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Abstract. We obtain Gaussian upper and lower bounds on the transition density g:(z, y)
of the continuous time simple random walk on a supercritical percolation cluster C,, in
the Euclidean lattice. The bounds, analogous to Aronsen’s bounds for uniformly elliptic
divergence form diffusions, hold with constants ¢; depending only on p (the percolation
probability) and d. The irregular nature of the medium means that the bound for ¢;(z, -)
only holds for ¢t > S, (w), where the constant S, (w) depends on the percolation configura-
tion w.

0. Introduction. In this paper we study the simple random walk on the infinite compo-
nent of supercritical bond percolation in the lattice Z¢. We recall the definition of percola-
tion (see [Gm)]): for edges e = {z,y} € Eq = {{z,y} : |z —y| = 1}, we have i.i.d. Bernoulli
r.v. 1, with Pp(n. = 1) = p € [0, 1], defined on a probability space (2, F,P,). Edges e
with 1. = 1 are called open and the open cluster C(x) containing z is the set of y such that
x and y are connected by an open path. It is well known that there exists p. € (0,1) such
that when p > p. there is a unique infinite open cluster, which we denote Co, = Coo(w).

For each wlet Y = (Y;,t > 0, P¥, x € Cs) be the continuous time simple random walk
(CTSRW) on C. Y is the process that waits an exponential mean 1 time at each vertex
x, and then jumps along one of the open edges e containing x, with each edge chosen with
equal probability. If we write v, (w) = 1if {z,y} is an open edge and 0 otherwise, and set
() =3, Vay, then Y is the Markov process with generator

Lof(x)=p(@)™" Y vay(fy) = f2), 2z €Cx. (0.1)

A number of papers have studied this process, or the closely related discrete time
random walk X = (X,,,n > 0,P? = € C). De Gennes [DG]| discussed the link between
the behaviour of X and resistance properties of C.,, and coined the term ‘the ant in the
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labyrinth’ to describe its motion. It is believed that, in all dimensions, there is no infinite
cluster if p = p. (this is known to be true if d = 2 or d > 19). Kesten [Kel| defined the
incipient infinite cluster when d = 2, and proved in [Ke2] that the random walk on this set
has subdiffusive behaviour.

For the supercritical case p > p. one expects Y to have similar long time behaviour to
the random walk on Z¢, and this has been confirmed in several ways. [DFGW] proved an
invariance principle (d = 2), while [GKZ] proved that Y is recurrent if d = 2 and transient
when d > 3. Let

a(z,y) = ¢ (z,y) = P (Ye = y)u(y) ™ (0.2)
be the transition density of Y with respect to p. More recently [HH| and [MR] have
obtained estimates on ¢;(z,y). Theorem 1.2 of [MR] gives the (quenched) bound

q;u((),y) < Cl(p7 d)t_d/27 t> TO(C‘))a Yy e COO7

P,-a.s. on the set {w:0 € Cx}. A similar (annealed) estimate is given in [HH], but with
an extra logarithmic factor.
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Figure 1: Bond percolation with p = 0.53. The vertices in
the largest open cluster are marked with black circles.
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The main result of this paper is the following two-sided bound on g¢;.

Theorem 1. Let p > p.. There exists Q; C Q with P,(Q1) =1, and r.v. S,,z € Z%, such
that S, (w) < oo for each w € Qy, x € Coo(w). There exist constants ¢; = ¢;(d, p) such that
for x,y € Coo(w), t > 1 with

Se(w) V| —yh <t, (0.3)

the transition density ¢ (z,y) of Y satisfies:

ext™ 22TV < g (g, y) < et~ e eale VI (0.4)

Remarks. 1. |z —y|; = Z?Zl |z; — y;| is the usual graph distance on Z¢<.

2. The CTSRW on Z% (i.e. p = 1) satisfies these bounds with S, = 1. For |z —y|; > ¢
one has bounds which, up to constants, depend only on the tail of the Poisson distribution
and not on the geometry of C,, — see Lemma 1.1.

3. If G is any finite graph which can be embedded in Z? then Cs, contains infinitely many
copies of G (attached at one point to the rest of C,). Since (0.4) does not hold uniformly
for all such graphs, it is clear that one cannot expect (0.4) for all x,y, ¢t with |x — y|; <.
This irregularity of C., is taken care of by the random variable S, ; after an initial period
of possible bad behaviour ¢;(x, -) settles down to a distribution with Gaussian tails.

4. In (0.4) one can replace |z — y|; by the graph distance in Co, and in fact this is the
result that we prove first (Proposition 6.1).

5. The constants ¢; are non-random, and depend only on p and d. For p sufficiently close
to 1 it would in principle be possible to estimate them by careful tracking of the various
constants in this paper. However, for general p € (p,1) the constants arise in a ‘non
effective’ fashion — if p > p. then one knows that certain kinds of good behaviour occur in
cubes of side k > ko(p, d), but has no control on ky. The constants ¢; then depend on k.
6. The tail of the random variable S, satisfies

P,(z € Coo, Si > n) < cexp(—c'n®4); (0.5)

see Lemma 2.24 and Section 6.

7. Similar bounds hold for the discrete time r.w. X. The proofs (which are not given
here) run along the same lines, but with some extra (mainly minor) difficulties due to
the discrete time. As Z? and C., are bipartite one needs to replace ¢;(x,y) in (0.4) by
Pn—1(2,y) + pn(z, y).

8. It seems very likely that this theorem holds for other lattices in Z%, and the ‘ran-
dom walk’ part of the proofs below transfers easily to other situations. But many of the
percolation estimates that we use have only been proved for the Euclidean lattice.

Similar estimates hold in the annealed case.



Theorem 2. Let p > p.. There exist constants ¢; = ¢;(d, p) such that for x,y € Z¢,t > 1
with |z —y|1 <t,

et Pem P < B (g7 (), y € Coo) S et P (0.6)

An immediate consequence of Theorem 1 is that Y is transient if and only if d > 3,
but of course this was already known from [GKZ]. As an example of a new application,
the ‘off-diagonal’ bounds in Theorem 1 enable one to control harmonic functions on C..
Write d,, (x,y) for the graph distance on C, and B, (z, R) = {y : d,,(z,y) < R} for balls.
A function h : B, (z9, R+ 1) — R is harmonic on B, (z, R) if Lh(z') =0, 2’ € B, (z, R).
We have the following Harnack inequality.

Theorem 3. Let p > p.. There exists c; = ci(p,d) and ; C Q with Pp(2y) = 1,
and Ry(x,w) such that Ro(z,w) < oo for each w € 1, x € Cs. If R > Ry(z,w) and
h : By(z,2R 4+ 1) — (0,00) is a positive harmonic function on B, (z,2R) then, writing
B = B,(z, R),
sup h < ¢p inf h. (0.7)
B B

This leads immediately to the Liouville property for positive harmonic functions.

Theorem 4. (a) Let h : Coo — R be positive and harmonic on Co,. Then h is constant.
(b) Let T denote the tail o-field of Y. There exists Qg with IP,(22) = 1 such that for each
w € Qo, and for each F' € T either PZ(F) =0 for all x € Coo(w) or else P%(F) =1 for all
z € Coo(w).

Remark. The Liouville property for bounded harmonic functions on C is already known
— see Lemma 4.6 of [BLS] and [Kal].

We can also use Theorem 1 to estimate EZ|Y; — z|?.

Theorem 5. Let p > p.. There exists 3 C Q withP, (1) =1, and r.v. S,z € 7%, such
that S’ (w) < oo for each w € Qy, © € Coo(w). There exist constants 0 < ¢5 < cg such that
for x € Coo(w), t > S,

cst < E°|Y; — x)? < cet. (0.8)

This result implies that the (annealed) invariance principle, proved in [DFGW] for
d = 2, can be extended to d > 3. See [SS] for a discussion of this, and for a much more
delicate quenched invariance principle when d > 4.

The proof of Theorem 1 breaks into two fairly distinct parts. First (in section 2)
we prove suitable geometric and analytic properties of Co. Then (sections 3-5) we use
‘heat kernel’ techniques to obtain the estimate (0.4). These techniques originate in the
work of De Giorgi, Moser and Nash on divergence form elliptic equations; more recently
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they have been employed to study random walks on graphs. While they have been very
successful in a wide variety of algebraic and geometric contexts, this has almost always
been in circumstances in which the same regularity condition holds for all balls of a given
size 7.

A guide to the kind of properties one needs is given by the following theorem of
Delmotte, which is a translation to graphs of results of Grigor'yan [Gg| and Saloff-Coste
[SC1] on manifolds. (The version given here has been adapted to the CTSRW on a positive
density subgraph G of Z%.)

Theorem A. (See [D1]). Let G = (G, E) be a subgraph of Z¢ with graph distance d. Let
co, €1, co be positive constants. Suppose that G satisfies the following two conditions:
(a) For all balls B(x, R) in G:

coR? < w(B(z, R)) < 1 R™. (Va)

(b) For any ball B = B(x, R) and function f : B — R, writing fg = >, c 5 [(2)u(z)/u(B),

Y (fl@) = fp)’ule) < e2R* Y Y (fla) = f(y)*. (PI)

reB r€EB vEB

y~zx

Then the transition density q;(x,y) of Y satisfies, for t > d(z,y) V 1,

cgt_d/2e_c4d(x’y)2/t < gz, y) < C5t_d/2€_c6d(m’y)2/t' (0.9)

The first condition is of regular volume growth of balls in G, and can be replaced by a
more general ‘volume doubling’ condition. The second is a family of Poincaré or spectral
gap inequalities for G.

This theorem suggests that to prove Theorem 1 one should obtain volume growth and
Poincaré inequalities for Co. Some results of this kind are in the literature — see [P], [DP]
for volume growth estimates, and [BM] for a Poincaré inequality. These results show that
for fixed x € C the probability that (V) and (PI) hold for a ball B, (z, R) increases to 1
as R — oo.

However, on its own this is not enough to give Theorem 1. There are now several
proofs of Theorem A ([D1] uses Moser iteration to prove a parabolic Harnack inequality),
but all involve iterative methods or differential inequalities which use (V) and (PI) for
many balls of different sizes. The exact definition of a ‘good’ and ‘very good’ balls is given
in Section 1.7 below, but roughly speaking we say a ball B, (y,r) is good if (V) and (PI)
hold, and a ball B, (z, R) is very good if all sub-balls B, (y,r) C B, (z, R) are good for
r > RY(4+2) We need to prove that all sufficiently large balls B, (xo, R) (centered at a
fixed xp) are very good, and to do this we have to extend some of the estimates in the
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literature. This is done in Section 2 below. The estimates in [P], [DP] are enough for the
volume growth bounds, but more work is needed for the Poincaré inequality. As in [BM]
we prove this from an isoperimetric inequality, which is obtained in [BM] and [MR]. We
will use the methods of those papers, but the need for better control of the probabilities
means that we have to rework some of these arguments to identify more precisely the set
of percolation configurations w for which a ball is good or very good. If p is sufficiently
close to 1 then a fairly direct counting argument (see [BM], [MR]) is all that is needed, but
for general p > p. one has to use a renormalization argument, as in [AP]. In this paper we
follow quite closely the approach in [MR] — there is a gap in the renormalization argument
in [BM].

While percolation arguments generally use cubes in Z¢, the heat kernel estimates work
most naturally if we use the ‘chemical’ or graph distance d,,(x,y) on Co. We can compare
these two metrics using the main theorem of [AP].

Many of the methods used to derive (0.9) from (V) and (PI) are not suitable for the
percolation context. For example, it is proved in [SC1] that (PI) and (V) imply a ‘Nash
estimate’: for f: G — R,

IV = el ()

and it is proved in [CKS] that (N) is equivalent to:
g (z,y) < Y% forallz,y € G, t > 1. (0.10)
However, since Co, contains copies of {0,...,n} for all n, (0.10) is clearly false for C.

More generally, one cannot use any method which relies on global Sobolev inequalities;
it is necessary to use ‘local’ methods. (One approach here might be that of rooted or
anchored isoperimetric inequalities, as in [T] or [BLS]. However, the correct extension to
Nash or Sobolev inequalities has not yet been made.)

In Section 3 we obtain an initial global upper bound on ¢; using the Poincaré inequality
directly, following the approach of Kusuoka and Zhou [KZ]. One can then obtain the off-
diagonal upper bound in (0.4) using a method of Nash [N], Bass [Bas| and [BB1].

We use the method of Fabes and Stroock [F'S], also based on ideas of Nash, to obtain
a local lower bound — i.e. for q.(z,y) if d(z,y) < t'/2. However, a difficulty arises in
extending this to prove (0.4) for points x,y with d,,(z,y) ~ t'~¢. The standard technique
is ‘chaining’: using a sequence of small balls B(z;, ) connecting x and y, and the Chapman-
Kolmogorov equations. It turns out that one needs to take r =~ t/d,(x,y), so that one
may need balls so small that one cannot be sure that they are very good. This problem
is resolved by an additional percolation argument: for some fixed r; = r1(p,d) > 1 one
can show that the collection of good balls of size r > 71 is large enough so that a suitable
chain (B(z;,7),0 <1i < m) of very good balls exists with zy close to x and z,, close to y.
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(See Theorems 2.23 and 5.4). This argument needs renormalization techniques, even if p
is close to 1.

Section 1 contains a brief account of various known facts on random walks on graphs
which will be used in the rest of the paper. The percolation arguments are given in Section
2. Sections 3-5 have been written for a general graph G satisfying appropriate volume
growth and Poincaré inequalities, and can be read independently of Section 2. Upper
bounds on ¢; are obtained in Section 3. Section 4 proves a weighted Poincaré inequality
from the unweighted (weak) Poincaré inequalities derived in Section 2, using methods of
[SCS] and [J]. This is then used in section 5 to obtain lower bounds on ¢;. Section 6 then
ties these results together, and gives the proofs of Theorems 1-4.

We use ¢; to denote constants whose values are fixed within each argument, and C. to
denote constants fixed within each section. c¢5 31 denotes the constant ¢; of Lemma 2.3.
c and ¢’ are constants whose values may change on each appearance. The constants Cj,
ci, ¢, ¢ are always strictly positive. The notation k& = k(p, d) means that the constant k
depends only on p and d.

1. Graphs and random walks.

In this section we review some well known facts concerning graphs, random walks, and
isoperimetric, Cheeger and Poincaré inequalities. Let G = (G, E) be an infinite, locally
finite, connected graph. We define weights v, by

_{1 if {z,y} € E,

Vgy = .
i 0 otherwise,

and set p(z) = Zy Vgy. We extend p to a measure on GG, and v to a measure on E. Given
a function f : G — R, we define |V f|: E — R by |[Vf|(e) = |f(x) — f(y)] if e = {z,y}.
We write

[ 1= [1au=Y t@uta. 19 = [ 95 =S (@)

zeV ecelE

Let d(x,y) be the graph distance on G, and define B(x,r) = {y : d(z,y) < r}. We assume
we have a global upper bound on the size of balls: for any z € G, r > 1:

w(B(z,r)) < Cord. (1.1)
Note that this implies that for each x € G,
1 < p(z) < Co. (1.2)

Let Y = (Y;,t > 0, P*,xz € G) be the continuous time random walk on G} this is the
Markov process with generator

Lf(x) = (@)™ vay(f(y) — f(2)). (1.3)
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Thus Y waits at x for an exponential mean 1 random time and then moves to a neighbour
of x at random. We define the transition density of Y with respect to p (or heat kernel
density) by

@z, y) = ply) ' PP (Y =y).

