The Liouville property and a conjecture of de Giorgi

Martin T. Barlow! 2 | Richard F. Bass® 4 | Changfeng Gui! *
Abstract. We consider bounded entire solutions of the non-linear PDE Au+u—u3 = 0 in
R?, and prove that under certain monotonicity conditions these solutions must be constant
on hyperplanes. The proof uses a Liouville theorem for harmonic functions associated with
a non-uniformly elliptic divergence form operator.

0. Introduction.

In 1978 De Giorgi [Gi] formulated the following:

Conjecture. Suppose that u is an entire solution of the equation

Au+u—u® =0 (0.1)
satisfying
0
lu(x)| <1, —u(x) >0 forxz = (', 2q) € RY, (0.2)
6:r;d
lim u(z’,z4) =1, and lim  w(z,zq) = —1.
L0 T q——00

Then the level sets of u must be hyperplanes, i.e. there exists g € C?(R) such that
u(z) = g(a - x), for some fixed a € R¢ with |a| = 1.

Let F € C**¢(R) be a non-negative function such that F(£1) = 0 and F”(£1) > p >
0 for some constant p. A more general form of (0.1) is the equation

Au— F'(u) =0, for z = (2/,z4) € R?, (0.3)
where
ou , d
lu(z)] <1, —=—(x) >0 for x = (2',24) € R?, (0.4)
(%d
lim u(z’,zq) =1, and  lim wu(2’,z4) = —1.
Xrq—00 Tqg——0OO

A generalization of the De Giorgi conjecture is that any solution of (0.3)-(0.4) is constant
on hyperplanes, and so of the form u(x) = g(a - x), for some fixed a € R? with |a| = 1. Tt
is clear that the function g must be a solution of the ODE

g'(t)—F'(g(t)) =0, teR, |g(t)] <1, and lim g(t) = £1. (0.5)

t—+too
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This ODE has a solution which is unique up to translation. Note that in (0.1) we have
F(u) = 1(u? — 1)%, which satisfies the conditions above with F”(u) = 3u? — 1.
It is known [GT] that any bounded solution u of (0.3) is C3*¢ in R%. In [MM] and

[CGS], it is shown that any bounded solution of (0.3) satisfies the gradient bound
|Vu(z)|? < 2F(u(z)) for all 2 € R?. (0.6)

It is also proved there that the (generalized) De Giorgi conjecture is true in any dimension
for any solution u such that equality in (0.6) holds at some point xo € R%. Also, in [MM]
it is proved that if d = 2 then the de Giogi conjecture holds for any solution u for which
the level sets are the graphs of an equilipschitzian family of functions. See also [M1], [M2]
and [CGS] for other results, and also [DFP] for the existence of some entire solutions of
(0.1) of a quite different form. [GNN] obtained some striking results on a related problem.

Motivated by a problem in cosmology, G.W. Gibbons (see [C]) made the weaker con-
jecture that the level sets of u are hyperplanes if u satisfies (0.1), (0.2), and the additional
condition that the converegence of u(x’, x3) to 1 is uniform as z3 tends +oo.

Recently, in [GG] Ghoussoub and Gui proved the De Giorgi conjecture for d = 2
without any extra assumptions, and proved Gibbons conjecture for d = 3.

Our first result is a proof of Gibbons’ conjecture for d > 3.

Theorem 1. Suppose that u(z) satisfies (0.3), converges to 1 uniformly as x4 tends to
00, and converges to —1 uniformly as x4 tends to —oo. Then u is necessarily of the form
u(x', xq) = g(xq), where g(t) is a solution of (0.5).

We can relax the uniform convergence condition if make some additional assumptions
on F, and assume that the level sets of u are Lipschitzian.

Theorem 2. Assume that F(u) in (0.3) has only one critical point ug in (—1,1) and that
F"(ug) < 0. Suppose that u(z) satisfies (0.3), u(x',zq) — 1 as x4 — 00, u(x’,x4) — —1
as rq — —oo, and that the level sets of u(z', x4) are the graphs of Lipschitzian functions
of 2', i.e. there exists a continuous positive function L(b) for b € (—1,1) such that
0
V()] < L) 2D e me
axd

Then u is necessarily of the form u(x’, z4) = g(a - x) for some a € R? with |a| = 1, where
g(t) is a solution of (0.5).

Remarks. 1. Note that F(u) = 1 (u? — 1)? satisfies the conditions of Theorem 2.
2. The Lipschitzian condition on u in Theorem 2 is weaker than that in [MM], where (as
well as taking d = 2) L(b) is assumed to be bounded. Indeed, all we need is that L(b) < oo
on an interval [—1 4 §,1 — 4], where the constant § > 0 depends only on F.

3. Let e¥ = (0,1) € R*! x R be the unit vector in the z4 direction. It is easy to see
that the Lipschitzian condition on u in the above theorem is equivalent to the following
monotonicity condition of u in a small cone: for any b € (—1,1) there exists a do(b) > 0

such that if |v| = 1 then

v-Vu(z) >0 whenever v-e >1—§y(u(z)), zeR
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We have recently learnt that Theorem 1 (but not Theorem 2) has also been proved,
using different methods, in [BCM] and [F].

The proof of both Theorems 1 and 2 employs the same basic strategy, which uses
ideas introduced by Ghoussoub and Gui in [GG]. Let

o(z) = agg)' (0.7)

In the case of Theorem 2, o(z) > 0 in R¢ by hypothesis, while it is shown in [GG] by using
the moving plane method that the hypotheses of Theorem 1 imply that o(z) > 0 in R9.
For a € R? with |a| = 1 define the directional derivative ¥, (z) = a - Vu(z). Differentiating
(0.3) we have that both o and v, satisfy

Ap — F"(u(z))p =0, zecR%

Let (@)
M) = 05
and set
L=107V(0?V)=1A+ (c7'Vo)V. (0.8)

Then h is £L-harmonic, since
2Lh = 072V (0°Vh) = 0 2V (¢, Vo — aVi,)
=02 (?,[JCLAJ — JA?,ZJCL) =0.

Note also that oh = 1, is bounded, by (0.6).
Suppose that the operator £ satisfies the Liouville property in the form:

(LP) If h satisfies £Lh = 0 in R? and oh is bounded, then h is constant.
Then for each a there exists a constant c(a) such that
Yo(z) = a-Vu(z) = cla)o(z), = cR™L (0.9)

It follows immediately from (0.9) that w is constant on any hyperplane orthogonal to

Vu(0).

Thus the proof of Theorems 1 and 2 reduces to establishing the Liouville property
(LP). If ¢ is any C? function on R? satisfying 0 > ¢ > 0, and £ = L, is defined by (0.8),
then (LP) is well known. However (LP) may fail for general o > 0 — see [GG] and [Ba] for
counterexamples in the cases d > 7, d > 3 respectively. The proof in [Ba] is probabilistic,
and shows that the Liouville property fails for suitable £(= L,) by proving non-trivial
tail behaviour of the diffusion process X = (X;,t > 0) associated with £. However for o
arising from (0.7), the bound (0.6) implies that

o(x',x4) — 0 as |zg| — oo for each #’ € RI71L. (0.10)
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As X tends to avoid regions where o is small, (0.10) suggests that, in the case of Theorem
1, where the convergence is uniform, the process X largely lives on some ‘slab’ D of the
form D = R4~ x [—c, c]. Since (see Section 4) one can prove that o(z) > &1 > 0 for x € D,
X is in some sense close to a uniformly elliptic divergence form diffusion, which suggests
that (LP) should hold for X and L.

Some additional smoothness conditions are needed to establish the Liouville property.
In the theorem below, the simplest case, which is sufficient to prove Theorem 1, is when
v =0.

