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{4.4) REMARX. In the preceding theorem, if A = 0 then T is excessive
relative to (P ) and the resulting process P is stationary in time.
In this case we say that A@nu and HOny are in weak duality relative to

w. For arbitrary A we call the P of (4.3} a quasi-stationary Markov

process.
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THE BEHAVIOUR AND CONSTRUCTION OF LOCAL TIMES FOR LEVY PROCESSES

by

MARTIN T. mbwhoz_» EDWIN A. PERKINS, S. JAMES TAYLOR!

1. Introduction

The local time of a Lévy process Mn at a point a, denoted mwﬁwu‘

1s a continuous increasing additive functional, which increases only on

{t: xnn«mw. If X 1is such that pm exists, then as the transition

probabilities of X are stationary in space, aw will exist for every
x € B, and we may therefore ask about the properties of the map
G, thu) » 2g (o).

In this paper we give a survey of what is known about this problem,
and include some new results of the authors. After establishing our
notaticn in section 2, we Teview in section 3 known conditions for the
existence of a jointly continuous lccal time, and the properties of am
when a continucus versicn does not exist. We present a conjecture of
J. Hawkes, which gives necessary and sufficient conditions for the
existence of a continuous version of (x,&) 4‘va and formulzte some
other problems concerning its behaviour.

In secticn 4 we lock at the case when the range of X is nowhere

X

dense: this forces mn to have a very erratic behavicur, and in par-

IMose of the research leading to this paper was carried out while
these authors were visiting the University of British Columbia with

support from N.S5.E.R.C.
23
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. X . X .
ticular we show than, if mn is unbounded, then mmu x £ IR, dis dense
in [0,).

In the final two sections we consider the problem of constructing

hM as the limit of a sequence mew.nv of functicnals of the path of

X . If lim K (0,t) =22 a.s., then, using Fubini, we have immediately
t e n t

that ﬂbﬁxunu converges to bw on a set of full Lebesgue measure; but

to go further than this requires new techniques.

In section 5 we give scme examples of constructions which, while

. x
converging almost everywhere, fail to converge to mn at some levels:

some of these counterexamples are valid for Brownian motion.

Firally, in section 6, we state three positive results on the uni-

. e x
form convergence in x of specific constructions xnnwunv to &n. One
of these is proved here; the proofs of the others are rather complicated,

and will be given in a subsequent paper [4].

2, Preliminaries

We use the framework established by Getoor and Kesten [13)] which
combines the definition of local time at a fixed level as a continuous
additive functional with its definition as an occupation density in
state space. In this paper .. Lévy process Xn will be a2 standard

Markov process on the lime with stationary independent increments whose

characteristic function takes the form

. mixn . mwy@n+makmv ECY:
with
i\ )
) PO = —lax + 2o2 - [ [V -1 - Mwmwgcﬁawu.

{0}

As shown by Kesten [17] and Bretagnolle [7], if either o?»> 0, or
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o

(2) (%} Al)v(dx) =« and R L
fax R S eyey:

di < @

*

then O s regular for both {0} and @®\{0}), and the local time &M
exists for fixed x as a continucus additive functional 1in L, It will
be convenient to have a2 notation for particular processes satisfying
these conditions.

mn denotes a standard Brownian motion for which PO = 22,

mﬂvw denotes a stable process of index v with

P00 = AT +16 tan I

> -1 6€1, l<y<2

arising from a Lévy measure of the form

+ qT

(x<0)?

mwvnvm is a symmetric process close to Cauchy with
v(dx) = x2 mﬁumﬁﬂwww and
mpvmn%v = (log %VQAHOWMOW %umHA%v mv" a,f £ R.
>Muﬂ_m.v is the corresponding asymmetric process with
v(dx) = x 2 mﬁummlmwwnﬁHnvau + anonvv

and p 20,920, p+tq=1, p* 4.

It is clear that (2) is satisfied for mH,a, l<y<2 and Barlow [2]

estimates y(A) and shows that (2) is satisfied for

1,a,B

5 if and only if «>1 or g=1, 8> 1
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& %85® 4f and only if a> -1 or a=-1, B> 1.
We now summarise the main content of Thecrem 4 In [13].

THEOREM 2.1. Suppose X, is a Lavy process whose exponent (1)
satisfies either (2) or o?>0. Then, for any r> 0 there exists a

bownded eontinuous density ut for the potenitial kernmel; that is,

(3} Er

o8

e FrE(x )de = [ oy -x)E(y)dy
€ R

for each non-negative measurable £. For each x there exists a continu-

ous additive functional mum (a loeal time at x) such that

"
{4) mxm e ra Y = Wi (y- ),
and for fiwed tz0, the map (x,u) - punn ig B xmn measurable, and
a.s. for esach Horel get B,
: X
(s u (B) = [{s st:X_¢ B}| = h &, dx.

The probability that pum has a versicn continucus in  (x,t} is

Zere or one.

3. Continuity of lecal time

In general the conditions satisfied by aumn in Thecrem 2.1 do not
determine it uniquely as a function of (x,t). However, if the process
is such that a.s. a continuous version exists, it is clear by (5) that
this version is unique. We will denote 1t by NM. It is instructive to
see how we can modify H.M to obtain 2z new version which is not continu-
cus, but still satisfiles Theorem 2.1.

Suppose ONAEV is a random subset of R such that, for mmnw. t >0,

procriemge oo s e
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I, {x) is umxw“n. measurable,
e b= Qs 2 Q,

OnAEv is dense in mxm_mm tl,
(&) P{x ¢ Om?_: =0 for all =x.

