ON PATHWISE UNIQUENESS AND EXPANSICON OF FILTRATIONS
. 1,2 . .2
by Martin T. Barlow and Edwin A. Perkins

Abstract. Suppose that pathwise uniqueness holds for the SDE

T

xt = %, + f o(xs)dBS where |ol| is bounded and bounded away from 0, and B is
0

a Brownian motion on a filtered probability space, (Q,E,Et,P}. We give

conditions under which pathwise uniqueness continues to hold in the enlarged

filtration (Et), where L is the end of an (gt}—optional set.

1. Introduction

Let {Q,g,gt,P) be a filtered probability space ((Et) satisfies the usual
conditions) carrying a Brownian mction B, and let o: R = R be a measurable

function satisfying

-1
(1.1) K~ < lox)| K, X €R
for some constant K € {0,»). We consider the stochastic differential
equation (SDE)

t

(1.2) (x5,9,B) X, = Xy + fo o(X_)dB,

Let L be the end of an (gt)—optional set, and (Ei) be the smallest
filtration containing (gt) which makes L a stopping time - see Jeulin
{1980) . In this paper we discuss the following question: Suppose pathwise
unigueness holds for (1.2). Then does it continue to hold for (1.2} in the

enlarged filtration (EL}?
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Note that B will be a semimartingle, but not in general a martingale, in
the filtration (gi) {see Barlow (1979)). Thus the SDE (1.2) continues to
make sense, and the stochastic integral has the same value in both
filtrations (see Stricker (1977)). However, to explain what 'pathwise
uniqueness' means in the enlarged filtration we need a few definitions.

As these will not involve any special structure of the SDE (1.2), we
will consider the more general SDE

t

(1.3) (x,.0,2) Ko = %q * fo ofs,X)dz_ + T (X, 2)

. . . . , d
where 72 is a d-dimensiocnal semimartingale, XO € Rd, oF R.+ X D(R+,R§) - B

is bounded and predictable with respect to the canonical filtration

on D(R+,Rp), and Tt(X,Z} is a jointly measurable adapted functiocnal of X and
2. (An example of such a functional would be a version of the local time

0
Lt(X—Z)).

Definition 1.1 Let (Q,E,gt,P} be a probability space carrying an

(Et)—semimartingale Z. Unigueness of solutions (U0OS) holds for (1.3J(x0,0,2)

in (Et} if there is at most one (Et)—adapted process Xt satisfying (1.3}.

In the case where 2 is a Brownian motion, pathwise uniqueness holds if
U0S holds for (l.3)(x0,0,z') in (Eé) for every (E%)—Brownian motion Z' on a

',P'Y).

probability space (Q',E',gt

To generalize this to semimartingales we need the concept of the adapted
distribution of a semimartingale Z in a filtration (Et), which we denote

adsn(Z,(Et)). For the definition we refer the reader to Hoover and Keisler



{1984, Def 2.6): here we just remark that if Zl is an (Ei)—semimartingale and

22 is cadlag then adsn{Zl,(Et)) = adsn(zz,(gi)) implies not only that Z1 and

22 have the same law, that 22 is an (Ei)—semimartingale (Hoover-Kiesler
1

(1984), Thm 6.5) and that Zz~ and 22 have the same predictable

characteristics, but that the whole 'information envircnment' of the z* in

their filtrations {gt) are the same.

Definition 1.2 Let (Q,E,Et,P) be a filtered probability space carrying an

(gt) semimartingale Z. Pathwise uniqueness (PU) holds for (1.3)(x0,o,Z) in

(Et) if whenever (Q',F',F!,P') is a filtered probability space carring an

t
(gé) semimartingale 2' and adsn(z,(gt)) = adsn(Z',(gé)}, then UOS holds for

{1.3)(XO,G,Z'} in (E%).

Remark While this definition may appear both clumsy and sophisticated,
something of the kind seems essential. In much of the literature pathwise
unigueness is only discussed for SDEs driven by a Brownian motion, or
functions of a BM. If Bi are (Ei)mBrownian motions for i = 1,2, then
adsn(Bl,(gi)) = adsn(Bz,(gi)} {see Hoover and Keisler (1984, Thm 2.8)), so in
this case the definition given above reduces to the standard one.

Jacod and Memin (1981, Def (2.24)), in a paper which predated the
introduction of adapted distributions, gave a definition of pathwise
uniqueness for a general SDE which inveolved product extensions. It follows

from a recent result of Hoover {1989, Theorem 5.1} that their definition of

‘very good pathwise uniqueness' is eguivalent to our 'pathwise uniqueness’.

In the course of our proofs we will require the space {Q,E,Et,P) to be



'rich' enough to carry processes independent of B. This could be done by

taking a suitable product extension of (Q,F,P) on each cccasion. However we

feel that it is technically easier to work on a saturated space, and we

recall the definition of this interesting class of spaces from Hoover and

Keisler (1984). A stochastic process on (Q,g,ét,P) is a B([0,«)) x A

measurable mapping X from [0,») x @ to a Polish space.