Theorem 3. Let v : R — R be C?, with |Vy(2')| < Ko, 2’ € R, for some constant
Ky < >. For —o0o < a <b < oo write

I(a,b) = {(a',x4) € R : y(2)) + a < zq < v(2') + b}.

Let o : R? — (0,00) be a C? function, and let £ = %O'_QV(JQV). Suppose that there exist
constants 0 < eg < 1,1 < K1 < Ky < 00, K3 < oo such that o satisfies
(Sl) o 'Ao > 2eg on I(—Kl,Kl)c,
(52) 0'280/2 on I(—KQ,KQ),
(S3) |0]|s0; [|Vol|oo and ||Ac]| are all bounded by K.
Then if Lh = 0 and oh is bounded, then h is constant.

Remark. Though we will not use this fact, these conditions on ¢ imply that o(x’, 24) — 0
as |zq| — oo.

Write
H\) =1I(\MA), MeR.

Let X be the diffusion associated with £. One approach to Liouville theorems such as
Theorem 3 is to obtain global upper and lower bounds on the transition density k(t, x,y)
of X, which is the solution to the heat equation

ok

Ek—g.

There is a substantial literature on bounds of this type, but with most approaches some
kind of uniform ellipticity condition on L is essential. We avoid this difficulty by considering
instead the time-change of the process X on the submanifold H(0). Write X for this

process, and let Y be the projection of X onto R?~!'. Y is a pure jump process with
generator of the form

Ly f@) = [ (70 = F@)nt' )y (0.11)

where n is symmetric and continuous away from the diagonal. Let ¢ = ¢(¢,2’,y’) be the
transition density of Y: ¢ solves the equation

dq



We obtain upper and lower bounds on ¢, and from these prove a Liouville theorem for
Ly-harmonic functions. Theorem 3 then follows easily.

The contents of this paper are as follows. In Section 1 we consider jump processes
Y given by (0.11), and, under suitable conditions on the function n(z,y), which include
exponential decay as |x — y| — oo, we obtain upper and lower bounds on ¢ and prove a
Liouville theorem for Ly. In Section 2 we use Girsanov’s transformation to construct the
diffusion X associated with £. The main result in this section is an exponential bound on
| X7, — Xol|, where 79 is the first hitting time of H(0). Section 3 deals with the construction
of the processes X and Y from X , and estimates on the jump measures n. The exponential
bounds on | X, —Xp| lead to exponential decay of n(x,y) as |t—y| — oo. Finally, in Section
4 we complete the proof of Theorems 1 and 2, by showing that the function o = du(x)/Jzq
satisfies the conditions of Theorem 3.

We write ¢; for unimportant positive finite constants; these are fixed within each
lemma, proposition, theorem and corollary.

Acknowledgement. We thank Nassif Ghoussoub for some helpful discussions.
1. Heat kernel of a jump process.

Let N be a measure on R" x R™ — D (where D is the diagonal) with a symmetric
density n(x,y). Throughout this section we will assume that there exist constants oy > 0,
¢; such that

/ n(z,y)dy < cpe” ", r>1, (1.1)
ly—z|>r
crlr —y[7T) <n(zy) < colw —y[TUY, o -y <1 (1.2)
Let Ly be the generator
£ha) = [ (f0) - f@)nle)dy, 1 € CFF(RY),

and & be the Dirichlet form on L?(R", dz) with core C§°(R™) given by

&= [ | ()= @) nG.gdedy. feCFRY.

(An argument similar to that in [FOT, p. 100] implies that £ is regular). Let Y = (Y;,t >
0,Q%,z € R™) be the symmetric Markov process associated with £. Set also

nO(x7y) = |CL' - y|_(n+1)1(|m—y|<1)v T,y € Rn? x 7& Y,

Replacing n by ng in the equations above, let Ly and & be the corresponding generator
and Dirichlet form of the Markov process Y° = (Y0, ¢t > 0,Q%, z € R").
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From (1.2) we have

Ef. f) =z a&olf. f), [feCy(R"). (1.3)
The process Y is a Lévy process, and therefore Y, has characteristic function ¥(\), given
by
Eoem.yf _ e_t’/’(’\), A € R,

where, since Y? is symmetric,

P(A) = /n (1 —cosA-z)ng(0, z) d. (1.4)

Lemma 1.1. For each t > 0, under QY, Y,° has a continuous density q?(z), z € R, which
satisfies

q?(x) < clt_”/Q, t>1.
@ (z) < cpt™™, t<1.

Proof. By the radial symmetry of (1.4) we have

Y(A) = / (1 — cos(z1|A\)|z| ™"t dx = || (1 = cosy1)|y|~"'dy.
|z|<1

ly[<|Al

Hence if [A| > 1 then 1)()\) > c2|A|, while if |A| < 1 then 1 — cosz1|\| > c3z3|\|?, so

V) 2 P [ atel 2 e
r|<1

Therefore [ |[A\Pe™®¥(Md)\ < oo for any p < oo, and by Fourier inversion Y;* has a C*

density ¢¥(-).
Also, by the Fourier inversion formula,

qt(x):/ e~ et (N g\

Sqt(O)Z/ e

s/ e—C4th2dA+/ et g
A<1 IAI>1

1 oo
—_ — 2 — —_
205/ p e eatr dr+05/ rtleme2t dy,
0 1

Estimating these integrals, the bounds (1.5), (1.6) follow easily. O

We can now use Theorem 2.9 of [CKS] to deduce similar estimates for Y.
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Theorem 1.2. Y has a transition density q;(x,y) which satisfies

@(z,y) <at™?2 t>1.
a(z,y) <ect™, t<1.

Proof. Write ¢f (z,y) for the transition densities of Y°. As Y is a Lévy process ¢ (x,y) =
¢ (y — z). From Lemma 1.1 we have, for a suitable ¢y < oo,

Pz, y) < cot ™!, t>0.

So, by Theorem 2.1 of [CKS], and writing m = 2n, & satisfies a Nash inequality

LFIEE ™ FITY™ < s [Eo(f, £) + 1113 -

Using (1.3), & satisfies a Nash inequality of the same form, and hence, by the converse
implication in [CKS, Theorem 2.1], Y has a transition density g;(x,y) which satisfies

q(z,y) <cgt ™", t>0.

The bound (1.8) is immediate.
To obtain bounds for ¢ > 1, we use the conditional Nash inequalities discussed in
[CKS, Theorem 2.9]. First, from (1.5) it follows that & also satisfies

AT FITY™ < es€ol(f, ) whenever & (f, f) < [|£]13. (1.9)

Again, by (1.3), &€ satisfies an inequality of the same form. Also, by (1.8) q1(z,y) < 1
for all z,y, and so we can use the converse implication in [CKS, Theorem 2.9] to deduce
that ¢ (z,y) < cgt~™/2 for t > 1. Adjusting the constant c; if necessary this completes the
proof of the theorem. O

We now wish to use Davies’ method to obtain off-diagonal upper bounds on ¢, for
t > 1. We encounter one technical obstacle, due to the different behaviour of ¢; for large
and small ¢. This means that £ only satisfies a conditional Nash inequality of the form
(1.9), rather than a full Nash inequality. Since verifying that the functions f;, (which arise
in [CKS, Section 3]), satisfy the condition E(f, f;) < || f:/|3 is quite awkward, we will avoid
this difficulty by using a trick.

Let Z = (Z;,t > 0) be an “auxiliary” symmetric Markov process on a state space
(M, m), independent of Y, with a transition density 7:(z,y) with respect to a m which
satisfies

r(2 ) < et ™2 0<t<1l,2,yeM
re(z’y) <eit™, t>1, 2.y eM (1.10)
r(x' ') > ert™2 (v 1) T2 > 0.

