Levels at which every Brownian excursion is exceptional

M.T. Barlow, E. Perkins

1. Introduction. Let Bt be a Brownian motion starting at 0 , defined on

a complete filtered probability space (@, F, Ft’ P) which satisfies the
usual conditions. For each x elR , let AX(B) be Ehe'set?ofjgtdfting
times of excursions of B above the level x , and let A(B) be the set

of starting times of excursions of B above some level: that is

A*BL (@) = A¥@B) = {t : B = X, B, > x for i < s < t+ g for some & > 0},

.
1

A= A@) = u M@ .
- X

Let t ¢ A(B(w)) , and £ : ﬂ{b-+ﬂi+ be a continuous strictly increasing

function with f£(0) = 0 . We will say that f is a lower function

(respectively, upper function) for B at ¢ if there is a d{w) » 0 such

that

Bt+u(w) - Bt(w) > £{u) for all u e [0,8]
(respectively,

Bt+u(w) - Bt(w) < £(u) for all g ¢ [0,8])) .

If Ac A, and £ d1s a lower (upper) function for B at ¢ for all

t € A, we will say that f is a uniform lower (upper) function for B on A .
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For fixed x , it is well known which functions £ are upper or
lower functions on A* . Let X be a 3-dimensional Bessel process (we
will say a Bes (3) process). It follﬁws from the decomposition of
Brownian excursions given in [9, p. 74} that, with probability 1, each
excursion of B from x begins In the same way that X leaves 0 .

As there are only countably many excursions of B from x , a function

f 4is , a.s., a uniform lowerx, or upper, function for B on Ax if and
only if £ dis a lower, or upper, function for X at 0 . An integral .
test for this last property is known (see [11, p. 144, 1471). Let

f(r) = t1/2¢(t) . Then £ 1s an upper function for X at 0 if

| 2
4(t) + o as t ¢ 0, and J 83 MDY Oy c o and £ is a
0+

lower f;nction for X at O 4f ¢(t) +0 as t ¢ 0, and

J ¢(t)t_1dt < o , In particular, for each € > 0, f§(1+e)t1/2(log log l/t)1/2
0+ :

1/

-(1+
is an upper function, and t 2(1og 1/t) (1+e)

is a lower functioen.

By Fubini's theorem, if f 4s a lower function for X at 0 , then
{x + f is a uniform lower function on Ax} is of full measure. However,
there may be times t ¢ A(w) for which f fails to be a lower functiom,
and therefore levels x such that £ fails to be a lower function for one
or more excursions above x .

We may consider 4 types of 'bad behaviour':
{1) times at which functions f which are lower functions for X at 0

fail to be lower functions,
(i1} times at which functions f which are upper functiéns for X at O

fail to be upper functions,
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(1i1) times at which functions f which are not lower functions for X
at 0 are lower functions,
(iv) times at which functions £ which are not upper functions for X at

0 are upper functilons.

(1) 1In Section 2 we show that, given any continuous strictly increasing
function f there are, a.s., times t ¢ A{w) such that f fails to be a
lower function at t . Remarkably, even more is true: there are levels
x at which f fails to be a lower function for every excursion above that
level x . 1In fact, this is a real-variable result, which is a consequence
of Baire's category theorem: the only properties of Brownian motion that are
used are tﬁat it is continuous and nowhere monotonic.

It is’ also of interest to consider the size of the sets on which

some function fails to be a lower function. For 1/2 < p < o let

= . - - P
Ap {t € A : there exists 6n + 0 with Bt+6n Bt < Sn for all n} .

In Section 3 we show that dim Ap = 1/{(4 p) . (Here dim denotes the

Hausdorff dimension).

(i1) The Lévy modulus of continulty for Brownian motion provides a uniform
vpper function for B on A, but this 1is not quite the best possible.

1/2 {the Lévy modulus is Y2 ¢) . Then (Theorem

Let o¢(t) = tllz(log 1/¢)
4.3), (14+e)¢ is a uniform upper function on A , and (1-e)¢ fails to be
a ﬁniform upper function. We alsce find the dimension of the set on which
ap , for 0 < a <1, fails to be an upper function: we only state the

result here (Theorem 4.4), as the proof is very similar to the proofs in

Section 3.
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(141} and (iv). We shall not consider these here, as fairly precise
results about this type of behaviour have recently been obtained elsewhere
(see [2], [3], [15], [17]). The situation concerning (iii) is as follows:

w.p. 1 there exist a dense set of times ¢ such that

/2

lim infh+0 (B(t+h) - B(t))hhl = 1 (see [3}) but there is no t for

which the above 1im inf is'greater‘than one ([2}); in fact there is no
t for which B(t+h) - B(t) > vh for all h ¢ [0,A) for some A > 0

([{3]) . Regarding (iv), it is shown in [17] that
inf 1lim sup —-—
tehA  h + 0+ Vi

where c¢(> 1) dis the smallest positive zero of the unique (up to a

multiplicative constant) solution of

2 - 2
18 - x D v = v, v e L0, 7 a4

dx

$(@) =0 .

