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1. Introduction.

We begin with some notation and definitions. Let G = (V, E) be an
infinite connected graph. We write d(z,y) for the natural graph distance
on V,and for x € V and r > 0 set B(z,r) = {y € V : d(z,y) < r}. Let
a(z,y) =1if {z,y} € F and a(z,y) = 0 otherwise, and set

plw) = 3" alw,).

yev

We assume that G has uniformly bounded vertex degree, that is, there exists
c1 < oo such that 1 < p(z) < ¢ for all x € V. We define the measure p on

V by p(A) =3 can(z).

The (discrete time) simple random walk (SRW) X on G is the Markov
chain X = (X,,,n € Z,,P* x € V) with transition probabilities

P( Xpnt1=y| Xn=2)=

thus at each time step X moves from a site x to one of the neighbors of x
with equal probability for each. We define

p(n,z,y) =P*(Xn, =y)u(y) " (1.1)

(The term u(y)~! above looks slightly unnatural, but it has the advantage
of making p(n,z,-) the density of P*(X,, € ), with respect to u, and also

makes p(n,z,y) = p(n,y, x)).

Associated with X is the y-symmetric continuous time random walk Y;
on the graph G = (V, E). This is the (continuous time) Markov process
Y = (Vi t > 0,Q%, 2 € V) with infinitesimal generator

Lf(z)=p@)™" ) alz,y)(f(y) - f(2))- (1.2)

Y

If

ELN=23" al@y)(f(2) - fv)°  feL*(V,p),  (13)

z€V yev

then Y is the Markov process with Dirichlet form (&, L2(V, 1)) on L2(V, )
— see [FOT]. Note that Y waits at a vertex an independent exponential
length of time (with parameter 1) and then jumps to one of the neighboring
vertices, with equal probability for each. If T}, is the time of the n-th jump
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of Y then X,, = Yr, is a discrete time SRW on G (and so is equal in law to
X). Set

qt,z,y) =@ Ye=yu(y)~!, t>0,z,yeV. (1.4)

There has been much interest in recent years in the general problem of
estimating p,, and ¢; from geometrical information about the graph G. For
a sample of papers see [V1], [Dal, [De], [P], [Co], [HSC], and for a survey see
[W]. There are, of course, many similarities between this problem and the
one of estimating the large time behavior of the heat kernel on a manifold
M from geometrical information about M.

Given the similarity between the processes X and Y one would expect
that p,, and g; should satisfy similar bounds. This is usually the case, but
the problem for p,, is generally more difficult, since X is less smooth than
Y. Indeed, given bounds on p,,, simple integration gives bounds on ¢;, since
the number of jumps of Y in [0,¢] is a Poisson r.v. with mean ¢ which is

independent of X. So

X, et
a(t.z,y) = Y ——p(n,z,y). (1.5)
n=0 :

In obtaining bounds on p,, or g; one almost always finds that the easiest
procedure is to obtain the bounds in the following order:

1. Global upper bounds,

2. Off-diagonal upper bounds,
3. On-diagonal lower bounds,
4. Off-diagonal lower bounds,

where each step builds on information obtained in the previous step.

For the global upper bounds there is a very elegant theory, based on the
work in [V1], which gives equivalences between these bounds and certain
isoperimetric and Sobolev inequalities.

Notation. For f: V — R set

1£115 =D 1f (@) Pu(z).

For e = {z,y} € FE define a(e) = a(z,y) (= a(y,z)). We regard a as a
measure on F. If f:V — R define |[Vf|: E — R by

V(2 y) = |f(z) = F(y)],

and set

IVAE="ale)(Vfl(e)?, p>1.
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Note that ||V f||2 = E(f, f), and also that

a&(f, f) < IIf13 < I£115- (1.6)
For A C V set 0A = {x € A°: d(z,A) = 1}, where d(z,A) = I%iild(l‘,y).
y
The cardinality of a set A will be denoted |A].

Definition 1.1. Let p > 1.
G satisfies a p-isoperimetric inequality (Ip) if there exists ¢; < oo such
that
(AP~ < ey u(8A)P for all finite A C V.

G satisfies a (a,p)-Sobolev inequality (S;') (here a = 1 or 2) if there
exists ca > 0 such that

IV flla > collfllap/(p—a), for f with compact support.
G satisfies a p-Nash inequality (Np) if for some c3 > 0

E(f, f) > 63|\Vf||§+4/p||f|\1_4/p for f with compact support.
G satisfies (Pp) if for some ¢4 > 0
p(n,z,y) <ean P2, n>0,zyeV.
G satisfies (Qp) if for some ¢5 > 0
q(t,z,y) <cst P2 t>0,z,y€ V.

Theorem 1.2. (See [V1], [CKS]).
(a) If p > 1 then (I)) <= (S}) = (Np) <= (Qp) <= (Pp).

(b) If p > 2 then (I,) <= (S;) = (S2) <= (Vp) <= (@Qp) <= (P,).

Thus Theorem 1.2 enables one to obtain global upper bounds on ¢(t, z, y)
starting from an isoperimetric inequality on G. Bounds of this kind are
called ‘on-diagonal’: they follow from the same bound on ¢(t, z, z) since

q(t,z,y) < qt,z, ) ?q(t, y,y) Y% (1.7)

Off-diagonal upper bounds now follow by a variety of techniques: ‘Davies
method’ (see [CKS]), or the wave equation approach (as in [V2], [Cal), which
yields the general bound,

p(n. 2,y) < 2pa/py)' e 020, (L8)
valid for the SRW X on any infinite graph.
Theorem 1.3. ([V2], [HSC]). Suppose G satisfies (Qp). Then

p(n,z,y) < cinP/? exp(—cad(z,y)?/n), z,y€V,n>1, (1.9)
q(t,z,y) < cstP/? exp(—cqd(z,y)?/t), z,y €V, d(z,y)<t. (1.10)
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Remark. Note that p(n,z,y) = 0 if d(z,y) > n. We cannot expect the
Gaussian decay in (1.10) to hold for d(x,y) > t. For example, for the SRW
on Z, if t =1 and m > 1 then by (1.3)

q(1,0,m) > (e~ /m!)p(m, 0,m) ~ cm™%(2e)"™m ™™,

which decays as e™lo8m,

For regular graphs we can summarize much of the information above in
terms of a number of ‘dimensions’ of the graph V.

