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1. Introduction.

The purpose of this paper is to consider divergence form operators on pre-Sierpinski car-
pets, to prove a Harnack inequality of Moser type, and to obtain estimates on the fundamental
solution of the corresponding heat equation.

Let us begin by describing Sierpinski carpets, which are the class of fractal subsets of R?
formed by the following procedure. Let d > 2 and let Fy = [0,1]%. Let [+ > 3 be an integer
and divide Fy into (I)? equal subcubes. Next remove a symmetric pattern of subcubes
from Fy and call what remains F;. Now repeat the procedure: divide each subcube that is
contained in F} into lg_- equal parts, remove the same symmetric pattern from each as was
done to obtain F; from Fj, and call what remains F5. Continuing in this way we obtain a
decreasing sequence of (closed) subsets of [0,1]%. Let F = N2 F,; we call F a Sierpinski
carpet or simply, a carpet. The standard Sierpinski carpet (see [Sie|) is the carpet for which
d = 2,lFy = 3, and F; consists of Fy minus the central square. If d = 3, I = 3, and F}
consists of Fjy minus the 7 subcubes that do not share an edge with Fj, we obtain the Menger
sponge; see [Man], p. 145 for a picture.

The domains we will consider are what are known as pre-carpets — see [O]. These are the
sets P = U2yt F,,. (Here and throughout this paper we write A\G = {A\z : € G}). Note
that P C R%, and that P N [0,{%]¢ consists of [0,{%]¢ with a number of (possibly adjacent)
cubical holes removed, of sides varying from 1 to lg_-_l. If T is the interior of P, then I is a
(non-empty) domain in R? with a piecewise linear boundary. We may regard pre-carpets as
idealized models of a region with obstacles of many different sizes. The set P is not a fractal,
since the interior of P is a non-empty domain in R?. However, if we write V (z, R) for the
volume of the intersection of P with the Euclidean ball of radius R centered at x, then P has
‘fractal volume growth’ in the sense that there exists a € (1, d) such that

aR* <V(z,R)<cR* z€P,R>1.

Let £ be the divergence form operator

d

£1@) = 3 (w5 1) @)

,j=1

where the matrix a;;(z) is bounded, measurable, and symmetric for each z, and satisfies the
uniform ellipticity condition

d
AEP <Y Gay(2)g < AP, zeP, (1.1)

i,7=1



with 0 < A1 < A2 < oo. We will assume the a;; are smooth, but our estimates will not
depend on the smoothness of the a;;. A function f is £-harmonic on a subdomain D of P if
Lf = 0 there and the conormal derivative of f is 0 almost everywhere on D NJP. For further
information on diffusions with conormal reflection, see [PW].
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Figure 1: (Part of) a pre-carpet. The small squares have side length 1.

The main result of this paper is an elliptic Harnack inequality for £-harmonic functions.
For z, y € P write y(x,y) for the (Euclidean) length of the shortest path in P connecting z
and y, and let By (z,7) ={y € P :v(z,y) < r}.

Theorem 1.1. Letx € P, R > 0 and suppose f is nonnegative and L£-harmonic in B(z,2R).
There exists c1, not depending on z, R or f, such that

f(z) <eif(y) for z,y € By(x, R). (1.2)

A crucial point is that ¢; does not depend on R for otherwise this result is an easy consequence
of Moser’s Harnack inequality. In a previous paper [BB3] we proved Theorem 1.1 in the case
L= %A, using a probabilistic coupling argument. This Harnack inequality was then the key
step in obtaining bounds on the fundamental solution to the heat equation on P:

2 =A 1.
o = Au, (1.3)



where v has Neumann boundary conditions on 07P.
The arguments here do not replace those in [BB3]: we need various properties of the
solutions to (1.3) (and the diffusion process W associated with them) to prove Theorem 1.1.

We should say a few words at this point about some of the difficulties in proving Theorem
1.1. Even a cursory glance at Moser’s method [M1] for proving a Harnack inequality as well as
the method of Nash-Davies-Fabes-Stroock (see [FS]) shows that a Sobolev or Nash inequality
is a crucial ingredient. Sobolev inequalities exist in the context of Sierpinski carpets; see
[BB3], Section 7. However, both approaches rely on the existence of suitable ‘cut-off’ functions
with bounded gradient. The results of Kusuoka [K] for the Sierpinski gasket suggest that such
functions do not exist in the carpet case, and that, while they do exist in the pre-carpet case,
scaling of the right order will not hold. Thus it is not clear how to use the above methods to
prove Theorem 1.1 with ¢; independent of R.

Our method is a variation of the Moser technique. The key step is to prove a weighted
Sobolev inequality, where the LP norm is with respect to an energy measure for the precarpet,
rather than Lebesgue measure. We prove this inequality by first using Dirichlet form tech-
niques to obtain a weighted Poincaré inequality, then to derive a weighted Nash inequality,
and finally from this we obtain the weighted Sobolev inequality.

As in [BB3], once we have an elliptic Harnack inequality it is relatively straightforward
to obtain bounds on the solutions of the associated heat equation du/dt = Lu on P. The
bounds are quite different from those for the heat equation on R?. In the latter case, Aronson’s
bounds tell us that the fundamental solution p(t, z,y) to du/0t = Lu on R? is comparable to

eyt~ 2 exp(—ca|z — y\2/t).

More precisely, for all z,y,t we have that p(¢,z,y) is bounded above by

c1t= %2 exp(—ca|z — y|2/t) and bounded below by cst=%? exp(—c4|z — y|?/t) for constants
c1,Ca, C3,C4. In contrast, for the heat equation on P, there exist constants d,, and ds; depend-
ing on P such that for all ¢ > 1 such that |z — y| < ¢ the fundamental solution ¢(¢, z,y) is

comparable to
_ q|@w N 1/(dyw—1)
ext™ /% exp ( T ( E ty\ ) );

moreover d,, > 2. See Theorem 5.3 for a precise statement.

