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We shall discuss point processes whose realisations
consist typically of a countable dense set of points. In
particular, we discuss when such a process may be regarded
as Poisson,.

- The most primitive way té describe a point process on

fo,») is as a subset B of  x [0,»), where the section

B, represents the times of the "points" in realisation
w. In the locally finite case, there are the more familiar

descriptions using the counting process

N, (w) =#®  nlo,t]) ~ (as in [BJI)
or using the random measure

‘E(wfﬁ) = #’(Bw nD) (as in [K1)

Our point‘processes will generally not be locally finite,
S0 we cannot use these familiar descriptions: we revert to
describing a process as a subset B,

We first describe an (obvious) construction of a
coﬁntable dense Poisson process, Let © be a countable
infinite set. Let (Ft) be a filtration (all filtrations
are assumed ﬁo satisfy the usual conditions), Suppose

(s? ¢ i 1, 8 ¢ ®} are optional times such that each

i
. 8 . .

counting process N, = El(sg < ¢) 1is a Poisson process of

rate 1 with respect to (Ft), and supposé the process N6

are independent, Let & be the random measure on @ x [0,x)

whose realisation §&(w) has the set of atoms

{ (8, Si(m)) + 121, 0 ¢ ©}. Then & describes a uniform Poisson



process on o ¥ [0,»)., with respect to (Ft). But we can
also think of £ as a marked point process on the line.
That is, each realisation is an a.s. countable dense set
{Sg(m) :_i;l{ 8 ¢ 0! of points in [0,~), and each point

is marked by some 6. The corresponding unmarked process

can be described by
(1) B = {(w,t):sg(w) = t for some 1,6} = {(w,t):&(w,0x{t})=1} .

Think of B as a o¢~finite Poisson process. We are
concerned with the converse procedure: given a set B,
when can we assign marks 6 to the peoints of " B té construct
a uniform Poisson process & satisfying (1)? To allow
external randomisation is assigning marks, we make the

following definitions:

~(2) Definition. (Gt) is an extension of (Ft) if for

each t

(i) Gt c Ft

(ii) Gt and Foo are conditionally independent given F

(3) Definition B is a g~finite Poisson process with
respgct to (Ft) if |
(1) B is (F )-optional
(ii) There exists a uniform Poisson process £ on

O x [0,®) with respect to some extension (G

)

of (Ft) such that (1) holds.



Theorem 4 below gives a more intrinsic description of
o-finite Poisson processes., First we recall some notation.

An optional time T has conditional intensity - a(w,s) if

t
T has compensator At = j a{s)ds., We may assume af(w,Ss)
is previsible by [D.V. 191 . Replacing (F_) by an

t
extension does not alter the conditional intensity of an

(Ft)—optional time T,

Recall also the notation

T.=T on D

= » elsewhere,
Let X be Lebesgue measure on [0,®) .

(4) THEOREM, Let (Ft) be a filtration. Let B be an
optional set whose sections Bw are a.s. countable. The
following are equivaleht

(a) B 1is a o-finite Poisson process _

(b) There exists a family (™) such that

n

(5) T is optional; the graphs [Tn] are disjoint;

B = ULT"] a.s.;
(6) T has a conditional intensity, say a_(w;s) ;

(1) Za (w,s) = > a.e, (P x 1)

(b') Every family (Tn) satisfying (5) also satisfies
(6) and (7)



{c) For every previsible set C

b4 n —J = - =3 '
{w s c, " B, ¢}_' {w A(Cw) 0} a.S.
Remark Families satisfying (5) certainly exist, by the section
theorem and transfinite induction [D. VI. 331 .

The next result comes out of the proof of Theorem 4.

(8) PROPOSITION., Let u be a probability measure on
"[o,») which is eguivalent to Lebesgue measure .
{a) Let (Yi) be i.i.d., with law u , and let
(Ft) be the smallest filtraito@.making each
Yi optional - that is, the filtration
generated by the processes 1 . Then
[Yir‘x’) } ‘
B = U[Yi] is a o-finite Poisson process with respect

to (Ft).

(b) Conversely, let B be a o-finite Poisson
process with respect to some (Ft) . Then

there exist times (Yi) such that B = UiYi]

8,54, (Yi) are i,i.d., with law p , and (Yi)
are optional with respect to some extension of
(Ft) .

Before the proofs, here is an amusing example.