2. Lower Functions

The key to the results of this section is a real variable theorem,

(Proposition 2,1) which is an easy consequence of Baire's category theorem

and may well be known.

If g m+ + R 1s a cadlag function, set A g(t) = g(t) ~ g(t~)

Proposition 2.1. Llet gl, Bosees be a sequence of cadlag functions with

the property that, for each 1 , {Agi > 0} is dense in [0, 1] . Let

¢ m+ R, be continucus, increasing with ¢(0) = 0 . Then there is a

set A c (0,1) with the following properties:
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(1) For all t e A and 4 > 1 there is a sequence ti n + t
td

with gi(ti,n) - gi(t) > ¢(ti,n-t) for all n .

(i1) A is the countable intersection of open dense sets in (0,1) .

(11i) A is of second category im R (and in particular uncountable)

and dense in [0,1}.

Proof. Let

C, n” {t € {0,1]; for some h ¢ (o,n"l) and some € > 0 ,
b4

gi(t'+h) - gi(t') > &(h) for all t' e (t-e, t+e)},

It ismciear from the definition that Ci is open. Let (a,b)
]
be any interval in [0,1] : then there exists s € {a,b) with
Agi(s) > 0 , Choose h < n“1 such that 0 < ¢{h) < Agi(s) : then, as
g has left limits, for some € > 0 we have gi(u+h) - gi(u) > ¢(h} for
s ~eg<u<s , Thus C n {a,b) 1is non-empty, and so C ‘is dense
- i,n i,n .
in  [0,1] .

Now let A = n : the set A 1is the intersection of a countable

C
i,n i,n
number of open dense sets, and therefore, by Baire's theorem (see [4, p. 2491),
is dense in [0,1], and of the second category. If t ¢ A, the existence

i,n
of A . U

of ¢ ¢+ t with the desired properties is immediate from the definition

We say that a function g : m4_+JR is nowhere monotone if g is not

monotone in any interval: that is, given a <b there exlst




a<sg, <8, <

1 5 < 83 < b such that g(sz) > g(sl) v g(s3) .

Theorem 2.2, Let b : R+ + R be continuous and nowhere monotone. Let

f: m%_+ R be continuous, strictly increasing, and with £(0) =0 .

There exists an uncountable dense set § , of the second category in R ,

such that, for all xe 8, and ¢t ¢ Ax(b) , there éxist tn + ¢t with

b(tn) - b(t) < f(tn-t)

Proof. For 0 < 1r < s let

Ir’s = ( inf b(uv) , b(s)) ,
rLu<s
gr’s(x) = sup{u ¢ [r,s) : bu) = x} for =x ¢ i

As b(g"™%(x)) = x <b(s) for x e I’ | the function g ’° is right

continuous and increasing on 158 Further, the set {Agr’s > 0} is

dense in 1°°% : if gr,s were continuous on an interval [u,v] , this
. T,s Ty8,
would imply that b was monotone on |[g (W, g (v)1 .

Let ¢ be the inverse function to £ ,

A% = {x ¢ T'%® | there exist x ¥ x with

gr,s(xn) - gr’S(X) > ¢(Xn-x) for each n} ,

R L T e ek e T S
N R D TR S L BT e S T e,

and CF28 = p¥»S | (cg(lr,s))c )

B e iy e—rrmen e e ——

By (ii) of Proposition 2.1 C'’° contalns .a countable intersection of

T,s
open sets each dense in R . Thurefore the same is true of S = n c "
0<r<s

r,sel

By Baire's theorem S is an uncountable dense set of the second category im



X
R . Let xe S and t e A(b) . If t' =4nf{u>t : b(u) = x} , then
t' > t and there are rationals v, 8 with 0 <r <t <s < t' . Since

. 4
x e % nq cn(Ir’S) , there is a sequence X ¥ x such that

gr's(xn) - gr’s(x) > ¢(xn~x) for each n . Let tn = gr’B(xn)
ve have t -t > ¢(xmx) = ¢ () - b(B)) . Thus. b(t)) - b(r) < £(e -t)

for each n , and § has the required properties. [J
As, with probability 1, B(w) is nowhere monctone, we deduce immediately

Theorem 2.3. Let £ : R+ + R be a continuous strictly increasing function

with £(0) = 0 . Then for a.a. & there is an uncountable dense set

S(w) ¢ R such that for all x e S{(w) , and ¢t € A (B (w)) , there exists

a sequence t + t with
‘N

Btn(w) - B, () < £(t_-t) for all n .

