,.

Note that F,, C [0,1]" consists of ¢" cubes each of side 37", and that cubes touch only
at their corners. So H, C [0,3"]", and consists of ¢" copies of the unit cube, arranged
the same way as the little cubes in F,. It is not hard to check that if m > n then
H,, n[0,3"]N = H,. Set

H=U2,H,.
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Then H is connected and consists of a countable union of cubes of side 1, all of which
have corners in Z" and edges parallel to the axes. Write C for this collection of cubes.

The vertex set of the required graph 1" is the set of corners and centers of the cubes
in C. The edges of I'" connect the center of any cube from C to each corner of that
cube. Since H is connected, I' is also connected. As in Section 2, denote by d the
graph distance in I' and by B(x,r) the combinatorial ball, that is,

B(z,r) ={y :d(z,y) < r}.

Let 4 be the standard weight on T'. For each vertex x € T, we have then 1 < pu(z) < 2V,
which, in particular, implies, for any vertex set {2,

p() ~ |2,

where |Q] is the cardinality of €.

Figure 4 A fragment of the graph I'. The sets g, ©; and Q; are bounded by the
dashed squares. This picture contains one 2-block, five 1-blocks and twenty five

0-blocks.
The sets {Q,} are defined by
Q,=Tn][o,3"". (4.8)

We will regard €2, both as a set of vertices and as a subgraph of I'. We call a n-block
any subgraph of I' isomorphic to ©,, (see Fig. 4). Note that I' is a union of n-blocks,
for any integer n > 0.
We claim that
0, =1 +2%¢", (4.9)

which implies

w(2,) ~ ¢". (4.10)
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Indeed, Q,,,; is the union of ¢ n-blocks, which are disjoint except for the 2V vertices
at which the outer n-blocks meet the central one. Therefore,

Q] = 10| — 2.

Noting that |Qy| = ¢, we obtain (4.9) by induction.

We will also use the following structure property of n-blocks. The boundary of
2, (that is, those vertices in €,, which are connected by edges to vertices outside €,,)
consists only of one of its corners (other n-blocks have up to 2" boundary points). The
distance between any two corners is equal to 2 - 3" which is also the diameter of (2,,.
The distance from the center of ), to its corners is equal to 3.

Let us estimate A{(£2,). By the variational definition (2.9), we have

=5 F@)tale) (4.11)

for any function f € ¢o(€2,,), where
1
E(f) = § Z |szf|2/~bzy'
oy

Denote by zg the center of €, and by z;, + > 1, its corners. Define f as follows:
f(z0) =1, f(z;) =0, ¢ > 1, and extend f as a harmonic function in the rest of €,,.
Then f is linear on each of the paths of length 3", which connect zg with the corners
z;, and is constant elsewhere.

Figure 5 The values of the function f on the diagonal zgz;. The function remains
constant on all paths transversal to the diagonal (except for the other diagonals).

Since f(y) > 2 for all y in the (n — 1)-block with the center zo, we have, by (4.10),
4
> [ (@)u(z) = Gu(Qar) = ¢". (4.12)
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Also, since |V, f| = 37" for any two neighboring points x,y on each of the diagonals
connecting zg and z;, and |V, f| = 0 otherwise, we obtain

N

E(f)=33""d(z,2) =2V37". (4.13)

=1

Thus, by (4.11), (4.12) and (4.13), A (©2,) < C(3¢)™", as desired. Hence, both inequal-
ities (4.6) are proved.
Let us finally verify that

er? <V(z,r) < CrP, (4.14)

for all z € T' and r > 1, where D = loggq/log3. If r < 3 then (4.14) is trivial.
Otherwise, find an integer n > 1 so that

3" <r <3t

Since the vertex z belongs to some (n — 1)-block and the diameter of this block is
23"~ < 3" this block is contained in the ball B(z,r) (see Fig. 6). Hence,

\
\
3n
\
\

/
\ -
\ Ve

\ yd

‘ 7
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Figure 7 The ball B(z,r) is contained in the union of the (n + 1)-block A and the
neighboring (n + 1)-blocks.