For example, if M is a sufficiently regular n dimensional manifold with volume growth
given by V(z,r) < r?" r > 1 and V(x,r) < r", r < 1, we have (see for example [Gr]) that
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ry satisfies (1.10). Let X; = (Y3, Z;) € R™ x M. Then X has a transition density p; given
by
pt((xa 'CE,): (yvy/)) = C]t(x,y)rt(l"a y,)7 T,y € Rn? xlv y, € M7

which plainly satisfies
Ipello < crt™"2, t>o0. (1.11)

Write Ex for the Dirichlet form of X: Ex therefore satisfies the Nash inequality (p = 3n)

LFIZTPIFITYP < ealx (f, F). (1.12)

(Here || - ||. is of course the norm in the product space (R™ x M,dx x dm)). Fix 0 € M.
We can now use [CKS, Theorem 3.25] to deduce off-diagonal upper bounds for p;. These
yield immediately off-diagonal upper bounds for ¢, since if

pe((x,0), (y,0)) < et P2 Kbaw) ¢ >

then by (1.10) ¢(x,y) < cat™? exp(—K(t,x,)). In fact, the auxiliary process Z plays
no role in the calculations, and to simplify notation in what follows we will therefore omit
it.

Definition 1.3. Set for f € C(R")
D)) = [ (F@) = 1) nle.v) do,
where we allow I'(f, f) = +00. Define for ¢ € C(R™)

A@)? = [le™T(e¥, )| V [T (e, e )|
Foo = { € CR™) : A(4h) < o0},
D(t,z,y) = sup {|¢:(y) — (x)| — tA(¥)? : ¢ € Fuo } .

oo’

From [CKS, Theorem 3.25] and the remarks above, we obtain

Lemma 1.4. Fort > 1, x,y € R,

Qt(x,y) < Clt—n/Ze—D(Qt,x,y).

It remains to estimate D(t, z,y).

Lemma 1.5. (a) For R > 1,

/ 1z — y|*n(z,y)dy < 1.
1<|z—y|<R
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(b) For R>1, 0 < av/2,

/ 17 =Yln (2, y)dy < 2coe™ (0 —OE,
lz—y|>R

Proof. Write F(r) = |,

|z—y|>r

R
[ Py = [ ran
1<|z—y|<R 1

R
=F() - R*F(R) + / 2rF(r)dr < c4.

n(z,y)dy. Then F(r) < cge”“" by (1.1). So

Similarly,

/ 17 Vln(x, y)dy = —/ " F(dr)
lz—y|>R R

< e’2F(R) +/ csfe™ (@00 gy
R

< 656_(a0_0)R.

O

Proposition 1.6. There exist a constant ¢y such that if a is a unit vector in R", a €
(0,1 A (ag/4)), and Vo (x) = aa - z, then A(rhy)? < cpa.

Proof. We need to bound
Split in the integral in (1.13) into three pieces, and write
Jl(a:):/ , Jg(x):/ , Jg(az):/ |

le—y|<1 I<|z—y|<1/c l[z—y|>1/c
Then since e* — 1 < 2z for 0 < z < 1,

hw<a [ alla-ynG)dy

lz—yl<1
< 02042/ |l — y|_”Jrl dy < c3a?.
lz—yl<1

Similarly
o) < e4 / 2|z — yPn(z,y) dy < csa?,
I<|z—y|<1/c
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by Lemma 1.5(a). Also, by Lemma 1.5(b)
J3(z) < / e2lv=eln(z, y) dy < cge™ 0/ < 702,
le—y|>1/a

since o < ap/4. Combining these estimates we have
e~ 2Wa@P(e¥e e¥e)(z) < cpa?, = e R™

This bounds |e"2¥=T'(e¥=,e¥=)||__, and replacing a by —a gives an identical bound on

le?¥=T (e, e=¥e)]| 0
Theorem 1.7. There exists vy > 0 such that
(h(flf,y) < Clt_n/2 exp(—al\x - y|2/t)7 t > 17 |3j - y’ <t (114)
g(r,y) <at " Pexp(—arlr —yl),  t>1, |z—y|>t (1.15)
Proof. We have, writing 0 =1 A (ao/4),
D(2T, L, y) > sup (WJa(l‘) - 77Z)o¢(y)| - 2TA(¢04>2)
0<a<p
> sup (alz —y| — 2c0a®T).
0<a<p
If |z — y| < T, take o = Op|z — y|T 1 where 6y = 3 A (1/4cp), to obtain
1
DT, z,y) > S0l —y|*/T.
If |lx —y| > T, let a = Op; then
1
D(2T,x,y) > 590|37 —yl.
The bounds (1.14), (1.15) now follow from Lemma 1.4. O

Integrating the bounds in Theorem 1.7 we deduce

Corollary 1.8. There exists Ao < oo such that fort > 1,

/ g (z,y) dy < 5.
|z—y|>Notl/2

We now turn to lower bounds. The first step is to obtain a suitable Poincaré inequality.
Let v € C* (R, (0,00)) be such that v(z) = |z| for |z| > 2, v(z) = v(—z), [v/| <1, and
[e7v®dt = 1. Set ¥(z) = P(x1,...,2,) = Y7 v(x;), and for R > 1 let

or(z) = R™"e V@/B),

Note that |Vi| < n, and that fR" wr = 1. Write C for the set of cubes of side length 1 in
R™ with corners in Z™ and edges parallel to the axes. If f € L'(R") set

f(C):/Cfdx, Cec.

Define a(C,D) = 1 if C, D are adjacent (i.e. C'N D) is a n — 1 dimensional set) and
a(C, D) = 0 otherwise. From Lemma 1.19 of [SZ] we have:
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Lemma 1.9. Let g : C — R, and write
Jr = ZQ(C)SOR(C>
c
Then there exists ¢; (independent of R) such that

S (9(0) ~Gr)’e <clRQZZ (C, D)(9(C) = 9(D))*¢r(C) Apr(D).

C

Let m : R® x R™ — Ry be a measurable function such that m(z,y) > 1 whenever
lz —y|? <n+1. Som(x,y) > 1if z,y € C for some C € C, and m(z,y) > 1if z € C,
y € D and a(C, D) = 1.

Proposition 1.10. Let f € C(R",R), and write fr = [ ferdx. Then there exists c1,
independent of R, such that for R > 1,

/ (f(2) ~ Tr) or(a) do <
c1 R? //n . — W) er(@) A pr(y)m(z, y) dx dy. (1.16)

Proof. From the definition of pr we have that there exists ¢ > 1 such that
¢ or(C) < pr(z) < copr(C) if zeC. (1.17)
It follows that
¢ 2or(D) < ¢r(C) < pr(D)  if a(C,D)=

If b € R, then

/n (f(x) - b)sz(l‘) dr = Z/c (f(:z;) — b)QQDR(I‘) dx

C
< 032(;903(0) /C (f(z) —b) dx
— ;Y pr(C) / ()~ F(C) di + 53 on(C) (F(C) — b)?
C C
=51 +5,.

Since

JI @ = ) aray =2 [ (@) = 5(©)* s
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using (1.17) we have

2

Si=e Y wn(©) [ (f) - £(0)* da (119
C C
2
<ad / /C (@) = 1) en() drdy
2
< e g / /C (@) = F0) () Agnwmz.y) de dy
- / / (F(@) — £®))*0r(@) A or(y) m(x, y)dz dy.

For Sy, by Lemma 1.9, if b = fR => o [(C)er(C),

ST or(C)(f(C) = 1)* < R2Y S a(C, D) ((C) — £(D)) *or(C) A pr(D).
C C D

Now if C, D € C,
x) — ?de dy = 2 2
/C /D (F(@) - f())* dz dy /C o /D 12— 2£(C)£(D)
> (£(C) - f(D))*.