We may also look at the starting times of all excursions of B from
the level x . Let AX = {t: Bt = x , BS # x for t<s <t+ ¢ for some
€ > 0} . Then, by making a few obvious changes in the previous arguments,

one obtains

Corollary 2.4. Let £ : m+ + MR be a continuous strictly increasing function

with £(0) = 0 . Then for a.a. w there is an uncéuntable dense set

S(w) ¢ ® such that for all x e S(w) , and t € RX(B(m)) » there exists a

sequence tn v+ t with

|Btn(w) - Bt(w)l < f(tn"t) for all n .
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Remark 2,5. It is clear that these last two results also hold for any
process with sample paths which are continuous and nowhere monotone. There
are continuous Gaussian processes for which the local and global modulus
of continuity are identical - see Kahane [10]: nevertheless they still
exhibit this kind of sample function irregularity.

Let f(t) = exp(—l/tz) » and S{w)} be the set obtained in Corollary
2.4. For x ¢ S(w) , we see that every excursion from x begins in an
unusually "slow" fashion, and this might suggest that there are asymptotically
more excursions of small duration from x than at a typical level.

In fact, this is not the case. If Ns(t,x) is the number of excursions
from x exceeding e in length completed by B before time t , then in
[13] it is shown that

(2.1) lim sup [(;;wa)llzNe(t,x) - Lzl =0 forall T>0, a.s.,
e+0 xeR, t<t 2 .

where L: is the local time of B at x . This extends a well known result
of Lévy [12]. Other characterisations of Brownian local time that hold
uniformly in x are given in [1] and [14].

In the light of thése positive results it is~of 1ntere§t to note that
Corollary 2,4 leads to a characterisation of local time that holds a.s. for any
fixed ievel x , and therefore holds a.s. on a set‘of,fuli Lebesgue measure,

but which fails miserably on the uncountable dense set § .

Example 2.6. Recall f(t) = exp{—l/tz} . Let

c* = {w:IR+ IR : w 1is continuous, w{0) = x and there exist

t + 0 with [m(t )nx[ < £(t_ ) for each n} ,
n n n




&
and let N;(t,x) be the number of excursions from x in (Cx) that are of
length greater than e , and are completed by B by time t . As f 1is
a lower function for the Bes(3) process, Né(t,x) = Ns(t,x) for all € >0 ,

t >0 a.s., for each fixed x . Hence, by (2.1)

1 .
lin (Gre)H? N'(t,x) = LY for all t >0, a.s. for all x ¢ R .
ed0

However, by Corollary 2.4, for each x ¢ S(w) ,

/2

T T TR T

1im (%WE)I

Né(t,x) =0 .
40

Clearly, we could replace f in the definition of ¢* above by any

lower function for the Bes(3) process at 0 .

3. Hausdorff Dimension and Lower Functions

Recall that AP = {t ¢ A : there exist t, ¢ t with

Bt - Bt < (tn~t)p for all =n} . In thils section we find the Hausdorff
n

dimension of the set Ap . Our main result (Theorem 3.6) could be proved
using the "first method" of Orey and Taylor [16]. Indeed, our proof of
the upper bound for the Hausdorff dimension follows.their argument very
closely. Their proof for the lower bound is more involved. We present a

different argument here,

Lemma 3.1. Let t(t) be a stable subordinator of index o (0 < a < 1) .

For 8 j_a—1 , let
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RB(w) = {t : lim sup h_B(T(t) - 1(t-h)} = =} .
h+0

Then dim RB < af a.s.

Proof. let

(2™, @227, k = 0,...,27 )

(@]
It

s.t]: w0y - ©(s) > (t=5)®}

w
|1

Now P(t(l) > x) j_cx"a , and therefore

(3.1) p([s,t] € 8) = P(x (D) > (-0)F 1% (by scaling)

c(t:us)l"m8 .