The vertex z belongs also to some (n + 1)-block; denote it by A. If a point y €
B(z,r) is not in A then there is a shortest path of length < 3"*! connecting = and y
and going through one of the corners of A; denote this corner by z (see Fig. 7). Then
the segment zy of the path xy must lie in another (n 4 1)-block to which z is a corner.
Therefore, B(x,r) lies in the union of A and of at most 2V the other (n + 1)-blocks

neighboring to A. Hence,
V(z,r) < qp(Qugr) =17,

finishing the proof of (4.14). W

We remark that while we have proved, for even k,

sup pp(z, ) ~ ck~D/(D+1),
zel

it is clear from the fractal literature that
pr(z, ) ~ pe(y,y)

for all z,y € I', which is due to the homogeneity of the graph I'. So our example
actually gives the stronger result that there exists a graph with the volume growth

(4.14) and for which

ck™PID+Y) < g, 2) < CRP/DHY, (4.15)

for all z € ' and positive even k.
Note that the values of D valid for the above construction are given by

log(1 + 2N
p=l8U+20) N o5y
log 3
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It is possible to show, by using a more sophisticated version of the construction, that
one can in fact get all real values D > 1.

In the next section, we will provide a simpler example showing that Theorem 2.1
is sharp for all D > 1. However, that example will not possess the matching upper
bound for the volume growth function.

In the rest of this section, let us discuss isoperimetric properties of the graph (I, u)
constructed in Theorem 4.1. By Proposition 2.5 and by V(z,r) > er?, we have the
Faber-Krahn inequality

M(Q) = en(Q)F, (4.16)
for all non-empty finite sets @ C I'. On the other hand, for the sets 2,,, we have also
the anti-Faber-Krahn inequality (cf. (4.6) and (4.10))

D+1

M) < Cu(Q)7777,

so that (4.16) is sharp at all scales of the volume. Let us compare (4.16) with the
isoperimetric profile for I'. For any set Q@ C I', let us denote by 92 its boundary, that
is

MN={zecQ:Fy~zx, ye¢Q}.

We say that the graph (I', i) satisfies the isoperimetric inequality with a function
I(s) if, for all non-empty finite sets @ C T',

1(09) > 1(4(9)). (4.17)

A discrete version of Cheeger’s inequality says that if /(v)/v is decreasing then (4.17)
implies the following Faber-Krahn inequality

M (Q) > i (%) . (4.18)

Obviously, (4.17) holds with the trivial function /(s) = 1, for any infinite connected
graph with the standard weight. However, for the graph I'; this trivial isoperimetric
inequality is optimal. Indeed, each set €2, has only 1 boundary point so that y(9€,) <
C.

For the constant function 7, (4.17) and (4.18) imply

M(Q) > ep(Q)7,

which is weaker than (4.16). The conclusion is that the isoperimetric inequality (4.17)
contains less information than the Faber-Krahn inequality (4.16). There are other
situations where this phenomenon can be observed - see for example [22] and [6] (cf.
the discussion after Proposition 2.6).
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5 Examples with volume bounded from below

In this section, we construct examples showing the sharpness of Theorem 2.1 for a
regular enough volume growth function v(r). We separate the polynomial function
v(r) from the general case because the results for the polynomial case are more precise.

Theorem 5.1 For every D > 1, there exists a locally uniformly finite graph T' such
that, for the standard weight y on I and for all x € T and r > 1,

Viz,r) > e, (5.1)

whereas, for even k,

sup pi(z,x) ~ Iy (5.2)
€M

Unlike the example in the previous section, we do not have here the matching
upper bound for the volume V(z,r) nor do we know whether the pointwise heat kernel
estimate (4.15) holds. On the other hand, this example does show that Theorem 2.1
is sharp, and it works for any D > 1. Moreover, the construction is much easier. Note
that the value D = 1 is trivially covered by I' = Z so we may assume in the sequel
D> 1.

Proof. The approach to proving the lower bound (5.2) will be the same as in the
previous section (note that the upper bound in (5.2) is a consequence of Theorem 2.1).
Suppose that there exists a sequence {€2,} ., of non-empty finite sets in I' such that

1(Q,) < CnP (5.3)

and

A (Q,) < Cn~ (P, (5.4)

Given a large enough even integer k, find an integer n so that

k ~ nPTL, (5.5)
Then, by (4.5), (5.4) and (5.3),
sup pi(z, ) > u(gn) > en~P ~ | P/(P+Y) (5.6)
as required.
For a given D > 1, first fix an integer N such that
N>D+1. (5.7)

Our graph I' will be a subgraph of Z", with the standard weight yu. Denote for
simplicity
z, = (n,0,...,0) € Z".
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First, I' contains all nodes z, for n = 0,1,2,... , connected by edges as in Z". Then,
at each node z,, we assign a plate P, defined by

Pn:{$€ZN::L‘1:n and |z;| < n%, izQ,B,...,N}. (5.8)

The points on P, are connected by edges as in Z"¥. The exponent a is determined by

D1

<1. (5.9)

Figure 8 A fragment of the graph I' in Z* (with o &~ 0.7). The set €4 is the union
of all the plates from Fy to Pj.