Definition 1.4. We say

G has uniform volume growth dy if
cir® < p(B(z,r)) < cor¥, r>1,z€V. (1.11)

(Note that (1.11) implies that G satisfies a volume doubling condition).

The isoperimetric dimension d; of G is defined by
d; = d;(G) = sup{p : G satisfies (Ip)}.
The spectral dimension ds of G is defined by

ds = sup{p : G satisfies (Q,)}.

Theorem 1.2(a) implies that d; < ds, and it is not hard to deduce from
(1.8) that ds < dy.

The estimates of Theorem 1.3, together with a bound on the volume
growth of G gives easily an on-diagonal lower bound for ¢ — see for example
Theorem 6.1 below. However, the final step, obtaining off-diagonal bounds
on p or q is harder — generally some more information of an analytic kind
about G is needed, such as that G satisfies a Poincaré inequality.

For many graphs the upper bound techniques outlined above do provide
bounds which are, up to constants, best possible. However, there are graphs
which have a quite regular structure but for which the bounds in Theorem
1.3 are far from giving the true behavior of p(n, z,y). These ‘fractal graphs’
have large holes, so that d; < dy; this acts to restrict the dispersion of the
random walk, and causes p and g to decay in a non-Gaussian fashion.

We will not attempt to define ‘fractal graphs’ but will simply remark
that given any finitely ramified fractal F' in one of the families which has
been studied in the diffusions on fractals literature (such as nested fractals,
post-critically finite self-similar sets, or Sierpinski carpets — see [B1]), there
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is a natural way to construct an infinite graph G, such that the large-scale
structure of G mimics the microscopic structure of F.

The first treatment of heat kernel bounds on fractal graphs was by Jones
[J], on the graphical Sierpinski gasket. (See Figure 1.1). This graph has
uniform volume growth dy = log3/log2, but since |[0B(0,2" — 1)| = 2 for
all n it satisfies d; = 1. (So the technique of obtaining bounds on ¢; from
an isoperimetric inequality fails completely in this case).

AN
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Figure 1: The graphical Sierpinski gasket.

In this paper we study a class of graphs derived from generalized Sier-
pinski carpets. We defer the full definition of these graphs to Section 2.
The simplest examples of the graphs in this class are those derived from the
standard d-dimensional Sierpinski carpet.

Let I;IOO = Zi. For z = (n1,nag,...,ng) € Hy write n; in ternary: so

n; = Y ,._oNird", where n;. € {0,1,2}, and n; = 0 for all but finitely
many r. Set

Jk: = {(nl, ...,nd) DN = 1for1l S 7 S d}’

so that Jj consists of a union of disjoint cubes of side 3¥: the cube in J;
closest to the origin is {3%,...,2.3%¥ — 1}9. Now set

n o0
Hy=Hy— |J v, H=()Hn.
k=1 n=0

To match our notation below we take V. = V@ = ¢ + H, where a =
(3,...3) €Z% For z,y € V let {z,y} € E if and only if |z — y| = 1.
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Figure 1.2: The graphical Sierpinski carpet V(2.
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It is not hard to see that V has uniform volume growth d; = ds(V(®) =
log(3¢—1)/log 3. However the presence of large holes means that the process
X moves less rapidly on V than on Z¢; the holes act as obstacles which take
a significant amount of time for X to find its way around. We shall see
below that there exists a parameter d,, (called the walk dimension of V)
such that writing o(z,7) = min{n > 0: X,, ¢ B(z,r)},

errde < Efo(z,r) < cor® > 0. (1.12)

(Compare this with the classical estimate E*o(z,n) ~ n? for a simple ran-
dom walk in Z?). The estimate (1.12) shows that p(n,z,-) puts nearly all
its mass on a ball of radius roughly n'/®. So if p(n,z,.) were reasonably
evenly spread on this set, we would have (since pu(B(z,n/%) ~ nds/dw)
that

p(n,z,y) < en~ 4/ gz oyeV,n>1. (1.13)

We prove this estimate below (Theorem 5.2) by deriving it from a Nash
inequality which holds in the continuous setting. By Theorem 1.3 we deduce
therefore from (1.13) that p(n,x,y) satisfies (1.9) with p = d;/2. However,
this upper bound is still not a very good one.

We prove the following sharp (up to constants) upper and lower bounds
for p(n. z,1).
Theorem 1.5. There exists d,, > 2, and constants c1, ca, c3, cq4 such that
if n and d(z,y) are both odd or both even and d(z,y) < n, then

e~/ exp(—cy(d(z, y) ™ /m)/(*7Y) < pln,,y) (1.14)
< cgn 4 /dw exp(—cq(d(z, y)dw /n)l/(dw_l))_
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Note that since G is, like Z?, bipartite, the random walk has period
two, and hence the transition probabilities will be 0 if one of d(z,y) and n
is even and the other is odd. Note also that when d(z,y) > halfn then the
bounds (1.14) and (1.9) take the same form. The estimate (1.14) implies
immediately that the spectal dimension d, for G is ds = 2d¢/d,,.

Let C = {z: |z;| < 1} and P = Uzev (z+ C): we call P the pre-carpet.
Our results here rely heavily on the estimates for Brownian motion on P
with normal reflection on P developed by us in [BB3]. We refer the reader
to that paper for more discussion of the significance of d,, and ds; and for
background on diffusions on fractals. See also [Ba].

Our techniques may perhaps be of some interest as well in showing
how one might obtain estimates on graphs from information on a related
continuous-time continuous-space process.

In Section 2 we introduce the notation we will use and recall the key
inequalities we need from [BB3]. Section 3 extends the Sobolev and Poincaré
inequalities to the graphical setting. In Section 4 we show how the coupling
argument of [BB3] yields a Harnack inequality for the random walks on our
graphs. The upper bound in (1.14) is derived in Section 5 (see Theorem
5.6) and the lower bound in Section 6 (see Theorem 6.5). Section 7 contains
some further results, such as a Liouville theorem, and estimates for the
process Y on the graph G.