So, again using (1.17),

Sy < C7R2;;a(C,D)/C/D (f(a:) — f(y))2<pR(x) A or(y)dedy

(1.19)
< [[ (12) ~ 1) on(o) A ontyymle.y) do dy
Since R > 1, and
[ @ =T en@do < [ (1) - 1) or(a) da.
combining (1.18) and (1.19) completes the proof of the Proposition. 0

Exactly the same argument (but with a subdivision of R” into cubes of side (n+1)~1/2)
gives, using the bound (1.2) on n(z,y), the following weighted Poincaré inequality.

Theorem 1.11. Let f € C(R™,R). There exists c¢1, independent of R, such that for
R>1,

/ (f(@) — Fr) on(x) dr < o1 R? / / (f(@) - £&)20r(@) A or(y)n(z,y) de dy.
12



We now use an argument of Fabes and Stroock [FS] (see also [SZ]) to obtain lower
bounds on ¢;(z,y). Let o € R", and fix T = R? > 1. Set

u(t, z) = qi(xo, ), G(t) = /ng(a:) logu(t, z) dx.
Then since u; = Ly u,
G'(t) = PR dx

= /u_1<pR£yu dx

= —&(pr/u, u)

// ( t(z;) (u(t,z) —u(t,y))n(z, y) dz dy.

As in [SZ], using the inequality

(%l — 2) (b—a) < —%(c/\ d)(logb — loga)2 + 5 (1.20)

which holds for any positive a, b, ¢, d, we have
G'(t)> 3 // logu(t, x) — logu(t, y))zgoR(:);) N pr(y)n(x,y)drdy (1.21)
2 -1
— 3 // or(z) — or(Y)) (er(z) NoRr(Y)) n(z,y)dzdy.

Writing A(R) for the second term in (1.21), it follows from Theorem 1.11 that
G'(t) > caR™2 / (logu(t,z) — G(t))zgoR(x) dr — A(R). (1.22)

Lemma 1.12. There exists a constant A € (0,00) such that A(R) < AR™2, R > 1.

Proof. We have

2A(R) = /Al(a:) d:c+/A2(a:) dx+/A;(x) d,x+/Ag(x) dz,

where

Ay(z) = /| _ (o)~ ()" (or(0) A o) (a0

and As(w), A3 (z), A3 are defined similarly, but with the integration over the regions
{y:1<|e—yl <R} {y: [z —yl>Rtn{y:orly) = eR(x)} {y: v —y[ > RN {y:
vr(y) < ¢r(x)} respectively.
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Now since |V¢| < n, if |z — y| < R then pr(y) > e "pr(z), and

lor(z) — pr(y)| = R"e ¥@/R)|1 — ¥ @/ R)=vW/R)|

Hence
2 -1 n T — 2
(or(@) — or®) (Pr(@) A pr(Y)) " < epr()(1 — eV @/ R=0WU/D)
< c19p(x) (enlﬂﬁ—yl/R _ 1)2
<cpr(@)R |z —y?, if |Jz—y| <R
So,

Ay(x) < 3R / or(@)lz — yPn(z,y) dy

lz—y|<1

< C4R‘290R(93>/ |z —y|>~ "V dy = cs R 2pp(z).

lz—y|<1

Similarly, using (1.23) and Lemma 1.5(a)

A5(2) < copn(z)R2 / o — yPn(z,y) dy
1

<lz—y|<R
< C7R_2(pR(.’E).

Now writing B = {|z —y| > R} N {¢r(y) > ¢r(2)},
Af(z) = /B or(@) " (or(y) — or(@))*n(z,y) dy

SsoR(x)_l/BsoR(y)zn(x,y) dy.

Since pr(y) < e™*=U/Bpp(z), if R > 2n/ag then

Af(z) < wR(w)/ el i (z, y) dy
ly—z|>R
< cgpr(z)e BT — Lo Ry p (7).

By symmetry [ A3 (z)dz = [ A3 (x)dzr, so combining the estimates (1.24)—(1.26),

A(R) < c10 (R‘2 + e‘o‘oR) /@3(1’) dr < c11R72,

which proves the lemma.
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Lemma 1.13. Let T, R,G(t), z¢ be as above. Then there exists a constant ¢; such that

G(T) > —c; +1og(T~™?)  provided |zo| < R. (1.27)
Proof. Set ug(s,z) = R™u(sT, x), and
Go(s) = /ng(a:) logug(s, x) de = G(sT) + log R™.
Then for 0 < s < 1, using (1.22) and Lemma 1.12,
Gy(s) =TG' (sT) > —A+ ¢ / (logu(T's,z) — G(Ts))ngR(x) dx
=-A+c / (logug(s,z) — Go(s))zgoR(aj) dz.

We can now follow very closely the argument of [F'S, Lemma 2.1]. By (1.7) we have

sup uo(s,z) < K,

1
2§5§1

and so, since (logug — Go)?ug* > (log K — Go)? K" when ug > €2t we have

Gy(s) > —A+ 02/ or(x)uo(s, ) dx.

wo(s,2)>e2+C0 ()
Let 6 > 1. Then for 3 <s <1,
LO(S,w)282+G0(S) or(z)uo(s, ) de > /goR(:r:)uo(s,x) do — e2+Go(s)
=z / or(x)ug(s, x) de — 2+ ()
|z|<OR
|z|<6R

ZR” inf @R(x)(l—/ll eRu(Ts,x)dm) —€2+G0(5)~
x|>

Now
R"™ inf z) = inf e YW > 10
|x|<9R(pR( ) ly| <6

while by Corollary 1.8, if 6 is chosen large enough,

<s<1.

N[

/ u(Ts,z)dx < 3 for
|z|>0R

We can now proceed, exactly as in [FS], to deduce that G{(s) satisfies a differential
inequality which implies that G{,(1) > —c¢;. (1.27) is then immediate. O
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Theorem 1.14. There exists a constant ay such that

q(z,y) > et/ for t>2, |x—y|< art'’?. (1.28)
Proof. Tt is sufficient to prove this for z = 0. Write T =t/2, R = T"'/2. Since

¢r(0,y) = /QT<0733)QT<377§U) dx

> / 91(0,2)qr () R"pp(x) da,

then by Jensen’s inequality,
log T~"2q7(0,y) 2/(10qu(0,x))<pR(x) dw+/<pa(x) log gr(2,y) dz.

So if |y| < T%/2, from Lemma 1.13,
log T~ "2qor(0,y) > —2¢1 + 2log T~ "2,

which establishes (1.28). O

We can now obtain lower bounds for ¢ from (1.28) by a chaining argument. We
omit the proof, as the argument is standard and the bound (1.28) is already sufficient to
establish the Liouville property for Y.

Theorem 1.15. There exist constants ¢; such that
@(z,y) > cit 72 exp(—calw —y*/t),  t>2, |v—y| <cst.

Definition 1.16. Write (Q¢,t > 0) for the semigroup of Y: Q:f(z) = Q*f(Y:). A
bounded function h is Y-harmonic if Q:h = h for all t > 0, or equivalently, if h(Y;) is a
martingale/Q* for all x.

Theorem 1.17. Let h be bounded and Y -harmonic. Then h is constant.
Proof. Suppose h is non-constant. Replacing h by ah + b if necessary, we can assume
that inf h = 0, suph = 1. So there exists x¢g € R™ such that h(xg) > %. We can assume

xo = 0. Let Ao be as in Corollary 1.8, and write B(t) = B(0, \gt'/?) for t > 1. Then since
h(0) = Qsh(0), and

/ @O, hy)dy <L, t>1,
B(t)e

we must have
/ a:(0,y)h(y)dy > 7, t>1.
B(t)
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Let = € R”. Choose t large enough so = € B(t), and so that t'/2 > \g. Then for y € B(t),
¢(0,y) < et ™2 exp(—ca o).
But if s = 2\ot/a1, by Theorem 1.14
qs(z,y) > c3s 2 = cat ™% > ¢5q:(0,9), y € B(R),

where c5 > 0. Thus

h(z) = / a5 (. )h(y) dy > cs /B L @)y e

So inf h > ¢5/4, a contradiction. O

2. Probabilistic estimates and Girsanov transformation.

For z € R = R"® x R we write = (2/,24) where 2’ = (x1,...,2,) € R4 Let
v :R™ — R be O?, with
V()| < Ky, o € R™.