Definition 1.3 A filtered prchability space {Q,g,gt,P) satisfying the usual

conditions is saturated if for any process Xl on (Q,ﬁ,ﬁt,P) and for any pair

of stochastic procesgses (Xi,Xé) on a second space {Q',g',gé,P‘} such that

adsn(xl,(gt)) = adsn{Xi,(gé)), there is a process X2 on (Q,g,gt,P} such that

adsn{X ,Xz,(ét)) = adsn(Xi,Xé,(éé}).

1
Remarks 1.4 (a) Hoover and Keisler (1984, Cor 4.6, Thm 5.2) prove that
saturated spaces exist, by showing that any adapted Loeb space {Q,é,gt,P)
which carries an (ét)—Brownian motion is saturated. Henceforth all our
adapted Loeb spaces will carry an {ét)uBrownian motion, and so will be
saturated. BAdapted Loeb spaces are constructed using ncnstandard analysis -
see for example Hoover and Perkins (1983, Section 3). Hoover (1589,

Section 5) sketches a direct model-theoretic construction of a saturated
space.

i,Xé in Definition 1.3 are cadlag, then the process

x2 may also be taken to be cadlag {Hoover and Keisler (1984, Cor 5.8)}.

{b} If the processes Xl,x

The usefulness of saturated spaces in determining whether or not PU

holds is exhibited in the next theorem.



Theorem 1.5 Let (Q,E,gt,P) be a filtered probability space carrying an

P.) be a saturated space carrying an

(F }-semimartingale 2 and let (Q.R,A P,

{ét}Hsemimartingale 7 such that adsn(z,(gt)} = adsn(z'(ét))‘ Then PU holds

for (2.3)(x0,o,2) in {Et) if and only if U0S holds for (1.3)(x0,o,2) in
Bl

The proof is given in Section 2.

In this paper we obtain two main results on pathwise uniqueness (or lack
thereof) in an enlarged filtration. The first (Theorem 1.6) characterizes PU
in (1.2)(x0,o,B) in enlargements {FL) in terms of PU in a related equation in

=t

the‘original {F.). This immediately gives a sufficient condition on o

=t
for PU to hold for (1.2) in any enlargement (Ei)(Corollary 1.9). The procfs

of Theorem 1.6 and Corcllary 1.9 are given in Section 3.

Notation If X is a semimartingale let Li(xl, t 2 0, a € R dencte its local

time - see Yor {1978, p 20}.

Theorem 1.6 Let (Q,E,gt,P) satisfy the usual conditions, let B be an

(Et)~Brownian motion and o satisfy (1.1). Consider the equations
t

(1.4) X,o= %+ Io o(X,)dB, ,
t 1.0

{1.5a) Y,oo= X+ fo O(Y )AB_ + 5 L (Y-X) ,
£ 1.0

{1.5b) Yl o= x4 Io oY )dB, - 5 L (X-Y")

The following are equivalent:

{a) For any L which is the end of an (Et)moptional set, pathwise unigueness



nolds for (1.4) in (E).

(b} Pathwise uniqueness holds for the system (1.4), (1.5a}, (1.5b) in {Et).

Remarks 1.7 (a) Note that any solution X to (1.4) is also a solution to
(1.5a) and {1.5b).

(b} 1f pathwise unigueness does not hold for (1.4) in (gt) then, as any
(Et}—adapted solution of {1.4) is also an (gi)—adapted solution, both {a) and

{b) fail trivially. So the theorem has content only in the case when

pathwise uniqueness does hold for (1.4) in (Et).

The implication {a) => (b) is easy. The plan of the converse argument
is as follows. We suppose that PU holds for (1.4) in (gt) and let X denote
the unique solution. Let X' be an (gi)-adapted solution to (1.4). We first
prove {Lemma 3.2) that X and X' can only separate at L. We then construct
various "approximations" to X, which converge to the processes Y and Y
satisfying (1.5). We show that the paths of X' cannot c¢ross the paths of
these approximating processes. Hence, if X = Y = Y' then the paths of X' are
trapped between the paths of processes which converge to X, and so X = X'.

The following condition was introduced in Barlow and Perkins {1984).

Definition 1.8 o satisfies (LT) if whenever Vt and Vi are continuous adapted
processes of bounded variation on some (Q,g,gt,P) and Xi (i = 1,2) are
adapted solutions of

i

. t .
3 1 .
= ) + =
X = %, fo o(X )dB_ + V| i=1,2



€ R), then LO(Xl—XQ) = 0 for all t = 0.

{x, X ¢

1°7°2

This condition together with (1.1) implies PU for {1.4) in any (gt} {see
the remarks following Theorem 2.1 in Barlow~Perkins (1984}). We do not know
if (LT) is equivalent to PU, but all known conditions on ¢ sufficient to
establish PU for (1.4} in (gt) {as in LeGall (1983}) also establish (LT} for
. Explicit conditions on o which imply (LT} may be found in Barlow and

Perkins {1984, Thm 2.1}.