Note that by (1.2) we have ¢;(z,y) <1 for all z,y,t. Given any points zg, ...,z € G and
times ¢y, ..., ¢, then by the Markov property, if t = >, ts,

k
qi(xo, xx) > pla) ' [[ P (Y, = 21)
=1
k k
= p(zr) " [ @ @icr, zo)p(:) > [ ar, (wior, ). (1.4)
=1 =1

We begin by recalling some general bounds on ¢;. These are not given in full generality,
but just as they apply to the situation here.

Lemma 1.1. Let G satisfy (1.1).
(a) There exist constants ¢; = ¢;(d, Cy) such that, writing D = d(z,y),

qt(a:? y) < Cle_CZDz/t7 D < t? (15)

cexp(—c3D(1+log ?)) < qr(w,y) < ' exp(—esD(1 +1og 7)), D=t>1,  (1.6)

and
C3 Cq
(tlogt)d/ t1/
(b) If d(x,y) > R > 2 and t < c5R?/log R then
@ (z,y) < cet™ % (1.8)

Proof. (a) See Corollaries 11 and 12 of [Da] for (1.5) and (1.6). For the discrete time random
walk X on G the lower bound in (1.7) is immediate from [CG, Theorem 2.2] and (1.1),
while the upper bound follows from [CG, Theorem 2.3] and the fact that u(B(z,r)) > r
for all » > 1. These bounds then transfer to ¢; by integration.

(b) If t < c5R?/log R then tlogt < 2¢5R? provided R > c7. Hence t~¢ > exp(—2dcsR?/t)
and, taking cs sufficiently small, the bound (1.8) is an easy consequence of (1.5), If R < cg
then ¢t < ¢g and (1.8) still holds on adjusting the constant cg. O

We now review some geometric and analytic inequalities on G. Let H C G be finite,
write

E(H) = {e:{x,y}:x,yGH},
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and call H = (H, E(H)) the induced subgraph on H. We define the measures pg on H
and vy on E(H) in the same way as p and v are defined for G. Note that while vy and v
agree on E(H), we only have

po(A) < p(A) < Copo(4),  ACH. (1.9)

We now assume that H is connected. For A, Ay C H let

Op(Ay,Ay) ={e={x,y} 1z € A,y € As}. (1.10)
et (0s(A, H — A)
. . V(OE ) -
Z<A)_ /J/O(A) ) AgH:

and define the isoperimetric constant

Iy = min i(A).
0<p10(A4) <5 o (H)

Closely related is the Cheeger constant; let

and define
Jg = i A). 1.11
m= min x(A) (L.11)
Lemma 1.2. The minimum in (1.11) is attained by a set A such that A and H — A are
connected.

This is quite well known; for a proof see for example [MR, Section 3.1].

Lemma 1.3. (See [MR, Section 3.1], [BM].) Let H be finite and connected.

(a) In > 2/po(H).

(b) If I}; = min{i(A) : 0 < u(A) < 5u(H), A and H — A are connected } then

1
2
Iy < Iy < 2Iy. (1.12)

Proof. (a) Let 0 < po(A) < 2po(H). Then since H is connected dg(A, H — A) is non-
ernpty, 50 i(4) > 1/pio(A) > 2/puol H).

(b) The left-hand bound in (1.12) is obvious. If 0 < pg(A) < 2po(H) then since 1 <
po(H)/pmo(H — A) < 2 we have i(A) < x(A4) < 2i(A). This immediately implies that Iy <
Jg < 2Iy. Let A be a minimal set for Jg; by Lemma 1.2 we can assume that A and H — A
are connected. We can also take po(A) < uo(H). Then I}, <i(A) < x(A) = Jg < 21y,
proving the right-hand bound in (1.12). O



Proposition 1.4. Let H C G be finite. Suppose that Iy > a~!.
(a) If f: H — R then

min/ |f —al?duo < cla2/ IV f2dv.
@ JH E(H)

(b) If f : H— R then
min/ If —al?dp < 0100042/ |V f|2dv. (1.13)
@ JH E(H)

Proof. (a) This result is well known; for a recent proof see [SC2, Lemma 3.3.7].
(b) Since one can use (1.9) to replace o by p this follows immediately from (a). O

The inequality (1.13) is a Poincaré or spectral gap inequality for H. The minimum
in (1.13) is of course attained by the value a = fy = [, fdu/p(H). The following result
is immediate from Lemma 1.3 and Proposition 1.4.

Corollary 1.5. Let H C G be finite and connected, and Py be the best constant in the
Poincaré inequality (1.13).

(a) Py < cu(H)?.

(b) If i(A) > o~ for all A C H such that A and H — A are connected then Py < ca?.

We note the following discrete version of the Gauss-Green lemma.

Lemma 1.6. Let f,g € L*(G, ). Then

Y 9@ Lf@ul@) =5 Y (f@) = f)g(@) = 9(y))vay- (1.14)
xeG z Yy

In the sequel we will need the following definitions.

Definition 1.7. Let Cy, Cp, and Cy > 1 be fixed constants. We say B(z,r) is
(CV7 CP7 CW>7gOOd if:

Cyr? < u(B(x,r)), (1.15)
and the weak Poincaré inequality
| Trenrduzcer [ V£ Py (1.16)
B(xz,r) E(B(Cwz,r))

holds for every f : B(z,Cwr) — R.

We say B(z, R) is (Cy, Cp, Cw )-very good if there exists Np = Np(5 ry < RY/(d+2)
such that B(y,r) is good whenever B(y,r) C B(x, R), and Ng < r < R. We can always
assume that Np > 1. Usually the values of Cy, Cp, Cy will be clear from the context and
we will just use the terms ‘good’ and ‘very good’.
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2. Percolation estimates

We will work with both bond and site percolation in Z?. We regard Z¢ as a graph,
with edge set E; = {{z,y} : |z — y| = 1}, and write x ~ y to mean {z,y} € E;. Given
Q C Z% define the internal and external boundaries of A C Q by

0;(AlQ) ={y € A:y~ x for some z € A°NQ},
0.(AlQ) ={y € A°NQ :y ~ x for some z € A} = 9;(Q — A|Q).

We begin with the notation for site percolation. Let ¢ € (0,1), and Qs = {0, 1}Zd,
and define the coordinate maps (;(w) = w(z). Let Q, be the probability measure on Qg
which makes the ¢, i.i.d. Bernoulli r.v. with Q,(¢; = 1) = ¢. We call those z such that
(» = 1 the open sites, and write O = O(w) = {z : {, = 1}.

For A C Z¢ we define the graph distance d4(z,y) to be the smallest k such that there
exists a path v = {xg,z1,..., 2k} C A with x = z¢, v = y, and x;_1 ~ x;, 1 < i < k.
If there is no such k then d4(z,y) = co. (We have da(z,x) = oo if x ¢ A.) We write
du(7,y) = do(w)(z,y), and will refer to a path = xg, 71, ...,z = y such that each x; is
open as an open path. We say A is connected if ds(z,y) < oo for all z,y € A.

Now write

Clr)={y:d,(z,y) < oo}

for the connected open cluster containing z. Write also, given Q C Z<,

CQ(J:) = {y : dQﬂO(w)(x7y) < OO}

This is the set of points connected to x by an open path within (). We call sets of the
form C(x) open clusters, and the sets Cq(z) open Q-clusters. It is well known that there
exists g. = q.(d) € (0,1) such that if ¢ > g. then Q4-a.s. there is a unique infinite open
cluster C.,. However, for site percolation we will only be interested in the case when ¢ is
either close to 1 or close to 0. Given a cube Q C Z? the set Q NCs will in general not be
connected. We write

CY(Q) for the largest open @Q-cluster.

(We adopt some procedure for breaking ties.)

Write |z — yloo = max; |; — ys|, let B = {{z,y} : |z — yloo = 1}, and write xy if
{z,y} € E;. We will also need to consider site percolation in the graph (Z%,Ej). We say
that A C Z? is *-connected if A is connected in the graph (Z¢,E%), and define the clusters
C*(x) analogously.

Definition 2.1.

1. Let Q be a cube of side n in Z9. We write s(Q) = n for the side length of Q. Let
Qt = A1 NZ% and Q% = Ay N Z%, where where A; and A, are the cubes in R¢ with the
same center as () and sides %n and %n respectively.
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2. A cluster C in a cube Q is crossing for a cube Q' C @ if for all d directions there exists
an open path in C N Q' connecting the two opposing faces of Q’.

3. The diameter of a set A is defined by diam(A) = max{|x — y|s : T,y € A}.

4. Given a set A we write |A| for the number of elements in A.

Remark. In the arguments in this section, we will frequently need to assume that a cube
Q is sufficiently large. More precisely, we will need that s(Q) > ny, where n; = ny(d, p)
is a constant depending only on d and p. We will make this assumption in our proofs
whenever necessary without stating it explicitly each time. Unless otherwise indicated
the statements of the results will be true for all n — this can be ensured by adjusting the
constants so that the result is automatic for small cubes.

Let @ be a cube in Z%. Define the event

CY(Q)]

K(Q,)\) = {w:CY(Q) is crossing for @ and 0]

> AL (2.1)

The following estimate is proved in [DP, Theorem 1.1].

Lemma 2.2. Let Q be a cube of side n and A < 1. Then there exists qo = qo(d, ) < 1
and ¢; = ¢;(\, d) such that if ¢ € [qo, 1) then

d—1

Qq(K(Q,A)°) < cre” "

Let ¥ = {z € Z¢ :  ~ 0} U{0}. For o € ¥ define the shifted set of open sites
O, ={x—0:2 € O}. Let

B=1-21+d) < (d-1)/d (2.2)
Set for r € N, ¢ > 0,

F(Q,r,o0,e) = {any *-connected set A C Q with |A| =r
satisfies [ANO,| > (1 —¢)|Al},

ﬂ ﬂ (Q,r,0,¢).

r2s(Q)? o€X

Note that the event F(Q,r,0,¢) is increasing, and that while K(Q, \) is not in general
increasing, it is if A > %

Recall the following bounds on the tail of the binomial.

Lemma 2.3. Let X ~ Binomial(n,p) and A € (0,1). Then
P(X < An) < e "PAP),
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where b(\,p) — oo as p — 1 for each fixed A € (0,1).

Lemma 2.4. (See [Gm, Sect. 4.2]). The number of x-connected sets A with |A| = r
containing a fixed point xo € Z¢ is bounded by e'".

Lemma 2.5. Let ¢ € (0,1), and Q be a cube of side n. There exists q1 = q1(g,d) > q.
such that if ¢ > q; then

Qq(F(Q,€)°) < cexp(—n”).
Proof. If A is a fixed connected set in @ with |A| = r then by Lemma 2.3

QAN O,| < (1 —g)|A|) < e mbl==),

Given €, choose ¢; large enough so that b(\,p) > 2+ co41 for A > 1—¢, ¢ > q1. Then
since there are at most (n + 1)%e®2417 x-connected sets in Q of size r,

QQ(F(Q7 r,o, 8)6) < (n + 1)d662‘4,1r—rb(1_€’q) < nde—QT,

and, as |X| =2d + 1,

o0

Qu(F(Q,e)°) < Z (2d +1)(n+1)% 2" < ende™2” < e, O

T™=nNo

We collect from [DP] the following results on the boundaries of discrete sets contained
in cubes.

Lemma 2.6. Let Q be a cube in Z%.

(a) Let A ; Q@ be x-connected. Let Aj, 1 < j <k be the connected components of () — A.
Then 0;(A;|Q), 0.(A;]|Q), 1 < j < k are x-connected.

(b) Let A C @ with |A| < (15/16)|Q|. Then

Al < e1|0,(AJQ)|Y Y and |A] < e1]9(A|Q)| ¥V, (2.3)
Proof. (a) is Lemma 2.1(ii) of [DP], while the discrete isoperimetric inequality (2.3) is the
assertion (A.3) on p. 480 of [DP]. O

The following result is based on ideas in [MR]. Recall from (1.10) the definition of
Op(A1, Ag).

Proposition 2.7. Let e < 1/(4d+2) and A > L. Suppose that both F(Q,¢) and K(Q, )
occur for a cube Q with side n. Let A C (Q be connected.

(a) IFANCY(Q) = 0 then |A] < cnP¥(d=1) < p,

(b) If |A] < 2|Q| and ANCY(Q) # 0 then there exists ¢y such that

0p(ANCY(Q),(Q — A)NCY(Q))] = cin™'|Al. (2.4)

13



Proof. We write C¥ = CY(Q).

(a) Let Ap be the connected component of @Q —CY containing A. By Lemma 2.6 9;(A4y|Q)
is *-connected. The definition of A implies that 9;(Ap|Q) N O = . Since F(Q,¢) occurs,
this implies that |0;(A40|Q)| < n? (since otherwise |0;(A|Q) N O] > 0). Hence by the
discrete isoperimetric inequality (2.3)

|A‘ < ‘A0| < C‘ai(AO‘Q)‘ < enfd/(d=1)

(b) Now let ANCY # 0, and |A| < n. So there exists z € ANCY. Since |CV] > Zn?,
there exists y € (Q — A) NCY, and as C¥ is connected there therefore exists {z’,y'} €

p(ANCY(Q), (@ —A)NCY(Q)). So
0(ANCY(Q),(Q-A)NCY(Q)) =1 = n7"|A]
It remains to consider the case ANCY # (), |A| > n. Let
M= J{Coly) ry€d(AQ)nO-CY}, Ay =AUA,.
Let C;, 1 < i < k be the connected components of () — A, and
A= J{Ci:CincY =0}, A=A UAs.

It is clear from the construction of A; and A, as a union of connected sets each connected
to A or A; that As is connected. Note that since Aj UAy C Q —CY, and K(Q, \) holds,
we have |As| < [A|+1]Q —CV| < Z1Q|.
We now show that
9 (A|Q)NCY = 0.(A2|Q) N O. (2.5)

First let y € 9.(A|Q) NCY, so that y ~ x with z € A. As y € CV we cannot have
y €A UAs, soy & As, and thus y € 0.(A2|Q) N O.

Now let y € 0.(A2|Q) N O, so that y ~ z for some z € As. If z € Ay then z € C; for
some i. But as y € Ay, and y ~ z we would have y € C;, a contradiction. So z € A;. If
z € Ay then z € C(x) for some x € J.(A|Q)N O —CY. Again we have y € C(x), giving
a contradiction. So we must have z € A, and therefore y € 0.(A|Q). If y &€ CV then, as
y € O, C(y) would be included in Ay, and y would be in A;. Hence we have y € C¥. This
completes the proof of (2.5).

Let I'y,...,I'; be the connected components of () — Ay, arranged in decreasing order
of size.

Case 1. Suppose that |T'y| > 2|Q|. Let A3 = Ay U (U._,T';). By Lemma 2.6 9.(43|Q) =
0;(I'1]Q) is *-connected. We also have 0.(A3|Q) C 0.(A2|Q). Note that since n < |A| <
|As| < 3]Q|, by the isoperimetric inequality

10.(A3]Q)| > co| A5 Y1 > eont =14 > nf

14



Since F(Q,¢) holds, writing 0" = Nyex Oy,

10(A31Q) N (O')°] < 10e(A3]Q) N (Oy)°| < (2d + 1)e]0e(A3]Q)].-

We deduce
10e(A3]Q) N O'| > (1 — (2d + 1)¢)[0.(A3]Q)] > 519.(A3]Q).

If y € 0.(A3|Q) N O then y € 9.(A2|Q) N O and therefore by (2.5) y € 9.(A|Q) NCY.
So there exists x € A with y ~ z. As y € O we have x € O, and thus z € CV. Hence
{z,y} € Og(ANCY,(Q — A)NCY). Thus

Op(ANCY,(Q—A)NCY) > 10:(431Q) N Ol

>
Z %|86(A3‘Q)‘
> %02|A3|1_1/d > Lean ™Az > SeanT A,

proving (2.4) in this case.