The set €, is defined as the union of all plates P; for ¢ = 0,1,...,n (see Fig. 8).
Since the plate P; contains ~ (ia)N_l vertices, we obtain

() o 370 o (V=D g D (5.10)

=1

and (5.3) follows.
In order to estimate A1(£),), we use the variational definition (4.11) of A;. Choose
a test function f € ¢y(€,) as follows:

flz)=(n—a1), (5.11)

where z; is the first coordinate of z in R". The function f is constant on each plate P;
so that V,,f =0if z,y € P.. If  and y are consecutive nodes z;, z;11 then |V, f| = 1.
Therefore,

1 n—1 9
E(f) = §Z |V1?yf|2 Hzy = Z ‘Vziz¢+1f‘ =n. (5.12)
T,y 1=0

The function f restricted to |, /5 (where [-| is the integer part) is bounded below by

n/2. Hence,
2

2L @)n(a) 2 i Qyzy) = 0P, (5.13)
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From (5.12), (5.13) and (4.11), we obtain (5.4).
We are left to prove the volume estimate (5.1). It suffices to assume that the radius
r is large enough because, for a bounded r, (5.1) is trivial. Consider the following cases.
Case 1. Let © = zo. Then, for any integer n € (0,r), the ball B(zo,r) contains the
ball B(z,,r —n) (see Fig. 9).

A
X2

Figure 9 The ball B(zo,r) lies in the region bounded by the two dashed lines.

The distance from z, to any other point on P, does not exceed (N — 1)n®. If
n <r/N then (N — 1)n® < r — n, which implies that

P, C B(z,,7 —n) C B(z,r).

Taking the maximal n with this property (which is of the order r) we obtain
V(zo,1) > ZILL(PZ') = u(Q,) ~ n? ~ P,
=0

Case 2. Let & = z,. Then V(z,,r) > V(z0,r) because the translate of I' by the
vector (n,0,0,...0) is a subgraph of I, and the image of B(z,r) is contained in B(z,,r).

Case 3. Now, consider the general case. Suppose z € P,. If B(x,r) does not cover
all of P, then the intersection B(z,r) N P, is a ball in P, with volume ~ pN=1 > pD
whence (5.1) follows.

Let B(z,r) contain P,. Obviously, B(z,r) contains also the ball B(z,41, R) where

R=(r—(N—-1n"—1), (5.14)

(see Fig. (10)).
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Pn+ 1

Figure 10 The ball B(z,r) contains P, and B(z,41, R)

Therefore, using the estimate of V(z,41, R) from the previous case, we obtain
V(z,r) > max (u(P,), V(zny1, R)) > c(na(N—1) + RD).

Finally, let us show that
na(N—l) 4 RD > CTD.

Indeed, by (5.7) N —1 > D. Therefore, we have
na(N—l) + RD > (na)D + RP > C[(N N 1) n® + R]D > C/T‘D,

where in the last inequality we have applied (5.14). W
Since I' is a subgraph of Z", we have the following upper bound of the volume

Viz,r) < Orl, (5.15)
which is optimal if x = 2, with n >> r.

A modification of the above construction allows to treat also superpolynomial func-
tions v(r).

Theorem 5.2 Let v € C''(0,+00) be a positive strictly monotone increasing function
such that v = 0. Assume thatl v satisfies the following conditions:

(1) v’ is posilive and monotone increasing;

.. 'U’ . .
(22) % is monolone decreasing.
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Then there exists a locally uniformly finite graph (I', p) (with the standard weight p
on I') such that, for all x € T and r > 1,

V(z,r) > cv(er) (5.16)

and, for all positive even integers k,

[

,x) > 5.17
) 2 S (5.17)
where the function v is defined by
17(s) = 5P (5) (5.18)
- . .

Remark 5.1 The hypothesis (1) means that v(r) grows at least linearly, whereas the
hypothesis (i7) implies that v(r) grows at most exponentially. So, the hypotheses (i)
and (iz) of Theorem 5.2 restrict the rate of growth of v only within the natural limits
of the volume growth for manifolds of bounded geometry.