Corollary 1.9 If o satisfies {LT) and (1.1), then conditions (a) and {b) of

Theorem 1.6 hold.

Our second main result (Theorem 1.11) was used in Barlow-Perkins (198%,
Thm. 5.1) to prove that for a large class of ¢'s, which satisfy (1.1) and
change sign at 0, PU fails for (1.2)(x0,o,B) in (gt). In that paper we first
constructed a second solution to {1.2) on an enlarged filtration. This
solution exhibited a certain path property which ailows us to apply Theorem
1,11 (stated in Barlow-Perkins (1989} as Theorem 5.B) to conclude that PU
must fail for (1.2}(x0,o,B) in the original {gt).

We first state a preliminary result which shows that {on an adapted Loeb
space) if PU holds for (1.4} in (ét) but not in (éi) then the new solutions
in the enlargement must separate from the (ét)—adapted solution in a rather

implausible manner.

t,P) be an adapted Loeb space, B an (gt)—Brownian

Proposition 1.10 Let {(Q,A,A
motion, and L be the end of an optional set. Suppose PU holds for (1.4) in

{gt), and fails for (1.4) in {gi). Let X be the unigue {gt) adapted



solution, and let X' be an {éi) adapted soluticn. Suppose that P(L<{s) = 1,

and that P(Xt # Xé for some t) = 1, Then w.p.1l Xt = x% for 0<gtgL,

XL+t 7 X Lit for all sufficiently small t > 0, and the event {XL+t > XL+t for

all sufficiently small t > 0} is A, measurable.
{We recall that EL = G(YL: Y is an (ét)—optional process).).

Theorem 1.11 Let (R,A,A,,P) be an adapted Loeb space carrying a Brownian

==t

motion B. Let X be an (gt) adapted solution to (1.4), and let

T = inf{s: ]XS - xOI =1), L=sup {s <T: X = xo}.

Then if there exists an (éi) adapted solution Y to (1.4} with the property

= - signi{X - x.) for all sufficiently small t > 0,

that sign{¥ - X Let 0

L+t O)

then pathwise uniqueness fails in (1.4) relative to {gt).

(Here sign(x) ).

= 1(x > 0) - l(x < 0)

Proposition 1.10 and Theorem 1.11 are proved in Section 4: we use the

same basic strategy as in the procof of Theorem 1.6.

Acknowledgement. We thank Doug Hoover for his helpful remarks on saturation

and product enlargements.

2. Preliminary Results

We begin this section with some elementary results on adapted
distributions, required for the proof of Theorem 1.5,
i, i i1 i . .
Lemma 2.1 Assume X~ is a cadlag process on (@ ,F ,_t,P ) taking values in a

Polish space M, ¥' is a stochastic process on (Ql,gl,zt,Pl) (i = 1,2)



and P R+ b4 D(R+,M) - M' (M' is ancther Polish space) is universally

measurable. If adsn(xl,Yl,{gt)) = adsn{XZ,Yz,{Ei)), then
agsn Xt ¥t (X B = adsn (k% Y00 xR (B
Proof. If $(t,x) = ¢(t,x{t,),...,x(t )) where ¢: R x MT -+ M' is

continuous, the conclusion follows easily from the definition of adapted
distribution. Proposition 2.19 of Hoover-Keisler ({1984) shows that the class
of ¥'s for which the conclusion holds is closed under pointwise convergence.
A monotone class argument gives the result for Borel ¢ if M' = R and also for
general M' if ¢ is Borel and finite-valued. In general, however, a Borel v
is the pointwise limit of a sequence of finite-valued ¥'s and hence the
result holds for Borel ¥. The extension to universally measurable ¥ is

trivial. B

The following result on stochastic integration follows easily from the

above lemma and Theorem 7.5 of Hoover-Keisler (1984}).

Proposition 2.2. Let 2! be a d-dimensional semimartingale on

(Ql,gl,zl,Pl), Xl be a cadlag Rp—valued (Et)wadapted process, and Yl be a

t
stochastic process on Q* {i = 1,2). Let o:R+ X D(R+,RF) - RnXd be bounded
and predictable (use the canonical right-continuous filtration
on D(R+,Rp)). If adsn(Yl,Xl,Zl,{gi}) = adsn(Yz,Xz,Zz,tﬁi)) then
agsn (', x', 2t [ ots,xhiaz;, (£D) = adsn(y%,x%,2°%, J o(s,xz)dzz,(gi)).

) 0
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proof of Theorem 1.5. The "only if" assertion is trivial. To prove the
converse, suppose PU fails for {1.3)(x0,o,z) in (Et}. Then there exists a

filtered space (Q',F',F ,P'} carrying an {E%)wsemimartingale Z' with

t
adsn(Z',(Eé}) = adsn(Z,(Et)) such that (1.3)(x0,0,2) has two distinct

solutions, X' and Y' say. By saturation (see Remark 1.4 (b)) there are cadlag

(ét}—adapted process X and ¥ such that adsn(X',Y',Z':(Eé)} = adsn(i,?,i,(gt)).