We use the letter ¢ with subscripts to denote constants which depend
only on the graph G. We renumber the constants for each lemma, proposi-
tion, theorem, and corollary.

2. Notation and preliminaries.

Let d > 2, Fy = [0,1]%, and let Ir € N, I > 3 be fixed. For n € Z let
Sy, be the collection of closed cubes of side % with vertices in I%Zd. For
A CRY, set
Sn(A)={S:SC A SesS,}.
For S € §,,, let U be the orientation preserving affine map which maps Fj
onto S.

We define a decreasing sequence (Fy,) of closed subsets of Fy. Let 1 <
mp < l‘}p be an integer, and let F} be the union of mg distinct elements of
S_1(Fp). We impose the following conditions on F:

Hypotheses 2.1.
(H1) (Symmetry) F is preserved by all the isometries of the unit cube Fy.

(H2) (Connectedness) Int(F}) is connected, and contains a path connecting
the hyperplanes {x1 = 0} and {z; = 1}.
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(H3) (Non-diagonality) Let B be a cube in F, which is the union of 2%
distinct elements of S_;. (So B has side length 215"). Then ifint (Fy N
B) is non-empty, it is connected.

(H4) (Borders included) Fy contains the line segment

{z:0<z <lyz9=...=24=0}.

We may think of F; as being derived from Fjy by removing the interiors
of 14 — mp squares in S_(Fp). Given Fy, F; is obtained by removing the
same pattern from each of the squares in S_;(F1). Iterating, we obtain a
sequence (F,,), where F,, is the union of m% squares in S_,,(Fp). Formally,
we define

Fopn= | W)= | Ts@), n>L
SeS . (Fy) SES_1(Fy)

We call the set F' = NSy F;, a generalized Sierpinski carpet. Let dy denote
the Hausdorff dimension of F'; by [Hu] dy = logmp/logl.

Let

P=JI%F; (2.1)

we call P the pre-carpet (see [O]). Let up be Lebesgue measure restricted
to P.

We now define our graph G = (V, E). Let V be the collection of centers
of cubes in Sy(P), and for z, y € V let {z,y} € E if and only if |z — y| = 1.
Let a, u, X, p(n,z,y), Y, q(t,z,y), and £ be as in Section 1. If we restrict
the sum in (1.3) to z,y € D C V, we will write Ep(f, f). For S € Sy(P)
write zg for the center of S.

Recall that B(z,r) ={y € V : d(z,y) < r}. We will define S(z,r) C P
by

S(z,r) = U{S € So(P):d(zs,z) <r}.

We let
o(x,r) =oX(x,r) =o(z,r,X) =inf{n >0: X, ¢ B(z,r)}. (2.2)

Note the following simple result, which holds for any graph for which
the vertex degree is bounded.



Lemma 2.2. Let G = (V, E), let d be the usual graph distance on G, and
suppose |B(x,1)| < M for all x € V. Let

E(9,9) = 33D Vg < (9(2) — 9())™.

Then there exists ¢1(n, M), depending only on n, M, such that
£8(9,9) < e1(n, MYED (9. 9).

Finally, we need to summarize some inequalities obtained for P in [BB3].
Define

0= [ VG
This is the Dirichlet form associated with W, reflecting Brownian motion
on P, with with normal reflection on JP. Associated with W and P is a

constant d,,, called the walk dimension: see [BB3] for the definition of d,,
in terms of electrical resistance. Set

de = 2ds/d,.

The process W on P is transient if and only if ds > 2 — see [SCH, Theorem
8.1].

We now suppose ds > 2, and define the capacity of A with respect to
W. Let u(z,y) denote the Green function of W, and let dpA denote the
relative boundary of A in P. We will need to consider only sets A for which
all points of OpA are regular for A C P. For A C P the capacity of A is
defined by

Co(A) = sup{v(A4): sgp/Pu(a:,y)l/(dy) <1}

It is standard (see [FOT]) that Cy(A) also satisfies
Co(A) =inf{E°(f,f): f=1on A, f(z)— 0asz— occ}. (2.3)

We start with the mass-capacity inequality.

Theorem 2.3. ([BB3, Sect. 7]). Suppose ds > 2. There exists ¢; such
that if A is a subset of P and pp(A) > 1, then

Co(A) > crpp(A)de=2)/ds,
We have the following conditional Nash inequality for £°.
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Theorem 2.4. ([BB3, Sect. 7]). For each c; > 0 there exists cy such that

IF13F4% < cal(f, HIFIT®  whenever £9(f, f) < ca|fII?

Finally we give a Poincaré inequality for P. Write

gg(wo,r)(fa f) = /S( ) |Vf(.’17)|2d$

and

fS(wo,r) = / f(Z) dz.
S(zo,r)

Theorem 2.5. ([BB3, Sect. 7]). There exists c¢; such that if xo € P and
r >0, then

|f - fS(a:g,r)|2 < Clrdwg,(s)'(g;o,r)(fa f)
S(zo,r)

In [BB3] we proved the Poincaré inequality for cubical domains. The
same proof works, however, for S(n,z). In any case we do not use Theorem
2.5 below.

3. Analytic Inequalities for G.

In this section we will derive Sobolev and Poincaré inequalities for £
from the corresponding inequalities for the Dirichlet form &° on the pre-
carpet P.

To approximate functions on G by functions on P it will be useful to
introduce another graph H = (U U W, Eg). Let D be a union of cubes in
So(P). Let U =ZN D, W =V ND, and let {z,y} € Eg if and only if
there exists S € Sp(D) such that z,y € S, and exactly one of z, y is in each
of U, W. (So H consists of the centers and corners of the cubes in Sy(D),
with edges joining the center of each cube S € Sy(D) to its corners). Let
dg be graph distance on H, let b(z,y) = 1(4, (z,4)=1), and let

EH(R) =5 Y D blz,y)(h(z) - h(y))’

ceUUW yeUUW

=D > blay)(h(z) - hy)*

zeU yeW

Set B(z) = >, cyuw b(%,y), and let a(z) = 279B(x). We regard « as
a measure on U U W; note that a(x) =1 for x € W. For h :UUW — R

write
[RE= > |(@)|falz), p>L1
zeUNW
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Note that

WE= 3 (he)+27" Y IG)P). (3.1)

SeSo(D) yelins
If g € L?>(W, ) define T'g on U UW by:
rg - 9@, zeW,
I\ B@) ', bz v)g(y) zeU.

