
Corrected proof of Proposition 3.3. The changes from the the published version are in
equations (3.7), (3.8), and the lines -2 and -3 of page 3, and are marked in red.

Proposition 3.3 Suppose VD, UHKP(↵), NDLB(↵) and UJS hold. Then PHI(↵) holds.

Proof. Let � 2 (0, 1], R � 1, T = �R↵, x0 2 G, and write:

B0 = B(x0, R/2), B0 = B(x0, 3R/4), B = B(x0, R),

and
Q = Q(x0, T, R) = [0, T ]⇥ B, E = (0, T ]⇥ B0.

We consider the space time process on R⇥G given by Zt = (V0 � t,Xt), for t � 0.
Let u(t, x) be non-negative and caloric on Q. Define the réduite uE by

uE(t, x) = Ex
�
u(t� TE, XTE);TE < ⌧Q

�
,

where TE is the hitting time of E by Z, and ⌧Q the exit time by Z from Q. Then uE = u on
E, uE = 0 on Qc, and uE  u on Q� E.

The process Z has as a dual the process bZt = (V0 + t,Xt); we may therefore apply the
results of Chapter VI of [BG]. The balayage formula gives

uE(t, x) =

Z

E

pBt�r(x, y)⌫E(dr, dy), (t, x) 2 Q,

where ⌫E is a measure on E. We write

⌫E(dr, dy) =
X

z2B0

⌫E(dr, z)�z(dy)µz.

We can divide each of the measures ⌫E(dr, z) into two parts: an atom at 0, and the remainder.
Given this we can write

uE(t, x) =
X

z2B0

pBt (x, z)u(0, z)µz +
X

z2B0

Z

(0,t]

pBt�r(x, z)µz⌫E(dr, z). (3.4)

To identify ⌫E(dr, z) note that if (t, x) 2 E then

@uE

@t
=

@u

@t
= Lu = L(u� uE) + LuE. (3.5)

Di↵erentiating (3.4) we deduce that each measure ⌫E(dr, z) is absolutely continuous with respect
to Lebesgue measure, and that, writing ⌫E(dr, z) = v(r, z) dr,

@uE

@t
(t, x) = v(t, x) + LuE(t, x). (3.6)

Using (3.5) this gives

v(t, x) = L(u� uE)(t, x) = µ�1
x

X

z2G�B0

J(x, z)(u(t, z)� uE(t, z)). (3.7)
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Let
wt(x) = u(t, x)� uE(t, x), Jwr(z) =

X

y2G�B0

J(z, y)wr(y). (3.8)

Then combining (3.4) and (3.7), for x 2 B0, t 2 [0, T ],

u(t, x) =
X

z2B0

pBt (x, z)u(0, z)µz +
X

z2B0

Z

(0,t]

pBt�r(x, z)Jwr(z)dr. (3.9)

Now let (t1, x1) 2 Q� and (t2, x2) 2 Q+. To prove the parabolic Harnack inequality it is
enough, using (3.9), to show that:

pBt1(x1, z)  CpBt2(x2, z) for z 2 B0, (3.10)
X

z2B0

pBt1�r(x1, z)Jwr(z)  C
X

z2B0

pBt2�r(x2, z)Jwr(z), 0  r  t1. (3.11)

Of these (3.10) is immediate from UHKP(↵) and NDLB(↵). So we consider (3.11). Since
t2 � r � t2 � t1 � T/4, using NDLB(↵), and writing V = V (x0, R),

X

z2B0

pBt2�r(x, z)Jwr(z) � cV �1
X

z2B0

Jwr(z), x 2 B0. (3.12)

Let s = t1 � r 2 [0, T/2]. To complete the proof of (3.11) it is enough to show that
X

z2B0

pBs (x, z)Jwr(z)  cV �1
X

z2B0

Jwr(z). (3.13)

If s � T/8, then using the upper bound on pB we obtain (3.13). So suppose s  T/8. Let
B1 = B(x0, 5R/8). Then

X

z2B0

pBs (x, z)Jwr(z) =
X

z2B1

pBs (x, z)Jwr(z) +
X

z2B0�B1

pBs (x, z)Jwr(z). (3.14)

If z 2 B0 � B1 then d(x, z) � R/8 and so by UHKP(↵)

pBs (x, z) 
cs

(R/8)↵V (x,R/8)
 c0V �1.

Hence X

z2B0�B1

pBs (x, z)Jwr(z)  cV �1
X

z2B0�B1

Jwr(z)  cV �1
X

z2B0

Jwr(z). (3.15)

If z 2 B1 then using UJS

Jwr(z) =
X

y2G�B0

J(z, y)wr(y)


X

y2G�B0

cµz

V (z, R/8)

X

z02B(z,R/8)

J(z0, y)wr(y)

=
cµz

V (z, R/8)

X

z02B(z,R/8)

Jwr(z
0)  cµzV

�1
X

z02B0

Jwr(z
0).
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So,

X

z2B1

pBs (x, z)Jwr(z)  cV �1
X

z02B0

Jwr(z
0)
X

z2B1

pBs (x, z)µz  cV �1
X

z02B0

Jwr(z
0). (3.16)

Combining (3.15) and (3.16) proves (3.13), and hence (3.11). ⇤
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