Our results are also of interest in light of recent research concerning necessary and
sufficient conditions for a parabolic Harnack inequality to hold (see Grigor’yan [G] and Saloff-
Coste [SC]) and also the discussion in [BB3]). Although both a Poincaré inequality and a
volume doubling condition hold, the proofs of [G] and [SC] are not sufficient to prove that
a parabolic or elliptic Harnack inequality hold on a Sierpinski carpet; their methods again
require the use of suitable functions with bounded gradient.
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In a series of papers Sturm has studied Harnack inequalities on metric spaces - see for
example [St]. However, the hypotheses imposed rule out spaces with the kind of large scale
fractal structure that pre-carpets have.

The layout of this paper is as follows. Section 2 introduces the notation we will use to-
gether with a few basic facts. Section 3 contains the proof of the weighted Sobolev inequality.
We prove Theorem 1.1 in Section 4. The heat kernel bounds are derived in Section 5.

2. Notation and preliminaries.

We begin by setting up our notation. We use the letter ¢ with subscripts to denote con-
stants which depend only on the dimension d and the carpet . We renumber the constants
for each lemma, proposition, theorem, and corollary. We use the notation A < B to mean
c1A < B < ¢y A, where ¢; are as above.

Let d > 2, Fy = [0,1]¢, and let I € N, [ > 3 be fixed. For n € Z let S,, be the collection
of closed cubes of side length [ 2™ with vertices in Iz"Z%. For A C R?, set

Sp(A)={S:SC A,SeS,}.
For § € §,,, let Ug be the orientation preserving affine map which maps Fj onto S.
We now define a decreasing sequence (F,) of closed subsets of Fy. Let 1 < mz < 1%

be an integer, and let F; be the union of mz distinct elements of S;(Fp). We impose the
following conditions on Fj:

Hypotheses 2.1.

(H1) (Symmetry) F is preserved by all the isometries of the unit cube Fy.

(H2) (Connectedness) The interior of F is connected, and contains a path connecting the
hyperplanes {x; = 0} and {z; = 1}.

(H3) (Non-diagonality) Let B be a cube in Fy which is the union of 2¢ distinct elements of
S1. (So B has side length 217"). Then if the interior of Fy N B is non-empty, it is
connected.

(H4) (Borders included) F; contains the line segment {z : 0 < 21 < 1,29 = ... = zg4 = 0}.
Of these, (H1) and (H2) are essential, while (H3) and (H4) could be weakened somewhat.
See the discussion in [BB3|.

We may think of F} as being derived from Fy by removing the interiors of lg_- —mr
squares in 81 (Fp). Given Fy, Fy is obtained by removing the same pattern from each of the
squares in S1(F7). Iterating, we obtain a sequence (F,,), where Fj, is the union of mf. squares
in S, (Fop). Formally, we define

Fopi= J ¥s(F)= | Us(Fn), n>1L
SESn(Fn) SESl(Fl)

We call the set F = N>2F, a Sierpinski carpet.

5



Set -
P=|]JI%F.
r=0

We call P the pre-carpet (see [O]). We define the unbounded scaled pre-carpet Py by

Pn=1"P=|JIx"F, N>o.
r=0

Until the end of Section 4 we will fix N > 0, and work on the scaled pre-carpet Py. Any
dependence of constants on N will be given explicitly.

We will require a certain amount of notation to describe various subsets of Py. Let S
be the set of cubes in R? of side length 2/ which are unions of 2% cubes in S,,. For z € Py
let Q(z) be the cube in S with center closest to . (We use some procedure to break ties.)
Set Dy, (z) = Q(z) N Pn.

If z = (@1,...,24) is a point in R?, write ||z|;~ = maxi<;<q|zi|. For z,y € Py let
d(z,y) denote the length of the shortest path (i.e., geodesic) in Py connecting z and vy,
where the length of the path is measured in terms of the [*° norm. We have

m
d(a,y) = lim (inf { D |2 = wicalli : 70 = 2,0 = y, |7 = i1l < 6,31 € P} ).
=0

We write B(z,r) = {y € Pn : d(x,y) < r}. Note that the boundary of B(z,r) is a finite
union of flat surfaces orthogonal to the axes. We write diam (A) for the diameter of A in the
metric d, and dist (A, B) for the distance between the sets A and B.

For A C R? we write A°, cl(A), A° for the usual interior, closure and complement of A,
respectively. Let D be a relatively open set in Py (in the metric d). We write 9, D for the
relative boundary of D in Py, and 9.D for the boundary of D in R%. Set 9, D = 8.D — 0, D.
We use the subscripts a,e,r as mnemonics for ‘absorbing’, ‘everywhere’, and ‘reflecting’,
respectively. If S € §,, for some n € Z, and S° NPy is non-empty we call S NPy a special
Pn cube. Note that if Q) is any special Py cube of side length I" then @ is isomorphic to
17" FN_,, where we write F_; = [0,1]%, k > 1. If B = B(z,r) then we define B* = B(z, 2r).
Let I = SNPy be a special Py cube. Write S’ for the cube with side length 3 times that of
S with the same center as S and faces parallel to those of S. Let I* = ¢l ((S' NPn)°).

Let Q C R? be a cube with edges parallel to the axes. We call any set of the form QNPy
a Pn-cube. Note that Py cubes do not have to be connected.

We define the resistance constant R,, by
R :inf{/ Vfdz: f=0onz =0,f=1onz :z;@}.
InF,
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Thus R, is the resistance between two opposite faces of the set [%F,. It is known (see [BB3],
[McG]) that there exists a constant pr and constants ¢y, ca such that

c1pF < Ry < coply.

Let tx = (mz)(pr). We define the fractal dimension, dimension of the walk, and spectral
dimension of F by

dy =logmz/loglr,

dy =logtr/logls,

ds = 2ds/d,, = 2logmyg/logtr.

d¢ is the Hausdorff dimension (and also the packing dimension ) of F. We remark (see [BB3,
Remark 5.4]) that we have d,, > 2. We will also use

l2
Since d,, > 2 we have ( < 1. Let

U

K?:lT—]_-
F

This is the Lebesgue measure of F7; we have k < 1.