Examglé The;e exists a process Xt and filtrations
(Ft) ' (Gt) guch that X is optional with respect to each
of (Ft) and (Gt) , but X is not optional with respect
to F_ n G_ .

t t
To construct the example, let (Yi),B,(Ft) be as in



part (a) of Proposition 8, and let X = 1y« Let T be
the set of finite permutations m = (w(l), T(2),... ) of
(1,2,444 ). Since 1 is countable we can construct a

random element w* of I such that P{r* = 7) > 0 for
each m ¢ I , Take 7w* independent of ¥ = (Yl,’Yz,... )
Deflne z = (Vlf VZ’... ) - (Y'ﬂ'*(l), Yﬂ*(z)’aoc ) . LEt
(Ft) be the smallest filtration making each v, optional,
= F1

Since X, = Il (V. = t) 7 plainly X is both

t (Y, = t) i
(Ft)— and (Gt)~optional. But Fm n Gw is trivial! For
let D ¢ Foo n Gcq . Then there exist measurable functibns

f,9 such that

1, = £(Y) = g(V) a.s.

)

So £(Y) = h(Y,v*)}) a.s., where h(ylyz,... ;) = g(yﬂ(l)'yﬂ(Q)'.'{

But w* is independent of Y with support 1 , so

F(Y) = h{(¥,n}  a.s., each 7 ¢ I,
So, putting G = {g = 1} ,

D ={{(

an-(l)l Y']T(Z)".- ) € G} a.s.; eaCh m e H .
Thus D 1is exchangeable, and so is trivial by the Hewitt-
Savage zero-one law,

We now start the proof of Theorem 4. The lemma below

shows that (b) and (b') are equivalent.

(9) LEMMA., Let (T7) be optional times whose graphs

[Tn] are disjoint, Let T%m) be a similar family, and suppose

U[Tn] = U[@m] « Suppose T has conditional intensity a,

i
H
|
i
|



Then AM  has a conditional intensity, Sm say, and

~

Eam = Zan a.e. (P x A} .
— mil ey
Proof Put Um,n = T (Tnzfm) . Then Um,n has a conditional
intensity, am n Sav. It is easy to verify
r
a = La a,e,

n pmon

>
151

Zam n is the conditional intensity of i ;, where
2om,

+he sum is a.e. finite because

§ (s) & § (
E s s = P(U
j n=1 %m,n n=1 m,

z = LIa = Fa_ 5 © a,
Hence an m,n m e,

Lemmas 10 and 13 show that conditions (b') and (c) are

equivalent,

(10) LEMMA, For B as in theorem 4, the following are
equivalent
(1) {w: C, "B, = ¢} > {w : e = o} a.s., each
previsible C ,

(ii) Each family (Y") satisfying (5) also satisfies

(6).

Proof: (ii) implies (i) Let C be previsible., Put

T = inf {t : A(Cw nf[o,t]l) > ¢} . Then T is optional, so
¢' =¢C nl0,T] is previsible, Now k(C& ) = 0 a.s. We must

prove

(11) Cé nB =¢ a.s.



Let (T") satisfy (5) and (6). Then

n

P(I" eC' ) = EJl. dlpn

w c!

= EJ lg,(s) an(s) ds

Since B= U[T"] ¢+ (11) follows,

(i) implies (ii). Let T be optional, [T] < B . Let A,

be the compensator of T . From the proof of the Lebesque

o~

t
decomposition theorem, we can write At = At + f a(s)ds,
0

where there exists a progressive set D such that

(12) A(Dw) =0 a.,s.; the measure dﬁ(w) T is éarried on

D deSe

Let C = {p(lD) > 0} ; then C is previsible and since

I t A tp ~ A~
A 2 folc(s)dAs 3 Jo (lD)(s)dAS = J lD(s)dAs = A, ,

tp t
JO,(ln)(s)ds - JolD(s)ds =0,

C satisfies (12), However

=
i
Il

E[lc(s)aﬁs

]

Eflc(s)dhs

il

P(T€C ) = 0 by (11),



(13) LEMMA, For B as in Theorem 4, the followihg are
equivalent,
(1) {w :C, n Bw¥:¢}'b {w : rc,) > 0} a.s., each
previsible C,

(ii) Each family (T™) satisfying (5) and (6)

also satisfies (7).

Proof. (ii) implies {i) Let C be previsible., Define optional

times :

T = inf {t.: X(Cw n {o,t1) > o}

S = inf {t : te B n C }
w w" e
It is sufficient to prove

(14) S< T a.s.
Consider the previsible set C' = C n (T,S]

Let (T7) satisfy (5), (6). By definition of & , the sets

{w: ™ ¢ ¢!} are disjoint. So IP(I" ¢ C' ) <1 . But
n w

f

n '
= LE .
2R e C ) = IE[L dln

f
= IE|1,,

A
= LE 10'(8) ta (s) ds .

(s)an(s)ds

But Ia = ‘a.e., and so A(C' ) = 0 a.s. But by
w
definition of T, we have A(CL ) >0 on {T < S8} . This

proves 14,



(1) implies (il) Let (ﬁn) satisfy (5), (6}, Fix N < =
Consider the previsible set H = {(w,s): fa < N-1} . We
must prove P x A{H) = 0 , Suppos& not : then-for SOme

£ » ¢ we have

P(Q2)) > € , where Q, = {w : AH ) >g} -

Define optional times .