Lemma 3.1. (a) If p > 1 and g € LP(W, «) then there exists c;1(p) such

that
Y lg@)IP < ) INg@)Palz) < ealp) ) lg(x)

€W zeUUW zeW
(b) If g € L*(W, @) then
Z Lg(z)a(z) = Z g(z)a(x).
zeU zeW

(c) There exists co such that
£p (Tg,Tg) < c2€n(9, 9)-

Proof. (a) As I'g(z) = g(z) and a(x) =1 for x € W the left hand side is
obvious. For x € U

Ly(@)lP < cs| 3 b )e)| < eI blwp)la()P
yew yeWw

and summing over z € U gives the right hand side of (a).
(b) This follows immediately from the calculation

D Tg(@)a(z) =Y 27> bz, 9)g(y) = Y 9(y)a(y).
zeU zelU yeWw yeU

(c) Write h =Tg. If z € U, y € W, and {z,y} is an edge, let z = z(z,y) €
W be such that {z, 2z} € Eg, and |g(2) —g(y)| > |h(z) —h(y)|; such a choice
is possible from the definition of h(x). Then d(y, z) < 2¢, and so

Ep(hh) =Y Y bz, y)(h(y) — h(z))?

yeW zeU

<D (g 2(z,y)))?
yeW zeU

< Z Z Liay,»)<24)(9(¥) —9(2))?
yeW zeWw

_ 2%
=& '(9,9) < cs€p(9,9),
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where we used Lemma 2.2 in the last line. O

We now perform a similar procedure to relate £ and the Dirichlet form
Y, for reflecting Brownian motion in D, defined by

£9.(, f) / VI
Ifh:UUW — R, let

z) =274 Z b(z,y)h(y), x € W.

Note that if S € Sy(D), y € SNU then
/ oy (x)dz = / .. (@)da = 2~ (3.2)
S S

[ V@<t [ (V,@)Pd < (3.3)
S S

and

Given h: UUW — R define Ah : D — Ry as follows. For S € Sy(D),
Ah is defined on S by

Ab(z) = Y h(y)ey(@)+(h(zs)—h(zs))s (@), o= (1,...,74) € S.

yeins

Note that the definition of Ah agrees on the intersection of two cubes in
So(D), and that Ah(xz) = h(z) for z € UU W. So Ah is a continuous
extension of A from DN (UUW) to D.
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Lemma 3.2. (a) Forp > 1, if h € LP(UUW, «), then there exist c,(p) and
¢co(p) such that

clrll < /D [AR(z) [P dz < ca(p)[|P]15-

(b) /D Ab@)ds =270 3 a(@)h(z) + (1 - 279 Y aly)h().

zeW yeU
(c) There exists c3 such that

EY(Ah, AR) < c3EH (b, h).

Proof. (a) Let S € So(D), and let 4y’ € SN (U U W) be a point at which
|h| attains its maximum. Then

[B(zs)P +27% Y k()P < 2[h(y)IP. (3.4)
yeiuns

On the other hand, as Ah(y’) = h(y’), and the modulus of continuity of Ah
in S is bounded by a constant times h(y’), there exists c4(p) > 0 such that

/S Ah(z)dz > ca(p)|h(y) . (3.5)

The left hand side of (a) now follows on summing over S € Sy(D), and
using (3.1), (3.4) and (3.5). As

/3 oy(@)[Pde = c5(p), /S s (@) Pz = co(p),

the right hand side of (a) follows easily from the definition of Ah.

(b) This follows from (3.2) and the definition of Ak by an straightforward
calculation.

(c) ‘;Nrite f = Ah, and fix S € So(D). Then for z € S, as }_, cyns Py = 1
on S,

f@)= Y hy)ey()+ (h(zs) = h(zs))zs ()

yelins

= Y (Aly) - h(zs))(py (@) — 2% (@) + R(zs)-

yelins
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Differentiating and using Cauchy-Schwarz it follows that

VI@E<2 D ()~ b)) (Y Ve (@) + 47 V(@)

yeins yeins

Using (3.3) we therefore have

/ Vi@l <e 3 25))%,

yeluns

and summing over S € Sy(D) gives (c). O

We can now deduce Nash and Sobolev inequalities for £ from those for
EY. For the next few results, we take D = P, so that W = V.

Theorem 3.3. Let g € L2(W,|-|). Then
lgllz ™% < c16(g,9) 917" (3.6)
Further, if dg > 2 then

19112 < c2€(9,9),  p=2ds/(ds —2). (3.7)

Proof. Since £(gt,g™)
non-negative g. Let g >
have, for p =1, 2,

it is sufficient to prove the theorem for

< &(9,9),
0, h =Tg, f = Ah. By Lemmas 3.1 and 3.2 we

c3(D)llgllp < I fllp < ca(P)llgllps (3-8)

and
E°(f, f) < es€u(h h) < c6€(g,9)- (3.9)

Therefore, using (2.4), E°(f, f) < cr||f||?. So, by Theorem 2.4 we have

£l % < &0, P,

and (3.6) then follows from (3.8) and (3.9).
If ds > 2 then (3.7) is immediate from (3.6) and Theorem 2.16 of [CKS].
U

The Sobolev inequality (3.7) implies a mass-capacity inequality. Write
Ca(A) for the capacity of A C V. This is defined when ds > 2 by

Ca(A) =sup{r(4): Zg(x, y)v({y}) <1for all z € V},
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where g(z,y) = >, p(n,z,y) is the Green function on V associated with
X. It is standard ([FOT]) that Cg(A) can also be defined by

Ca(A)=inf{&E(f,f): f=1on A, f(z)—0asz— oo}. (3.10)
Proposition 3.4. Ifds, > 2 then for ACV
Ca(A) > c1|A|(d—2)/ds
Proof. We apply (3.7) to functions g that are one on A and tend to 0 as

|z| — oo to obtain
[AP/P < 2 (g, 9).

Taking the infimum over all such g and using (3.10) proves the proposition.
U

We prove a Poincaré inequality for £.

