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Abstract

Let (X, d,m) be a metric measure space with a local regular Dirichlet form. We
establish necessary and sufficient conditions for upper heat kernel bounds with sub-
diffusive space-time exponent to hold. This characterization is stable under rough
isometries, that is it is preserved under bounded perturbations of the Dirichlet
form. Further, we give a criterion for stochastic completeness in terms of a Sobolev
inequality for cutoff functions. As an example we show that this criterion applies
to an anomalous diffusion on a geodesically incomplete fractal space, where the
well-established criterion in terms of volume growth fails.
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1 Introduction

Let (X, d) be a locally compact metric space and let m be a positive Radon measure on
X with supp [m] = X. We will refer to such a triple (X', d, m) as a metric measure space,
and denote by (.,.) the inner product in L*(X',m). We consider a regular, strongly local
Dirichlet form (€, F) on L*(X,m) (see [FOT]). Let £ be the (negative definite) generator
of &; this is a self-adjoint operator in L?*(X,m) such that

E(f,g)=—(Lf,g) forall feDL),geF,

and let { P;};>0 be the associated semigroup. If P, has a density p;(z,y) with respect to m
then after some regularization we call this the heat kernel on the metric measure Dirichlet
space (or MMD space) (X,d,m,E). Our main interest is in upper bounds on pi(x,y).
Write B(x,r) for balls in (X, d) and set

V(z,r) =m(B(x,1)). (1.1)
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Most familiar are Gaussian upper bounds of the form

pe(z,y) < (1.2)

d(z, y)2>;

cl ex <—C
) p 2 1

V(xz, t1/2
these arise (with lower bounds of the same form but with different constants) in the case
of uniformly elliptic divergence form PDE, and manifolds with Ricci curvature bounded
uniformly below — see [Ar, LY].

If (1.2) holds we will say (X, £) satisfies the condition UHK(2); if in addition Gaussian
lower bounds hold we say HK(2) holds. One can ask for characterizations of these bounds,
and in particular for characterizations which are stable, that is that are preserved under
bounded perturbation of the Dirichlet form. More precisely, a property (P) of (X, &) is
stable if when (&;, F) are two Dirichlet forms on L*(X,m) with

C_lgl(fvf)§52(f7f>§051(f7f)7 fEfu

then (P) holds for (X, &) if and only if it holds for (X, &>). In the manifold case stability
for HK(2) was proved in [Gr0, SC1] by showing that these Gaussian bounds are equivalent
to volume doubling (denoted VD) plus a family of Poincaré inequalities — see below for the
precise definitions. If VD holds then stability for UHK(2) is a consequence of the results
of [Gr3], where it is shown that UHK(2) is equivalent to a Faber Krahn inequality FK(2),
which controls the smallest eigenvalue of domains in X'.

The Gaussian bounds (1.2) arise due to the standard space-time scaling relation ¢ = 2.
More general possibilities can arise; for various exact fractals (see [Bal]) one can have
V(x,r) < r® and a space time scaling of t = r?, where 8 € [2,1+ a]; the case when 3 # 2
is called anomalous diffusion. Since we wish to be able to consider spaces with different
local and global structure, we introduce a more general space-time scaling function W.
Let B, > 2, § > 2, and set

rfrif0<r <1,

W(r) = Wy, (1) = {Tﬁ Lo (13

We will write UHK (W) for the heat kernel upper bounds associated with W — see Definition
1.6 below for their precise form. Our main theorem is a stable characterization of UHK (W),
in terms of Faber-Krahn inequality FK(¥), and a new condition denoted CSA(V), which
controls the energy of cutoff functions in annuli.

To state our results precisely, we need a number of further definitions. .

Since & is regular, each function f € F admits a quasi-continuous version f (see
Theorem 2.1.3 in [FOT]). Throughout the paper, we will abuse notation and take the
quasi-continuous version of f without writing f. Another consequence of regularity is
that £(f, g) can be written in terms of a signed measure I'(f, g) as

E(f,9) = /de(f, 9)-



For any essentially bounded f € F, I'(f, f) is the unique Borel measure on X (called the
energy measure) on X satisfying

/X gdU(f. f) = 26(f. fg) — E(f%.g)

for all essentially bounded g € F; I'(f, g) is then defined by polarization.

Example. (Davies [D]). Let (M,d) be a manifold with Riemannian volume measure p,
and E(f, f) = [ |V f|*du. Let o > 0, and dm = o* du. Then

Lf=0c"2V(c*VY),
and dI'(f, f) = |V f|20%p.
For later use we collect from [FOT, Section 3.2] some properties of the energy measure.

i) Locality. For all functions f,g € F and all measurable sets G C X on which f is
constant

ii) Leibniz and chain rules. For f, g € F essentially bounded and ¢ € C'(R),

dU(fg,h) = fdl'(g,h)+ gdl(f,h),
dT'(e(f),9) = ¢'(f)dT(f,9).

We note also the following result of Le Jan [LJ, Proposition 1.5.5(b)] — see also [Mos],
p- 389 for a simple proof.

Lemma 1.1. Let X be a MMD space. Suppose that (E;,F),1 = 1,2, are strongly local
reqular Dirichlet forms that satisfy

CTE(f, [) <& ) <Caf. f), feF. (1.4)
Then their energy measures ') satisfy
C7YarW(f, f) <dU@(f, ) < CdvO(f, f), for all f € F. (1.5)

We now introduce a number of conditions which the space X and Dirichlet form £ may
or may not satisfy.

Definition 1.2. We say that (X, d, m) satisfies volume doubling (VD) if there exists a
constant C'p such that for every x € X', r > 0,

V(x,2r) < CpV(x,r). (1.6)

We next introduce the Faber-Krahn inequality: see [GT], Section 3.3 for more details.
For any open set D C X, Fp is defined to be the closure in F of the set of all functions
in F that are compactly supported in D. For D C X we write A\;(D) for the smallest
(Dirichlet) eigenvalue of £ on Dj this can be defined by the variational formula

e 1)
1113

M(D) = mf{ feFp f4 o}. (1.7)



Definition 1.3. The MMD space (X, &) satisfies the Faber-Krahn inequality FK(¥) if
there exists v > 0 such that for any ball B = B(xz,r) and open set D C B,

Cr

(D) > B D))". 1.
(D) = \I,(r)(M( )/m(D)) (1.8)
We remark that the value of v turns out to be unimportant.

Definition 1.4. We say that the Poincaré inequality PI(¥) holds if there exists a constant
Cp such that for all balls B = B(x,r) and f € F,

nt [ (7=t = [ (£~ Foam < Couir) [ ar(s.p),

aeR

Here fp is the mean of f on B.

Associated with the Dirichlet form (£, F) and semigroup (F;) is a Hunt process X =
(X¢,t > 0,P* 2z € X — N). Here N is ‘properly exceptional’: m(N) = 0 and P*(X, €
N for some t > 0) =0 forall x € X —N —see [FOT, p. 134]. This Hunt process is unique
up to a properly exceptional set — see [FOT, Theorem 4.2.7]. We fix X and N, and write

While the semigroup (P;) associated with £ is defined on L? a more precise version, with
better regularity properties, can be obtained if we set, for bounded Borel f,

Bif(x) =E*f(Xy), =€ X,

The heat kernel associated with (F;) (if it exists) is a measurable function p,(z,y) :
(0,00) x Xy x Xy — (0,00) such that

BF(X) = Puf(@) = [ plo)flg) mldy), o € 2, € L(X), (1.10)
pe(z,y) = pe(y, x), forallt >0, xy € Xy, (1.11)
Psrt(m, 2) = /ps(x,y)pt(y,z) m(dy), for all s > 0,t >0, =,z € Ap. (1.12)

While (1.10) only defines p;(z, -) m-a.e., using the Chapman-Kolmogorov equation (1.12)
one can regularise p;(z,y) so that (1.10)—(1.12) hold on all of Ay. For more details see
[GT].

Define the function

O(R,t) = ssl>110) <§ — Wfs)) (1.13)

The following lemma summarises some properties of this function — see Section 3.3 of
[GT] and in particular Example 3.18.