1A

If te Ré(mi n [0, 1] , there exist u_+ t , and k + =, such that

t(t) - t(u ) > k (t-u )8. We may take k_ > 48 for all n . Let m_ be
n - n n n - n

-m —1 -m
such that 2 <t-u <2 R : then there is an interval [rn, Sn] in

Cmn such that {Uﬁ, t] [rn, sn] . It follows that
sy - () > k_(t-u)®
n n — n 1
~B, 4B
>k, 4 (sn rn)
B
3_(sn—rn) .

is covered infinitely often by

Therefore each point in RB n fo, 1] .
..

intervals in U Cm nS. Let N_ be the number of intervals in Cm ns,
m

and ¥ > Ba : then by (3.1},
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c 22~a8 Z 2—m(¥—u6) < o
m

Then dim RB n {0, 1] <y and the result is now immediate. []
The above result is essentially due to Orey and Taylor {16). Indeed
it follows from the above and (6.3) of [16] that dim R, = aB a.s.

B

Proposition 3.2. dim Ap < 1/4p for all p > 1/2 .

(1) _
Proof. Let Bt =B . ~B _, for 0<t<r, and r > 0, let

(o) - sup 8 ang s = {t < 8 5 80 or a11 s < 1) .
s<t ® r B * ° ‘

ﬂmn,ifﬂé <P,

A : e ; ~q () _ o(r)
c u {t:rte S, » and lim inf b (o Mr—t~h)

P reQ+ h+0

0} .

It is therefore sufficient to show that, if S = {t > 0 : Bt > By for all
s < t} , and M_ = sup BS , and

s<t

A={teS: lminf h I -M .) =0},
S0 £ t-h

then dim A < 1/4q . The image of A wundexr M is the set

M) = {y > 0 : 1im sup x_llq(T(y) - 1{(y-x)) == , y 1is a
x + 0

continulity point of T} ,

where T inf{t > 0 : M, = x} . Now 1 is a stable subordinator of
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1
index %-, and so, by Lemma 3.1, dim M(A) f_ia a.s8. As T(Mt) = t for

all t e S, we have A = 1(M(A)) . Hawkes and Pruitt, [8] show that,

{f Y 1is a stable subordinator of index B < 1 , then, for all Borel sets

B simultaneously, dim{Yt, t ¢ B} = 8 dim B . Applying this theorem to

I

1 -1
%—dim M(A) E_ZE?. Hence dim Ap < Zg‘, and

M{A) “and T , we have dim A

letting q + p we deduce the result. [

e e S
i T SR

We now wish to obtain a lower bound on dim AP(B) . Let X be a

Bes(3) process, L, = sup{t > 0 : X_ = x} , and

I' = {x : there exists t_ + 0 such that XL < x+ t? for all mn},
P n x+tn n

We begin by obtaining a lower bound on dim PP . The idea of the proof is to
fix a set’ A in [0, 11 of small dimension, and to attempt to apply the
condensation argument of [16] on the set A . If An Fp # § for suitable
sets A , then dim A + dim Pp > 1.

Let 0 <a<1l, 4 = 2" , and let A have the following properties:
n .

(3.2) (a) There exists a sequence of finite sets An such that

A=c{ VU A)
n=1 "

b)Y  |x-v] > 8 for all x, y € A » X £y,

(¢) Forall n>1, ac¢ An and ¢ > 0 , there exists M = M(n,a,e)

such that #(Am n (a, ate)) > ¢ 6;a for all m > M,

{d) An c (0,1) for all n .

For n > 1 let

B = {x ¢ A there exists 0_< t < Lx+6n = L < (log

: - p
with XLx+t x<tf},




Lemma 3.3. Let o >1-1/2p , let n>1,aech and > 0 . Then

]
H

P(B N (a, ate) # ¢ infinitely many m > n)
Proof, Let m>n, ¥y ¢ Am , and Vt = xLy+t -y . If v ¢ Bbx then Vt

fallé below tP before LG (V) = gup{t : Vt = Gm} . Now V is itself a
m
Bes (3) process and if Yy > 1 then for u >1, P(u’ Z_Ll(V) > u) Z.CY“—IIZ

(see [18] and [19)), Therefore

-P
Ry e B 2P0y < Ly (0OP < (log g%> )
1l m
n
-1
= (6P <1 (M) < (Qog 5D )
m m

- ~2+1/p -2 1.1
P(Gm < Ll(V) <8 (log Gm) )

> C 61-'1/2? 3
2% %
. --l _1
where y € (1, 2(2-p ) ) . Now let A n (a, ate) = {yl,...,yr } : using the

m

last-exit decomposition of X we have that the events {yi € Bm} are Independent.
Therefore, if m 1s chosen large enough so that, by property (c) of A,

)
r >¢g é , we have

m = m
r
m
P(B_n (a, ate) = g)= 1 Pl ¢ B)

i=1

-

; e §
ca-eeUmT

Since 5i~l/2p—a +® gg m o, P(Bm n (a, ate) = §)~ 0 , and therefore

B, N (a, ate) # 6 for infinitely many m , a.s.
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Proposition 3.4. If A satilsfies (a), (), (¢), (d) and o > 1-1/2p ,

then A n Tp # 0 a.s.