Case 2. Suppose |I'1| < 3]Q|. Note that

0(ANCY,(Q—A)nCY)| = Z 05(T; NCY,(Q —T;)NCY)|.

J

We have
10;(T;1Q) N O'] < |8E(FjﬂCV,(Q—Fj)ﬂCV)|. (2.6)

Forify € 0;(I';|Q)NO’ then y € I'; and there exists x € Ay withz ~ y. Soy € 0.(A2|Q)NO

and hence y € 0.(A|Q)NCY by (2.5). Asy € O then x € O, so that z € CV, and hence

x € A since x cannot be in Ay U Ay. Therefore {y,z} € 9g(I'; NCY,(Q —T;)NCY).
Next, each T'; intersects CV by the construction of Ay. If |9;(I';|Q)| > n® then

0:(T;1Q) NO'| = 310:(T41Q)] = e T; '~/ > ¢'n ™t |T1.
If |0;(T;|Q)| < nP then |T;| < enf¥ (@1 < n and
0p(C;NCY,(Q-T5)NCY)[ =21 2>n7Tyl.
Combining these estimates we obtain

0r(ANCY,(Q —A)nCY)| = Z 0p(T;NCY,(Q—T;)NncY)|

J
>en™t Y Ty > en”H(Q — As)).
J
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As |Q — As| > gn > c|A] this proves (2.4). O

We now follow the renormalization argument in [MR], which uses techniques in-
troduced in [AP]. We introduce a second percolation process, which is bond percola-
tion on (Z4 Ey). Let p € (0,1): we set Q, = {0,1}5¢ let 7., e € E4 be the coordi-
nate maps and let P, on €2, be the probability measure which makes 7. i.i.d. Bernoulli
r.v. with P,(ne = 1) = p. We call the edges e such that n. = 1 open edges, and
write O = {e : 7. = 1}. An open path is any path v = {xg,...,zr} such that each
{zi—1,2;} € Op. As for site percolation we write d,(x,y) for the length of the short-
est open path connecting = and y, and set d,(x,y) = oo if there is no such open path.
For a set A we write da(z,y) for the length of the shortest open path contained in A
connecting = and y. Set C(z) = {y : d,(z,y) < oo}. Let 6(p) = P,(|C(0)| = oo) and
pe = inf{p : B(p) > 0}; then if p > p. there exists P,-a.s. a unique infinite cluster. We will
always assume that p > p.. We define Coo, Co(x) and C¥(Q) in the same way as for site
percolation.

Let n > 16 be fixed, and @ be a cube of side n. Recall the definition of QT and
crossing clusters from Definition 2.1. We define the event R((Q) in a similar fashion to
the event Ri(n) in [AP], and set

Ro(Q) = {there exists a unique crossing cluster C in QT for Q*, all open paths

1
8

and C is crossing for each cube Q' C @ with s(Q’) > n/8},
R(Q) =Ry (Q) N {CY(Q) is crossing for Q} N {C"(Q™) is crossing for Q1.

Note that if w € R(Q) then this forces C¥(Q) C CV(Q™), and that C¥(Q™) is the unique
crossing cluster given by the event Ry (Q).

contained in QT of diameter greater than zn are connected to C in Q"

Now let k& > 17 and consider a tiling of Z? by disjoint cubes
T(x)={yeZ z; <y <z +k1<i<d} (2.7)
with side k£ — 1. Let
¢(z) = 1r(T(x))- (2.8)
Lemma 2.8. (a) Let @ be a cube of side k — 1, and p > p.. There exists ¢; = ¢1(p,d)

such that
PL(R(Q)7) < ce—F, (2.9
(b) The process (., € Z%) dominates Bernoulli site percolation with parameter q¢*(k),

where ¢*(k) — 1 as k — oo.

Proof. (a) The bound P,(Ry(Q)°) < cexp(—c'n) follows from Theorem 3.1 of [P] (d > 3)
and Theorem 5 of [PP] for d = 2. The estimate

/,d—1

P,(CY(Q) is not crossing for Q) < ce "
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follows from Theorem 1.2 of [P] (d > 3) and Theorem 1 of [CM] (d = 2).

(b) By (a) we have P,(¢(z) =1) — 1 as k — oco. The r.v. ¢(z) and ¢(y) are independent
if |z — y|loo > 3, so the result is immediate from [LSS, Theorem 0.0]. (We remark that
using [LSS] means that the events Si(N) defined in (2.5) of [AP] are no longer needed.) O

Recall the definition of ¢; (¢, d) from Lemma 2.5, and choose ko = ko (p, d) large enough
so that ¢*(k) > ¢1(e,d) for all k& > kg. We fix k = ko, and refer to the process ¢ as the
macroscopic percolation process. We write 6, C (x) etc. to denote the open sites, open
clusters for the macroscopic process, and F for associated events.

Let @ be a macroscopic cube of side m, and associate with @ the microscopic cube
Q = U{T*(z),z € Q}. Any (microscopic) cube which can be obtained in this way will be
called a special cube. Define T’(z) to be T(x) if z is in the interior of Q, (so that T (z)
is in the interior of Q). Otherwise, if z € 9;(Q|Z%), let T"(z) be T(z) together with all
points in T (x) which are closer to T'(z) than any T(y), y # @, y € Q. Thus T'(z) is a
d-dimensional rectangle, and @ is the disjoint union of the T’ (z), x € @ Note that each
side of T"(z) (z € Q) is less than 3 (ko — 1).

Fix Eo = (4d + 2)_1.

Lemma 2.9. Let Q be a special cube with s(Q) = n, and @ be the associated macroscopic
cube. Suppose that m = s(Q) > mg(ko) and that the event K(Q, L) N F(Q, o) holds for
(¢z, @ € Z%). Then the cluster C¥(Q) satisfies

ICY(Q)] > e1n?, diam(C¥(Q)) = n.

Proof. Write C, = CV(T+(z)). If 2,y € ONQ and & ~ y, then the events R(T(x)) and
R(T(y)) force the clusters C, and Cy to be connected. Thus there exists a Q-cluster C’
with U{C,,z € CV(Q)} C C’. Tt follows immediately that

€' > 1CY(Q) > Im® > ein?

Also, since CV is crossing for @ we deduce that C’ is crossing for @ and diam(C’) = n.

It remains to prove that C' = CY(Q); suppose not. Choose mg so that (%ko)d < %md,
and therefore the cluster C¥(Q) is not contained in any one cube T (z). Let z € C¥(Q).
Then CY(Q) NC, = 0, and so C¥(Q) NTT(z) consists of clusters which have diameter less
than kg /8. Since CV(Q) contains points outside T+ (x) it follows that CV(Q) N T (z) = 0.

So, if I'y, ..., 'y are the connected components of @ —cv (@), we deduce that for some
4, CV(Q) C U{T'(z),x € T';}. By Proposition 2.7(a) we deduce that |T';| < com@?/(d=1)
and so if myg is large enough

|CV| < 02(%k0)dmdﬁ/(d—l) < %md,
giving a contradiction. Thus C' = CV(Q). O
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Let @ be a special cube with s(Q) = n, and @ be the associated macroscopic cube.
For sets A1, As C Q let

Op(A1, A2|Og) = {{z,y} - {z,y} € Op,z € A1,y € As}.
Let ACCY =CY(Q),and I' = CY — A both be connected. Set
A={zeQ:ANT (z)# 0},
F={zecQ:TNT(z)+0}.
Note that N
A > 1A > (Gk)A] (2.10)

As A and T are connected it is clear that A and T are connected. Let CV = CV (@) be the
largest open (macroscopic) cluster in Q.

Lemma 2.10. Let QQ be a special cube with s(Q) = n, and (:j be the associated macro-
scopic cube. Suppose that m = s(Q) > mo(ko) and that the event K(Q, %) N F(Q, <o)
holds for (¢,,x € Z%). Let ACCY and ' = C¥ — A be connected.

(a) Let x ~y, x € A, Yy € Q — A with z, y € O. Then the set T*(x) N Q contains at least
one edge in 0g(A,T'|OFg).

(b) Suppose z € ANT NO. Then the set T+ (z) N Q contains at least one edge in

Proof. As in Lemma 2.9 we have that CV is not contained in any one T (z). Let C, =
CV(T™(z)) be as in Lemma 2.9.

(a) Since € A there exists 2/ € T(z) N A, so since CV is connected there exists an open
path v C @ from 2’ to Q N T (x)¢. This path must have diameter greater than kq/3,
so is connected within 7% (z) to C,. Hence 2’ is connected within 7% (z) to C,. Choose
y € CyNT(y); then y ¢ Abut y € CY. There exists an open path 4’ from 2’ to y’, and
this must contain at least one edge in dg(A4,I'|OFg).

(b) Let 2/ € ANT'(x), v € T NT'(z). Since z € O both 2’ and 3 are in C, and there
therefore exists an open path in T (z) between z’ and 3’. As in (a) this path must contain
at least one edge in 0g(A,T'|Og). O

Proposition 2.11. Let Q, Q be as above with m = s(@) > mg. Suppose that the event

K(Q,L) N F(Q,&) holds for (¢,,x € Z%). Let A be a connected open subset of CV(Q)

with |[A| < 1|CY(Q)|, and such that T' = C¥(Q) — A is also connected. Then
|05(A,T|0g)| > cin | A|. (2.11)

Proof. We write C¥ = CY(Q), C¥ = CY(Q). Since A # CY(Q) and CV is connected we have
10p(A,T|0g)| > 1, so (2.11) is immediate if |A| < ¢;'n. Also, using Lemma 2.10(a) we
have

|6E(A,F|0E>| ZCQ|6E(AQO, (Q—A)ﬂ0)| (2.12)

We consider four cases.
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Case 1: ANCY = (). Let A be the connected component of Q — C¥ which contains A. By
Proposition 2.7(a) |A] < em@8/(4=1) 5o that

] < (o) || < chdm®P/@=D) <,
provided my is large enough. Hence (2.11) holds for A.
Case 2: ANCY #£0, |A| < %|é| We apply Proposition 2.7(b) to see that
O(ANCY,(Q—A)NCY)| > em A > en YA,
and combining this with (2.12) proves (2.11).

Case 3: ANCY # 0, |A| > %\@L IT| < %\@ Using Lemma 2.9 we have |T'| > (3ko)~4|l'| >
2(3ko)~YCY| > enf. So by Proposition 2.7(a) I' N1 CY # 0, and we can therefore apply
Proposition 2.7(b) to I' to deduce

O NCY,(Q-T)NCY)| > em Y| > em™n® > en YAl
Using (2.12) (with A and I interchanged) we deduce that
05(T, A|Op)| = c2l0p(T N O, (Q ~T) N O)]
> e|0p(TNCY,(Q-T)NCY)| >n"YA|

Case 4: ANCY #0, |A] > %@\, T > %\@\ Since A and T are both connected, and
F(Q,e0) holds, we have o N N

[ANO| > (1-e0)|A] > 31QI,

TNO| > (1-=2)[F > 2/,
Hence |[ANT NO| > é|@| So by Lemma 2.10(b)

06(A,T|Og)| = ]ANT N O| = m® > ¢"|A],

which implies (2.11). O

As in Section 1 we define

oy (1 i@} is an open edge,

() = p(x) (W) =32, Vay, T € 74, and extend v and p to measures. If f : A — R we write
Fa=ua) | au

Let @ be a special cube, and @ be the associated macroscopic cube. Define
Hy(Q) = K(Q, ) N F(Q, 0),
and extend the definition of Hy(Q) to all cubes @ by taking Hy(Q) = Ho(Q'), where Q'

is the largest special cube contained in Q. (We set Ho(Q) = Q if there is no such special
cube.)

Recall the definition of 8 from (2.2).
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Proposition 2.12. Consider bond percolation 1, on (Z%,Ey) with p > p.. Let Q be a
special cube of side n.

(a) ;
Pp(Ho(Q)°) < cre ™ . (2.13)

(b) If w € Hy(Q) and f : CV(Q)(w) — R then
— fevig))’d 2 VfPd.
/CV(Q)(f(y) fevig) dp<csmn /E(CV(Q))| fIrdv

Proof. (a) To prove (2.13) note that
Pp(Ho(Q)") < Pp(K(Q, §)°) + By(E(Q, £0)°)- (2.14)

As the events K(.,%) and F(.,.) are increasing, the two probabilities on the right hand
side of (2.14) are bounded by the probabilities of these events with respect to a Bernoulli
site percolation process with probability ¢* = ¢* (ko). Using Lemmas 2.2 and 2.5,

Py (K(Q, §)°) +By(F(Q,20)) < Qur (K(Q, §)°) +Qq- (F(Q, 20)°)
< cexp =1y 1 ¢ exp (—'mP)

(—cem
< cexp(—c'n?).

(b) is immediate from Propositions 1.4 and 2.11. O
Remark. See [MR, Section 3.2] for similar bounds in the case when p is close to 1.

Recall from Definition 2.1 that @ € Q® C QT. Let a € (0,1), Q be a cube with
s(Q) = n, and set

H(Q,a) = R(Q)N{R(Q") N Hy(Q'") occurs for every cube Q'
with (Q)T CQT, Q' NQY # 0 and n® < s(Q') <n }. (2.15)
Lemma 2.13. (a) For p > p.

B

P,(H(Q,)) < cee"™",

(b) If w € H(Q, a) and Q¢ C Q satisfies the condition (2.15) then C¥(Qo) C CV(Q™).
Proof. (a) By (2.9) and (2.13),

P,(H(Q,a)%) < Z ende=a’ < e (2.16)

r=n%
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proving (a).

(b) Define a sequence of cubes Q;, 0 < i < k by Q;+1 = QF, and where we stop at the
last cube Q, with @ C QF. The events R(Q;) then force CV(Q;) C CV(Q;+1), so that
CV(Qo) C CY(QF). Since diamCV(Q) = diam(Q;) > n/8, the event R(Q) implies that

CV(QE) ccv(Q™h). O

Proposition 2.12 and Lemma 2.13 complete our results on the Poincaré inequality in
sets of the form C¥(Q). However, to be able to obtain bounds (particularly lower bounds)
on transition densities on Co, we need to relate |z —y|; to the shortest path (or ‘chemical’)
metric d,, on Co. This is done in [AP, Theorem 1.1], but as we need some minor extensions
of their results, and it is desired to make this paper as self contained as possible, we will
repeat some of their constructions.

Let k > 17 and recall the site process ¢(r) = 1g(r(s)) introduced in (2.8). Set
¢ (x) = 1 — ¢(z); since by Lemma 2.8(b) ¢ dominates Bernoulli site percolation with
parameter ¢*(k), ¢ is dominated by Bernoulli site percolation with parameter ¢'(k) =
1 — ¢*(k). We consider the clusters of the process ¢’ on the graph (Z¢,E¥). Given a
function ¢’ : Z% — {0,1}, we write O(yp') = {z : ¢'(z) = 1}. If ¢'(z) = 0 we set
C*(¢',z) = 0, and if ¢/'(z) = 1 we let C*(¢’, x) be the x-connected component of O(¢’)
containing x. Let ]

/ 0.(C* (', x)|Z2%) if Q' () =
= (7 15
For x, y € Z% let «(z,y) be a shortest path (in (Z¢, E?)) connecting  and y. Note that if
x and y are contained in a cube @ then y(z,y) C Q. Set

1
! 2.1
0. (2.17)

W zy)= (J D¢, 2) (2.18)

z€v(x,y)

The importance of W comes from the following result, which is Proposition 3.1 of [AP].

