Random walk on the incipient infinite cluster on trees
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Abstract. Let G be the incipient infinite cluster (IIC) for percolation on a homogeneous
tree of degree ng+1. We obtain estimates for the transition density of the continuous time
simple random walk Y on §G; the process satisfies anomalous diffusion and has spectral
dimension %.
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1. Introduction

We recall the bond percolation model on the lattice Z?: each bond is open with
probability p € (0,1), independently of all the others. Let C(z) be the open cluster
containing z; then if 0(p) = P,(|C(z)| = +00) it is well known (see [Gm]) that there exists
pe = pe(d) such that 6(p) =0 if p < p. and O(p) > 0 if p > p..

Ifd=2o0rd>19 (or d > 6 for ‘spread out’ models) it is known (see [Gm], [HaS])
that 6(p.) = 0, and it is conjectured that this holds for d > 2. At the critical probability
p = pc it is believed that in any box of side n there exist with high probability open
clusters of diameter of order n — see [BCKS]. For large n the local properties of these large
finite clusters can, in certain circumstances, be captured by regarding them as subsets of
an infinite cluster C, called the ‘incipient infinite cluster’ (IIC).

This was constructed when d = 2 in [Kel], by taking the limit as N — oo of the
cluster C(0) conditioned to intersect the boundary of a box of side N with center at the
origin. See [Jal], [Ja2] for other constructions of the IIC in two dimensions. For large d
a construction of the IIC in Z? is given in [HJ], using the lace expansion. It is believed
that the results there will hold for any d > 6. [HJ] also gives the existence and some
properties of the IIC for all d > 6 for ‘spread-out’ models: these include the case when
there is a bond between z and y with probability pL~¢ whenever y is in a cube side L with
center =, and the parameter L is large enough. Rather more is known about the IIC for
oriented percolation on Z x Z% (see [HHS], [HS]), but in this discussion, which mainly
concerns what is conjectured rather than what is known, we specialize to the case of VA
We write Cq for the IIC in Z<. It is believed that the global properties of C4 are the same
for all d > d., both for nearest neighbour and spread-out models. In [HJ] it is proved for
‘spread-out’ models that (7d has one end — that is that any two paths from 0 to infinity
intersect infinitely often.
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For large d, it is believed that the geometry of C, is also similar to that of the IIC when
‘d = 00’ — that is to the IIC on a regular tree; this is supported by the results in [HHS]
and [HJ]. For trees the construction of the IIC is much easier than for lattices, and there
is a close connection between the IIC and a critical Bienaymé-Galton-Watson branching
processes conditioned on non-extinction. In [Ke2] Kesten gave the construction of the IIC
G for critical branching processes. This is an infinite subtree, which contains only one path
from the root to infinity. This tree is quite sparse, and has polynomial volume growth: in
the case when the offspring distribution has finite variance, a ball B(z,r) in G has roughly
r2 points. (This is when distance in G is measured using the natural graph distance).

Let Y = (Y;,t > 0) be the (continuous time) simple random walk on C4, and ¢;(z, y) be
its transition density (see Section 3 for a precise definition). Define the spectral dimension

of C4 by
1qut(.’13,$) (1 1)

I

ds(gd) =2 tliglo 10gt

(if this limit exists). Alexander and Orbach [AO] conjectured that, for any d > 2, d,(Cq) =
4/3. While it is now thought that this is unlikely to be true for small d, the results on
the geometry of Cy for spread out models in [HJ] are consistent with this holding for d
above the critical dimension. For the IIC for oriented percolation on Z, x Z%, the AO
conjecture is proved in [BJKS] for spread-out models for d > 6. Since mean field behaviour
is expected to hold for oriented percolation for d > 4, one might initially expect this result
for d > 4. However, an issue which arises for random walks on oriented percolation clusters
is that while the percolation is oriented, the random walk is not, so that the random walk
‘sees’ connections in the cluster missed by the percolation process. Given this, it is not
clear if one should expect the AO conjecture to hold for oriented percolation if d = 5,6.
See [BJKS] for a more detailed discussion of this. We also remark that an annealed version
of (1.1) is obtained by [JW], using quite different methods.

Random walks on supercritical clusters in Z? are studied in [B2] (transition density
estimates) and [SS], [BeB], [MP] (invariance principles). In these cases the large scale
behaviour of the random walk approximates that of the random walk on Z¢ and the
unique infinite cluster has spectral dimension d.

In what follows, we will specialize to the case of critical percolation on a regular rooted
tree with degree ng + 1, which we denote B. We write 0 for the root of B. We keep ng
fixed, but (in view of possible future applications) wish to obtain estimates which do not
depend on ng. For bond percolation with probability p on B, it is easy to see that if X,,
is the number of vertices at level n in C(0), then X = (X,,) is a branching process with
Bin(ng, p) offspring distribution. Thus p. = 1/ng. For the construction of the IIC see
[Ke2]: we obtain a subtree G C B with law P, on a probability space (Q;, F,P). Write By
for the N-th level of B, and B<x for the union of the first N levels of B. Then the law of
G is characterized by the fact that the law of G N"B<x under PP is the same as that of C(0)
under P,_, conditioned on C(0) reaching level N.

Motivated by [AO], in [Ke2] Kesten studied the simple random walk on G(w), and also
on Cy. Let X = (Xp,n > 0, Q%,x € G(w)) be the simple random walk on G(w). We define
the annealed law P* by the semi-direct product P* = P x Q°, and the rescaled height
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process Z(™) by
Zt(n) = n_l/gd(07 XLntJ)a t >0,

where d(.,.) is the graph distance in G(w).
The following summarizes the main results in of [Ke2] in the tree case.

Theorem 1.1. (a) ((1.19) in [Ke2].) Let Ty = min{n : d(0, X,,) = N}. Then for alle > 0
there exist A1, Ao such that

P*AM < N 3Ty <X)>1—¢, forallN>1.

(b) ((1.16) in [Ke2], full proof in [Ke3].) Under P* the processes Z(™ converges weakly in
C[0,00) to a process Z which is not the zero process.

The continuum limit of the IIC on regular trees is the ‘continuum random tree’ (CRT)
of Aldous — see [Al], [A2], [A3]. A diffusion on the CRT is constructed in [Kr]. In [C1]
Croydon obtains transition density estimates for this diffusion, and in [C2] proves that
it is the scaling limit of random walks on the discrete trees. These papers use the work
of Kigami [Kil] on diffusions on dendrites, and the representation of the CRT as the
integrated super-Brownian excursion (see [DIP]).

To understand why the n=/2 scaling arises in (b) it is helpful to consider the behaviour
of random walks on regular deterministic graphs with a large scale fractal structure — see
for example [Jo|, [BB2], [HK], [GT1], [GT2] and [BCK]. Let d¢ > 1 give the volume growth,
so that |B(z,r)| ~ %7, and suppose that the effective electrical resistance Reg(z, B(z,7)¢)
between x and the exterior of B(x,r) satisfies Reg(x, B(x,7)¢) ~ ¢, where ¢ > 0. In
this ‘strongly recurrent’ case (see [BCK] for simple recent proofs using ideas that are also
used in this paper) one finds that the mean time for X to escape from B(z,r) scales as
rdv where d,, = dy + . While the IIC G is more irregular than the sets considered in
these papers, it still has properties similar to regular graphs with dy = 2. Further, by
Proposition 2.10 below, only O(1) points on dB(z,r/4) are connected to B(z,r)¢ by a
path outside B(x,7/4)¢, so one has Reg(z, B(z,7r)¢) ~ 7, giving ( = 1 and d,, = 3.

In this paper we study the simple random walk on G, and in particular investigate both
quenched and annealed properties of its transition densities. For technical convenience we
work with the continuous time simple random walk on G, which we denote Y = (Y;,t €
[0,00), P*, z € G(w)). However, we expect similar results for the discrete time random walk
X —see the note at the end of Section 5. Since we consider the law of Y with general starting
points z, we need to consider the measures P, = P(-|z € G) and P, , = P(-|z,y € G).

