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Abstract

Let M,, be the number of steps of the loop-erasure of a simple random walk on Z? from the
origin to the circle of radius n. We relate the moments of M,, to Es(n) — the probability that
a random walk and an independent loop-erased random walk both started at the origin do not
intersect up to leaving the ball of radius n. This allows us to show that there exists C' such
that for all n and all kK =1,2,..., E [M,’f] < C*LIE [Mn}k and hence to establish exponential
moment bounds for M,,. This implies that there exists ¢ > 0 such that for all n and all A > 0,

P {M, > \E [M,]} < 2e~.

Using similar techniques, we then establish a second moment result for a specific conditioned
random walk, which enables us to prove that for any a < 4/5, there exist C' and ¢ > 0 such
that for all n and A > 0,

P {M, < \'E[M,]} < Ce .

Subject classification: 60G50, 60J65.
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1 Introduction

The loop-erased random walk (LERW) is a process obtained by chronologically erasing loops
from a random walk on a graph. Since its introduction by Lawler [4], this process has played a
prominent role in the statistical physics literature. It is closely related other models in statistical
physics, and in particular to the uniform spanning tree (UST). Pemantle [10] proved that the
unique path between any two vertices u and v on the UST has the same distribution as a LERW
from u to v, and Wilson [12] devised a powerful algorithm to construct the UST using LERWs.
The existence of a scaling limit of LERW on Z¢ is now known for all d. For d > 4, Lawler
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[5, 6] showed that LERW scales to Brownian motion. For d = 2, Lawler, Schramm and Werner
[8] proved that LERW has a conformally invariant scaling limit, SLE; — indeed, LERW was
the prototype for the definition of SLE by Schramm [11]. Most recently, for d = 3, Kozma [3]
proved that the scaling limit exists and is invariant under rotations and dilations.

Let S[0,0,,] be simple random walk on Z? started at the origin and stopped at o, the first
time S exits B, the ball of radius n with center the origin. Let M,, be the number of steps of
L(S[0, 04]), the loop-erasure of S[0,0y,]. In [2], using domino tilings, Kenyon proved for simple
random walk on Z? that

lim 8B M] _ 5 (1.1)
n—oo  logn 4
Using quite different methods, Masson [9] extended this to irreducible bounded symmetric
random walks on any discrete lattice of R2. The quantity 5/4 is called the growth exponent
for planar loop-erased random walk. We remark that while SLEs has Hausdorff dimension 5/4
almost surely (see [1]), there is no direct proof of (1.1) from this fact; however, unlike the
arguments in [2], the approach of [9] does use the connection between the LERW and SLE;.

In this paper, we will not be concerned with the exact value of E [M,,], but in obtaining tail
bounds on M,,. Our results hold for more general sets than balls. Let D be a domain in Z?2, with
D # (,Z*. Write S[0,0p] for simple random walk run until its first exit from D, L(S[0,0p])
for its loop erasure, and Mp for the number of steps in L(S[0, op]).

Theorem 1.1. There exists cg > 0 that the following holds. Let D be a simply connected subset
of 7Z? containing 0, such that for all z € D, dist(z, D) < n.

" E [eCOMD/E[Mnl} <2. (1.2)

2. Consequently, for all A > 0,
P {Mp > \E [M,]} < 2e~%*, (1.3)

Theorem 1.2. For all a < 4/5 there ezist C1(a) < 00, ca(a) > 0 such that for all X > 0 and
alln, and all D D B,

P {Mp < ME [My]} < Ch(a) exp(—ca(@)X®). (1.4)

Remarks 1.3. 1. We expect that these results will hold for irreducible random walks with
bounded, symmetric increments on any discrete lattice of R?. Almost all of the proofs in this
paper can be extended to this more general case without any modification. The one exception is
Lemma 4.4, where we use the fact that simple random walk on Z? is invariant under reflections
with respect to horizontal and vertical lines. Theorem 1.1 does not depend on Lemma 4.4 and
therefore should be valid in this generality. It is likely that an alternative proof of Lemma 4.4
could be found, but we do not pursue this point further here, and restrict our attention to
simple random walk on Z2.

2. The bound (1.4) for general D D B,, does not follow immediately from (1.4) for B,. The
reason is that, if Y is L(S[0,0p]) run until its first exit from B, then Y does not in general
have the same law as L(S]0, 0,]). Similar considerations apply to Theorem 1.1.

3. We also have similar bounds for the infinite loop erased walk: see Theorems 5.8 and 6.7.

4. One motivation for proving these results for general domains in Z?, rather than just balls,
is to study the uniform spanning tree (UST) via Wilson’s algorithm. In particular we are
interested in the volume of balls in the intrinsic metric on the UST, and this requires estimating
the number of steps of a LERW until it hits the boundary of a fairly general domain in Z?2.



For the remainder of this introduction, we discuss the case when D = B,. The proofs of
Theorems 1.1 and 1.2 involve estimates of the higher moments of M,,. Building on [9], we
relate E [Mfﬂ to Es(n) — the probability that a LERW and an independent random walk do
not intersect up to leaving the ball of radius n. We show that there exists C' < oo such that

E [Mﬂ < C*k!(n? Es(n))*  (Theorem 5.6); (1.5)
E [M,) > Cn*Es(n) (Proposition 5.7). (1.6)

It is not surprising that the moments of M,, are related to Es(n). To begin with,

E [M,’f} = Y Pla,....z € L(S0,0u)}

21,..,2k€Bn

Furthemore, for a point z to be on L(S[0,0,]), it must be on the random walk path S[0, 0y,]
and not be on the loops that get erased. In order for this to occur, the random walk path after
z cannot intersect the loop-erasure of the random walk path up to z. Therefore, for z to be on
L(S[0,04]), a random walk and an independent LERW must not intersect in a neighborhood of
z. Generalizing this to k points, we get for each ¢ a contribution of Es(r;), where r; is chosen
small enough to give ‘near independence’ of events in the balls B, (z;). Propositions 5.2 and 5.5
make this approach precise. Summing over the C*n?* k-tuples of points in B,, and using facts
about Es(.) that we establish in Section 3.2 gives (1.5).
Combining (1.5) and (1.6) yields

E [Mﬂ < C*KIE [M,)" (Theorem 5.8),

from which Theorem 1.1 follows easily.

To establish (1.4), we prove a second moment bound for a specific conditioned random walk
and combine this with an iteration argument as follows. Let B, (z) be the ball of radius n
centered at x € Z? and R,, be the square {(x,y) € Z? : —n < x,y < n}. Fix a positive integer
k and consider L(S[0, oy,]). We first establish an upper bound for

P { My, < E[M,]}.

Let k' = k/v/2 (so that Ry, C Bgn). Let 7, be the restriction of L(S[0,0%,]) from 0 up
to the first exit of Rj,, j =0,...,k'. For j =0,...,k — 1, let z; € OR;y, be the point where
7; hits OR;, and Bj = By(x;). Finally, for j = 1,..., %, let N; be the number of steps of ~;
from x;_1 up to the first time it exits Bj_1. See Figure 3 in Section 6. We consider squares
instead of balls to take advantage of the symmetry of simple random walk on Z? with respect
to vertical and horizontal lines as mentioned above. Clearly,

k/
P {My, <E[M,]} <P ﬂ{NJ < E[M,]}
j=1
kl
< Hg}%}fjf’ {N; <E[Mp] | vj-1}- (1.7)
j=1
However, by the domain Markov property for LERW (Lemma 3.2), conditioned on vj—1, the
rest of the LERW curve is obtained by running a random walk conditioned to leave By, before



hitting ;1 and then erasing loops. For this reason, we will be interested in the number of
steps of the loop-erasure of a random walk started on the boundary of a square and conditioned
to leave some large ball before hitting a set contained in the square. Formally, we give the
following definition:

Definition 1.4 (See Figure 1). Suppose that the natural numbers m, n and N are such that
V2m +n < N, and that K is a subset of the square R,, = [-m,m]?. Suppose that x = (m,y),
ly| < m is any point on the right side of Ry, and let X be a random walk started at x, conditioned
to leave By before hitting K. Let a be L(X[0,0n]) from x up to its first exit time of the ball
B, (x). Then we let Mn{anx be the number of steps of a in Ap(z) = {z :n/4d < |z—z| <

3n/4,|arg(z — )| < 7/4}. Note that the condition /2m+n < N ensures that B,,(x) is contained
m By.

Figure 1: Setup for Definition 1.4

We look at the number of steps of the LERW in A, (z) rather than in B,(z) since the
expectations of these random variables are comparable, and it is convenient not to have to
worry about points that are close to x, K or 0B, (x). We are therefore interested in estimating

P{M}, v. <E[M,]}.