Proposition 2.14. Let k > 17, z, y € Z% and %, §j € Z% be such that x € T(%), y € T(7).
Suppose that (for the bond percolation process n. on (2,P))) dy,(x,y) < co. Then there
exists an open path +'(x,y) connecting x and y contained in

W' (z,y) = U T"(2).
ZeW (¢',2,7)
In particular d,,(z,y) < |[W'(z,y)| < (3K)IW (¢, Z,7)|.

Proposition 2.15. Let p > p.. There exists k1 = k1(p,d) and Cup such that if k > k;
then the following hold.
(a) If 7, j € Z% and x € T(%), y € T(§) then

P, (|W (¢, 2, y)| > Cap|Z — 1) < coe™ 17901,
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(b) If #, § € Z¢, X\ > 0, then

P,( max diam(D(¢’,2)) > \) < 4| — jlie" .
zev(Z,9)

Proof. (a) is proved on p. 1047 of [AP].
(b) We choose k; large enough so that ¢'(k) < q. for all k > ky. Since ¢’ is dominated by
Bernoulli site percolation with parameter ¢’ we have

P, (diam(D(¢', 2)) > A) < Qy (2 + diam(C*(0)) > A) < ce™ .
(For the second estimate above see [Gm, Theorem 5.4].) The bound in (b) is now imme-
diate. O
Now fix k; as in Proposition 2.15, and set
Cy = dC,p(3ky)%. (2.19)
Let @ be a cube with side n. For z,y € @ let
E(Q,z,y) ={z,y € C"(QT) : dev(g+)(2,y) > Crlr — ylc}-
Lemma 2.16. Let p > p., Q be a cube with side n, and x,y € (). Then
P (E(Q, z,y)) < ce~esle v,

Proof. Let x € T(Z) and y € T(y). Suppose z,y € C¥(QT). Then by Proposition 2.14
there exists a open path 4’ connecting x and y contained in W' (¢, x,y). So if E(Q,x,y)
holds then either W’ (', x,y) is not contained in QT or

Crlr = yloo < devigr)(z,y) < Bk)IW(¢, 2, 7)].

Thus . o
Pp(E(Q,z,y)) <Pp(IW(¢', 2,9)| = Capr|z — gl1)

n
+P,( max diam(D(¢’,2)) > —
(s diam(D(, ) > 1)

< ce el |z — gliem VR < el Yl

O
Let @ be a cube with side n. Set
Do(Q) = R(Q) N{dcv(g+)(z,y) < Crlz — yleo
if z,y €CY(QT)NQ, |r — yloo > n/12}, (2.20)
and
D(Q,a) = {Dy(Q") occurs for every cube Q" with (Q")T C Q™,

Q' NQ® # 0 and n™ < s(Q') <n }. (2.21)

Let also

Bu(y,r) ={z: du(z,y) <r}.
Since Cy is embedded in Z% we have (B, (y,r)) < Cor? for some Cy = Cy(d).
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Proposition 2.17. Let p > p..

(a) Pp(Do(Q)°) < cre™ 2",

(b) By(D(@, 0)) < cye=c17".

(c) Let w € Do(Q), and x,y € QNCV(Q™T). Then d,(z,y) < Cyn.
(d) Let w € D(Q, ), and z,y € Q¥ NCY(Q™"). Then

|3j - y|oo S dw(xhy) S CH((l + na) \% |$ - y|oo)

(e) Let w € D(Q, ), v € Q¥ and Q' satisfy the conditions in (2.21) with s(Q’) = r. Then
Q' NCY(Q") C B,(z,Cyr).

Proof. (a) By Lemma 2.16

B,(Do(Q)°) < Pp(R(Q)) + 3 ool vl
z’/,y’

where the sum is over a’, ¥y’ € Q with |2/ — y/|c > n/12. Hence, using (2.9),
P,(Do(Q)°) < c(n + 1)%de=m/8 < ¢reme2n, (2.22)

(b) is immediate from (a), since

n

Py(D(Q,)) < D> (3n+1)%c1e” " < cexp(—dn®).

r=n<

(¢) This is immediate if |z — y|oo > n/12. If |2 — y|oo < n/8 then choose 2’ € CV(QT)NQ
with n/12 < |z — x|oo < n/4, n/12 < |2 — y|oo < n/4. Since CV(QT) is crossing for Q such
a choice of z is possible. Then d, (z,y) < dy(z, 2) + dw(z,y) < 2Ck(n/4) < Cgn.

(d) Since D(Q,a) € Dy(Q) this is immediate from (b) if |x — y|oeoc > n/12. Otherwise
choose a smallest possible cube @’ such that s(Q') > n*V |z —y|e and z,y € Q'. We have
(@) C QT. Asin Lemma 2.13(b) we have C¥(Q') C C¥(Q™"), and by (c) dev(g+)(z,y) <
Cus(Q') < Cu(|r = yloo V (1 +n%)).

(e) Since Dy(Q") occurs, this is immediate from (c).

Recall from Definition 1.7 the definition of good and very good balls.

Theorem 2.18. Let a € (0,3), @ be a cube of side n, w € H(Q,a) N D(Q,«), and
Curn® < r < n. Write Q(y,s) = {z € Z? : |z — y|oo < s}. Let y € CV(QT) N QP with
Q(yvr + k0)+ - Q+'

(a) There exists Cy = Cy (p,d) such that
Cyr? < |B,(y,r)| < Cor. (2.23)
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(b) There exist constants C'p(p,d), Cw (p,d) such that if f : B,,(y, Cwr) — R, and writing
?B — 7Bw(y,7")7 theﬂ

/ (f = T (yr)dit < Cpr? / IV f|2dw. (2.24)
Bw(yﬂ") E(Bw(yaowr))

(c) If (Cyn®)?t2 < R < n and B,(y, 3R) C Q% then B, (y, R) is (Cv,Cp, Cw)-very good
with NBw(y,R) < Cyn®.

Proof. Recall from Lemma 2.13(b) that w € H(Q, ) implies that CV(Q') C CY(Q™) for
every Q' satisfying (2.15).

(a) Since B, (y,r) € Q(y,r) the upper bound in (2.23) is clear. Let s = r/(2Cp), so that
2s > n®. By Proposition 2.17(e) CY(Q(y, s)) C B, (y,Cys), so that by Lemma 2.9,

|Bo(y,m)| > |CY(Q(y, 5))| > c15% > cart.

(b) Let Q; be the smallest special cube containing Q(y,7); we have Qf C QT. Let
r1 = $(Q1). By Proposition 2.17(e) CV(Q1) C By, (y,Cnri), and so taking Cy = 2CHq,
CY(Q1) € B,(y,Cwr). By Proposition 2.12(b),

/ (f — Fu)?dp < / (f — Fo)2du
B, (y,r)

By (y,r)

— fov)3d
S/Cv(Ql)(f fev) du

< 037“%/ |V f|?dv < 04r2/ IV f|dv.
E(CV(Q1)) E(Bu(y,Cwr))

(¢) is immediate from (a), (b) and the definition of very good balls. O

Using the estimates in Lemma 2.13(a), Proposition 2.17(b) and and Borel-Cantelli we
obtain

Lemma 2.19. Let p > p.. For each x € Z% there exists M,(w) with P,(M, > n) <
cre=2"™” such that whenever n > M, then H(Q,a) N D(Q,«) holds for all cubes @ of
side n with = € Q.

Remarks. 1. An inequality of the form (2.24) is called a weak Poincaré inequality. In
many situations (including this one) it is possible to derive a strong Poincaré inequality
(i.e. with Cy = 1) from a family of weak ones — see Lemma 4.9.

2. Note that if z € Q and s(Q) > M, then CV(Q) C Cwp.

Theorem 2.18 and Lemma 2.19 are suitable for most of our needs, but they have
the defect that the minimum size of ball inside a cube @ of side n for which the Poincaré
inequality is certain to hold increases with n. Since (for a fixed C'p) the cluster Co, contains
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arbitrarily large balls in which the Poincaré inequality fails, we cannot do better than this
as long as we require it for all balls of some size. However, we can improve Theorem 2.18
if we relax this condition, and in Section 5 we will want to connect points by a chain of
very good balls of some fixed size. To do this we need an additional percolation argument.

We consider again Bernoulli site percolation ¢, on (Z% E4) with parameter ¢, where
q > q. is close to 1. Let @ be a cube of side n. For z,y € @, A > 1, let

S(¢,Q, A, y) = K(Q, 3) N{ there exist 2/, y' € CV(QT) with |z — 2/| < n'/?,
[y — ¥'|oo < 019, such that dev(g+) (7', y') < Az —yls - (2.25)
Note that this event is increasing.

Lemma 2.20. Let @ be a cube of side n, and x,y € Q). There exists g2 = g2(d) € (¢¢, 1)
and \g > 1 so that if ¢ > qo, then

Qu(S(¢,Q, Moy x,y)¢) < cre” "

Proof. We follow the proof of Theorem 1.1 of [AP] and consider the dual process to ¢
given by ¢! =1 — (,. We view (’ as site percolation (with parameter ¢ = 1 — ¢) on the

1/9

(2.26)

lattice (Z%, E}), and write C*(¢’, z) for the *-connected cluster of the process ¢’ containing
z. Then by [Gm, Theorem 5.4] we can choose g2 large enough so that if ¢ > g then

Qq(IC* (¢, 2)| > k) <e™F, k> 1.

So, if
G ={|c*(¢',z)| < n/? for all z € Q};

then (using Lemma 2.2)
1/9

Qq(K(Q, §) UG <en (2.27)

If |2 — y|oo < n'/? and w € G there exists ' € CV(QT) with |z — 2|s < n'/?. In this
case we can take vy’ = .

So suppose w € G and |z —y|oo > n'/?. Let I = |z —y|; and v = {x = zg, 21,..., 2, =
y} be a path in (Z¢,Ey) of length [ connecting 2 and y — note that v C Q. As each cluster
C*(¢",y), y € Q, has diameter less than n'/? the path v must intersect CV(Q1). Let V,
and V,, be the first and last (respectively) points in v N CY(QT); we have |z — V| < n'/?
and |y — V,| < nl/.

We take 2’ =V, y' =V, and construct a path I" from z’ to " in C¥(Q™). This path
follows v whenever possible, and when it encounters a site z with (, = 0 it ‘walks around’
C*(¢', z) — this requires at most 3¢|C*(¢’, z)| steps. Since w € G this path does not leave
Q*. Hence, recalling from (2.18) the definition of W (.),

l
IT[ <1437 |c* (¢, 2)| < 3w (¢, 2, )| < 3IW (2, p)- (2.28)
=0
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By Proposition 2.15(a) we have

/9

QW (¢, 2, y)| > eslz — ylh) < coe™TI70I < egemes™ (2.29)

Taking A\g = des and combining the bounds (2.27)-(2.29) completes the proof. O

Let m > ko V ki, and let {T™(%),% € Z%} be the tiling of Z¢ by disjoint cubes of side
m — 1 given by (2.7). Let o = 1/(4 + d) and define (on the space (£2,P,) carrying the
bond percolation process 7,)

i — L (rm (z),00)nD(T™ (3),01), & € Z°. (2.30)

Lemma 2.21. There exists Cp = Cg(d,p) > 1 such that for any k > Cpg the process
Y™z e 74 under P, dominates Bernoulli site percolation on 7% with parameter gs.

Proof. Note that @Dém) and ¢?§m) are independent if | — §|o > 3. Using this, and the fact
that P,(H(Q,a1) N D(Q, 1)) — 1 as p T 1, this is an immediate consequence of Theorem
0.0 of [LSS]. O

Let A\g be as in Lemma 2.20, and ) be a cube of side n. For zp,z7 € @, and
Cg <m < n/9 set

L(Q, m,xo,x1) =
{there exist z7,z} € CY(Q") with |z; — 2| < n?/% =01,
k with mk < 2X\g|zo — 21]oo and a path {go,...,Jx} in (Z4,Ey) such that
T™(5:) € QF, 0 < i <k, wy € T™ (o), «1 € T™(gk),
and H (T (y;),«1) N D(T™(g;), 1) holds for each i}. (2.31)

Lemma 2.22. Let Q be a cube of side n, and let Cz < m < n'/?. Then if |20 — 1|00 >
n2/9

PP(L<Q7m7 m07:131)6) < CeXp(_clnl/ll)' (232)

Proof. As m is fixed in this argument, we write T'(Z) for T™(Z). Let n’ be such that
mn' >n >m(n’ —1).

Let Q be a (macroscopic) cube of side n’ such that Q C U{T(z),% € Q}. Let &; be
such that z; € T(Z;), and s = |Zg — Z1]1, so that m(s — 1) < |xg — Z1]eo < m(s+ 1) and
s>nl/9% Let S = §(zp(m>, Q. Mo, 7o, #1) be the event defined from the process (™) in the
same way as S(-) in (2.25) is for (. Then, as S is an increasing event, by Lemmas 2.20 and
92.21,

~ 1/11

P,(S) < ce=¢' (M7 < peean (2.33)
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Let w € S, and &b = Go,- ..,k = &) be the open path (with respect to ©)("™)) given by
the event S. Since S occurs we have |Z; — )]s < (n/)Y/? fori = 0,1, and k < \Zo — 1] oo
Choose 2, € T(Z;) N CY(Q™); then

|2i — 2 |oo <M1+ |2 — |oo) < m(1 4 (n))M?) < n?/°.

Also, since k < Ags, mk < mshg < Ao(m + |20 — Z1|oo) < 2X0|Z0 — Z1]0o- Thus w €
L(Q,m,xo, 1), and using (2.33) this proves the Lemma. O

Now let s = (11(d + 2))~! and let

L(Q)=H(Q,a2) N D(Q, az) N{L(Q, m, z,y) holds for every z,y € @, with
|z — Y|oo > n2/9 and Cg < m < n'/? }.

Theorem 2.23. Let (Q be a cube of side n, and p > p..
(a) Po(L(Q)°) < 1 exp(—con®?).
(b) Let w € L(Q), and Cg < m < n'/?. Then if zo, z1 € QN CY(Q") with dy(z¢,x1) >
%nl/‘l there exist x, € C¥(Q™1) with d,(z;,x}) < %nl/‘l, and a path v = (29,...,2;) In
CY(Q™") connecting x{, =} such that

(i) For each 0 < < j, the ball B; = B, (z;,m/16) is very good, with Ng, < Cym®*.

(ii) j < cslzo — Z1|oo < Crlrg — 1]1-

Proof. (a) is immediate from the bounds in Lemma 2.13, Proposition 2.17 and Lemma
2.22.

(b) Since D(Q, ax) occurs, |zg — o1|oe > cdy (20, 21) > n?/? and so w € L(Q, m, xq, z1).
Let =}, §o, ..., U be as in (2.31). Note that we can choose x} to be within a distance m/8
of the centre of the cubes T'(3y) and T'(gx). Then, by Proposition 2.17(d), d,(x;, z}) <
Cr(l4n%2) V |z; — 2l]e) < en?® < Inl/4,

We now show that the clusters CV(Q;) are all in CV(Q™). Consider first two adjacent
cubes T'(y;) and T'(y;+1). Since the event R(T'(y;)) N R(T(yi+1)) occurs, the clusters
CY(T(y;")) and CY (T (y;,)) are connected. Thus there exists a Q "-cluster C which contains
each CV(T(y;")), and so has diameter D with D > |2 —2}|ec > 20— 21|00 —2n/% > inl/4.
It now follows, as in Lemma 2.13(b), that C C CV(Q™).

