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i. The main results, Let E be a finite set. Let {ﬂﬁE) denote the

set of (real) E x E matrices @ such that, for i, j ¢ E,

Q(i,3) 20 (i%3), ) QUi,k) SO.
ke X

Let G »now denote some fixed element of éQfE). Let v be a function
from E to MW\ {0}, and let V be the diagonal E X E matrix

diag{v(i) : 1 ¢ E} . Let E = {icBE:v(i)>0}, and E = {iecE:v(i) <0},

Let I denote the identity ¥ X E matrix, I the identity E' x ' matrix,

and I the identity E X E  matrix.

Let ¢ be a gtrictly positive real number,

4 - o
THEOREM 1. There exlgts a unigue pair {HC, Hc), where HZ is an E x §
matrix and . is an B’ x B matrix, such that, if
1" }T;
1) 5 = + - !
Il 1
c

then 5§ 1is invertible and

Xl =1 52 0
(2) S "Llv (@-eI)is = ~ ] -
0 —QC
g + e - + -
where Qc € RHE ) and Qc eéQSE Y. Moreover, i and Hc are strictly
- +
substochasatic: thus, for 1 ¢ E , je¢ E ,

e, =0, Vo ntE,K <1,
¢ e C
ke E



Thecrem 1 will be said to yield the 'Wiener-Hopf factorization' of the

matrix le(Q-v el) .

Now let X be a Markov chain on & u{8} (2 4is the cemetery state)
with Q-matrix Q. Thus the transition matrix function of X is
B(t)y = exp(tq) . For t 2 0, define :
K +
Ly = JO V(X yds, T (t) = infi{s : ¢(s) >t} .

. + +
As usual, we shall (for example) write T for T (t) when more convenient,

Note that X(T:) e EVu{s}. t

THEOREM II. For 1 c¢E and J € E',

(3) &i[exp(—(ﬂ;) Xy = 31 = HZ(i,j) .

For i ¢E , J€E, and t 20,

(4) Ef[exp(-—cT:); X(T:) = 5] = iexp(ta:)](i,J).

The corresponding '‘minug’ results follow, on replacing ¢ by (~¢) .

+ +
The problem of finding the joint distribution of Tt and X(Tt) iz of

. " I
course solved by Theorems I and II. The way in which Hc and Hc may bhe

calculated will be clear from the proofs.

Comment. The reader may feel that the martingale techniques used in this paper
are more sophisticated than those required for this Markov chain problem. The
following two statements are therefore apposite. First, we do not know how to
prove the purely algebraic Theorem I without appealing to probability theory
(and ultimately to martingale theory). Second, the martingale technique
generalises to other (more interesting) cases, though the problem of obtaining
explicit answers proves to be very difficult, Work on the 'continuous' state-

space case will be published later.

2. Basic martingales. It 1s important to regard the strictly positive
§

number ¢ as fixed throughout the remainder of the paper, except in section 7.



Let £ be a function on (Eu{3}) x Bx [0,%) such that £(d,«,») = 0,
A natural extension of Dynkin's formula shows that {(for every initial

distribution)

t
f(xt?(l)tJt) - f ?&f(}{s,ci)s, 8) de

0
i a local martingale, where
af of
#@f(x,¢,t) = Qf + Va¢ + Nt
Here, of course,
QECX,¢,8) = ) QX,¥)I(y,0,%t) .

yel

in particular, 4f g is any vector on E, and

. ~1
(5) £(x,4,t) = {expl —ctI-¢V "(Q@-cI)lgl(x) on &,
then f(xt’¢t’t} is a local martingale (in fact, a martingale, because it is

bounded on every finite interval),

3. Definition of j\{. Before recalling part of the theory of the Jordan

form, we recall the proof of the well-known fact that V—l(Q-ch) cannot
have an eigenvalue on the imaginary axis. For suppose that y lies on the
imaginary axis and that

(8) (Q-ech)g = uvg

for some non-zero vector g. Choose i in E with |g(i)| = |g(H! for

all jJ in ¥. The i-th coordinate of (6) reads:

[QUi, 1) ~c~uv()lgd) = ~ ) QG,1gdd).
it

But the left-hand side has modulus at least equal to (|QCi,1)| +c)lg(id]|,
while the right-hand side has modulus at most equal to |Q¢i,1)|ig(i)] . The

contradiction establishes the ‘well-~known fact'.