For the process B_ we give an example of such a set Q in section 5

t £
(see Example 5.4). HNow define
x X
£, =L  for all tz0Q whenever x ¢ Q= U Q,
t t t>0 £
for =€ Q, let ncO& = infl{t :x ¢ onw and let
x _ X x X
pnlwn for tstg; mnuhno for nvno.

It is easy to check that wum satisfies 21l the conditions of Theorem 2.1

X

and for each x, m...

is menotone and continuous in t. However, if

x

x
%q mpnﬁev for t>t; and t; is a growth point of ﬁnc, then 2

will be discontinucus in x at x =% for t>t,. By (6) we have still,

for each (x,t), & =17 a.s,

In fact, without any continuity assumpticn, the neormaligation (&)

ensures that any two versions of nM will agree a.s. for all t>0 and

a fixed level x. This agreement therefore extends a.s. to all levels
x in a fixed countable set D, We will assume that D is the set of

dyadic rationals. We can then study the a.s. properties of any version

X

pn satisfying Theorem 2.1 by looking at its behaviour for x € D, t> O.

P . . X ;
For example, te show that a jointly continucus version of wn exists,

X

it suffices to show that Q.nu

O0=t< 1, x € D} 1is uniformly continuous.
Necessary and sufficient conditions for the existence of a continu-~

. X . .
ous version of hn are not known, Sufficient conditions have been
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given by Trotter [31], Boylan {[6], Getoor and Kesten [13], and Barlow

[2]. Getoor and Kesten alsc found a condition which ensures that no con-

rinuous version of ww exists: this last result was strengthened by
x

Millar and Tran [22], who showed that, under the same conditions, nn

is a.s. unbounded.

Por the special processes introduced earlier, we have the following

table.
Process Parameter Values Properties of Local Time
mﬁum leye2, -128<1 continuous
mfe% a>2; u=2, 8>2 continuous

a=2, 0<8s2 unknown

a= 2, 860; l<a<2; a=1, B> 1 unbounded on D
wyupvmuv a>0; a=0, 8> 2 continuous

« =0, 0<gs 2 unknown

¢ =0, $£0; -1<a<0; a=-1, 8>1 unbounded on D

: 1,2,8
Tf the following conjecture is correct, then the local times of § .

>w.m.muﬂv 0 < § £ 2 are not continuous.

CONJECTURE 3.1 (Hawkes, 1981). Le¢

1
+e (o

$2(n) = = [ - cos W) Re| ) an,

and let 3 be the monotone rearrangement of ¢. Set

1) = [ —28 gy,

o+ ullog 1/u)?

Then I(3)<w 1is a necessary and sufficient condition for the existence

, . %
of a continuous version of (x,t) + pn.

The sufficient condition for comtinuity given in Barlow [2] is that

i
i
i
]
!
{
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IE) <=, where ¢(n) = SUPL,|<h ¢ {u).

A related question is the following

PROBLEM 3.2. If no jointly continuous version of »M extists, is

every version of pM unbounded for t = t;, x ¢R?

Based on all known examples it seems possible that the pProcess mM s
Q
for fixed nov 0, exhibits the same sort of dichotomy in behaviour as a

stationary Gaussian process.

CONJECTURE 3.3. 4 Lévy proecess satisfying (2) either a.s. has a
conbinuous loeal time, or a.s. every version ww of the lecal time has
the property that, for t,>0, the values of mﬂ » X € R, are dense in

0

[O,=).

We present further evidence in support of this conjecture im the
next section,

We remark on another consegquence of the improved modulus of con-
tinuity in space obtalned by Barlow [2], Hawkes [15] obtained an exact

e . . x .
uniform modulus of continuity in t for fixed x for L the continuous

Hﬂu
local time of the stable process mH“a. Perkins [Z25] has obtained the

best modulus in t which 1s true uniformly in x:

: a a -1 _
lim sup sup Arn+m - rnu9<mmv =8

o
s+0 05tsl 2a¢ R

where e<hmu = mH|H\<AHom H\mup\a. and 8, 1is a known constant,
strictly larger than that of Hawkes [15].

Except for mn. where one can use the Ray-Knight theorem (see Ray
[27] or Knight [30]}, the exact modulus in space 1s not known. This

gives
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PROBLEM 3.4. Hhat is the asymptotie behaviour of

() = sup sup [LETR(S0) _ XY,
xR |h<y

ags y4+07
Barlow {2] obtains

Lo L
Wiy} § c(sup H.muwm y20) (10 1793,
x€R

which is likely to be the right order of magnitude, since it is for mﬁ.

4, Preocesses with a nowhere dense range

We denote the range up to time t by
mn ={x € w.nxm =x for some s€[0,c]}.

As remarked in Pruitt, Taylor [26], if Mn is a Lévy process with a

local time, then a.s. Mn is a closed subset of R with positive

Lebesgue measure for t>0. The zero—one law of Barlow [l] shows that
2ither a.s, mn is a countable union of disjoint closed intervals; or
a.s. F_ 1is a perfect nowhere dense set of positive Lebesgue measure.

C
l,a,8

Both cases can arise. In fact Kesten [18] showed that for § we

have Mn nowhere dense when a=1, 1 <8< 2 apnd Pruitt, Taylor [26]

1,0,0

" P has this property

show that the asymmetric Cauchy process A
except for the extreme case p=1 or 0 where jumps in only one direc- :

tion occur. This leads naturally to the next i

PROBLEM 4.31. Suppose X is a Iévy process satisfying (2}, and in

(1), w{-=,0) = += = v(0,+=). If a.s. no continuous version of wM ex—
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ists, does it follow that the range mﬂ 18 a.8. nowhere dense?

x
t

¢annot omit the extra condition on v in Problem 4.1 because, if

Note that a nowhere dense Mn implies £ is discontinucus. We

v{-=,0) d1s finite, the sample paths of xm exhibit a local one-sided

continuity which forces Mn to be a unicr of intervals.