Proof. Let Fn be the P-null set on which, for some a € An , the

conclusion of Lemma 3.3 fails to hold, and let F= u Fn . Set
. n

Cn = {x € (0,1) : for some € > 0, and t € (O,Gn) ,

XL P < tP for all x - e < y < x+ e} .
Y

Cn is clearly open in [0,1] : we now show that, for w € Fo ’ Cn(w) is
dense in A . Let (a,b) « [0,1] , with A n (a,b) # ¢ . Then for
gome n there exlsts x ¢ An n (a,b) , and so, by Lemga 3.3, for infinitely many
m>mn Ehgfe exists ¥y € Bm n (a,b) . For large emough m and for some ¢ > 0 ,
(y, yte) < Cn , while by property (c) of .Am ; An (y, yte) # 0 .

We may now apply Baire's theorem on the closed set A to deduce that

g Cn nA# @, and since g Cn ETP , this completes the proéf.

Now let (Q',F',P') be another probability space carrying a stable
subordinator Yt of index R > o , with Yo uniformly distributed on

(1/3, 2/3) . For n >1 let

0

-3
b

n0
. = {nf{t > Tn,jwl : Yt > YTn 11 + 6n} .
3
A, = {YT , 320} n (0,1)

n,j

A = ci( 9

n=1 An) *




Thus A is the closed range of the subordinator Y in (0,1) . We must
verify that A satisfies (3.2a~d) : the only one of these which is not

obvious 1s (e). So let e >0 and o be fixed, j > 1 ,

Jm = Am n (YT R YT + €) , and Nm = #(Jm) . Then since
n,j n,j
An (YT , YT +e) e u [y, y+6m] » we have, writing m' for the
n,J n,j yed

y-Hausdorff measure function,

n' (A n (tp Yy +€)) < ln dnf N Y,
nj nj m = w m
Now if y < B, the n' measure of the range of Y is « a.s. :'hence, as

the range is the countable union of sets of the form A n (YT ’ YT + €)
nj nj

we deduce that mY(A n (YT s YT +e)) = » ., Thus NmG; +® ag m-> o
nj nj

and so Nm > 6;Y for all sufficiently large m : choosing o <y < B we see

that (¢} 1is satisfied.

Proposition 3.5. dim TP > 1/2p for p > 1/2 , a.s.

Proof. A Borel set B is polar for a stable subordinator of index B

if dimB <1 -8 , Siqce Fp(w) nAw') #6 P f P! a.s. whenever

B >0 >1-1/2p, 1t follows that dim Pp_i_l -8 P-a.s. As o and 8
may be made as close as we wish to 1 - 1/2p , we conclude that

dim Pp >1/2p P -a.s.

" Theorem 3.6. dim AP(B) = 1/4p for p > 1/2 .

Proof. The result for p = 1/2 follows immediately from Proposition 3.2

and the result for p > 1/2 . Now {Lx y X € Fp} < AP(X) » and therefore,

>




by the theorem of Hawkes and Pruitt, and the fact that L 1is a stable

subordinator of index 1/2 , dim AP(X) z_dim{Lx, xgrp} =

B |4

dim Tp > 1/b4p .

Finally, as Brownian motion and the 3-dimensional Bessel process are
absolutely continuous on {n"l, n] , for any n > 1 , we deduce that

dim Ap(B) 1/4p a.s., and hence, using Proposition 3.2, that

| v

dim AP(B) 1/4p a.s.

4, Upper Functions

/2

lfz(log 1/S)l . If A >0, define

Let ¢(s) = s

Ay = My(w) = {t e A | By > By for all ue (0,8)} .