Si = inf {t: A(Hw N £O,t]) > iE/N} i = O'ocopN .

Consider the previsible sets

il

HY = H n (S;_; §;) i

i lpooofN

H=Hn (SO, Sn] .

By construction, A(Hi ) = g/N on QO . $So by (i),

B, " H  is a.s. non-empty on 2, - So

)=E§21(T e H

i ) > N P(QO) > Ne
u in n W T

~ . = E} |l aI
TN N E RN

1l

E flﬁ(s) . Zan(s) ds

1A

(N-1) €

because Zan £ N~1 on H , and A(ﬁw) £ g by construction.

This contradiction establishes the result.
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It remains to prove that (b) and {a) are equivalent.
Recall from [BJ] that optional times 0<5;<52< ... form
a Poisson process of rate 1 with respect to (Et) iff S,

hags conditional intensity l(é If moreover
n

< ssSn)

8
i)iaa, 8¢ , and if

-1
this condition holds for each family (S

the graphs {[Sg 1= iz 1, 6¢0} are disjoint, then the

families {‘52)131 : 8¢0} are independent.
The proof that (a) implies (b) is easy. The family

(Sg) in (1) plainly satisfy the conditions of (b) with

respect to the extension (G Because {(b) implies (b'},

t) *
we deduce that any (G£)—optional family satisfying (5)

will also satisfy (6) and (7) with respect tq (Gt) . Now,

as remarked before, there exists a family satisfying (5) with
respect to (Ft) ; and since conditional intensities are.
unchanged by extension, this family satisfies (6)'and (7)
with respect to (Ft) .

The proof that (b) implies (a) is harder. There are
only two ideas. First, we show how to construct S1 with
[81] ¢ B such that S, has exponential law (Lemma 19).

Then we can’proceed inductively to construct a uniform

Poisson process (Sg) . Finally, we must show that

8
i?@ [Si] exhausts B .

Here is a strightforward technical lemma.

(14) LEMMA, Let (Qi) be optional times with conditional

intensities a; . Suppose Q; ~ © a.s. and [Qi]

are disjoint. Let T= min(Qi) . Then

has conditional intensity a,l

T(r=0,) it (s<T)

T has conditional intensity ZIa, l(ssT)
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Here is an informal description of the external

randomisation, Suppose

(15) T is optional, with cdnditional intensity a,
pl{w,s) is previsible, 0=zpsl .

Then we can define @ such that:

if T =+t then ¢Q t with probability pl(w,t):

i

» otherwise

It is intuitively obvious that @ has conditional

intensity p.a. Here is the formal construction and proof.

(l6) LEMMA. Let T,a,p be as in (15), on a filtration
(?t) . Let U be uniform on [0,1] , independent

of ?m . Define

T if U < p(T) = p{w,T(w))

0O
s

= «»  otherwise..

. L0
Let Gt be the usual augmentation of Gt = 0(?t’Q(Q5t)) .
Then (Gt) "is an extension of (?t) , and Q 1is \
(Gt)uoptional with conditional intensity p.a.

2

~ O ~
Proof Q(Qst) € G(Ft, U) , and hence Gt © G(FP, U) , so
(Gt) is indeed an extension of (?t) . Plainly Q 1is

(Gt)-optional. To prove the final assertion, let §S<« be

a (Gt)woptional time, Tt is sufficient to prove

s
(17) P(QgS) = E f a{s)p(s)ds .
0
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We assert

(18) R = § is (Ft)noptional.

(S<T) .

H

U {s<t<«T} , and {8<t<T} is in F since

t
t<u
t rational

For {R<ul}

Gt n {T>t} = Ft n {T>t} . To prove (17), note that

{Qg8} = {T¢s,Q<=} = {T¢R,Q<=} = {T¢R,T<=,Usp(T)} . So

i

P(Qfs) P (TR, T<», Ugp(T))
= B gl remy PUSRT)IFL))

= E L rer,T<w) P{T) by the independence of U

|
k=

Jl(ssR)P(S) dl[T,w)

= E Jl(S<R)p(s) a(s) ds..
(17) now follows, as [S,R} ¢ [T,») , and a = 0 on this set,

(19) LEMMA. Let (?t) be an extension of (?t). Suppose
(Tn) gatisfies condition (b) with respect to (?t) .
Let SO<Do be (?t)-optional. Then' there exists an
extension (Gt) of (?t)’ and a (Gt)-optional time

S with conditional intensity 1 such that

8 <g<8)
n 0
[S] <UulT'] .