Since each event D(Q;, ;) holds we can find a path v = {z0,...,2;} € UT(y;)
connecting z(, and =z} with length j < 2Cymk < c¢|xg — x1|~. Each point z; is in a cube
Q; for which H(Q;, 1) N D(Q;, 1) occurs, so using Theorem 2.18(c) B; = B, (z;, m/16)
is very good with Np, < Cym“'. U

Lemma 2.24. Let p > p., and for each x € Z¢ let N, be the largest n such that L(Q)
fails for some @ with s(Q) =n and x € ). Then

P,(N, > n) < ¢1 exp(—can®2P). (2.34)
Proof. This is immediate from Theorem 2.23(a). O
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3. Upper bounds

We now consider a connected graph G = (G, E) satisfying the conditions (1.1) and
(1.2). We use the notation of Section 1, and study the transition density g:(x,y) of the
continuous time r.w. Y; on G. Fix constants Cy, Cp and Cyy, and recall from Definition
1.7 the definition of good and very good balls, and of Np. In this section the constants c;
will depend on the constants d, Cy, Cy, Cp and Cy in (1.1), (1.15) and (1.16).

As in Section 2, we will assume without always stating it explicitly that the radius
R of a ball B(x, R) is sufficiently large; that is that R > ¢o = ¢o(d, Co, Cp, Cw ). All the
bounds in this section hold for balls B(z, R) with R < ¢y, with a suitable choice of the
constants ¢; in the bounds, by elementary arguments.

We begin by investigating the on-diagonal decay of ¢;(x, ). We remark that a similar
result is proved in [MR], using an isoperimetric inequality directly. We give another proof
here because it is quite short, and also our method allows us to estimate the ‘initial time’
Tp directly in terms of Np.

Proposition 3.1. (See [MR, Theorem 1.2.]). Let xo € G, and B = B(zg, R) be very
good, so that N?rd < R. Then

R2
qt(r1, 1) < tg%’ for ;N3 <t < og R and z1 € B(zo, 3R). (3.1)

Proof. Let c3 < c1.1.5, t2 = 03R2/logR and suppose that ¢ < t5. Then provided R > ¢
we have tlogt < c¢3R?, and hence that t < exp(c3R?/t). Fix z; € B(zo, SR), write
fi(x) = qi(x1, ), and let 1) (t) fqt r1,y)%du = qo¢(x1, 21). Note that by (1.7)

Cq 1

Tognyan = V() =anlerm) € =y 121 (3.2)

Using the discrete Gauss-Green formula

_Qth aft —2th Eft ZaIy ft ( )) )

and in particular ¢ (t) is decreasing (and continuous).
Define ¢; so that t}/ 2= csN&, where cg will be chosen later, and choose r(t) so that

2 . 1

— > r(t t) > 3.3
2>t 2 —— (33
Then, if t > t1, by (3.2) ¥(t)~! > c5¢6NE and so r(t) > Np. If t < ty then by (3.2) and
(3.3), r(t) < c(tlogt)¥? < ccg/sz, so if the constant cs is chosen small enough, we have
r(t) < R/18.
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Write B’ = B(z0,17R/18). Let t € [t1,ts], so that r = r(t) € [ro, R/18], and let
B(yi,r/2),i=1,...,m, be a maximal collection of disjoint balls with centres in B’. Set
B; = B(yi,r), and B} = B(y;, Cwr). Note that B C U;B; C B. If x € BN B} we have
B(y;,r/2) € B(xz,r(14+ Cw)), and so

Co(1 + Cw)%r? > u(B(z,r(1+ Cw)))
> S lppenyu(Blysr/2) = i € BrHCy2 .
Thus any = € B is in at most c¢7 of the B;.

The bounds on r above imply that each B(y;,r) is good. So, applying the Poincaré
inequality (1.16) to each B;, and writing f, ; = pu(B;) ! fBi ft, we have

ez [ v

Y [ 1hi= Tl
) e WL RO Y

By Lemma 1.1(b)

/ J£ < (sup ft)/ fr <™,
G-B’ G-B’ G-B’
while, by (3.2), ¥(t) > ca(tlogt)~%2. So as t > ¢y,

Z/BiffE/B,ffzw(t)—/G_B,ffz%w).

Also, since f; has total mass 1,

Z“ / f)? < (Cvrh Z/ f1)* < er(Cyrh)™" = csr(t) ™

Combinlng these estimates we obtain
—ert/(t) = Cpr(t) 72 (3(t) — esr(t)™). (3.5)
Now let cg = (4cscg) ™t so that by the choice of r = r(¢) in (3.3)
— /() > cor(t) 2(t) > eropp(t) 21
Setting o(t) = ¥(t)~%/® we have ¢'(t) > 2¢19/d, from which it follows that
o(t) > @(t1) + (2c10/d)(t — t1) > c11t, 2t <t < ts.

Rearranging, this gives ¥(t) < ct=%?2 for 2t; < t < t,. Since 1) is decreasing it follows,
adjusting the constant c, that g, (z1,2;) = ¥(t/2) < e11t~%? for 4t <t < R*/logR. O

We need a bound for y outside B(zq, R).
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Corollary 3.2. Let xg € G, and B = B(zg, R) be very good. Then

R2
a(@1,9) < o5, for eaNp' <t < S’g—R z1 € B(zo,IR), and yeG.  (3.6)

Proof. 1f y € B(wo, §R) then qy(x1,y) < qi(z1,21)"?qu(y,y)"/* < ct=/?, by Proposition

3.1. If y ¢ B(x1, $R) then d(z,y) > R/9 and we use Lemma 1.1(a). O

For a very good ball B let Tp = c3.0oN2%, T = c3.03R%/log R.

Remark. It is natural to ask if the bounds in (3.1) and (3.6) hold for ¢ < cR? rather than
just t < cR?/log R. However, in this paper this restriction on ¢ will not matter, since we
will ultimately apply (3.6) in the situation where B(xg, R) is very good for all sufficiently
large R.

We now use the method of Bass [Bas] to obtain off-diagonal upper bounds. Following
[N], [Bas| we introduce the functions, for 1 € G, t > 0,

M(t) = M(x1,t) = > d(z1,y)qi(z1, y)p(y),

Q(t) = Q(x1,t) ==Y _qi(z1,y) log g (z1,y)u(y)-

Y

We can extend M and Q tot = 0 by continuity: M (0) = 0, while since g;(x1, 1) — p(xy)™?

ast | 0, Q(0) =logu(xy) > 0.
Lemma 3.3. Let B(zo, R) be very good, and z1 € B(zg, LR).
(a) We have

Q(z1,t) > c1 + zdlogt, Tp <t<Tp.

(b)

M(zq,t) > coeR@1t)/d > o

Proof. Fix x1 € B(zo, +R). (a) follows directly from the upper bound (3.6).
The proof of (b) is similar to that in [N] or [Bas]. Let 0 < a < 1 and set Dy = {z},
and D,, = B(xg,2") — B(x,2" 1) for n > 1. Then using (1.1) to bound u(D,,) we have,

for a < 2,

Z e~ad(@) () < Z Z exp(—a2™)u(y)

yeG n=0yeD,

o0
< Z Co2™ exp(—a2™) < cqa™?.

n=0
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Now note that u(logu+\) > —e~1= for u > 0. So, setting A\ = ad(zq,y) +b, where a < 2,

—Q(z1,t) + aM (1, ) + b= qi(x1,y)(log g (z1,y) + ad(z1,y) + b) u(y)

> Z e—l—ad(m,y)—blu(y)

> _p—1-b E e—ad(ml y) > —cre” a—d‘

Since M (z1,t) > P*™(Y; # x1), using (1.7) we have M(z1,t) > 1 when ¢t > c¢5. Setting
a=1/M(zy,t) and e® = M (x1,t)? = a~? we obtain

_Q(mht) +1 +legM($17t) > —Cy4,

and rearranging gives (b). O

Proposition 3.4. Let z¢ € G, and B(xq, R) be very good. Then
cit'/? < M(a1,t) < eat'/?,  forx € B(wg,tR), and TplogTp <t <Tp.  (3.7)

Proof. For the moment we just write Q(t), M(t). Set fi(x) = q:(z1,z), and let by(z,y) =
fi(z) + fi(y). We have

1) = d(ar, ) 220
S alen ) dlan )5 — (5 (39

= %Zzawﬂft(y)—ft(a:ﬂ
%(ZZamybt(az y)m(ZZ - (fe(y b )( z))? )1/2

t

T 1/2
<( ST G har) 9)

t

) = Z d(zy,y) LFi(y)p(y)

IN

In the calculation above the use of discrete Gauss-Green to obtain (3.8) is valid since by
(1.5) g¢(x1,+) decays exponentially. Since we have, for u, v > 0,

(u—v)*

U+ v

< (u—v)(logu —logv),

we deduce

<ZZ%¢ fi(2))(og fi(y) — log fi(z).
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On the other hand (again using (1.5) and discrete Gauss-Green)
Q'(t) == _(1+1og fu(y)) Lfi(y)

=13 aay(log fi(y) — log fi(@)) (fily) — fulx)) > LM/ ()% (3.10)

The remainder of this proof is similar to that in [N] or [Bas], except that we have
to control the growth of M for small ¢t. Set R(t) = d~(Q(t) — c3.3.1 — 3dlogt), so that
R(t) > 0if T <t <Tj. Define

1, if R(t) >0 on [1,T%],
07 Usup{t < T : R(t) < 0}, otherwise .

If Ty > 1 then Ty < T, and by (3.10)
TO TO
M(Tp) = M'(s)ds < 21/2/ Q'(s)/%ds
0 0

To 1/2
< 21/2 (/ Q’(s)ds) Tol/2
0

< Ty *(Q(Th) — Q(0)/?
< 63T§/2(03.3.1 + 1dlog Tp)'/? < ca(Tplog Tp)' /2.
If Ty = 1 then M(Ty) = E*d(x, Y1) < ¢5 by elementary arguments.
By Lemma 3.3(b) and (3.10), if Ty < t < T then

t
ctt/2eB0) = QWD < Nr(4) < M(Tp) +2Y2 | Q'(s)Y/2ds
To

<M+ 0 [ (W) + o

)H2ds.
To 2s

Using the inequality (a + b)'/2 < b'/2 4 a/(2b)'/? gives

¢
/2R < M(t) < M(Tp) + ct'/? + c/ sY2R!(s)ds. (3.11)
To

Integrating by parts, and using the fact that R > 0 on [Ty, Tz], the final term in (3.11) is
bounded by ¢(1 + R(t)t'/?). Combining these estimates, for Tp <t < T,

ct'/2eRO) < M(t) < c(1+ R(£)tY? + ca(Tp log T) V2.
So for TplogTp <t < T,
ct'/?e™®) < M(t) < (1 + R(t))t"/2.
Thus R(t) is bounded and this implies (3.7). O

As in [Bas] we can use the moment bounds in (3.7) to obtain off-diagonal upper bounds
on ¢, by the method of [BB1], [BB2]. We define

T(x,r)=1inf{t: Y; € B(z,r)}, z€ G, r >0,
and begin by controlling the probability that 7(z,r) is small.
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Lemma 3.5. Let zg € G, and B(xg, R) be very good. Let clelg(logNB)l/2 <r <R.
Then

P*(r(z,r)<t) < 54—, for x€ B(zo,oR), and 0<t<3Tp. (3.12)

Proof. Suppose first that » < R/9. Let =z € B(ﬂfo,gR), A = B(z,r) U 8B(z,r), and
T =71(x,7). Then if TglogTh <t < %T’B, since A C B(xo, %R),

C3t1/2 > E'md(x7 Y2t) > Em(d(l', Y;/\7-> - d(y;t/w', Y2t)>

> B (pepyd(z,Yr) — E* (EYMTd(Y%AT, Y2t—tAT)

> P*(r <t)r— sup FE?d(z Ya_s)
z€A,s<t

> P¥(1 < t)r — et/

Thus

PE(r < t) < 2cst'/?)r. (3.13)
Since A < (14 A?), (3.12) is immediate. If ¢t < T logTg then

P*(r(z,r) <t) < P*(r(x,7) < TglogTs) < 2¢3(TglogTs)Y/*rt < z,
provided 7 > ¢(TglogTg)'/? = ¢/Ng(log Ng)'/2. Finally if R/9 < r < R we have
T(x,7r) > 7(x, R/9), so (adjusting the constant cy) we deduce (3.12). O
Remark. In the end one gains nothing useful by using the stronger bound (3.13).
We will need the following estimate.

Lemma 3.6. [BBI1, Lemma 1.1.] Let &1,&,...,&,, V be non-negative r.v. such that
V > S"1&. Suppose that for some p € (0,1), a > 0,

P(§i§t|0‘(£1,...,fi_1)) < p-+at, t>0.

Then

ant 1/2 1
logP(Vgt)SQ(—) —nlog —.
D p

Proposition 3.7. Let zg € G, and B(zo, R) be very good. If z € B(xo, 2R), and t > 0,
p > 0 satisfy
p<R, andcNE(ogNp)'/?p<t, andt<Ty, (3.14)

then
Pr(1(z,p) <t) < coe™P" /T, (3.15)
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Proof. Let r1 = 03_5_1Ng(10g NB)l/z. Suppose first that in addition p < R/9. Let m > 1
be chosen later, and s = t/m and r = |p/m]. Define stopping times

S() = 0, Sl = ll’lf{t Z Si—l : d(YSi_l,Y;g) = T’}, ) 2 1.

Set & = S; — S;—1, and write F; = 0(Ys, s < t) for the filtration of Y. By Lemma 3.5

“v o uso, (3.16)

Pm(& > u|fsi—1) < % + 2

provided 11 <r < R, u < Tj, and Y, , € B(wo, $R). As d(Yy,Ys,) < mr < p < R/9,

we have Sy, < 7(z,p) and Ys, € B(zo, SR) for 0 < j < m. Using Lemma 3.6, and writing
p= %, a = c4/7?, we deduce that

log P*(1(x, p) < t) < log P*(S,, <t) < 2(amt/p)*/? —mlogp~ .

Simplifying this expression we obtain

log P*(1(z,p) <t) < —C5m<1 — (ce;t2m)1/2>. (3.17)
Let A = p?/(2cgt); if we can choose m € N with A < m < A, and so that the estimate
(3.16) is valid, then (3.17) implies (3.15).

If A <1 then, adjusting the constant co appropriately, (3.15) is immediate. If A > 1
then let m = [%)\j + 1. Since then m > 1 we have s <t < T}, and r < p < R, while the
condition p < cgt/ry ensures that r > ry.

Finally let p satisfy (3.14) but with p > R/9. Then (adjusting c; if necessary) we can
apply the argument above to pg = R/9, and adjusting the constant c3 we obtain (3.15). O

Theorem 3.8. Let xy € G, and B(xg, R) be very good. Let x € B(x, %R), y € G, and

assume that

N2y d(z,y) <t < L (3.18)
B =" T logR’ '
Then
qt(z,y) < cot =W/ 2emead(@y)*/t, (3.19)

Proof. Let D = d(z,y). Using (1.5) we have, since D < t,

qt(x,y) S 656_2C4D2/t.

