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Abstract

We investigate the relationships between the parabolic Harnack inequality, heat
kernel estimates, some geometric conditions, and some analytic conditions for ran-
dom walks with long range jumps. Unlike the case of diffusion processes, the
parabolic Harnack inequality does not, in general, imply the corresponding heat
kernel estimates.

1 Introduction

This paper investigates the relationships between the parabolic Harnack inequality, heat kernel
estimates, some geometric conditions, and some analytic conditions for random walks with
long range jumps. By random walks with long range jumps, also known as random walks with
unbounded range, we mean random walks for which there does not exist a positive integer K
such that the probability of a jump larger in size than K is zero.

Our investigation combines two lines of research that have received much attention. For the
past few decades there has been a great deal of interest in extending the results of DeGiorgi,
Nash, Moser, and others on the regularity of solutions to the heat equation on R? with respect
to elliptic operators in divergence form to much more general state spaces. Among the state
spaces considered are manifolds, graphs, and fractals. A typical result for the case of diffusions
on manifolds or nearest neighbor random walks on graphs is along the lines of the following.
(For a precise statement of the results, see [Gr, SC1, Del].)

Theorem 1.1 The following are equivalent:

(a) Gaussian upper and lower bounds on the heat kernel;
(b) the parabolic Harnack inequality;

(c¢) volume doubling and a family of Poincaré inequalities.
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The other line of research leading to this paper is the study of Harnack inequalities and
heat kernel estimates for processes with jumps on R?, Z9, or state spaces with similar structure.
These results are more recent; among the early papers here are [BL, CK1]. The motivation
is that researchers in mathematical physics, mathematical finance, and other areas want to
allow their models to have jumps, but many of the basic properties of jump processes are still
unknown. A typical result (see the cited references for exact statements) is the following.

Theorem 1.2 [f there ezists a € (0,2) such that the probability of a jump from x to y is
comparable to |z — y| =92, then the following hold:

(a) polynomial type upper and lower bounds on the heat kernel;

(b) the parabolic Harnack inequality.

It is therefore quite natural to study heat kernel estimates and the parabolic Harnack
inequality for random walks on more general graphs where there is the possibility of arbitrarily
large jumps. Besides being interesting in its own right, we believe this study sheds additional
light on pure jump processes of all types. It should also be mentioned that there are significant
differences between the results for the diffusion or nearest neighbor case (Theorem 1.1) and the
results we obtain here for the long range case (Theorems 1.5 and 1.6)

In this paper we investigate these connections in the framework of continuous time random
walks on graphs. We believe that our results should extend with only minor changes to jump
processes on metric measure spaces. However, in that context some issues of regularity would
have to be treated.

Let I' = (G, E) be an infinite connected graph, where G is the set of vertices and E the set
of edges. We write d(z,y) for the graph distance, and we assume that I" is locally finite. We let
B(z,r) ={y : d(z,y) < r} denote balls in the graph metric; we allow r € [0, 00). The notation
x ~ y means that d(z,y) = 1.

Let J(z,y) = J(y,x) be a symmetric non-negative function on G x G with J(z,z) = 0 for

all z. We write
T(a, A) =Y J(x,y), (1.1)
yeA

and assume there exists C; € [1,00) such that
C;' < J(x,G)<Cy, zeQG. (1.2)
Let p be a measure on G such that p, = p({x}) satisfies for some constant Cp; € [1, 00)
C']\_/[1 <p, <Cy, z€G. (1.3)
We write
V(z,r) = p(B(z,r)). (1.4)
For each p > 0, let LP(G, ) = {f € R® : " f(2)Pp, < oo}, and let | f||, be the LP norm of
f with respect to u. We define the operator
1

ﬁf(if):E

> () = f@)J(z,y). (1.5)
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and the quadratic form

EL 1) =33 S (@) - Fw) I (wy).  f e LAG,p). (1.6)

An easy application of Cauchy-Schwarz shows that E(f, f) < 2C;Cu||f||3. We consider the
continuous time Markov process X = (X;,t > 0,P*, x € @) with jump rates from x to y
of u;'J(z,y). This is the Markov process associated with the generator £ and the Dirichlet
form (€, L*(G, u)). Note that since ||Lf||2 < 2C;Cu]|f||2, £ is defined on L?(G, ). We write
pe(z,y) for the heat kernel on I'; this is the transition density of the process X with respect to
. P*(X,

pi(ay) = DX =Y) (1.7)

Hy
Since the total jump rate out of z is u;'J(z,G) < C;Cyy, the process X is conservative and
>y Pe(@,y)py, =1 for all z,¢.
We now consider various conditions which could be imposed on I', J, X and p.

1. Volume growth. G satisfies volume doubling VD if there exists a constant C'y, such that
V(z,2r) < CyV(z,r) forallzeG,r>0. (VD)

It is easy to check that VD implies that there exists a; > 0 such that if z,y € Gand 0 <r < R
then

Vv d a
(z, R) < Cl(M) 1. (1.8)
Viy.r) r
Thus V(z,d(x,y)) < V(y,d(z,y)), where < means that the ratio of the two sides is bounded
above and below by two positive constants not depending on z or y.
VD also implies that

V(x,2r)
V(z,r)

To see this choose y € B(x,2r) — B(x,r), such that B(y,r/4) C B(z,2r) and B(y,r/4) N
B(x,r) = 0. So, V(z,2r) > V(x,r) + V(y,r/4), while by VD, C4.V (y,r/4) > V(y,4r) >
V(z,r). Combining these gives (1.9).

A more restrictive condition is that V(z,r) grows like r (where d € [1,00)):

>1+4Cy*  provided r > 1. (1.9)

Ord < V(z,r) < Cor?, 7> 1. (V(d))

2. Transition density estimates. Next we introduce various conditions on the heat kernel
pe(z,y). X satisfies UHKP(«) if

1 t
A
V(z,t1/*) " V(z, R)R*

pe(zy) < cl( ), t >0, where R = d(z,y), (UHKP (o))

and LHKP(«) if

1 t
A
V(z,tt/e) " V(z, R)R*

pe(z,y) > 02< ), t >0, where R = d(z,y). (LHKP(v)).
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If both UHKP(«) and LHKP(«) hold, we say HKP(«) holds. The ‘P’ here stands for ‘poly-
nomial’ — this kind of decay arises frequently for processes with long range jumps, instead of
the Gaussian type behavior associated with continuous processes. This decay also occurs for
Markov chains obtained by subordination of nearest neighbor random walks. Note that the first
term in UHKP(«) (and in LHKP(«)) is smaller than the second term if and only if t > R*.

If we just have the upper bound for z = y, then we say UHD(«) holds:

Cc

Ve o (UHD())

pt(x7 .',U) S

If V(d) holds, then HKP(«) takes the form:

pe(z,y) < tVA t >0, where R =d(z,y).