Theorem 3.5. Let n > 0, 29 € P, and let A = B(xg,n). There exists ¢,
such that if g: VN D — R, then

Z ‘g(aj)_gl)‘2 Sclndw£D<gag)a
zeDNV

where gp = |DNV|7' Y pav 9(2).

Proof. Let D = S(zg,n). By subtracting a constant from g we can assume
that gp = 0. Let h =T'g, f = Ah. By part (b) of Lemmas 3.1 and 3.2, we

have
0=> h(x / f(z)dz,

z€V wEU
so, by Theorem 2.5,

/ 12 < con™EP(f, ).
D

On the other hand, by Lemmas 3.1 and 3.2,

2 < ey / 2, EC(fF) <Py, 9),

weDﬁV

and combining these inequalities proves the theorem. Il

Proposition 3.6. Suppose ds > 2. There exist ¢; and ¢y such that for all
x and for all r > 1

cqrdf—de < Ce(B(z,r)) < cords —dw,
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Proof. The lower bound follows from the mass-capacity inequality for G:
Ca(B(xz,7))%/ 4= > c3|B(z, )| > car?’ .

So
Ca(B(z,7)) > csrdr(ds=2/ds — ¢opdr—du,

We obtain the upper bound as follows. Let 7 be the capacitary mea-
sure for S(z,r) with respect to Brownian motion on the pre-carpet. Let
z € 0S(z,2r). Then as u(-,z), the Green function for reflecting Brown-
ian motion in P, is harmonic in S(z,r), by the Harnack inequality ([BB3,
Sect. 4]),

12 un() = [ uly.2)w(dy) 2 coulo, m(S(z, ).
S(z,r)
Using this,
Co(S(z,r)) =7n(S(x,7)) < cglu(x, z)_l.
By [BB3], u(z, z) > c7|z — 2|4 ==, so
Co(S(z,r)) < cslz — z|df_d“’ < cgrds —dw

Using (2.3) it follows that we can find g such that [ |Vg|? < 2¢ords=d«,
g=1on S(z,r), and g(y) — 0 as |y| — oc.

For each x € V, let S, be the unit cube whose center is x. Define h on
V by

h(z) = /S 9(y) dy.

k4

Suppose z,y € V with |z — y| = 1. Let e = y — . Then
‘2

) =)= [ o= [ o =[[ to+0) -z

1 2 1
=‘/ / Vg(z+te)dtdz‘ S// \Vg(z+ te)|* dz dt
S. Jo 0o Js,

< / Vo(z) d.
5.US,

Summing over all pairs (z,y) with |y — z| = 1, we obtain (with D = P)
Ep (h ) < 2765 (g, 9)-

Our result follows by (3.10), and the inequalities £5(h, h) < c11E5(h, h),
and Cg(B(z,7)) < Ca(S(z,2r)). O
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4. Coupling and Harnack inequalities.

The most difficult step in [BB3] was the proof of a coupling result for
reflecting Brownian motion on the pre-carpet P. We now translate this the-
orem into the graph setting.

Call A C R? a half-face if there exists i € {1,...,d}, a = (a1,...,aq) €
%Zd with a; € Z such that

A={z:z;,=a;, a;<z;<a;+1/2 forj#i}.

Let A be the collection of half-faces, and for A € A let w4 be the center of
A. For z,y € R? write [z,y] for the line segment with endpoints z, y. For
S e Sy set

I's = {[Zs,wA] A C S}

(So, if d = 3, I's consists of the 24 line segments, each joining the center of
S to the center of one of the half-faces bordering S). Set

I'=| {rs:S5esp)}.

Let Z = (Zs,t > 0,Q%, 2 € T) be the ‘cable process’ of Varopoulos [V2]
on the set I'. Z is a diffusion on I': on the cables [zg,w4]| Z behaves like a
standard 1-dimensional Brownian motion, while at the vertices zg (and the
‘trivial’ vertices w4) Z behaves like a Walsh Brownian motion (see [BPY]),
taking excursions along each of the cables meeting zg with equal probability.

Let v(dx) be 1-dimensional Lebesgue measure on I'. Z is the diffusion
associated with the Dirichlet form

1 / Vg(2)? de,

on DZ c L2(T',v). Here, DZ is the set of all g € L?(T',) such that the
integral above is finite, and for z € I' =V, Vg(x) is the derivative of g in the
direction of the line segment containing z. (Since y(V) = 0 the definition
of Vg(x) for z € V is not relevant).

We can now use the argument of [BB3, Sect. 3] to prove a coupling
theorem for Z. While the arguments of [BB3] are written for reflecting
Brownian motion W on P, all they use is that W satisfies certain symmetry
conditions, and the fact that the set of boundaries between half faces

A* = {ANB;A,Be€ A, A+ B}
is polar for W — see [SCH, Remark 3.27]|. Z satisfies the same symmetry
conditions, and since A* NT" = (), A* is polar for Z. Hence we deduce the

following coupling result.
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Given two processes, X, Y, define
To(X,Y)=inf{t > 0: X; = Y;}.

Theorem 4.1. There exists rq¢ > 1, and constants py = ps(d,lp) > 0,
¢1 > 0 such that if xg € V, 7 > ro, x,y € I' N S(x,c1r) then there exists a
probability space (Q, F, (F;),P) carrying processes (ZF,t > 0), (Z},t > 0)
with the following properties.
(a) For z = x,y the process (Z7,t > 0) is equal in law to (Z,t > 0) under
Q*. In particular Z§ =z, Z§ = y.
(b)

P(Tc(Z%,2Y) < o(zo, 1, Z%) Ao (z0,7, ZY)) > pa > 0.

Definition 4.2. Let Lr be the infinitesimal generator of Z. If D is an open
subset of I we say h is Z-harmonic on D if Lrh =0 on D.

If A is a subset of V' we say h is X-harmonic (or just harmonic) on A if
Lh =0 on D, where L is given by (1.2).

Note that if D is an open subset of ', and J = {z € VND : B(z,1) C D}
then if A is Z-harmonic on D, h|y is X-harmonic on J.

Once we have coupling, we deduce a uniform Harnack inequality for Z;.
The proof is the same word for word as Section 4 of [BB3].