To do this, we first show that (up to a log term) E [MK

. Nx] is comparable to n? Es(n) and

therefore by (1.6), E [MK

m,n,N,x

} is comparable to E [M,] (Proposition 6.2). Next, we prove
that E [(MK

m,n,N,x

)2} is comparable to E [M K

2
mm’N,w] (again up to a log term — Proposition

6.3). By a standard second moment technique, this implies that there exist ¢ = ¢(n, N) > 0
and p = p(n, N) < 1 such that

P{M}E, N.<cE[ME, .} <p (1.8)
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Using the fact that E [M,] is comparable to E {MK’H,NA, we can then plug this into (1.7) to

m

conclude that there exists p = p(k) = 1 — c(log k)% such that
P (M < B [M,]} < p. (1.9)

Finally, to prove (1.4), one makes an appropriate choice of k and relates E [My,] to E [M,].
Although the logarithmic corrections in Propositions 6.2 and 6.3 mean that p in (1.8) depends
on n and N, and so p in (1.9) depends on k, this correction is small enough so that (1.9) still
gives a useful bound.

The paper is organized as follows. In Section 2 we fix notation and recall the basic properties
of random walks that will be needed. In Section 3, we give a precise definition of the LERW
and state some of its properties. Many of these properties were established in [9]. Indeed, this
paper uses similar techniques to those in [9] — most notably relating the growth exponent to
Es(n). It turns out that the latter quantity is often easier to analyze directly (see section 3.2).

Section 4 contains some technical lemmas involving estimates for Green’s functions for ran-
dom walks in various domains and for the conditioned random walks X in Definition 1.4. In
Section 5 we prove Theorem 1.1 using the approach described above. Finally, in Section 6, we
use the iteration outlined above to prove Theorem 1.2.

2 Definitions and background for random walks

2.1 Notation for random walks and Markov chains

Throughout the paper, when we say random walk, we will mean simple random walk on Z2.
We will denote a random walk starting at a point z € Z? by S*. When z = 0, we will omit the
superscript. If we have two random walks 5% and S starting at two different points z and w, we
assume that they are independent unless otherwise specified. We use similar notation for other
Markov chains on Z? (all our Markov chains are assumed to be time-homogeneous). When
there is no possibility of confusion, we will also use the following standard notation. Given an
event A that depends on a Markov chain X, we let P?(A) denote the probability of A given
that Xo = Z.

2.2 A note about constants

For the entirety of the paper, we will use the letters ¢ and C to denote positive constants that
will not depend on any variable but may change on each appearance. When we wish to fix a
constant, we will number it with a subscript, e.g. c¢p.
Given two positive functions f(n) and g(n), we write f(n) < g(n) if there exists C' < oo
such that for all n,
Cg(n) < f(n) < Cg(n).

We will say that two sequences of events {E,} and {F,} have the same probability “up to
constants” if P (F,) =< P (F,), and are independent “up to constants” if P (E,NF,) <
P (E,)P (F,). We will also use the obvious generalization for two sequences of random variables
to have the same distribution “up to constants” and to be independent “up to constants”.



2.3 Subsets of Z2

Given two points z,y € Z2, we write x ~ y if |z —y| = 1.

A sequence of points w = [wy, . ..,wy] C Z? is called a path if w;_1 ~w; for j =1,..., k. We
let |w| = & be the length of the path, ©) be the set of paths of length k, and © = |J;, ©), denote
the set of all finite paths. Also, if X is a Markov chain with transition probabilities p* (.,.) and

w € O we define
k

P W) =[] " i1, wi).
i=1
Thus, if X = S is a simple random walk, p°(w) = 47%. A set D C Z? is connected if for any pair
of points x,y € D, there exists a path w C D connecting x and ¥, and D is simply connected if
it is connected and all connected components of Z? \ D are infinite.
Given z € Z2, let
Bn(2) ={zx € Z*: |z — 2| <n}

be the ball of radius n centered at z in Z%. We will write B, for B,(0) and sometimes write
B(z;n) for By,(z). Also, let R,, denote the square {(z,y) € Z?: —n < x,y < n}.
The outer boundary of a set D C Z? is

0D = {x € Z*\ D : there exists y € D such that = ~ y},
and its inner boundary is
;D = {x € D : there exists y € Z?\ D such that z ~ y}.

We also write D = D U dD.
Given a Markov chain X on Z? and a set D C Z?, let

oy =min{j > 1: X; € Z*\ D}
be the first exit time of the set D, and
¢y =min{j > 1: X; € D}

be the first hitting time of the set D. We let ;X = Jgn and use a similar convention for &X.
If X is a random walk S starting at z € Z? then we let 0% and {7 be the exit and hitting
times for S%. If z = 0, we will omit the superscripts. We will also omit superscripts when it is
clear what process the stopping times refer to. For instance, we will write X |0, 0,,] instead of
X[0,0X].

2.4 Basic facts about random walks

For a Markov chain X and z,y € D C Z?, let

X
op—1

Gplx,y) =E" | Y X, =y}
=0

denote the Green’s function for X in D. We will sometimes write GX (z,y; D) for G (z,y).
We will write Gy (z,y) for G§ (z,y), and when X = S is a random walk, we will omit the
superscript S.



Recall that a function f defined on D C Z? is discrete harmonic on D if for all z € D,
1
Lf(2) = =)+ 7D flw)=0.
xr~z

For any two disjoint subsets K7 and K of Z?, it is easy to verify that the function
h(z) = P*{{k; <&k}

is discrete harmonic on Z? \ (K7 U K3). Furthermore, if we let X be a random walk conditioned
to hit K before K5 then X is a reversible Markov chain on Z?\ (K; U K3) with transition

probabilities

) = 1

Therefore, if w = [wp, .. .,wy] is a path in Z? \ (K; U K3), then

h(wg)
X _ |w]

w) = ——=47% 2.1
Using this fact, the following lemma follows readily.

Lemma 2.1. Suppose that X is a random walk conditioned to hit Ky before Ko, and let D be
such that D C Z2\ (K1 U K3). Then for any z,y € D,

Gg(l‘, y) = ZE:Z;GD(xa y)

In particular, G (z,7) = Gp(z, ).
Using a last-exit decomposition, one can also express h(x) in terms of Green’s functions:
Lemma 2.2. Let Ky, Ko C 72 be disjoint and x € Z? \ (K1 U K3). Then,
P {&k, <&k}

e (x,x;ZQ \ (K1 U K>
 G(r,2 22\ K)

) > PV <k, | & <& P PT{S(Ex) = v} -

y€0; K1
The following proposition was proved in [9] and will be used frequently in the paper.

Proposition 2.3. There exists ¢ > 0 such that for all n and all K C {z € Z* : Re(z) < 0},
u E} ‘ 0n<£K}ZC~

P {arg(S(an)) €l-7.7

We conclude this section with a list of standard potential theory results that will be used
throughout the paper, often without referring back to this proposition. The proofs of these
results can all be found in [7, Chapter 6].

Proposition 2.4.

1. Discrete Harnack Principle. Let U be a connected open subset of R?> and A a compact
subset of U. Then there exists a constant C(U, A) such that for all n and all positive
harmonic functions f on nU N Z?

flz) <CU,A)f(y)
for all z,y € nANZ2.



2. There exists ¢ > 0 such that for all n and all paths o connecting By, to Z2 \ Ba,,

P?{{y < oon} >c  forall z € By;
P*{&, <&} > ¢ forall z € OBy,.

3. If m < |z| < n, then
Inn —In|z| + O(m™1)
z —
PA&n < onb = Inn —Inm '
4. If z € By, then
. B In |z| 1
P? {& < on} = (1_lnn> [1+O<lnn>] :
5. If z € B, \ {0}, then
n
Gn(0,2) <In—.
k4
6.

G,(0,0) < Inn.

3 Loop-erased random walks

3.1 Definition

We now describe the loop-erasing procedure and define the loop-erased random walk. Given a

path A = [Ag, ..., A\ in Z2, let L()\) = [5\0, ..., A\n] denote its chronological loop-erasure. More
precisely, we let

so = sup{j : A(j) = A(0)},

and for ¢ > 0,
st = sup{j : AGj) = Alsi1 + 1)}
Let
n =inf{i: s; = m}.
Then

L) = [A(80), A(51), - - -, A(sn)].

One may obtain a different result if one performs the loop-erasing procedure backwards
instead of forwards. In other words, if we let A% = [\,,,..., A\g] be the time reversal of \, then
in general,

LE() := (L) £ L.

However, the following lemma shows that if A is distributed according to a Markov chain, then
Lf(\) has the same distribution as L(\). Recall that © denotes the set of all finite paths in Z?2.