Lemma 1.5. ®(R,t) is non-negative, increasing in R and decreasing in t. We have

o\ V/BL=1)

t ) th S R?
1/(3-1)
(£)" . yt=r

Further ®(R, U(R)) < ;7 where By = B, V 3.
We define U~ to be the inverse of ¥, so that

O(R,t) = (1.14)

\If_l(s) = Sl/ﬁLl(Sgl) + 81/ﬁ1(5>1).

Definition 1.6. We say (p;) satisfies UHK(W) if there exists a properly exceptional set
Np and constants ¢, ¢y such that

pe(w,y) < V(w, O at)) ™ exp(—P(cd(z,y), 1)) (1.15)

for all £ > 0 and for all z,y € X — N. If a similar lower bound (with different constants
¢;) also holds then we say that HK(W) holds.

When ¥(r) = r? we will write PI(3) etc. for the condition PI(¥).

As explained above, we wish to find a stable characterization of the heat kernel bounds
UHK(V). In view of Lemma 1.1, the characterizations of HK(2) and UHK(2) in terms
of Faber-Krahn and Poincaré inequalities are stable. It is easy to see that the natural
generalization of these to more general ¥ fails. Let Wy > Wy with Wo(r)/Wy(r) — oo,
and let X be an unbounded space satisfying HK(W;). Then X also satisfies FK(W¥;) and
PI(Wy), and so by the monotonicity of these conditions in W, it is immediate that X
satisfies FK(W5) and PI(W,). However, it is straightforward to check that HK(¥;) and
UHK(W;) cannot both hold. At a more fundamental level, the conditions PI(¥) and
FK(W¥) ensure that the heat equation homogenises over a ball of radius R in time at most
U(R), but do not exclude the possibility that this might occur more quickly. To ‘capture’
HK(¥) one needs a condition which gives an upper bound on the rate at which heat, or
the diffusion X, can move on the space X'. Such a condition was found in [BB3, BBK],
which gave a stable characterization of HK(W).

Definition 1.7. Let U C V be open sets in X with U ¢ U C V. We say a continuous
function ¢ is a cutoff function for U C V if ¢ =1 on U and ¢ =0 on V*.

Definition 1.8 (Condition (CS(¥)). (See [BB3, BBK].) We say that condition CS(V)
holds if there exist constants ¢; and 6 € (0, 1] such that the following holds. For every ball
B(xg, ) there exists a cutoff function ¢ with ¢ =1 on B(zg,7/2) and ¢ = 0 on B(xo, )¢,
with the following properties.

(1) ¢ is Holder continuous of order 6.

(2) If0 < s <rand f € F then

/ G < el / A ) /

B(y,2s)

fzdm). (1.16)



‘CS’ here refers to ‘cutoff Sobolev’; this condition ensures the existence of a large class
of cutoff functions with low energy. The main theorem of [BB3, BBK] is that HK(¥)
is equivalent to VD +PI(V) + CS(¥). While the condition CS(V) is hard to verify, it
is stable. Further, this stability allows estimates on (for example) the heat kernel on
the Sierpinski carpet to be transferred to manifolds, graphs, or domains in R¢ which are
roughly isometric to the Sierpinski carpet. For rough isometries see [Kan|, and a for more
detailed discussion of this point see [BBK, Section 5.

We now introduce a simplication of the condition CS(¥), which controls the energy of
cutoff functions in annuli.

Definition 1.9. Let Dy, D; be open subsets of X with Dy C Dy C Dy, and let U =
Dy — Dy. We say that condition CSD(Dy, Dy, 0) holds if there exists a cutoff function ¢
for Dy C D such that if f € F then,

2 1 2 2
| £ <g [ Gagn o [ fam (1.17)

Definition 1.10 (Condition (CSA(V)). We say that condition CSA (V) holds if there
exists a constant Cs such that for every x+ € X, R > 0, r > 0 the condition
CSD(B(x, R), B(z, R +1),Cs¥(r)~!) holds.

Remark 1.11. 1. If VD holds then CS(¥) implies CSA(V) — see Lemma 5.7.

2. Note that CSA(¥) does not require the Holder continuity of the cutoff function.

3. It is essential for the use of (1.17) in Lemma 3.3 that the constant in front of the first
term on the right hand side be less than i. However, as we will see in Section 5, the
inequality CSA (W) has a ‘self-improving’ property, which enables one to alter the weights
of the two terms on the right-hand side.

4. Tt is easy to see by using linear cutoff functions that CSA(2) holds on any manifold.
5. The bound (1.17) is not symmetric between ¢ and 1 — ¢, but very often we will just
use the fact that ¢ <1 in the terms on the right hand side.

6. In view of Lemma 1.1 and the results of Section 5, the condition CSA (V) is stable —
see Corollary 5.2.

7. See [Bas] for the use of an inequality similar to CS(W¥) to prove stability of the elliptic

Harnack inequality for a class of graphs.

Our first main theorem is the following characterization of UHK(W).

Theorem 1.12. Assume that X satisfies VD and is unbounded in the metric d. The
following are equivalent:
(1) FK(¥) and CSA(W).

Remark 1.13. (1) See [GH] for several other conditions equivalent to UHK(3). Note
however that unlike (1) above, none of these were known to be stable under bounded
perturbation of the Dirichlet form &.



(2) The reader may wonder if while CSA (V) is sufficient for upper bounds, one needs
the stronger CS(¥) to obtain lower bounds as well. However, we expect that HK (V) is
equivalent to VD + PI(¥) + CSA(¥). In fact, VD + PI(¥) is enough to give FK(V),
so using Theorem 1.12 one obtains UHK(W). Given this, the methods of Stroock and
Saloff-Coste [SCS], and Fabes-Stroock [F'S] should then lead to a matching lower bound.

The main theorem of [BB3, BBK] was proved using Moser’s method [Mol]. To prove
the implication (1) = (2) in Theorem 1.12 we first show in Proposition 2.3 that CSA ()
gives a generalization of the ‘Davies-Gaffney’ bound of [D]. Next, we use techniques
developed in [Gr0, CG] to prove a mean value inequality for caloric functions (i.e. solutions
of the heat equation), which leads to the pointwise bounds UHK(W). For the easier
implication (2) = (1) we use the method of [BBK], but since CSA(W) is rather simpler
than CS(W) the proof also is correspondingly easier.

Our second main result concerns stochastic completeness.

Definition 1.14. The process associated X is called stochastically complete if P,1 =1
m-a.e. for some (or equivalently all) ¢ > 0.

The energy measure I' defines in an intrinsic way a pseudo metric g on (X, m) by

o(z,y) =sup{ f(y) — f(z) - f € F, dU(f, f) < dm} (1.18)

called the intrinsic metric or Carathéodory metric. We will denote by B,(z,r) = {y €
X : o(z,y) < r} the open ball with center x and radius r w.r.t. the g metric. Further, we
will use the notation

o(x,00) :=sup{r > 0 : By(z,r) is relatively compact C X'}.

If X is a Riemannian manifold and E(f, f) = [|Vf|? then p is just the Riemannian
metric.

The pseudo-metric p is not always useful. For some fractal sets such as the Sierpinski
carpet the measures I'(f, f) and m are mutually singular — see [Hi]. In these cases the
only functions f satisfying the conditions of (1.18) are constants, and so o is identically
Z€ero.

The following theorem gives, in the manifold case, the best possible criterion for
stochastic completeness in terms of volume growth.

Theorem 1.15 ([Grl, Gr2, St1]). Suppose that the metrics o and d on X are equivalent,
and all balls B,(x,r) are relatively compact. We say that (VGC) holds if for some x € X,

/1 logm(Bg(x,r))dr = 00. (1.19)

If (VGC) holds then (X, &) is stochastically complete.

Our second main theorem gives a criterion for stochastic completeness, in terms of a
balance between the energy of cutoff functions between a sequence of compact sets, and
the volume of the regions between these sets.
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Theorem 1.16. Let D,, be an increasing sequence of open sets with compact closure, such
that UD,, = X. Write U, = Dy 1 — D,,. Let 6,, > 0 be such that CSD(D,,, D,,11,0,) holds
for each n.

(a) Suppose that 0,, < ¢y for all n. If

lim inf Lm(Un)

= 1.2
jinf 22— 0 (1.20)

then stochastic completeness holds.
(b) Suppose 0, = cin?, and there exists a constant b > 0 such that

m(U,) < e?losm)’, (1.21)
Then stochastic completeness holds.

