Corrected proof of Proposition 3.3. The changes from the the published version are in
equations (3.7), (3.8), and the lines -2 and -3 of page 3, and are marked in red.

Proposition 3.3 Suppose VD, UHKP(«)), NDLB(«) and UJS hold. Then PHI(«) holds.

Proof. Let A € (0,1], R> 1, T = AR*, zg € G, and write:
BOZB(.Z'O,R/2), B,:B<$0,3R/4), B:B(xo,R),

and
Q=Q(xy, T,R)=1[0,T) x B, E=(0,T] xB'.

We consider the space time process on R x G given by Z;, = (Vy — t, X3), for ¢t > 0.
Let u(t, z) be non-negative and caloric on (). Define the réduite ug by

ug(t,z) =B (u(t — Tg, X1,); Tp < 7q),

where T is the hitting time of £ by Z, and 7¢ the exit time by Z from ). Then ug = u on
E, ug=0o0n Q° and ug <wuon @ — E. R

The process Z has as a dual the process Z; = (Vp + t, X;); we may therefore apply the
results of Chapter VI of [BG]. The balayage formula gives

uslt.a) = [ pP (. veldrdy).  (t:3) € Q,
E
where vy is a measure on E. We write

vp(dr,dy) =Y vp(dr, 2)8.(dy)p.

zeB’!

We can divide each of the measures vg(dr, z) into two parts: an atom at 0, and the remainder.
Given this we can write

e(t,T) Zptxz Ozuz—l—Z/ P (z,2)p.vp(dr, 2). (3.4)

zeB’ z€B’

To identify vg(dr, z) note that if (¢,z) € E then

— =—=Lu=L(u—ug)+ Lug. (3.5)

Differentiating (3.4) we deduce that each measure vg(dr, z) is absolutely continuous with respect
to Lebesgue measure, and that, writing vg(dr, z) = v(r, z) dr,

auE

B —(t,z) = v(t,z) + Lug(t, x). (3.6)

Using (3.5) this gives

v(t,x) = L(u—up)( Z J(z, 2)(u(t, z) —ug(t, z)). (3.7)

zeG—B'
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Let

wi(z) = u(t,x) —ug(t, ), Jw,(z Z J(z,y)w,(y). (3.8)
yeG—-B'
Then combining (3.4) and (3.7), for z € By, t € [0,T],
u(t, x) Zptxz Ozuz—l—Z/ pP (2, 2)Jw,(2)dr. (3.9)
zeB’ zeB’

Now let (t1,21) € Q_ and (t9,22) € Q4. To prove the parabolic Harnack inequality it is
enough, using (3.9), to show that:

pi(21,2) < Cpl(x2,2) for z € B, (3.10)
Zpﬁf,,(xl,z)Jwr(z) <C Zpng.(I'Q, 2)Jwp(z), 0<r<t. (3.11)
zeB' zeB'’

Of these (3.10) is immediate from UHKP(«) and NDLB(«). So we consider (3.11). Since
toy — 1 >ty —t; > T/4, using NDLB(«), and writing V' = V(x¢, R),

Zpgfr(a:, 2)Jw,(z) > V! Z Jw,(z), x € By. (3.12)
z€B' z€B’
Let s =t; —r € [0,7/2]. To complete the proof of (3.11) it is enough to show that
Z PPz, 2)Jw.(2) < eV Z Jw,(2). (3.13)
2eB’ z€B’
If s > T/8, then using the upper bound on p? we obtain (3.13). So suppose s < T'/8. Let
B, = B(xy,5R/8). Then
Zps z, z)Jw,(z Zps x, z)Jw,.(z) + Z pP(x, 2) Jw,(2). (3.14)
zeB’ 2€B1 z€B’'—B1

If z € B'— By then d(z,z) > R/8 and so by UHKP(«)

CS

B < < /V_l.
PSS RV, ) = ©
Hence
Z PP (z,2)Jw,(2) < V! Z Jw,(z2) < V! Z Jw,(2). (3.15)
2€B'—B; 2€B'—B; z€B’
If z € By then using UJS
Jw(2) =Y J(zy)w(y)
yeG—B'
< S S I )
- V(z, R/8) ’
yeG—DB' z'€B(z,R/8)
_ O -1
=V Z Jw, (") < cu.V Z Jw, (2"
z'eB(z,R/8) Z'eB’



So,

> PP, 2)Jwe(z) <V Y Jwe(2) Y pl(r ). < VY Jw(2). (3.16)

z€B1 2'eB’ z€B, z'eB’
Combining (3.15) and (3.16) proves (3.13), and hence (3.11). O
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