Lemma 3.1 (Lawler [5]). There exists a bijection T : © — © such that
L) = L(TN).

Furthermore, TA and X visit the same edges in Z> in the same directions with the same multi-
plicities so that for any Markov chain X on Z2, p*X(T\) = p*(\).
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A fundamental fact about LERWs is the following “Domain Markov property.”

Lemma 3.2 (Domain Markov property [5]). Let D C A and w = |wp, w1, ...,wg] be a path in
D. LetY be a random walk started at wy conditioned to exit D before hitting w. Suppose that

W= wy...,wy] is such that

WO w = [Wo, .. Wy Why - - -, W]
is a path from wgy to OD. Then if we let o be the first k steps of L(S[0,0p]),
P {L(S[0,0p]) =wdw' |a=w} =P {L(Y[0,0p]) =w'}.

Suppose that [ is a positive integer and D is a proper subset of Z? with B; C D. Let
be the set of paths w = [0,w, . ..,wy] C Z? such that wj € By, j=1,...,k— 1 and w; € dB;.
Define the measure j; p on € to be the distribution on €2; obtained by restricting L(S[0, o p])
to the part of the path from 0 to the first exit of B;.

Two different sets D1 and Dy will produce different measures. However, the following

proposition [9] shows that as Z? \ Dy and Z? \ Dy get further away from By, the measures p p,
and 1 p, approach each other.

Proposition 3.3. There exists C' < 0o such that the following holds. Suppose that n > 4, Dy
and Dy are such that B,; C Dy and B,; C Dy, and that w € €;. Then

C ) '
logn = p,p,(w) logn
The previous proposition shows that for a fixed I, the sequence (1, (w) := .5, (w) is Cauchy.
Therefore, there exists a limiting measure p; such that

1—

lim pr,0(w) = pu(w).
n—oo

The p; are consistent and therefore there exists a measure p on mﬁnlte self-avoiding paths. We
call the associated process the infinite LERW and denote it by S. We denote the exit time of a
set D for § by op. An immediate corollary of the previous proposition and the definition of S
is the following.

Corollary 3.4. Suppose that By C D, and w € ;. Then,
p {3[0,@] - w} = .p(w).

The following result follows immediately from Corollary 3.4 and [9, Proposition 4.2].
Corollary 3.5. Suppose that By C D1 and By C D2, and let X be a random walk conditioned
to leave Dy before Dy. Let o be L([X[0,0p,]) from 0 up to its first exit of B;. Then for w € €,

P{la=w}=xP {g[O,El] :w}.

We conclude this section with a “separation lemma” for random walks and LERWSs. It states
the intuitive fact that, conditioned on the event that a random walk S and an independent
infinite LERW S do not intersect up to leaving B,,, the probability that they are further than
some fixed distance apart from each other on 9B, is bounded from below by p > 0.

Proposition 3.6 (Separation Lemma [9]). There exist c¢,p > 0 such that for all n the following
holds. Let S and S be independent and let

dy, = dist(S(o), S[0,5,]) A dist(S(Gn), S[0, on]).
Then,
P {dn > en \ S[L, 0] N 50,5, = (z)} > p. (3.1)



3.2 Escape probabilities for LERW

Definition 3.7. For a set D containing 0, we let Mp be the number of steps of L( [0,0p]) and
let M,, = Mp,. We also let MD be the number of steps of S’[O op| and Mn = MB

As described in the introduction, one of the goals of the paper is to relate the moments of
Mp and Mp to escape probabilities which we now define.

Definition 3.8. Let S and S’ be two independent random walks started at 0. For m < n, let

L(S'0,00]) =1 = [0,m1,...,0k], ko = max{j > 1 :n; € By} and 0mn(S) = [Mky,-- - Mk)-
Then we define

We also let Es(0) = 1.

Thus, Es(m, n) is the probability that a random walk from the origin to B,, and the terminal
part of an independent LERW from m to n do not intersect. Es(n) is the probability that a
random walk from the origin to 8Bn/\and the loop-erasure of an independent random walk from
the origin to dB,, do not intersect. Es(n) is the corresponding escape probability for an infinite
LERW from the origin to 0B,.

The following was proved in [9] — see Lemma 5.1, Propositions 5.2 and 5.3, and Theorem
5.6.

Theorem 3.9. There exists C' < oo such that the following holds.

1.
C~'Es(n) < Es(n) < CEs(n).

2. For all k > 1, there exists N = N(k) such that forn > N,
C7 34 < Es(n, kn) < CE™3/4,

8. Foralll <m <n,
C~'Es(n) < Es(m)Es(m,n) < CEs(n),

and
C~'Es(l,n) < Es(l,m) Es(m,n) < CEs(l,n).

We conclude this section with some easy consequences of this theorem.

Lemma 3.10. For all k > 1, there exists ¢(k) > 0 such that for alln =1,2,...,
Es(kn) > c¢(k) Es(n).
Proof. By Theorem 3.9 parts 2 and 3, there exists N (k) such that for n > N(k),
Es(kn) > c¢Es(n, kn) Es(n) > ck=%/*Es(n) = c(k) Es(n).

Since there are only finitely many n < N(k), the result holds. O
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Lemma 3.11. There exists C < oo such that for alll < m <mn,
Es(n) < CEs(m),

and
Es(l,n) < CEs(l,m).

Proof. Using Theorem 3.9 part 3 and the fact that Es(m,n) < 1, one obtains that
Es(n) < CEs(m)Es(m,n) < C Es(m),

and
Es(l,n) < CEs(l,m)Es(m,n) < CEs(l,m).

(3.2)

(3.3)

O

Lemma 3.12. For all € > 0, there exist C(e) < oo and N(g) such that for all N(e) < m <mn,

Cle)™ <11>-_3/4_E

n )—3/4+5
- .

< Es(m,n) < C(¢e) (—

m

Proof. Fix € > 0. Let C be the largest of the constants in the statements of Theorem 3.9 and

2/e

Lemma 3.11, and let j be any integer greater than C]’". By Theorem 3.9 part 2, there exists

N such that for all n > N,
O34 < Bs(n, jn) < C1j73/4.

We will show that the conclusion of the lemma holds with this choice of N.
Let m and n be such that N < m < n, and let k£ be the unique integer such that

. n .
m

It follows from Theorem 3.9 part 3 and Lemma 3.11 that

Es(m,n) < C Es(m, j*m)
k_l . .
< Oy ] Bs(itm, 5 m)
1=0
< Cl2k+1(j—3/4)k

< Ot (2

e (2 (2"

m

—3/4

This proves the upper bound with C(e) = C4 43/4. the lower bound is proved in exactly the

same fashion.

Lemma 3.13. For all e > 0, there exists C(e) < oo such that for all m < n,

m3/4e Es(m) < C(e)n® 4+ Es(n).

11
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Proof. Fix ¢ > 0. Applying Lemma 3.12, we get that there exist ¢ > 0 and N such that for all
N <m <n,
—3/4—¢
Es(m,n) > ¢ (ﬁ) :
m
Therefore, if N < m < n, then by Theorem 3.9 part 3,
n ) —3/4—¢

n®/4t¢ Bs(n) > en®/**¢ Es(m) Es(m, n) > cn®*t Es(m) (—

= cm®/*¢ Es(m).
m

Since there are only finitely many pairs (m,n) such that m < n < N, there exists C' such that
m3/4te Es(m) < Cn?/*t¢ Es(n) for all such pairs (m,n). Finally, if m < N < n, then since
m3/4te Es(m) < CN3/4¢ Es(N) and N34t Es(N) < Cn®/*t¢ Es(n), the result holds in this
case too. U

In Sections 5 and 6 we will have to handle various sums involving Es(n), and we will use the
following many times.

Corollary 3.14. Let v >0, 8 >0 and 1 + a—3v/4 > 0. Then there exists C < co (depending
on «, B, ) such that for all n,

n B
Zja (ln n> Es(5) < Cn® Es(n)?.
— j
j
Proof. Choose ¢ > 0 such that 1+« — 3y/4 — (8 + v)e > 0. Then using Lemma 3.13,

n n B n n B
Soge () sy = 3o () (s
j=1 J J=1 J
< C(n3/4+5 Es(n))W Zja—37/4—'ys(n/j)€5
j=1

ja73'y/47'y6768

1

< Cn3'y/4+87+sﬁ Es(n)'y

J

n

< Cn't*Es(n)?.

4 Green’s function estimates

Lemma 4.1. There exists C < oo such that the following holds. Let D C Z? be simply con-
nected, and for z € D, write dist(z, D) for the distance between z and D°. Let

D,, = {z € D : dist(z, D) < n}.