Theorem 4.3. Let xy € V. There exists c; such that if u is nonnegative
and Z-harmonic in B(xg,2r) C T then

u(y) < cru(x), z,y € S(xo,r)NT.

Using the fact that u|y is (X)-harmonic we therefore obtain immediately
a Harnack inequality for the discrete random walk X on G.

Theorem 4.4. Let xy € V. There exists c; such that if u is nonnegative
and harmonic in B(zg,2r), then

u(y) < cru(x), z,y € B(xg,T).

Proof. Let u be harmonic for B(xg,2r). By linear interpolation extend u
to a function v on S(zg,2r) NT. Since v is harmonic with respect to the
cable process Z;, the result follows by Theorem 4.3. [l

Let Osc 4 h denote the difference of the supremum and infimum of A on
A. A consequence of the Harnack inequality is the following.
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Proposition 4.5. If h is bounded and harmonic on B(x,2r), then there
exists @ < 1 independent of x, r, and h such that

Osc h <60 Osc h.
B(z,r) B(z,2r)

Proof. By looking at Ah+ B for suitable constants A and B, we may assume
SUPg(y,2r) b = 1 and infp 2.y h = 0. By looking at 1 — h if necessary,
we may assume h(x) > 1/2. By the Harnack inequality, h > ¢1/2 on
B(z,r). Therefore Osc g(,,) h < 1—c1/2, and our result follows by setting
p=1-—c1/2. O

5. Upper bounds.

Remark 5.1. It is easy to see that the random walk X,, on G has period
2, and so p(n,z,y) is equal to 0 unless n and d(z,y) have the same parity
(i.e., both are even or both are odd).

Upper bounds for p(n,z, z) are quick.
Theorem 5.2. There exists ¢, such that if x € V, then

p(n,z,z) < cin~%/2,

Proof. This follows from the Nash inequality (3.6) and Theorem 2.1 of
[CKS]. O

The main work is in obtaining good upper bounds for p(n,z,y) when
|z — y| is relatively large. For simplicity we consider only the case ds; > 2
in this section, and consider the case ds < 2 in Section 7. First we obtain
estimates on the Green function g(z,y) for the random walk on G, defined
by

g(z,y) =Y p(m,z,y).

m=0

Theorem 5.3. There exist ¢; and co such that

crd(z, y)™ Y < g(w,y) < cad(w, y) Y. (5.1)

Proof. Fix z € V. Write N(z,r) for 9(B(z,r)¢); note that N (z,r) consists
of those points of B(z,r) which have a neighbor in B(z,r)¢. It is clear from
the geometry of V that there exist ro and M, both independent of x, with the
following property: if r > rq, there exist M points z1, ..., in N(z,4r)
such that ;11 € B(zs,7), i =1,...,M — 1, and N(z,4r) C UM, B(z;,7);
we emphasize that M does not depend on r.
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Suppose r > ry. By the Harnack inequality repeated M times on the
sets B(x;, 2r), there exists cz such that if v is nonnegative and harmonic on
V — {z}, then

sup u <ecz3 inf w. 5.2
N(z,4r) N(z,4r) (5:2)

We apply this to g(z,-). Fix zo € N(x,4r). Let 7 be the capacitary
measure for B(z,4r). It is well-known that gm is equal to 1 on B(z,4r),
and moreover 7 is supported on N(z,4r). We then have

L=gr@)= Y gle,2)n({z).

2EN(z,4r)
By the Harnack inequality (5.2) there exist ¢4 and c5 such that
cag(z, x0) < g(z, 2) < esg(x, xo), z € N(z,4r).
Thus
1 < cesg(x, zo)m(N(z,47)) = esg(x, xo)Co(B(x, 4r))
and
1> cag(z, 20)m (N (2,47)) = cag(x, zo)Cq(B(z, 4r)).

Using Proposition 3.6 we have the inequality (5.1) for g(z,z0). By the
Harnack inequality we have our result for g(z,y) when r < d(z,y) < 8r.
It remains to consider the case when d(z,y) < ro. As
o0
g(z,y) =Y _ p(m,z,y),
m=0

and there is positive probability that X,, will hit y before 2r steps, the lower
bound is clear.

We examine the upper bound. Since g(z,y) < g(z,x) by the maximum
principle, we need only show g(z,z) < cg. There exists ¢y > 0 independent
of y such that starting at y, there is probability at least ¢y that X,, will
leave B(z,r) within 2ry steps. The probability that X,, remains within
B(x,19) after 2jrg steps is then, by a standard renewal argument, bounded
by (1 —¢7)?. Thus

0'($,7‘0)

E” Z iz} (Xm) < Eo(x,70) < cs.

m=0
By the strong Markov property,

o(z,rg)

g(xw’B) < :u'(x)_l]Em Z 1{ac} (Xm) + ]Exg(X(O'(.’E, TO))a .’13),

m=0

and this is bounded by cg + 02rg”_df < 00. O

The next step is to obtain upper and lower bounds on EYo(z, ).
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Theorem 5.4. There exist ¢; and co such that if z € V,
ar® <Eo(z,r),

and
BY o (,2r) < corde, y € B(z,r).

Proof. The upper bound comes from Theorem 5.3 and

EVo(z,2r) <EY Z 1B(z,2r)(Xm)

m=0
< Y g uz) <es Y d(y,2)* T < crte
B(a,2r) B(x,2r)

For the lower bound we will choose 6 € (0,1) and 7y in a moment and
establish the lower bound first for » > ry. We write

E¥ Z 1B(z,6r) (Xm) (5.3)

m<o(z,r)

=R Z 1B(z,97‘) (Xm) - EyEX(U(m’T)) Z 1B(a:,6r) (Xm)
m=0

m=0
The first term on the right hand side of (5.2) is equal to
Y s au) > Y (erdle,2) R > o0,
z€B(z,0r) z€B(z,0r)

provided fr > 1. The second term on the right hand side of (5.3) is equal

to
E® Z 9(X(o(z,2r)), 2)u(z). (5.4)

z€B(z,0r)

For z € B(x,0r) and y € 0B(x,2r), we have g(y, z) < cer®»—% so (5.4) is
bounded above by

cr(0r)% cordv i = cgfdrpdu,
Therefore
Eo(z,r) > B > lpgen(Xm)

m<o(z,r)
> c5f%erde — g pdu,

provided Or > 1.
As ds > 2, then dy > d,,. Choose 0 small so that cs0% > 2cg0% | and
then rqy large so that 6ry > 1. For r > ry we then have

E%o(z,7) > cgf? rd=.