Rd+a )

Let pf(x’r)(~, -) be the heat kernel of the process X killed on exiting B(xz,r). (I, J) satisfies
NDLB(«) if there exist constants ¢y, ¢o, c3 such that

@]

B(xz,r), 1 1 >
P (x’y)_V(x,r)’

vy € B(z,r/2), cor® <t < cgrc. (NDLB(«))

This lower bound plays a key role in the proof of the parabolic Harnack inequality.

3. Harnack inequalities. Let I be an open subset of R, A C G, and Q = I x A. Let u(t, x)
be defined on I x G. We say that u is a caloric on @ if

ou
ot
We can interpret (1.10) in the weak sense in ¢, that is, for any ¢ € C°(I)

(t,x) = Lu(t,z), tel,xe A (1.10)

—/Iw’(t)u(t,x)dt = /cu(t,x)¢(t)dt, r €A (1.11)

I

Here C2°(1) is the set of C*° functions with compact support contained in /.

Let Q = Q(xo, T, R) = (0,T) x B(xo, R), and set

Q- =Q_(0, T, R) = [T/4,T/2] x B(zo, R/2),
Qs = Q4 (20, T, R) = [3T/4,T)] x B(xo, R/2).

For @) as above we write s + Q = (s,s +T) x B(xg,R). We say the parabolic Harnack
inequality PHI(«) holds, if for A € (0, 1] there exist constants Cp()), depending only on A,
such that whenever u = u(t,x) > 0 is caloric in Q(zg, AR*, R) and continuous at time 7', then

+

supu < Cp(N) iélfu. (PHI(«v))
Q-

The continuity of u at time T is assumed since we often use PHI(«) at time 7. Alternatively,
one may define PHI(a) as “ -- whenever u = u(t,z) > 0 is caloric in Q(x¢, \R* + ¢, R) for
some € > 0, then --- 7.



We say a function h defined on G is harmonic on a subset A if
Lh(z) =0, xz € A

The elliptic Harnack inequality holds if there exists a constant ¢ not depending on x( or R such
that if & is non-negative on G and harmonic in B(zg,2R), 9 € G, R > 1, then

h(z) < ch(y), x,y € B(zo, R). (EHI)

Remark 1.3 (a) The classical parabolic Harnack inequality for diffusions on manifolds has
a = 2. Parabolic Harnack inequalities with anomalous scaling oz > 2 are given in [HSC,
BBJ. The case o < 2 is discussed in [BL, CK1, CK2].

(b) If R < 1, then B(z, R) and B(z, 1 R) are both just the single point {z}. Nevertheless the
parabolic Harnack inequality as stated above still makes sense, and in fact it is easy to
check that this local parabolic Harnack inequality, (i.e., the parabolic Harnack inequality
with R < 1), will always hold under the condition that C; < co.

(¢) If a« > 1 then the introduction of X is not necessary, since the parabolic Harnack inequality
for A = 1 implies the parabolic Harnack inequality for any A € (0, 1]. To see why we need
to introduce A in the case when o < 1, let xg, x; € G with d(zg,x1) = R, let 0 < T < R®
and suppose we wish to find a chain of n space-time boxes Q; = s; + Q(x;,r*,r) linking
(10,0) with (z1,T). We need nr > R, and nr® < T, which implies that n®~' > R®/T.
Since n > 1, chaining of this type is only possible when o > 1.

(d) Since a harmonic function is caloric, PHI(«) implies EHI.

4. Analytic estimates. Let PP be the semigroup for X; killed on exiting B. For an operator
T on functions, ||T||,—, = sup{ HTqu 1 fll, < 1}. We consider the following semigroup bound:
there exist ¢y, ¢, c3 > 0 such that

|PPeo| o < erVi(mo, 7)Y, for all cor® <t < csr®,r > 0,20 € G. (SB(a))

5. Jump kernel. We also consider bounds on J:

Clizfly
T S G V. ) )
J(a.y) > ol (LJ(a))

— d(z,y)V(z,d(z,y))

If J satisfies both UJ(«) and LJ(«) we say it satisfies J(«). (The g, p1,, are superfluous in view
of (1.3). We put them here and elsewhere for the sake of possible future generalizations.)

We introduce the following hypotheses concerning the smoothness of the jump kernel J. As we
see below these play an important role in the characterization of HKP(«) and PHI(a). We say
UJS holds if .

J(z,y) ,ux Z J(2',y) whenever r < 1d(z,y), (UJS)




and we say that LJS holds if

J(z,y) c,um Z J(z',y) whenever r < 1d(z,y), and (1.12)
yEB(w r
J(x,y) > co >0 whenever x ~ y. (1.13)

We recall that = ~ y means d(z,y) = 1. We say JS holds if the local non-degeneracy condition
(1.13) holds and in addition

J(z1,y) < cJ(xo,y) if d(xg,z1) < d(a:o, v); (1.14)

cf. [Fo], where a similar condition is used. Given VD, then combining UJS and LJS gives JS
by a straightforward argument (see Lemma 5.5).
6. Exit times. For A C GG we write

T4 =min{t > 0: X; & A}.
(I, J) satisfies E, if for all z € G, r > 1,
ar® <E'Tpey < cor. (Eo)

In [GT] it is proved that for simple random walks the condition VD+EHI + E is also equivalent
to conditions (a)—(c) of Theorem 1.1. (The case a > 2 is also treated there.)

7. Poincaré inequality. (I', J) satisfies PI(«) if there exists a constant Cg such that for any
ball B = B(z,R) C G with R>1and f: B —R,

S (f@) = Fp)pa < CoR™ D (f(x) = f(y))*T (2, y), (PI())

r€EB z,yeB

Where 7B = IU’(B>_1 ZmEB f(x)lu’w

The main results of this paper are as follows. First, we see that some of the implications in
Theorem 1.1 do hold in the long range jump case.

Theorem 1.4 Let o > 0.
(a) HKP(«) implies PHI(«v).
(b) PHI(«) implies VD+ EHI + E,.

A counterexample in Section 6 shows that the converse of Theorem 1.4(a) does not hold.
We also sketch an example in that section which shows that the converse of (b) fails as well. It
is easy to see that VD plus PI(«) is not enough to prove PHI(«) — see the example at the start
of Section 6.

Given the gap between HKP(«) and PHI(«), one wishes to find good conditions equivalent
to each of these.

Theorem 1.5 Assume V(d), and a € (0,2). The following are equivalent:
(a) J(),

(b) HKP(a),

(¢) PHI(«) and LJS.



Theorem 1.6 Assume V (d) and o € (0,2). The following are equivalent:
(a) PHI(«)
(b) UJ(a)+ PI(a) + UJS.

Remark 1.7 1. Theorems 1.5 and 1.6 are enough to prove ‘stability’ of HKP(«) and PHI(«a)
in the following sense. We say a property P is stable if whenever J and J’ are comparable, i.e.,
J(z,y) < J'(x,y) for x,y € G, and P holds for (I', J), then P also holds for (', J').