The following Proposition shows that, for the asymmetric Cauchy

HUCvOuw X

t

process A » p<l, {&°, x € R} is dense in [0,=).

PROPOSITION 4.2, Suppose X, is a Lévy process with local time

»M such that

7y ) The range Wn is nowhere dense in R,
{8) (dii) Nn is unbounded for x € Dn (-n,n) for all n > Q.
Then, for any interval (a,b) and t> 0, either
{(iii) m.n na,b) = ¢; or
(dv) for all O0sSu<v<4e there exists vy € Dn {a,b) such that

u < bw < V.

PROOF: The idea is to search for the point y as the value of a

s

wﬂonmmm Am which moves on D to satisfy ﬂamm < v for all s greater

than the hitting time of (a,b). Let u <up <Vy< v and put
. %
I = {(w,s): mw (w) = Ugs xm € D n{a,b)}.

Now suppose 5 <T are any stopping times such that xm € (a,b} for

5258 <T., Then
(9} P{w: (w,8) € T for some s € (5,T)} = 1.

To see this first note that (7) implies that Mm is nowhere dense, so
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there exists a2 sequence A_ of m”mlammmcﬂmv“_.m random variables with
n

i >
»w ¢ m.m_ g But then Mm is regular for ths set T,.u. nzl},

since mx@ € F, )»1 as y=+zx, and therefore there exists n=N such
t

and A_ -+ X
n

M; a ¢ D, is unbounded in

Y
every interval around .Jﬁ and therefore, for some Y € D, &H >V

that mJ. ¢ m..H. But now (8) implies that 2

while Y ¢ m.m. By continuity in t we can find s with S<s<T, xmnmu

and mw. = u,. This proves (9.

Now put T, = Hsmﬁmwmu x.m € (a,b)}. Fix € > 0, We shail define

an optimal process Y such that for s > T, + g, mm ¢ (a,b)n D and

Y
(10) Plu, = hmm <v} z1-¢.

To construct ¥  we will use the section theorem (see Dellacherie and
s

Meyer [8, p. 137]) to define an increasing sequence of stopping times:

Y  will be constant between terms of the sequence.
s

We can choose S; such that Ty £ 5, £ T, + e, X. €Dn (a,b):

5o
set .wm = inf{s » §;: %m ¢ (a,b)}. Now use (9) to apply the section

theorem to the set T'n Amo_Hm A (T, + &) to give a stopping time §,

such that

%mw

P{S, < @} > 1Lwde, 2 = uy, X, € {a,b)nD,
1 5,

5;

and §, < Hm>m.ﬁc+mv on {§, < «}. Now put ,munm. =
N -
inf{s>8;: ¢ 51 <ow, and note that a.s. T, is a growth point of
s
X
51 so that X = X_. € (a,b) nD. Hence I] = infis> HH" Nm ¢ (a,b)}

Nm Ty S
Nm_.
S

» T), and if we put T} = inf{s>§,: % = v} we can again apply the
section theorem to I'n (T, .H.m AT") to find a stopping time 5, such

that P{5,=w, S, <=}<de and on {5, < ®} we have T;<S§,<7{ATY,
i3
wmw

except on a set of probability e, a sequence mmwvh A_Hﬂu of stopping

2 e v, and Hmm ¢ (a,b) nD. Continuing inductively, we obtain,
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times such that G.n.. mav are independent, identically distributed,

X
s
: n e
T < S 0 s xmnn (a,b)aD and ¢ M€ fuy,v) for §,ss<8 .. If
Y= J1 isfi -
) [54,5,4,) 2% (10) is satisfied. But clearly S, = Sy +
(85 =8, ) 28, + MQTM T84 7= 80 Y is defined for all

§ > Ty + e and the construction is valid outside a set of probabllity
€. Since e is arbitrary, this completes the proof.
We note that the conclusilon of Proposition 4.2 allews us to deduce

'denseness' in two senses

COROLLARY 4.3. Under the hypothesis of Proposition 4.2, for t>0,

a.5. {x € D1 u < wﬂ < v} 1is dense in .
CORGLLARY &.4. Under the hypothesis of Proposition 4.2, for t» o,

if 1 Zs an open interval with In mn z 4,

a.s. {y:y~= mM for some x € Dn I} is dense in R .

REMARK. The totally asymmetric Cauchy procass ale0:0:1 g a
range which is a union of intervals, and therefore fails to satisfy (7).
However the information in [26] can be used to show that its local time

is dense dn the sense of Proposition 4.2.

5. Constructions of pw that fail at scme level

In the literature there are many distinct ways of obtaining m.um as
the limit of functionals mbnx.nu of the sample path xmu O<sst., A
systematic approach to these constructions was initiated by Maisonneuve
{21}, and developed into a unified umbrella method in Fristedt, Taylor

[11], to which the reader is referred for a bibliography. Suppose that
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a construction (¥ ) converges a.s. at one level X,, to give an addi-
n
tive functional %«o = 1lim K _(xy,t), which is continucus in £, and ;
t N N :
which is normalised by (4), with x=y=3x;. A Fubini argument then

shows that NDC?.V converges on a set of full measure in ..EH and we

can trivially use nmﬁv to define a versicn of the leccal time wn

satisfying Theorem 2.1 by setting

2¥ = 1im sup K {x,t).
t n ;
Ti ¥ & H

Remembering from our earlier discussion that we only have a canon-
ical wvalue of HM for all (x,t) whenever there is a continuous ver-

sion, there are two distinct questions te resolve for any coanstruction

X
t

K (x,t) which converges to £ t20 a,s., for each x.
n

1. Is there a fiwed null set W such that, for w § N, Amnv converges
for all (x,0)? (If so, the result is autcmatically a version of pum
satisfying Theorem 2.1.)