If tlogt < 2c4d~'D? then exp(—c4D?/t) < t~%2 and we deduce that
gi(x,y) < cst™H2emeaD L,
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Suppose therefore that tlogt > 2c,d~*D?. Note that this implies that y € B(x, 8R),
provided R > ¢ and ¢ in (3.18) is chosen small enough. Let A, = {z : d(z, 2) < d(y, 2)},
A, =G—A,, s=1t/2, p=D/2. Note that B(x,p) C A,. Then

w(@)Pr(Yy = y) = (@) P*(Yr =y, Ys € Ay) + p(x) P*(Ye = .Y, € Ag). (3.20)
To bound the first term in (3.20) we write

P*(Y, =y, Ys€ Ay) = P(1(x,p) <s,Ys € Ay, Vs = y)
< E* (Lo <t P77 (Yier = )
< PY(7(z,p) <s) <s) sup  qor—s(z,y)u(y).  (3.21)
z€0B(zx,p),s<t

Since 2T < %Né‘“l < s < Tpg, by Corollary 3.2 the second term in (3.21) is bounded by
ct—%2. To control the first term we use Proposition 3.7. We have p < D < R and s < T,
while since t > Ngdﬂ,

C3.7.1Ng(logNB)1/2p < cNfgl(logNB)1/2(7flogt)1/2 <st=s,

1
the three conditions in (3.14) are satisfied, and by (3.15),
P*(Y, =y Ys€A)) < ct= /2D,
By symmetry the second term in (3.20) equals
uw(y)PY(Yy = x,Ys € A,), (3.22)

and so can be bounded in the same way as the first term. Combining these estimates
completes the proof. O

4. A weighted Poincaré inequality

While the weak Poincaré inequality of section 2 is enough for upper bounds on the
transition density, to obtain lower bounds we will need a weighted Poincaré inequality,
which we will derive using the methods of [J], [SCS].

We continue with the notation and assumptions of the previous section. Fix zg € G,
R €N, and let B = B(xg, R) be a very good ball with Ry = N < RY(+d_ For each
r,y € G we write y(x,y) for a shortest path x = 29, ..., 24(2,4y) = y between x and y.

We begin with a Whitney decomposition of B, which we need to adapt to our situation.
We have two differences from [J], which both arise on small length scales. The first, minor,
difficulty is that in our discrete setting we cannot use balls of size smaller than 1. The
second difficulty is that we do not have any volume doubling estimate for balls smaller
than Ro.
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Let (X, d) be the metric space obtained as the ‘cable system’ of G. This is the metric
space obtained by replacing each edge e by a copy of (0, 1), linked in the obvious way at the
vertices x € G. We define a measure ;z on X by taking p to be Lebesgue measure on each
cable. See, for example, [BB3] for further details of this construction. We write B (z,7)
for balls in X. Since R € N the boundary of B is contained in G. For z € B = E(ayo, R)
we write p(z) = d(z, B%); note that if z € G then p(z) = d(z, G — B). We will frequently
use the inequality

p(x) = p(y)| < d(z, y). (4.1)
Let A > 103 Vv (21Cw ), 10 < K < )\/10 be fixed constants. We can assume that Ry > .

Lemma 4.1. There exists a sequence of disjoint balls EZ = E(xi,ri), 1 > 1 such that
1 ZTQ 2 and

(a) B = U2, B(x;,2r;),
(b) p(z;) = Ar; for each i.
(c) If y € B(x;, Kr;) then

(A= K)ri <p(y) < (A+ K)ri. (4.2)

Proof. This is standard. We start by choosing a ball B; of maximal size satisfying (b), and
continue, so that B, is chosen to be the largest ball contained in B-— U?_IEZ- satisfying
(b). To prove (a), suppose y & UB(x;,2r;). Since Ji(B) < oo and i(B;) > r; we must have
r; — 0. Let t; = d(y,z;) > 2r;, t = inf t;. Then by (4.1)

p(y) < p(xi) +t; = Ari +t; < (14 2\,

so that ¢ > cp(y) =t' > 0, contradicting the definition of B; if r; < t.
(c) follows immediately from (4.1) and (b). O

We now adapt this construction to our discrete setup. Let N be defined by ry >
Ry +1 > ryyq. For each i < N the centre z; of B, = E(mi,ri) will lie on a cable
[yi, yi] where y;,y; € G. We label these so that y; is the point in G closest to z;, and set
s; =r; — d(z;,y;). Then we have B(y;,s;) C é(:{:i,ri) NG,and r; > s; >1r; — % > Ry.
We set Ay = A — 2K, Ay = A+ 2K.

Lemma 4.2. The sequence of disjoint balls B; = B(y;, s;), 1 < i < N, defined above
satisfy the following:
(a) For each i < N
Asi — 5 < p(ys) < 5(1+A) + As,. (4.3)
(b) If x € B — UY_| B(y;,3s;) then p(z) < \2Ro. Further
B(l’o, R — )\QRO) Q vale(yi,?)si — 1) Q vale(yi, /\18¢> g B(aﬁ'o, R) (44)
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(c) If x € B(y;, Ks;) then
Msi<A=K)si— 3 <p(z) <A+ K)s; + 2(14+ ) < Aosy. (4.5)

(d) There exists a constant c¢; such that
{i <N :ze€ By, Ks;)}| <. (4.6)

Proof. Since p(z;) = Ar; and |p(y;) — p(z;)| < 3 (a) is immediate.
(b) Let z € B. Then z € B(z;,2r;) for some i, and so p(z) < (2+ A)ry. If i > N then
ri < 14+ Rp and so p(z) < (2+X)(1+Roy) < A2Ry. which implies that d(xg,z) > R— A2 Rp.
So, if p(x) > AaRg then z € B(x;, 2r;) for some i < N. We then have d(z,y;) < d(z, z;) +
d(z;,y;) < 2s; + % Since each s; > 3 this implies that = € UB(y;, 3s; — 1).

The final inclusion in (4.4) is immediate from (a), and the first follows from the
inequality d(zo,z) + p(x) > R.
(¢) is immediate from (a) and (4.1).
(d) If x € B(y;, Ks;) then by (c¢) p(z) > A\is; and B; C B(x,(1 + K)cip(z)), where
ca = (14 K)/A1. Also, u(B;) > Cyst > Cy Ay p(z)?. So writing I = {i: = € B(y;, Ks;)}
we have

Cocsp(x)* > n(B(y, cap(x))) > Y u(By) > [I|Cv Ay “p(x)?, (4.7)
iel

which proves (4.6). O

Let

Let n = 2)\9, and set
B! = B(y;,10s;), if s; > nRy.

If s; < nRy we will call B; a boundary ball, and define B!’ to be the connected component
of B(yi,2As;) N B which contains y;. (While balls are connected, the intersection of two
balls need not be.) We relabel the balls B; so that zo € By, and B; is a boundary ball if
and only if M +1 <i < N.
Lemma 4.3. (a) B = (UM, B]) U (UL,,,,B/).
(b) There exists a constant ¢y such that for any x € B

{i<N:zeB'}<c. (4.8)

Proof. (a) Suppose z € B but x ¢ U;B,. Then p(z) < \aRy = t. Now choose 2’ € v(x, z¢)
with 1 +¢ > p(2’) > t, and 2" € y(xp,2’) with d(z’,2"") = 1. Then 2’ € B(y;,3s; — 1) for
some 4, so and As; < p(z”) <t < A\aRy. Hence

A2 Ry

RO < §; < < UR(),

1
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so that B; is a boundary ball. Now d(z,y;) < d(z,2') + 3s; — 1 < t + 3s; < 2)As;, which
proves that x € B(y;,2As;). The same argument proves that each y € ~v(z,z’) is also in
B(yi,2As;). Hence z is connected to =’ (and so y;) by a path in B(y;,2As;) N B, and so
x € BY.

(b) Since K > 10 we have a bound on |{i : € B(y;, 10s;)}|. So it is enough to control |I’|
where I' = {i: x € B(y;,2)\s;),s; < nRp}. The argument is almost exactly the same as in
Lemma 4.2(d): if ¢ € I’ then s; < nRp and d(x,y;) < 2X2s; < 2AanRy. So B; C B(x, cRy)
and we use volume bounds as in (4.7). O

For each 7 define

F(i) = {7 : v(zo, ;) N Bly;, Ks;) # 0},
Fli,r)={jeF@):r<s; <2r}.

Lemma 4.4. (a) If j € F(i) then s; > 2\ A5 's; > 1s;.
(b) If j € F(i) then d(y;,y;) < (K + A2)s;.
(c) |F(i,r)| < e1Cy/Cly.

Proof. Let j € F(i), so that there exists x € B(y;, Ks;) N y(xo,y;). Since x € y(xo,y:),
d(z,y;) = d(xo,y;) — d(xo,x) < R— d(zo,z) < p(x). Thus using (4.5)
Arsi < p(yi) < d(@,y:) + p(x) < 2p(x) < 2X285,

which proves (a).
For (b) note that d(y;,y;) < d(yi,z) + Ks; < p(z) + Ks;.

From the estimates above, if j € F(i,7) then y; € B(y;, 2(K + A2)r), so that
B(yj,s;) € B(yi,3Ar). Hence

coCord > Z ) > | F(i,7)|Cyr,
JEF(i,r)

proving (c). O

Corollary 4.5. |F(i)| < c1log(R/s;).

Proof. This follows easily from Lemma 4.4(c). 0
Now let

Frg)={i:j € F@)}
F(gyr)y={i:j€ F@i),r <s; <2r}.

Lemma 4.6. There exists o = «(d, Cy, Cy) > 0 such that for each 1 < j < N we have,

for r > Ry, .
> u(B) < cu(B})<L) :

. . Sj
1€F*(4,7)
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Proof. This argument runs along the same lines as the proof of Lemma 5.9 in [J]. Note
first that we can assume that r < 4s;, since if i € F*(j, ) then by Lemma 4.4(a) we have
S; S 4Sj.

Write 0B = {y : d(xo,y) = R}. Fix j; using (4.5) we have p(y;) < A2sj, so we can
choose z € 0B with d(y;, z) < Aas;. Set t = (4+ K 4+ 4X2)s; and for u > 0 let

A(u) = B(z,t +2u)N{x € B : p(x) < u}.

Suppose that i € F*(j,r). By Lemma 4.4(b) d(y;,y;) < (K + X2)sj, so that d(y;, z) <
(K +2X\2)s;, and
B! C B(z, (K 42Xy + 4)s;).

By (4.5) p(x) < 2X\ar on B, so B, C A(2\er). As the balls B] are disjoint,

> u(B)) < u(A2Xar)). (4.9)
i€ F*(j,r)
Now fix u > 0, and choose a maximal set of points {z1,...,2,} € 0B such that

B(zy,u) are disjoint and d(z, z;) <t + u for each k. We next show that
A(u/4) € | Bz, 3u). (4.10)
k=1

Let x € A(u/4), so that d(x,z) <t + u/2 and there exists 2z’ € 9B with d(z,2') < u/4.
Hence d(2/,2) < t+ 2u <t+u. As {z1,..., 2} is maximal we must have d(2’, z) < 2u
for some k. Thus d(z, z,) < 2u+ fu < 3u, proving (4.10).

For each z; we have d(xo, 2;) = R by construction. Choose w; on y(xo, z;) such that

su < d(zj,w;) < 2u;

this will be possible provided 6 < u < R. We have d(wg,w;) > d(zx, z;) — %u > %u, so the
balls B(wy, 2u) are disjoint. The choice of wy, implies that p(wg) = d(wg, zx) > 1u, and
therefore

B(wy, 2u) N A(u/4) = 0. (4.11)

We also have
B(wy, tu) € A(u). (4.12)
To check this, if © € B(wy, tu) then p(z) < d(z,z;) < 3u, while d(z,2) < d(z,z) +
d(z,2) < 3u+t+u <t+2u By (4.10), we deduce that

(A (u/4) <Y p(B(zr,3u)) < mCo(3u)?, (4.13)
k=1

39



while by (4.11) and (4.12)

p(A(w) > p(Aw/4) + > p(B(wy, ju)). (4.14)
k=1
So, provided %u > Ry,
p(A(u)) > p(A(u/4)) +mCy (Fu)* > (1+ cr)p(A(u/4)). (4.15)

Note that the constant c¢; here depends only on Cy, Cy and d.
Now let Ry < r < 4s;. Choose n € Z as large as possible so that 4"r < 4s;. Then

pARAr)) < (14 c) " u(A(2A24"r)) < (14 )" p(A(21)). (4.16)

Set o = log(1 + ¢1)/log4, then (14 ¢1)™ > (s;/r)*. We have pu(A(2t)) < p(B(z,5t)) <
Co(5t)?, and also w(B}) > Cvs;l > ct?. Combining this with (4.16) and (4.9) completes
the proof of the lemma. O

Proposition 4.7. For each 1 < j7 < N we have

S 1F@EE) < og(s,).

Proof. We can write
FJ) = Uz 1 F (4,27 "s;).

Hence using Corollary 4.5 and Lemma 4.6

YoFGOBY< DY D F@IB)

1€F*(4) n=—1¢eF*(j§,27"s;)
<c¢ Y log(2"R/s;)2 " u(B;) < cu(B,)log(R/s;). O
n=-—1
Set,
(B Apy)\?
o(y) = <T> , yeG. (4.17)

For any set A let i(A) = [, ¢du, and f, = A(A)~* [, fedu. For an edge e = {x,y}
define p(e) = o(x) A p(y); note that if e € E(B) then p(e) > R™2.
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Theorem 4.8. Let B = B(xq, R) be very good, and Ry = N < RY/(d+2)  Thep

/B (f(x) - Fr)*o(@)dp < o1 R / V£ 25dv. (4.18)

E(B)

Proof. We follow the proof in [SCS], but need some extra care close to the boundary of B.

For 1 <i < N set

Bf =

(2

B M+1<i<N.

As 10Cwy s; < %/\si — 1 we have B} C B for each i < M, while B C B by definition if
M +1 < i< N. Note that for any ball B(y;, cs;) with ¢ < 3\ we have from (4.17)

< 32

< Kgp(y) for all z,y € B(y;,cs;). (4.19)
1

p(x)

Let P; be the best constant in the weighted Poincaré inequality

(f(z) — Ty )2p(w)dp < P /

IV f|?@dv. (4.20)
E(B})

B
J

Then for j < M as each B} is good we have using (4.19) P; < cC’psi. If M <j <N then
using Corollary 1.5(a)

P; <2u(B})* sup #(z) < ¢(CoARE)?(ARp)? < ¢ RETH2, (4.21)
x,yGB;.’ @(y)

Fix for the moment a ball B,,. We define a sequence of balls D; = B(w;,t;), 1 <i <
L,, with D; = By and D, = B,, as follows. Suppose Dy, ..., Dy_; have been defined.
Let 2z be the point in v(zo, yn) N U~ D} which is furthest from z. (If D; = B, then
D} = B}, D = BY.) If z; = y, then we let Dy = B, L, = k and stop. Suppose that
2k 7 Yn. If 2, € B(y;, 3s; — 1) for some i then we take Dy = B;, and continue. (We choose
the largest such ¢ if this 7 is not unique.) Note that Dy, must be distinct from Dy, ..., Dg_.

Finally, suppose zi, # v, and zp & UB(y;,3s; — 1). Then p(z) < A2Ro, and p(y,) <
A(Yn, zx) + p(zk) < 2A2Ry. Hence s, < 2)\2)\1_1R0 < nRy, so that B,, is a boundary ball.
We also have p(wg—1) < 3tx—1 + p(2), so that Dy_; is also a boundary ball. In this case
we take Dy, = By, L, = k and stop. Note that each Dy, is a ball in {B; : j € F(n)}, so
that L,, <|F(n)|.

We now show that

v UD,C DY NDy, 2<k<L,. (4.22)
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First, if zx # y, and 2z, & UB(y;, 3s; — 1) then both Dy_; and Dy are boundary balls, and
d(wg—1,wg) < 3tx_1+ A2 Rp, from which (4.22) follows easily. Now let z, € B(wy, 3t —1).
Then d(wg—1,2;) < 3tk—1, and so d(wg_1,wy) < 3tx_1 + 3tg. Since 2z € B(wj,4t;) for
j=k—1,k, by (4.5)

Ao(te Vitg—1) = p(zi) > AMi(te Atg—1).
Since A2/A\1 < 10/9 this implies (4.22).