Unlike [Ke2] we restrict our attention to branching processes with a Binomial offspring
distribution. Our main reason for this is to maintain good uniform control of the laws P,.
It is clear by symmetry that P, (|B(z,r)| > A) is the same for any z € By, and in fact
we have uniform bounds for all z € B. (These probabilities are not equal for all z, since
a higher level z is likely to be further from the backbone of the cluster). For a general
branching process, the labels of the point x may give a substantial amount of information
about the size of the cluster near z.



We write 7(x,7) = inf{t : d(z,Y;) > r}. We look at various quantities measuring the
behaviour of the process Y: the transition density ¢;(z,z), the mean times to exit balls
given by EZ7(z,r) and the distance moved by the process d(Yp,Y:). For each of these
quantities we can discuss (i) tightness, (ii) mean values and (iii) limiting behaviour.

Theorem 1.2. (a) There exists 6 > 0 such that
P, (07! < qt(x,x)tz/?’ <0)>c — e_c296, reB t>1,0>1.
(b) There exist cq, c3,c4, S(x) such that for each x,
P,(S(z) > m) < ca(logm) ™1, (1.2)
and on {w : z € G(w)}
cst™ 23 (loglogt) ™Y < ¢¥(z, x) < cat~%/3(loglogt)® for all t > S(x). (1.3)

(c) ds(G) = 4/3 P-a.s.

The cluster G contains large scale fluctuations, so that g;(x,z) does have oscillations
of order (loglogt)® as t — oo — see Lemma 5.1.

Theorem 1.3. (a) There exists § > 0 as such that
P, (07! <r2E%(1(x,r)) <) >1— 6_6166, forzeB, r>1,0>1.

(b) Forx € B, r > 1,
cord < E, (E$T(x, r)) < ¢gr3.

Theorem 1.4. (a) Fort > 1, we have

art'? < E, (EZd(z,Y:)) <E, (B2 sup d(z,Ys)) < eat/?. (14)
0<s<t

(b) There exists T'(x) with P, (T (z) < oo) = 1 such that

cst/3(loglogt) ™2 < E%[d(x, Yy)] < cat®logt  for all t > T(x). (1.5)

We also obtain (annealed) off-diagonal bounds for ¢{(x,y). These are of the same
form as the bounds

et~/ exp(—/(d(x, y) ™ /1) (P =D)

obtained for regular fractal graphs with dy = 2, d,, = 3.
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Theorem 1.5. (a) Let z,y € B. Then, fort > cyd(z,y), we have

E.y (g7 (2,9)) < c1t™*/3 exp (- C2(d(%y)3)l/2). (1.6)

(b) Let z,y € B, with d(x,y) = R, and t > c3(RV 1). Then

Esy (¢ (z,y)) > cat ™23 exp(—cs(R3/1)M?). (1.7)

Define the continuous time rescaled height process
ZM™ = n7134(0,Y,), t>0
t - s tnt) - Y.

By Theorem 1.3(a) the processes (Z(™,n > 1) are tight with respect to the annealed law
given by the semi-direct product P* = P x PO. (This is much easier to prove than the full
convergence given in Theorem 1.1(b).) However, the large scale fluctuations in G mean
that we do not have quenched tightness.

Theorem 1.6. P-a.s., the processes (Z(”), n > 1) are not tight with respect to PD.

In Section 2 we recall various properties of branching processes, and obtain the ge-
ometrical properties of G that we will require. In particular we show that, with high
probability, balls B(x,7) C G have roughly r? points, and O(1) disjoint paths between
B(z,r/4) and B(z,r)¢. Based on this, we define various types of possible ‘good’ behaviour
of a ball B(z,r), and the cluster in a neighbourhood of the path between points z,y € G.
In Section 3 we review some general properties of random walks on graphs. Our main
estimates are given in Section 4, for the random walk on a deterministic subtree G of B
for which balls and paths are ‘good’ in the ways given in Section 2. Finally, in Section 5
we tie together the results of Sections 2 and 4, and prove Theorems 1.2-1.6.

Throughout this article, f,, ~ g, means that lim, o fn/gn = 1. We use ¢, ¢/ and ¢
to denote strictly positive finite constants whose values are not significant and may change
from line to line. We write ¢; for positive constants whose values are fixed within each
theorem, lemma etc. If we cite elsewhere the constant ¢; in Lemma 2.2, we denote it as
c2.2.1- None of these constants depend on the degree ng of the tree.

2. The incipient infinite cluster

We begin with some estimates for the critical Bienaymé-Galton-Watson branching
processes X,,, n > 0, with X, = 1 and offspring distribution Bin(ng, 1/n¢) where ng > 2.
These are quite well known, but as we did not find them anywhere in exactly the form we
needed, we give the proofs (which are quite short) here.

Let f be the generator of the offspring distribution, so that

f(s) = E(s%) = ng™ (s +ng — 1)". (2.1)
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From [Har| p. 21 we have
2 2’1?,0
P(X, > 0) ~ = . 2.2
G =0~ @) = g - 22

Let "
Yo=Y X,  gu(s) =E(s™),  fa(s) = Es™".
k=0

Then conditioning on X; we obtain that f,+1(s) = f(fn(s)), and

gn41(5) = 5[ (gn(s)) = niBLO(gn(s) g — 1)

Set
ha(0) = loggn(e®),  kn(6) = log fu(e).
Lemma 2.1. (a) Let 1 < o < 2. Then
a—1

(b) ,
kn(0) <04 2n6%  provided 0 < 6 < o (2.4)
n

Proof. Note that h,, and k,, are continuous, strictly increasing and h,(0) = k,(0) = 0.
For (a) we have

hny1(0) = log (:Tgo(eh”(g) +ng — 1)”0) =60+ nglog ni(eh"(e) +ng—1).
0 0
Let a, = min{f : h,,(0) = 1}. Then since e® < 1+ x + 22 on [0, 1], on [0, ay,],
1 1
hnt1(0) <6+ nglog(l+ n—hn(G) + n—hn(0)2) <0+ hy(0) + hn(0)% (2.5)
0 0
We verify (2.3) by induction. Since ho(f) = 60, (2.3) holds for n = 0. Writing b, (a) =
(a—1)/(1 + an)?, we have h,, () < 1 for § € [0,b,(c)]. So, using (2.5) and (2.3) for n
hni1(0) < (1 +a(n+1))0+ (1+an)’® — (a— 1) < (1 + a(n +1))6,
proving (2.3) for n + 1.
(b) Similarly, provided k,(6) < 1,
ekn(®) 1
knt1(0) = nolog (1 + The
Using (2.4) for n we obtain, since 0 + 2n6? < 460/3,
kni1(0) < (0 4+ 2n6%) + (0 + 2n6%)2 < (0 + 2n0?) + 166%/9 < (6 + 2(n + 1)6?),
proving (2.4) for n + 1. O
Notation. Let & be a random variable. We write A{[n] for a r.v. with the distribution

of \Y 7 &, where & are i.i.d. with & @5. We also write Ber(p) and Bin(n,p) for the

Bernoulli and Binomial distributions respectively. Using this notation we have for example

(&[n])[m] = £[nm], and Bin(n, p) (i)Ber(p) [n]. We write = for stochastic domination.

) < kn(0) + kn ()2 (2.6)
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Lemma 2.2. For any A >0
P(X,[n] > An) < cie™ S, (2.7)
P(Yp[n] > An?) < cpe™?/®, (2.8)
Proof. Let 0 = 1/6n. Using (2.4)

log P(Xy,[n] > An) < —0An + nk,(0)
< —nf(A-2) = -(A - 2)/6,

proving (2.7).
If 0 < b, () then

P(Yn[n] > )\n2) — P(eGYn[n] > 69/\”2) < e—Gz\nQEeGYn[n]
= exp(—=0An? +nh,(0)) < exp(=0An? + (1 4+ an)nh).
So taking a = 2 and 0 = b,(2) = (1 + 2n)~2

n?(\ —2) n

log P(Yy[n] > )\n2) < - (1+2n)2 * (1+2n)

1
5 ~ 1At cs.