Then for any w € D,
Y Gp(w,z) < Cn®. (4.1)

z€Dy,
In particular, if dist(z, D¢) < n for all z € D, then for all w € D,

Z Gp(w,z) < Cn?.
zeD

12



Proof. Fix n > 1 and define stopping times (7}), (U;) as follows:
T; =min{i > 0:5; € D, },
Uj = min{i > Tj : |S; — S1;| > 2n},
Tj+1 = min{Uj <i<op:S;€ Dn} (4.2)

Here, as usual, we take Tj;1 = oo if the set in (4.2) is empty. On the event that T; < oo,
E°T [U; — Tj] < Cn?, and thus

_O'D—l
> Gp(w,z) =E" | Y 1{X; €Dy}
z€Dp, | J=1

<E" S~ T)
_‘]:1

< Cn?) PY{T; < oo} . (4.3)
j=1

Since D is simply connected, for each z € D,, there is a path in D¢ connecting B(z;n + 1) and
0B(z;2n). Therefore, by Proposition 2.4 part 2, there exists p > 0 such that for any z € D,,

| o {O’D < UB(z,Zn)} > p.

Consequently P¥ {Tj1 < 0o|T; < oo} < 1 —p, and so P¥ {Tj < oo} < (1 — p)?~L. Therefore,
summing the series in (4.3) yields (4.1). O

Lemma 4.2. There exist C' < oo and ¢ > 0 such that the following holds. Suppose that D is
simply connected, w € D and dist(w, D) = n.

1. For all z € B, /5(w),
P?{¢, <op} <CP*{&w <op Aop,,(w)}; (4.4)
2. For all z € Byp(w) and | < |z — w|,
P? {op < &)} = P*{op Aop,, ) < EByw) } - (4.5)

Proof. We can take w = 0 so that op, () = 02, and &g,y = & We begin with (4.4). Let
20 € 0By, 5 be such that

P* {{ <op} = JJnax P*{& <op}.

n/2

Then,
p* {fo < O'D} < p* {f() <op AN\ O'Qn} + P~o {O'Qn < O'D} I%%X PY {f() < O’D}
yE 2n
< p* {{0 < op N\ O'Qn} + P* {UQn < O’D}PZO {f@ < O'D} . (4.6)

However, because D is simply connected and dist(0, D) = n, there exists a path in D connect-
ing 0B, to 0Ba,. Therefore, by Proposition 2.4 part 2, there exists ¢ > 0 such that

P* {09, <op} <1—c.

13



Thus, inserting this in (4.6) yields
P* {& <op} < CP* {& < op Ao}
Hence if z is any point in 0B, /3, then
P*{¢ <op} <P*{{ <op} <CP*{{ < op Aoa} < CP*{& < op Aoan}, (4.7)

where the last inequality follows from the discrete Harnack inequality.
Now suppose that z is any point in B,, /5. Then using (4.7),

P {&{ <opt =P {&<ant+ Y PY{§ <op}P*{on < &;S(0n) =y}
YyEIBn,

<SP <o} +C > PY{& <opAoan} P {on < & S(on) =y}
yEIB,

SC|P{&G<on}+ Y PY{& <opAowm}P*{o, < &;S(on) =y}
y€EIBy,

:CPz{fO < UD/\O'Qn}.

This proves (4.4).
The proof of (4.5) is simpler. By Proposition 2.4 part 2,

PZ{O'D <§l} > PZ{UD <§ZA02n}+PZ{O'2n <€l/\O'D} é%gl Py{O'D <§n}
Y 2n

> P {op <§ Ao} + P {o <& ANop}
ZC(PZ{O'D <§l/\02n}—|—Pz{02n <§l/\UD})
:CPZ{UD/\JQn <§l}.

O

Lemma 4.3. There exists C < oo such that the following holds. Suppose D C 72 is simply
connected, w € D and dist(w, D) = n. Then for any z € B, j5(w),

Gp (’UJ, Z) < CGBQn(w)ﬁD(w7 Z)‘ (48)
Proof. This follows immediately from Lemma 4.2 and the fact that
Gp(w,z) = P*{&, <op} P {op <&},

and
4 w -1
Gy (wynp(w, 2) = P*{&, < op Nop,, ()} P {0D A opy,w) < Ew) -
O
Given D C Z% let Dy = {2 € D : Re(z) > 0} and D_ = {z € D : Re(z) < 0}. If
z = (21,22) € Z?, then we let Z = (—21, 22) be the reflection of z with respect to the y-axis ¢,
and D = {Z : z € D} be the reflection of the set D.

Lemma 4.4. Suppose that K C D C Z? are such that Dy C D_ and Ky C K_. Then for all
zeD_,

PZ{UD<§K}§P2{UD <5K}

14



Figure 2: The setup for Lemma 4.4.

Proof. The proof uses a simple reflection argument. For a random walk started at z € D_ to
escape D before hitting K, either it escapes D before hitting K while staying to the left of £ or
it hits ¢ before hitting K and then escapes D before hitting K. In the first case, the reflected
random walk path will be a random path starting at z, escaping D before hitting K. In the
second case, the reflection of the path up to the first time it hits ¢ will avoid K and hit £ at the
same point. By the Markov property, the distribution of the paths after this point will be the
same.

More precisely, using the fact that the reflection of a simple random walk across £ is again
a simple random walk, it follows that for z € D_,

PZ{UD <§K} :PZ{Uﬁ<fF}.

However, since D C D_ and Ky C K_,

P {05 <tx}= > P"{op <&} P {on, <& AtuS(opy) =)
x€0D

+> P {op < &} P& < G N op, i S(&) = )

yel
<P*{op, <&k, N&}
+Y PY{op < &k} P7{& < &k, Nop,;S(&) =y}

yel
= PE{O'D < fK}

15



Corollary 4.5. There exists C < oo such that the following holds. Suppose that m, n, N, K
and x are as in Definition 1.4. Then for all z € Ay (z),

max PY{oy <&rx} < CP*{on <&k}.
weIB,, /5(x)

Proof. We apply Lemma 4.4 with ¢ = {(m, k) : k € Z} replacing the y-axis to conclude that

PY < = Pv < .
welipx Pon <&x) = max PU{on <&k}
Re(w)>m

If x = (m, z2), let
Dy (z) = {(w1,ws) € Z? : n/16 < wy —m < n/8, |wy — x2| < n/8).
Then by applying Lemma 4.4 again, this time with ¢ = {(m +n/16,k) : k € Z},

Pv < = Pv < )
e 5%32 @ {on <&k} plhax {on <&k}
Re(w)>m

However, by the discrete Harnack inequality, there exists C' < oo such that for all z € A, (z)
and all w € D, (x),
Pw{UN < {K} < CPZ{UN > §K}

O

Lemma 4.6. There exists C' < oo such that the following holds. Suppose that m, n, N, K, x
and X are as in Definition 1.4. Then for any z € Ap(z),

N
C' <GX(z,2) < Cln—.

n
Proof. By Lemma 2.1,
P*{on <&k}
G (x,2) =G T, 2)———————
P?{{, <on Nk} P*{on <&k}
=G 2,z . 4.9
To begin with,
Inn < Gp, )(2,2) < Gpy\k(2,2) < Gpyy(x)(2,2) <InN. (4.10)

Next,

Px{fz <UN/\§K}

= > PY{L <onNEk}PT {S(ﬁBn/g(z)) =i &B, 5(z) <ON A SK} -
yeaiBn/S(Z)

Furthermore, for any y € 9;B,,/3(2),

In(N
P (6 < oy ) <PV {E <oy} < 00
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and

C
PY{€, < on AEx} > PV {@ < aBn/4(z)} > =
Thus,
C < P {fz < O’N/\gK} < Cln(N/n). (4.11)

Inn — Pz {an/g(z) < UN/\fK} - In N

Next, on the one hand,

P’ {oy <&k} > Z PY{oy <{kx}P” {5(§Bn/8(z)) =8B, 5(x) <ONA §K} .
yeaiBn/8(z)
By the discrete Harnack inequality, there exists C' such that for any y € 9;B,, 3(2),
PZ{O'N < fK} < CPy{O'N < fK}

Therefore,
P {on <&k} >cP*{on <{kx}P” {ﬁBn/s(z) <on A SK} '
On the other hand,

Px{O'N<§K}: Z Pw{O'N<§K}Pﬂ7 {S(UBn/s(I)):w;UBn/s(ff) <€K}
weIB,, /z(z)

By Corollary 4.5 for any w € 0B, /3(),
Pw{O'N <€K} < CPZ{O'N < fK}

Therefore,
P* {O’N < f}(} < CcP? {JN < {K}Px {UBn/s(l‘) < fK} .