Remark 1.17. 1. Note that this Theorem does not involve the intrinsic metric p.

2. We give an example below of a space X such that for some sufficiently large Ry one
has X = B,(x¢, Ry), but which is still stochastically complete.

3. In terms of volume growth, this Theorem gives a weaker criterion than the results of
|Grl, St1]. However since (1.21) only requires that a subsequence of annuli have small
volume, there are manifolds for which Theorem 1.16 gives stochastic completeness, while
the volume growth criterion of [Grl, St1] fails.

4. The constant 4 in (1.20) is not best possible; it is related to the choice of 1/8 in (1.17).
5. See Remark 6.1 for the case 6,, < n?" for v € (0,1).

The layout of this paper is as follows. In Section 2 we show how CSA(¥) can be used to
give a generalization to the space-time scaling U of the ‘Davies-Gaffney’ bound obtained
by Davies in [D]. In Section 3 we use CSA (V) to obtain a Cacciopoli type inequality. This
is then used in Section 4 to obtain mean value inequalities, which lead to the upper heat
kernel bound UHK(V). In Section 5 we prove that UHK(¥) implies CSA(W¥). Section 6
proves Theorem 1.16, and Section 7 gives examples, based on the ‘pre-Sierpinski carpet’,
of spaces which are geodesically incomplete, or for which the criterion of [Grl, St1] fails,
but which are still stochastically complete.

We write ¢, ¢ to denote positive constants which may change on each appearance.
Constants denoted ¢; will be the same through each argument. Constants related to
fundamental properties of the space X or Dirichlet form, such as those in the volume
doubling property, will be denoted C. and will be the same throughout each argument.

Acknowledgment. The authors wish to thank Rich Bass for several conversations on
the topic of Remark 1.13(2).



2 Davies Gaffney estimate

We begin by noting the following Cauchy-Schwarz inequality. Let u,v € F, f,g €
L>*(X,m), and A > 0. Then

[ radriu - /X (f/A2)(\/2g) dI (u, )
- / F2d0(u, ) (A /X gdT (v, v))"?
< QA/ fAdr (u, ) /g dl'(v,v). (2.1)

Let D,,n > 0 be an increasing sequence of open subsets of X with D, C D,.
Suppose that CSD(D,,, D,+1,6,) holds for each n, and let ¢, be the associated cutoff
functions. Let (a,,n > 0) be an increasing sequence, with ag > 0. Set

= ap + Z ng1 — an) (1 — @n), (2.2)
b, = @“;7_“") b* = sup by, (2.3)
Co = sup bflgn " (2.4)
Lemma 2.1. Suppose D,,, v, and @ are as above. Then for any u € F
/ u? dl (g, p) < @/ ©*dl'(u, u) + C’o/ ©*u*dm. (2.5)
X 8 Jx X

Proof. Let U, = D,+1 — D,, and note that a,, < ¢ < a,4+1 on U,. Since I'(¢,, ¢,n) = 0
if n # m, using CSD,

[art.0) = Yl —an [ e
SZ(%+1—%)2<%/ dF(u,u)+«9n/ uzdm>
< b l/ o dl (u, u +9n/ o*uldm),
proving (2.5). O

We can use this to obtain an analogue of Lemma 1 of [D].

Proposition 2.2. Let ¢, a,, b,, 0, and Cy be as above, and suppose that b* < 1. Let f
have compact support. Set uy = P,f. Then

luells < | fells exp(2Cot). (2.6)
t

/ / 2 T (ug, us)ds < | o2, (2.7)
0



Proof. Given Lemma 2.1 the proof is as in [D]. Let f have compact support and u; = P, f.
Let N > 1, and set

61\7 =agp + Z(an—i-l - QN)(]‘ - Spn)’
n=0

) =l = [ wiim,
hy(t) = @]
Then since u; € D(L), p3us € F,
Ry (t) = 2(Luy, Grue) = —2E (ur, Pru)
= —QL@?VdF(ut,ut) — 4/X<ZNUt dl (ug, o). (2.8)

Using (2.1) with A = 2 to bound the second term,

Ry (t) < —/X@QNdr(ut,ut)+4/Xu,%dr(@v,@v). (2.9)

So by Lemma 2.1,

Ry (t) < —(1—5(19*)2)/ NdF(ut,ut)+4C0/ pauidm
X X
<1 / F2 dU (g, w) + 4Cohn (£). (2.10)

Thus hly < 4Chhy, and hence hy(t) < hy(0) exp(4Cyt). Integrating (2.10) we obtain

ha(t) // N AT (us, us) ds < || fon|? (e = 1).

Letting N — oo gives (2.7) and (2.6). O
We can use this to obtain a generalization of the ‘Davies-Gaffney’ bound in [D].

Proposition 2.3. Suppose CSA(V) holds. Let x1,25 € X and let d(x1,29) = R. If
fi € L? have support in A; = B(x;, R/4) then

(Pufr, f2) < il fulla] | fol[2 exp(=c2®(R, 1)) (2.11)

Here ¢; depend only on Cg,  and [y,
Proof. First note that

(Pofu, f2) < [Befillall foll2 < (1Al l2] follo; (2.12)
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adjusting the constants ¢; this is enough to give (2.11) if ®(R,T') is small. Next, it is
enough to prove (2.11) when || f;||2 = 1, so we assume this.

Choose m > 1, let r = R/2m, and Dy = B(xl,iRjL kr), k > 0. Let ¢, be cutoff
functions for D;, C Dy, for k > 0. Set a; = 2™ and define ¢ as in (2.2). Note that
br=(12-12=1,0, =Cs¥(r)™}, and so Cy = Cs¥(r)~1.

Then writing u; = P, f1, as in [D, Theorem 2] we have

(Pif1, f2) = (P fr, 07" fa)
< llpulallo™ fall2
< [lpfill exp(2Cs T (r)~'t) [0 foll2
< exp(2Cs\If(r)‘lt)(s;1p ) (sup ). (2.13)

The construction of ¢ gives ¢ =1 on Ay, and ¢ = 2™ on Ay. So

log(P, f1, f2) < —(m log2 — ﬁ) = —10g2<m — C#t) (2.14)

W(R/m) W(R/m)

It remains to choose m € N so as to obtain the bound (2.11), and we need to consider
several cases.
Case 1. t > U(R). By Lemma 1.5 we have ®(R,t) =< 1, and adjusting the constant ¢; we
obtain (2.11) from (2.12).
Case 2. R <t <U(R). Then R > 1, so we have R <t < R°. We will choose m < R, so
the final term in (2.14) is

cstmP~1
m(l — )

RPB

We wish to choose m so that cztm® *R=P € [1/3,2/3], and this will be possible provided
RP/t is greater than some constant ¢, (depending only on c3 and 3). We then have
m =< (R?/t)"/5=1 and hence we obtain the bound (2.11). If R®/t < ¢4 then ®(R,t) < cs
and again we obtain (2.11) from (2.12).

Case 3. t < R and t < V(R). In this case we will choose m > R, so that W(R/m) =
(R/m)Pr. If R <1 then U(R) = RP: and so the argument is as in Case 2. If R > 1 then
t < R < RP, so again we can proceed as in Case 2. O

3 Cacciopoli and mean value inequalities

In this section we prove a mean value inequality as in [Gr0, Section 3]. We begin by
seeing that CSA(W) enables us to prove a Cacciopoli inequality similar to [Gr0, Lemma
3.1]. To that aim we need to give a definition of caloric functions in the general context
of metric measure spaces.

Definition 3.1. Let [ be an interval in R. We say that a function u : I — L*(X,m)
is weakly differentiable at ¢, € I if for any f € L*(X,m) the function (u(t), f) is differ-
entiable at t5. By the principle of uniform boundedness, in this case there is a function

11



w € L*(X,m) such that

for all f € L*(X,m). We refer to the function w as the weak derivative of the function u
at to and write w = 2u(ty) = wy(to).

Definition 3.2. Consider a function u : I — F and let €2 be an open subset of X'. We
say that u is a caloric function in I x Q if u is weakly differentiable in the space L?(Q) at
any t € I and, for any non-negative f € Fq and for any t € I,

(u, f) +E(u, f) = 0.