Lemma 2.1 and Proposition 2.2 imply that X and Y are distinct solutions of

(1.3) (x,,0,2) on (2,347, and so UOS fails in (A,]. |

t

Lemma 2.3. Let X be a stochastic process on the filtered space (Q,F,F _,P)

==t

and let X be a stochastic process on the saturated space that(QA,ﬁ,gt,PA)

such that adsn(x,(gt)) = adsn(f,{gt)). Agssume L is the end of an

{Et)—optional set,

{a) There is an L, which is the end of an (A,)-optional set, such that

adsniX, (gjg)) = adsn (X, (AL

al ).

(b} If (@ ,A,A ,P )} is an adapted Loeb space, then so is (QA‘é'(éi)’PA)' In

particular, (@ ’A'{Ai)’PA} is saturated.

A

(¢} If {& ,A,A_,P_) is an adapted Loeb space and T is an (A _)-stopping time

A==t A =t

P.) is an adapted Loeb space, and so is

which is finite a.s., then (QA’é’éT+-’ A

also saturated.

Proof {a} Let A be an (Et)—optional set such that L = sup{t: t € A}, let

sup {8 £ t: s € A} and V

=t - g, : we have L = sup {t: Vt = 0}. BSet

Q
o+
i

t

= [+] _ : + .
At 1[le){t), and let At be the {(cadlag} (gt) optional projection of A.

(See Dellacherie and Meyer {1982), VI.47). By saturation there exist cadlag
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(gt)~adapted processes V, °A such that adsn(X,V,°A,(Ft)) = adsn(i,§,°§,(§t)}.

et L = sup {t: Vt = 0): by Lemma 2.1 adsn(X,°A,L, (F,)) = adsn (X, °A,L, ().
and hence °Kt = PA(E < tla) Pypma.s. for all t 2 0. It follows that °R is

the (ﬁt)~optional projection of 1 _ . If ¢ e Ll(g) then (see Barlow {197%,
- [L, o) -

Lemma 2.2, 3.1)},
L - — . + 3 —
E(¢|£t) = (At/OAt) E(¢Atf£t) + ({1 At)/(l At)) E{p (1 At}lgt) (here
0/0 = 0), and a similar eguaticn holds for E(-Igi). Thus conditional

expectations relative to (gt) and (éi) can be reduced to conditicnal
expectations relative to (gt) and {étJ. It follows easily that
adsn(X,V,°R, (E,)) = adsn(X,¥,°F, (a,)) implies adsn(X,V,°A,(§i)) x
adsn(i,?,°§,(é£))-

{b} The first assertion is proved just as in Theorem 5.A in Barlow and

L

Perkins (1989}, where it is shown that (9,&,(§L+t

),PA) is an adapted Loeb
space. The second assertion is then immediate from Remark 1.4(a}.
{¢) BAny stopping time T is also an end-of-optional time, so this is

immediate from Barlow and Perkins (1989, Theorem 5.3} . [ |

Remark. We have been unable to decide whether or not (b} remains valid if we
replace "adapted Loeb space" by "saturated space" in both hypothesis and

conclusicn. This is why we have used adapted Loedb spaces in this work.

We close this section with a result con the convergence of Itd integrals,

which is reguired in the next section.
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. . . t
Notation. Given a process Y we define Y by Y; = YtAs'

Lemma 2.4 Let o be a bounded measurable function satisfying

K_l < Jo(x}l ¢ X for x ¢ R, let B be a Brownian motion and let (Yn)1<ngw be

a sequence of semimartingales with decomposition Yi = YE + M+ An, where M"

is continuous. Suppose that

. n 0
(a) lim Yt = Yt a.s, for each t,
110
n E n -1
by <M > = f E  ds, where K < §' < K. for each s, for isnse,
t 0 s 2 s 2
nt
{c} sup {Y") HH = ¢{t) ¢ = for each t.
n 1

Then
t n ¢ o 2

{(2.1) E [J o(v. )aB_ - [ o{yY_)dB }° = 0 for each t = 0,
0 s— s 0 8- s

and so in particular there exists a subsequence (nj) such that

t n. t
(2.2) [ oty 2ydaB_ = [ o(Y. )dB a.s. uniformly on compacts.
5 s='"s s-'""s

Proof. To prove (2.1) it is enough to prove

t
(2.3) lim E [ (o(Y.) - o{¥ ))“ ds =0
o G

(As {s: YZ_ # Yg} is countable, we can replace qu by YZ).
If o is continuous, (2.3} is immediate from dominated convergence. From
El-Karoui (1978, Proposition 1.2, Remarque 3) and Barlow (1983, Theorem 5.5}

there exists a universal constant Cl such that

a, . n n, t
(2.4) E Lt(Y } = CIH(Y Yl 1 < clc(t}, for t 20, a e R .