2. Our results are actually slightly stronger than those stated, in that the constants which
arise in the conclusions only depend on those in the various hypotheses. So, for example, a
more careful statement of Theorem 1.4(a) would be “Suppose the graph I', jump kernel J and
measure p satisfy (1.2) and (1.3) with constants C'; and C)y, and that (I", J) satisfies HKP(«)
with constants C} and Cy. Then (I, J) satisfies PHI(«) with a constant C'p, where C'p depends
only on the constants Cy, Cy, C'; and Cy;.”

Section 2 shows that HKP(«) implies a lower bound on the heat kernel of the killed process
in a ball. Section 3 proves the parabolic Harnack inequality, using the ‘balayage’ argument
introduced in [BBCK]. Section 4 looks at consequences of the parabolic Harnack inequality —
see Proposition 4.11 for a summary of these. Section 5 looks at consequences of the condition
SB(«), and combining these with the results of Sections 2—4 completes the proofs of Theorems
1.4 - 1.6. In Section 6 we give some counterexamples, which show that the converses of (a) and
(b) in Theorem 1.4 do not hold.

Note. By Theorem 1.4 each of PHI(«) and HKP(«a) implies VD. Some of the implications in
the Theorems 1.5 and 1.6 do not need V' (d); in addition some do not need the condition a < 2.
We summarize this in the following table.

Statement Volume condition Range of a
Theorem 1.5(a)=(b) V(d) 0<a<?2
Theorem 1.5(b)=(c) None 0<a<oo
Theorem 1.5(c)=(a) None 0<a<?2
Theorem 1.6(a)=-(b) None 0<a<oo
Theorem 1.6(b)=-(a) V(d) 0<a<?2

For the convenience of the reader, we list the abbreviations we have used and in which
subsection of Section 1 they can be found.

Abbreviation Meaning Subsection
E, Exit time 1.6
EHI Elliptic Harnack inequality 1.3
HKP(a), LHKP(«), UHKP(«r)  Upper and lower heat kernel 1.2
J(a), LJ(a), UJ(«) Jump kernel bounds 1.5
JS, LJS, UJS Jump smoothness 1.5
NDLB(«) Near diagonal lower heat kernel 1.2



PHI(«) parabolic Harnack inequality 1.3

PI(«) Poincaré inequality 1.7
SB(«) Semigroup bounds 14
UHD(«) On diagonal upper heat kernel 1.2
VD Volume doubling 1.1
V(d) Volume growth 1.1

Throughout the paper, we use ¢, ¢’ to denote strictly positive finite constants whose values
are not significant and may change from line to line. We write ¢; for positive constants whose
values are fixed within theorems and lemmas. We adopt the convention that if we cite elsewhere
the constant ¢; in Lemma 2.2 (for example), we denote it as ¢y 1.

2 The heat kernel killed outside a ball

We begin by proving that HKP(«) gives a near-diagonal lower bound on the heat kernel killed
outside a ball. We assume HKP(«) holds with constants C; and Cs, so that, writing r = d(x, y),

4 A Cht Cy A Cot
V(x,tt/e)  V(x,r)re V(z,tV/)  V(z,r)re

S Dt ([L’, y) S
Lemma 2.1 HKP(«) implies VD.

Proof. Let t* = r. Then

2
Vg 2 2 5 pang Vi)t
Rearranging gives V (z,2%r) < ¢V (z,r), which implies VD. O
Remark 2.2 Note that HKP(«) is equivalent to the following:
1 t 1 t

Ci( ) < pe(,y) < Cs( ), (2.1)

A\ A\
V(z, Cott/e) " V(x,r)re V(x, Cytt/e) " V(x,r)re

where 7 = d(z,y). Indeed, one can prove VD from (2.1) similarly to the proof of Lemma 2.1,
so (2.1) implies HKP(«).

Lemma 2.3 Assume HKP(«). Let B = B(xg,R) C G. For each A € (0,1) there ezists a
constant c¢1(X\) such that

Cl()\)

pra(l',y) > m> z,y € B'= B(xo, R/2). (2.2)



Proof. Let 7 = 7. By the strong Markov property of X, for z,y € B’ = B(xy, R/2) and for
any t > 0

pi(z,y) = pl(z,y) + E" 1 enpir (X, y) < 0P (2,y) + Sup sup ps(2,9). (2.3)
<s<tzeBc°¢

For z € B¢,y € B’, and s < (R/2)* the upper bound in HKP(«) gives

(z.1) < Cys < C3S
PSS = d(z, y))d(z, y)e = V(z, R)R®

where we used VD to obtain the final expression.
Now choose ¢ such that 20 = 27 A (Cy/cs). Let v € (0,1], and let s = k(6R)*. If
1,y € B" = B(xg, 20R), then d(x,y) < JR. So

2

(1.y) > — A Grs > Crs > G
Ps\T,Y) = V(S(,’,Sl/a) d(xjy)a‘/(xjd(x7y)) - (5R)0¢V(LL’,5R) - V(QUO, R)
So,
pP(z,y) > G 2 - (C1 —c36%) > & (2.4)

V(ZL’Q,R) V(ZL’Q,R)Ra V([L’(),R) - QV(ZL'Q,R)

Now let x1,7, € B'. Choose n =1+ [4/d], and let zy = 29,21 ..., 2, = y1 be a sequence
of points in B’ with d(z;_1, z;) = 16R. Let B; = B(z;,0R/4), and note that (2.4) implies that
pB(x,y) > cur/V(xo, R) for & € B;_y, y € B;. A standard chaining argument then gives

pfs(zlayl) > C5/€n/V(l’0,R). (25)

We have
ns = (1+ [4/5])K(5R) (2.6)
so choosing x such that ns = AR* we obtain (2.2). 0

Remark 2.4 As already mentioned in the introduction, the need for A (and so for x) only
arises when o < 1; when o > 1 the usual chaining argument with sufficiently small balls allows
one to bound p¥r.(x,y) from below once one has the bound (2.4) with x = 1.

3 Parabolic Harnack inequality

In this section we show (under the assumption V' (d)) that PI(«), UJ(«) and UJS together imply
PHI(a).

Lemma 3.1 Let 0 < o < 2. Suppose V(d), PIl(«) and UJ(c) hold. Then the upper bound
UHKP(«) holds.

Proof. 1t is well known (see for example [SC1]) that PI(«) implies the Nash inequality
IFIETCD < one (s, NIRRT (3.1)
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Given (3.1), we have UHKP(«) by the arguments in [BL, CK1]. (See also [BGK, CK2] for a
simpler version of the proof.) O

Given PI(a) and VD the argument of [SS] gives a weighted Poincaré inequality. This takes
the following form. Let zo € G, R > 1, B = B(x, R), and

¢r(r) = c1(R — d(x,z0))",

where ¢, is chosen so that > . pr(z) = 1. Set

TSOR = Z f(I)SOR(I):u:c

zeB

Then there exists a constant C' not depending on R, f, or xg such that

D@ = Fop e <C Y (@) = f(®))* (r(@) A erly)) (2, y). (3.2)

zeB xz,yeB

Lemma 3.2 Suppose V(d), PI(«) and UJ(a) hold. Then NDLB(«) holds.