Lemma 3.3. (Cacciopoli inequality.) Let zo € X, B = B(xo,R), 7 < R and B’ =
B(xg, R—1). Suppose that CSD(B’, B, ) holds, and let @ be the associated cutoff function
for B'C B. LetT > 0, and set Q = B x (0,T"). Let k(t) be a Lipschitz function of t with
E(0)=0,0<k <1 and |||l = K. Let u=u(x,t) be a non-negative caloric function,
and v = (u — 0)4, where § > 0. Set

n(z,t) = o(x)k(t).

Then

Lw%ﬂ%@TﬂmwﬂélyNWWWﬁg%%0+MAjwmﬁ (3.1)

Proof. Since k(0) = 0 we have, writing v; = dv/0t,

%LmLﬂ%@ﬂ%m@:/

vvmzdmdt—l—/v%m dm dt. (3.2)
Q

Q

Using the fact that u is caloric we get

/nzvvt dmdt:/ ]l{u>9}7721)ut dmdtz—/dF(n%,u)
Q Q Q

= —/ n*dl' (v, v) dt—2/vndf(v,n) dt. (3.3)
Q Q
Further,
/dr(w,w) §2/ g02dF(v,v)+2/ v? dT (g, ). (3.4)
B B B

Let A > 0. Then using (2.1)

_/B¢2dr(v,y)—2[9v¢dF(v,¢) < (—1+/\_1)/

©*dl (v, v) + )\/ v?dl (¢, ).
B

B
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Taking A = 2 and using (3.4) and CSD we obtain
—/ ©* dF(v,v)—2/ vpdl(v, @) + a/ dl (v, vy)
B B B
< (-5 +20) [ P+ 420 [ e
B B

< (—% + 2a + (2—0—2a)%)/

©*dl (v, v) + (2 + 2@)9/ v?dm
B

B

= @9/ v*dm (3.5)
9 Js

if a = 1/9. Multiplying this inequality by k(¢)? and integrating gives

1
—/n2df(v,v) dt—Q/UndF(v,n) dt+—/dF(v77,vn) dt
Q Q 9Jq

T
< @9/ /UZk‘(t)2 dmdt < @9/ v? dm dt.
9 Jo JB 9 Q

Combining this with (3.2) and (3.3) we obtain

/Bv(x, T)*n(z, T)* m(dx) + S /Qdf(wy,m)) dt

4
< 2/ v, dm dt + —09/ v*dm dt
Q 9 Jo
40 9
< (2K + —0) [ vidmdt.
9 " Jo
In the final line we used the fact that n < 1. O

Remark 3.4. Note that to obtain (3.5) we needed that the constant in the first term on
the right of (1.17) was less than 1/4.

The key step in the proof of the mean value inequality is the following comparison over
cylinders. For a cylinder @ C X x R, and a function w write

I(w,Q):/Qw2dmdt.

Lemma 3.5. (See [Gr0, Lemma 3.2].) Suppose FK(V) and CSA(V) hold. Let u be a
caloric function in Q@ = B(zg, R) x (0,T). Let u =y, 6 >0 and v = (u— 0),. Let
0<Ty<T, R € (iR, R), Q= B(xo, Ry) x (T, T),

[:I<U7Q)7 11:](U7Q1>7
and 6 =Ty NV(R — Ry). Then

01]1+V\I](R)
< .
I = 5162 m(B)”

(3.6)
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Proof. Let B = B(wy, R), B' = B(xo, 5(R+ Ry)) and By = B(xg, Ry). Set
Dy={x e B :u(x,t) >0}

Let ¢ be a cutoff function for By C B', k(t) = 1 A (t/T1), and n(z,t) = @(x)k(t).
As in [Gr0] the proof uses five inequalities:

// u(z,to)? dm < 005_1/Qu2 dmdt for ty € (T1,T), (3.7)

/df(vn,vn) dt < 005_1/ u? dm dt, (3.8)
Q Q

/ dl’(vn, vn) > Al(Dt)/ v’*n?dm for t € (0,T), (3.9)

’ M(Dy) > CFm(B)ﬁ\II(R)_lm(Dt)_”, (3.10)

m(Dy) < 9_2// u(z,t)* dm. (3.11)

Of these, (3.9) is immediate from the variational definition of Aq, (3.10) is the Faber-Krahn
inequality (1.8), and (3.11) is just Markov’s inequality. So it remains to prove (3.7) and
(3.8).

The inequality (3.8) is immediate from (3.1). Since ||k’||oc = 1/7} we have the constant
on the right side of (3.1) is ¢(W(R — Ry)™' +1;') < 5. So

2
—/ dl’(vn, vn) dt < 05_1/ u? dm dt.
9Jq Q

For (3.7) let ¢ be a cutoff function for B’ C B and n(x,t) = @(x)k(t). Then by (3.1)
applied to u in the cylinder Q; = B x (0,1),

/u(x,t)zﬁ(z,t)Qm(dz) §05_1/ u? dmdt§05_1/u2dmdt.
B t Q

The rest of the argument is as in [Gr0]. O

4  Heat kernel upper bounds

These bounds can now be proved by the methods of [CG], which in turn uses ideas in
[Gr0]. Since [CG] is written in the graph context, and both of these papers just consider
the case U(r) = r?, we give details. In particular we need to be more careful in our
handling of exceptional sets; issues with these do not arise for the manifolds or graphs
treated in [Gr0, CG]. Note that VD implies that there exists a constant & < oo such that

V(z, R)

Vi <l

d(xz,y)+ R

), O0<r<R,z,yeX. (4.1)
”
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Define the measure m(dx,ds) = m(dx)ds on X x R. Given a cylinder ¢ C X x R and
u: Q — R we write ess sup u for the essential supremum with respect to the measure m.
Define

Bo=0LV B, Br=p0LND, (4.2)
and note that if 0 < r < R,
R\A _W(R) (R\% (R\US: WY R) R\
(+) Vi) = ) (5) s TR ) (43)
Write — T W(R)\ /6 p
(’>_\II(R) (T) (44)

Proposition 4.1. (L? Mean value inequality). Set Q = B(wo, R) x (0,T). Assume
CSA(V) and FK(¥) hold, and let uw > 0 be caloric in Q. Then if Qs = B(xo, R/2) X
(1/2,T),
F(R,T -
ess sup o_u(z, s)* < % /Qu(x, s)?m(dz, ds). (4.5)

Proof. (See the proof of [Gr0, Theorem 3.1].) It is sufficient to consider the case T' =
U(R). Suppose (4.5) holds in this case, and let T'= AV (R).

If A € (0,1) let r be such that W(r) = T. We can cover B’ = B(xg, R/2) by balls
B(z;,r/2) such that each B(z;,r) C B(xg, R). Let Q; = B(z;,7) x (0,T), and Qi 00 =
B(zi,7/2) x (T/2,T). Note that by (4.3)

Viwo, R) < CG<§)Q — o&%)a < O™/, (4.6)

=
=
<
Z

Then
ess sup o_u(z, 5)? < max ess sup 0. L u(w, s)?,
s :

and for each i, using (4.6),

ess sup g, _u(, s)? < ﬁ /2 u*dm

Co V(ZL’Q,R) / u2d77a
~ TV(xo, R) V(z0,7) Jg

COCG}\_a/ﬁl / 2 7~
< dm.
- TV(QU(), R) Q wam

Similarly if 7" = AW(R) with A > 1 then applying (4.5) to a sequence of cylinders (7; —
U(R),T;) x B(xg, R) one obtains

2 CO)‘ 9 4~
< — .
ess sup g u(z,s)” < Vo ) /Qu(z, s)“dm

15



Now let "= W(R). Let 6, k =0,1,... be a sequence to be chosen later, and let (ry)
and (t;) be sequences such that o = R, to = 0,

5k+1:\11(rk_rk+l):tk+l_tk> (47)
and
R=rg>r>-->rm>--->R/2, 0=tg<ty<---<tp<---<T)2. (4.8)

Let Q = B(zo, 1) X (tg, T). Let @ > 0 (also to be chosen later) and set a = (1—27%)0,