H

S0, if g is any bounded continuous functicn, and 1 s n £ =,
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t t
n n,, 2 - n -1 n, n . 2 n
(2.5) E jo (g(¥,) - o(¥))" ds = B [ (H)) “(g(¥,) - o(v)) dar>

0

<K, B[ l(gla) - ola))? L:(Yn} da

-0

<cllg - oll?
2

Here ¢ depends on K. and c(t}, but not on n.

2

Using (2.3%) we have

£ £ £
o 2 2 % o, 2
E Io {ctyz) - o(¥}))“ds < 3E fo(o{YZ) - g(Yz)) ds + 3E fe(o(ys) - g(¥))) ds
E n o, 2
+ 38 [ ({g(Y)) - g(¥,)) ds
0
2 £ n w 2
< 6c llg ~ oll, + 3E J gy - gy )} ds.
0

The second term converges to 0, so {2.3) follows on approximating ¢ in
L2 by a continuous g (which is possible even though o is not in LZ). Passing
to a subsequence nj{t), and using Doob's inequality and a diagonalization

argument we obtain {2.2). |

3. A Characterization of Pathwise Unigueness in an Enlargement

We now fix a Loeb filtration (Q,A,A P), an (Qt) Brownian motion B, and

t

an (gt)mend of optional time L. We begin with a technical result on pathwise

unigueness.

Lemma 3.1 Suppose pathwise uniqueness holds for (1.4) in (gt) for some

initial point X, - Then pathwise unigqueness holds for all initial points x.

Proof. Let X be the unigue solution with XO = Ky Suppose pathwise
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uniqueness fails for some initial point x,, and let T = inf{t 2 0: Xt = xl].

ll
As X is a time-changed EBrownian moticon and K> =@, P(T ¢ =) = 1 The
filtration (§T+') is saturated by Lemma 2.3{¢). By Theorem 1.5 there exist
distinct solutions Yl, Y2 to
i t o
Y= x + g oY )dB,
i i i P
t = + 1 H t t
Le zt th{t < T thT (t » T) the Z7 are distinc (ét) adapted
solutions to (1.4) with Zé = X giving a contradiction.

From now on we will assume pathwise unigueness holds in (1.4) {relative

to (gt}). Let At = At(x,B,s) be the unique (gtJ—adapted process such that
At = X 60 <t £s
t
A = x4 i) oA )aB t > s

5
From the continuity of paths, and the pathwise uniqueness, it is clear that

1f %, > X

1 < then At(x ,B,8) = At(xz,B,s) for all t. (These sclutions may

1

meet, however).

Let °At be the {Qt)—optional projection of 1 so that for every

[L,e)

(ﬁt)—stopping time T we have °AT = P{L < T |A.). Set

Ap
E = inf{s = C: °AS = 1} ;

R is "the time at which the enlargement comes %o an end", and we have

A=A

A Bp by Barliow (1979, Lemma 2.2). |

Yy (Yz) be (éi) adapted solutions to {1.4), and let

Lemma 3.2 Let (Y t

K= inf{t = 0: Y

[ Sl = i

# Yi}. Then [K] S [L].
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proof By Jeulin (1980, Prop 5.3, p. 75) there exist (gt) previsible

ij i i1l i2
rocesses Y such that Y =Y 1 + Y 1 .
P [0,L] (L, )
Let T = inf{t: Yil # At(xo,B,O)}. As Y1 solves (1.4) we must have
T >» L a.s., and sc OAT = 1., Thus T z R, so that Yll is a solution of (1.4)

on [0,R]. Similarly, Y21 is a solution of (1.4) on [0,R], and so, by the

pathwise unigueness, Yl1 = Y21 on [0,R}, Thus, as L £ R, we have K 2 L.
It remains to show that, for each ¢ > 0, K = @ on {K > L + €}. Let

€ > 0 be fixed: by Barlow (1979, Theorem 4.5) there exists a sequence (Sn)

<o

of {gt)wstopping times such that [L + €] ¢ U {Sn]. Let T; = inf{t =z Sn:
- ~ n=1
i2 i2 i, . 12
Yt # At(YS . B,Sn)}. As Y is a solution to (1.4), and equals Y on (L,«),
n
T; = @ gon {Sn = L +e}. Alsc, on {K > L + €}, we have le = Yl = Y2 = Y22 on
(L,K). Hence, on {8_ =L +¢e, K> L+ €}, Y12 = Y22 and T:L = T2 = e, g0 that
n 5 S n n
n n
12 22 _ 12 _
Yt = Yt = At(YSn,B,Sn} for all t = Sn' and hence K = ¢,
Corcllary 3.3 With the notation of Lemma 3.2 let
— i . 1 - 2
S = inf{t > Lt Y_ = Y.}.
Then Y1 = Y2 on {§,e«].
. 1 2

Proof. It is enough to show that Yt = Yt for all t = Sn’ where
Sn = inf{t > L + nulz Yi = Yi}, for each n. Let n 2z 1 be fixed, and let