Lemma 2.3. (a) There exist co > 0, pp > 0 such that

P(Y,, > con?) > Po.
n

(b) If ny, @ Bin(n,po/n) then Yy,[n] = con’ny,.

Proof. (a) This should be in the literature, but is also easy to prove directly. Let A, =
{X,/2 > 0},and a,, = P(A,). Then by (2.2) a,, ~ (4no/(ng—1))n"t. We have EY,, = n+1
and EY;? < ¢;n®, where ¢; does not depend on ng. On Ag we have Y,, /5 =Y}, so

n+1=EY, = E(Yy; An) + E(Ya; A7) < E(Y,|An)P(Ayn) + EYy ).

It follows that 5
B4 > "2 s et
a

n
Also,
E(Y2|A,) < P(An) ' E(Y,2; Ap) < can®.

Using the ‘Backwards Chebyshev’ inequality P(¢ > $E¢) > (E€)?/(4FE€?) with respect to
P(-|A,,) then gives

c2nt
P(Y, > 2con®|Ay) > P(Y, > 2E(Y,|Ap)|An) > 2

> 2 =y
4esnt



So P(Y, > %anz) > P(Y, > %02n2|An)P(An) > cua, > csn”t, and taking ¢y = %cz,

Po = ¢5, this proves (a).
(b) Let now Y be i.i.d. copies of ¥,, and F; = {Y,SJ) > con®}. Then if {; = 15, by (a)
we have P(&; =1) > po/n. So,

ZY(J) o= Zcon & = con’? N

proving (b). O
Lemma 2.4. For0 < A< 1andn > ¢/,

exp(—c2/A) < P(Yy[n] < An?) < exp(—cs/A/?). (2.9)

Proof. To prove the upper bound let ¢y = ca.5.0, and m = (A\/cp)'/?n. Using Lemma 2.3

we have
Yon[n] = ZY(” Zcom &—Anzzg,

=1

here &; are i.i.d. Ber(pg/m) r.v. So
P(Yy,[n] < An?) < P(Z & < 1) = (1—po/m)™ < exp(—pon/m) = exp(—cy “po/A'?).
i=1

For the lower bound let k > 1 and m = n/k. Let G; = {X$ = 0}, and G =
Ni<j<nGj. Then P(G) > (1 —c¢/m)™ so

P(Yy[n] < An?) > P(Y,[n] < \n?|G)P(G)
> (1= ¢/m)" (1= P(Yaln] > Mn?|G))
> ek (1 — P(Y,[n] > )\n2|G)).

On G we have Yy, [n] = >°7_, V¥, so for m = n/k > 2,

B, Y1G)  nEYR|Gy) L BV

P(Y, An2|G) < = .
(Yaln] > An7|G) < 2 MZ " anP(Gh) kA

Taking k such that ¢//(kX) = 3, we have n > ¢1 /), which completes the proof. O

We will need to consider the following modified branching process. Let X = ()Z'n, n >
0) be a branching process with X¢ = 1 and the same Bin(ng, 1/n¢) offspring distribution

. S
as X, except that at the first generation we have X, @ Bin(ng — 1, 1/nyg).
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Lemma 2.5. (a) For any A > 0

P(X,[n] > An) < cre” 2, (2.10)
P(Yp[n] > An?) < cze™ %, (2.11)

(b) For 0 < A < 1,
exp(—cs/A) < P(Yy[n] < An?) < exp(—cg/AY?). (2.12)

(¢) There exists p; > 0 such that Y,[n] = czn®Bin(n, p1/n).

Proof. (a) and the lower bound in (b) are immediate from Lemmas 2.2 and 2.4, since
X, xX,and Y, XY,.
For the upper bound in (b), we can write

M
Yaln] =n+ 3%,y
i=1
where M 2 Bin(n(ng — 1),1/ng), and Y@ are independent copies of Y. Similarly,
M
Y[m] =m + 3"V,
i=1
where M’ @Bin(mno, 1/ng). So if m = n(ng — 1)/ng then

M M’
Yalnl=n+Y Y >m+ Y v9 ) = Vium. (2.13)

=1 =1

(2.12) now follows from Lemma 2.4, since %n <m<n.
(c) We have Ber(p) = 1Ber(p/2)[2]. So, using (2.13), with m as in (b),

Y, [n] = Yin[m] = com®Bin(m, po/m)

)

com?Bin(2m, py/2m)

e
N[= N[

= Lcom?Bin(n, po/2m) = c1n®Bin(n, py/n).

O

We now define the random graph G we will be working with. We could regard this
either as critical percolation on the ng-ary tree B, conditioned on the cluster contain-
ing the root 0 being infinite, or as the (critical) Bienaymé-Galton-Watson process with
Bin(ng, 1/ng) offspring distribution, conditioned on non-extinction.
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Let B be the ng-ary tree, and let 0 be the root. A point z in the nth generation
(or level) is written z = (0,1y,---,l,), where I; € {1,2,---,ng}. Let B, be the set of
ng points in the nth generation, and let B<, = U B;. If € By we write |z| = k. If
x=(0,l1,---,1lp) € By, let a(z,r) = (0,11, -,l,—r) be the ancestor of z at level |z| — r.

We regard B as a graph (in fact a tree) with edge set E(B) = {{z,a(z,1)},z €
B — {0}}. Let ne, e € E(B), be i.i.d. Bernoulli 1/ng r.v. defined on a probability space
(Q,F, P). If no =1 we say the edge e is open. Let

C(0) = {z € B : there exists an n—open path from 0 to z}

be the open cluster containing 0. It is clear that Z,, = [C(0) NB,,| is a critical GW process
with Bin(ng, 1/n¢) offspring distribution. Here and in the following, |A| is a cardinality of
the set A. As Z has extinction probability 1, the cluster C(0) is P-a.s. finite.

We have

Lemma 2.6. ([Ke2, Lemma 1.14]). Let A C B<y,. Then

lim P(C(O) N BS’C = A|Zn # 0) = |A N By |P(C(0) N ng = A), (2.14)

n—00

and writing Py(A) = |A N B |P(C<x = A), Py has a unique extension to a probability
measure P on the set of infinite connected subsets of B containing 0.

Let G’ be arooted labeled tree chosen with the distribution IP: we call this the incipient
infinite cluster (IIC) on B. For more information on G’ see [Ke2] and [vH| but we remark
that P—a.s. G’ has exactly one infinite descending path from 0, which we call the backbone,
and denote H.

It will be helpful to use another construction of the IIC, obtained by modifying the
cluster C(0) rather than its law. We can suppose the probability space (2, F, P) carries
iidorv. &, ¢ > 1 uniformly distributed on {1,2,---,n0}, and independent of (7). For
n>0let 2, = (0,&1,...,&), and let

Ne =

~ 1 ife={E,,Ens1} for somen >0,
Ne otherwise.

Then (see [vH]) if
G = {z € B : there exists a 7—open path from 0 to z},

G has law P. It is clear that the backbone of G is the set H = {E,,,n > 0}.
For z,y € B let

Po() =P(lzr€G),  Puy()=P(|z,y€9),

and let E, and E;, denote expectation with respect to P, and P, respectively. Given a
descending path b = {0, by, bo, ...}, (which we call a possible backbone) let

]Pm,b(') = P(|$ € gaH = b)a
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and define P, , ;, analogously.

For each z, y € B, let v(z,y) be the unique geodesic path connecting z and y. We
say that z is a middle point of y(z,y) if z € v(z,y) and |d(z,z) — id(z,y)| < 3. We
remark that the second construction of G makes it clear that P, , (7. = 1) = 1 if the
edge e lies in any of the paths b, v(0,z) and v(0,y), and that under P, ; the r.v. 7,
e € bU~v(0,2) U~v(0,y) are i.i.d. with Py, (7. = 1) = 1/np.

Notation. We consider the tree G = G(w). Let d(z,y) be the graph distance between z
and y, and
B(z,r)={y€G:d(z,y) <r}

We write D(z) for the set of descendants of z. More precisely, y € D(zx) if and only if
xz € v(0,y). Note that x € D(z). If y € D(x) we call z an ancestor of y and y a descendants
of z. We set

Dy(x) ={y € D(z) : d(z,y) =7},  D<r(x) = Uj_oDi().