Let f; = f(B). Then

| @ -Tore@dn= [ (f@)-Fi+ 3 F00 - TW0)) ela)du

<Ly [ (@) = FPel)du+ L Y0 (TP - FOL)PAED. (123)

To control the terms in (4.23) note that
_ _ (B _ _
ABFDL) ~ TP = =g [ (0D =T, e
H k+1) JD;NDY
H(By)
p(DE N D)

([ -T2 [ (=T i)

k+1

1(By) F w(B) T )
§2ﬁ(D;€>/g(f F(DY))edp +2M(D;€+1)/~ (f — f(DILL)) sodu)-

k41

Using (4.19), and Lemma 4.4(a),

ABy) _ elyn)’n(By) _  p(Br) _ (B
ADL) = “elunPu(Dy) = u(D) = u(D))
Combining these estimates we obtain from (4.23)
72 1(B}) _F(RI")2
/ U@ =Tt < 470 32 s / TP
#(Bj) 2
F(i P; \% d. 4.24
<d76l 3 (33)3/15(3;)| Flode  (424)

Summing the inequalities (4.24) gives

[ @) - Tewan <SB30 wE) TR [ 9l

JEF () B(Ej)

(X I o) L, IV

Jj=1 4ieF*(j) “

< CZIOg(R/Sj)Pj/ VP @dv.
j=1 E(B})
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If j < M then P; < CS?CP and so since t? log(R/t) < cRP for t > 0 we have P;log(R/s;) <
cCpR%. If M +1<j <N then Ry < s; < nRy, P; < cRj™ and so since Ry > < R

log(R/s;)P; < cR3™?log(R/Ry) < cR>.

So since any edge in B is contained in at most c of the B,

_ N
/B (f(x) — Fo)?ol(a)dp < cCpR? 223 [E

which completes the proof of the theorem. |

VF2Edy < ¢ CpR? / IV 125y,

(B}) E(B)

We can also take ¢ = 1 in (4.17) and use the same argument to obtain a (strong)
Poincaré inequality from the family of weak ones. The condition on Np is slightly weaker
than in Theorem 4.8, since we have P; < cRZ? in (4.21).

Lemma 4.9. Let B = B(zq, R) be very good, and Ry = Ny < R'/(4+2) Then

min/ (f(x) —a)?du < cle/ IV f|?dv.
B

a E(B)

Remark 4.10. The weight function ¢ in (4.17) is similar to that in [SCS]. [F'S] and [SZ]
use weight functions which are supported on the whole space. In particular [SZ] uses

pr(x) = e MoR g e 78,

and proves a weighted Poincaré inequality of the form

min /Zd(f — a)*Yrdp < c1(d)R? IV f| 2 rdv. (4.25)

a E,
It is interesting to note that this fails for percolation clusters when d > 3.

To see this fix a point xg € Co, and R > 1 large enough so that B(xg, R) is good. If
we look far enough from xy we can, P,—a.s., find a cube @ of side R with @) C C,, and
such that @ is only connected to the rest of Co, by one edge {x1,z2}. We take z1 € Q°,
r3 € Q and write s = d(z¢, x2); we can assume 5 > R. We have e~ (stdR)/E < o) < ¢=5/R
on Q.

Let f =1¢. Then as [ =< R%,

fr= %Z: <ce R <1

and

win [ (= @Pndi = [(7 = TpPomdn > } /Q Yndp > ye ' Re/".

a

On the other hand
R? / IV f2dy = R (x,) = R2e™*/E.

Thus (4.25) cannot hold with a constant ¢; independent of R.
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5. Lower bounds

In this section we use the weighted Poincaré inequality and the technique of [FS] to
prove lower bounds for ¢;(z,y). We continue with the notation and assumptions of Section

3.

Proposition 5.1. Let ¢ € G, and By = B(zg, Rlog R) be a very good ball with Ng <
RY(@2) Then if 21 € B(zo, 2 Rlog R)

g (z1,x2) > e1t™Y%,  for xy € B(z1,R), and IR* <t <R (5.1)

Proof. Let x3 be such that z1,x5 € B(x3, R/2). Write Ry = Rlog R, and let p = R/6,
and T = coR?. Let x4 € B(w3, R/2). We apply Proposition 3.7 to By with t = T'; since
T, = cRilog Ry > ¢ R?log R the third condition in (3.14) holds, while the other two are
evident. So, if t < T then

Y Gles2)u(e) = P*(Y; & B(xy,2R/3))
z€B(x3,2R/3)°

< P™(r(z4, R/6) < 1)
< P™(r(z4, R/6) < T) < ceB/T < L, (5.2)

provided c; is chosen small enough. We can assume that co < 1/8.
Let B = B(zx3, R), and for x € B set p(x) = d(x, B°), and

e(y) = (RATM)Q, yeG, and Vo= o(z)u(z).

Then we have
csRY < Vy < u(B) < ey RY. (5.3)

Write u(s, x) = us(x) = qs(z4,2), s >0, x € G. Set

w(s,y) = w(z) = log Vou(s,y), H(t) = H(z4,t) = Vo_I/ owd.
B

Then

owy 1 Ouy o(x)
/ g _ = _— ==
VoH'(t) = /ng T du /B w ot du E e(2) Lug(x)pu(z).
reB
Hence, writing f = 1pp/u; we have

VOH' (1) = =5 Y > auy(f (@) = () (us() — us(u)).

zeGyelG
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Now we use the elementary inequality (see [SZ])

(d—o)?

_<£l _ E)(b_a) > 1(cAd)(logh —loga)? — end)’

b a
which holds for any strictly positive a,b,c,d. If f(z) > 0 and f(y) > 0 then z,y € B and

~(F(a) — £ nla) — ) = ~ (22— Y 0 0) )

u(r)  u(y)
Clow (am? . P@) —9(y)?
(o(x) A p(y))(logu(x) —logu(y)) 200@) A 2]

If both = € B¢ and y € B¢ then f(z) = f(y) =0, while if z € B and y € B¢ then

>

N[—=

ut(y)
~(f(@) = () (@) = () = —p() (1~ o (x)).
We therefore have

VoH'(t) > § Z gy (p(x) A @(y)) (wi(z) — wi(y))” (5.4)

(p(z) = p(y))?
%é%y () A e(y) (5:5)

u(y)
xegyéc azytp(T ( (w)). (5.6)

Call the sums in (5.4), (5.5), (5.6), S1, Sa2, S3 respectively. To bound S; note that if z ~ y
with z,y € B and k = p(z) A p(y) then k > 1 and

(p(@) —oW)* _ p2@k+1)° 9

o(x) A p(y) k2

So
SR " p(x) > —§R2u(B) = —cR*Vj.

zeB
Also, if x € 0;(B) then p(z) = R72, so that
S3>=> > ayyR?>-R*> p(x) > —cR V.
reEB yeB¢© zeB

So the terms Sy and S5 are controlled by bounds of the same size, and we deduce, using
Theorem 4.8,

)= Vet ) an(e 0(y)) (wi(z) — wi(y))? — cs R~
reB yeB
> R 4 eoR 2Vt (wyle) — H(1)Pp(a)p(a). (5.7)
reB
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Let I = [2T,T); we will only use (5.7) for ¢t € I. Note that by Theorem 3.8 we have
Voug(x) < c7 for t € I. Since v — (logv — h)? /v is decreasing on [e?1", 00) we have

> (o)~ H(O)Pplayua) = 3 BB HOE oy ()t
zeB zeB
ogcr — 2
> L2 HOE - @) 6

x€B:Vyus(z)>e2+H (1)

Then since ¢(z) > & on B(z1,2R/3),
>, p(@)ue () p(x)

z€B:Vyus (x)>e2tH (1)

Y wl@)uy(z)u(z) - > p(@)ur(z)p(z)

z€B z€B:Vyuy(z)<e2+H ()

>3 Y w)p(r) = Y ela)Vy e ()

z€B(x1,2R/3) z€B
>la- Y w@p(e) -0 > L 20 (5.9)
IGB($1,2R/3)C
where we used (5.2) in the final line.

Combining the estimates (5.7), (5.8) and (5.9) we deduce that

TH'(t) > —cs + cs(log ez — H(t))* (& — 2HH®)Y,

Since (a — h)? > 1h? if h < —a this implies that there exists cg such that
TH'(t) > c10H (t)? provided H(t) < —cg, t € I. (5.10)
If sup,c; H(t) < —cy then (5.10) implies that H(T) > —cy1, while since H(t) 4+ csT 't
is increasing, if sup,c; H(t) > —cg then H(T) > —cg — cac5. We therefore deduce that
H(T) > —ci2, and it follows that
H(t) = H(zg,t) > —c13, T <t <R (5.11)
To conclude the argument, we have, for x1,z2 € B(z3, R/2), t € [T, R?],
Vogar(1,22) = Vi ' > Voge (a1, y)Voae (w2, y) u(dy)

Yy

>Vt Z Voge (1, y)Voqi (2, y) e (y) p(dy).
yeB

So, using Jensen’s inequality:

log(Vogat (21, x2)) > Vo_l Z (10g(VOQt($17 y)) + log(Voge (2, y)))@(y),u(dy)

= H(l’l,t) + H(l’g, t) > —2c13.
Using (5.3) this completes the proof of (5.1). d
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Lemma 5.2. Let x,y € G. Suppose there exists v > 1 and a path x = zg,...,2m = ¥y
such that for each i =0, ..., m, B(z;,rlogr) is very good with Ngf(fi rlogr) ST Then

G (2, y) > clmr) = 2e=cam/T (5.12)
Proof. This uses a chaining argument similar to that in Proposition 3.7. Choose points
T = wp,w; ..., wr = y along the path {zo,...,2,}, such that d(w;_1,w;) < r/3 and
3m/r <k < 4m/r. Let s = mr/k, so that $r? < s < zr?. Let B; = B(w;,7/3); we have
d(z',y’) < r whenever 2’ € B;_; and y’ € B;. So by Proposition 5.1

Gs (', y') > cas™ Y > c3u(B;)7Y, ' € Bj 1,y € B;.

So P”““I(YS € Bj) > c3 and therefore
k—1
P"(Yis =y) > P*(Yjs € Bj,1 < j <k —1,Vis =) > (] ] ca)ess™ 2. 0
j=1

Theorem 5.3. Let B = B(xo, RlogR) be a very good ball with Ng < R'Y(4+2) Let
d(zg, 1) < %RlogR and x,y € B(x1, R). Then

i (x,y) > eyt~ Y2 c2d@u)? (5.13)
provided
NZETD < < B2 (5.14)
and
NZTdd(z,y) < t. (5.15)

Proof. Let D = d(x,y). If D%/t < 1 then, set r = t'/? and apply Proposition 5.1 to By =
B(z,rlogr). Since D <r <R, B; C Band Ng, < Ng. So NgTQ < Ng,Jr2 < t1/2 = r, the
hypotheses of Proposition 5.1 hold and we deduce that g, (z,y) > ct=%/2.

For the case D?/t > 1 we use Lemma 5.2. Let 2 = 2p,...,2p = y be a shortest
path between x and y, and r = ¢/D. By (5.15) r > Ng”, while r < t'/2 < R, so that
B; = B(z;,rlogr) C B, and hence Ng‘iF2 < Ng,Jr2 < r. So the hypotheses of Lemma 5.2
are satisfied, and we obtain (5.13). O

Remark. The restriction in (5.15) is weaker than the hypotheses in the upper bound of
Theorem 3.8, where we were able to use global upper bounds on ¢; to restrict to the case
when t was close to D/2. The lower bound argument for ¢cD <t < cDN?BJFd requires the
existence of a chain of small balls (of size roughly » = t/D) on which the lower bounds
of Proposition 5.1 are valid. If » = O(1), so that ¢ ~ D, then one can just use a path in
the graph and (1.4), to deduce that ¢;(z,y) > e~ ~ e=¢'D*/t But if D = t'~¢ then one
needs r ~ t* > 1, and elementary bounds are not enough.

For a very good ball B the volume condition or the Poincaré inequality, will fail for
some sub-balls of size r < Np. However these may hold for enough small sub-balls so that
one can still use Lemma 5.2, and in Section 2 it is proved, in the percolation context, that
it is possible to find such a chain. Fix Cg > 1, Cg > 1.
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Definition 5.4. A ball B = B(z¢, R;) is exceedingly good if:
(1) B is very good with Nllgo(dw) < R;.
(2) For each x1, z9 € B(xo, Ry) with d(z1, z2) > R}M and Cr <7 < N3 there exists a
path y1 = zg, ..., 2x = y2 with the following properties.
(a) B; = B(z;,rlogr) is very good with N?Bj'd <r,
(b) k< Crd(z,y),
(¢) d(zj,y;) < RY*, j=1,2.
Remark 5.5. If B is very good and N3 < r < R/log R then taking m = d(x,y) and

20y --,2m to be a shortest path between z; and zo we get a path satisfying 2(a)-2(c)
above, with y; = x;.

Theorem 5.6. Let B = B(xq, Rlog R) be exceedingly good, and x1,x2 € B(xg, R). Then
there exist constants ¢; (depending on Cg, Cr) such that

qi (1, 22) > clt_d/Qe_CQd(“’“)Q/t, RY2 v d(z,y) <t < R2. (5.16)

Proof. Let Ry = Rlog R, D = d(z1,x2). By Theorem 5.3 it is enough to consider the case
when t satisfies the condition in (5.16) but fails (5.14) or (5.15). Since t > R'/2 > R}/g >
Ng(d+2), (5.14) must hold. So we just need to consider the case when D < t < N%erD.
Note this implies that

> R/, (5.17)

D>

D? t R1/?
Tt = 2(d+2) =z 1/5
Np R

In particular D?/t > logt so that, for this range of t and D, terms of the order of t~%/2
can be absorbed into the constant co in (5.16).

Let 7 = t/(2CED), so that (2Cr)~' <7 < (20r)"'N%™. We have to consider two
cases. If 1 <r < Cg then we use (1.4) directly. Set s =t/D, so that c3 < s < ¢4, and we
obtain gps > e~P > e—cD?/t,

If Cr < r then we use the fact that B is exceedingly good so that there exists a path
20, - - -, 2k satisfying conditions 2(a)—(c) of Definition 5.4. We have D < k < CrD, so that

(2CF) 1t <kr < %t, and k/r < 20%2D?/t. Applying Lemma 5.2
Qor (20, 21) > c(kr) =Y 2e kT > ct=U/2e=eD*/t, (5.18)

By (5.17) D2/t > RY/* > d(x1,y1) V d(22,y2). Let D; = d(z;,z); by (5.17) D; < RY/* <
t/8. Using (1.4)
2
G, (25, 2j) = €M > =D/, (5.19)

Let u= Dy + Dy + kr; then ¢ <u < 3¢. By (1.4)
qt(zo, 1) > qu(xo, 21)q—u(T1, 1) > gD, (T0, 20)qkr (20, 2k)qD, (2K, 1) Qt—u (21, T1).

Using the bounds (5.18) and (5.19), and Proposition 5.1 to control the final term, we
obtain (5.16). ]
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Theorem 5.7. Let d > 2, Cy, Cy, Cp, and Cy be constants. Let G = (G, E) be an
infinite graph satisfying (1.1), and let x € G.