A t

Theorem 4.1. (a) For a.a. w and each A >0,

~1
1im sup gup (B - B Yp(h) ~ < 1.
h + 0 teh, tﬁA"l t+h t

In particular,

sup lim sup (B

- BTN <1 aus.
teA,t<l h ¥ 0

t+h

(b) For a.a. w there is an uncountable dense set of times

t In A satisfying

(4.1) 1im sup (B, . - Bt)¢(h)“1 -1 .

h+ 0 t+h

‘Remarks. 1. 1In light of Lévy's modulus of continuity for B and the fact

that A 1is dense, it is clear that (a) cannot be strengthened to

1lim sup sup (Bt+h - Bt)¢)(h)“1 = 1",
h + 0 teh, t<d




Indeed, the above 1lim sup equals VT 5

2. In [15] it is shown that for certain optional sets A

=@ 4if dim A(w) < 1/2

(4.2) A(w)nA(w)
# ¢ 4if dim A(w) > 1/2

(dim denotes Hausdorff dimension as usual). If

A @) = {t | Lim sup (B, - Bt)(¢(h))’1 > a) ,

h +0 Pk
then (see [16]) dim(Aa) =1 - a2/2 a.s. and so (4.2) would imply that
6 1f o>1 '

Aa(w)nA(w)
# @ if o <1

This would almost prove Theorem 4.1. However, by the section theorem, Au
is not optional. Further, there is an obvious dependence between the
random sets Ad and A , and as a result a different proof is required.

Let M = sup Bs and set
s<t

U=U() ={t | M =B1.

A time reversal argument shows there is a close connection between A and
U . We prove Theorem 4.1 by first establishing a similar result for U

(Theorem 4.3 below). To handle the aforementioned dependency problem we

need a lemma.
Lemma 4.2. If €, 0>0 and 0<s <t<s+ g , then
P(Ist-BSI > o ¢(t-s) , [t, t+e]l n U # §)

2 2
<4 5720 g) A2 4 ()2 expi-a® 2007 4P (e-0))




28-1/2(t_8)(1+a2)/2 + 0 expl-x,%/20%)

~a2(2t~s) ¢2(t—s)}
. 8{t-8)

2
“1/2 gy (¥ /2

+ (2(1:—8)/t)1/2 exp{

(4.4) < 28 (

2
-7-1/2 t-s) (1+07)/2

1A

4s {

(4.3) and (4.4) give the required result. [J

For the next theorem, recall that by {5, Cor. to Thm. 2] (and the

equivalence In law between Mt and the local time of B at zero), we have

{(4.5) lim sup sup M - Mt) ¢(h)"1 =1 forall € >0 a.s.

h » 0+ telUn[0,e] F+h

Indeed, (b) of the following theorem is proved by applying the condensation

q

argument of [16] to (4.5). 1
4

Theorem 4.3, (a) 1im sup sup .lBt+h - Bt[ ¢(]h[)—1 =1 for all T >0 g
h » 0+ tef0,T]nU ‘ .

(b} For a.a. w there'is an uncountable dense (in U) set of %

— o !

times t in U satisfying g

|

F

~1 &

{(4.6) lim sup !M - M l ¢(|h|) =1, i
-

g

and therefore for all such times t we have

4.7) lim sup (B ~ B ) cli(h)'_1 =1, 5

t +h t ' ot

h - 0+ i

Ei

(4.8) 1im sup (Bt - Bt—h) ¢(h)_l =1, 1)
h » O+

Proof. Consider first the 1lim sup from the left in (a). We may assume




T=1,., We follow Lévy's classical derivation of the modulus of continuity

of B . Fix ¢ e(b,l) and let & ¢ (0, £(2+e)"1) . Define '

A = {w : there exists Jg» 3, € W n [0,2"] such that j2~j1'é [2no-1 2n6],

]

(327 (G2 0 U # ¢ and [B(3,27™ - B(3;27M | |

> (He) $3,-32™}

Lemma 4.2 implies that

_ (we)?

5 log (ZH(I*G))}

P(Au) < 277 exp{

2" ns [p2l2 /2 2n(6-l)(1+(l+e)2)/2

1 + exp{~(1+€)2 2n—12n6~12—n}}

n{28-1) n{2+c)s-e)+1 + 2n(5+1) 2

&
< 2 +12 exp{—(l+€2) on }]
As the above bound 1s summable by the choice of & s We have P(An l.0.) =0 .
Fix w outside a null set so that there is an N(w) € N such that
whenever n > N the following conditions hold:

1) wd Aﬁ

(1) st e [0, 11, |- s] < 27" => |B_ - B_| < (1+e) V2 42

< (ef2) (2~ (D (A-8),

R WP A ey ity

e e e

2~1+6 _ 1-né

(114) 2 > 1/2 .