3 1 2 .
Yo=Y 1[0'Sn) + Y 1I5nr“)' Since [Sn} A iL] = ¢, by Lemma 3.2 we have



- 16 -

v3 - ¥', so that (YT - Y4y 1 = 0. | |

Now fix X, € R, and let X, = A _(x,.,B,0). Let en i 0, and define

n
processes Y as fcllows:

v0 = 4w,

and forn z 1, k 2 0,

n
(3.1){a) YO = xo + En . TG =0,

oo . n. n,.n n,

Tk+1 = inff{t » Tk' At(Y (Tk),B,Tk) = Xt}

n _ n,.n n n _n

Yt = At(Y (Tk),B,’I‘k) on [Tk,Tk+1)

n,.n s n-1,.n n
{3.1) (b} Y (Tk+1) = min(Y (Tk+l)’X(Tk+1) 4 en).
Proposition 3.4 {a) Yz > Xt for all t.
(b) Yi l Y:, where Y* is a continuous semimartingale satisfying the
equation
3.2 Y, = +jt v)ae + = 10¢® - x
(3.2) (a} e =% . g S) s 5 Lt(Y )
3.2) (b Yo 2 X
(3.2) (b) ED
Proof. We may take X, = 0. We begin by showing that ¥v? is well defined.
Note that ¥" can only fail to be well defined if sup Ti ¢ + =, and that

k
YZ > Xt for 0 < t < sup TE. Since the jumps of Yl are all of size €4 and as
k
. 1 1 n-1

lo] £ K, the times T, cannot accumulate, so sup Ty =+ Suppose that Y

k
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ig well defined. If AYn(T?) ¢ & for some i, then Yn = Yn_l on [T?,S?},
1 n t t 171
n-3i

where 8" = inf{t>T: AY
1 1 t

the TE canncot accumulate outside an interval of this form, we have
sup Tg = 4 oo,
k
From the definiticn of " we may write
n t n n
= +
Y, Io oY )dB, + A .
where An is increasing and AAE < € Now AAn(T?) = Yn(T?) - X(T?}, and
n, n n n . n n
Y (Ti+l y = X(Ti+1) on {Ti+1 { »}. So, setting Hs = G(XS) - O(Ys}, we have
n,n _.,n,.n. _.n,.n . n, _ n
{3.4) AR (Ti} =Y (Ti) Y (Ti+1 ) (X(Ti} X(Ti+1})
n
i+1 .n n
= f 5, Hg dBo on (T, <)
T,
i
. , n n
Let S1 < 52 be stopping times, and let N,M be such that Tle < S1 < TN'
n n n n
TM < 52 £ TM+1' If AS > AS then M = N. From (3.4) we have
2 1
Ag -y o= I AAn(T?)
2 1 i: Sl<TiSS2
n
T
M .n
< 1(M2N) [En In Hs st:l
T
N
t n
se, *1 | [ Sup I o Hg dB,
(TN < 82) TN<‘C<S2 TN

So, by the Burkholder-Davis—-Gundy inequalities, for p 2 1

p/2

p -
5, :

- p
(3.5) E(AS AS < cp €n + cpK E(S2

> en}, and so " is well defined on [T?,S?]. As
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and
(3.6) EIY? v? P <o P+ c kP m(s.-5,)P/?

s S P n P 2 i

2 1
e s n n ., . n
By the definition of (Y '), ¥ 1is decreasing, and we have Yt > Xt.
Let Yt = lim Y: : Y: 2 Xt' Using dominated convergence and the estimate
n
n o, p .
{3.6} we see that Yt -+ N inl®. Letn -« in {(3.6): we have
o ® P P p/2
- < -

{3.7) EIYS2 Ysli < cp K” E(5,-5,)

By Dellacherie and Meyer (1982, VI.48), " is right continuous. But taking
p > 2 in (3.7) and applying Kolmogorov's continuity theorem, we also have
that Y has a continuous modification. Hence ¥~ is continuous.

Now Yz is l.s.¢., and so Y* is a limit of a decreasing sequence of
l.s.c. processes. Hence vy uniformly on compacts, and by dominated
convergence

{3.8) lim || supIYn - Ymi l.= ¢ for each t.
s 8 1
e s<t

Thus {Yn) satisfies the conditions of Barlow and Protter (1990, Theorem 1),

[+=] . .
and so Y 1is a semimartingale with decomposition Y= M+ A, and

(3.8) Lim 1™ - w1, = o, lim 112% - a_|l, = 0
H t t 1
e 1 1100
t -1 n
Thus <>, = J h ds, where K = % ihsl < X. So (Y') satisfy the hypotheses of
0
Lemma 2.4, and (passing to a subsequence and relabelling) we deduce that
t n t .
M_ = lim f oY )dB_ = I oY )dB
n—+e 0 0

n . . . .
As At are increasing, At must also be increasing. So we have proved that

t

Y, = Io o(Y )dB, + A,
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where A is increasing.