Let |A| denote the Lebesgue measure of a Borel set A. If ) is a special Py cube of side
length s = I2" then it is easy to check that

Q= if s <17V,
kN sds istl;_-N.

As the ball B(x,r) contains a special Py cube of side length s > ¢17, and can be covered by
co or fewer special Py cubes of side length s € [r,rlx) we deduce that

rd if r <17V
= ; _ 2.2
Bl ={ T 05N (22

Note that this implies that Lebesgue measure on Py has the volume doubling property:

|B(z,2r)| < c1| B(w,7)], >0

Let W; be Brownian motion on Py with normal reflection on the boundary of Py. Define
YN = W(¢~Nt). Then Y,V is a process on Py with generator %C‘N A, and Green function
that is ¢V times that of W;.



If D is a domain in Py (so D C Py, D is connected and relatively open in Py) write
up(z,y) for the Green function of Y~ on D. Then up is symmetric, continuous except on
the diagonal {x = y} and satisfies

LAup(z,y) = =¢No,(y), wz,yeD

in the distributional sense, where 4, is point mass at z. If D is suitably regular (such as a
Pn-cube or a ball) then we have up(z,y) — 0 as y — 0,D; we extend up to Py X Py by
taking it to be zero off D x D.

Let D be a domain in Py, and A C D. Define
TD
Ue,A,D) = [ up(@ gy =B [ 14(v)ds
A 0

here 7p = inf{s > 0: YY € D°}. Note that U is monotone in A and D: if AC A’ c D C D’
then
U(z, A, D) < Uz, A, D) < U(x, A', D'). (2.3)

| e ifrzl]__-N,
w(r)_{CNT2 ifrgl]__-N.

Note that we can also write 1(r) = rd» v (Nr2.

Define the function

Lemma 2.2. Let B be either a special Py cube of side length r or a ball B(xg,r). Then

(a) U(z,B, B) < c19(r) for z € Py,
(b) U(z,B*, B*) > cotp(r) for x € B.
(¢) U(x,B,B*) > c3y(r) for z € B.

(d) If 1t < s < t then
U(z, B(xo, s), B(zo,t)) > catp(t — s) for z € B(zy, s).
Proof. (a) and (b) follow from the estimates on hitting times of sets in [BB3], Proposition
9.5.
(c) We just do the case when B = B(xg, r); the result for special Py cubes is very similar. Let

By = B(zg,7/2). Using the Markov property of Y and writing Ty = inf{t > 0: Y, € B;},
7 =inf{t > 0: YN ¢ B*}, we have for z € B,

U(z,B,B*) >P*(Ty < T) inlg Uy, B, B*)
yeb
> P* (Tl < T) lean U(ya B(ya 7‘/2), B(ya T/2))
Yy 1

> csP7(T1 < 7)3p(r/2).
Here we used (2.3) and (b) to obtain the final line. It follows from the estimates on the
transition density of Y~ given in [BB3], Section 6, that there exists cg > 0 such that P* (T} <
T) > cg. Since ¥ (r/2) > crp(r), (c) follows.



(d) Let y € B(xo,s). We can find a point z on the geodesic connecting y and zy such that
y € B(z,t —s) C B(zo,s). Then B(z,2(t — s)) C B(xo,t), so, using (2.3),

csp(t —s) < Uy, B(z,t—s),B(z,2(t — s)) < Ul(y, B(xo, ), B(zo, t)).
U

The following result generalizes Theorem 5.3 of [BB1]. Since there is an error in the
proof of that result, we give details of the proof.

Lemma 2.3. There exist constants ¢y, 3 > 0 such that if D is a Py-cube with side length
less than l_%_- and A is a Borel subset of D

U(x,A,D) —U(y,A,D)| < ci|z —y|’, =z,y€D. (2.4)
Proof. Let f =14 and write

Upf(z) = /D up(#,y)f(y)dy = U(z, A, D).

For B C Py let
g = inf{t > 0: Y € B}

be the first exit time of YV from B.
By a proof almost identical with that of Theorem 5.2 of [BB1], there exist constants cs,
(1 > 0 such that if D is a Py-cube with side length less than l%_-, then
E*7p < cod(z,0,D)P*, x € D. (2.5)
Fix z, y € D. If 4d(z,y)'/? > dist (z, 9, D), then
Upf(z) = Upf(y)| < E®rp + B p < cad(a,y)/?
by (2.5), and the theorem is proved in this case..

Now look at the case where 4d(z,y)'/? < dist (z,0,D). Let § = 4d(z,y)'/? and let
B = B(z,6). Then B C D and if z € B, then 75 < 7p. So by the strong Markov property

Unf () =& [ s+ [ i (2.6)
0 TB
= F? /TB fYMdt +EUpf(Y)), z€B.
0
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The function z — E*Up f (YTJX ) is harmonic in B. The elliptic Harnack inequality for
Y™ (see Theorems 4.2 and 4.3 of [BB3]) implies there exist constants c4, 82 such that for
z',y' € B(x,6/2)

d(z',y")
5

B Up ()~ B Up )] < ea(T20) U fll (2.7)

By (2.5) we have
Upf(2)| < | fllc®7D < ¢s5,  z€D,

and -
]EZ/ FOYMNYAt < ||flooE? 7B < 0P (2.8)
0

Combining (2.6), (2.7) with 2’ = z and y' = y, and (2.8) with z first equal to z and then
equal to y, we obtain our result in this case also. [l

There is a Poincaré inequality for Px which may be stated in the following form.

Lemma 2.4. Let B be either a special Py cube of side length r or a ball of radius r, and
let I = B or I = B*. Suppose the gradient of f is square integrable over I. Then, writing

fI = ‘I‘_lfjf;
/ - fil? < ep(r)cN / Vi, (2.9)
I I

Proof. If N =0 and I = D,,(z) for some n < 0 then this is Proposition 7.10 of [BB3]. The
case N = 0 and I = D, () with n > 0 is the usual Poincaré inequality in R¢. The same
argument as in [BB3] also proves this for special Py cubes. The case with N > 1 follows
easily by scaling.