One of the main steps in Jordan-form theory shows that the space of complex

vectors on E has a baSiS"f} such that every g in {}, solves an eguation



(7)) [v"lw,m eIy - ;uj]kg =0,

where | 1is an eigenvalue of V"l(Q-cI) and k is a positive integer.

Fix 5?, and let j\( {respectively,ﬁa ] denote the set of those vectors g

in {%/ for which the associated p-value has (strictly) negative [respectively,

positivel] real part.

4. The structure of.ﬂf. et g ¢ ﬂf, so that g satisfies (7) for some Kk

and some 1 with negative real part. Then the function f at (5) may be
written

£(,9,t) = exp(~ct-nu¢)expi - ¢[V"1(Q— ely -ullle,

and the second exponential may be expsanded in a power geries in which all terms

after the (k-1)-th annihilate g. Hence, since u has negative real part,

(8 for geflf and £ as at (5), £(X_,6 %) 1s bounded on [0,
for every t.

+
In particular, on applying the optional stopping theorem at time TO, we

find that (for all 1 ¢ E)

Ei[exp( -ctg e X(t) 1 = g

<+
Now define Hc via the probabilistic formula (3). We have just shown that
i + +
(8)y if g« ﬂ{, then g = + g where g denotes the restriction of
Ji
¢
.;..

+ i
Hence IU’ has at most |E | elements, and, by a similar argument, 13 has at

most |E | elements. The only explanation is that

+ +
(10) j\( has precisely |E | elements and the elements g where g ¢ 11(

P
form a bagis for the space of vectors on E

e

5. Proof of the uniqueness of Wieﬁérwﬁopf factorization. Suppose that for

- + + + - -~ S +
some E X E matrix Kc’ some E %X E matrix Kc ; some Qc in EQ(E Y,



N itk
and sone Q; in e?{E") » we have that . f is invertible, and
) Kc I
hY
AR o A Q. o
. ; V (Q-cI) + _ = N
K I K 1 0 -q
< ¢ c

Then the eigenvalues of le(Q-cI) with negative real part must coincide

. S
with the eigenvalues of Qc Moreover, if
ACR +
(3L} (Qc - ul )ku+ = 0
for some positive integer k., some W(with negative real part) and some vector

o} el
1 onn E , then

{v"“la;ew el - un3¥ u =0,

80 that, from the argument leading to (9),

I+ + r* 4
(12} wn o= u .
- H+
e/ o
~y
By the theory of the Jordan canonical form for Qc' equation (11) holds for

. “+ +
a set of vectors u spanning the vectors on E and so therefore does

i

egquation (12). Hence

I
¢

and the required uniquenesg follows from this fact and its 'miﬂus' analogue,

G. Existence of the Wiener-Hopf factorization. For the moment, regard

t = 0 ag fixed. et g ¢ f{l define ¥ as at (5), and recall that
f(x8,¢h,s) is a martingasle. Using (8) as justification, apply the optional

.{,
stopping theorem at time Tt to obtain

E'fexp(~aCTZ)ho X(TI)] =g = exp[tVMI(Q-cI)3h,

A
. - .
where b = expl-1tV "(Q@~cl)lg. Note that h will sutomatically satisfy
the same verslon of (7)) asz does g, 80 that h, like g, has property (9).