11. Suppose X, 1§ such that a continuous version H._M of the local

t
time emists. Is there a null set ¥ such that, for w ¢ N, Caav con—

verges to hum Ffor all (x,£)?
We now give an example of a construction which fails to converge at
some levels, thus showing that the answer to I may be "no." Let
¥ _(x,x+¢) be the number of upcrossings made by F from (—==,x) to
t

(x +¢,») before time t. Suppose there exists a sequence mW+o. and

constants A such that, for each (x,t) a.s.,
11 2 W (x,x+e )+ i. as k.
an ke 3 t

. A -9
THEOREM 5.1. Suppose X is a Lévy process with local time Les

and satisfying (1), (8) and (1). Then given 0O<u<v<+t=, t>0a.s.,

LOCAL TIMES FOR LEVY PRCCESSES a5

there exists a level z = z{w) such that

(12) “_L.._._ﬁp .M“m. 8 znmnvw.u.mwv 2 V> uo>» .E..W .w“m a Znﬁwvm+mwu.

PROOF: We use Proposition 4.2 to obtain 2z as the limit point in a
condensation argument. First note that, since D is countable, we can
assume that a.s. (11) helds at every point of D. Apply Proposition 4.2
to find y, € D with _.,..Mo > v. But y Zﬁ@w%+ mwuv 1s constant in
a small closed interval [yg,y)} with y €{y],y}). The Proposition
now gives & peint y, ¢ Qm. m_.v nD for which MMH < u, and therefore
for some k> WH B meZmQH ¥y +mxmv < u. By induction we obtain a se-

quence HH of closed intervals, which we may assume nested, such that

r even, x € I = mwnZn?_x.v mrﬂv < u

r odd, x€ I => g, N (x,x+gy ) > v.
rt r

Clearly =z = :Hn satisfies (22).

REMARK 1. The asymmetric Cauchy process studied in Pruitt, Taylor
[26] satisfies the conditions of the Theorem; the construction of its
local time given there involved counting 'passes’® of given length
across a level, but for a fixed level this is equivalent to counting

upcrossings.

REMARK 2. A similar argument, giving non-convergence at some level,
will work for any construction ﬁsﬁx,nu such that, a.s., ﬂb@.nv =
Wunxvnv for y sufficiently close to x., For example, the analogue of
Theorem 5.1 is valid for the Getoor-Millar comstruction {see [14]), which
counts jumps across a level, and which we will consider in section 6.

The preceding counterexample deals with preocesses with a discontin—

uous local time: it might be thought that if mM is jeintly continuous
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then any construction CAmV should converge simultaneously at every
level x. In fact this is false aven for wﬁu as is shown in Barlow,
Perkins [3]. We now give a generalizatiom of their construction.

We srart with a real variablie result. Suppose P [0,1] + R is a

fixed function, and define

(13) A, @) = (£ei0,1): p(ey=%x and 3 §>0 with ¢(s) # x

for t<s<t+dl;

denoring the starting points of excursions from X. Let md =
{p(s): O<s<zr} denote the range of y with interior mm and closure

R_.
r
THEOREM 5.2. Suppose v:[0,1] = R is cadlag, nowhere monotone arnd
satisfies
(14) wm. is dense in wﬂ for all r in (C,1].

Let £:[0,1}+[0,=) be any coniinuous strictly increasing function with
£(0Y =0. Then there s a set $§ which is a countable intersection of
sets each of which is open and dense in wm such that, for all x in
s, and £ in >x€u» there 18 a sequence ﬁmuw decreasing te t for

which

(15) (e ) - wio] < £le - 0.

PROOF, For 0O<r<l and x € wH define

mM = sup{s<z: ¢(s) =x or u(s-)=xl

r o . . = :
Then, for fixed r, g, 1is upper semi-continuous on wﬂ. that is,

T

g_ 2z lim sup mH

X yorx 7

veky
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However, for fixed r, we claim that the discontinuity polats of mﬁ

are dense in MH. For, suppese (a,b)n Mﬂ = $: using (14} we can

assume without loss of generality that w(rx) ¢ [a,b] and {a,b) = rRY.
—'r

if

M = sup{s<r: y(s) € (2,b)]

then 0<M<r, $M-} € [a2,b], and either ¢M-)}>2a or (M=) <b: we
assume ¢{M-)>a. The left continuity and nowhere monotonicity of ¢{s-)

imply there is a &; <M such that

a < dnflp{s=): t;2 s M} < (e)r vl -).
Now choose the largest ¢, in THHL.: satisfying
eﬁnav ?ﬁmolu = inf{p{s-): nwmmmzw = X, say.

Fow =x, € (a,pM-)] < (a,b], For all u € Anﬂunovc mno%v

(18) Y,y u-) £ (a,x ).

This is clear for u € ﬁnpumov by the definition of x, and for
u € (M,r) by the definition of M and the fact that Am.xou < {a,b}.

Finally, 1if <M, then p{u)ary{u-)> xg for t,<ufM by the choice

ty o

of ty. Now (16) implies

g, = Ly and lim sup _ mwlnHAno.
¥ixp, yeRye

(Note that the existence of * ¢ R_ with xw+ ¥y 1is guaranteed by

r
(a,b) = wm" this is all we need from (15).} Thus x ¢ {a,b] is a
peint of discontinuity of WM. so the discontinuity peints are dense.