Let [81’32] be an interval on which Y* > X: then YE > X on [81,82} for
each n, so An is constant on [81’32]’ and hence A is constant on [Sl’sz}'
Thus dA is suppovted by {t:Xt = Yz}.

By Tanaka's formula

Yoox ) = (¥7-x) "
( t t) I 4 t)
t t
[ 1 .0 . w0
= [ 1 (o{Y )-o(X ))aB_ + [ 1 GA_ + T L. (Y —X)
) 8 s S ca s 2t
0 Y >X ) 0 (Y >X )
s 5 s S
£ t 10 e
= g oY )dB_ - g O(X )8B  + 5 LY ~X)
o v _ 1.0 =
=Y - A - X t3 L (Y X).
1 .0, L .
So At =3 L (Y -X), and the propositicn is proved. [ |

t

. . n . .
We may define a similar seguence of processes Y which approximate X

n L]

from below, by replacing {3.1) (a) by Yo =Xy T €L and {3.1) (b} by
n'. n' _ (n-1)', n' n' _ .
Y (Tk+1) = max (Y (Tk+1)' X(Tk+1) en). Then an almost identical

proof shows that Y" increase to a limiting process Y g X, which satisfies

t

oo'“ oo’ B l_‘ 0 _ co!

13.9) (a) Yo o= Xy ¥ g oY 4B, - 5 L (XY )
(3.9) (b) Yo S X,

Proof of Theorem 1.6. By Remark 1.7(b} it suffices to consider the case when

PU holds for (1.4).

(b} => (a). By Theorem 1.5 and Lemma 2.3 we may take our filtered space to
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be the adapted Loeb space (Q,é,gt,P). That is, we will assume UOS in

(1.4),(1.5a) and {1.5b) in {A ) and show UOS for (1.4) in (A}) where L is a
fixed end-of-optional time for (ét)' (Lemma 2.3(a} shows that any end-of-
optional time on:a filtered space can be modelled on a Loeb space, and Lemma
2.3(b} and Theorem 1.5 would then give PU in (1.4) for {éi)')

T

Let Yn, v be the processes defined by (3.1). By Proposition 3.4, and

our hypothesis that pathwise uniqueness holds in (1.5}, Y =Y =X, and

(3.10) Y: { Xt, 't xt for all £ = 0, a.s,.

Let X' be an (AE)—adapted solution of (1.4). We now show that

(3.11) X: s Y: for all t 2 0.

By Lemma 3.2 X = X' on {0,L]), so (3.1%}) holds for 0 < t £ L. Let

S = inf{t > L: Xé 2 Yg}: as X' is continuous and AYn > 0, we must have

Xy = Yg. Further, as YE > X, 8> L. By Corollary 3.3 if S, = inf{t > S:
n Looun n . .
Yt = Xt}, we must have Xt = Yt = At(YS,B,S) for 8 £ £t <« Sz. Similarly, X' =

X on [Sz,w). Thus X' < Yn on each of the intervals [0,L], [L,S], {S,Sz] and

[Sz,w], proving (3.11).

Letting n - « in (3.11}), and using (3.10) we deduce that X' £ X.

Similarly, using ¥" instead of Y we have X' = X and so X' = X.
{a) => (b). Suppose that pathwise uniqueness fails for either (1.5a) or

{1.5b): let us assume it fails for (1.5a), and let Y # X be a solution. Let

T be a stopping time such that P(YT # XT) > 0, and let

L = supft < T: Yt = Xt}, R = inf{t 2 T: Yt = Xt},

and set X' = X (t). Then, since Y # X

£ ¢ 1[0,L)(t} + Y 1 () + Xt 1

t T[L,R) [R, o}

0 . , .
on [L,R}) we have LR{Y—X) - Lg(wa) = 0, It is now easily checked that X' is
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an (Et) adapted solution to {1.4), and that X' # X. So pathwise uniqueness

fails for (1.4) in (gi}, and we are done.

Proof of Corollary 1.9 The condition (LT) implies pathwise uniqueness for

{1.4), and that if Y, Y' are solutions of (1.5a) and (1.5b) then

LO(Y—X) = LO(X—Y') = 0. Thus Y and ¥' are also solutions of {1.4), and so

X=Y=Y', so that (b) holds. [ |

4, Consequences cf Non-Uniqueness

To prove Proposition 1.10 and Theorem 1.1t we will need a different
approximation to X, where the jump of te, by Y" at the times TE is replaced
by a jump with a random sign.