+ +
Hence, since X(Tt) ¢ i, we have



7o+ : +
1 . ..+ + S | . i +
1M Elexp(~ecv dh oX(t )] = expltV (Q-cI)] n o,
IO et £ " o
Vi ¢

+
We nave obtained (13) for a class of vectors h which clearly spans the

+ 4 +
space of nll vectorg on E | g0 that (13) holds for all vectors h on E

It iz aimost immediate from the strong Markov property of X that
oot i + + - +
P (t31,)) = B Lexp{-«cTt); X(t,) =j)]  (1,j<E)
defines a subMarkovian transition function on E+,_ 650 that
rv+ I
P (t) = exp(t
c( ) exp( Qc)

for some 5: in EQ;E+). {One can alternatively deduce this from (13).)

On differentiating (13) with respect to t and setting t = 0, we obtain
I+- . 9 I+
(14) . Q = V¥V T{Q-cl) .
¢ +
1l i }
¢ c

Theorems I and II now follow from (14) and its 'minus® analogue.

7. The case ¢ = 0, Az has already been noted, Theorems I and II solve

the problem of calculating the joint distribution of T: and X(T:), but
the involvement of the positive parameter ¢ complicates the formulae, and
is irrelevant if only the law of X(T:) ls sought. This corresponds to the
case ¢ = 0, in which case we have the following result.

THEOREM IT1X. There exists a unique pair (H+,H—) , where H+ is an E X E+

- + - + +
matrix, and It is an E X g matrix, such that, for some Q GCQ;E ) and

-1
(15) V'Qs =8 _
0 -q
where
T
{16) 5= + -



ot - - +
Moreover, 1 and I are subgtochastic, and for 1 ¢ B ,j ¢ E ,k ¢« E+,

iy + - .
(17 PrLxCty) = 3] = I'(,9)
and,
k. + - +
(18} PI.X(Tt) = 3] = [exp(tQ 33k,
for each t =20,
Remarkg, The matrix 5 need no longer be invertible, and it iz also possible

..‘,. -
that both @ and Q@ may be conservative.
Proof. The existence of guch & decomposition follows easily from Theorem I:

by considering a seguence (cn :n 20} of reals decreasing to 0, we may

3 - ok o
suppose, by taking a subsequence if necessary, that ﬁc ,HC ’Qc ; and Qc
n n n n

4 + -
each converge entry by entry to I ,H ,Q , and @ respectively. Thusg
(158} foliows immediately from (2), (17) follows from (3), and (18) follows
from (4}).

As to the uniqueness of the decomposition (18), the argument of section 5
) ) . ~ 4 +
serves again with minor modification, Suppose that there exists Q ¢ GQ;E )
- + +
and an E x E matrix K such that

it 1"

i K
I
. . %} +
Consider & basis L) for the space of complex vectors on E such that
©e B ~ Gt
for each u ¢ ) there exists an integer k = 1 and an eigenvalue u of @
such that
-t N OO R a o+ + k +
(19 Q@ ~ul) u F0, (@ ~uI'y u = 0,
(Such a basis ig pguaranteed by the theory of the Jordan form.)
o
Ag the argument of section 3 shows, the non-zero eigenvalues of Q have

+ ¢
strictly negative real part, so if u ¢ ES 1s assgsociated through (18) with a

non~zerc elgenvalue, the argument of section § leads to

{1'*‘ it
+ -+
{20} 1 = u o,

\K+ it



+
To complete the proof, we must notice that if a ¢ Eﬂ is associated through

T+
(19) with a zero eigenvalue, then § a = 0, [[Indeed, were this not 80,
s + AR S
then P (ta = exp{(tQ da would not remain bounded ag t > o, ]
Accordingly, if & is defined by
+
I
. +
8 = " b3 s
K

then 2 ¢ kerd(Q) and so a(xt) is a martingale, whence (20) is satisfied

+ e
by a, and we conclude as before that K =1,

8. Examples. We examine two cases in which explicit expressions can be

+
found for @ .