Now let f~l be the continuous inverse of £, and define for
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r € (0,1} and n€ N,

r o Oy 5 e nl.a s - 4
nm QUJ/WH.U y{xe ww..._ € >0 with (x-g,x+¢e)c WH and for all

-1 x

-1
ve (x-g,x+e), I h=h{y)€ (-n" ,n ih

) with g -mwvm.f_w_:.

Clearly, OM is open. We now show it is dense in wm . Suppose

(a,b)c .mm." then (a,b) contains a discontinuity of mu”. - Plek 5> 0

and x,x' € (a,b) such that

r -1

» and an_xlx.C < gg.

2, < g

0 [ WMv WN.;x_w <n

Use the continuity of £71 and upper semi-continuity of mﬂ. te find
e<n - fx-x"[, >0 and such that £t (e+|x-x"}) < €y and

y € {x-e,x+ec) implies y ¢ wm and mw < mM + €5. For such y take

- - t o fum 1 -1 r _ . -
h{y) = x~y+ (x'-x) € (+n ",n *) and check that mwi.. m%
mM. - mw > gg > mlwﬁm + lx-x']) 2 mlpgw_v. Thus x € mM: (a,b} and
it follows that QM is dense in wm. Since ww is locally compact, the
Baire category theorem implies that
g = D mw is a dense mm in wm.
reQn (0,1}
ne Xl

Now let x € 8§ and t¢€ .;x@u. Then there are ﬂb € Q such that

r +t and t=g™ But x€ 5nR,, so we can fird a sequence h
n

n X n

with wn -+ 0 such that

T

T -1
ko) n
mx+rs.. g, ~f A?a_u.

Ta

n = WM+w
n

Since ¢ € Anqﬂnwu we have

lete ) -ve)] a ot ) - w®)] < |x+n - x] < £~ o).
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By slightly moving the ns_wv if necessary, we get

fo ) —yie)) < f{e - t), & b,

and the proof is complete.

REMARK 1. The theorem is proved in [3} under the additional

hypothesis that ¢ ({s) is continuous,

REMARK 2. The theorem is false if {14) is omitted. Suppose §(*)
is cadlag, nowhere monotone, such that for each x there is at most one.
value of t for which x = ¢{t) or x = y(t~). One could easily con-
struct such a function directly, but note that any symmetric stable

process of index « <3} has sample paths which z.s. have this property

r

(see [28}). If we define g as in the proof of the Theorem, one can

check that it is continuous, and hence uniformly continuous on Ry .

Therefore there is a continuous strictly increasing function ¢ such that

x,y € R, = lg

. wt < s(lx-y]).

I f = ezw. it follows that

fwt) -wisd| » £(Je-s])  for all s, ¢ [0,1)

and the theorem fails for f.

COROLLARY 5.3. Suppose X <is a Lévy process which a.s. has a con-
tinuous local time, them the comclusion of Theorem 5.2 a.s. holds for
v(s) = Nm.

PROOF: We need only check that Nm a.s. satisfies the hypothesis

of the Theorem. The existence of a continuous local time rw implies
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that the sample path Mm is nowhere monotone by a real wvarizble argu-
ment (see Example 1 in Geman, Horowitz [12]). To prove (l4) note that

&.8,

£
_‘ H@m ¢ Blds ug‘ huM&n for all Borel B, t = 0.
b2} B

It follows that {x: ﬁw > 0} e mm. and is dense in WH for all r » Q.

EXAMPLE 5.4. Let X be a fixed Lévy process with a jointly contin-
uous local time H.um. If V denotes an excursion of X from x, we put
© (V) and .n+93 for the start and end of V. There exists a contin-—
uous, strictly increasing function f with £(0) = 0 which grows slowly

enough to ensure

[y

17y lim inf mﬁlgé - x|/E) >
hto

holds a.s. for fixed X, V and so for fixed x it holds a.s. for every

excursion V from x. To find such an £, let u denote the character-

istic measure of the Poisson point process of excursioms V from x

(see 1td [16] or Fristedt, Taylor [11] for details), fix u € (C,1l), and

choose mp+o such that

n+l

u{v: Hnmie.mmw s € [u ucdu < and Hhﬁvvcﬁw <277,

Here (V) = ._.+A<v -1 (V) is the length of the excursien and <m =

X . for € £ s<1(V). Define mhcsv = € and by linear interpola-
s-17 (V) n
n+l dJ

tion in {(u ,u ), n € N. Then a standard Borel-Cantelli argument

shows that

uiv: Hnmnﬂm\mﬁmv" W cog W) <1 1.0.1 = 0.
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This establishes (17} for this function f£.

Let zman_xv be the number of excursions from x exceading = in
length and completed by time t, and let zm. (t,x) be the number of
these excursions that satisfy (17}. For fixed X, zm (t,x) = zmm (t,x)
a.s.

By Maisonneuve {21, Theorem X.4), if Mm denotes the subset of
excursion space consisting of excursions of length greater than £, we

have, for each x ¢ R,

(18) lim B'e,xmE) T = 1% t20 a.s.
£4+0 £ € t

But Corollary 5.3 tells us that a.s. there is a dense 0@ in WW»

8 = S(w) such that, for x € § and ¢t m>¥03u

lim inf X

- X /EWw) = 0,
h+o

t+h
This shows that, for x € §, (i17) fails for every excursion which
starts from x. There are only countably many levels x at which some
excursion from x begins with a jump. Thus, if x € §'(w) =
S{ed\N{X(e~): X(t) = X(e~)}, (17) fails for every excursion starting
from x, so that zmwﬁn.xv =0 for all 0 £t £1. Thus we have found
a random set 8'(w) that is a dense { in #?, and for which (18)

3 1?
fails for x € S'(w).