The case 7 < rg is trivial if we adjust ¢y, since E¥o(z,r) > 1. O

We now follow [BB1] and [BB2] closely to get a tightness estimate.

22



Theorem 5.5. There exist ¢; and ¢o such that

P*(sup | X — Xo| > A) < cyexp ( — 02(%)1/(%_1)).

m<n
Proof. From Theorem 5.4 we have
csrd <E%o(z,7r) < n+E° []EX"G(:U, r);o(z,r) > n]
< n+ car® P (o(z, 1) > n)
=n+ cqrte — cyr®eP® (o(z,r) <mn).

We thus obtain
P*(o(z,7) < n) < c5 + cgnr™*,

or
P? (o (z,7)r % < ) < c5 + cez, x> 0. (5.5)

In order for | X,, — X[ to exceed A for some m < n, X,,, must exit disjoint
balls of the form B(z;,r) at least M = A\/2r times. Let Y3, k=1,..., M,
be 7%= times the time to exit the kth ball. By the strong Markov property,

PY; <z |Y1,...,Yio1) < c5+ com.
So

(1—cs)/cs
]E(e_uyi | Yi,..., Yz‘—l) <cs +/ e g dr < 5 + cou”
0

Then

M
P(ZYi < a:) = ]P’(e_uzyi > e‘"‘”) < U= D Yi
=1
< e""(c5 + cou™ )M

cGM)

< cf—,vf exp (u:c +
CsU

1
Taking u = (ceM/c51)2,

P() Vi <) <exp (2(06M-77/C5)% - MlOg(1/05)>-

We now choose r so that M € [c7log(cg/n),2¢7log(cs/n)| for appropriate
c7 and cg. O

We now get, following [BB2], the off-diagonal estimate.
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Theorem 5.6. There exist ¢; and co such that

p(n,z,y) < ein~ %/ % exp < —Ca (M) 1/(dw_1)>. (5.6)

Proof. Fix z,y,n,let A, = {z € V : d(z,2) < d(z,y)}, 4y ={z € V :
d(y,z) < d(z,y)}, and S = inf{n > 0: |X,, — Xo| > d(z,y)/3}. Let us first
suppose n is even. Then

p@)p(n, z,y) =P (X, =y, Xnj € Ag) + P9(X, =y, Xy € 4y). (5.7)
For the second term,

PY(Xn =y, Xpp2 € Ay) =P7(S <n/2,Xp =y, X0 € Ay)

<P*(S <n/2) sup Y (Xn/2=1y)
Yy EAy

< P*(S < n/2) sup p(n/2,y',y)u(y).
y’ y

For the first term in (5.7), by symmetry,
M(w)Pw(Xn = ann/2 € Aaz) = ,u(y)]Py(Xn = ann/2 € Aa:)a

which is bounded the same way.
Using Theorems 5.2 and 5.5, we have our result when n is even. If n is
odd, we have by the Markov property that

p(n,x,y) = Z p(n_ l,x,z)p(l,z,y)u(Z);
{z:(y,2)€E}
applying (5.5) to p(n — 1, z, z) establishes (5.6) when n is odd. O

6. Lower bounds.
Theorem 6.1. There exists ¢ such that if n is even,

p(n,z,z) > cin~%/2,

Proof. Let m = n/2. Recall
P?(o(z,r) <n) < cy exp(—03(rdw/n)1/(d“’_1)). (6.1)
Pick 7 to be the first integer such that cgexp(—cs(r®=/n)l/(¢»=1)) < 1/2.
Then
T T 1
P*( Xy € B(z,7)) > P*(0(2,7) > n/2) > 3,
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while
w(B(z,7)) < car® < csm®/2.

By Cauchy-Schwarz,

LB (X € B )P = | Y pln/2a )]
B(z,r)

< w(B(z,7)) Z p(n/2,z,y)*uy)

B(z,r)
< p(B(z,r))p(n, z, x).

Using the estimate for u(B(z,r)) yields the theorem. O

Fix n > 1, such that n is even, let A be a large constant such that
ca exp(—c3 A%/ (dw=1)) < 1/2, where ¢y and c3 are as in (6.1), and let D,, =
S(z, An'/%). Let p(m,y, z) be the transition probabilities for the random
walk X, killed on exiting D,, and let g(y,z) = > --_,P(m,y,z) be the
corresponding Green function.

The same as argument as that in Theorem 6.1 proves

Corollary 6.2. There exists c; such that ifn is even, (n, z,z) > cyn~%/2,

Fix z and let F, = {y € D,, : d(x,y) is even}. To get a lower bound for
the off-diagonal terms, we start with

Proposition 6.3. There exist ¢c; and h : D,, — R such that |h| is bounded
by cin~%/2=1 and if n is even gh(y) = B(n,z,y) ify € F,.

Proof. By the semigroup property, p(2,-,-) is a symmetric nonnegative
definite matrix. Thus if we consider p(2, -, -) restricted to Fy x F,, we still
have a symmetric nonnegative definite matrix, and by the spectral theorem
there exist a collection of eigenvalues Aj, Ag,---, Ay and a collection of
corresponding orthonormal eigenvectors ¢; : F, — R (orthonormal with
respect p|p, ) such that

p(2,y,2) = Z)\i%(y)%(z)-

We extend ¢; to all of D,, by setting it equal to zero on D,, — F,.
By the semigroup property,

p@m+2,y,2)= Y P2m,y,w)p(2,z,w)uw).
weD,
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For y,z € F, we know p(2, z,w) is 0 unless w is also in F}; hence we may
replace the sum in the above equation by a sum over w € F,. Using the
eigenvalue expansion and induction, we then obtain

p(2m,y, z ZX”% (2), y,2€F,.

Since p(2, y, z) is nonegative definite, it follows that \; > 0. Since P is a
submarkovian kernel, \; < 1 for all s.