To obtain (2.9) when I is a ball we use the argument of Jerison [J], Section 5. We write
s(Dy(z)) for the diameter (in the metric d) of the set Dy, (z): we have s(Dy(z)) < {z". Then
it is quite straightforward to find a Whitney decomposition F = {D; = D, (z;),7 > 1} of I
with the following properties:

The sets D{ are pairwise disjoint,

I = U; Dy, _o(z;),

Foreach y € I, #{i:y € Dy,_4(x;)} < ca,
1% < dist (w5, 0,1)/5(Dyp, (7)) <132, i>1.

Then, working with the sets D; rather than balls, the remainder of Jerison’s argument
follows, with only minor changes, to give (2.9) for balls. O
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3. Sobolev and other inequalities.

We continue to work on Py, and will mention explicitly any dependence on N in our
estimates.

For the remainder of this section we fix two Py-cubes Q(h) C Q(k) such that h =
diam (Q(h)) < k = diam (Q(k)) < I%. Set

r(z) = U(z,Q(h),Q(k)), x € Pn,
y=1+¢Nvrf

Note that r = 0 off Q(k), r is strictly positive on Q(h), and s Ar = —CNlQ(h).

Lemma 3.1. (a) r satisfies the bound

r(z) < e, z € Pn.

(b) There exists co such that

/ Vrl? < etV |Q(R)] sup [rl-
Q(k) Q(k)

Proof. (a) is immediate from Lemma 2.2, and the fact that Q(k) is contained in a ball of
radius [%. For (b) note that r = 0 on 9,Q(k) and dr/0n = 0 on 9,Q(k). So by Green’s first
identity in the domain Q(k),

/ Vr|? = —/ rAr = 2¢N r1Qn)-
Q(k) Q(k) Q(K)

The result is now immediate. O

We will need the following elementary lemma.

Lemma 3.2. Let z,y,z > 0. If < c1(2'/22Y/2 4+ ), then

T < 2c1y + 4c%z.

Proof. If z < 2ciy, we are done. If z > 2c¢yy, then c;z'/22Y/2 > ¢ — 1y > x/2, so
2clzl/2 > zl/2. O

We begin by proving a weighted Poincaré inequality.
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Proposition 3.3. Let Q(h),Q(k),r be as in Lemma 3.1. Let I C Q(k) be either a special
Pn cube of side length s or a ball of radius s. Suppose f and its gradient are square integrable
over I*. There exists ¢; > 0 such that

[ rvet <as ([ ik cue [ ).

Proof. Let ¢ =U(-,I,1*), and write &y = inf; ¢, &1 = sup;« ¢. By Lemma 2.2 we have

cat)(s) < @p < @1 < c39(s).

Write
A= [ f|Vrf,
I*
B= [ ©’|VfJ,
I*
C=[ f%
I*
D= [ f}Ve],
I*
E= [ |Vf]*
I*
Then

/f2\vr|2 < (ix}f<p)—2/f2|vr\2<p2 < @5 A
I I

We begin by bounding A. Choose g € I. If I* ¢ Q(k), set 7 = r. If I* C Q(k), set
7 =r —r(xp). In either case we see that there exists a point in I* at which 7 is zero. Also,
V7 = Vr, which is 0 off Q(k). Set

R =suprT.
I*

By Lemma 2.3 |7(z) — 7(y)| < ca|z — y|? if 2,y € I*, and therefore R < c5s”.
We write

A= | PV = / P2 Vi = / 0% Vi
I* I* Q(k)

=1 fPO*A(F?) — f2O°TAT, (3.1)
Q) Q)

where in the last line we used the identity |Vu|? = 1Au? — uAw.
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Now consider the first term on the right hand side of (3.1). If I* ¢ Q(k), then 9(72)/0n =
27(07/0n) = 2r(0r/0n), which is 0 on 9,Q(k) and 9,.Q(k). If I* C Q(k), then 9(72)/On =
27(07/0n) = 27(dr/0n) is 0 on 9,Q (k) and f2¢? is 0 on 3,Q(k). So by Green’s first identity,

PO A = — / V()Y ().
Q(k) Q(k)

Thus
A=-3 [ wEAvE) - [ perar

Q(k) Q(k)
<|[ VAVE)| + ke [
Q(k) I*
<4l Po(vervi| +4| [ FNAIVE + RV [ f
Q(k) Q(k) I*

<o [ o) ([ 2wer)”
ca [ rmree) ([ o9iP) " + wrcvaze
< c7(R*A)V2(DY? + BY?) 4 ¢ RCVN ®2C.
As D'/?2 + BY2 < 2(B + D)2, by Lemma 3.2
A < cgR*(B + D) + cs¢NR®C.

We now bound D. We have

D= i V> =1 i FPA(p?) — i FroAo.

Since d(p?)/0n = 2¢(d¢)/On is 0 on 9, I* and 0 on §,I*, by Green’s first identity

i FPA(p?) = — i V(fHV(e?).

Since |A¢| is bounded by 2¢¥ on I*, then | [}, f2eAp| < co¢N®1C. So
D< ‘ V(f2)V(g02)‘ +eotN,C
I*

_ 4‘ ; f(Vf)(pVgo‘ + oV, C

1/2 1/2
<a( [rwel) ([ orvee) "+ acvec
S 610(D1/2B1/2 -+ CN(IHC)
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Using Lemma 3.2 again we conclude that
D < c;1(B+¢Ne,0).
Finally, as B < ®?FE, we deduce that
A< c1aR?*P2E + c19¢N (RO? + R?®,)C.
Since 1(s) < c135”, and R < c145” we have,

/f2\Vr|2 S (I)EZA S 615((1)1/(1)0)282[3E + 615CN((I)1/(I)0)282[3(I)1_10.
I

Using the bounds above on ®; the conclusion follows .

Corollary 3.4. Let f, I, and I* be as in Proposition 3.3.
(a) Then if fr. = I~ [,. f,

/ (F=fr)?r < eicNs? [ vy,
I

I*
(b) Further,
2
[ v e [ veeein( [ i0)
I I* I

Proof. Applying Proposition 3.3 to f — f;« we deduce

/I(f — J1-)?Vr[? < a5 /I VI +Nop(s) 7! /I (f = f1)?).