Note that if t, (x} is the first time ¢ m>xﬂwv for which (17)
fails with £(h)=h and onouv = {x: ty(x)st}, then on is of the

form considered in (6).

EXAMPLE 53.5. The construction above gives a counterexample to
Question II, but it is not obvious that zmﬁnvkvcmmmvtu falls to con-

verge for some levels x. We now gilve such an example. Suppose the



42 M.T. BARLOW, E.A. PERKINS, S$.J. TAYLOR

process is Brownian motion: then Perkins {23} showed that outside a

fixed null set N,

1 1
(193 lim (1/2)%% (t,x)e? = LT for all  (x,0).
e+

We now define zm..hn.xu by counting all excursions from x completed by

-2 -2
time t with &{V)>e¢, and for which either 2 ke sV < 2 M gor

2R oy < 27RR

some k€ N, eor for some % € N and (17) holds.
If we now look at any point x ¢ § ¢« wn. (19) shows that mwmz:mwuxv
cannot converge as ¢+ 0, for Ostsl. Clearly z.m_nn,xu = Zmﬁn.xu
a.s. for a fixed level x, so0 we have a construction for Brownian local
time which fails to converge at some levels, giving a counterexample to
Question I.

Both the constructions above depend on the behaviour of Nm awvay
from the level x. A construction of H.H which depends only on the
level set {s $t: anu& is called intrinsic. One could ask whether

negative answers to I and II are possible for an intrinsic construction.

We will obtain such a counterexample again based on Brownian local time.

2
EXAMPLE 5.6. Let £(r) = e t , t>0; consider the set of ending

points of Brownian excursions from x
wxﬁwv = {t>0: Wnnx« X % wnlw for h € (0,8), some &> 01,

Since the peints t in wxﬁmv are stopping times we can apply the usual
integral test for the lower asymptotic growth rate of H.Mip for small

L>0 to see that, for fixed t € H.thv.

X

X -1
(20) . ?n;-rnum?v - as h+0 a.s.

and therefore, for each fixed x, a.s. (20) 1s true for all excursions

g
i
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from x, Hence if we put z«m: (t,x) for the number of excursions from

x which satisfy (20}, then for fixed x,

. H\v
lim /2% (e,x) = L for all t = 0, a.s
m+o € t T

The comndition (20) is intrinsic to the level set at x because of the
uniform result {19). However we claim that there is a dense nm set

mP = mw (w) such that for 211 x ¢ mwu te wxﬁwv we have

X

(21) lim inf
im inf Q..ni..

- rwvm?vL < 1;

so that for such levels x, N''(t,x) = 0 for all t
. .

For v =20, x €R, let

HHOC = inf{t = r: B_= x},

6F = {x: €0, h € (0,n"") such that

c _ = ¥ ¥
y € (x—g,x+e) => H.HHQY_.# - H.H.H,Qu < £(h} 3.

If w is chosen so that mn?& is nowhere monotone and Humneu is con~

r

tinuous, it is clear that oz is open. We now show it is dense. TFor

any open 1
y open interval (a,b) let us zssume memu.n .H.HQUV. As B is nowhere
monotone we can find t € A.H.Hmmuu.wwnv: such that

mn«. m:mﬁwm“ r<sst) = xq € (a,b),

and hence a2 &>0 such that wanﬁxoYI; < Xg for O<h=<§. Fix

-1
h < & aAn and note that lim HHQQ = HHANQU. so that

ul,xo

lim LY PPN 10 =
- = 0.
yix, awﬁ%v+r .HHOD Hnﬁx0v+s .H,HOSV

1 4
t follows that, for some ¢>0, (x4 - m.xovn G, and hence QM: (a,b) = &
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We now take

r
ssw = [
ne 1§

reQ, x20

and deduce that mw (w) is a dense nm by the Baire category theorem.
Since for each t £ H.MGWV we have t = eﬂ (x) for some ratiomal ¥, we
have proved that for every x € §;, t € H_wav we have {(21). This es-—

tablishes the claim and completes the example.

6. Some constructions for ﬁw which converge at all levels

The following theorem extends a non-intrinsic construction of

Getoor, Millar [14] co all levels simultaneousiy.

THEOREM 6.1. Suppose X_ is a Lévy process with measure v as$

defined in (1) satisfying [(|x] Al)v(dx)==, and assume X has a

Jointly continuous local time H.unn. Define

2 -
menQU - H?Amum_ yrate} * HTG..w+mv y<a-e}’

Qe =

a
w £ XD,

b = _‘Qx“tmnu(o wi{dx).
&4

If there exist sequences m_pfch a5+ 0 with 0< aaa N such that,

as n >
_umnl ®q
(22) i + 1,
€. ...mn
(233 dnn___ 1log muw + e,

then, for each n,ty > 0,
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-1
lim P(  sup [b, OM (s) - 12 > n) = 0,
n+® ackR, ssitg 0 n g

If, in addition, as n + »

(24) b +b ' - 1
€ £ ’
|53 n+l
~Bb
€
(25) M e B converges for all & > 0Q,
n

then, for each Ly, A.5.as ¢ 40

-1 a a .

vm Onmmv + Hm uniformly for a € R, 0 <s gt
REMARK. We know of no Lévy process with a continuous local time

and satisfying %Qx_ Al)v(dx) = =, that fails to satisfy all the

hypotheses of the above theorem.

. * X
PROOF: Let L = sup{ll, x €R}, and T = inf{c: nm = 1}. It is

clearly sufficient to prove the theorem with T in place of ty.