We continue with the notation and hypotheses of Section 3. 1In
particular, we continue to assume PU holds in (1.4) in (ét)' Let

= ¢
g O(Xt, B At, L, t = G).

ti

let ¢ > 9: we define a process Ze, a sequence of stopping times, Ti, and a

sequence, gi, of A e measurable random variables as follows:
Tr
€ _ € _ €
{4.1) TG = 0, By = X * ego
€ _ . €, €,.€ €, _
Tr+l = inf{t 2 Tr' At{Z (Tr},B,Tr) = Xt}‘
€ _ €, € € e €
Zt = At(Z (Tr),B,Tr) on [Tr, Tr+l)'
€,€ _ € € €
ZTT]) = 2T )+ eE
€ €
P(E- =+ 1IA V@) = P(§_=-1[a Vv g) = 1/2
r "TEH = r = Te_ =
r r
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be found. As in the proof of Proposition 3.4 we can check that 7% is well-

defined. Let

e ot € - [
Al = Y1 e fE) N_ = I E. 1 o (1)
r=0 [T ,«) r=0 [T )
. r r
Then
[ t € [
{4.2) 2o o= %, t g oz )dB, + eN,

so that Ze is a perturbation of a solution to (1.4).
We wish to show the term eNi is small. Applying Tanaka's formula to

Z€ - X we have

t L
€ t € € € 0, e
- = - - + + -X).
(4.3) 1z, - x| fo(o{zs) a(X_))sgn(Z  ~X_ )dB, + €Al + L (2 -X)
. € , € G, e
Since {t:zt_ = Xt} is countable, and {t:Zt = Xt} = ¢, L (Z -X) = 0, and so
izi - th = Vt + eAi, where V is a continuous martingale satisfying
2 € € €
<V < 4K°t. Let R = max {r:T_ < t}: thene= 12 ~X_, | =V, + ea_ , so
t r T T T T
R R R R
€ ¢ -1
that A= A. <€ (1 + sup ]Vv_]). Hence, for each t 2 0,
t T g
R st
{(4.4) E Ai < et 4 et E(sup v 1)
sst

< ety et eret’?,

by the Burkholder-Davis-Gundy inequalities. 5o, as N®y = Ae,

(4.5) E(eNi)z = eZEAi < e + ecktt?,
Set UE = zi - eNi; {4.5) implies that
(4.6) E( sup |uS - 2212) ~0as e~ 0, for each t » 0.

0<sst
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Let (ﬁt, X, Et) denote the co-ordinate process on C=C(R+,R3), and let Q% be

t
the probability law on C induced by (UE,X,B). The estimate <U€>t - <U€>S <
Kzttws), and the similar estimates for %> and <B> imply that {Qe, 0<e<t} is
“x

tight. Let € | 0 be a subsequence such that Q converges, and let Q = lim
€

k
Q .
Lemma 4.1. ©On the space (C,B(C),Q).
(i} B is a Brownian motion,
(ii) X, = x4 + jo o(X )dB, and U = x;+ jo o (U }dB

The proof is as in Barlow {1982). The additional problems which arise

when o is discontinuous can be handled using the methods of Lemma 2.4.

Proposition 4.2 With notation as above we have

€
(4.7} E[sup ]ZSk - xst) ~+ 0 as k =+ « for each t 2 0.
s<t

Proof. By the assumption of pathwise uniqueness for {1.4) we must have X=1U
1 %
under Q. Thus using the uniform bounds on X and U given by the Burkholder-

Davis—-Gundy inequalities we have, for any ¢ 2z 0,

€
{4.8) 0 = lim [ sup Iﬁs - isidQ k
ko s<t
"
= lim E {sup IUs - XS!).
ko 5<%

Combining (4.8) and {4.6) we obtain (4.7). |
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Proof of Proposition 1.10. Let § = inf{t > L:Xé = Xt}. The assertions that

X=X' on [0,L] and XL+t # XL+t for small t follow from Lemma 3.2 and

Corollary 3.3, respectively. For the latter note that X = X' on [5,®) and

X # X' a.s. implies 8 > L, and so sgn(xé - X.) is constant on (L,S).

t
“n “n
Let 2 be the processes constructed above, let En = sgn(ZL "XL)‘

€ €
. n n n
= H = = + .
Tn inf{t > L Zt— Xt-} and set Vt Zt 1{t < Tn} th{t = Tn}
€
As Z no, X a.s., we have Vn -+ X a.s.
t t ! t t

€
If gn = 1 then, as in the proof of Theorem 1.6, we have X' £ 2 " on

[L,Tn}, and hence X' ¥ v on [L,ee). Thus Xé £ inf{vt: En = 1} on [L,=), so

+ P
that on ¢ = {En +1 for infinitely many n} we have X' £ X on {L,e«}.

Similarly, on G {an = -1 for infinitely many n} we have X' = X on [L,=).

(>4 .
. + -
As 7 D are (ét}—optlonal processes, G and G are AL measurable, and the

result follows. [ |

proof of Theorem 1.11 Note first that P(L<w) = 1. Suppose that PU does hold

for {i.4), and let Ny {respectively, nY) be the common value of

51gn(XL+t - xo) {respectively, szgn(YL+t - xo)) for small t > 0., By
hypothesis Ng="Ny - However, by Proposition 1.10 Ny is bL measurable, and so
Ny is éL—measurable. But by Yor {1979, Proposition 10)

E(Xp = xgla)) = Elngla ) = 0.

This implies n, = 0, which gives a contradiction. |
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