We also set
D(z;2) ={y € D(z) : v(z,y) Nv(z, 2) = {z}},

and write D,(x;2) = Dy(z) N D(x;2), D<r(2;2) = D<y(x) N D(z;2). Thus if 2z € D(z)
then y € D(z;2) if and only if the lines of descent from z to y and z are disjoint, except
for z. (Note that D(x;z) = D(x).) For any A C G we write

0A={yeG—A:y~ z for some z € A}.

The estimates at the beginning of this Section lead to volume growth estimates for G.
For z € G let p, be the degree of x, and for A C G set u(A) = >, 4 pz- We write

V(z,r) = pw(B(z,T)).
Note that as G is a tree, we have
|B(z,7)| < V(z,r) <2|B(z,r + 1)|. (2.15)
Proposition 2.7. (a) Let A > 0,7 > 1 and z,y € B, and b be a possible backbone. Then
Puyo(V(x,m) > Ar?) < coexp(—ciA), (2.16)
and
Py ys(V(2,7) < Ar?) < caexp(—c3/VA). (2.17)
(b) The bounds (2.16) and (2.17) also hold for the laws Py, Py ,,, and P,

Proof. Tt is enough to prove (a), since the bounds for P, ; follow by taking y = 0, and
those for P, , and P, then follow on integrating over b. Also, using (2.15), it is enough to
bound |B(z,r)]|.
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We will assume that |z| > r; if not we can use the same arguments with minor
modifications. Let z; = a(z,4) for 0 < i < r. If the backbone intersects B(z,r) then let
s be the smallest 7 such that z; € H, and let vy = x4, and v;, © > 1 be the backbone
descending from the point vg. Similarly if «(0,y) intersects B(z,r) then let ¢t be the
smallest j such that y; € B(z,r), and let wo = y; and w;, 1 < i <t be the path y(wo, y).

Then we have

B(z,r) C (U£=0 D<,(x;; :U)) U ( Ui—1 D<r(v;; ’Ugr)) U (Ufﬁ{ D, (wj; y))

Under P, 5 the r.v. [D<,(-;-)| above are i.i.d., with the same law as Y,. Thus |B(z,7)| <
Y, [r][3], and by Lemma 2.5(a),

Py yo(|B(z,7)| > Ar?) < cexp(—c'A).
The proof of (2.17) is very similar. We have U;i%Dgr/2($i§$) C B(z,r), so that
|B(z,r)| = 17}/2[7“/2], and using Lemma 2.5(b) leads to (2.17). O
We also wish to show that oscillations in n=2V (0, n) exist. If W @ Bin(n,p/n) then
straightforward calculations give that

P(W = k) > coe klosk/p) o < | < pl/2, (2.18)

Proposition 2.8. (a) For any e > 0

lim sup V(0,n)

= P—a.s.
n—oo n2(loglogn)l—¢ &0 a-

(b) There exists ¢y < oo such that

(loglogn)V (0, n) <

lim inf <cyg. P—a.s.
n—00 n2

Proof. 1t is enough to prove these for the law Py, for any fixed possible backbone b =

{07 Yi,Y2, - - }
(a) Let

Zn = |{z:2 € D(Wi;yiy1), d(z,y;) <2772, 2"~ <4 < 2n~h 4 on=2Y,

Thus Z, is the number of descendants off the backbone, to level 2"~2, of points y on
the backbone between levels 2"~! and 2"~! 4+ 2"~2. So |B(0,2")| > Z,, the r.v. Z, are

l—¢
9

independent, and Z, @ Yan—2[27~2]. Using Lemma 2.5(c) we have, if a, = (logn) and

Nn @ Bin(n, p1/n),
Po(|B(0,27)] > and™) > By(Z > and”)
> P(Yan-2[2"7"] > a,4")
> P(ngn-2 > ay,) > ce " logan,

12



As Z,, are independent, (a) follows by the second Borel-Cantelli Lemma.

(b) Let ng = exp(2klogk), so that k2ng_; < ng, and let

ne—1

Wy = U D(Yiiyny,), Vi =D<np—ny 1 (Uny 1)-
=0

Then the r.v. |Vj| are independent and B(0,ng) C Wi_1 U V.
Fix 0 < e < 1/3 and let

F(i, k) = {Dgr+en, (yi3 yi+1) = 0}.

Then since X,, = X,
. = c
P(F(Z, k)) = P(Xk1+snk = 0) 2 P(Xk1+enk = O) Z ]_ — m
Let Gy = NIy F(i, k); we have
P(G;) < c/k”e.

n

On the event G we have that |Wy| is stochastically dominated by ) .*; Yk(lilenk, SO
P(|Wi| > k°ni) < P(GR) + P(Yprren, [k Fonp] > k172 (k1 ny)?)
S ck—(l-l—e) _|_e—c'l~::1_26 S Cllk_(l_l-e).
Thus |Wg| < k®n2 for all large k. Now |Vi| x Y, [nk], so
P(|Vi| < c1(logk)~tnk) > P(Yp,[nk] < ci(logk)™tn2) > e~clogr > k=1

if ¢; is chosen large enough. As the r.v. |Vj| are independent, we deduce that |Vi| <
c1(logk)~n? for all k in an infinite set J. For all large k € J,

_ _ 2¢1n?
|B(0,ng)| < Vil + (k= 1)%nf_, < (c1(logk)™ + k™ H)ng < m-

O
Remark. Let C,, denote the unique infinite cluster for supercritical bond percolation (i.e.
p > p.) in Z%. Then writing Q(x, N) for the box side NV and center x

Coo N Q(z, N)|
Q(z, N)|

Propositions 2.7 and 2.8 show that while the law of R72V (0, R) is tight on (0,00),
limg 0o R72V(0, R) does not exist. Thus G is at large length scales a much more irregular
set than the clusters considered in [B2].

— 0(p).

Definition 2.9. Let x € G, r > 1. Let M(x, ) be the smallest number m such that there
exists a set A = {z1,...,2y} with d(z, z;) € [r/4,3r/4] for each i, such that any path
from x to B(x,r)¢ must pass through the set A. (Since G is a tree, the best choice of such
a set A will in fact have the points at a distance r/4 from z, but we will not need this.)
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Proposition 2.10. There exist ci,ce > 0 such that for each r > 1 and each x,y € B, and
possible backbone b
Pyyo(M(z,7) > m) < cre” ™.

Similar bounds hold for P, ,, P, 3 and P,.

RTE
Proof. We just consider the case y = 0; the general case is similar but a little more
complicated since we would also need to consider offspring on the branch ~(0,y). Let
wo = a(z,r/3). If wy € b then let w; be the point in the backbone at level |z| + r/3,
otherwise let w; = wgy. Let
Ay = Uze'y(wo,a:),ZEbDr/4(z;x)a Ay = Uze'y(wo,wl),z;éwlDr/4(z; wl)-
Let N; = |A;|; we have N1 < X, 4[1 + r/4] and N < X, /4[r/2]. Now let
A7 ={z € Aj: D,4(2) # 0}.

Then any path from z to B(z, )¢ must pass through AUA3U{wp, w1}, s0 M = M(z,r) <
2+ |A7| + |A3).

Let p, = P(z € Aj|z € A;) = P(X,;4 > 0), so that p, < ¢/r. So, if k; are i.i.d.
Ber(p,) r.v. independent of N;, we have

@) &
EHES P
j=1

Let

(4

then W = {W,} is a martingale, W,, — W,,_1 <1, (W), = np,(1 —p,), and |AF| = Wy, +

N;p,. Choose r large enough so that p, < % Then
Py u(JA7| > m) < Ppp(Wh, + Nip > m, Njp < m/2) + Py (N;p > m/2). (2.19)
For the first term in (2.19) we have
Prp(Wn, + Nip > m, Nip <m/2) < Py p(Wh, > m/2,(W)n, <m(l—p)/2)
(7
m/2) +m(1—p)/2)

where we used an exponential martingale inequality — see (1.6) in [F]. For the second term,
note that N; < (X, /4[r/4])[2] and so using Lemma 2.2 we deduce that

Pys(Nip > m/2) < ce” ™.