Proof Define p(x) =1 x> 1
= x 0sx=<l
= { x50

Define inductively

1

Pl((ﬂrs) = ¢( al(w;S))_l(S>SO)

J-1
1 - % a; Py
P, = &( ) 1
J aj (S>SO)‘

Then pj is predictable, ostsl , and

N N
(20) ¥ a,p. = (1l A Za.) . 1
;1 3773 1 J Is>so)

By Lemma 16 we can construct extensions (Gi)

(F.) and (Gg)~optional times Q; such that

(0,1 « redy

Qj has conditional intensity pjaj .

Then

Il

. t :
z P(Qj < t) z EJ pP.{s)a,{s) ds
3 5 o J J

t
E[OZaj(s)pj(s) ds

A

t by (20) .

of

13
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By the Borel-Cantelli lemma, Qj + ®  a,8,

Set S = min (Qj) , and let (G_) be the filtration

t
‘generated by (Gj, 3>1) . By Lemma 14, S has conditional
, t

"

intensity Zajpj_ l(ssS) '

and by (20) this equals
l(SO<SSS) .
For later use, note that, by Lemma 14, S(s=Tn) has

conditional intensity Pnin l(s<S)" In other words, using

(20},

(21) T has conditional intensity

% on
(T=8)
N N1

[(lAiai) = (1A i ai)] 1(so<sss) *

=
We can now prove (b) implies (a). Let (T 1y satisfy
condition (k). By Lemma 19 we can construct extensions
1 2 i . . 1
Gt P Gt"" of Ft and (Qt)—optlonal times Sj sugh

that [Si] c B and such that Si has conditional intensity

l(S% < sssi) . Let Fl be the filtration generéted by
i-1 i
(Gi : i31) . Then (Si)iai is a Poisson proéess of rate 1
with respect to Flk,
Now let Tzfn s Ti’n

(i g Si for any i)

2
We assert that (T '") satisfies (b) with respect to (Fi) '
for a certain set B' . We need only check (7). Write
LI for the conditional intensity of Tk'n . Write
! .

— 1,n .
®n,a T Tt = 8D
_ olsn
Rn =Tt 5 Si for some i) -
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Then

W
o
.

(22) Rn .has conditional intensity ai,n - aQ,n

— - 1
But U[Rn] = n?iLRn,ij = g[si] ; so by Lemma 9

Thus condition (7) extends from (Ti’n) to (TQ,n)

Now we may apply Lemma 19 again to construct an

extension F?  and Fz—optional times (Si) with
%)

o , , .
[Si] ¢ U [T°'™] and such that (Si is again a Poisson
n

ial
process of rate 1,
Continuing, we obtain a uniform Poisson process
(St s i,k;l) on {1;2,... } x f0,®) . By construction
iUk[S};] < B , but we must show there is a.s. equality. Thus
!

we must show that, for each n ,

(23) P(Tk'n < ®} = E(ak (s) ds = 0 as k » = .
J %
Define
 _ Wk,n
R, =T (Tk"rl = S? for some i)-
k o . .

As at (22), Rn has conditional intensity ak,n nak+1’n v
But from (21), R® has conditional intensity (lAZa, .) -
n—-1 n 1 k,)

In T a, . .
an 2 ay )
So
N N-1

(24} EJ(ak’N - ak+1,N) ds = EJ(lA?ak’j) - {(1r Z a
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Now a v a + say, as k » = , Suppose, indﬁctively,
k,m ®,n

that (23) holds for n<N . As k = » the left side of
(24) tends to 0 , and the right side tends to Ef(lAaw N)ds
' r

by the inductive hypothesis, Thus a_ N =0 @a.e, SO (23)
r

holds for N .

F' (t)

Proof of Proposition 8. Put £(t) = TF(E)

;, where F |is

the distribution function cf u .
From [BJ] , if Y has conditional intensity f(s)l(s<Y)
then Y has law p : conversely, if Y has law u then

Y has conditional intensity £(s) with respect to

I sey)
the smallest filtration making Y optional, Thus the

random variables (Yi) in part (a) of Propésition 8.satisfy
condition (k) of Theorem 4, so U[Yi] is indeed a o-finite
Poisson process.

Part (b) is similar to , but simpler than, the proof
that (b) implies (a) in Theorem 4. Let B be a o-finite
Poisson process, and let (Tl’n) satisfy condition (b) of
Theorem 4. Lemma 19 showed how to construct an optional

time S with conditional intensity 1 Essentially

{s<s) °*

the same argument shows we can construct Y1 with conditional

intensity £(s)1 and hence with law u . Put

(ssYl) '

2,n 1,n

(1rfpy )
(Yk) ; with U[Yk] c B : arguing as at (23), we show that

T =T and continue. We obtain i.i.d. variables

there is a.s. equality.
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