Let
M

h(z) =) (1= X)Atei(z)pi(2)

=1
if z € F, and zero otherwise. If y € F,, then

oo

gh(y) = Y 9w, 2)h(z) = Y > Blm,y,2)h(2).

z€D, m=0z2€D,

Since h is zero on D,, — F, and y € F,, then p(m,y, z)h(z) is nonzero only
if m is even and z € F,,. Therefore

gh(y) = > _ > B(2m,y, 2)h(z)
m=0z2€F,
oo M

D (1= XA AT ZAZ 0i(z)0i(y

04:=1
(n,z,y).

(]

3
[

I
S|

It remains to bound |h(z)|. By the Cauchy-Schwarz inequality,

M

< (S0 - 2nn@?) 7 (300 - W)

=1 =1

1/2

Note the function A — (1 — A)A™/? is bounded by cy/n for A > 0. We then
observe that

M c M
n 2 n
D= 2Nei2) < 23N Ppi(2)?
=1 =1
< 2p(n/2,2,2) < Zp(n/2,2,2)
< an_ds/2 1



This completes the proof. O

Proposition 6.4. There exist ¢; and cg such that if n and d(z,y) are even
and d(z,y) < cin/® | then p(n,z,y) > com—ds/2.

Proof. We will choose a constant c3 in a moment. Let p = min{n > 0;n €

27, n > o(x,can/%). For any y € F,

p(n,z,y) =gh(y) =B > h(Xm) + EGh(X,,). (6.2)

m=0
The first term on the right is bounded by
1hllocE? p < cacs” nllh]|co,

using Theorem 5.4. So by Proposition 6.3, the first term on the right is
bounded by 04c§w n~%/2. The second term on the right of (6.2) is harmonic
in S(.T,anl/d“’). By Proposition 4.5, there exists ¢5 < 1 such that if y €
S(z,2 Fcgn/4), then

IEYGh(X,) — E*gh(X,)| < ceck|[ghllos < crckn=d=/2.

Therefore,

—dg /2 k, —d./2

p(n,z,z) — B(n, 7,y) < 2caci®n + crckn”

for y € S(z,2 Fcan'/d) N F,.
Recall there exists cg such that p(n, z,z) > cgn~%/2. Now take c3 small

so that 204cgw < cg/3 and then k large so that c7cf < cg/3. Let ¢; = 27Fc3

and let ng be chosen so that cln(l)/ du ig larger than 4. Provided n > ng and

y € S(z,cin/%) N Fy,, we have
p(n,z,y) > p(n,z,y) > csn™%/2/3.

We thus have our result if n > ng. It is easy to see that the proposition also
holds if n < ng provided we adjust cs. O

Finally we use chaining to obtain our result.

Theorem 6.5. Ifn and d(z,y) have the same parity and d(x,y) < n, then
p(na z, y) > Cln_ds/2 eXp(—CQ(d(x, y)d“’ /fn)l/(dw_l)).
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Proof. Write D for d(z,y). If z is a neighbor of y,

p(’l’L,Jf,y) > p(n - 1,.’17,2)]?(1,2’, y)M(Z) > C3p(n - ]-axaz)a

with c3 independent of z,y,z, and n. So it suffices to consider the case
when n is even.

The case n < 4 is obvious, so we assume n > 4. If D < C4n1/d”’, where
c4 is the constant ¢y in Theorem 6.1, the result is immediate from Theorem
6.1 or Corollary 6.2. So we need to look at the case n > D > cant/dw

Let k be the smallest integer greater than or equal to (D% /An)'/(dw=1),
where A will be chosen in a moment. Let mq,..., my be even integers, each
between [n/k]/4 and 4[n/k] + 2, so that my + ...+ my = n. Note

P

if we take A sufficiently large.
We can find points zg, 21, ..., 2x such that zp = z, zx = y, and

d(2, zi41) < caln/K]Y%,  §=0,1,2,..., k1.

We now let C; = {w € G : d(w,z) < ca[n/k]"% d(w,z) even}. So
1C;| > es5(n/k)%4 /% = cs[n/k]%/2. If w; € C; and w;yq € Cip1, then by the
triangle inequality d(w;,w;y1) < 2c4[n/k]"/*. We can then write

p(n, z,y)

> Z Z Z p(ma, 2o, w1)p(wy)

w1 E€CT w2 €CH wg—1€CK-1
X p(ma, w1, w2)p(wz) . .. p(Mmg, Wg_1, 1) p(wr_1)
(L2 1(Ci)) (erln/R) 4/
(es(n/ k) /2= (2egm ) ~H/?
clgn—ds/desﬂ
= n~%/% exp(—klog(1/cs) + ds(log k)/2)
> n~%/2 exp(—cok).

AVARAVARLY,

Recalling the definition of k, this proves the theorem. Il

7. Further results.

(a) ds < 2. The place in the argument where ds; > 2 was used was in
obtaining upper and lower bounds on the expectation of o(z,r). If ds < 2,
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we modify the argument as follows. Instead of Cg and g(-,-), we use the
capacity and Green function for X, killed on exiting B(z, c17) for suitably
large c¢;. With this change, the argument goes through as before.

(b) Transience and recurrence. From the estimates on p(n,z,z) we see
Yoo op(n,z, x) is finite for all z if d; > 2 and identically infinite if d, < 2.
So X, is transient if and only if ds < 2.

(¢) Bounded harmonic functions. We show that the only bounded harmonic
functions on G are the constant ones.

Theorem 7.1. If h is bounded and harmonic on V', then h is identically
constant.

Proof. Let » > 1. By iterating Proposition 4.5

Osc h<p™ Osc h<20"|h|so-
B(z,r) =P B(z,2™r) P || ||

Letting m — oo, Osc g(4,r) h = 0. Since r is arbitrary, h is constant. Il

(d) Continuous time random walk. Much as in Sections 5 and 6 we see there
exist ¢y, ca, c3, cq4 such that for ¢t > d(z,y)

et~ %/2 exp(—cy(d(z, y)te /1)1 (de—1))
< q(t,z,y) < est™%/2 exp(—cq(d(z, y)*= /t)1/ (G —1))
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