I

< eXp(—2((

Combining these bounds completes the proof. Il

Definition 2.11. Let z € B, » > 1, A > 64. We say that B(z,r) is A-—good if:
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Corollary 2.12. For x € B and any possible backbone b

Py (B(z,7) is not A-good) < cre” 2. (2.20)

Proof. By Propositions 2.7 and 2.10 the probability of each of conditions (a)-(d) above
failing is bounded by exp(—c)). O

We now need to introduce some more complicated conditions on the tree G, and will
prove that these hold with high probability. These conditions describe various kinds of
‘good’ behaviour of balls with centers on a path v(z,y), and will be used when we consider
off-diagonal bounds on the transition probabilities of the random walk in Sections 4 and
5.

Fix A\; > 64 large enough so that the right hand side of (2.20) is less than %. For
z,y € B and k € N, define the event

Fy(z,y,r, k) = {z,y € G and there exist at least k disjoint balls
B(z,r/2) with z € y(z,y) and which are A\;-good.}

For z,y € B, let zy be a middle point of v(z,y). Define the events

Au(z,7,N) ={z € G and B(z,r) is N-good.},
F*(x,y,R, k;’l‘, N) = Fl(l',Zo,R, k/2) N Fl(Z07y7R7 k/2)
NAs(z,7, N) N Au(20,7, N) N Au(y, 7, N).

Definition 2.13. The vertex x € B satisfies the condition G2(N, R) if:
(a) z €G,
(b) For every z € B(z, NR) the event Fi(z, z, R, §N) holds.

Proposition 2.14. Let zg,yy € B, and b be a possible backbone.
(a) For R>1, N > 8,

Pzo.y0,b (xo satisfies the condition G5 (N, R)) > 1 —cyexp(—caN).

(b) The same bounds as in (a) hold for the laws Py 5, Py .y, and Pg, .
(c) For zg,y0 € B, 8 < N < d(xg,¥0)/8, r > 1,

d(xo,
PEanO:b(F*(xO’yO’ wa éN; Ty N)) >1—cs3 eXp(—C4N).

Proof. (a) We prove this for yo = 0; as in Proposition 2.10 the general case is handled by
a similar argument.
Let
Fy(y,s) = {y € G and B(y, s) is A\;—good.},

and write v; = a(z,7), R’ = RN/4. We assume that || > NR and vgs is on the backbone
b: the other cases can be handled by minor modifications to the arguments below. Let wy
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be the highest level point in both b and (0, ), and w;, i > 1 be the backbone b from wq
on.
Under P, the events Fy(vgj, 2) 1 < j < N are independent, and P, ;(Fo(vrj, %)c)

< 7. So standard exponential bounds give

1
4
IPa:,b (Fl (.’E, VR, R7 N/8)C) < cexp(—c'N). (221)

Similarly
Py b (Fi(wo, wrr, R, N/8)¢) < cexp(—c'N).

Now let A; = {v;,0 < i < R'} U{w;,0 < i < R'}; note that under P ; this set is
non-random. Let

={yeB:a(y,R) € A,v(y,a(y, R)) N A, = {a(y, R')}}.

For y € Aj let
Hi(y) = Fi(a(y, R),a(y, R'), R, N/8)",
Hy(y) ={y € G, Dr(y) # 0}.

Then

Pa b ( U Hy(y) N Ha(y)) < Z Poy,o(H1(y) N Hz(y))Pzp(y € G)-
YEA YyEA

Under P, ,; the events H;(y) and Hs(y) are independent, and as in (2.21) we obtain
Psyb(H1(y)) < cexp(—c'N). So,

Poo( |J Hi(y) N Ha(y) < ce™N D" oy (Ha(y)Pap(y € G)
YyEA> yEA,

=ce N )" Poy(Ha(y))

YyEA2

—c'N
=ce © Ez,b E 1H2(y)-
YyEA,

The final sum above is bounded by a constant ¢’ by the same argument as in Proposition
2.10.
Finally, we have

{ G2(N, R) fails for x} C
Fl(maURHRaN/g)c UFl(IwOawR’aRa N/S)c U U (Hl(y) ﬂH?(y))a

YyEA2

so combining the bounds above completes the proof. (b) follows on integrating the bounds
in (a).
For (c), we first note that, by the argument for (2.21),

d(x, 1.
Poy,b (F1(2,, %, 1_6N) ) < ¢ exp(—cN).
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So, using Corollary 2.12, we have

C d(.CC, y) 1 c d(ZE, y) 1 c
IP>:t:,y,b (F*) S]Pw,y,b (Fl(iC, 20, Ta EN) ) + IP>:t:,y,b (Fl(Zana Ta EN) )
+ Z IF)au,y,b (A* (’LU, T, N)c)
W=,20,Y
<2¢' exp(—cN) + 3¢’ exp(—cN) = 5¢’ exp(—cN).

O
Definition 2.15. Let z,y € B (with  # y), m,x € N, and ¢; > 1. Define the condition
Gs3(xz,y,m, k) as follows. Let r = d(x,y)/m, and let zo = z,21,...,2, = y be points on

the path vy(z,y) with |d(z;_1,2;) — | < 1. (We choose these points in some fixed way —
for example so that d(z;_1,2;) are non-decreasing.) For each i = 1,...m let ©; be the
smallest integer A > max(64,c;) such that B(z;, A29r) is A-good, and |B(z;,r)| > 72/A2.
Then G3(z,y, m, k) holds if:

(a) z,y €6,

(b) S, O3 < m.

Proposition 2.16. For each backbone b and z,y € B with x # y
P,y ( Gs(z,y,m, k) holds ) > 1 — ¢k ",

Proof. By Proposition 2.7 and Corollary 2.12, P, ,, 4(0; = k) < e~°. Thus E, ,, ,©03* < ¢/,

and so
m

]Pa:,y,b( GS(-Ta Yy, m, I"") fails ) = Pﬁ’y’b(Z@?Al > mm) S CI/K,.

=1

3. Markov chains on weighted graphs and trees

Let I be a infinite connected locally finite graph. Assume that the graph I' is endowed
by a weight (conductance) fiz,, which is a symmetric nonnegative function on I x I such
that pz, > 0 if and only if  and y are connected by a bond (in which case we write z ~ y).
We call the pair (T, u) a weighted graph. We can also regard it as an electrical network,
in which the bond {z,y} has conductance fi,,,. We will be mainly concerned with the case
when 5, = 1 if and only if {z,y} is an edge: we call these the natural weights on I'. Let
TS ZyGP lzy for each z € T', and set u(A) =) 4 pe for each A C T, so that y is then
a measure on I'.

We next define a quadratic form £ on I' by

£ =5 O (@) = FW)o(e) = 9)) iy

z,yel
T~y

and set
H?> = H*(T,p) = {f € R : E(f, f) < o0}
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We sometimes abbreviate £(f, f) as £(f). Note that if f = maxi<;<n ¢; then since

[f (@) = f()* < max|gi(2) — gi(y)[* < Z |gi(x y)[%,

it follows that

n

Ef 1) <D Elgirg)- (3.1)

=1

Let Y = {Y;}+>0 be the continuous time random walk on I' associated with £ and the
measure . When the natural weights are given on I', Y is called the simple random walk
on I'. Y is the Markov process with generator

Z pay (f (2));

Y waits at x for an exponential mean 1 random time and then moves to a neighbour y
of z with probability proportional to jiz,. We define the transition density (heat kernel
density) of Y with respect to p by

gt (z,y) = P°(Y; = y)/ uy- (3.2)
If A CT we write
Ta=inf{t >0:Y; € A}, T4 = Tye.

The natural metric on the graph, obtained by counting the number of steps in the
shortest path between points, is written d(z,y) for z,y € I'. As before, we write

B(z,r)={y:d(z,y) <r}, V(z,r)=p(B(z,r)).