Finally, by Proposition 2.3,

P* {JBH/S(JE) < £K} < CP* {UBn/s(w) <&k arg(S(aBn/S(w)) — .TU)‘ < %}
< CP*{¢p, () < on Nk}

Thus,
P {ony <&k} <P*{ony <&k} P” {an/g(Z) < OoN /\fK} . (4.12)
The result then follows by combining (4.9), (4.10), (4.11) and (4.12).

5 Exponential moments for Mp and M, D

To reduce the size of our expressions, we use the following notation. For this section only, we
will use the symbol 1 to denote the disjoint intersection relation. Thus, if K and K» are two
subsets of Z2, we will write K1f\K5 to mean K1 N Ky = .

Definition 5.1. Suppose that z, z1, ..., 2, are distinct points in a domain D C 72, and X
is a Markov chain on Z* with P {01)3( < oo} = 1. Then we let Egg be the event that
L(X*[0,0p]) visits z1, 22, ...,z in order.

oo %k
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Proposition 5.2. Suppose that zg, 21, . . ., 2, are distinct points in a domain D C Z?, and X is a
Markov chain on Z? with P {Ug < oo} = 1. Define zp11 to be 9D and fori=0,...,k, let X"
be independent versions of X started at z; and Y be X' conditioned on the event {£Xi < ag"}.

. ‘ Zit1
Let 7 = max{l < a%l 2Y) = ziq1}. Then,

k k k
P (Eig,...,zk) = H Gg(zi—h zi)P m L(Yiil[ov Tiil])m U Yj[l, Tj]
i=1 i=1 j=i
Proof. We will write the exit times O'gj as afj and the hitting times §§fj as §g, 1,7 =0,...,k.

For i, =0,...,k, we also let

Ti _ max{l SU%:Xf:zi} if £Zj~i<ajD;

! ol if o, <&

Fort:=0,....k—1, let ‘ ‘ '
F,={T}, <...<Tj <op},

and for i =0,...,k— 2, let

k
Gi= () {LX'Z}_ TPX (T}, op]}-

j=i+2
Then by the definition of the loop-erasing procedure,
P (EX  .) =P {F;LX°0,TYIAX(T}, 0p]; Go} - (5.1)

Conditioned on {TY < 0%}, X°[1,T7] and X°[T},cY)] are independent. X°[1,7}] has the
same distribution as Y°[0, 7% and X°[T?,0%] has the same distribution as X! conditioned to
leave D before returning to z;.

The event {T? < 0%} is the same as {¢) < 0% }. Therefore,

P(EX )
=P {&) <o)} P {F; LY°[0, 7" )AX ' [1,0p); LIX' 0, e NAX (T3, 0p); G1 | op < &1}
_P{g <d)}
P {0}, <¢&i}
=G (20, 21)

x P {F; LYP[0, 7N (X1, Ty ] U X (Ty, op]) s (X [0, L DAX N (Ty, o] Gr } -

P {F; L(Y°10, 7'DAX 1, op]; L(X [0, TR)AX (T3, op]; Gi }

By repeating the previous argument k — 1 times with X' through X*~1, one obtains the desired
result. O

Suppose now that D’ C D and let 3 be L(X*[0,0p]) from 2o up to the first exit time of D’.
It is possible to generalize the previous formula to the probability that § hits z1, ..., z; in order.
However, we will only require this for the case where k£ = 1 and therefore to avoid introducing
any new notation, we will only state the result in this case.
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Lemma 5.3. Suppose that D' C D, z and w are distinct points in D', and X is a Markov chain
started at w. Suppose further that P* {op < oo} = 1. Let Y be X conditioned to hit z before
leaving D and let T be the last time that Y wisits z before leaving D. Then if 3 is L(X][0,0p])
from w up to the first exit time of D',

P {z € B} = G} (w, 2)P {L(Y[0,7))X*[1,0p]; L(Y[0,7]) C D'}.
Proof. As in the proof of Proposition 5.2, let

T _{ max{l < oy : X; =z} if &£ <o
=

oy if o8 < ¢X.
Then,
P {2 € 8} =P {T. < op; L(X[0,T.))NX[T. + 1,0p]; L(X[0,T.]) C D'}.
The proof is then identical to that of Proposition 5.2. O
Definition 5.4. Suppose that zg, 21, . . ., 2z, are any points (not necessarily distinct) in a domain

D CZ? and let z = (20, ..., 2;). Then we define zpyq to be D, let d(z;) = dist(z;, D), and let

ri =d(zi) Az — zica| Az — 2| i=1,2,.. k.
In addition, if w is an element of the symmetric group Sy on {1,...,k}, then we let 7(0) = 0
and 7(z) = (20, Zr(1)s - - - » Zr(k))-

Proposition 5.5. There exists C < oo such that the following holds. Suppose that either

1. 20,21,...,2 are any points in a domain D C Z? and X is a random walk S started at z,
or
2. m,n, N, K, x and X are as in Definition 1.4, zo = z, D = By and z1,...,2z, are in
Ap(z).
Then, letting z = (29, ...,2,) and r? be as in Definition 5.4,
k
P{z1,....z € LX[0,0p)} < CF 3 T[] GF (2nirys 2n(i) Es (ngj))) . (5.2)
TEGy i=1

Proof. The proofs of the two cases are almost identical and we will prove them both at the
same time.
Suppose first that 2y, ..., z; are distinct. Recall the definition of Egg% from Definition
5.1. Then,
P{z,...,z € L(X[0,0p))} = ) E5

20,27 (1) %7 (k)
TESE

Therefore, if we let Y?,...,Y* be as in Proposition 5.2, then it suffices to show that

k

k k
P SLO o, w DAY, 1 | <CFI]Es (7).
j=i i=1

i=1
Fori=1,...,k, let B; = B(z;r?/4). Then,

k

k k
P (<L o~ Dl Y[, ] <P<ﬂ{L(Yi—l[o,Ti—l])myi[mi]}).

i=1 j=i



Let T : © — © be the bijection given in Lemma 3.1. For all A € ©, pX (T(\)) = pX(\) and
T\ visits the same points as A. Thus,

k k
P (ﬂ {L(Yi—l[o,fi—l])myiu,Ti]}) =P <ﬂ {L(ToYi_l[O,Ti_l])m(ToYi[l,Ti])})

k
—P <ﬂ {L(Y“[o,Ti1]R)myi[1,7i]}> .

For i =1,...,k, let 3° be the restriction of L(Y 1[0, 7/~!]%) from z; to the first exit of B;.

Then,

k k

P (ﬂ {L(Yi—l[o,Ti—l]R)myiu,Ti]}) <P (ﬂ {gimyiu,a&]}) .

=1 =1
Furthermore, by the domain Markov property (Lemma 3.2), conditioned on 3° = [3},..., 3%,
Y10, 7071 is, in case 1 a random walk started at z;_; and conditioned to hit 3%, before
OD U {B},..., 3, 1} and in case 2 a random walk started at z;_; and conditioned to hit 3¢,
before K UADU{B}, ..., B 1}. In either case, by the Harnack principle, Y*~1[0, 05, ,] and 3
are independent “up to constants” and thus

k k
P (ﬂ {6"in[1703¢]}> <c*[[P{snyiiL,on)}.
i=1 i=1

By another application of the Harnack principle, Y?[0,0p,] has the same distribution up to
constants as a random walk started at z; and stopped at its first exit of B;. Furthermore, by
Corollary 3.4, #° has the same distribution up to constants as an infinite LERW started at z;
and stopped at the first exit of B;. Therefore, fori =1,...,k,

P {iY'[1,05]} < CEs(r?/4).

Finally, by Theorem 3.9 part 1 and Lemma 3.10, ﬁ(rf/ll) < CEs(r?).
Suppose now that zg,...,z; are any points in D. Let

k
p(z) = [[ GB(zi-1,20) Es (r7) .

i=1

We will establish (5.2) by induction on k. We have already proved that (5.2) holds for & = 1.
Now suppose that (5.2) holds for & — 1 and suppose that zo, ...,z are not distinct. Since (5.2)
involves a sum over all possible permutations of the entries of z, we may assume without loss
of generality that z; = z;41 for some j. Let zY be z with the jth entry deleted, and indexed

by {0,...,k}\ {j} (so that z; = zi(j) for all ¢ # j). Then since riz(j) =rZforalli#j,i#j+1,

. N —1
() = p(a9) - G (25, 25) Bs (75) Bs (2, Bs (1£0)

Since z; = zj+1, 7§ = r%,; = 0 and therefore, Es(r¥) = Es(r?,;) = 1. Also, GX(zj,2) > 1.
Therefore, p(z) > p(z1)).