Uy = (u - ak)-‘m and
Qk

Let 0, = ag11 — ag. Then by (3.6) applied to the function uy in Qri1 C Qk,

Cllgqf(Tk) <7 CQ\I](R)Qzu(kJ'_l)];;

I <]J .
LS e m(B we, )Y T " V (w0, R)V6 6L

(4.9)
Let A = cyU(R)4”/V (w9, R)?0*. Now choose M > 2 and b > 4 such that M/?2 > 2 and
(4/b)/0+¥) = M~1. Choose 84, such that

A22uk11/
E—bt k=0,1,... (4.10)

1+v
6k+1

With this choice of (d;) we have I, < b~*Ij, and consequently
5k+1 _ (Ab4k'/];;)1/(l+y) < (Ab[g)l/(l-‘ru) (4/b)ku/(1+u) _ AlM_k, (4‘11)

where A; = (AbIY)Y(+) In order that the condition (4.8) should hold, we need

i(sk <T/2, (4.12)
3 U (6,) < R/2. (4.13)

We have

DUTHG) D TTHAM ) S e (AN) DY MR < 20,07 (Ay),

k=1 k=1 k=1

and .
> 6 <24
k=1

So for (4.8) to hold it is enough that

4 <024”blg\II(R))1/(1+v) < (T/4) AR/ dey).

V(SL’Q, R)VHQV
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For this it is enough if 6 is chosen large enough so that

¥ W(R)

07\« V(R 14v
Vo, Ry = VI
and so we can take I
e R— 4.14
TRV (w0, ) )
We then have I, — 0 as k — 00, and hence
/ (u(x, s) — 0)3m(dz,ds) < ir]if I, =0, (4.15)
which implies that u(z,s) <0 m a.e. on Q. O

We now give an L! mean value inequality.

Proposition 4.2. (L' Mean value inequality). Assume FK(¥) and CSA(V) hold. Let
R>0,T=Y(R), let Q = B(xo, R) x (0,T), and let uw > 0 be caloric in Q. Then writing
Q' = B(xy,2R/3) x (T/2,T),

F(R,T
ess sup ou(z, s) < % /Qu(:c, sym(dzx,ds). (4.16)

Proof. This follows from the L? mean value inequality by quite general arguments, which
use only VD — see p. 688-691 of [CG|. As with Proposition 4.1, it is enough to consider
the case T'= VU(R). O

In order to obtain heat kernel bounds from the mean value theorem, we need better
control of the exceptional set. We will use regularity results from [GT], and to use these
we need to consider the killed heat kernel. For D C X write (PP) for the semigroup of

X killed on exiting D. Then if FK(¥) holds by [GH, Lemma 5.5] the semigroup (PP) is
ultracontractive, that is there exists a left continuous function ~(¢) such that

1P flloo < v flL: >0, f € LX) N LA(X).

(In fact we have v(t) = c(at)™"" with a = a(n) = m(D,)"/¥(nR)). Consequently we
will be able to use [GT, Theorem 2.12] to obtain estimates which hold on X — N, where
N is a properly exceptional set.

Lemma 4.3. Assume FK(V) and CSA(V). Let 9,21 € Xy, T > 0,0 <t < T, and
r=V(t). Let Ry > R and D = B(xo, Ry). Then for m-a.a. y € B(zo,7/2),

D €1 THif2 D / /
< - m(dy'. ds). 4.17
pT($1ay) = tV(IO,T’) / /B(x’r)ps (zlay)m( v, S) ( )

T—t/2
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Proof. Set Q) = B(zo,7) x (I'—t/2,T +t/2), and Q' = B(xo,7/2) x (I, T +t/2). Since
u(y, s) = pP(z1,y) is caloric in @, by Proposition 4.2

C ~
€SS sup (y,s)EQ’psD(xh y) S m /pr(xl’ y/)m(dy/’ dS) (418)
Setting
C1 D "N~ /
A= ———— dy',d 4.19
tV(l’o,T) /st (xlay )m( Yy, S)a ( )

the right side of (4.18) is bounded by A.
Thus there exists a subset I C (7,7 + t/2) of full measure such that if 7" € I then

P?r(m,y) < A, for m-a.a. y € B(xzg,7/2) .

Write g(y) = p2(z1,y). Then the L?-continuity of (P”) implies that P”g — g m-a.e. as
h — 0. Taking the limit along a sequence hy such that T'+ h, € I for each k, it follows
that pZ(z1,y) < A for m-a.a. y € B(xg,r/2). O

Theorem 4.4. Assume VD, FK(V), and CSA(V) hold. Then UHK (V) holds.

Proof. We use the argument of [CGJ, but need extra care because of exceptional sets.
Fix zg,yo € X, T' > 0, and let R = d(x,y). Let Ry > 4R, and let D = B(xq, Ry). Set

=T/2and r = U YTp). Let Q(z) = B(z,r)x (T —Ty/2,T+Ty/2). Let r' < R/4Nr /2,
and ¢g; and g, be non-negative bounded functions with supports in B(zg, ') and B(yo, ')
respectively, such that [ g1 = [ g = 1. Set

- / / P22, y)on (@) ga(y)m(dz)m(dy).

Let © € B(xo, R/4). Then applying (4.17) to the caloric function u(y, s) = p?(z,y) in
Q(yo), we have

T+Ty/2
W) < gt [ Ry as) (1.20)
yOv B(yo,r

~Tp/2

for m-a.a. y € B(yo,r/Q Hence

1< g [ [ a@n@m@nm@) [ o2y as
0 y07 Qo)

o /T+T°/2/<>D< yidy, dsym(d). (4.21)
- g1(2)p? (z, v ym(dy', ds)m(dx). 4.21
T(]V(y(], T) B(yo,r) To/2 '

If v € B(yo,r) and s € (T'—1T,/2,T + T/2), then by considering the cylinder B(zg,r) X
(s —Tv/2,s+ Tp/2), we have by (4.17), for m-a.a. x € B(zo,1/2),

S+T0/2

D/ / /Nd/d/
P S gy [ B e as)
T+Ty
/ / P2 (! )(da, ds'),
an B(zo,r)
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Substituting this into the final term in (4.21), we obtain

2
Cl

T+To/2
1< / (dy/) / ds
T V(y07 (ZI}'(], ) B(yo,r) T—To/2
T+2Ty
/ m(dz)gi(x / ds’ / m(da")pg («',y)
T—2Tp B(zo,r)

T+Ty
— mdy'/ md:r’/ ds'pg (2", y
T (o, >V<xo,r> /B@O,r) ) [ - mlda) | - dspe(ay)

20% 3T/2
< P.f,. f.)ds, 4.2
B TV(yo,T)V(,TO’T) /T/2 < f fy) ( )

where fm = 13(9007?) and fy = 1B(y0,r)-
If r < R/4 then the Davies Gaffney bound Proposition 2.3 implies that for 7/2 < s <
2,

(Psfo, fy) < 2V (w0,7) 2V (yo, 7)/? exp(—c2®(R, 5))
< oV (w0, 7) 2V (yo, 7)/? exp(—c3®(R, T)). (4.23)
If » > R/4 we still have by (2.12)
(Psfo, £y) S WPLall2l| fyll2 < V(@o, 7) PV (o, ) /2. (4.24)

Asr > R/4 we have T' > ¢V(R) and so ®(R,T) < ¢ by Lemma 1.5, and the exponential
in (4.23) is of order 1. Adjusting the constant ¢, we therefore obtain, in both cases,

(Ps fo, fy) < 2V (20, r)l/zV(yo, r)1/2 exp(—c3®(R,T)). (4.25)

Now set

2r
V(z,r) :7"_1/ V(x,s)ds.
Then V(z,7) =< V(z,r), and the function z — V (z,r) is continuous. Set
Hy(w,y) = caV (, 01 (0)) 2V (y, U (£))"* exp(—cs®(d(x, ), 1)).

Then from (4.25) and (4.22) we deduce that p2(z,y) < Hy(zo,yo), for m x m a.a. (x,y)
in a neighbourhood of (zg,yo). It follows that pZ(x,y) < Hp(x,y) for m x m a.a. (z,y).
Now let D T X'; then since PP is ultracontractive it follows from [GT, Theorem 2. 12( )]
that
pi(z,y) < Hy(x,y) form x ma.a. (z,y) and all ¢ > 0.