Let A, B be disjoint subsets of I'. The effective resistance between A and B is defined
by:
Rest (A, B)™' =inf{&(f, f): f € H, fla=1, f|p = 0}. (3.3)

Let Regr(x,y) = Reg({z},{y}), and Reg(x,z) = 0. In general R is a metric on I' — see
[Ki2] Section 2.3. If (T, 1) has natural weights then Reg(z,y) < d(z,y), and if in addition
T is a tree then Reg(z,y) = d(z,y)-

The following is an easy consequence of (3.3).

Lemma 3.1. Forall f e R and z,y €T,

[f(z) = FW)I* < Re (2, 9)E(S, f). (3.4)

Further, for each x,y € T', there exists f so that the equality holds in (3.4).

We recall some basic properties of Green kernels. Let Y;® be the continuous time
random walk on (T, u1) killed outside B := B(x,7), and ¢Z(z, y) be the transition density
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of Y;B. The Green kernel gp(z,y) of Y,P is defined by gp(z,y) = fooo qP(z,y)dt. Then
9B(+,-) has the reproducing property that

E(gB(z,-), ) = f(z)
for all f € H? such that f|g. = 0.
Using this and the fact that p%(y) := gB(z,y)/9B(x, x) is the equilibrium potential
for Reg(x, B°), we have

Rest(z, B) ™" = E(p, ph) = gp(z,2) 7, (3.5)
so that ~
Res(z, B¢) = gp(x,x) = / ¢ (z,z)dt Vrel,BcCT. (3.6)
0

4. Heat kernel estimates on graphs and trees
Recall that for z € T and r > 0, we denote V(z,r) = p(B(z,r)).

Theorem 4.1. Let (T, 1) be a weighted graph and suppose that the edge weights satisfy
My > 1 for all x and y. Then

2
< ', r>1.
92rV (z,r) (.CE,:E) i V(SIT,’I"), rel,r >

Remark. This is similar to the bound in Proposition 3.3 of [BCK].
Proof. Fix zg € T, write B(r) = B(zo,r) and V(r) = V(zo, 7). Set fi(y) = q¢:(zo,y) and
() = Ifll3 = gat(x0, T0) = fae(20);
note that v is decreasing. Let r > 1; since
Z Je(ypy <1,

yeB(r)
there exists y = y(t,r) € B(r) with fi(y) < V(r)~!. Note that, since u. > 1 for every
edge e, it follows that Reg(z,y) < d(z,y) for all z, y. Then by (3.4)

Lo@o) < fuly)? + |fulwo) = i)

1 1
S W +Reff(x05y)g(ft3ft) S W -|—’I"g(ft,ft)-

(1) = —26(fus fi) < VT vt/ 2)?

Since —1(s/2) < —(t) for t < s < 2t, integrating the above inequality from ¢ to 2¢ we
obtain

Hence

Y (2t) — (L) < 2tr V(1) "2 — tr~ ()%
So as ¥(2t) > 0,
tV (r)2(t)? < 2t + 7V (r)2p(t) < (4t) v (2rV (r)2h(t)).

Hence 9 5
r
t) < V —. 4.1
WO < oV (4.1
Taking r such that ¢ = rV(r) completes the proof. O
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Corollary 4.2. Let V(xz,r)>712/A,r > 1, and t = 3. Then

20AV1)  2(AV1)

gt (2, ) < 2 = (4.2)

Proof. Let t =3 and V(z,7r) = Ar? in (4.1). This gives

2 2r _9 1

2(AV1)
$2/3

since A > A~ O

Lemma 4.3. Let f:(y) = q:(xo,y). Then

fly) 1?2 _ d(zo,9)

) 1‘ <y (4.3)
Proof. Let e(t) = E(ft, ft)- Then ¢'(t) = —2e(t), and e is decreasing, we have

t
te(t) = 2e(t) - t/2 < 2//2 e(s)ds =y (t/2) —p(t) < P(t/2) = fi(xo)-

t

So, by (3.4),
) — £i(0)]? < d(zo,y)e(t) < E0DIE0),

and dividing by f;(x¢)? completes the proof. O

From now on we assume that I' is a graph with natural weights.

Proposition 4.4. Let 2o € G, r > 1, and let m > 1, ¢ < 1/(2m). Write B = B(xo,r),
B' = B(zq, 3¢r), V. = V(z0o,r), V' = V(20, 3¢7). Then

(a)
E?tp < 2rV(zg,r), z € B(zo,T). (4.5)
Suppose further that
Reg(xz,B°) > r/m  for x € B(xo,er). (4.4)
Then
(b |
E®rg > for z € B(wo, 3¢r). (4.6)

(c) For z € B(zy, %er),

%44 )+ t
8mV 2rvV°

Po(rp <t) < (1- (4.7)
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(d) ( 1)2 /

C1 V rV

- 7 <
2773 for t < e

qot(x, ) > z € B(zo, 3¢r). (4.8)

Proof. For any z € B we have

E*tp =Y gB(2,y)py-

yeB

(a) Since Reg(z, B€) < 2r for any z € B,

E¢rp = Z gB(Z, y),uy < Z gB(Z, Z):uy = Reff(z’ BC)V("E’ T) < 2’/‘V(:C, T)'
yeB yEB

(b) As in (3.5), £(p%,p%) = g(z,z)" ! and so if 7,y € B’
|1 _me(y)|2 S d(xay)Reff(xch)_l S me S %

Hence p%(y) > 1—-271/2> 1 Qo

1
2
yeB’

(c) By the Markov property, (4.5) and (4.6), for z € B’,

rvV’
4m

< E[rg] < t+ E*[1{, 5y BV (18)] < t + 2rVP% (15 > t),

for all ¢ > 0. Rearranging this gives (c).

(@) By (4.7), .
r m)—1
* > pP* >
P*(Y; € B)> P*(tg > 1) > %
So, if t <rV'/(8m) then
C2Vl
P*(Y; € B) > . 4.
(Y € B) > v (4.9)

By Chapman-Kolmogorov and Cauchy-Schwarz
P*(Y, € B> = () ar(m,y)iy)® < u(B) D ez, y)?y < quu(,2)V,

yeB yEB

and using (4.9) gives (4.8). O

We will now use these bounds for a subtree G of B. From now on we take I' to be a
subgraph of B, and define M (z, r), and the conditions A-good, G2 (N, R) and G3(z,y,m, k)
as in Section 2.
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Lemma 4.5. Let B = B(xy,r), r > 1, and x € B(x¢,7/8). Then

r
—— < =R B€) < 9r/8.
8M(.7;0,7") _gB(:U’:E) eﬁ'(:l:.’ ) — 'I"/
Proof. Since z is connected to B(zg, )¢ by a path of length 97/8, the upper bound is clear.
For the lower bound let m = M (xzg,7) and A = {z1,...,2,} be the set given in
Definition 2.9: note that d(z, z;) > r/8 for each i. Let h; be the function on G such that
hi(z;) =1, h;(z) = 0 and h; is harmonic G — {z, z;}. Then h;(y) = P¥(T,, < T,), and
8
g(hz, hz) = Reﬂ‘(.'L', Zi)_l = d(.’L‘, Zi)_l S —.
r
If y € B(z,r)° then since any path from y to  passes through A, we have h;(y) = 1 for at
least one 7. So if h = max; h; then h(x) =0 and h =1 on B(z,r)¢. So, using (3.1),
8M (zo, 1)

Reg(z, B)™! < E(h,h) < mmax&(h;, h;) < —

proving the lower bound O

Theorem 4.6. Let A\ > 64, and suppose that B = B(zg,r) is A-good. Let I = I(\,r) =
[P3A~6 r3X75].
(a) For x € B(zg,7/A),

3

2% < E®rp < 2\r°. (4.10)
(b) For each K > 0
Gae(z0,y) < A+ VE)W23X3  forte I, ye Bz, Kt*/3). (4.11)
(c) Let z € B(zg,7/A). Then
Qae(x,y) > crt™23N"Y . ifd(z,y) < A0, tel (4.12)

Proof. (a) Since B is A-good, we have M (z¢,7) < A/64. Let m = A/8 and ¢ = 1/(2m) =
4/X. Then

T T
8 m
Also V(zo,r) < Ar?, while since e = 2/X, V(zo, 2e7) > V(zo,r/A) > r2A7%. (4.10) now
follows from (4.5) and (4.6).
(b) Let t; = (r/A?)3. Then by Corollary 4.2 (taking A = \?), if t € I,

Reg(z, B€) > for z € B(xo,er).