By the Poincaré inequality Lemma 2.4 we have

Jo=tep< [ (= <ac i [ v

Substituting the second inequality of (3.4) into (3.3),
[ yvr? < ess [ Vi
I I
Since 1(s) < cgs® we obtain (a) by adding (3.4) and (3.5).

(b) Now let b= [, fv/ [;v. Then

/If27=/(f—b)27+b2/7
= [u=era= (1) ([ 1)
< [¢ =y ( [ 1)

Combining (3.2) and (3.6) completes the proof.

We can obtain a sharper result if we just consider special Py cubes.
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Corollary 3.5. Let I be a special Py cube. Then

[ rrwe <o ([ 1952+ o [ ). (37)
[ rv<acen [wrrein([ i) (3.5

Proof. Note that the left-hand sides of (3.7) and (3.8) do not depend on the values of f
outside of I. Recall that I* is the union of the (3¢ or fewer) special Py-cubes of side length
s touching I; extend f to a function f on I* by reflection. Then

pest[p [wir<st [ve
I I I+ I
and (3.7) and (3.8) now follow from Proposition 3.3 and Corollary 3.4(b) for f. O

Next we proceed to a Nash inequality for special Px cubes. Because the Laplacian is
not a symmetric operator with respect to 7, we cannot use the method in [SC].

Proposition 3.6. Let J be a special Px cube with side length s < lg_-. Suppose the gradient
of f is square integrable over J and fJ f%y < co. Then

/ 2y < ¢y max ( Ads/(26+7) g26/(2+d) 40/ (2+d) (N B)2ﬁ/(2ﬂ+d)>
J

A= [vpees [P m=w( [ 1)

Proof. The result is trivial if A = 0, so we may assume A > 0. Let ¢ € (0,s). We can find
a covering of J by special Py cubes I; of side length between ¢/l and ¢ such that J = UI;,
and the I? are disjoint. Note that |I;| < s™Vt% Atd. Set 1o(t) =t~ Vv (kNt~%). We apply
Corollaries 3.4 and 3.5 and sum. So

/Jf27 = Z/I f*y
<SS [0 e S ( [ i)’

< eot®Peg¢™ /|Vf\2+621l)0 _N / ‘f|’)’

S C4t2ﬁA + C5’l/)()(t)B. (39)

where
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If ¢ > s then (possibly adjusting the constant c4), the inequality (3.9) is trivial. If we now
choose tg so that tgﬂA = 1o (to) B, then we have that

[ (BACED i gy > 1N
T V(KN B/AVCAD it 1y <INV,

Now let ¢t = ¢y and substitute in (3.9) to conclude the proof. O

Next is a preliminary version of a weighted Sobolev inequality. Again the lack of sym-
metry of the Laplacian with respect to v necessitates new methods.

Proposition 3.7. Let J be a special Py cube with side length s < 1. Let f be as above.
Then for any R € (2,2 + 2(3/d) there exists c¢;(R) < oo such that

1/2

(™ /J 715) " < ex(® [N w /J VFP 4 n V52 /J IS (3.10)

Proof. Since |V(fT)| < |Vf] a.e. and |f| < ft + f~, it suffices to consider nonnegative f.
Write

Ao = [ v en e [ B = (8 [ i)

Multiplying f by Ao(f)~1/2, it is enough to prove

n_N/ By <a if Ao(f) = 1. (3.11)
J

Pn = H_N/ Y
{rz2n}nJ

pn <po < KN /{f } iy < n‘”/ iy < s Ao(f) < 1.
>1}nJ J

Set

Then

Let f, = (f A2"1) — (f A2™); note that f, < 2", that f, =2" on JN{f > 2"}, and that
fn="0o0n {f < 2™}. Therefore

o / fay =k~ / foy < kN / 2" = 2"p,,, (3.12)
J {f>2r}nJ {f>2r}ng

while

N / i / fay > k7N / Sy =2""pn . (3.13)
J (F>2m3nJ {(F>2n 1307
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Since [, f2y < [, f?y and [, |V fal? < [;|Vf|?, we have Ao(fn) < Ao(f). So, from
(3.13) we deduce p, < 4-272". Applying Proposition 3.6 to f, we have, using the fact that
AO(f) S 17

n—N/ fﬁv < ¢y max (Bo(fn)z,@/(Qﬁ—Fdf)’ HNBo(fn)zﬂ/(Qﬁ_"d))_
J
Hence, we obtain
2*"pp41 < cymax ((2npn)2ﬂ/(2ﬂ+df)7 (,QNann)Zﬁ/(%er))_ (3.14)

Since 2"p, < 4 and dy < d, both the terms on the right hand side of (3.14) are dominated
by c4(2"p,,)2P/(2P+d)  Therefore

Pyl < cg(27™)(2AF20)/(26+d) (1, 126/ (26+d)

Elementary calculations now verify that p, < a2~"? where § = 2(8+d)/d and a = c5 > 1,
is a constant depending only on c4, 8 and d.

Since -
n‘N/ 1fRy <ce Y 2"pn,
J n=0
we deduce (3.11) (with a constant depending on R) for any R € (2,2 + 28/d). O

We can modify slightly the final term in (3.10).

Corollary 3.8. Let J be a special Py cube of side s < l%_—. Let f and its gradient be square
integrable over J. Then for any R € (2,2 + 2(3/d) there exists c1(R) < oo such that

(H_N/J|f|R’Y>1/RSC1(R) [C_NR_N/J|Vf|2+"3_N3_d“’/Jf2]1/2_ (3.15)

Proof. We have, using Corollary 3.5, and the fact that 20 < 2 < d,,,

/Jf27=/Jf2+C‘N/Jf2|VT|2
< [ Pracs [ [vip s [
§C4C_N32ﬁ/]|Vf|2+c532ﬁ_dw/JfZ.