We introduce the notation

N(x,dy) = v(dy - x)

via+e-x,2), 1f x 2 a-¢

NEZ(x) = [NGx,dy) £2Ge,y)

v(,a-g~x]), if xz2a+ ¢

It

£
a a
Vo (t) mzwmﬁmluam - .ﬁzmwﬁiwm@u by (5).

ey

We will first use the continuity of HLM to show

ipm N
(26) b "V {t) ~ L uniformly in (t,a) € [0,TIxR as e + 0 a.s.,
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a _ 18 -1 *
m_.ﬁ_wU Vo) - LIl s+ b bk .

and then consider the difference e

zwg = ow@ - <M€.

How let ¢ 40, and we have a uniform bound which establishes (26).
. a
We now consider zm (r). As (N(x,dy),t) is a Lévy system for X,

By considering the process -
Zm (t) is a martingale {see Benveniste-Jacod [5]) with AEMwKMVn

§ <M€.

X=X - 7 E_-X_) I, :
L Y S R L L

-

] “ LEMMA 6.2. For all y € (0,1), € > 0, and a € R,
and working between consecutive jumps of X of magnitude exceeding 1, we

may assume without loss of generality that _ip %m
€

P{sup U _thn>.m.u_ >y} £ 2e .
t20 N
w{-e,~1] = v[l,=)

PROOF: The definition of T and (27) imply ?w szH $b . If

H £
oW m the supremum is taken over t € {i/n: i;0,...,n%}, the result is an
(27) D.m me (x)dx = mglﬁm viate—x,=)dx + mMm v{~e a-g-x]dx , easy consequence of Theorem 1.6 of Freedman [9]. Now let n = .
Fix K > 0 and let
= ul-2)vovEw) = b,
- A = {85, 4€ Zn[-K,K].

1 n

where we have used support {v)c [-1,1] in the last line. As
If y ¢ (0,1}, the above lemma gives
f(]x] A1)vx) = = and [(x? Alyv{dw) <=, b_ is finize for all £>0 w

€
. it
and b_t= as e+0. Ve now write (29) Psup{b H_ HM ()], ac¢ A, 02t T} > y)
‘ o
7 28

- - a : 2
(28) o7l v3e) - 12 = b7t [ et al - thay. m 2 mxlwomf + 1) - 3, y2)

€ € t € [ t t : -

—n

hich c fo
For ary n > 0 we can first choose § > 0 such that which converges to zero by (23). If x € [-K,K] and mn?& is the

(suitably defined) "nearest" point to x in b:v then

supl|Ly - 1Y|: |x-y| =&, € < T <,

m. Axv (¢t} = ) NDOCA
£ () = q t).
since WM is unifermly continuous in (x,t) € Rx[0,T], Also m + 8, € e,
a @ a,. _
.:%im <& zmm@umw < %ls mehxuax = by» whenever €<4§, =80 we can Hence
split the integral in {28) into two parts, _%lm_ <46 and qu 1m_ >, a1 x |w ag (o) L A x
(30) ? AZ - ? (t)-L m + b0, " (0 - LE].

to give s n” % fn €5t n

.
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Each of these two terms may be bounded in a similar fashion; taking the

first we have

_, & (x) _, a (o a_(x)
b Momu-& (0 - 17 = w% Q" (&) -V, (©)]
€a *n “n n n °n non
a_ {(x) a_(x)
-1l e n
b -
* vm -8 cm _ g =6 ¢m (e) Hn m
n T Il n n ka3
a (x)
SR LN S F R % N
ﬂn n m“.D.

Using (29), (22), (23) and {(26), and the joint continuity of ﬁﬂ we
deduce that, for each ¥y € (0,1)

b4

n_" x ¢ [-K,K], 02 £2T} » y) = 0,

Ea Emci_vmiw E-w
e Tt n

proving the first assertion in the theorem.
Now condition (25), applied to (29) gives, for each y € (0,1),
a convergent series. An application of Borel Cantelli pow gives

mavﬁumw_mwﬂnmvm" x € bnu 0<s<T} > 0 a.s.

and hence by (30) and the argument following

T (-1 k€ (KK, 0555 T) > 0 aus.
kel I

sup{]b

Hewever, if ¢ £ e 5,

and therefore, by (24) we have a.s.
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-1 x x .
b, Q. ()~ L, uniformly in x € [-K,X], t € [0,T]. g

EXAMPLE 6.3. Symmetric stable process of index o , 1 < a <2 has

Lévy measure v{dx) = szsn dx so that cm ~ nmutﬂ as € +0. Take

E = Wn [

n = = mW to satisfy conditions (22) to (25). Boylan [6] proved

.
that $Y»Y has a continuous local time so the conclusion of our theorem

is valid.

1,a,0

EXAMPLE 6.4. Critical asymmetric process A *P has 2 continu-

ous local time for o > 0. In this case

b ~ c(log as ¢4 0.

WQH
v
£ £

Take £, = mlm. § = mlnlH and all the conditions (22} to (25) are
satisfied for o« >0. Again we a.s. get uniform convergence for the

construction.

EXAMPLE 6.5, Critical symmetric process gt 9 sarisfies (22) to
(25) if w>0, as in the asymmetzric case, If g > 2, wwmmpwn.ov is
jointly continuous and the theorem applies. If o ¢ (0,2), rMAmH.Q.cv
is discontinuous. WNevertheless, the leoonnwscwn% 0f local time {in
-1, a 1}

space) may be used in (?3) to show vw cmAnu — HN as e=+ 0 for each

a, t, and the rest of the proof goes through to show

4
lim sup wn_wm owﬁnu - rm_ »n} =90 fer n=>0, ty>0.

erp) a,tdty
Choose maﬁ.c such that UMMOM (t) - hm z.s. for each a, t, If ¢=1
n on
and B € (1,2) then F, is nowhere dense by Kesten [18] and
hMAmN.Q.oV is unbounded on Da (-n,n) (t,n >0} by Mililar and Tran [22].