Fix 0 <s <t <1 such that t ¢ U and t-s 5_2—N(1-6) . Choose

e m o

non-negative integers n > N and jl < j2 5_2“ such that

2
2—(n+1)(1~6) < tes 5_2Hn(l"6) o E

and




D2 cs gy 270 g, 2N e < (g2

2

Then (], 2™ (3,41 2" AU # ¢ and
zné 3.32 _ jl 3.2n(t—s) -9 z'znﬁcz-l*ﬁ _ 21—1‘16)
> 2" Gy @i .

As w ¢ An we therefore have

]Bt - BSI ._<.... ‘Bt - Bj 2“1‘1’ + IBjZZ-‘n '— BJ 2"1’1' +lBj12-n - le _<_ (1+2E) ¢(t-8)

2 1

(by (i) and (i1)) . Letting e + 0 , we get

(4.9) 1im sup sup (8. -B,,,) ¢(|h|)_ < 1 a.s,
h > 0- te[0,1}au °© B

The analogous result (4.9)+ for the 1lim sup from the right is similar
and simpler, as the required version of Lemma 4.2 is now trivial by
independence. |

”:”wTo,finish the proof of (a), it suffices to prove (4.6), because (4.7)

and (4.8) are then easy consequences of this and (4.9). If NeWN , let

4

J -1
DN = {teU: IMt+h - Mt] > (1-N )¢([h[) for some h between 0

and i_N~l} .

2 4

and D; are open setg in U by sample path continuity., We claim ‘

and DN are both a.s. dense in U for each N . By a time reversal

=+

argument 1t suffices to show this for D; +« Indeed, if 71 = inf{t]Mt = 1} ,

- - 11
then the process (M(T~t)+ B(T”t)+ s 1 M(T—t)+) is equal in law to

T R S o

SRR

5

TR R S
SethEcn it T

i

e, .
R i P
A A o

A N R s ¢




(M, = Boaer Mpay) (see (20D . If x >0 let T =dinflt>r|t e Ul

and

(r) (r) (r)
MM = M - M, = sup B - B, ;U = {t|M =B - B, }
t At T geeer STy Ty t o S

= {t|t+T_ e U}
T

(r) in place of M

Fix « outside a null get so that (4.5) holds with M
for all non-negative rationals r . If t e U, choose non-negative

rationals r *+t (r < t) . Then by the choice of w there are.

(r )
tn e (0, t + %—— Tr Y nU n and a sequence {hn} decreasing to zero
n .

such that

(r ) (r.)

1 n -1
. - = - > -
- M T My gean " M4 7 U7 Yoh)
n on n r nn r n
T n
For large n , T -+t € ﬁ+ (this holds if h_< 1 and n > N) and as
rn n N n N -

Tr +tn converges to t , the claim is proved.
n

As U 1is locally compact, it is a Baire space (4, p. 2491) and so

D; n D§ is a dense set in U which must also be uncountable as U 1is

1=>8

N=1

perfect. If t 1s in this set then clearly

-1 .
1im sup |M M| e(Inh T 21,
b > 0% thh T Tt

By (4.9) we must have equality in the above and the proof is complete. 0

- .35 -
Proof of Theorem 4.1, '(a) Let Bt B B(rﬂt)+ and




U(r) = {t <r} B(r) = gup B(r)} (r>0) .
- B
s<t

Fix ® (outside a null set) such that Theorem 4.3(a) holds when (B,U,T)

ig replaced by (B(r), U(r), r) for any positive rational r .

Choose A = Mﬂl for some MelN . If t e K‘_ n [0,M] , there 1s an

!
2 (ry) -1
1<2M +1 such that r, - telU nf@ezM -, ri} where
r, = (i8)/2 . Therefore 1f h ¢ (0, (20
(r,) (r;)
-1 i i -1
) sup (Bt+h—Bt)¢(h} < ma; sug (Bu - Bu-ﬁ )¢<h)
ted _on[0,M] f<aM™h1 Y€
y <.

The 1im sup as h + 0+ of the expression on the right is one.

(b) Let Msl) = sup B;l) where B(l)- is defined as above.

s<t
By Theorem 4.3 (b) for a.a. w there is an uncountable set of times t in

U(l) satisfying

) _ 4 -1 _
(4.10) 1im+sgg Ch Mt+h)¢(1h!) =1.