QQt(.’Iio, .Z'()) S qd2t, (.Z'(), $0) S 2)\2t1_2/3 S 2/\8/3t_2/3 S /\St_2/3. (413)
Now, for t € I and y € B(zo, Kt'/3), we have, using Lemma 4.3 and (4.13),

g2t (20, y) < qat(z0,Z0) + g2t (0, y) — g2t (z0, o)

K
< gat(z0, o) + 2t2ﬁQ2t(£ﬂo,ﬂvo) < (14+VE)t723)3,
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proving (4.11).
(c) Since B(zg, 3¢r) C B(wo,2r/A), and rV'/(8m) > r3A~>, by Proposition 4.4(d), for
tel,
Gae(x, ) > ca(V)2/(V3m2) > cor™2A718 > ¢t 723071,
Hence, by Lemma 4.3, if d(z,y) < coA™1°

gae(w,y) P dlmy) _ d@y)rtAEd(z,y)A

<1
q2¢ (T, T) = 2tqo(w, ) 2cot = 2cr %
from which (4.12) follows. O
Corollary 4.7. Let A\ > 64, and B(x,r) and B(x, \~5r) be A-good. Then

3 3
E%d(z,Y;) > el A" 4Y3, for — <t<
(2,Y:) > 1 or v <
Proof. Let I = [r3A76 r3X75] and B’ = B(z,rA™°). Let t € I, and y € B’. Then since
r < NY3 d(zg,y) < A5 < A73tY/3) 50 by (4.11) (with K = 1) we have gg(20,y) <
2t—2/3)3. Hence since B’ is A-good,

P th € B Z Q2t o, Y < ,LL(BI)2t_2/3>\3 S 2)\_2 ~
yeB’

N[ =

Thus

E®d(z,Ya) > A 9rP(Yor € B') = A %r(1 — P*(Yy € B')) > > 141/3)\~10/3,

1.
2"

N

Lemma 4.8. Suppose z satisfies Go(N, R). Then
P*(Tp(z,Nr) < t) < e~ N provided N > ¢yt /R.
Proof. We use the argument of [BB1]. Let
A={y € G: B(y,R/2) is A\;—good}.

Define stopping times (7;), (S;) by taking To = min{t¢ : ¥; € A}, and

Sp=min{t >T,,_1:Y; ¢ B(Yp, ,,R/2)},

T, = min{t > S, : Y; € A}.
Since z satisfies G2(IV, R) we have T/s < Tp(z,nr) P -a.s. Let § = Sip1 —T;, 1 > 1.
Then by Proposition 4.4(c) and Lemma 4.5, there exist p = p(A1) < 1 and ¢3 = ¢3(A1) > 0

such that
P*(& < slo(Yu,0<u<T;)) <p+cgR%s. (4.14)

Lemma 1.1 of [BB1] (see also Lemma 3.14 of [B1]) gives that, writing a = c3/R3, (4.14)

implies that
N/8

log P*(_ & < t) < —3Nlog(1/p) +2(
=1
Substituting for a we deduce that

log P*(7p(s,vm) < 1) < —N (204 — cs(t/(R*N))"/2) < —eal,
provided N > (cs5/c4)? - (t/R3). O

aNt)l/2
8p )
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Theorem 4.9. Let z,y € G, t > 64d(x,y) be such that N := [\/d(z,y)3/t] > 8 and
suppose the event F(z,y,d(z,y) N, s N; d(z, y)3t—2/3, N) holds. Then

@ (2, y) < et 23 exp(—caN). (4.15)

Proof. Define T,, = inf{t : ¥; = 2o} and R = d(x,y)/N, where 2y is a middle point in
v(x,y). Let G, be the set of points w in G such that v(z,w) does not contain zp, and let
Gy =G — G;. Then, we have

Gt (@, Y) oty = pa P (Ve = y)
= N:I:Pm(y;t/2 € GyaY;f = y) + ,U/chm(Y;&/2 €G., Y = y)
=,U$P$(}/t/2 € Gy,Y;g:y)-i-,u,yPy(lft/z € Gy, Yy = 1), (4.16)

where in the last line we used the p—symmetry of Y. The two terms in (4.16) are bounded
in the same way. For the first,
P*(Yyys € Gy, Y = y) < P*(Ts, < 1/2,Y; = y)

= E"(L(z,, <ty P* (Yi-1., =)

< P*(T, <t/2) sup gs(zo,y)iy.
t/2<s<t

< ,uy\/Qt/2(ya Y)qt/2(20, 20) P (Toy < 1/2)
< py, N3t723pP2(T, < t/2),

where we used (4.11) with A = N,r = N?t'/3 in the last inequality. Now, t/R® ~
(d(z,y)3/t)1/? ~ N, so N > ct/R>. Thus, by Lemma 4.8 we have

P®(T,, <t/2) <e N and PY(T,, <t/2) <e V.
Combining these facts
qt(x,y) < d N34+—2/3g—cN < ct—2/36—c”N’

which completes the proof. (Il

Theorem 4.10. Let z,y € G with z # y, m > 1, kK > 1 and suppose G3(z,y, m, k) holds.
Then if T = d(z,y)3k/m?

qor(z,y) > e, T~ 2/3e—c2(tes)m (4.17)

Proof. Let r = d(z,y)/m, and (z;), (6;) be the points and integers given by the condition
G3(z,y,m, k) in Definition 2.15. Take the constant ¢y 15.1 = 3¢g § o- Let B; = B(z;, ©2°r),
and B! = B(z;,r). Applying (4.12) to B; we deduce that if d(y,y’) < c46.20712(07%7),
and

O3 < t; < %3, (4.18)
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then
qoe, (4, y') > eat; 2207 (4.19)

If y; € B; then by the choice of ©;
d(yi—1,Yi) < 31 < c16.200; 2 (02°7) = c4.6.20;,

and so the bound in (4.19) holds for ga, (y,y’). Therefore for y;_1 € B;_, and ¢; satisfying
(4.18),

/ Gat, (Yim1, y)u(dys) > cat; 2O7 T u(BY) > ¢a®;
B!

we used here the fact that u(Bl) > ©;%r2. So if t; satisfy (4.18), and s = > _#; then since
S log®; <Y 0% < mk,

q2s(z,y) > / / Qot, (, y1) G2t (Y1, ¥2) - - - @2t,, Ym—1, ¥)e(dy1) - - - p(dYm—1)
1 m—1

> (ct;2/3@;117)cT_1H;-’;_11@i_c5 > g72/3 exp(—cgm — 5 Zlog ;)

> 8—2/36—(C5m+c6)m‘

As G3(z,y,m, k) holds we have 35 0% < mur3 = T. If T < 73502 we can
choose (t;) satisfying (4.18) so that s = T'. If not, let s’ = T — s, so that s’ < mkr3. Fix
a j such that ©; is minimal and in the chaining argument above add m’ extra steps (of
time length #' satisfying (4.18) for i = j) between Bj_; and Bj. Since ¢3* < 0% < &, we
have cgr® < t' < kr3. Then choose m/',t’ so that m't’ + s = T; we have m’ < ecm. Each
extra step gives a factor of 04®j_c5 in the lower bound in the chaining argument, so the

total contribution multiplies the lower bound by a number greater than e—clrte)m  Thyg
(4.17) holds. O

5. Random walk on the conditioned critical GW-branching process

In this section, we state and prove our main results on the random walk on the IIC.
As in Section 2 we write G for the IIC on B, and P for its law. Let Y = {Y;};>0 be the
simple random walk on G(w) defined in Section 3; we write EZ for its law of Y started at
z. Let ¢ (x,y) be the transition density of Y.