Example 5.1 If v(r) = rP then we obtain from (5.18) y7'(s) ~ s'*'/P and from
(5.17)

sup pr(x,z) > k™ DT
zel

as in Theorem 5.1. However, we have preferred to treat the polynomial case separately
because of the upper bound (5.15), which is not present for the graph of Theorem 5.2.

Example 5.2 Let v(r) = exp(r®) for a € (0,1]. Then Theorem 5.2 yields

77 '(s) ~ s (log s)l/a_l
and et
log k)%~
sup pi(z,z) > %. (5.19)
zel k

For comparison, let us recall that Theorem 2.1 implies (cf. Example 2.2)

C(log k)"
sup p(z, z) < Cllogh) ™
zel k

Hence, for such a superpolynomial volume growth, there is a logarithmic gap between
the upper bound of Theorem 2.1 and the lower bound of Theorem 5.2 (cf. Remark

6.1).

The proof of Theorem 5.2 is similar to the previous one, and we use the same
notation. Now the plate P, will be a copy of the ball of radius p(n) on the binary tree
(see Fig. 11). The graph I' is the union of P,’s connected by the edges Z,z,41. It is
no longer a subgraph of Z" but still can be considered as a subset of R" so that P,
projects onto the point z, = (n,0,...,0) on the axis z;.
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Figure 11 The plate P, is a ball of radius p(n) on the binary tree attached to the
point z, € RY. On this picture, 4 < p(n) < 5.

The radius function p is taken as follows
p(s) = C + logy(v(s + 1) — v(s)). (5.20)
The hypothesis (i) implies that
v(s+1) = v(s) > v(1) — v(0) > 0.

Hence, if C' is large enough then p(s) is positive (and increasing).
As before, let Q,, be the union of the plates P; for + = 0,1,...,n. Let u be the
standard weight on I'. We have then

() ~ Q] ~ ZQ”W = 2%(n +1).

=0

Note that
v(in+ 1) ~v(n). (5.21)

Indeed, the fact that v’/v is decreasing implies, for large r,
o'(r)/u(r) < C. (5.22)

By integrating this inequality from n to n + 1, we obtain v(n + 1) < C'v(n), whence
(5.21) follows. Therefore, we have

w(2,) ~ v(n). (5.23)

The proof of the volume estimate (5.16) is similar to that for Theorem 5.1. Tt
suffices to assume that r is large enough. Let us first observe that (5.22) implies

v(r) < exp(Cr). (5.24)

Consider the following cases.
Case 1. Let x = zo. Then, for any positive integer n such that

n+p(n) <r, (5.25)
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the ball B(zg,r) contains the entire plate P,. The maximal n satisfying (5.25) is of
order r, as follows from (5.20) and (5.24). Therefore, we obtain

V(zo,7) > i,u(Pi) = u(Qy,) > cv(n) > cv(er).

Case 2. Let © = z,. Then V(z,,r) > V(zo,7) because the translate of I' by the
vector (n,0,0,...0) is a subgraph of I', and the image of B(zo,r) is contained in B(z,,r).

Case 3. Let x € P,. If B(z,r) does not cover all of P, then the intersection
B(z,7)N P, is a ball in P, with volume > 2"/2 > cv(er) whence (5.16) follows.

Let B(z,r) contain P,. Obviously, B(z,r) contains also the ball B(z,41, R) where

R=(r—p(n)—1);. (5.26)
Therefore, using the estimate of V(z,41, R) from the previous case, we obtain
Via,r) > max (4(P), V(znsr, B) > (270 + v(ch).
By the hypothesis (z), the function v is convex so that it satisfies the inequality

v(a) + v(b) > U(a + b)'
2 2
Therefore, using also (5.24) and (5.26), we have

2r(m) | v(eR) > ev(ep(n)) + v(cR) > cv(ep(n) + cR) > cv(er)
whence (5.16) follows.
Next we will estimate A1 (£2,). For any r > 0, define r* by
1
v(r*) = 51}(7“). (5.27)

Since v(0) = 0, r* is defined for all » > 0 and 0 < r* < r. Since v(co0) = oo, we have
r* — oo as r — co. Moreover, the following is true.

Lemma 5.3 The function r — r — r* is monotone increasing.