Clearly for any such t <1 we have 1 -t e A, in fact BS > Bl-t

for all s ¢ (l1-t, 1] . Moreover, using (4.10) we have

g(1) _ (1)
t t-h 4
¢(h) -

-

-1 .
1im sup (B, _ - B, )¢ (h) = lim sup
AR SR o

It follows that for a.a. w there is an uncountable collection of times
t satisfying (4.1) in each interval with rational end points. This

completes the proof. [J

™Y



By taking into account the two-sided nature of (4.6) in the above
proof of (b}, one could prove the existence of an uncountable dense

set of times, t , in A satisfying (4.1) and

lim inf (B, - B,_)¢(h) " =1 .
h =+ O+

‘Recall that

. . -1
A = {t | 1im+sgi (Bt+h - BJ ¢h) 7 >0l .

In view of Theorem 3.6 it is natural to ask for the Hausdorff

dimension of A n Aa . Recall ([16]) that dim(Aa) = 1 - a2/2 .
Theorem 4.4, dim(AnAa) = (1—a2)/2 a.s. [

We omit the proof as it is similar to that of Theorem 3.6. For the

upper bound on dim(AnAa) , one can first show that

(4.11) _' dim(U.éA;) < 1-ab/2 ,

where

- -1
A = {t i lim sup (B_ = B__)d¢(h) = > a}
o h > O+ t t-h

The required result now follows easily by time reversal as in the proof of
Theorem 4.3, The proof of (4.11) is similar to the proof of Lemma 3.1 {(and
even closer to the argument in [16, p., 801). The role of (3.1) is now
playved by Lemma 4.2.

The lower bound on dim A n Aa can be obtained by using the techniques

of Proposition 3.5.

5. Concluding Remarks

If Al and A, are subsets of R, one frequently finds that




+ dim A, - 1 .

(5.1) dim(AlnAz) = dim Al 2

Here a negative dimension indicates the set is empty and so
0 4f dim Al 4+ dima, > 1

<1
1 4+ dim AZ

(5.2) A, 08,
=@ 4if dim A
In particular these relations hold if . Al and A2 are the ranges of
independent stable subordinators (see [6]). In general, (5.1) and (5.2)
seem to hold if Al and A2 are in some sense "independent'. This idea
is pursued in [7]. However, the reéults of sections 2 and 3 indicate
how one can construct a sequence ¢f Independent random sets {Ai} s each
of Hausdorff dimension zero, whose intersection 1s an uncountable dense
set. By findependent" we mean each Ai is defined in terms of Xi .
where‘#fﬁi} is a collection of independent processes. For example, if

{Ti} is a collection of independent stable subordinators of index

a e (0,1) , and

A, = {t | 1im sup (v Ti(t—h)) log(hﬁl) = éi s

(t)
i h+0

i

then by Lemma 3.1 dim(Ai(m)) 0 for all i a.s. Nonetheless,

Proposition 2.1 shows that 2 Ai(w) is a.s. an uncountable depse set
in [0, =) .

As a second example, consider a sequence of independent Brownian
motions {Bi} and ‘define

¢, = {t | Lim sup|B, (t+h) - Bi(t)!¢(h)—l = vz} ,
h+0

1/2

where ¢(h) = (h log 1/h) Then ([16]) dim Ci(m) =0 a.s. but




2 Ci(w) is uncountable and dense. To see this latter result, note that

Ci(w) is the countable intersection of open dense sets and apply Bailre's
theorem, This kind of behaviour does not occur for the sets of slow

points

s'e) = (¢ | 1in sup | By (o) - B0 WV% < o) |
h+0

Indeed, it is shown in fﬁ} that

-if ey > 1 (so that dim S(ci) > 0 a.s.), then
0 i
dim( n Si(c ) = ) dim(S (Ci)) - (n~1) a.s.
=1 R =Y

s () =@ a.s. 4f n > (1 - dim sc)) ! ’

e
o
E—.l

In particular

and the natural extensions of (5.1) and (5.2) to n sets are valid for

1 n
{s (cl),...,s (cn)} .

Finally, using arguments similar to those in section 2, 1t is not
hard to show that Ww.p. 1 there is an uncountable dense set, S , of the second
category, in |R such that for all x in § y al1 1 e N and all t in

Ax(Bi) we have

Lin sup (B, (t+h) - B, (£))¢(n) ™ = 1
h+0
and
1/n?
1im inf (Bi(t+h) - Bi(t)) e = Q

h+0
In partiéular, there are times t 4n A which exhibit both the types of

bad behaviour, (i) and (i1), discussed in the introduction,
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