Proof. This follows from the weighted Poincaré inequality by a standard argument; see, for
example, [BBCK], Section 3. So we have

B/ .1 C ro lo}
> B R/4), T =< R“. 3.3
pT(zay) il V(LU(),R/2)’ €T,y € ($0a / )7 ( )

O

Proposition 3.3 Suppose VD, UHKP(«), NDLB(«) and UJS hold. Then PHI(«) holds.

Proof. Let A € (0,1], R> 1, T = AR", zy € G, and write:
BOIB(SL’O,R/Q), B/:B(Io,BR/4), B:B(SL’(),R),

and
Q=Q(xo, T,R)=[0,T] x B, E=(0,T] x B".

We consider the space time process on R x G given by Z;, = (Vy — t, X;), for t > 0.
Let u(t, z) be non-negative and caloric on (). Define the réduite ug by

uE(t, $> = E””(u(t — TE,XTE); Ty < TQ),
where T is the hitting time of E' by Z, and 7 the exit time by Z from ). Then ugp = u on
E,ug=0o0n Q¢ and ug <uon @ — F.

The process Z has as a dual the process Z\t = (Vo + t, X}); we may therefore apply the
results of Chapter VI of [BG]. The balayage formula gives

up(t,z) = / PP (&, y)ve(drdy),  (t,2) € Q.

10



where v is a measure on E. We write

vp(dr,dy) =Y vp(dr, 2)6.(dy) -

zeB'

We can divide each of the measures vg(dr, z) into two parts: an atom at 0, and the remainder.
Given this we can write

g(t,x) Zpt:cz Oz,uz—l-Z/ P (x, 2)p.vp(dr, 2). (3.4)

zeB’' zeB’

To identify vg(dr, z) note that if (¢,z) € E then
— =—=Lu=L(u—ug)+ Lug. (3.5)

Differentiating (3.4) we deduce that each measure vg(dr, z) is absolutely continuous with respect
to Lebesgue measure, and that, writing vg(dr, z) = v(r, 2) dr,

8UE
5 —(t,x) = v(t,z) + Lug(t, ). (3.6)
Using (3.5) this gives
v(t,z) = L(u —ug)( Z J(z, 2)(u(t, 2) — ugl(t, 2)). (3.7)
Let
we(x) = u(t,z) —up(t, ), Jw,(z Z J(z,y)w,.(y (3.8)

yeB—-B'

Then combining (3.4) and (3.7), for x € By, t € [0,T],
u(t, x) Zptxz Ozuz—l—Z/ P (z,2)Jw,(2)dr. (3.9)
2€B’ 2€B’

Now let (t1,21) € Q_ and (t2,x3) € Q. To prove the parabolic Harnack inequality it is enough,
using (3.9), to show that:

pp(21,2) < COppl(22,2) for 2 € B, (3.10)
> o (w1, 2)Jw,(2) SC Y pl (2, 2)Jwe(2), 0<r <ty (3.11)
zEB’ zEB’

Of these (3.10) is immediate from UHKP(a) and NDLB(«). So we consider (3.11). Since
to —r >ty —t; > T/4, using NDLB(«v), and writing V' = V (zo, R),

STpp (3, 2)Jw(z) > VY Juw(z), € By (3.12)

zeB’ zeB’

11



Let s =t; —r € [0,7/2]. To complete the proof of (3.11) it is enough to show that

Z pP(x, 2)Jw.(2) < eV Z Jw,(2). (3.13)

zeB'’ zeB’
If s > T/8, then using the upper bound on p? we obtain (3.13). So suppose s < T'/8. Let
B, = B(xy,5R/8). Then

Zps x, z)Jw,(z Zps x, z)Jw,(2) + Z pP(x, 2)Jw,(2). (3.14)

zeDB’! z€B1 zeB'—B;

If z € B' — By then d(z, z) > R/8 and so by UHKP(«)

CS

B < < lv—l.
PSS RV RS <
Hence
Z pP(x, 2)Jw,(2) < V! Z Jw,(2) < V! Z Jw,(2). (3.15)
2€B'—B, 2€B'—B, z€B/
If z € By then using UJS
JU)T Z J Z y wr
yeB—B'
< Y S Iy
- V(z, R/8) ’
yeB—B' #€B(z,R/8)
=P Z Jw,(2") <c¢ V_lzJ !
= (2) < e wy(2')
V(Z’ R/S) 2'€B(z,R/8) 2'eB’
So,

Z PP (2, 2)Jw,(2) < V! Z Jw,(z Z PP (2, ), < cVE Z Jw, (). (3.16)

z€B; z'eB’ z€B; z'eB’

Combining (3.15) and (3.16) proves (3.13), and hence (3.11). O

4 Consequences of the parabolic Harnack inequality
Throughout this section we assume PHI(a).

Lemma 4.1 Let G satisfy PHI(«). Then the on-diagonal upper bound UHD(«) holds:

C
< — . .
pe(z,x) < V(z, fi7a) reG,t>0 (4.1)
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Proof. Let r = tY* and A = 1. Let u(t,y) = p/(z,y) and apply PHI(a) to u in Q =
(0,4t) x B(x,2r); this gives
pt(x>$) SSUPUSCngUSCOP&(fan)a yEB(at,r).
Q +

Integrating over B = B(z,r),

N(B)pt($, ZE') S Co Zp3t($7 y),uy S Co-

yeB
O
Let B C G, and pP(x,y) be the heat kernel for X killed on exiting B. A key consequence

of the parabolic Harnack inequality is a lower bound for pZ(z,y). For continuous processes
a standard argument (see [SC2], p. 153) is to apply the parabolic Harnack inequality to the

function
if s <t/2
v(s,x) = V(). 1 s <12 (4.2)
Po_yppo(x), i t/2<s.
where v» = 1 on a ball B and v = 0 on G — B*, where B* is the ball with the same center as B

but radius twice as large. However, for v to be caloric one needs £ = 0 on B, and this fails if
the process can jump from B to G — B*. Instead we use the argument below.