Now let &4 be the symmetric group on the set A = {1,...,k} \ {j}. Then there is an
obvious bijection between &4 and

B={recGp:mt(j+1)=7n"0)+1}
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Therefore, by our induction hypothesis,

P{z,....,z € L(X[0,0p])} < C* 3 pla(zV))

€Sy

<C* Y pr(aY))

€Sy

< CF S plr(2)

TeB

<Y pr(a)).

TEGSk
]

Theorem 5.6. There exists C' < oo such that the following holds. Suppose that D is a simply
connected subset of Z? containing 0, and D' C D is such that for all z € D', dist(z, D) < n.
Then for all k=1,2,...,

E [MJ’B;L(S[O,JD]) C D’} < C*El(n? Es(n))*.
In particular, if D is simply connected, contains 0 and for all z € D, dist(z, D¢) < n then
E (M) < CoRi(n2 Bs(n)).

Proof. Let & denote the symmetric group on k elements and recall the definition of r? given
in Definition 5.4 (here z9 = 0). Then by Proposition 5.5,

k
E [Mb:L(S[0,0p])) € D'| = E (Z 1z € L(S[0, op)); L(S[0, 0p]) C D'}>
zeD

=> .. ) P{a, ...,z € L(S[0,0p]); L(S[0,0p]) C D'}

z1€D zk€D

<Y 0> P{a,..., oz €L(S[0,0p))}

k
< Cck Z Z Z HGD(ZW(,‘_H,Zw(i))ES(r:Ef)))

€S z1€D’ zreD’ i=1

k
= Ckk' Z v Z HGD(Zi—la Zz) ES(TiZ).
z1€D’ zpeD’ i=1
Therefore, it suffices to show that

k
Y ) TIGn(zie,20) Es(r) < CF(n® Es(n))*. (5.3)
z1€D’ zr€D’ i=1

Let f; = Gp(zi—1,2) Es(r?) and Fj = ngl fi- Then if d(z) = dist(z, D°),

k
H GD(Zi—h Zi) ES(TZ-Z) = Fk—lGD(Zk—h Zk) (ES(|Zk — Zk—l‘ A d(zk))) . (54)
=1
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Then since only the terms fi and fx_1 involve zx, and Es(a A b) < Es(a) 4+ Es(b), we have

k
Z Z HGD(Zi—laZi)ES(TiZ)

z1€D! zr€D’ i=1

< Z Z Fi_2Gp(2k—2, 2k-1)

z1€D’ zp_1€D’

X Z Gp(zr—1,2k) (Es(|zr—1 — 2zp—2| A d(zk—1)) + Es(|zx—1 — 2x|))
2z €D’

x (Es(|z — zi—1]) + Es(d(zx))).

Multiplying out the final terms in the expression above, we need to bound the following sums:

S1 = Es(|zk-1 — zh—2 Ad(z1-1)) Y Gp(2k-1, 2) Es(|2k-1 — zx]), (5.5)
Sy = Es(|2k_1 — 22| Ad(2k1)) i Gp(2k1,2k) Bs(d(z1)), (5.6)
S3=>_ Gpl(zr-1,2) Bs(|zk—1 — Z\)z, (5.7)
Sy = i Gp(2k-1, 2) Bs(|2k_1 — z]) Bs(d(z))- (5.8)

Since 2ab < a® + b? we can bound Sy by

Sy < 53+ Z Gp(zk-1,2k) Es(d(zx))? = S5+ Ss. (5.9)

Kk

We first consider S3. Let Dy = D N B, j5(2;—1) and Dy = D"\ Dy. Then

< Y Gola-1,20) Bs(lzk — 2> + D Gplze-1,2) Bs(z1 — 2))%.

2k €D 2Kk E€D2

Since d(zp_1) < n, then by Lemma 4.3, for all z; € Dy,

2n
< C2) S CIn [ ).

So,

Z Gp(zr_1,2k) Bs(|zp_1 — 2x|)? Z ln(’Zk 1_w|>ES(|Zk—IZkD2

ZkGDl ZkGDl

<0 Y () Bl - al)

2, €Ban(z—1) |Zk_1 B Zk|
2n m
<03 jm <) Es(j)?
- J
7=1

< Cn?Es(n)?,
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where the last inequality is justified by Corollary 3.14. Furthermore, for z; € Do, Es(|zx_1 —
2e])? < CEs(n)?. Therefore by Lemma 4.1,

Z Gp(2zr_1,2k) Bs(|zp—1 — 2zx|)? < C Es(n)? Z Gp(zp—1,2) < Cn?Es(n)?.
2k E€D2 zr€D’

Therefore, S3 < Cn?Es(n)?. Similarly we obtain
S; < CEs(|zp_1 — 2k_a| Ad(zx_1))n* Es(n). (5.10)

Let Dj = {2z € D :d(z) < j} be as in Lemma 4.1. Then by first applying Lemma 4.1 and
then Lemma 3.13,

[logy n]

S5 < Z Z Gp(zh-1,21) Es(d(zx))?

7=0 ZkGDQj \D2j,1

[logy n]
<C > Es(2) ) Gplze-1.)
j=0 2, €D, \Dyj—1
[logy ]
< Y Es(2)? Y Golzre1, )
7=0 2R €D, ;
[logy n]
<C Y 2YEs(2)
j=0
[logs ]
<C Z ((2;')3/4+a ES(2j))2(2j)1/2—2a
7=0
[logy n]
< C(n3/4+s Es(n))2 Z (2j)1/2—25
j=1
< Cn?Es(n)?.
A similar calculation gives
Sy < CEs(|zp_1 — 2k_a| Ad(zx_1))n* Es(n). (5.11)

Combining these bounds gives

k
Z Z HGD(Zifl,Zi)ES(Tz‘Z)

21€D'  zReD i=1

<Cn?Bs(n) 3 ... Y Fk,QGD(zk,Q,zk,1)<Es(\zk,1 —zk,gl/\d(zk,l))—&—Es(n))
z1€D’ zp_1€D’

<Cn’Es(n) 3 ... Y Fk_gG(zk_Q,zk_1)<Es(|zk_1—zk_2|/\d(zk_1))).

z1€D’ zp—1€D’

Since this is of the same form as (5.4), except with only & — 1 terms, iterating this argument
gives (5.3). O
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Proposition 5.7. There exists ¢ > 0 such that for all n and all simply connected D O By,
E [Mp] > en?Es(n).

Proof. By Lemma 3.13, n? Es(n) is increasing (up to a constant). Therefore, we may assume
that n is the largest integer such that B, C D. Let A, = {z : n/4 <|z| < 3n/4,|arg z| < 7/4}
be as in Definition 1.4. Then since there are on the order of n? points in A, it suffices to show
that for all z € A,

P {z € L(S[0,0p])} > cEs(n). (5.12)

By Proposition 5.2,
P {z € L(S[0,0p])} = Gp(0,2)P {L(Y[0,7]) N S*[1,0p] = 0} (5.13)

where Y is a random walk started at 0 conditioned to hit z before leaving D and 7 = max{k <
op : Y = z}. By Lemma 3.1, L(Y[0, 7]) has the same distribution as L(Y [0, 7]f). Furthermore,
if we let Z be a random walk started at z conditioned to hit 0 before leaving D, then Y0, 7]%
has the same distribution as Z[0, ). Therefore,

P {L(Y[0,7]) N S*[1,0p] = 0} = P {L(Z[0,&]) N S*[1,0p] =0} .
Furthermore,
Gp(0,2) > G,(0,2) > c.
Therefore, in order to show (5.12), it is sufficient to prove that
P {L(Z[0,&)]) N S?*[1,0p] = 0} > cEs(n). (5.14)
Let B = B(z;n/8), and let 3 be the restriction of L(Z[0,&]) from z up to the first time it
leaves the ball B. Then,
P {L(Z[0,&]) N S*[1,0p] = 0}
=P {L(Z[0,&%]) N S*[L,op] =0 | BN S*[1,08] =0} P{BNS*[1,08] =0}.

By Corollary 3.4, 3 has the same distribution “up to constants” as an infinite LERW started
at z and stopped at the first exit of B. Therefore, by Theorem 3.9 part 1 and Lemma 3.11,

P {8NS*[1,05] = 0} > cEs(n/8) > cEs(n/8) > cEs(n).

By the domain Markov property (Lemma 3.2), if we condition on [, the rest of L(Z]0, &]) is
obtained by running a random walk conditioned to hit 0 before U dB,, and then loop-erasing.
Therefore, by the separation lemma (Proposition 3.6) and Proposition 2.3, there is a probability
greater than ¢ > 0 that this conditioned random walk reaches 0B, /16 without hitting S*[1, oy
or leaving By, /3.