By Theorem 5.1 (and the subsequent Remark 2), a.s. there exists a=a(w}
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such that @M DM (t}1 fails to comverge as n -+ .
n n

We now consider two "intrinsic" constructicns of local time.

The first is the characterization of &M as the appropriate

Hausdorff measure of the level set

mwﬁxunv = {s ¢ [0,t]: xm =x}.

This construction, which is described in Taylor [29], depends on the
fact that for fixed x, the inverse of wu.n is a subordinator, with each
jump corresponding to an excursion of X from the level x. Fristedt,
Pruitt {10} showed that for each subordinator there is a Hausdorff mea-
sure function which makes the measure of the range up fo the time t
grow linearly with t. Using the methed introduced by Taylor, Wendel
[30] for B, m«.av l<y <2, they concluded that for any Lévy process,

X, with a local time there is a ¢ such that

310 b - EANNAxonvu = mM £tz 0 a.s. for each x.

Here ¢ ~m denotes Hausdorff ¢~measure. Note that the "convergence" of
this construction is built into the definition of ¢-measure, so that
there is trivially an affirmative answer to Question I of section 5.
Turning now teo Question II we have the follewing result, that will be
proved in [3]:
1.5 -1
THEQREM 6.6, (a) IFf $(s) = (2s loglog Mu , 8 < e, then
¢ - m(Z(x,5)) = rm@ for all (x,t) a.s.
- 1 -
Ebo@pﬁauuuﬁéﬁii T (Loglog wu Y, s <el, where

,_,uwlw and o™ is given by (1} of [15], then for 1 <qa < 2,

0, Bﬁmmn-mﬁxuﬁvv n rﬂﬁmnumu meHmHme.num.m.

LALLM fUn LOAVI FRUCLDIDDLD -

(e} If en (s) = nlw o |HV|H {log lep log(log{log W:U s< mlmv
then for « > 2 +/2,
PN NN 4
eg - s@% 0 (x,t) = wnmm ) for all (x,t) a.s.

REMARKS, {a) was proved by Perkins [24], but the argument used the
Ray—Xnight theorems on Brownian local time and hence does not extend to
other L&vy processes.

(c) indicates that the scaling properties of the stable processes
are not needed in the proofs. Indeed we feel confident that our methods
will apply to a large class of Lévy processes. However, as the condi-
tions on o are stronger than those needed to ensure continuity of
ﬁnmuunuouv we are clearly unable to prove the theorem for every Lévy

process with 2 continuous local time.

CONJECTURE 6.6. If X <is a Lévy process with a eontinuous local
time HM“ and ¢ 18 the Hawsdorff measure function giving (31), then

X

& for all (x,t) a.s.

& - anxnx.nuv = I,

There is another interesting intrinsic construction due to Kingman
{19]. BHe showed that for any xn with a local time, there is a suit-
able monotone function P(h) such that, for fixed =x, a.s.

(32) V(e |Z(x,t) ()] = ﬁm for all t > 0,

where wm_ denotes the Lebesgue measure of E, and E(e}={s: 3 u € E
with Ju am_ < m.w There is no a priori reason why (32) should converge
simultanecusly at all levels, but again we can obtain a positive result

if we keep away from the critical cases.
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NOTES ON THE INHOMOGENEQOUS SCHRUDINGER EQUATION

by

K. L. CHUNG®

In [1] and [2] we discussed the solution of the homogeneous
Schrédinger eguation mw + ch = ) with boundary condition. It is
customary in classical analysis to treat this problem as equivalent to
the solution of the corresponding inhomogeneous equation mw.+ puc = ¢
with vanishing boundary condition, by a simple substitution. Bowever,
sufficient smoothness of the given data is required for this method. It
turns out that the probabilistic approach is easily adapted ro the in-
homogenecus case, via the potentials. Relatively mild assumptions are
sufficient for the purpose. Whereas it is possiblie to treat the problem
in a "purely analytic' setting based on old and new Green's functions,
we follow a different route and carry out the calculations by integra-—
tions over time rather than over space.

Let D be a domain in wmv d =21, with m(D) < », where m 1is the

Lebesgue measure in w&. No regularity assumptiom is imposed on aD.

Define a class of functions, to be denoted by L* (D), as follows:
6 € Lx(D) iff ¢ is locally bounded in D and ¢ € 1l (D,m). Then
L*(D) is a linear space which admits the operation ¢ -+ #ﬁ_. and multi-

plication by a bounded measurable function.

. d
rmnnvmmvocdmmmmOHmHEmmmcnmdwm mcnnnwonozw.o"u mcv“aﬁxi“

xeRd
*Research supported in part by NSF grant MCS83-01072 at Stanford
University.
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THEOREM 6.7. (a) ZIim sup

._m x
e 2 Ge,t) (e} - L (BY|= 0
g0t Xe Nuomnmﬂ_ _ B m nA v_

¥T>0 a.s.

(b) for each o € (1,2) there is a s such that
. -1/ X [}
lim sup  fc_ e z L xuE) - 56" =0
e+0F xeR,0ceer 08 | %8 t |

for all T > 0 a.s.
(c) For each o > 3, there is a ¢, such that

. 1.l -1
lim u = €
sup annHom mu

e+0F xeR,0<t<T

1,a,0

G, ()| - %Ma =0

mmmw.p,o

forall T>0 a.s.

REMARK. (2) is proved in Perkins [23]. The proof of (b} and (c)
is given in [3], where the interested reader may find the values of

c and ¢ .
®,5 =3
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