For —oco <a <b< o0 set

I(a,b) = {(2',24) € R : y(2") +a < wg < y(2) + b},
H\) =I(\A), MeR.

Let o : R? — (0,00) be a smooth function. We assume that there exist constants
0<en<1,1<K; <Ky <oo, K3 <oo such that o satisfies

(Sl) O'_IAO‘ Z 280 on I(—Kl,Kl)c,
(82) 0'280/2 on I(—Kz,Kz),
(S3) l|o]]o0s ||VO||oo and ||Ac||eo are all bounded by Ks.

We will require the following easy geometric property of the sets I(a,b).

Lemma 2.1. For § >0, 2’ € R" set

C(2",0) ={(¥,ya) : [y — 2| <3},
Co(z',0) =C(2',0) N {(v,ya) : —K1 — 8 <yqg—(z') < K1+ 6}

Then there exists dg = do(eg, Ko, K1, K2) > 0 such that for ' € R"
Co(l", (50) C I(—KQ + (50, Ky — (50),

and
H(0)N Co(z',60) = H(0) N C(z', ).
Let
L=12%072V(0?V)=31A+ (c7'Vo)V. (2.1)
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We use Girsanov’s theorem to construct a diffusion with generator £. Let X = (X;,t >
0,P%, 2 € RY) be a standard Brownian motion on R? defined on a probability space (£, F)
with filtration (F;). Set

t t
U, = / V(log o) (X,)dX, — 1 / 1V log o (X,)[2ds.
0 0

By It6’s formula, since
t t
logo(X:) = logo(Xo) —|—/ V(logo)(Xs)dXs + %/ A(logo)(Xs) ds,
0 0
and Alogo + |Vlogo|? = 07t Ao, we have
t
Uy =logo(X;) —logo(Xg) — %/ (07 Ac)(X,) ds. (2.2)
0

Write V = %O'_IAO', and set

Z, = exp(Uy) = (X))o (Xo) L exp (-% /Ot(a_lAa)(XS) ds)

= 0(X;)o(Xo) Fexp ( - / V(Xs) ds).
0
Note that u > g9 on I(—K7, K1), and |u| < Ks3/ep on I(—Ka, K3), so that —u <
K3/eq everywhere.

Lemma 2.2. (a) If X; € I(—K;,K;)¢ for 0 < s <t, then

sup Zs < 0(Xo) to(Xy)e 0t < 0(Xo) Tt Kze 0.

s<t
(b) If X5 € I(—K3, Ks) for 0 < s <t, then

Z7 < LK tege Kot/e0 < 7,

1
2
(c) Z satisfies
sup Zs < U(Xo)_lngKBt/EO.
s<t

(d) For each x € RY, Z is a martingale with respect to P*.

Proof. (a), (b) and (c) are immediate from the definition of Z, and the properties of o and
V.

(d) Z is a local martingale, since Z is of the form Z, = exp(M; — 5(M),), where M is a
continuous local martingale. But then Z is a true martingale, since (c) implies that Z is

P* -a.s bounded on every interval [0, t]. O
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We can now use Girsanov’s transformation (see for example [RW Theorem 38.9]) to
define a probability measure P* on (Q2, F) such that dPe /dP? | z,= Z;. Then under IP’I

t
X — / Viogo(Xs)ds = Wy, (2.3)
0

where W is a Brownian motion with respect to P* with Wy = x. So, under Iﬁm, X isa
diffusion with generator £ given by (2.1). Define

T\ =inf{s >0: Xy € H(\)}.

Lemma 2.3. (a) If A\ > K1, y € I(), 00) then PY(7y < 00) = 1.
(b) For any y € R4, P¥(1y < o0) = 1.
(c) For x € H(0), P*(1g, < 00) = 1.

Proof. (a) Let t > 0. By the definition of P¥, and Lemma 2.2(a),

PY(7y > t) = EV1(1, 51 2 (2.4)
< o(y) T Kze S'PY(1y > t) < o(y) tKze o0l

Letting t — oo (a) is immediate.
(b) Let z = (2, z4) € I(—K;, K1), and set

F = {Xs € Co(l’/,d()),o <s< 1}ﬂ {7’0 < 1}.

By the support theorem for Brownian motion (see [Bsl, p.25]) there exists py > 0 (inde-
pendent of z) such that P*(F') > py. By Lemma 2.1 the cylinder Cy(z’, ) C I(—K1, K1),
so using Lemma 2.2(b)

Epm<F) = Emlle Z %K?’_léfoe_KB/EOpo

Using this and (a), if € (0, 00), then a standard renewal argument implies that
P* (19 < o0) = 1. Exactly the same argument works for z € I(—o0,0).
(¢) This is proved, using the support theorem, by an argument similar to the above. [

The main result of this section is an exponential moment bound on |X,, — x| for
x € [(—Ky, K1), under P*. As in Lemma 2.3, it is enough to treat the case x € 1(0, Ky).
Define stopping times

Ty =0,
Sp=min{t >T,_1: X, € HO)UH(K3)}, n>1,
T, =min{t > 5, : X; € H(K1)}, n>1,
and let
N =min{n >1: Xg, € H(0)}.
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These random variables are all P?-a.s. finite by Lemma 2.3. Set

gn: ‘XSn _XTn_1‘7 nn: |XTn _Xsn|, nZ 1,
Clearly
N N-—1
n=1 n=1

Note that if z € H(K3), then IF”C(TO =5=0)=1.

Lemma 2.4. There exist ¢y, ¢; such that

P (1, > A | Fs, ) (neny < coe” . (2.6)

Proof. Using the strong Markov property of X, it is enough to prove
PY(n1 > \) < cpe ™, y € H(K>).
So let y € H(K3). Then n; = | X7, —y| and
PY(my > A) < PY(Ty > \) +PY(T1 < Ay > \). (2.7)
Using (2.4), we have
]Py(Tl > )\) < CQG_EOA.
For the second term in (2.7), note that by Lemma 2.2(a) Zxar, < cze™ 0, so that
PY(n > ATy < A) < cae = PY( sup | X5 —y| > A)
0<s<A
< csexp (—eg\ — ¢,

where we used a standard bound on Brownian motion in the last line. Combining these
estimates for the two terms in (2.7) proves the lemma. O

Lemma 2.5. There exist 61 > 0, ¢1,co < 0o such that
P*(&, > A | Fr, ) lnsno1) < cre™Y, A >0, (2.8)

P*(Xs, € H(0) | Fr, )l(nsn_1) > 61 (2.9)

Proof. As in the previous lemma, it is sufficient to take z € H(K) and prove unconditional
versions of (2.8) and (2.9) with n = 1.

The estimate (2.9) follows from the support theorem for Brownian motion by the same
argument as in Lemma 2.3(b).