The result now follows from substituting this in the last term of (3.10). g
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We now fix R € (2,24 24/d).

Theorem 3.9. Let () C Py be the union of a finite number of disjoint special Py cubes
each of side length s < 1%. Let f and its gradient be square integrable over Q. Then

(K:—N/Q‘ﬂR’y)l/RSCl(R)[C—Nﬂ—N/C;|Vf|2+h,l—NS—dw/;)ch}l/2. (3.16)

Proof. If J; are the cubes with UJ; = @ then, applying Corollary 3.8 to each of the J;,
M
SR RVES STl T
Q =1 Ji
M R/2
<a o (cVa [ use sty [ )
i=1 Ji Ji

If p>1and z; > 0 then Y z? < (3 x;)P. So

H—N/Q|f|R,YS(§[C—NK—N |Vf|2+s_dwﬁ'_N/Ji fQDR/z

i=1 Ji

:(C—NK—N/Q‘Vf|2+8—dwK—N/Qf2)R/2-

4. Harnack inequality.

In this section we prove Theorem 1.1. We look at the operator £ = Zij:l 0i(ai;(x)0;),
where the a;; are bounded, strictly elliptic, and smooth. On the boundaries of Py we
impose conormal reflection. We will show the Harnack inequality for nonnegative £-harmonic
functions with bounds that do not depend on the smoothness of the a;;.

The following result is proved exactly as in Moser [M1], Lemma 4.

Proposition 4.1. Let D C Py be a domain in Py, and suppose u is L-harmonic in D,
v =uF where k € R, k # 1/2, and 7 is supported in D°. Suppose the gradient of n is square
integrable over D. Then

2k 2
210 2 < 2.2 dx.
/Dn|Vv| d:v_cl(2k_1> /D\Vn|vdm

Now let u be £-harmonic and non-negative in Py N[0, 17]%; we assume u # 0. The usual
Harnack inequality in R?, combined with the connectedness hypothesis (H2) implies that u

18



and u~! are continuous and bounded (by a constant c(u, N, ¢) depending on u, N and €) on
Py N [0,17 — €]? for every ¢ > 0. By Proposition 4.1, the gradient of powers of u will be
square integrable over bounded subsets of Py.

Let yo =1 and yp = 1 — Y r_ 17" for 1 < k < o0, and set
Qr=[0,5]°NPn, 0<k<o0.

Since [ > 3, then y,, > % Note that each Qi is a Py-cube and is the union of at most l’;_-df
special Py cubes each of side length l]__-k. Note also that dist (Qx+1, PN — Qk) = l;_-(kﬂ).

Proposition 4.2. Let v be either u or u~'. There exists c; such that if 0 < ¢ < 2, then

sup v29 < cm_N/ (N |V + 029).
Qoo 0

Proof. For 0 < k < oo let

e =U(-, Qrt1, Qk), e =14 N Vg2

Let f = uP, where p € R, p # % Applying Theorem 3.9 we have, writing S = R/2,

1/S
("J_N/ f2S’Yk+1) < e [F&_N/
Qr41 Q

We start with the first term on the right-hand side of (4.1). If z € Qg1 then there exists
a special Py cube I of side lj__-k_1 such that z € I C Qgy1. Then I* C Qp, so by Lemma
2.2(c) we have rg > c;;l}_-kdw on Q1. Hence

C‘N\Vf|2+l§f+1)dwn_N/ 7l @y

k41 Qr41

el Y e S A7
Qr41 Q

k+1

S A I

k

2 2
<es( i) wNCNEE [ p2 v

(2p - 1) Qk
2p 2 _N2kd 2
< — 1) w . 4.2
_65((2}9—1)\/ K l]: Qkf Yk ( )

Here we used Proposition 4.1 in the third line. If ¢5 is taken large enough, the right hand
term in (4.2) also dominates the final term in (4.1). Therefore,

(= /Q f%kﬂ)”sSce(@;—fl)vl)zzi’“dw(n—fv /Q Pw). @3
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Choose ¢’ > 0 such that inf,,c7 [¢'S™ — %| > ¢7 > 0. Suppose first that gy = ¢S~ for
some 7. Let p, = 2¢oS™ for n > 0, and write

1/p
\Ilkz[n_N/ vpk'yk] k.
Qk

Note that pry1/2S = pr/2. Applying (4.3) to f = vPk+1/(25) = yPr/2 we have

1/
S _
(e [ o)
Qr+1
< cglyFdv (n_N/ vp""yk>: cgloF b gk,
k
or y
Pk
2kd,,
\I/k_|_1 S <Cslj: ) \Ijk:-

Hence for every m

m
log ¥, <log Wy + Zp,:l log(cgli™). (4.4)
k=1

As the sum in (4.4) converges, and supg v < limsup,,_,,, Y, we have

1/(290)
supv < cg </«:_N/ ’U2q0’)/0) o (4.5)
Qoo 0
Now let ¢ € (0,2). We can take go = ¢'S™% < ¢g. Then by Hélder’s inequality, and Lemma
3.1
q/q 1-qo/q q0/q
/ vy < (/ Uzq’Yo) ’ (/ ’Yo) ’ < C10(/ U2q’Yo) 0-
Qo 0 Qo Qo
Thus

supv2q < cu/ v2q70.
Qoo 0

By Corollary 3.5 this implies

sup v?? < Clgli_N/ (CN|Vve)? 4 v29).
Qoo 0

O

In the argument above we were tied to the cubes Qi since we needed to use Theorem
3.9. However, in the remainder of this section it will be more convenient to use the balls
B(z, 7). An easy covering argument gives us
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Corollary 4.3. Let u > 0 be L-harmonic in B(xg,3). There exists ¢y, independent of u and
xo, such that for0 < g <2 andv=worv=u""!

sup v?4 < cm_N/ (N |Vve? + v29). (4.6)
B(wo,l) B($072)

We now follow the ideas of Moser [M2] to link the L> norms of u and u~!. Fix zg € Py,
and write B(r) = B(zg,7). Let u > 0 be £L-harmonic in B(zg,4). v is either u or u~!.