Since the function H; is continuous, by [GT, Theorem 2.12(d)] there exists a properly
exceptional set N such that if X; = X — N; then

pe(z,y) < Hy(z,y) for (z,y) € Ay x &y and all t > 0, (4.26)
which proves UHK (). O
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5 Proof of CSA from upper heat kernel bounds

In this section we prove the implication (2) = (1) of Theorem 1.12. We assume throughout
this section that X is unbounded, and satisfies VD and UHK(W).
We begin by seeing that it is enough to prove (1.17) in a slightly weaker form.

Lemma 5.1. Let X satisfy VD. Suppose that there exists constants ¢y, co such that for
allx € X, R> 0 and r > 0 there exists a cutoff function ¢ for B(x,R) C B(z,r + R)
such that, if U = B(x, R+ 1) — B(z,R) and f € F, then

/f2dF ©, ) <c1/dF(f f)+c¥(r /f2dm (5.1)
Then X satisfies CSA(WV).

Proof. Let x € X, R > 0 and r > 0 and B’ = B(x,R), B = B(xz,R + r); we will
construct a cutoff function ¢ for B’ C B which satisfies (1.17) with 6 = c¢¥(r)~!

Let A > 0, and let

—nA
Sp = core /ﬁQ,

where ¢g = ¢o()) is chosen so that Y s, = r and [, is as in (4.2). Set ro =0,

n
'n = E Sk
k=1

sothat R< R+r < R+ry <---< R+r. Let B, = B(xo, R+r,), and U, = B, 11 — B,.
By hypothesis there exists a cutoff function ¢, for B, C B, satisfying

A0 (g pn) < / AT(fof) + eU(sap) " [ fdm. (5.2)

Un n Un

Let b, = e and set
n=1
Then ¢ =0 on B¢, and ¢ = 1 on B’, so ¢ is a cutoff function for B’ C B. On U,, we have

Y= (bn—l - bn)(pn + bn>
and so b, < <b,_1 on U,. Hence on U,

bp—1—bn < M = (e — 1. (5.4)
Now if f: B — R then by (5.2)
TR DURETAY e YO
B k=1

< Z(bk—l — by)? / dU'(f, f) +co Z (bp—1 — bp)*W(spa) " [ f2dm.
k=1 Us
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Using (5.4) we have

< er( 1) / s@ZdF(f, 9. (5.5)

Now using (4.3) and (5.4)

U(r) - ( r )52 B etk B b1 — by,
U(spp1) — \co(A)re=R+DNB2) ¢y (X)B2 — c(N)P2(1 — e=*)’
Therefore
(bh—1 = bR) W (s141) ™ < (M) ¥(r) 7,
and hence
Yy / (b1 — b)*W(sp41) f2dm < cacs(\ Z f (br—1 — b)dm
k=1 " Uk
< 0203()\)\11(7")_1/ fz(e)‘ — 1)pdm. (5.6)
U
Thus
| rareo cae -2 [ @ +aiwe [ fen 6)
U U
We now choose A so that 4c?(e* — 1)2 = 1/8 and since ¢ < 1 we obtain (1.17). O

Corollary 5.2. Let X satisfy VD. Then the condition CSA(WV) is stable.
Proof. Let (&, F), i = 1,2 be two Dirichlet forms on L?(X', m) satisfying the hypothesis

of Lemma 1.1, and suppose that CSA(W¥) holds for &. Let B’ = B(x,R) C B= B(x, R+
), and let ¢ be a cutoff function for B C B. Then by Lemma 1.1, if f € F, U = B— B,

/derz(%SO) SC/ f2dT1(p, p)

U U
< (C/8) /U SdD(f, f) + CCs( / Fdm
< (C/8) /U AU (f, f) + CCsW(r) / Fdm.

Thus (X, &) satisfies the condition (5.1) and so by Lemma 5.1 CSA (V) holds for &. O

Now let (X, t € Ry, P* x € X) be the Hunt process associated with the semigroup P,
and Dirichlet form £. Recall the definition of Aj from Section 1. For a set D C X define

the exit time
p = inf{t > 0: X; € D}. (5.8)
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Lemma 5.3. Suppose X satisfies VD and UHK(W). There ezists a constant ¢ > 0 such
that for all x € Xy and r > 0,

]P)x(TB(x’r) < E\I/(T)) <e.

Proof. In the case W(r) = r? this property is denoted Ps in [GH], and the result follows
by [GH, Theorem 2.2]. The general case is similar. O

For D C X, A > 0 set
G f(r) = EI/ e M F(X,)dt.
0

Lemma 5.4. Suppose X satisfies VD and UHK(V). Let g € X, r >0, R > 0, and define

the annuli Dy = B(xo, R+9r/10)—B(zo, R+7/10), D1 = B(xo, R+4r/5)—B(x0, R+7/5),
Dy = B(zg, R+ 3r/5) — B(xg, R+ 2r/5). Let A=V (r)™!, and set

h=G21p,. (5.9)

Then h has support Dy, h € Fp, and satisfies
h(z) < W(r) foralxe X, (5.10)
h(z) > c;'U(r)  forx € Dy A, (5.11)

Proof. That h € Fp, follows by [FOT, Theorem 4.4.1]. The definition of h implies that

h(z) = 0 for x € Dy, and the upper bound on A is elementary, since h < GY1 = A1
Now let € > 0 be as in Lemma 5.3. Let rg = r/5, © € Dy, and By = B(x,r9) C D;.

Let s = eU(rg), and & be an exponential r.v. independent of X with mean A~!. Then

EXATD, ENTB,
h(z) > B / 1 (X,) dt > E* / 1y, (X,) dt
0 0

> S]P)m(g)\ N B, > S) = S]P)m(TBl > 8,5)\ > S)
= sP*(1p, > 8)P%(£x > 5) > s(1 —e)e™,

which yields (5.11). O

Theorem 5.5. Suppose X satisfies VD and UHK(V). Then X satisfies FK(¥) and
CSA(V).

Proof. The proof that UHK(¥) plus VD implies FK(¥) is as in Section 5.5 of [GH],
where the case ¥(r) = r” is given.

To prove CSA(V¥) we will show that X satisfies the hypotheses of Lemma 5.1. So let
B’ = B(xg, R) and B = B(xg, R+7r), and U = B— B’ and let D;, h be as in Lemma 5.4.
Set

= Cilfh(s":;) (5.12)
B Ag(x) if x € B(xo, R+ 1r/2)¢,
e {1 if v € B(xg, R+1/2). (5.13)
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Then by Lemma 5.4 ¢ = 0 on B¢, and ¢ = 1 on B’, so it remains to verify the inequality
(5.1).
Let f € F. Since g is zero outside U we have

/U FH(p, ) < /U [T (g, g) = /X f2dr(g,g)

_ / a0 (29, q) — 2 / Fgdl'(f.9). (5.14)
X X
Now writing Ex(u, v) = E(u, v) + A(u, v),
/de(fzg,g) =E&(f%9,9) < E(f%9.9)
= U(r) '\ (f?g, GDOlDl)
= U2, 1p) < e U(r / Pgdm.  (5.15)

Here we used [FOT, Theorem 4.4.1] and the fact that f?g € Fp, to obtain the third line.
By (2.1),

2 /X fodl(f.g)| = 1 /X F2d0(g,g) +2 /X T (f. f). (5.16)

Combining (5.15) and (5.16), and using the fact that g < ¢y, we obtain
| #arg < [ ganis )+ 20w [ ofan
U U
§4cf/df(f, + 2650 /f dm.
U

Thus the hypotheses of Lemma 5.1 hold, and so CSA(V) holds. O

Remark 5.6. While the proof above is based on the argument in Section 3 of [BBK], it is
much simpler, since we do not need to consider the integral over arbitrary balls. Further,
the condition CS(V) requires Holder continuity of the cutoff function, and this was proved
by using a parabolic Harnack inequality, which is equivalent to the full (upper and lower)
heat kernel bounds HK(W). It seems unlikely that the conditions VD and UHK(WV) are
sufficient to ensure the existence of a Holder continuous cutoff function.

We conclude this section by giving a sketch of the proof that CSA (W) follows from the
condition CS(¥) introduced in [BB3, BBK].