Let 01 € C%(R%) be defined by taking o1 = o in I(—Kj, Ks), and be such that
360 < 01(y) < 2K3 for y € R%. Let X* = (X7, t > 0,Q%, 2 € R?) be the divergence form
diffusion with generator L* = %VU%V. Then X, s € [0,T1], is, under Iﬁ’m, a time change of
X*, and so P*(& > \) = Q*(|X;, — x| > A), where R =inf{t > 0: X; € H(0) UH(K>)}.
The bound (2.8) now follows from standard properties of uniformly elliptic divergence form
diffusions; see [BBu], Lemma 2.2. and Section 4 and [Bs2], pp. 187-188. O
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Theorem 2.6. There exist constants cq, c¢1, such that
PP (| X, —z| > A) <coe™, A>0, zel(—Ks Ky).
Proof. Set Vi = &1, and
Vi =1Xs, — X5, [1(vsn-1) < (€ +M-1)l(n>n-1), 1 =>2.
Combining (2.6) and (2.8) we deduce that there exists o > 0 such that
PV, > A | Fs, ,) <cie™®, A >0,
Integrating this bound, for 6 < «,

Em(eévn | Fs. ) < 1+ 019
Write 9(0) = log( ) Then if
M,, = exp (QZ‘/Z - nw(0)> )
i=1

IEm(jwn | fsnfl) = Mn—le_w(e)fém(eevn | '7:6’”71) < My,
so that M, is a supermartingale. Since N is a stopping time with respect to (Fg, ), if

k > 1 then IEI(MNAk) < 1. So, by Cauchy-Schwarz
NAk NAk

* exp( ez V;) = E® (exp( 92 Vi — L(N A E)Y(0)) exp( (N A K)(6)))

_ NAk 1/2 N 1/2
< (EI exp(9 Z Vi— (N A k’)d)(@))) (Exew(e)(N/\k;))

i=1
(Ex ¢(0)N>1/2

The bound (2.9) implies that P(N =n | N >n —1) > §;,s0 P(N >n) < (1—6§)"1,
and
E*(e?ON) < 0o provided e*®(1—6,) < 1.

So, taking #; small enough so that this last condition holds, and letting k — oo, it follows

that
exp( 02V><oo for 6 < 6.
Since
N
| X7, = Xo| = |Xsy — Xo| <D Vi,
i=1

this implies that | X, — Xo| has exponential moments with respect to IF”C, proving the
theorem. 0

The final result in this section will be used to weaken the hypotheses of boundedness
in our Liouville Theorem.
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Proposition 2.7. Let h € C?(R?) be a function such that Lh = 0 and oh is bounded.
Then h is bounded.

Proof. We can assume that |oh| < 1. Set M; = h(X}). By Ito’s formula M is a continuous

local martingale with respect to P*, and M, Z; is a continuous local martingale with respect
to P*. However,

M, 24| = U(Xo)—1|g(Xt)h(Xt)|exp(—/0 V(X,)ds) < o(Xo) ekl

so that |M,;Z;| is bounded on each interval [0,¢]. Therefore MZ is a martingale with

respect to P*, and hence M is a martingale with respect toﬁﬁm.

Set T =1inf{t > 0: X; € I(—Ko2, K2)}; by Lemma 2.3 P*(T < co) =1 for all z. Note
that, as h is bounded by 2/eg on I(—Ks, Ks), |h(X7)| < 2/e¢. Since M is a martingale
with respect to P?, EZh(X¢ar) = h(z). So

[E*h(X7) = h(z)] = [B" 1zsr) (h(X7) — B(Xy))] (2.10)
< 260 'PY(T > t) + E™1(pspy | h(X1)]-
By Lemma 2.2(a) the second term in (2.10) is bounded by
U($>_1Em1(T>t)O'(Xt>|h(Xt>|€_80t < o(z) te oot

Since IF’IQT = 00) = 0, letting ¢ — oo in (2.10) it follows that E*h(Xr) = h(x). Hence
|h(z)| < E*|h(X7)| < 2/eq, proving that h is bounded. O

3. Transformation to a Jump Process

We continue with the notation and hypotheses of the previous section. We write
X = (X;,t > 0,P* z € R?) for the diffusion with generator £. When we refer to properties

of X, it is with respect to the probabilities P?. Let u(dz) = 02(z)dz, and define

E(f.f) = / V()02 (@)dr, f e CA(RY).

Then (see [FOT, Thm. 3.1.3]) £ can be extended to a regular Dirichlet form (£, D(£)) on
L?(R4, 1) with (special standard) core C2(R?), and X is the Hunt process (in fact a Feller
diffusion) associated with (€, D(E)).
Define 7 : H(0) — R4t by 7n((2', 24) = 2’. Let v be the measure on R? with support
H(0) given by
v(ANH(0)) = |m(AN H(0))],
where | - | denotes d — 1-dimensional Lebesgue measure. Let Ay, ¢ > 0 be the continuous

additive functional with Revuz measure v. Note that A; increases only when X; € H(0).
Set (; = inf{s > 0: A; > t}, and let

Xt - XCt
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It is clear from Lemma 2.3 that P*((; < oo) = 1 for all ¢, so that X is a conservative
Markov process.

We now use the relation between traces of Dirichlet forms and time changes of Hunt
processes — see [FOT], Theorem 6.2.1, to describe the Dirichlet form of X. Let

[(z,dy) = P*(X,, €dy), xeR*—H(0),ye H(0),

be the harmonic measure on H(0) for X. Since X is a diffusion with C? coefficients, T is
absolutely continuous with respect to v. Write I'(x, y) for the density of I":

D(z,dy) =T(z,y)v(dy), yeH(0), zeR’—H(O).
Further T'(x,y) is continuous on (R? — H(0)) x H(0). For g € C3(R%), set

(z), if z € H(0),
Pg(x) = {‘(jp(gg,dy)g(y), if 2 € RY — H(0).

Then T'g is £-harmonic on H(0)¢, and continuous on R%. By [FOT, Theorem 6.2.1] X is
a v-symmetric Hunt process with Dirichlet form (&€, D(€)) with core C3(H(0)), where & is
given by

E(g,9) =&, Tg), geCFH(0)). (3.1)

Remark 3.1. Let W be BM (R?); W has Dirichlet form
ea(s.) = [ IV1(@)ds

If H(0) = {x : 24 = 0}, then a similar construction gives a Dirichlet form £g. See [FOT,

Example 6.2.2] for a detailed discussion of this case: £€p is the Dirichlet form of the d — 1
—dimensional Cauchy process, and is given by

3 =c x) — 23:— —d T dy. .
€(9,9) = d//H(O)XH(O) (9(z) —g(y)) |z —y|~" dx dy (3.2)

Since the law of X is locally absolutely continuous with respect to that of Brownian motion,
one expects an analogous expression for €.

We now wish to identify more precisely the Dirichlet form £. We first show there
exists a nice harmonic function to compare to.
Lemma 3.2. There exist ¢; and ¢y and an L-harmonic function h such that h = 0 on

H(0), h=1o0n H(1), |Vh| < ¢ in I(0,1), and Oh/On > co on H(0).

Proof. Let h(z) = P*(1; < 7). Since h solves a Dirichlet problem in a C? domain with
C? boundary values and C? strictly elliptic coefficients for the operator, the upper bound
on |Vh| follows. We need only prove the lower bound.
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We flatten the boundary. That is, we look at X; = ®(X,), where ®(z', z4) = (2, 24—
~v(')). A routine calculation using Ito’s formula shows that on ®(I(0,1)) the process X; is
associated with an operator in divergence form that is strictly elliptic, that the coefficients
are C?, and that the normal derivative gets mapped into the conormal derivative; also the
angle made by the conormal vector with the hyperplane is bounded away from 0. If A is
the image of h under this map, we need to show that dh/0n > cs.

Since the coefficients of the operator are C?, the process )Zfl is a semimartingale
M, + A;, where ¢4 < d(M),/dt < c5 and |dA;| < cgdt. By performing a nondegenerate
time change, we may assume M; is a Brownian motion. By a comparison theorem, (see,
e.g., [IW], p. 352)

h(x) > P*(W; — ¢t hits 1 before 0),

where W; is a standard one-dimensional Brownian motion. This, it is well known, is larger
than cgxy. ]

Next we need some routine harmonic measure estimates. For z € H(0) we let
Broy(z,r) be {y € H(0) : |y — x| < r}, G be the Green function for the process killed on
hitting H(0), and y,(z) the point whose coordinates are the same as those for x, except
that the x4 coordinate is r larger; thus y,.(z) lies r units above . Since K; > 1 L is
strictly elliptic on 1(0,1).