Therefore, it remains to show that for all v € 9B, /16,

P’ {50 < 0B, | &0 < UD} > c, (5.15)

and for all w € 0B,
P {op < &p,,, | > e (5.16)

By Lemma 4.2,

P"{& <op} < CP"{§ < oo},
and

Pv {UD < §7n/8} > cPv {UQn < f?n/s} .

By Proposition 2.4 these imply (5.15) and (5.16), O
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Theorem 5.8. There exist Cy,Cy < 0o and cg,c1 > 0 such that the following holds. Suppose
that D is a simply connected subset of Z? containing 0, and D' C D is such that for all z € D',
dist(z, D) < n.

1. Forallk=1,2,...,
E [Mg;L(S[o,aD]) c D’} < (Co)*kI(E [M,))F. (5.17)

2. There exists cog > 0 such that

E [eCOMD/E[Mn}; L(S[0,0p]) C D’} <2. (5.18)
3. For all A >0,
P {Mp > \E [M,];L(S[0,0p]) C D'} < 2e~*. (5.19)
4. For alln and all A > 0,
P {ﬁn > AE [ﬁn}} < Cremo, (5.20)

In particular, if D is a simply connected set containing 0 and for all z € D, dist(z, D) < n,
then one can omit the event {L(S[0,0p]) C D'} in (5.17), (5.18) and (5.19).

Proof. The first part follows immediately from Propositions 5.6 and 5.7.
To prove the second part, let ¢ = 1/(2Cp). Then,

E [eCOMD/E[Mnl; L L(S[0,0p]) C D’} - i (

co)*B [Mp;; L(S[0,0p]) € D] _ i2—k .y
k=0 k=0

KIE [M,)"

The third part is then immediate by Markov’s inequality.
To prove the last part, we first note that by Corollary 3.4,

P {M, > \E [M\n]} < CP {My, > \E [1\74 b

By Proposition 6.2 (even though it appears later in this paper, its proof does not rely on this
theorem), E []/W\n} < Cn?Es(n). Using Lemma 3.13 and Proposition 5.7, this implies that

E []/\4\”} < CE [My,], and therefore

p {M4n > AE {J\//.Tn} } < OP { My, > cAE [Myy]} < Ceme0N = Cye=1?,

6 Estimating the lower tail of M) and M, D

Lemma 6.1. There exists ¢ > 0 such that the following holds. Suppose that m, n, N, K, z, X
and « are as in Definition 1.4. Then for any z € A,(x),

P{zca}>c (m Z) _3Es(n).
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Proof. By Lemma 5.3, if Y is a random walk started at = conditioned to hit z before hitting K
or leaving By, and 7 is the last visit of z before leaving By, then

P {z €a}=GX(z,2)P {LY[0,7]) N X*[1,0n] = 0:; L(Y]0,7]) C Bn(x)}.

By Lemma 4.6, GX-(, 2) > c. Therefore, if we imitate the proof of Proposition 5.7 up to (5.15),
it is sufficient to prove that for all v € 9B(x;n/16), |arg(v — x)| < 7/3,

N -2
pY {fx < OB(x;n/8) ‘ §o <&k N UN} >c <1n n) ) (6.1)

and for all w € 0B, (z), |arg(w — x)| < /3,

N -1
PY {UN < EB(x;?n/S) ‘ on < fK} >c <ln n> . (6.2)

We first establish (6.1).

Pv {5;17 < OB(zn/8) N SK}
P {{, < & Non

p” {gx < OB(zn/8) ‘ S <&k A UN} =

Let K/ = K U{z}. By Lemma 2.2,

G(v,v; Bz;n/8) \ K') P* {& < &k’ N Op(nss) )

P? {foc < 0B(zn/8) N §K} = G(U, v; 72 \ {.’L‘}) P {fv < fx} )
d
b PY (¢, < €5 Aoy} = SV BN AK) PP G, < G A ow)
TSI T G v\ () PTG <&}
Therefore,

PY {& < 0pamss) | & <Ex Non}
_ G(v,v;B(a;n/8) \ K') P* {8 <&k NoBEmns) )
G(v,v; By \ K') P {{ <&x' Non}

Since |v — z| = n/16,
G(v,v; B(x;n/8) \ K') > G(v,v; B(v;n/16)) > clnn.

Also,
G(v,v; By \ K') < G(v,v; B(v;2N)) < CIn N.

Therefore,

G(v,v; B(z;n/8) \ K') Inn N\
> > — .
G(v,v; By \ K') “mN =€ n

To prove (6.1) it therefore suffices to show that

N
P*{{ <& Aoy} <Cln ng {& < &k NoBms) ) -
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Indeed,

P {é‘v < SK’ /\UN}
=P {&J <Exr A UB(x;n/S)}

+ Y PY{E <& Ao} P {S(0B@m/s) = Y OBGms) < Skt Ao}
y€IB(x;n/8)

<P {& < E&x' A OB(anss) )

+ Z PY {& < 0pwan) } PT{S(0Bwn/8)) = Ui 0Bwm/s) < &k} -
y€OB(x;n/8)

For all y € 0B(x;n/8), |y — v| > n/16, and thus,

In(N/n)
InN

PY{& < opuan} < C
Therefore,

In(N/n)
In N

p* {gv <Ex' N UN} <P {gv <&k A UB(x;n/S)} +C P* {UB(m;n/S) < é.K’} .

However, by Proposition 2.3,
P {op@nss) <&k} <P {op@n6) <&k}
< CP” {UB(m;n/IG) < &xr; |arg(S(0B(am/ie) — )| <
< ClnnP*{¢, < OB(win/8) N\ Exr )

)

N

Thus,

N/n)Inn

In
P*{& <&k Non} < <1 +C ( In N ) p* {fv <&k /\UB(J:;n/S)}

N
<(Cln ng {£U < Exr A UB(w;n/S)} .
We now prove (6.2).

pv {UN < SK A gB(x;7n/8)}
Pv{on <&k} '

PV {on < Ep(ummys) | on <&k} =

Let yo € 0By, (z) be such that

Yo — Y
P {O’N < fK} yeglgf(m)P {UN < fK}

Then,

pPYo {UN < fK}
=Pp¥ {UN < fK A gB(z;’?n/S)}

+ Z p* {UN < gK} p¥ {S(gB(zﬂn/S)) = Uu; gB(x;’?n/S) <&k A UN}
u€d; B(x;7n/8)

<P {on <&k NEp@immss) } +PY {on < EkIPY {€punss) <€k Aon}
<PY {on <€k NEpaymys) } + PP {on < Ex} P {€pwmnys) < OBz } -
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However, by Proposition 2.4,

c

pvo {gB(xﬂn/S) < UB(JC;QN)} < 1= W’

and therefore N
PP {on <&k} <Cln zPyO {O‘N <&éx N EB(;U;?n/S)} .

This establishes (6.2) for the special case where w = yo. However, we can apply Lemma 4.4
twice, as in Corollary 4.5 to conclude that

P {on < &k NEpastn/s) b > ¢ hax PY {on <&k NEB(ainss) ) -

Therefore,

pPv {UN <Ex N fB(a:;7n/8)} > chO {UN <&k A 53(5‘;7"/8)} >c <ln N> -
Polov<éxt 0 Pilon<b) |

Proposition 6.2.
1. There exists C < oo such that for any m, n, N, K and x as in Definition 1.4,

-3
c! (ln N> n*Es(n) < B [an(nNz] <C <ln N) n?Es(n).

E[M,] = E [1\7”} = n2Es(n).
Proof. We first prove part 1. Let a be as in Definition 1.4. Then by Lemma 6.1,
K N\’ N\’ 2
E = — - )
(M3 N Z P{zea}> Z c <ln n> Es(n) > ¢ (ln n) n* Es(n)
2EAR(x) z€EAR(T)
To prove the other direction note that by Proposition 5.5, with k = 1, for any z € «,
P{z€a} <P{zeL(X[0,0n])} < CGX(x,2)Es(n).
By Lemma 4.6, GX(z,2) < C'In(N/n) and therefore
E [MK N = Z P{zea} <C <lnN> n?Es(n).
m,n,N,z = n
2€AR(x)

We now prove part 2. The fact that E [M,] < n? Es(n) follows immediately from Proposi-
tions 5.6 and 5.7. .
In order to show that E [Mn} = n?Es(n), let 8 be L(S[0,04y,]) from 0 up to its first exit of

the ball B,,. By Corollary 3.4, § has the same distribution up to constants as S [0,5,] and thus

it suffices to show that
Z P {z € 8} < n?Es(n).
ZeBn
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To begin with,
Y P{zepr< Y P{zeL(S[0,04])} < n’Es(4n).