Lemma 5.7. Let X satisfy VD. Suppose that for every x € X and r > 0 there exists a
cutoff function ¢ for B(x,r) C B(z,2r) such that if f : B = B(x,2r) — R then, writing
V = B(z,2r) — B(z,r),
/f?dmp, 2) gcl(/dr(f )+ /f?dm (5.17)
v
Then CSA(WY) holds. In particular CS(V) implies CSA(W).
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Proof. Let o € X, R,r > 0, and B’ = B(xg, R) and B = B(xg, R+7r),and U = B— B'.
In view of Lemma 5.1 it is enough to prove that for some constant ¢y, and that for
f:U—=R,

/f2dr ©, Q) <c2/ dU(f, f) + c2¥(r /f2dm (5.18)

Set rg = r/3, and let B(z;,79) be a covering of B’ by balls such that B, = B(z;,79/2)
are disjoint and each z; € B’. Then VD implies there exists M such that any ball
B(y,79/100) C B intersects at most M of the balls B;. Let ¢; be a cutoff function for
B! C B; = B(z;,2r¢) satistying (5.17). Then

[, ey <l [ angn s ws [ pam)

Now set ¢(x) = max; ¢;(x). Then ¢ is clearly 1 on B’ and zero outside B.
If B” = B(y,r0/100) and B;, i = 1,...m are the balls which intersect B”, then

Z (05, ©3)-

Thus
/Bf2df(so,so) < Z/B F2dT (i, 1)
< ch</ AU (f, f) + W (re/3)™" iﬁdm)
<ad( [ arirp+ v [ fam).
proving (5.18). [

6 Stochastic Completeness

Proof of Theorem 1.16. Following Davies [D, Theorem 7] let f > 0 be a function with
compact support and let u, = P, f. We remark that to prove stochastic completeness, by
standard density arguments it is sufficient to prove that

/ fdm < / ugdm  for some ¢t > 0. (6.1)
X X

Indeed, note that since P is self-adjoint in L?(X,m), this implies (1 — P11, f) < 0 and
therefore P11 = 1 m-a.e.

Let (a,) be an increasing sequence with ap = 1, and define ¢, b,, b* and Cj as in
(2.2)-(2.4). We assume that (a,) is chosen so that b* = 1. Let ¢t € (0,1). Then

td
(o = tunpn) = = [ olung)ds
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and

d
—d—<us,g0n>:5(us,gon):/dF(us,gon).
S X

So, by Cauchy-Schwarz and Proposition 2.2, and recalling that ¢t < 1,

<f,<pn>—<ut,s0n>=/0 /Xso-so‘ldf(us,wn)ds

t t
< (/ /gozdl“(us,us)dsfﬂ(/ /¢_2dF(<pn,gon)ds)l/2
0o Jx 0o Jx
1/2
< wallzezc“t(supso‘l)(/ dF(son,wn)> :
Un X

On U,, we have a, < ¢ < ap41, sosupy, ¢! < a,'. Using CSD(D,,, Dy41,6,) with f =1,

X

n n

So,
(rpn) = (s 90) < [l fiolloexp (2Cot + Hlog(m(Uy) — loglan)).  (6.2)
If there exists a subsequence (ny) such that
T (. ) — e, 0,)) <0, (63
then, since

/ut dmzlim/ UpPp, dm,
X ko Jx

we obtain (6.1) and so deduce stochastic completeness.

(a) If 0,, < ¢; we choose a, = 2", so that b, = b* = 1 and Cy = ¢; < oo. Then (1.20)
implies that the left side of (6.2) converges to 0.

(b) (Recall in this case that 6, = ¢2n?.) Let a > 0, and consider sequences (ay,) such that
Co = Cy((ay)) = a®. We wish a;, to be as large as possible given these constraints, and so

choose by = 1 A (a/@,ip). Now fix n > 1, let m = Alogn where A > 0, and let o = com.

We have

n

an:H(lerj)Zﬁ(lJr?).

=1
So since log(1 + z) > 1z for « € (0,1), for n large enough
log a,, > %ij_l > 2 \(logn)(logn — loglogn — 1) >
j=m
Writing F(n, ) for the term in the exponential in (6.2), if logm(U,) < 2b(logn)? then
E(n,\) = 2¢gm®t + Llog(6,m(U,)) — log a,
< $log(0,m(Uy)) — (log n)* (A5 — 2¢3A%)
<logcin — (logn)? (% —b— 2cg>\2t>.

A(logn)2.

1
3

25



Choosing A = 9b and ¢ small enough so that 2c2\*t < b, follows that
E(n,)\) < —b(logn)? + log cin,
and (6.3) holds. O

Remark 6.1. We have just considered the cases 6,, < ¢; and 6, = c¢in, as for our appli-
cations these are of most interest. By arguments similar to the above it is straightforward
to show that if 6, = ¢2n*7 with 0 < v < 1, then stochastic completeness holds provided

logm(Uy,) < ¢(y)n3=27), (6.4)

We now give some examples of the use of the criterion in Theorem 1.16, and begin by
showing that we can recover the result of Davies [D].

Example 6.2. Let X be a manifold containing a point 0, and such that there exists b > 0
such that
2
m(B(0,7)) < . (6.5)
Let (r,) be increasing with limr, = oo. Set D, = B(0,r,) and let U,, = D,,11 — D,,.
Let ¢, be ‘linear’ on U,, so that

i1 — d(0, 1
Tnt1 — Tn n+l — T'n
Letting 0, = (rn,11 — 1) 2, clearly we have

Un Un

and so CSD(D,,, D,,;1,6,) holds. Let r, = logn, so that 6, ~ n?. Then m(U,) <
m(D,11) < exp(b(log(n + 1))?), so (1.21) holds and X is stochastically complete.

Remark 6.3. Improving the condition log V(0,7) < br? to log V(0,7) < r?logr allowed
by Theorem 1.15 seems to require more delicate techniques.

7 The pre-Sierpinski carpet

In this section we will give an example of an MMD space which is geodesically incomplete
but stochastically complete. The example is based on the ‘pre-Sierpinski carpet’ — see
[O1].

The standard Sierpinski carpet in d dimensions (with d > 2) can be constructed by an
analogue of the construction of the Cantor set. Starting with Fy = [0, 1]¢, divide Fj into
3¢ subcubes each of side 37!, and remove the middle cube; call this set F}. Repeating this
construction, we obtain a decreasing sequence of compact sets F},; the Sierpinski carpet
is defined as

F =N F,.
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Figure 1: The pre Sierpinski carpet

Let M, = 3¢ — 1; then F has Hausdorff dimension

log M
df:()g d

log3
Note that [}, is a union of M} cubes each of side 37". Let
E,=3"F,={3"z:z€F,}, F=U2F,. (7.1)

The set F is the pre-Sierpinski carpet, and is a countable union of copies of the unit cube
[0,1]%. The interior of F'is a standard open domain in RY, with a Lipschitz boundary.
We write X = F , and will take d > 3. Let u be Lebesgue measure restricted to X.

We summarise some properties of X. Let d(x,y) denote the shortest path distance in
X. Then (see [BB1, Lemma 7.3] for the case d = 2) we have

We write By(x,r) for balls in the metric d. Then (see [BB2, Lemma 2.3(e)]) we have

rd,  0<r<l,

dy

7.3
re. r>1. (7.3)

Va(z,r) = p(Ba(z,r)) < {
In particular X satisfies VD.
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Now set
5(f,f)=/X|Vf|2du, feH (X),

where H' = H'(X) denotes the set of functions f for which [, f>dz + E(f, f) < oo.
Then (€, H') is a regular local Dirichlet form on L?(X, u). The associated Hunt process
W = (W, t > 0,P* x € X) is Brownian motion in X with normal reflection on the
boundary 0X. For the existence and uniqueness in law of this process we refer to [BH].
The process is reversible with respect to p, and its generator is given by the Neumann
Laplacian A on X.

Let pi(x,y) denote the heat kernel associated with W. Many of the properties of W
and p; can be summarised by two indices. The first is d, the Hausdorff dimension of the
space F. The second, denoted d,,, and called the walk dimension, gives the long range
space-time scaling on X. For Sierpinski carpets in d > 3 this satisfies 2 < d,, < d; — see
[BB2, Section 5]. Let ¥ = W, 4, be as defined in (1.3).