Proof of Theorem 1.2. (a) Note that Theorem 4.6(b) and (c) give that, if B(z,r) is A-good,
then if ¢ = A=%73 then
ce AT < t23q,(z, ) < 73, (5.1)

Given 6 > 1 choose A > 64 as small as possible such that cgA™17 < 7! < 0 < ¢7A3. Let
7 = A2t}/3. Then the probability that B(z,) is A-good is at least ce=¢'*, and using (5.1)
completes the proof.

(b) Fix z € B, and let c3 = c2.12.2- Let a = 2/cg and A\, = e + alogn, and r, satisfy
r3) % =e". Let F, be the event that B(z,r,) is A,—good. Then by Corollary 2.12

]P;(Fs) < Ce—c?,alogn — CITI,_2,
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so by Borel-Cantelli Y occurs for only finitely many n, P-a.s. Let N be the largest m
such that F, occurs; then

P(N > m) < i P(F¢) < em™.

m+1
Set S(z) = €. For n > (log S(x)) + 1 we have, by (4.11) and (4.12),
AN < gy, x) < T3N3 (5.2)

for e <t < A\ e™. Let n(t) be the unique integer such that logt € [n(t) — 1,n(t)). Hence,
if t > S(x), n(t) > N and so (5.2) holds for n = n(t). Since

An(t) = €+ alogn(t) ~ aloglogt,

we obtain (1.3).

(c) is immediate from (b). O
While the powers of the terms in loglogt given in Theorem 1.2 are not the best

possible, we do have oscillations in ¢~2/3¢#(.,.) of that order.

Lemma 5.1.
lim inf(log log t)1/62/3¢%,(0,0) < 2, P —a.s. (5.3)
—00

Proof. Define a,, by V(0,2") = a,2?", and let t,, = 2"V (0,2") = a,2°". Then by Theorem

41,
9 223

5 (0,0) < = :
Q2tn( ’ )— V(O, 2”) a}/g

By Proposition 2.8(a), a,, > (logn)'/? for infinitely many n, a.s., giving (5.3). O

Proof of Theorem 1.3. (a) follows from Theorem 4.6(a) and Corollary 2.12 by an easy
argument similar to that used for Theorem 1.2(a). (b) is then immediate from (a). O

Proof of Theorem 1.4. (a) The lower bound in (1.4) is an immediate consequence of
Corollaries 2.12 and 4.7. For the upper bound, let Z; = supgc,<; d(z,Y;), R = t*/3 and
Ty = TB(z,mR)- Let Ki(z)(w) be the largest n such that 2 does not satisfy Ga(n,R).
Then by Proposition 2.14

o0
P, (Ki(z) > k) < Z:IE‘}C (z does not satisfy Ga(l, R)) < e . (5.4)
1=k
Then {Z; > nR} C {T, < t}, and so by Lemma 4.8,

EZZ <R Pi(T,<t)

n=0

SR(l—I—Kt(:c)—I- Y ij(TnSt))
n=K;(z)+1

< R(1+Ki(2) + =KZ(:)+16_CH> < R(c+ Ki(z)). (5.5)
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Since E, K;(x) < ¢’ this completes the proof.
(b) Let m(t) = [t]; Since

it is enough to prove (1.5) for integer ¢. Using (5.4) and Borel-Cantelli there exists ¢’ such
that
P, (Kn(z) > ¢ logn i.0.)=0.

and so by (5.5)
E%d(z,Y,) < ¢'n/3logn

for all sufficiently large n. The lower bound in (1.5) follows from Corollary 4.7 by the same
argument as in Theorem 1.2. U

Proof of Theorem 1.5. We begin with the on-diagonal case x = y. Let A\,, = n and r, be
defined by 272 /A8 = t. Let F,, = {B(z,7y) is Ap-good }, and N(w) = min{n : w € F,}.
By Corollary 2.12 P, (N > n) < P,(F¢) < e “*. On F, we have, by (4.11), ¢¥ (z,z) <
ct=2/3p3, so

E,[¢¥ (z,2)] < ct72/3E, N3 < /t72/3, (5.6)

proving the on-diagonal upper bound in (1.6).
For the on-diagonal lower bound choose mg such that Py (Fy,,) > 1 and then on F,,
by the lower bound in (4.12),

¢ (z, ) > ct~2Pmy17.

For the off-diagonal bounds, when d(z,y) < 64t'/3, (1.6) can be proved similarly
to (5.6) using Theorem 4.6(b). So we will assume d(z,y) > 64t'/3. Now, let N :=
[/d(z,y)3/t] > 8 and define Fy = Fy(z,y,d(z,y) N1, tN;d(z,y)>"2/3,N). Let Ao = N
and define \,, = N+n—1 for n > 1. For each n > 1, set r,, = t'/3)\2 and let F}, = {B(z,r,)
is A,-good }. Then, P, ;(F<) < e~*». We now apply Theorem 4.6 (b) with K = A2 and
obtain the following. (Note that we can apply the theorem because d(z,y)/t}/3 < cN?/3 <
cA2))

Goe(z,y) < (14 /A2)t72/3)03 < (172/3)\4, (5.7)
Let M(w) = min{n > 0 : w € F,}. Then, P,(M = 0) = P,(Fy) > 1 — 4e " and
P, (M > n) < P (FS) < ce~®*n. Thus, using Theorem 4.9 and (5.7), we obtain

E; .y [CI‘{'(%?J)] =E; , [q,‘;’(a:,y) M = 0] + Ea:,y[q;)(xa y) : M > 0]
<ct 2B exp(—¢' N) + "t23E[\S, - M > 0).
Since E[Xy, : M > 0] < e300 (N + &k — 1)%e ¢ (N+E=1) < ce=<"N we obtain (1.6).
We next prove (b). Choose £ = 2¢2.16.1, so that P, ,(G3(x,y, m, k) holds ) > % Now
choose m = (R3k/t)'/2; by Theorem 4.10, for w such that Gs(z,y, m, &) holds,
g5, (2,y) > ct /% exp(—d (K + ¢ )m).
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Taking expectations gives (1.7). O
Let B
Z™ = n=134(0,Y,), t>0.

By Theorem 1.3(a) the process Z™ is tight with respect to the annealed law given by
the semi-direct product P* = P x P2, (See Theorem 1.1 for the analogous result for the
discrete time simple random walk.)

Proof of Theorem 1.6. Let U, = supg<,<; zm, Then, by (4.5),

PY(U, < A) = P%supd(0,Y;) < Anl/?)
t<n

22013V (0, An/3)

= P (Tpoani/s) > 1) < .

So by Proposition 2.8(b), we have, for any A > 0, that lim inf,_, ., P2(U, < A) = 0, which
shows that the r.v. U,, (and hence the processes Z(™) are not tight. 4

Remark 5.2. This result illustrates the difference in the type of results that can arise
between the quenched and annealed cases. For the case of supercritical bond percolation
in Z%, while an invariance principle was proved in the annealed case in [DFGW] in 1989,
the quenched case was only proved recently in [SS], [BB], [MP].

Remark 5.3. In this paper we have for simplicity treated the continuous time random
walk Y on G. Similar proofs work for the discrete time random walk X = (X,,n >
0,Q%, z € G(w)). Some of the modifications are minor, but the arguments in Section 4
using the relation 2||g:||3 = (g, g:) are more complicated in discrete time. For a general
treatment of discrete time walks, see [BCK].

Write pa(7,9) = Q°(Xn = y)/ty, and set ga(@) = pu(w0,7) + pusa (70,). See
[BCK], Proposition 3.2 for a discrete time version of Theorem 4.1. We have (see for
example (3.4) in [BCK]) £(gn,9n) = 9g2n(20) — g2n+2(z0). Using this, and the bound
nE(Gn, gn) < €P2|n/2|(T0, o), (see Lemma 3.10 in [BCK]), one obtains Lemma 4.3 for g,.

Since the mean time between jumps of Y is 1, mean hitting times are the same for X
and Y, so Proposition 4.4(a) and (b) also hold for X. The proofs of (c¢) and (d) just use
the Markov property, and so these also hold for X.

The arguments for the remainder of Section 4 and 5 are based on the first four results
in Section 4. No real issues arise in working with discrete rather than continuous time,
but a careful proof would have to ensure that all the times considered were integers.
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