Proof. We have by (5.27)

log 2 = log v(r) — log v(r*) = / v'(s)

e v(8)

ds. (5.28)

Since %’ is decreasing, the length of the interval [r*,r] should be increasing in r to

preserve the constant value of the integral in (5.28). W
To estimate Ay (€,,), consider the following continuous function ¢(s) on Ry (see Fig.

12)
0, s>n
o(s) = 1, s <n*
linear, n* <s<n
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o(9)

(2] 4

n* n
Figure 12 The function ¢(s)
Define a function f(z) on I' by f(z) = ¢(zy). It is clear that f € ¢(f2,). Since

f(z) is constant on any plate P;, we have the following estimate of the energy of f

n—1 2 n—1 . . 9 n — Ln*J 1
= Z_: ‘VZ¢Z¢+1JC‘ = '_Z* |9‘9(Z) - @(Z + 1)| < (n — n*)2 ~ o
=0 i=[n*]
On the other hand, since f > 1 on Q,+|, we have, by (5.23) and (5.27),
1
S FHe)(e) 2 @) 2 ol (1)) = o) = ol

zel
Hence, by the variational property (2.9) of the eigenvalues,
C

MO < —m———. 5.29
1) < (n —n*)v(n) ( )
Next we need the following lemmas.
Lemma 5.4 If a function v(r) salisfies the hypotheses of Theorem 5.2 then
1
5(7“ —r" ) < / 8)ds < 2(r —r*)v(r) (5.30)

Proof. The lower bound in (5.30) follows by the monotonicity of v(s) and v(r*) =

%’U(T). In order to obtain the upper bound for the integral, consider the decreasing

sequence {r;}., defined by
ro=r, Ty = (r;)"

Clearly, r; | 0 as 1 — oo and

/T S E Tz—}—l )
0 =0

The sequence {v(r;)} is a decreasing geometric series with ratio 1/2. As follows from
Lemma 5.3, the sequence {(r; — r;11)} is decreasing. Therefore, (r; — r;11)v(r;) decays
at least as fast as a geometric series whence

o0

Z(ri —rip1)v(r) < 2(rg — ry)v(ro) = 2(r — r*)o(r)

1=0

which was to be proved. R
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Lemma 5.5 If a function v(r) salisfies the hypotheses of Theorem 5.2 then

/OT v(s)ds ~ :Jj((:)) (5.31)

Proof. By Lemma 5.4, it suffices to verify that

— "~ . .32
r—r v’(r) (5 3 )
As follows from (5.28), for some £ € (r*,7),
v'(€)
log2 =(r—1r~ .
82=(r=m)0g
To prove the upper bound in (5.32), we use the hypothesis (i¢) which implies
v(£) v(r)
—r* = (log 2 < (log2 .
r r ( Og )UI(S) — ( Og )U/(T)
Since the functions v and v’ are monotone increasing, we obtain
o€) o) _ 1 ol0)
o'(€) T u'(r)  20(r)]
which yields the lower bound in (5.32). W
Hence, (5.29) together with Lemmas 5.4 and 5.5 implies
v'(n)
A(Q,) <C . 5.33
1( ) = ’l)2(n) ( )
By Proposition 4.2, we have, for any even integer k£ and for any n € N,
o= M(Qn)k
sup pp(z, ) > ————.
Given a large enough k, choose n € N so that
2
f o 2 (5.34)

*(n)

It is always possible to find such n because Z,(n) grows with n at most as a geometric

series, due to (5.21) and to the fact that v’ is increasing. Then, by (5.33), A;(Q,)k < C
and

(2.0) > c c
sup pg(z, ) > > .
ver F () ~ v(n)

From (5.18) and (5.34), we obtain

7ol = o) (107 oo = S

whence v(n) < v(Ck). Together with (5.35), this implies (5.17), for k large enough.
Since pg(x,x) is monotone decreasing in k, the lower bound (5.17) is true also for all
positive even integers k, by adjusting the constants ¢, C.

(5.35)
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6 How to transfer the examples to the manifold
setting

Let (M, 1) be a weighted manifold. We use the notation of Section 3, and we denote
by Lipo(M) the set of all Lipschitz functions on M with compact support. Then we
have the following functional analogue of Proposition 4.2.

Proposition 6.1 ([20, Proposition 2.1]) For any function ¢ € Lipo(M)\ {0} and for

any t >0, we have

2

E

sup py(z,x) > %exp (—(—@gt) . (6.1)
reM llly el

This proposition shows that, in order to obtain a lower bound for the heat kernel,
it suffices to construct, for any ¢, a “good” test function ¢ to use in (6.1). Such test
functions can be built from finite sets of vertices in a discretization of M as in the
proof of the next statement.