Corollary 4.4. Let 1/2 < s <t < 4 and let 7o = U(-, B(s), B(t)), vt = 1+ (N |Vr2,|.
Then if 0 < ¢ < 3,

sup v2? < ¢y (t — 3)_d’”_df o / 02y,
B(s) B(t)

Proof. Let 6 = 1(t — 5), s = s+ 26. By Corollary 4.3 and scaling, if B(z,36) C B(4) then

sup v < cur™N¢TNPIw—ds / (V|2 + cof~% m_N/ v, (4.7)
B(z,0) B(z,26) B(z,20)

We can cover B(s) by a collection of balls B(z;,20) C B(s') such that no point in B(s') is
contained in more than c3 of these balls. So by (4.7)

sup v24 < cqk NN gIw—ds / IVv?|? + o™ % m_N/ 0?7, (4.8)
B(s) B(s') B(s')

By Lemma 2.2(d) rs; > c40% on B(s'). Since ry; is supported on B(t)°, we have by Propo-
sition 4.1,

C_N/ |V'Uq|2 < g NP 24w / \Vvq|27‘§t
B(s’) B(s')

< (N /B ASERE
t

< 06§_N0_2d’”/ V7t |20
B(t)
Combining this with (4.8) and noting that § < 1 completes the proof. O

Now let w = logu. We will need the following estimate.
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Proposition 4.5. Suppose h € [1/2,2] and w = logu. There exists ¢; such that
[ 9wl < alB)
B(h)

Proof. Again, this is essentially Moser’s proof. Let ¢ = U(-, B(h), B(2h)), and note that by
Lemma 2.2 ¢ > co on B(h). So

/ |Vw|* < 03/¢2\Vw|2.
B(h)

We write )
0:/%@: —/V(¢2/u)-aVu
/(2¢V¢ aVu — gb—2Vu aVu)
:—g/MwwNw+/¢WwﬁVw
So

[orvul < el [ 696 avul < eof [ 1vo2) ([ 19up)

Dividing and squaring,
[ #1vul < [ var,

and by Lemma 3.1, (™% [ |V¢|? < ¢7|B(h)|. O

For < h <4, let a(h) = WlhnfB(h)w
Corollary 4.6. Let % <s<t<1. Then
cm_N
A2

/ Vst S
Hw—a(2)[>A}NB(s)

Proof. Note first that

/ Vst S / Vst -
{lw—a(2)|>A}NB(s) {|lw—a(2)|>A}NB(1)

By Chebyshev’s inequality,

/ Yot < A / |w — o(2)[*7se
{lw—a(2)|>A}NB(1) {lw—a(2)|>A}NB(1)

< A—2/ 0 = a(2)2yar.
B
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Now apply Corollary 3.4(a) with Q(h) = B(s), Q(k) = B(t), I = B(1) and I* = B(2); we
have

/ (w = a(2))yat < ¢ / Vul?,
B(1)

B(2)
and by Proposition 4.5 this is bounded by czx™ . O

Without loss of generality, let us multiply u by a constant so that f B(2) logv = «a(2) =0.
Recall that v is either w or = ! and define

@(h) = sup logw.
B(h)

Lemma 4.7. If% <s<t<1, then

o(s) < 3p(t) + er(t — s) =4 4w, (4.9)

Proof. Fix t and write ¢ for ¢(t). Let ¢y > e satisfy co = 6logca. If p(t) < co then as ¢(-) is
increasing

p(s) < o(t) < Fo(t) + fc2,
so that (4.9) holds provided ¢; > ¢y /4.
Now suppose ¢ > co. By Corollary 4.6 and the fact that v? < eP? on B(t),

/ 'Uzp’)/st :/ ’UQP'Yst +/ U2p'7st
B(t) B(t)n{logv>¢/2} B(t)Nn{logv<e/2}

< e2p<p/ Vst +eptp/ Vst
B(t)n{logv>¢/2} B(t)Nn{logv<y/2}
4 2pp
4 B(t)

2pp

e

< 04(—2 + ep“’)k;N.
¥

Let p = %loggo, so that e?? = % As ¢ > cp we have p < (2/c)logces = 3. So

/ vy < 2c4ePP KN
B(t)
Therefore by Corollary 4.4,

1 2
p(s) = — log|sup v*?
(s) 2p [B(s) ]

1
—log |es(t — 5) "L dw =N / 0Py,
% g [ 5( ) B t}

IN

IN

1
% log [ce (t—s) % ~dw ep“’] .
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So

1 log(co(t — )~ ~)

2 log ¢ '
Without loss of generality we may take cg larger than cy. If ¢(t) > cg(t — s) "4 %= then
by (4.10) ¢(s) < 3¢(t), and (4.9) is satisfied. If, on the other hand, ¢(t) < cg(t — s) ™4 ~ %,
then since ¢(s) < p(t), we have (4.9) satisfied with ¢; = cg. O

p(s) < 30(t) |1+ (4.10)

We can now prove the Harnack inequality.

Theorem 4.8. There exists ¢ such that if u is nonnegative and L-harmonic in B(3), then
SuPp(1/2) U

- <c
infp(1/2) u

Proof. We know that u is continuous and bounded in B(2); we need to show we can bound
the ratio of the supremum of u to the infimum of v in B(1/2) by a constant not depending
on u. Multiplying u by a constant we can assume fB(z) logu = «@(2) = 0. First let v = w.

Choose t; =1 — (1/(j +2)), so that tc = 1/2 and ¢; 1 1. Then by Lemma 4.7, writing
0=ds+dy,

o(to) < 3o(t1) + c2(t1 — to)™°
< (£)%p(t2) + calty — o) ™% + 2ea(te — t1) ™0
<
< (Deltn) + 52051 (D) et — 1) ™7,
for any n > 0. Since ¢(t,,) < ¢(1) < oo, and
D (Diea(ti —ti1)™f = 3 < o0,
=1
we obtain
sup logu < c3.
B(1/2)
Now let v = 4~ !; logv = — logu so we still have fB(2) logv = 0. The same argument as

above now implies Supp(1/2) logv < c3, or

inf 1 > —cs.
iy o5 = e

Combining we deduce

e < inf u< sup u<e®,
B(1/2) B(1/2)

which is what we wanted to prove. [l

Theorem 1.1 follows from Theorem 4.8 by a scaling and covering argument.