Proposition 3.3. Suppose zo € I(0,1) with dist (xo, H(0)) > 1/4. Let x € H(0) with
|x — 29| < 2. Then there exist ¢, ¢, c3, ¢4, and Ag not depending on xg or x such that
(a) c1 <T(zg,y) <cgifly—z| <1

(b) If A > Ao, then P* (| X, — x| > \) < c3exp(—cs)).

Proof. Suppose zo € I(1/2,1). As in [Bsl], Theorem III.5.4,

P<$07BH(O)($7T)) ~ G(x()?yr(x))rd_z? r< %
Here ‘~’ means that the ratio is bounded above and below by positive constants not
depending on z or r as long as r < 1. The proof in [Bsl] is given for Brownian motion, but
the identical proof works for strictly elliptic divergence form operators. We now apply the
the boundary Harnack principle for divergence from operators (see [BBu]) to compare the
harmonic functions h(y) and G(xg,y). We conclude G(zo,y.(x)) ~ h(y.(x)) and hence
G(zo,yr(z)) ~ r. So I'(zo, (B(z,r)) ~ r¢!, aslong as r < & and |z — z¢| < 2. Since the
surface measure of B(x,r) is comparable to r¢=1, (a) follows.

(b) follows immediately from Theorem 2.6. O

Now we estimate O'/On. Let S be the surface measure on H(0): note that S and v
are absolutely continuous. Since I' is a solution to a Dirichlet problem, 0I'/On exists. Set

8F<'7y)

on (z).

m(z,y) =
Proposition 3.4. There exist ¢y, co, c3,cq, and Ay such that for x,y € H(0),
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(a) If |x —y| <1, then
arlz —y|? <mz,y) < ealz —y|?.

(b) If A > Ay, then
/ m(z,y) S(dy) < czexp(—csA).
B (o) (z,A)¢

Proof. Let us first flatten the boundary as above. Pick z € I(0,1) with 2’ = z’.
First suppose |x — y| = 1. By the boundary Harnack principle, I'(z,y) is comparable
to
h(z)
h((2,1/2))

This is comparable to z4 by Lemma 3.2 and Proposition 3.3. (a) follows when |z —y| =1
by letting z4 — 0. (Recall that the angle between the conormal vector and the hyperplane
is bounded away from 0.)

We get the case where |z — y| < 1 by scaling. Let r = |x — y| and scale by a factor
1/r. This enlarges things, so the region on which o is nice is larger and the coefficients are
smoother. This increases the area of a surface ball by a factor ¢!, and since the distance
from z to the boundary becomes r times as large, the derivative increases by a factor r.
So altogether we get a factor r?, as we should.

To get (b), we use the boundary Harnack principle as above. So I'(z, (Bg o) (x, A)°)
is comparable to

L((2',1/2),y).

h(z)
I'((z,1/2),(B A)°).
h((Z/,1/2)) (<Z7 / )7( H(O)<x7 ) )
By Proposition 3.3, this is less than cszqe 4. (b) now follows by letting z4 — 0. O

A measure J(dz dy) on H(0) x H(0) is symmetric if it remains unchanged under the
map (z,y) — (y,z).

Proposition 3.5. There exists a symmetric measure J such that

Eg.g) = / (9() — g(y))* T (dx dy). (3.3)

H(0)

Proof. Since the Dirichlet form £ for X is regular, with core C2(R%), [FOT], Theorem
6.2.1 implies that £ is also regular, with core

O = f = glu for some g € C2(RY} = C2(H(0).
Hence, by [FOT], Theorem 3.2.1 & can be written in the form & = £(9) + £ + £(®) where
E9(1.9)= [ [1@) - 1)lo@) - 9w Idwdy);
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here J is a measure on H(0) x H(0) that is symmetric.

Since Y is conservative, the killing term €% = 0. By [JY], all martingales adapted to
the filtration of X can be written as stochastic integrals with respect to d fixed martingales;
the quadratic variation of each of these is absolutely continuous with respect to dt. Since
X spends zero time on H(0), any continuous martingale on the filtration of X which is
constant except on {t : X; € H(0)} is therefore constant everywhere. It follows from

[FOT], Section 5.3 that £(¢) = 0. O

When f and g are both C3 with disjoint supports, we have using the symmetry of J
E(f9)=2 [ [ f@gwIdedy). (3.4

Define a metric d’ on H(0) by d'(z,y) = d'((«', ), V', yn)) = |2’ —¢'|. Since |V~] is
bounded, d’ is equivalent to the Euclidean metric.

Theorem 3.6. There exists a symmetric function n(x,y), x,y € H(0) such that

Eg.g) = /H o, 6@ =) nte ) (@) (3.5)

The function n(x,y) satisfies
C1|33' - y|_d < n(x,y) < 62|x - y|_d7 dl(l’,y) < 17 (36)

/ n(x,y)dy < coe™, x> 1. (3.7)
d'(z,y)>X

for constants c1, co, a € (0,00).
Proof. Let f,g € C2(RY) with disjoint support. Choose a cube D C R? which is large

enough so that f and g are 0 outside D. Write Dy = DN I(0,00), Do = DN H(0) and
D_ = DnNI(—00,0). Since Dy has measure zero,

Ef.g) = / VT(a) - VTy()o(x)dr (3.8)

= /D VIf(x)-VIg(z)o(z)?dx —|—/ VIf(x)-VIg(x)o(z)?dz.

By the Gauss-Green theorem, since LI'g = 0 on H(0)¢ and f =0 on 0D — Dy,

VI f(z)- VDg(z)o(z)?dx = / I‘f(x)a(x)zarg(x) das,

Do an

Dy
where dS is surface measure on Dy. But note that I'f = f on H(0).
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Using Proposition 3.4 and the fact that f and g have disjoint support, we may pass
the limit under the integration sign to obtain

| i@ vry@eere = [ @ow? [ gn® 5 e s ast)

Summing with the analogous equality for the integral over D_ and using Proposition 3.4,
we obtain

E(f.g) = /D [ r@atme.nis) ds(a).

If we now compare this with (3.4), we see that J(dx dy) = m(x,y) dS(z) dS(y). The sym-
metry of J shows that m is symmetric. Since dS(x) < czdv(x), the bounds in Proposition
3.4 complete the proof. O

Note that 7w : H(0) — R is bijective. So, setting Y; = W(XO, n=d—-1,Y is a
Markov process on R™, with Dirichlet form &y given by Ey (f, f) = g(f om, fom). Writing
n'(2',y") = n(z~(a’), 71 (y)) we have

e (r.0) = [[ ()~ Fo)Pn' ey’
It is immediate from Theorem 3.6 that n’ satisfies (1.1) and (1.2) so that Y satisfies the
hypotheses of Theorems 1.14 and 1.17.

Recall from the introduction that A is £-harmonic if Lh = 0.

Theorem 3.7. Let~y, o be as above, with o satisfying (S1)-(S3). Suppose h is L-harmonic,
and oh is bounded. Then h is constant.

Proof. By Proposition 2.7 h is bounded. Set M; = h(X;). Then, as in the proof of
Proposition 2.7, M is a martingale/P* for any x € R%. As M is bounded, and P*({; < o0)

for all ¢, it follows that h()zgt) is a martingale/P?. So, if g is the function on R” = R%~!
defined by g(2’) = h(7~1(2’)), then g is bounded and g(Y;) is a bounded martingale. Thus
g is Y-harmonic, and so g is equal to a constant ¢y by Theorem 1.17. But then for any
r € R?, since P*(19 < o0) = 1, and h is bounded,

h(z) = E"h(X,,) = co,
which proves that h is constant. 0J
4. Applications to PDE.