Proposition I.

-+ - e -
et R (respectively, R ) be an £ X E matrix {(respectively,

. + . .
an K x E matrix) of non-negative entries, with row sums < 1. Let

O <a=h, let o Za+c, b+ cy and suppose that

—al’ ak"

@ = . e Qm.

bR b3

+ —
It wv(i) = 1 3if i e B , v(i) = -1 if 1 € E , then the Wiener-Hopf

-1
factorigation of V "(Q-~clI) has the explicit form

(21) o= e - 07,
o c
e + - o+ . __4ab to-oon
> N = ] - . TR e EeN
(22) qQ, = o (; I E P e L larm? B R D ,
n=]
. ¢ (2n~2) 1 )
7 ey b 2 s A P oA A 1 ren
where P, 4 At (ne1)1 The corresponding formulag for the
negative parts are
- O e,
A i = " o
(23) nc all (ol QC) s
. 4
(24) §, = 81 + a J pn(zgg [-282_ grgpt gt
nel (0+8)2



""
Remarks. Suppose {Ti; i=1,2,...} are independent exp(a) r.v.'s, and
{T;; i=1,2,...} are independent exp(f) r.v.'s, independent of the TI.
+ -
et X o= T - 7 let & = l¢ = + z .
T2 Xi 5 4 et o and let Sn Sn-l Xn {nz1) The

¢laagical Wienev~Hopf theory concerns iliself with the joint law of <t and ST,
where 1 = inf{n ;Sn2>0}. Thig particular case is one of the very few where

+
an explicit answer can be found; if ¥ P(r=mn), then for 0 <858 < 1
I Pn

n=l ‘ B (o+B) —

La+B) ; n [ dafs Jn

¥
n=1 n (x+8)

(see, for example, Feller [1] p608),

The original procesa X visits E+ and E alternately, staying an
exp{u) time in E+ and an exp{p) time in E . If the process staris at
i ¢ E+, then the probability that it is in § ¢ E+ the next time it visits

+

e
¥ ia (AR Thizs makes (22) obvious.

[

i3’
s

Proof, Firstly, we must check that Qc ag defined by (22) is5 well-defined,

! = n, equipping R” with the norm

- ER.
Wil = max{lxil ;i=1, ..., n} makes 4ab(a+B) 2R R into a linear operator

and is a Q-matrix. £ R

e
of norm < 1, s0 the series is absolutely convergent, and Qc i3 well defined.
o +
To see that QC ¢ (£ ), note that the off diagonal entries are non-negative,

and the row swms are negative,

A~ -+ F -
Since (Q:)z - {f~- a)QZ = gfI ~ abR B , it is a simple exercise to

e

+
verify that the stated forms for Hc ,QC given in (21) and (22) and for

”c ,Qp givenlin (23} and (24) satisfy the faclorisation identity (2) sc, by

Theorem ¥, they are the unique solutions.

Propesgition I,

Suppose that §E$§ = |E"|, and that for some QtﬁéQﬂE) we have




g-cI = .

Suppose also that AD = DA, Let B = §(A+D).

Then, if V(i) = 1 for i ¢ E', v(i) = -1 for i ¢ E , we have
v 2
+ -
(25} IT = -B ) p B "
[+ ¢
n=]1
(26) Q@ = A+,
G C

i

. S -
Proof. Notice that B’ B A I+ 3 {ﬁjE Y, g0 that (I+-B') 1 exists

and 18 a resolvent matrix - in particular, it is substochastic, Thus -B"1

+
1s a substochasgtic matrix, and the expression (25) for Hc takes the form

+ - -1 2n-1
: Xp(~B)

which clearly exists (by monotone convergence) and equally clearly is sub-

gtochastic. It is sgimple to verify that
+. 2 +
Il . I o+ =
{ c) + 2B c I 0,

and from this, the verification of the identify (2) is an easy exercise,
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