(a) Suppose that there exists Ry = Ro(z) such that B(z, R) is very good with N;((fg <R
for each R > Ry. There exist constants ¢; = ¢;(d, Cy, Cy,Cp, Cy) such that if t satisfies

t> RY® (5.20)
then
gz, y) < ext=W2em @Y (e y) <, (5.21)
and
2
q(z,y) > eyt~ U2 cad@y)™/t al(:v,y)?’/2 <t. (5.22)

(b) If in addition there exists R = Rg(x) such that B(x, R) is exceedingly good for each
R > Rpg then the lower bound (5.22) holds (with constants depending in addition on Cg,
Cr) whenever t > Rg and t > d(z,vy).

Proof. Fix y € G and let D = d(x,y). We need to check that we can find R so that we
can apply Theorems 3.8, 5.3 and 5.6. We begin with (a). Let R = t%/3, so that R > D; by
(5.20) we have R > Ry. Let B = B(xz, R); then N;(Hd) < R.

To apply Theorem 3.8 and obtain (5.21) we need (3.18) to hold, but this is clear since
t > D32 > D and

2d+1 2(d+2) 9/3 30 _ CRZ
og

To obtain (5.22) we use Theorem 5.3. Since R > D we have y € B(z, R). Let Ry = Rlog R.
Since Ry > Ry, B1 = B(x, R;) is very good with Ng(lﬂd) < R;. So

N2t < RlogR < R¥? =t < 1R?,
and (5.14) is verified. Also,

cDNéJlrd < c’t2/3Ri/3 < 2/3 R1/2 <t

so (5.15) holds, and we obtain (5.22).

(b) We now take R = t, so that R > Rg. Then D <t = R, and we apply Theorem 5.6
to B(x, R1) with Ry = Rlog R. The condition (5.16) is easily verified, and the bound in
(5.22) is immediate. O

We now prove an elliptic Harnack inequality for graphs satisfying the conditions of
Theorem 5.3. The approach is the same as in [F'S, Section 5], but we need an additional
argument in Theorem 5.11.
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Lemma 5.8. Let B = B(xg, Rlog R) be a very good ball with Né(dH) < R. Let
d(zo,21) < 1RlogR, By = B(z1,R) and let ¢f(z,y) be the density of the process Y
killed at the exit time T of Y from By. Then

@z, y) > eit™¥?, z,y e B(z1,3R/4), cR*<t<R% (5.23)

Proof. As this argument is quite standard — see for example [F'S, Lemma 5.1], we only give
a sketch. For x,y € By we have

C]g(l'a y) > qi(z,y) — Em1(7<t)Qt—T(YTay>

> qi(z,y) — sup sup ¢s(z,y). (5.24)
0<s<t z€8B,

Let 0 € (0, %), d(z,y) < dR and t = 6?R?. Using the estimates in Theorem 5.3 and
Theorem 3.8 in (5.24) we obtain, provided t and s = 6t satisfy the conditions (3.18),
(5.14), (5.15),

q?(x7y) > t_d/2 [616_62 — sup C3Q_d/26—64/(052):| )
0<6<1

(If s is too small to satisfy (3.18) we use Lemma 1.1.) Hence if § is chosen small enough
we obtain
g (z,y) > est ™2, (5.25)

A chaining argument now gives (5.23). O

Definition. Write B(z, R) = B(x, R) U d.(B(z, R)). A function h : B(z,R) — R is
harmonic on B(zx, R) if
Lh(z) =0, ze€ B(x,R).

We write Osc(h, A) = sup4 h —inf 4 h.
The following oscillation bound follows from (5.23) just as in [F'S, Lemma 5.2].

Lemma 5.9. Let B = B(xg, Rlog R) be a very good ball with Né(dw) < R. Let
d(zo,21) < 3Rlog R, By = B(z1,R), By = B(z1,5R) and h be harmonic in By. There
exists ¢; € (0,1) such that

Osc(h, B1) < (1 — ¢1) Osc(h, By).

Proof. By a linear transformation we can assume ming, h = 0, maxpg, h = 1 and [ B, hdp >
+1(B1). Then if z € By by Lemma 5.8

W) > /B are (2, ) h(y)p(dy) > TeaRu(By) > ca.

So Osc(h, B1) < (1 —c3). O

We also need an intermediate range Harnack inequality.
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Lemma 5.10. Let B = B(xzo, RlogR) be a very good ball with Ng(dH) < R. Let
d(zo, 1) < 3Rlog R, By = B(z1, R), and h be non-negative and harmonic in By. Then if
d(z1,y) < R/2 and r = RY/?,

sup h <¢; inf h.

B(y,r) B(y,r)

Proof. Let By = B(x1,3R/4). We can assume infp, h = 1. The local Harnack inequality
for graphs implies that if * ~ y, z,y € Bi, then h(z) < Coh(y). Hence h(z) < e®f,
x € By. We extend h to G by taking h = 1 outside By. Let 7 be the first exit time of Y
from Bj. As h(Y;) is a martingale on [0, 79, for = € B(z1, R/2),

h(z) = E*h(Yins)
= E*1p, (Y)h(Yy) + E¥1, (V)1 (r <ty (M(Y: — h(YY))) + E*1 ¢ (Yi)h(Y7)

< / au(,y)h(y)du(y) + e2RP* (7 < 1).
B

Using Proposition 3.7 the final term above is bounded by c3exp(caR — c4R?/t) < c3 if
t S RCQ/C4.
Now let d(z,z) < RY?, and s = \t, with A > 1. Then if A0 < ¢3/cq,
hz) = E*1p, (Ys)h(Ys) — E*1(r<ph(Y5)
> [ aahlduty) =P <)
1

> /B 4s (2, ) h(y)du(y) — s
Also, if u = R?, by Lemma 5.8,
h(z) > / &0 (5, ) h(y)dply) > / esu™2h(y)dp(y).
B1 Bl

Hence
2h(z) > /B (esR™ + qu(z ) () dp(y) — cs.

Using Lemma 1.1, and Theorems 3.8 and 5.3 we can choose A so that
C5R_d+QS(27y) ZCGQt(x7y)7 yeBl-

It follows that 2h(z) > cg(h(x) — ¢3) — c3, so that (as h(z) > 1) we have cgh(z) <
(24 c3(1 4+ c6))h(z). O
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Theorem 5.11. Let B = B(xg, Rlog R) be very good, with Né(d”) < R. Then if
d(zo,21) < 3Rlog R, By = B(z1,R) and h : By — R is non-negative and harmonic in By,

sup h<c¢ inf Ah.
B(z1,R/2) B(z1,R/2)

Proof. We begin in the same way as in [FS]. Let a3 = 1/4. From Lemma 5.9 it follows
that there exists A such that

Osc(h, B(y,7)) < (2¢¥)7! Osc(h, B(y, Ar)) if R® <r, Ar < R/S. (5.26)

We normalize h so that ming(,, r/ayh = 1. Let x2 € B(x1, R/4) satisty h(z2) = 1. By
Lemma 5.8, if y € B(x1,3R/4), and B(y, s) is good,

1= h(zg) > 02/ R™h(y)du(y) > c3(s/R)? inf h.

B(y,s) B(y.s)
Thus
: _R?
Bl(r;fs) h < cg - (5.27)

Now let M, = 20;16”1, and a, = Re™".
Suppose that there exists y, € B(zi,R/2) with h(y,) > M,. Then, by (5.27),
Osc(h, B(y,, a,)) > c3 e’ So, provided

a, > R*® and Aa, < R/S, (5.28)

it follows that Osc(h, B(yr, Aa,)) > 2etcz'e"™ = M, ;. Hence there exists y,41 with
d(Yr, Yr+1) < Aay with h(yeq1) > Moy

Choose 7y so that ij Aa, < R/8. Then if supg(,, g/ayh > My,, the argument
above implies that we can construct a sequence y,;, 7o < j < k with y; € B(x1, R/2) and
h(y;) > M;. Here k is the largest 7 such that (5.28) holds. We have M = 2c;'ef? =
cRda,;d > ¢,R¥1=23)  The local Harnack inequality in Lemma 5.10 implies that

inf  h > eseu RIGT8), (5.29)
B(ykaRl/2)
while (5.27) implies that
inf  h<c3'RY2 (5.30)
B(ykaRl/2)

Since a3 < % this gives a contradiction if R > ¢g. So we deduce that

sup h<M,, inf h.
B(xz1,R/4) B(x1,R/4)

The Harnack inequality for B(z1, R/2) C B(x1, R) now follows by an easy chaining argu-
ment. U
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6. Random walks and percolation

In this section we tie together the results of Section 2 and those of Section 3-5, and
prove Theorems 1-5. We recall the notation for bond percolation: we take Q = {0,1}%4,
write 7.,e € Eq4 for the coordinate maps and take P, to be the probability on €2 which
makes the 7, i.i.d. Bernoulli r.v. with mean p. We assume that p > p. so that there exists
Qo with P,(20) = 1 such that for w € Qg there is a unique infinite cluster Co(w). As in
the introduction we take Y to be the Markov process with generator L, given by (0.1),
and write ¢’ (x,y) for the transition density of Y as given by (0.2). Write (P*,z € Cx)
for the probability law of Y.

Proposition 6.1. Let p > p.. There exists Q1 C Q with P,(Q;) = 1, and S,, x € Z% such
that S, (w) < oo for each w € Q;, x € Coo(w). There exist constants ¢; = ¢;(d, p) such that
for z,y € Coo(w), t > 1 with

Se(w)Vdy(z,y) <t, (6.1)

the transition density q;(x,y) of Y satisfies:

Proof. Let the constants Cy, Cy, Cp, Cyw, Cg, Cr (depending on d and p) be as in Section
2, and as in Section 2 let ay ' = 11(d + 2). Let (N,,z € Z%) be as in Lemma 2.24 and
Q1 ={w: Ny(w) < oo for all z}. Let w € 4y, and = € Coo(w). We set S, = Rg(z) = Ny,
and check the hypotheses of Theorem 5.7. Let R > Rp, B = B,(z,R) C Q = Q(z, R),
and n = 2R = s5(Q).

Asw e L(Q) C D(Q,a2) N H(Q, az), applying Theorem 2.18(c) we deduce that B is
very good with N < Cpn®2 < R1/(10(d+2))

Now let Cgp < r < Ng,”, and x1, xo9 € B with d,(x1,22) > RY4. As D(Q, as)
holds, d,(x1,x2) > %nl/‘l. Choose m so that m/16 = |rlogr], and apply Theorem
2.18(b) to deduce that there exists a path z] = z,...,z; = x4 satisfying condition (b)
of Theorem 2.23. We need to verify (a)—(c) of Definition 5.4(2). (a) holds since B; =
B, (zi,rlogr) = B, (z;,m/16) is very good, and Np, < m!/(@+4) < ¢1/(@+2) " For (b) we
have j < ¢2.23.3|71 —%2|co < dea.23.3dy (21, 22). (c) is easily verified as d,, (x;, x}) < %nl/‘l <
R'Y*. Thus B is exceedingly good.

So we can apply Theorem 5.7 to deduce that the bound (6.2) holds for ¢ > Rp and y
such that d(z,y) < t. O

Proof of Theorem 1. Given Proposition 6.1, all that remains is to replace the chemical
distance d,(z,y) by |z —y|1. As |z —y|1 < d,(z,y) the upper bound in (0.4) is immediate.
For the lower bound, we take S, as in Proposition 6.1, let z,y € C» and t > S, with
|x — y|1 < t. Choose the smallest cube @ of side n containing x and y and with n > S,.
Since @ is very good, by Proposition 2.17(d) we have | — y|oo < Cp(n®? +1) V |2 — Y] oo-
If |z — y|oo > 1+ n2 then it follows that d,(z,y) < c|x — Y|so, so the lower bound in
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(0.4) follows. If | — y|oo < 14+ n2 then d,(z,y) < n* so as t > S, both d(z,y)?/t and
|z — y|3/t are less than 1, and again the lower bound in (0.4) holds. O

Proof of Theorem 2. Fix x,y € Z9, let D = |z —y|; and fix t > D. Write A = {2,y € Co }.
Since ¢5 < Pp(z,y € Cx) < 1 it is enough to prove (0.6) for E, (¢’ (z,y)14). Let Sy be as
in the proof of Theorem 1, and n = ¢t/2. Then

Ep(a' (z,y)1a) = Ep(7 (2, 9)1al{s,<n}) + Ep (@ (2, y)1al(s, >n})- (6.3)

By the proof of Theorem 1, if w € A and S, (w) < n then ¢ (x,y) satisfies the bounds in
(0.4). So the lower bound in (0.6) is immediate since

Ep(q(id(x7 y)lA) > EP(Q?(*%? y)lAl{S,V<n})
> coe P P, (A) — Py(AN (S, > n}))

> c6e_c7D2/t(c5 — 08e_ta6). (6.4)

So if t > cg then the final term in (6.4) is greater than 1 and we obtain (0.6). If ¢ < cg
then with probability at least csp® there is a path of length D in Cs joining x and y, and
using (1.4) we deduce that on this event ¢¥(x,y) > ¢ > ¢. So, (0.6) holds in this case
also.
To prove the upper bound, recall that by Lemma 1.1 we always have (when ¢t > D)
that
q;u(w,y) < C€—2c10dw(x,y)2/t < 66_2610D2/t.

If e—c10D*/t < =d/2 then the upper bound in (0.6) is then immediate. If not, then by
Theorem 1 we have

2
Ep(qf<x7y)1z41{sx<n}) < 6116_61217 /t,

so it remains to control the second term in (6.3). We have, provided t > ¢;3,
E,(¢2 (2, y)1al(s,5n}) < Bp(S > n) < ce ™" <179 < 7d/2menD?/t,

If t < ¢13 then (as D < t) we obtain the upper bound in (0.6) by taking the constant cs
large enough. 0

Proof of Theorem 3. This follows easily from Theorem 5.11 and Proposition 6.1. O

Proof of Theorem 4. (a) This is a well known consequence of the Harnack inequality.
Let h : Coo — (0,00) be a global harmonic function. Replacing h by ch if necessary,
we can assume h > 1 everywhere, and that there exists zo with h(xg) < 2. Applying
Theorem 3 to B (xo,R) C By,(z0,2R) C Cs, when R is large enough we deduce that
SUP g, (z0,7) I < 2¢1, so that h is bounded.

Let B,, = B(x(,2"R). Then Theorem 3 implies the oscillation inequality infgp,k h >
et supg, ., h, so that Osc(h, B,) < (1 — c1') Osc(h, Byy1). Iterating one deduces that

o4



Osc(h, By,) > (1—c; 1)~ Osc(h, By), and since h is bounded this implies that Osc(h, By) =
0. Thus A is constant on any large ball, and so constant.

(b) This is also standard — [FS, Lemma 5.2]. Lemma 5.8 gives lower bounds on the
transition probability q? “(z,y) for Y killed outside a ball B(xg, R), for all sufficiently
large R. Let F' be an event in the tail field, and set f(s,z) = P,(F|Ys; = z). Then
0 < f <1, and f satisfies

f®¢@=i4 @& (o) (6 y)n(dy), s <t (6.5)

oo

Fix g € C, tg > 0 and set
A(R) = B(z0, 3R) x [to, to + R

Let g(s,x) satisfy (6.5) with min4r)g =0, max,2r) g = 1, and
[ otto+ AR i) 2 .
B(mo,iR)
Then if (s,z) € A(R),
g(s,z) > / ) 0 g (,9)g(to + 4R, y) u(dy)
B(mo,iR)

> [ Rt + 4R yu(dy)
B(m():iR)

Hence there exists 6 > 0 such that
OSC(f7 A(R)) S (1 - 5) OSC(f7 A(ZR)),

and iterating it follows that f is constant. O

Proof of Theorem 5. This is immediate on integrating the bounds (0.4), and using (1.6)
to control ¢ (z,y) for |z —y|; > t. O
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