ZEBn Z€B4n

By Lemma 3.11, the latter is less than a constant times n? Es(n).
To prove the other direction, the number of steps of 3 is strictly larger than MnKm N,z Where
m =0, N=4n, x =0 and K = (). Therefore, by part 1 and Lemma 3.10,

Z P{zep} >E { .0.4n 0] > en? Es(4n) > en® Es(n).
2€B,
0

Proposition 6.3. There exists C' < oo such that if m, n, N, K and x are as in Definition 1.4,

N 2
E[(M5, o) <C (m n) nt Es(n)?.

Proof. Let « be as in Definition 1.4. Then, by Proposition 5.5,
2

E [(Mrlrf,n,N,z)Q] =E Z ]l{zea}
2€AR(x)

= Z P (z,w € a)
2, wEAR ()
<C ), GN(@,2)GR(zw) Bs(r:) Bs(ru)
z2,WEAR ()
where 7, = dist(z,0BN) A |z — 2| A |z — w| and 7, = dist(z,0Bn) A |z — w|. However, since z
and w are in A,(z), r, and r, are comparable to |z — w|. Therefore, by Lemmas 4.6 and 3.10
and the fact that

PY{on <&k} ON
- _UNSSKS - 0@ <Cl1
P oy < ) = C 0B (5 w) < Ol

G%(sz) = GBN\K(va)

N 2N
E [(ME 21 < COln— 1 Es(|z — w|)?
[( m,n,N,x) ] = C'ln 7 GZA:( : n S(’Z w’)

<C’1n— Z Z

zeA (z) weBn (2

<Cln— Z Zkln—Es

" oA, (z) k=1
<C’ln—n Zkln—Es )MiklnﬁEs(k)? .
k=1 n

By Corollary 3.14, both of the sums above are bounded by C In(N/n)n?Es(n)? which finishes
the proof.

O
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Corollary 6.4. There exist C' < co and co,c3 > 0 such that if m, n, N, K and x are as in
Definition 1.4,

1.

2

8
E [(Mn{f,n,N,x)Q] < C (hl ]T\Zf> E [(Mrlrf,n,N,x)]

_3 _s
b bl b n n

Proof. The first part follows immediately from Propositions 6.2 and 6.3.
To prove the second part, by a standard second moment result (see for example [7, Lemma
12.6.1], for any 0 < 7 < 1,

a-me M, )

K K -
P {Mm,n,N,x <rE [Mm,n,N:f]} <1 B [(Mrlrin,N,x)z}

Letting » = 1/2 and using part 1, one obtains that

K 1 K N -
PoMpne < 5B [Mpunae] g <l—cs(In—)

Finally, by Proposition 6.2 again,

N _3
E[ME, na] >c (111 n) E [M,].
O

Lemma 6.5. For all ¢ > 0, there exists C(g) < oo and N(g) < oo such that for all n > N (¢)
and k > 1,
E [My,) < C(e)k**°E [M,],

and . -
E [M,m} < C(e)kP/4+E [Mn} .
Remark It is possible to take € = 0 in the inequality above, but in that case N has to depend

on k.

Proof. The second statement follows immediately from the first by Proposition 6.2.
By Proposition 6.2 and Theorem 3.9 part 3,

E [My,] < C(kn)*Es(kn) < C(kn)? Es(n) Es(n, kn).
By Lemma 3.12, there exists C(¢) < oo and N(¢g) such that for all n > N(¢),
Es(n, kn) < C(e)k™3/4%¢,

Therefore,
E [My,] < C(e)k®/**n? Es(n).

Finally, by a second application of Proposition 6.2,
n?Es(n) < O [M,].
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Proposition 6.6.
1. Let co be as in Corollary 6.4. Then there exists ¢y > 0 such that for all n and all k > 2,

P {Mlm < co(ln k)_3 E [Mn]} < o—cak(ink)™8
2. There exist c5,c6 > 0 and C' < 0o such that for alln and k > 2,

p {M,m <5 (Ink) P E [ﬁn]} < Cecoknk)™®,

Proof. We first prove part 1.

Let k' = |k/v/2]. Then Ry, C By,. We view the loop-erased random walk L(S[0, o1y,]) as
a distribution on the set ), of self-avoiding paths ~ from the origin to dBj,. Given such a +,
let 7; be its restriction from 0 to the first exit of Rj,, j = 0,...,k". Let F; be the o-algebra
generated by the ;. For j = 0,...,k" — 1, let z;(y) € OR;, be the point where v first exits
Rj, and B; = By (z;). Finally, for j =1,...,F, let a;(7) be « from x;_; up to the first exit of
B;_1 and let N;(y) be the number of steps of j in A,(xj—1). Note that N; € Fj.

Figure 3: The setup for Proposition 6.6.
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Then,

P { My, < e (k) B [M,]}

k/
<SP{> Nj<cp(Ink) ’E[M,]
j=1
kl
<P (N {Nj < (Ink) 3 E [Mn]}
7=1
[ (k-1
=E || ] Yw,<coonny26000y | P {Nk’ < c2 (Ink)° E [M,] ‘ fk/—l}
RVE

However, by the domain Markov property, for all j =1,...,k’,

P {Nj < ¢y (Ink) P E [M,)]

Fiaf ) =P{M2 o Sk P BM)}.
Furthermore, by Corollary 6.4,

P {MW <o (Ink) P E [Mn]} <1—cy(Ink)~5,

gnnskn,a; ()

Therefore, by applying the above inequality k&’ times,
P {Mkn S 9 (ln k)—S E [Mn]} S (1 _ 03(1n k)—S)k;, S 6—03(111]43)78]{;/
The proof of part 2 is entirely similar. By Proposition 6.2, it suffices to show that

P (Mo < co (k) B [0} < ook

However, by Corollary 3.4, S[0,54,] has the same distribution up to constants as L(.S[0, o.4n])
from 0 up to its first exit of the ball By,. Therefore, we can apply the previous iteration
argument to obtain that

P (i <o (k) *B M)} < € (1 - es(inah) )" < gemeohnh ™,

O]

Theorem 6.7. For all € > 0 there exist Ca(e) < 00, C3(e) < 00, c7(g) > 0 and cg(e) > 0 such
that for all A > 0 and all n,

1.
P {]\/4\” <\'E [ﬁn}} < Oy(e)ecr@A"e,
2. Forall DD B, A >0,

P {Mp < \'E [M,]} < Cy(e)e N7,
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Proof. The second part follows from the first, since by Corollary 3.4, Proposition 6.2 and Lemma
6.5,

P {Mp < X'E[M,]} <

We now prove the first part. We will prove the result for all € such that 0 < ¢ < 7/40, and
note that for such ¢,

5 5
- < < — 4 2e.
g eSSyt
Clearly this will imply that the result holds for all € > 0.
Fix such an € > 0. We will show that there exist C' < oo, ¢; > 0, A\g and N such that for
A> X and n > N,

P {Mn <\E {J\//.Tn” < CemerN*e, (6.3)

4/5—¢

We claim that this implies the statement of the theorem with Cy = C' V etc7(AoVN) . To see

this, if A < Ao, then for any n,

P {J\/Zn <\ 'E [J\//.Tn” <1< Cpe N,
Next, if n < N, then for any A,

P {1, < \"'E [M,|} <P {M, <rx7n?}
since E []/\4\”} < |By| < 4n?. If A\ > 4n then the above probability is 0 since P {J/W\n > n} =1
If A <4n < 4N then

02€_C7>\4/5—5 > 64C7N4/5_86_4C7N4/5_E —1
We now prove (6.3). Let ¢5 be as in Proposition 6.6 and C* = C(¢/2) and Ny = N(g/2) be

as in Lemma 6.5. Let
k= 65(0*)_1)\4/5_8/2.

We choose g so that for all A > Ao, k > 2, k¥/2 > (Ink)® and k(Ink)~® > X\/5~¢. We also
choose N = 4N5’. Then for all n > N and A > A,

E | My| < CR/42E [ M| < csk™*/2\E [, . (6.4)
Suppose first that n/k < Ny. Then
A< BT < (Ngn 1)/ < 1/(4n)

and so A"'E [J/W\n} < n. Hence since ]\/Zn > n almost surely,

P {]\/Zn <\E [z\?n}} <P {J\Yn < n} —0.
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If n/k > Ny, then by (6.4) and Proposition 6.6,
P {J\/Zn <\ 'E {]\//.7”]} =P {Mk(n/k) <\'E [Mk(n/k)”
<P {Mk(n/k) < csk™*/’E []‘//-Tn/k”

< P { Mgy < cs(nk) B [ M, |
< Oe—cek(lnk)*s

< 06_07/\4/5—5
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