Theorem 4.2 Let I' satisfy PHI(«). Then if xg € G, T = R*, B = B(xo, R),

By o/ c ro
> B 2). 4.
Proof. Let Ry = R/2 and ¢y = 1 — (3/4)"/. Set rj, = coRo(3/4)*/*, and let

k—1

Ry = Rey — e = Ro— Y 1 = Ro(3/4)"
0

Let ty = ry, and let By = B(xg, Ry) for 0 < k < oo; for large k the ball By is just {zo}.
Set
un(tax) ]P)x TBn >t Z Dby n [L’ y oy,

yeBy,

On(t) = sup un(t, ).
xEBn

Since u,, is a sum of caloric functions, w, is caloric in (0,00) x B,. Note that u,.; < u, and
that u,(x,t) and 6(t) are decreasing in t. Also note that

Un(t, xg) > P( Xy =10,0< s < t) > e~ (20.Gt (4.4)
For any ball B;

wlt+5.0) = Y oo = 0 30 o @ g

yeB; z€B; yeB;
B.
= Z P (%, 2)u;(s, 2)pe < u;(t, x)8;(s).
z€B;

13



Therefore 0;(t +s) < 0;(t)0;(s).
Now let n > 0 and let x € B,y;. Then B(x,r,) C B,, so that u,(t,x) is caloric in
Q = (0,t,) x B(x,r,). Applying the parabolic Harnack inequality we obtain

Un(tn/4, ) < supu, < C) glf Uy < Crug(t,, ) < Ch0,(t,) < C’len(tn/?))?’.
Q- +

Since tp11/3 = t, /4,

Oni1(tns1/3) = SUp Upy1(t,/4, 1) < supu,(t,/4,2) < C16,(t,/3)°. (4.5)

B7L+1 Bn
Write a,, = 0,,(t,,/3); we have
any1 < Cral, n > 0. (4.6)

Note that a, < 1 for all n. Suppose that ag < (C; V e)~!. Then a; < (Ciag)a? < ag, and so
iterating we deduce that Cya, < 1 for all n. Therefore, using (4.6) again,
tp < (Cran1)ap_y < ap_y < ap_y < (ag)® <™.

Hence u,(t,, zo) < exp(—2") for all n > 0, which contradicts (4.4).
So ag > (Cy Ve)™! = ¢y, and thus Oy(s) > ¢y for s € [0,t9/3]. Let s = tq/3 A (T/8). Then
there exists 2’ € By = B(xg, R/2) such that

up(s, ') > cs.

Applying the parabolic Harnack inequality to wuy enough times to compare wug(s,z’) with
uo(T/4,2") it follows that ug(7/4,2") > ¢4. Thus as

uO(T/47 LU/) = Z p?74(l’/, y):uyv

y€Bo
writing Vo = u(By), there exists y' € By with
Vo ' < P2 y) < 7l y).

Applying the parabolic Harnack inequality to v(t,y) = pZ(2/,y) in the region (0,T) x B(xg, R)
we obtain

Vil < p¥/4($’,y) < Sclglpv <4 glfv < C’1p3BT/4(x’7y)7 for all y € By.
_ +

Fix y € By; applying the parabolic Harnack inequality again to w(t,z) = pf., /4(3:,y) in the
region (0,7) x B(xg, R) we obtain, for any x € By,

C4(CY1VE))_1 S p?T/4(x/>y) = 'lU(T/2, ZL'/) S lan'LU S CYl lan'LU S Clw(BT/4>I) = Clpg(Iv y)a
- +
which completes the proof of (4.3). O
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Corollary 4.3 Suppose (I, J) satisfies PHI(«). Then I' satisfies VD.

Proof. This is immediate given (4.1) and (4.3). Let R > 0, T'= R*, z € G and B = B(x, R).

Then
C1

V(z, R/2) V(z, R)’
giving VD. a

< pB(x,z) < pr(z,z) <

Corollary 4.4 PHI(«) implies SB(«).

Proof. First, note that SB(«) is equivalent to the following: There exist ¢, ¢o, ¢3 > 0 such that
for any xy € G, r > 0, and writing B = B(xq, 1),

supof(z, y) < V(o tV) 7L forall epr® <t < egr®. (4.7)
x,YE

Now pi(z,y)* < pi(x, 2)pi(y, y). So, by Lemma 4.1, for 2,y € B,

Py (2, y)” < pilz,y)” < V(z, t1)V (y, /%) = V(xg, /)2’

where we used (1.8) in the last line. O
Lemma 4.5 Suppose G satisfies PHI(«). Then

ClRa S ExTB(x’R) S CgRa, R Z 1. (48)

Proof. Let B = B(xg, R) and B’ = B(xg, R/2); then if T' = (2R)“, (4.3) gives
pT(zvy) > Cv(me)_la T,y € B.
Fix yo with d(xo, yo) = [3R/4]; then if x € B

V(y()v R) > cs.

P*(Xr & B") > P*(Xp € B(yy, R/4)) = Z pr(@, y)py > Cm =

y€B(yo,R/4)

So we have P*(1p > T) < 1—c¢3 for all z € B'. Hence by the Markov property P*(rp > kT') <
(1 — c3)*, and thus E*rp < ¢,T. Since E*TB(z0,r/2) = E™7p, replacing R/2 by R gives the
upper bound in (4.8).

The lower bound is easy; Theorem 4.2 gives

P*(Theny > RY) = > phe(a,y)uy, > cs >0,
yEB(z,R)

and thus E*7p(, gy > ¢4 R®. O

Remark 4.6 Lemma 4.5 shows that (I', J) cannot satisfy PHI(«) for two different values of a.
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Proposition 4.7 Suppose (I',J) satisfies PHI(«). Then UJS holds.

Proof. Let A C G and f(t,x), t € Ry, © € G — A, be a bounded non-negative function.
Consider the equations

%(t,x) = Lu(t, z), x €A, (4.9)
u(0,2) =0, x € A, (4.10)
u(t,x) = f(t,x), r € A" (4.11)
Then u is caloric on (0,00) x A and
u(t,x) =E*(f(t —7a, Xr,);7a < 1). (4.12)

Let xg,y0 € G and R < d(wg,yo). Take A = B(xo, R), let T'= R*, h > 0 be small and
define f,(t,z) by
Ju(t, ) = Ligmyo) Lrjo—na/y(t), €G- B.

Let uy(t, x) be the solution of (4.9)—(4.11). Thus
up(t,z) =P X, =yo,t —T/2 <715 <t+h—T/2).
Since Cj < 0o we have
lim h™tun (T2, ) = g T (2, yo). (4.13)

Applying the parabolic Harnack inequality to u in (0,7") x B(zq, R) we obtain

uh(T/Q, SL’(]) S Cluh(T, xo).

Now by (4.7)
up(T, o) ZpT/2 xo, 2)up(T/2, 2)p, < cu(B Zuh T/2,z)u
2€B 2€B
Thus
uh(T/27 IL’(]) < C:U’(B>_1 Z uh(T/27 Z):U’zu
z€B
and using (4.13) gives
Clag
J < — J 4.14
(x0>y0) = V(l’o,R) Z (Z>y)> ( )
z€B(z0,R)
proving UJS. O

Lemma 4.8 Suppose PHI(«) holds. Let B = B(xg, R), and B’ = B(xg, R/2). Then

cu(B)
> J(y,G-B)< T (4.15)

yeB’
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Proof. Let 7 = 7, and consider the martingale

t
M, = 1y () — / Lrog i3 (X, G — B)ds
0

Then E*M,; = 0, and hence

t
12Ex/1(7>8uX1J(XS,G Bds-/Zps z,y)J(y,G — B)ds.
0

yeB

Using the lower bound (4.3), and writing 7" = R®,

1> J(y.G- B)/ p2 (w0, y)ds > Tu(B)™" Y J(y.G - B).

yEB’ T/2 yeB’

Proposition 4.9 If PHI(«) holds then UJ(«) holds, i.e.,

Clhg [y
J(z,y) < d(z,y)*V(z,d(z,9))

(4.16)

(4.17)

Proof. Using (1.2) and (1.3), (4.17) holds if d( y) < 3. If d(z,y) > 3 let r = |d(x,y)/3].