Theorem 7.1. (a) (X, &) satisfies HK(V).
(b) W has a Greens function g(x,y) such that there exist positive constants ci-c4 such

that
alr —y|Tr < glz,y) < el —y|*? if|lr -yl <1,
sl —y|"mY < gla,y) <clr—y|"mY i la—y| > 1

(¢) The conditions CS(¥) and CSA(V) hold for (X,€E).

Proof. (a) is proved in [BB2, Theorem 6.9], and (b) in [BB2, Corollary 6.10]. That
CS(V) holds follows from [BBK]|. CSA(WV) then follows by Lemma 5.7, or alternatively
by Theorem 1.12. 0

Let a(z) > 0, x € X be a real-valued function on X. Then, we define the additive

functional
Lt
A = —d
’f /oa<ws> ’

and the time-changed process Y = Y@ by
Y, = WTta t>0,

where (7;) denotes the inverse of (A;). The process Y is symmetric with reversible measure
m(dz) = my(dz) = a ' (x) u(dr) and its generator L, satisfies

/ GLofa " dp = (Lof. g)120my = —E(f.9) = — / V- Vgdy = / (Af)gdn,

so that
L.f =aAf. (7.4)

28



The Dirichlet form associated with Y is the form (£,D,) on the base space L*(X,m,).
Here D, is the closure of Cj (&) with respect to Nu(f) = E(f, f) + |[f[|72(,)- We refer

to this form as &, for short. Recall from (1.18) the definition of the intrinsic metric g,
associated with &,; we have

0q(z,y) = sup{u(x) —u(y) : ue M,,}, (7.5)

where
M,={ueD,NCX): |[Vu* <a'}. (7.6)

Let p > 0. We now just consider the case
a(x) =1V d(0,z)P. (7.7)

The main result of this section is the following. Recall that we have d > 3, and that
2 <d, <dy.

Theorem 7.2. (i) The process Y =Y P) is stochastically complete if and only if p < d,,.
(1) On the other hand, (VGC) holds if and only if p < 2 or p > dy. In particular, for
€ (2,dy) the process Y is stochastically complete but (VGC) fails.

We begin by relating the metrics o, and d on X.
Lemma 7.3. Let R > 0, and x € 0B4(0, R), y € 0B4(0,2R). Then

0a(®,y) < R"P2if R> 1, (7.8)
while 0,(x,y) < R if R € [0,1].

Proof. By Theorem 4.1 in Chapter 5 of [St2] we have

A(0.2) 1ﬁ/|ﬂ (7.9)

If v is any path in B4(0,2R) — B4(0, R) then

b 1
Ll = [ =),

where || denotes the length of ~. It follows that o,(x,y) > cR'™7/2,

For the upper bound, the geometry of the pre-carpet implies that if C' > 1 is large
enough then we can find a path v, between = and y which lies inside By(0, CR) — B4(0, R)
and has length less than ¢; R. Therefore g,(z,y) < co R*™7/2. O

Proposition 7.4. The metric o, and measure m, satisfy the following.

(i) 04(0,00) = oo if and only if p < 2. In particular, (X, 0,) is not geodesically complete
when p > 2.

(11) ma(X) = oo if and only if p < dy.
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Proof. (i) Let x;, = (2%,0,...,0) be the points on 9B4(0,2*). Then by Lemma 7.3 we
have 04 (g, Tpy1) < 2F07P/2) If p < 2 this sum diverges, and hence 0,(0, z) — oo, while
if p > 2 then limy, 0,(0, zx) < Cy < 005 (i) then follows.

(if) By (7.3)

ma(X) =Y ma(Ba(0,251) — By(0,2%))

k
= 27m,(By(0,281) — By(0,2%)) < 27k,
k k

which is infinite if and only if p < d;. U

We now look at (VGC) for the metric measure space (X, 04, m,). We set h=!(r) :=
Jo (L v s)™P2ds, r >0, so that 0,(0,2) < h7(|z|) if |z| > 1. Further, let h(r) := inf{s :
h='(s) > r} be the right-continuous inverse. In particular,

By(0, h(car)) C By, (0,7) € By(0, h(cyr)), r> 1.

Moreover, if p < 2 we have lim, .., h™!(r) = oo, so h(r) < oo for all r. On the other
hand, if p > 2 we have that Ry := lim, .o, h™'(r) < oo, thus h(r) = oo and B,,(0,r) = F
for r > Ry.

Lemma 7.5. Let p < 2 < dy.There exist positive constants c;—c5 and ro such that for all

r>Ty
crh(car)™ P < ma(By, (0,7)) < csh(cyr) P,

Proof. The lower bound is immediate from (7.3) as

1
M (B,, (0,7)) > — u(dx
(Beu07)) 2 /Bd(O,h(cr)) a(ff)'u( )
> u(Ba(0,1)) + h(r) ™" (u(Ba(0, h(cr))) — n(Ba(0,1)))

> ¢+ ch(er)br

for r sufficiently large, where we used the fact that A is increasing.

To prove the upper bound note that for & > 0 we have a(z) > 2*” on the set U, =
Bg(0, 281y — By(0,2%). Let ko(r) = min{k : 2¥ > h(cr)}. Then, for all r large enough we
have again by (7.3)

ko(r)
1
Mol B0 < [ ) < p(Ba0,1) + ¢ Y ()
¢ By(0,h(cr)) a(r) ;
ko(r)
<c4e Z oh(dr—p) < Ch(cr)c(df_p).
k=0
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Proof of Theorem 7.2
(i) First let p < d,. Let R> 1, R, = R", D,, := By(0, R,,) and U,, = D,,,1 — D,,. Thus

me(U,) = RPu(Uy,) =< RY 7.

By Theorem 7.1 we have CSA (V) for the space (X,d,&,pn). So there exists a cutoff
function ¢,, for D,, C D, such that if f: U, — R then

1
Pilpne) < 5 [ 0G0+l [

U n n Un

1
<i [ gargprar [ fan.
n Un
Thus in the space (X, 04, mM4), CSD(D,,, D11, 0,) holds with 6, = c;RE~%. As p < d,,
we have #,, < ¢; and hence by Theorem 1.16(a) stochastic completeness holds provided
(1.20) holds. However,

enma(Un)
4n
and taking R small enough so that R% 9 < 4 it follows that stochastic completeness
holds.

Now we consider the case p > d,,. Since the process W is stochastically complete, from
the definition of stochastic completeness it is immediate that Y is stochastically complete
if and only if A, = oo P*-a.s. for any x. Note that A, = oo is a tail event, i.e. it is in
o(Ws,s > t) for all £, so P*[Ay = o0] is either 0 or 1 for all x (cf. Theorem 8.7 in [BB2]).

Let Dy = By(0,1) and for n > 1 set D,, = By(0,2") — By(0,2"!). Then using the
bounds for the Green kernel g(x,y) of W in Theorem 7.1(b),

< AT Ry R T = o (RY T J4)",

B = [ ala) 900 0pu(dr)
X
< c/ \x|d_2dm+cZ/ d(0, )Pl dy
Bd(ovl) n=1 n

<c+ CZ on(—prdw—ds)onds < | ¢ Z onldw=p) ~ 5

Hence, A, < oo P%a.s., and so Y is stochastically incomplete.

(ii) Let us first consider the case p < 2. Then, dy —p > 0 and h(r) =< 77 for large r with
v := (1 —p/2)~". Hence, we use (7.3) to obtain

/°° r dr>/°°;dr
1 logme(B,,(0,7) — )i e +cologr

If p=2 h(r)=e"1 so

/OO 4 dr>/w;dr—oo
L logmg (B, (0,7) " T )i cte(r—1)
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Finally, in the case p > 2 we have that Ry := lim, .o, h~'(r) < oo, thus h(r) = co and
B,,(0,r) = X for r > Ry. In particular, by Proposition 7.4 ii) we get for such r that
Mq (B, (0,7)) = my(X) = oo if and only p < dy. Hence,

/OO r < oo ifp <dy,
dr )
1 logmg(B,,(0,7)) =00 if p > dy.
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