In this section, we apply the Liouville theorem (Theorem 3) to prove Theorems 1 and
2. First we have an elementary lemma.
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Lemma 4.1. Let 0 = 0u/0x4. Suppose o(0) > 0 and for each a there exists a constant
c(a) such that a - Vu(x) = c(a)o(x) for all v € RY. Then u is of the form u(z) = g(a - z4),
for some fixed a € R? with |a| = 1.

Proof. Since o(0) > 0 we have Vu(0) # 0; let a be orthogonal to Vu(0). Using the
hypothesis shows c(a) = 0, so that a - Vu(z) = 0 for all z € R%, proving that u is constant
on every hyperplane orthogonal to Vu(0). O

Proof of Theorem 1. Let o(x) = 9u) Tt is shown in Lemma 3.2 of [GG], by using the

amd :
moving plane method, that o(z) > 0 in R%. Recall from the introduction that o satisfies

Ao — F"(u(z))o =0, zeR™L

In view of Lemma 4.1 it is enough to prove that o satisfies the conditions (S1)-(S3) in
Theorem 3.

We choose (') = 0,2" € R4, Hence
I(a,b) ={z = (z',2q) € RY:a < x4 < b,z € RI1Y,

Since F"(+1) > p > 0 and u(z) — £1 uniformly as 24 — +o0o, we can choose K; large
enough so that
o Ao = F"'(u(x)) > 21, x€I(-Ki,K;)

for some €; > 0. It can be shown, using (0.6), that |u(z)| < 1,z € R?. The standard
Schauder estimates for elliptic equations imply that ||o||eo, ||V0||ee and ||Ac||o are all
bounded by some K3 > 0. Also, by [GT], u and ¢ are C?>*¢ in R?. Set Ko = 1+ Ky; it
remains to show that

0'26/2>0, SCGI(—KQ,KQ) (41)

for some positive constant ¢.

If (4.1) is not true, there exists a sequence {2(™} = {(z(™)", x&m))} such that |ac£lm)\ <
Ko and lim,,_ o a(x(m)) = 0. Without loss of generality, we can assume .I‘Elm) — T4 as

m — oo. Now we define a sequence of solutions to (0.3)
™ (z) = u(z™ + ), xR

By the standard Schauder estimates for elliptic equations, we know that [|[u(™||ga+e(gay <

K3 < oo. Therefore there exists a subsequence of u("™) | which we still denote by «(™), and
a solution of (0.3) v(z) € C37¢(R?) such that [|ul™ — v||gz+e(q) — 0 as m — oo for any

bounded set €. Since |:c£lm)| < Ko, v(x) converges uniformly to +1 as x4 tends to Foo.

So, by Lemma 3.2 of [GG],
M 0 reRrd
Ba:d

On the other hand, by the definition of {z(")} we have

ov(0) lim Ou(x(™) _

83)d m—0o0 833d
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a contradiction. This proves (4.1), and so o satisfies (S1)-(S3) with £g = min{eq,e}. The-
orem 1 now follows from Lemma 4.1 and the fact that the uniform convergence condition
implies that the hyperplanes on which u is constant must be orthogonal to e(®. 0

Remark 4.2. We can also prove directly by using suitable comparison functions that o
decays like exp(ut124) near x4 = oo for some 41, and hence that h is bounded. Then a
weaker version of the Liouville theorem, not using Proposition 2.7, also leads to Theorem
1.

Proof of Theorem 2. We define 0,1, h as in the proof of Theorem 1. In order to show
that o satisfies conditions (S1)-(S3) in Theorem 3, we let v(z2'),z’ € RI~! be a level
surface of u(x’,z4), say u(a’,v(z')) = 0,2’ € R4, The function v(z') is well defined in
R~ since u(z) is strictly monotone in x4, and 7 is C? by the implicit function theorem.
The cone condition implies that |Vy(2')] < K, for 2’ € R?! for some Ky < oco. Since
F"(£1) > p > 0, we can choose 0 < § < 1 and £; > 0 such that F”(u) > 2¢1 > 0 when
—l<u<—-1+6orl—08<u<l Lety(z),v(z),2 € R be the level surfaces of
u(z) with u(z’,y1(2")) = 1 — §,u(x’,v2(x')) = —1 + 0 respectively. We claim that there
exists €5 > 0 such that

o(z) >e2/2, z€{r= (2" 29) €ERY:p(2)) <xy < mi(2)), 2’ € R (4.2)

We prove this claim by contradiction. If it is not true, then there exists a sequence
{z(m)} = {(ac(m)/,xglm))} such that —1 + 6 < u(z(™) < 1 —§ and lim,, . o(z(™) = 0.
As in the proof of Theorem 1, we define a sequence of solutions to (0.3)

u™ (z) := u(z™ 4+ 2), zeRY

and ||U(m)||c3+E(Rd) < K3 < oo. Therefore, as before, there exists a subsequence of u(™,
which we still denote by u(™), and a solution v(x) € C3+(R%) of (0.3) such that ||u(™ —
v||¢2+e(q) — 0 as m — oo for any bounded set (2.
Note that
14+6<v(0)<1-0 (4.3)

and

ov(0) . Qu(z™)
83)d - ﬂggnoo 833d =0

Since ¢ = agT(? > 0,z € R? satisfies

—Ap+ F"(v(z))p =0, xcR%
the strong maximum principle (see [GT]) yields 88”7%) =0,z € R4,

Since |v(0)] < 1 — 0, v cannot be identically 1 or —1. It follows that —1 < v(x) < 1,
2 € R, The Lipschitzian condition on u leads to the same condition on v, i.e.

ov(x)

8.13d

[Varv(z)] < L(v) , zeR%
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Therefore Vo = 0, € R?. Hence v(x) must be a constant, and so v(z) = ug, x € R?,
where v is the unique critical point of F in (—1,1). We now show that this is impossible.

For any ball Br(0) C R, we know that the first eigenvalue A\; > 0 and eigenfunction
p1(x) > 0,2 € Br(0) of —A in the Sobolev space Hi(Br(0)) satisfy

Api(z) + Aip1(z) =0, z € Bgr(0),
p1(z) =0,z € 0BR(0).

Since F"'(up) < 0, we can choose R sufficiently large such that A\; < —F"(ug)/2. On the
other hand, when m is large enough we have —F” (u(™(x)) > —F"(uo)/2,z € Bg(0).

oul™

Since o(™) := 8md(m) > 0, z € Br(0) satisfies

—Ac™ (z) + F" (™ (2))o™ (z) =0, 2 e Bg(0),

the quotient o1 (z)/c(™ (x) > 0 satisfies

Volm)
Ap+2—— - Vo+V(z)p=0, zec Bg(0) (4.4)

O-(m)
where V(z) = A\; + F”(u™)(z)) < 0,2 € Bg(0). This contradicts the maximum principle
for (4.4) since o (x)/o™ () vanishes on dBr(0). Therefore we have proven (4.2).
Since u is bounded it follows immediately from (4.2) that there exists K1 < oo such

that
0<m(z)—~() <Ky, 0<y(@) =)< Ky, 2RI (4.5)

so that
o 'Ac = F"(u) > 2 on I(—Ky, K;)°.

Let Ko = K7 + 1; it remains to show that for some ¢ > 0

o(x)>ep/2, =€l(—Ky Ks). (4.6)
We define u(™ and v(z) as in the proof of (4.2). As before, we have 857? = 0 and
agT(f) > 0,2 € RY. By the maximum principle (see [GT]) this implies that
dv(x) d
=0 R®. 4.7
Bz, %€ (4.7)

But from (4.5) and the definition of 1,2, we have
v(0,24) > 1 =0, if xg >2K;, v(0,24) < —-1+0if x4 < —2K;.
This is a contradiction to (4.7), and therefore (4.6) holds.
So v and o satisfy the hypotheses of Theorem 3, and Theorem 2 now follows by Lemma
4.1. [
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