Then using Proposition 4.7 twice and (4.15) once

Jay) < 2 ST g y)

V(SL’, T) z'eB(z,r)
Clg Cly
< 2 2, Iy
V(SL’, T) x'eB(x,r) (y’ y'€B(y,r)
< VCA N T, Blao, 2r))
( z'e€B(x,r)

Caply V(1) Clapty
~ Vi, r)V(y,r) r rVi(y,r)

Using (1.8) completes the proof.
Lemma 4.10 Suppose PHI(«) holds. Then Pl(a) holds.

Proof. Let B be a ball and let X denote the process X ‘reflected on the boundary of B.” That

is, X is the process with jump rates

J(x,y), ifzx,yeBDB,
(Iy):{ (z,y) Y

0, otherwise.

J
Write p,(z,y) for the heat kernel of X. Then by Theorem 4.2

7 > pB > ¢ B 2).
pt(x>y) = Dt (Z’,y) - V(ZE’Q,R/2)’ z,y € ($07R/ )

This lower bound then gives PI(«) by a standard argument, as in [SC2], p. 159-160.

We summarize the results of this section in the following Proposition.

17
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Proposition 4.11 Suppose PHI(«) holds.
(a) (T, J) satisfies VD, UHD(«), NDLB(«), SB(«0), En, UJS, UJ(a) and Pl(«).
(b) Suppose that in addition (I', J) satisfies V(d). Then UHKP(«) holds.
5 Consequences of the on-diagonal upper bound
In this section, we assume that (I", J) satisfies VD and SB(«). For A C G let
Fa={uec L*(G,u):ulg_a =0} (5.1)

Lemma 5.1 Suppose VD and SB(«) hold. Then there exists ¢; > 0 such that for all o € G,
r>1,

E(u,u) > H ||2, for all uw € Fpgr.- (5.2)

Proof. Let A > 1 (to be chosen later) and B = B(xg, Ar). Using the log-convexity of ¢
| PBul|? (see [Cou] Lemma 3.2 for the proof), we have

(PPu,u) > exp ( B <€'(u,u)t>7

lull3 lull3

By interpolating SB(«) with ||PZ||1—: < 1, and using VD, we obtain

forallu e Fg, t>0. (5.3)

1PPull3 < eaV(wo, Ar) Hlullf, (M) <t < es(Ar).

Substituting this into (5.3) with 2¢ instead of ¢,

el € (u, ) 1
— > exp| —2 t), Co(Ar)* <t <cz(Ar)*, ue FgNL . 5.4
oo 200 (2t e s(Ar) 5 (5:4)

Let w € Fpery N LY, and ¢ = ¢3(Ar)®; then using the Cauchy-Schwarz inequality,

crflull? a1V (2o, 1)
V(xo, \r)||ull3 = V(xg, Ar)”

(5.5)

As r > 1, using (1.9), we can choose A so that the right hand side of (5.5) is less than et
(5.4) with t = ¢3(Ar)* and (5.5) now give (5.2). O

Let
Y d@y)I(zy), My(zr)= > J(z,y).

yeB(x,r) yEB(z,r)°

Lemma 5.2 Suppose VD and SB(«) hold. Then for all xq, r

V(
a IO’ ) < ST My r) + Ma(x, 7). (5.6)

x€B(xo,r)
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Proof. Let xy € G, and let r > 0. Consider the function

fly) = (1 —r~"d(zo,y))+.
Let A(x) ={y : d(xo,y) > d(zo,x)}, and

Lf(@)= Y (f2) = f)*I(z,y).
yEA(z)
Then f(z) =0 and I'f(z) = 0if x € B(x, )%, so
) < QZ Z )2 J(z,y) = Z L'f(x).

z€G yeA(x) z€B(xo,r)

Since |f(z) — f(y)| < (cor) td(z,y), and 0 < f < 1, for z € B(xg,r) we have
)<c Z (z,y)/r)* (2, y) + Z J(z,y) < cer 2My(x,r) + My(z,7).
B(x,r) B(z,r)°c

Combining these inequalities

Ef,1)<C Y (r*My(z,r) + My(,1)), (5.7)

B(zo,r)
and (5.6) follows by Lemma 5.1.

Proposition 5.3 Let 0 < a < 2 and assume VD. Suppose SB(a)) and UJ(«) hold. Then there
exist § > 0, A < 0o (depending only on a and on the constants C in SB(a) and UJ(«)) so that
forallxg e G, r>1,

3 [ Y Uy zclv(fg”). (5.8)

z€B(xzo,r) ye€B(x,Ar)—B(x,0r)

Proof. Note that the term in brackets on the left side of (5.8) is My (z, dr) — Ma(x, Ar).
Using UJ(«) and VD, and the fact that o < 2, we have

~ Y fatly
i <o T B

%) d(l’, y)2_aﬂy
< Cofly Z Z m

=0 yeB(z,2~ir)—B(z,27""1r)

e}

, V(x,r27%)
—1 . \2—« )
< oty 2(2 r) Vw2
i=0 ’
< espa »_(27) = capar®™,
=0
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and

o
:)37'§ Z
i=0 B

Hafly
; Az, 9)*V (z, d(z, y)

B(z,2it1r)—B(z,2'r)
: V(x, 20 1r)
< - 27, -« ) : < - -
oS <

So, for z € B(xg,r),

rMy(z,r) + My(z, 1) = Z(’f‘_zd(l’, Y A1) (z,y)

y
< My (x,0r) + My(z, or)
< uxr_a(c452_a + cgA\"Y) + My(x, 0r) — My(x, Ar).

Now choose § > 0 small enough and A > 0 large enough so that

16" + A" < Ses50.1;
then summing over x € B(xg,r) and using (5.6) we deduce (5.8). O
Lemma 5.4 Suppose VD and LJS hold. Then if x ~ vy and z # x,v,

J(x,2) > cJ(y, 2).

Proof. 1If d(x,z) = 1 then by (1.13) J(z, z) > co, while by (1.2) J(y,z) < C;. If d(z,2) > 2
then by (1.12) and VD

J(z, z) Z J(w, z) V(m,l)J(y’Z) > J(y, 2).

Lemma 5.5 Suppose VD, LJS and UJS hold. Then JS holds.