Proposition 6.2 Let (M, u) be a geodesically complete non-compact weighted manifold
with weak bounded geometry, and let (I',fi) be a discretization of M in the sense of
Section 3. Then the heat kernel on M admits the following lower bound,

cup pi(e,2) > exp (—Cj\l(ﬂ)t)

sup Ci) (6:2)

for any t > 0 and every non-empty finite subset Q0 of T'.

Proof. Let © be a non-empty finite subset of I'. In the variational definition (2.9)
of the first eigenvalue, the test function f can be taken non-negative. Hence, there
exists a non-negative non-trivial function f € ¢o(£) such that

By the Cauchy-Schwarz inequality, we have also

I _ o
1IE = -

By [24, Lemme 6.2 and Lemme 6.4], one concludes that there exists a function
¢ € Lipo(M) such that

E(p
el

~—

<Ch(Q) and 12l

< CR(9). (6.3)

[ \)

Therefore, (6.2) follows by Proposition 6.1. W
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Let I' be any locally uniformly finite connected graph and p be the standard weight
on I'. It is clear that one can turn I' into a manifold M with bounded geometry just by
replacing the edges by tubes of length 1, and by gluing them smoothly at the vertices.
Let [i be the Riemannian measure on M. It is also clear that I' can be identified with
an e-net on M (with ¢ close to %) Then I' is endowed with a new measure fi defined
as in Section 3. Obviously, we have y ~ [ so that all L? norms in I' with respect to
the measures g and i are uniformly equivalent.

By using the thickening procedure, we will now transfer the graph examples of
Theorems 4.1, 5.1 and 5.2 to the manifold setting.

Theorem 6.3 For arbitrarily large values of D, there exists a complete non-compact
Riemannian manifold M with bounded geometry such that, for allx € M andr > rq >
0,

P <Vie,r) < CrP, (6.4)
and, for all t >ty > 0,
D D
el P+ < sup py(z,x) < CL7 D41, (6.5)
€M

Proof. Let (I', ) be the graph constructed in Theorem 4.1 and let M be a manifold
obtained by thickening of edges of I'. The volume growth function V(z,r) on M (with
the Riemannian measure) is the same as on I', up to constant multiples, so (6.4) follows
from the same property for I'.

The sequence of the sets {2,} C I' constructed in the proof of Theorems 4.1,
satisfies (4.6), that is

p(,) <Cq" and A (Q,) <C(3q)™".

Taking in (6.2) = Q,, and choosing n from ¢ = (3¢)", we obtain the lower bound in
(6.5). The upper bound follows by Theorem 3.1. H

In the same way, one modifies the proofs of Theorems 5.1 and 5.2 to obtain their
continuous analogues.

Theorem 6.4 For every D > 1, there exists a complele non-compact Riemannian
manifold M with bounded geometry such that, for all x € M and r > ro > 0,

Viz,r) > er?
and, for all t > ty > 0,

et~ T < sup pi(z,x) < C{ o,
€M
Theorem 6.5 For any function v as in Theorem 5.2, there exists a complete non-
compact Riemannian manifold M with bounded geometry such that, for all xt € M and
r>rg >0,
V(z,r) > cv(er)
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and, for all t > ty > 0,

c C
< sup py(z, ) < , 6.6
Oy = S S 5 0
where vy is defined by
¥ (s) = svT(s) (6.7)
and 7y, is defined by
_ d _
37 (5) = 50 o) (63)

Proof. The upper bound in (6.6) comes from Theorem 3.1 and from estimate (2.7)
of the function v (see Remark 2.2). The lower bound is proved in the same way as in
Theorem 5.2, using Proposition 6.2 as in the previous proof. H

Remark 6.1 If the function v~! is polynomial then one typically has

d N vl(s)
730 (s) ~

S

so that we obtain from (6.7) and (6.8) 77" ~ 45 '. Hence, for a polynomial volume
growth, there is no gap between the upper and lower bounds in (6.6).
If v=! is a logarithmic function then one typically has
d vl(s)

—v7!(s) ~

ds

slog s

whence 47! ~ 145! which accounts for a logarithmic gap between the upper and

— logs
lower bounds in (6.6) in the case of an exponential volume growth (cf. Example 5.2).
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