Proof. We prove (1.14). Let d(xo,y) = R. If R < 4 then we can use Lemma 5.4, so suppose
R > 4. Suppose first that d(z1,x¢) < R/4. Then writing s = R/4, and using UJS and LIJS,

2
J(21,y) < Z J(zy) < 2= > J(zy) < wﬂ%my)-

Vi(xi,s
zGB (z1,s) zEB(wo 2s) Hao ( b )

Using VD and (1.3) then gives J(z1,y) < ¢1J(z0,y), proving (1.14). If d(z1,2¢) > R/4 then
(1.14) follows by an easy chaining argument. O

We need a general lemma on symmetric functions on GG x G which satisfy conditions similar
to JS. See [Ba| for a similar argument.
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Lemma 5.6 Let g: G x G — Ry satisfy g(x,y) = g(y, x) for all x,y, and also the conditions

g(x7y> Z Co, fo ~Y, (59)
9(x,2) = cog(y, 2), ifr~yz#mzy. (5.10)

Suppose that for some k € (0,1), ¢; < o0,
9(z,y) < aglz,y) if d(y,y) < kd(z,y). (5.11)

Then given 0 < 0 < X\ < oo, there exists a constant C, depending only on c1, Kk, 0, X, such that
the following holds. If xq¢,yo € G with d(xq,yo) = r then

Crlg(zo,y0) < g(x,y) < Cig(wo, yo)  whenever x,y € B(wo, Ar), d(z,y) > or. (5.12)

Proof. Let H be the metric space obtained by replacing each edge of the graph G by a line
segment of length 1. (In [BB] this is called the ‘cable system’ of G.) We write d for the metric
on H. Extend g to a function h on H x H by linearity on each cable; then the conditions (5.9)
and (5.10) imply that (5.11) also holds for h. So it is now enough to prove the Lemma for A.

We can assume 0 < i and A > 2. Also, by an easy chaining argument we can assume xk = %
Note first that (5.11) implies

W, y) = hz,y")  whenever d(y,y') < 3(d(z,y) V d(z,y)). (5.13)

Given z,y € H let v(x,y) denote a shortest (geodesic) path between = and y. Suppose
z,y € H,d(z,y) = s, and z € y(x,y) with d(x, z) > s/2. Then by (5.13)

h(z,y) < h(z, z). (5.14)

Using this repeatedly, we can compare h on any geodesic path. More precisely, if z,y € H,
d(x,y) = s then we have

h(z,y) < h(z',y") for o',y € y(x,y) with d(2/,y') > 2ds. (5.15)

1
2

Now let xg, yo € H with d(xo,y0) = r, and z1,y; € B(xo, A1), d(y1,x1) > ér. As G is infinite
there exists w € H with d(zg,w) = 5Ar. Suppose we can prove:

h(z',y") < h(z',w) for all o', y" € B(xg, Ar) with d(z,y") > or. (5.16)

Then we have h(z;,y;) =< h(z;,w) for j = 0,1. But since d(zg,z1) < Ar < d(xg, w), using
(5.13) we have h(zg, w) < h(z;,w), and so we obtain

h(zo, yo) = h(z1, y1). (5.17)
It remains to prove (5.16). Suppose first that
d(x',z) > dr/2 forall z € y(y,w). (5.18)

Then chaining the relation (5.13) along v(y', w) gives h(z',y’) < h(z’,w), proving (5.16).

Now suppose that (5.18) fails. Then there exists z € y(y/,w) with d(2',z) < ér/2. By
(5.13) h(y',2") < h(y', z). Also, d(y',z) > 0r/2, so using (5.15) we obtain h(y’, z) < h(y', w).
Finally, as d(2/,y') < 2Ar and d(y', w) > 4 r, (5.13) gives h(2’, w) < h(y’,w). Combining these
inequalities gives (5.16) in this case also. O
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Lemma 5.7 (a) VD, (5.8) and JS imply LJ(«).
(b) Assume 0 < o« < 2. Then VD, SB(«), UJ(a) and JS imply J(cv).

Proof. (a) Let xg,yo € H, and d(zg,yo) = . Then by (5.8), JS and Lemma 5.6,

ey (X Jaww)

x€B(zo,r) yEB(z,\r)—B(z,0r)

< ' J(xo,y0) Z V(x, Ar)

z€B(zo,r)

§ c J($0a yO)V(lba T)V(I(b (1 + )‘)T)v

and using VD we obtain LJ(«).
(b) By Proposition 5.3, VD, SB(«a) and UJ(«) imply (5.8). (a) now gives LJ(«a), and so J(«)
holds. O

Proposition 5.8 Assume 0 < o < 2.
(a) PHI(cv) implies (5.8).
(b) PHI(«) and LJS imply J(c).

Proof. (a) Assume PHI(«). Then by Corollary 4.3, Corollary 4.4 and Proposition 4.9, VD,
SB(a) and UJ(«) hold. Hence, by Proposition 5.3, (5.8) holds.

(b) Since PHI(«) also implies UJS (due to Proposition 4.7) and VD (due to Corollary 4.3), by
Lemma 5.5 we obtain JS and hence, by Lemma 5.7(a), J(a) holds. O

Proof of Theorem 1.5. (a) = (b). This has been proved in the context of Markov processes on
Z% and on d-sets in [BL, CK1, CK2]. The transfer of these arguments to a graph satisfying V (d)
is straightforward. (b) = (a) is immediate, since we have J(z,y) = pzp, limy_ot ™ py(z, y).
Now suppose J(a) and HKP(«) hold. Then UJS holds, and by Lemma 2.3, NDLB(«) holds.
Therefore, by Proposition 3.3 PHI(«) holds. Thus ((a) and (b)) together imply (c). Finally,
by Proposition 5.8 we have (c) = (a). O

Proof of Theorem 1.6. That (a) implies (b) is immediate from Proposition 4.11. We remark
that this does not need V(d) or o < 2.
(b) = (a). This follows by combining Lemmas 3.1 and 3.2, and Proposition 3.3. O

Proof of Theorem 1.4. (a) is contained in the implication (b) = (c¢) in Theorem 1.5. (Note
that this part of the argument does not use V(d) or o < 2.) (b) is immediate from Proposition
4.11. a

Remark 5.9 One might ask if the three conditions in Theorem 1.6 are independent.

1. If we drop UJ(«) then we have no upper bound on J. If UJS and PI(a) hold, then since
PI(«) implies PI(«) for any o/ > «a, we have UJS and PI(/) for all o' > «. However, by
the remark following Lemma 4.5 we cannot have PHI(a) for any o/ > a.

2. If we drop PI(a) then we have no lower bound on J. We can set J(z,y) = d(z,y)~¢°,
and note that UJ(a/) and UJS hold for any o/ < a.
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3. We do not have an example to prove that UJS is independent of PI(«) and UJ(«). Note
that since PI(a) implies a Nash inequality, (3.10) does hold, and so gives some kind of
lower bound on J. We ‘only just’ needed to use UJS in the proof of Proposition 3.3, to
control Jw,(z) when z and y are far apart.

Remark 5.10 In the definition of PHI(«) we included a parameter A € (0, 1]. Suppose we call
PHI(1, &) the PHI just with A = 1. Then PHI(1, «) is enough to obtain UJ(«), PI(«) and UJS,
so Theorem 1.6 gives that PHI(1, o) and PHI(«) are equivalent.

6 Counterexamples.

VD and PI(«) do not imply PHI(«).

Let G = Z¢, o € (0,2), and p, = 1 for all z. So VD, and indeed V(d), hold. Let
J(z,y) = |z —y|~¢* for all z,y € Z. Then J(«) holds, so using Theorems 1.5 and 1.6 PHI(«)
and hence PI(«) hold. Now let o < o/ < 2; then PI(«/) also holds. Thus we have VD and
PI(a/), while by Lemma 4.6 PHI(«/) cannot hold.

PHI(«) does not imply HKP(«).

Let G = Z% « € (0,2) and let Jy(z,y) = |v — y|~*“ for x # y. Note that V(d) and J(«)
hold for J;. So by Theorem 1.2 we have that HKP(«) and PHI(«) hold for J;. (Of course, for
this example this was already well known.) So, by Theorem 1.6, PI(«), UJS, and UJ(«) hold
for Jl.

Choose R € 2N, with R > 1, and let yo = (R,0,...,0) be on the z;—axis with |yg| =
d(0,yo) = R. Then let

0. i {ry)= {0} o
(So we just suppress jumps between 0 and yo.) Since J(«) fails for .J, by Theorem 1.5 HKP(«)
must fail.

However, PHI(«) does hold. To see this we use Theorem 1.6, and verify that UJ(«), UJS
and PI(«) all hold. First, as J < J;, UJ(«) is immediate. Since J(0,-) has only been modified
from J;(0,-) at one point, it is straightforward to verify that UJS still holds for J.

Finally, to verify PI(a), let B = B(w,r) be a ball in Z¢, and f : B — R. If B does not
contain both 0 and yq then

> Phley) =Y > (f( )*J(x,y),

xeB yeB xeB yeB

I(z,y) = {Jl(l",y), if {2,y £ {0, y0},

so the Poincaré inequality for J follows from that for J;. Now suppose that 0,y € B. Then
let y; be the mid-point of the line between 0 and yy. We have

(F(0) = F0)*T1(0, 30) < 2((F(0) = Flyn))* + (Fl) = (o)) R
= 21 (((£(0) = F(y0))2T(0,90) + (f(92) = F50))2) (w1, 0))

<N TN (f(w) = f()* T (2, y).

reB yeB
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Thus

> VI y) < e YD (( )2 (z, ),

z€B yeB z€B yeB
and this implies that the Poincaré inequality holds for J.
EHI + E, + V(d) does not imply PHI(«).

We only give an outline of this example. Let G = Z, o € (1,2) and Jo(z,y) = |z —y
Let Ry > 1, and set Ji(z,y) = (log Ri) Ry *1(js—y=ry). Let Xt('), i = 0,1 be independent
processes associated with the jump kernels J;. Let X = X© 4+ XM this is the process with
jump kernel J = Jy + J;. We take p, = 1 for all x.

We begin by remarking that HKP(«) does hold for X(©. In addition this process is ‘strongly
recurrent’: one has

|—l—a‘

P* (T(O) < 7-( )) > Po > 0 for T,y € [_R/27R/2]7 (62)

where 7'}%0) is the exit time from B(0, R) = [~ R, R] by X and Téo) is the hitting time of y by
X,

We now show that X satisfies E,. The upper bound is easy. Since J > Jy, the Nash
inequality (3.1) holds for X. Hence, by [CKS], the transition density of X satisfies

pt(za y) S Clt_l/aa t>0.

So taking ¢y large enough, if ¢t = cor® then P*(X; € B(0,7)) < % for any x € Z, and the upper
bound E*7g(g,) < car® follows.
For the lower bound, note that the condition E, for X implies that

PO(r?) < AR) > ¢4\,

Thus there exists ¢; > 0 such that, IP’O(T}(zO) > csR*) > cs.
Let § = R;'“log Ry. By Doob’s inequality, writing Y; = sup,, \Xs(l)|,

EOY}? < 4R36T, (6.3)
and so ATloe R
0 0g iy
P(Yy > \) < SR (6.4)
So

]P)O(’TR > C5Ra) > ]P)O( 1(3/2 > C5Ra YT < R/2) > C5,

provided R; is large enough. This establishes the lower bound in E, for X.
To prove EHI it is enough to prove (6.2) for X, and using translation invariance and chaining
it is enough to prove that

P*(To <7g) >p1 >0 forxe|-R/4, R/4]. (6.5)

As the whole argument is more lengthy than this counterexample deserves, we only sketch
the main ideas. We note that there exists 6 € (0,1) such that

PY(T” > 7V < ¢o(|x|/r)?,  for = € [-R/4, R/4). (6.6)
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Fix an interval R, and let = € [-R/2, R/2]. We concentrate on the case when R; < |z| < R.
Choose & > 0small, and let 7 = r(z) = |z|'*¢, ¢ = t(z) = 2*to==<0 Let F = {T\") < ¢, 7'}%0) > t}.
Then

P21, > 1) + P*(r® > t) + P*(r)) < 1)
c(|z|/r)? + er® [t + ctR™™.

With the choices of r and ¢ as above, one obtains P(F*¢) < 3|z|~¢ provided |z| < RY(+9). Let
G = {Y; < 200+9)/2} Then, using (6.4), we have P*(G¢) < ||~ also.

Suppose first that |#| < RY(+), Then run X and X© until S; = T(®). We declare the run
a success if both F' and G occur, so that success has a probability greater than 1 — c|z|~¢%. If
the run is a success then we have Xg, = Vi, where |V;| < 22(+9)/2 'We now repeat from the
new starting point, and (if all the runs are successful) continue until we obtain Xg, = Vy with
|Vy| < R;. Summing the probabilities of failures, we find that, by choosing R; large enough,
this can be made as small as we like.

If we start at a point in (— Ry, Ry), a variant of the argument above gives that, with prob-
ability p; > 0, X(© hits 0 before the first jump of XV, Finally, if RY/(+%) < |z| < R/4 then
running X (@ until Sy = T© we find with probability p, > 0 that |Xg,| < RY1+2),

We deduce from this that X satisfies £, and EHI with constants which do not depend on
R;. On the other hand, X only satisfies UJ(a) with a constant of order log R;. This is enough
to prove that the ‘strong’ form of the implication “VD+ EHI + E, = PHI(«)” is false. That is
(see Remark 1.7), we cannot have PHI(«) with a constant Cp depending only on the constants
in VD, EHI and FE,,.

To actually obtain a single graph which satisfies VD, EHI and E, but not PHI(«), one
needs to modify the example above as follows. Take a rapidly increasing sequence R,,, define
J, analogously to Ji, and let J = Jy + > o, J,. This clearly fails to satisfy UJ(«), and so
PHI(«) must also fail. However, arguments similar to the above show that E, and EHI still
hold.

Remark 6.1 A recent paper [BS] gives necessary and sufficient conditions for EHI to hold for
a-stable processes in R? with Lévy measure of the form

v(dr) = |27 f(/|a])dz,

where f: S%! — R, is bounded and symmetric. The condition in [BS] appears rather weaker
than UJS. If (as one may expect) the results of [BS] hold also for processes on Z<, this would
give another class of examples when VD, EHI and E,, hold, but PHI(«) fails.
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