Standard arguments now yield
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Corollary 4.9. Suppose D C E are open subsets of P. There exists ¢; depending only on
the ratio of dist (0,D, 0, F) to the diameter of D such that if u is nonnegative and harmonic
in FE, then

u(z) < cru(y), z,y € D.

5. Heat kernel estimates.

In this section we study the fundamental solutions ¢(t, z,y) of the heat equation in P:

ou

5 (x,t) = Lu(x,t),

where u has conormal reflection on 9P. In probabilistic terms (¢, z,y) is the transition
density of the diffusion X on P with generator £. We continue to assume the a;; are smooth,
although our bounds will not depend on the smoothness.

Let D be a domain in P. Let ugz p(z,y) be the Green function for £ for the process
killed on exiting D and let ua p be the corresponding Green function for reflecting Brownian
motion in D killed on hitting 0,D. Let Cz p(A) and Ca p(A) be the capacities of a set
A C D with respect to £ and A respectively. We have

CLD(A):inf{/ Vf-aVf:f=00ndP—-D,f=1 onA}
D
Ca.p(A) = inf{/ IVf2:f=00ndP—D,f=1on A}.
D
It is immediate from these definitions that

A1Ca,p(A) < Cr.p(A) < X2Ca,p(4), (5.1)

where A;, A2 depend only on the bounds on the matrix a in (1.1).

Let Y be either of the processes W or X. We write up, Cp for the Green’s functions and
capacities for Y, and 7p for the exit time of Y from D. We define Upp(z) = [ up(z,y)u(dy).

Lemma 5.1. Letz € P, R> 0, D = B(z,R), and B, = B(z,2 "R) for n > 0. Then

c1 Y |BalCp(Bp)™ <E*rp <2 |Bn|Cp(Ba)™". (5.2)
n=1

n=1

Proof. Note first that up(z,-) is continuous and harmonic on D — {z}, and is zero on
{y : d(z,y) = R} = 0,D. So by the maximum principle it follows that up(z,-) attains its
maximum on B, 1 — B, at a point z, with d(z, z,) = 27"R.
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Let p, be the capacitary measure for B,,. Thus Cp(B,) = lin (B,) and Upp,, <1 on
D, and equals 1 on B,,. We know that u,, is concentrated on 0B,,. We have

1=Uppn(z) = /_ up(z, 2)n(dz) < up(z, 2,)Cp(By). (5.3)

n

Now up(zy,.) is harmonic in By, 1, so by the Harnack inequality Corollary 4.9 we have
up(Zn,y) <X up(2n,x) on By,y1. Therefore

1 Z UD,U'n+1(Zn) = /; UD(@/, Zn),uln+1(dy) Z CBUD(zn7$)CD(Bn+1)- (54)
B,

Now write A, = B(z,,2~™*YR). Note that A, C B, — B,1, so that the sets A, are
disjoint. The estimate (2.2) implies that A,,, B, and B,_; all have comparable volume. By
Corollary 4.9 we have up(z,y) < up(x, z,) on A,.

Using these estimates we have

IEmTD:/‘ ’U,D(Jf,y)
D
>3 / up (. y)dy
n=1 Ap

> Cy Z/ ’U,D(il?, Zn)dy > cx Z |Bn|CD(Bn)_1'
n=1 Ap n=1

Also,
E*rp = / up(z,y)dy
7;_ Bn—l_Bn
o0
< co / up (&, z)dy
7;_ Bn—l_Bn

oo
< ¢cp Z |Bn—1lup(z, 2n)

n=1

<7 |Bas1|Cp(Bas1) ™ < e > |Bm|Cp(Bm) ™"

n=1 m=1

0

Let 7'5 be the time for the process X; associated to £ to exit D, and let TDA be the
analogous time for the Brownian motion W; on P to exit D. Recall from Section 2 the
definition (r) = r%» Vv (V72 and from Lemma 2.2 that if D = B(x¢, R) then

E°r5. < c1(R), z € D*, E®r5. > cotp(R), € D.

We have the same bounds for the exit times of X.
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Corollary 5.2. There exist ¢y, co such that
E*75. < c19(R), € D*,
E*75. > cotp(R), € D.

Proof. This is immediate from Lemma 5.1 and the comparison for capacities given by (5.1).
O

Theorem 5.3. Let q(t,z,y) denote the transition densities for X;. There exist ci,...,cg €
(0,00) such that if x,y € P and
(a) t > max(1,|z — yl|), then

ert=4/2 exp ( e ( | —ty|dw )1/(dw—1))

- dw 1/(dw_1)
b () ),

(b) ift <1, then
cst ™ exp(—colz — y|*/t) < q(t, x,y) < crt™ Y exp(—cs|w — y[*/t).
(c) ift>1, |z —y|>t, then
cst ™% /2 exp(—cglz — y|*/t) < q(t, z,y) < crt™%/? exp(—cs|z — y[*/t).

Proof. The upper bound follows the proof in [BB3], Section 6, exactly, using Corollary 5.2.
The lower bound is done as follows:

Just as in [BB3], (6.23), we have q(t,z, ) > cot~%/2 for t > 1. Let D be a P-cube of
side length t%» and let gp (¢, x,y) denote the transition densities for X; killed on exiting D.
X is a symmetric process, so there is an eigenvalue expansion for ¢p:

p(t,z,y) Ze At ()i (y).

As in [BB2], Section 7, we deduce (6.21) and (6.22) of [BB3]. Since q(t,z,y) > qp(t,z,y),
we argue as in [BB3], Theorem 6.9, and derive the lower bound. Il

We also have a parabolic Harnack inequality for P. The statement and proof are the
same as in [BB3], Theorem 7.12.

Remark. Using the results of this section we can construct a diffusion process on F corre-
sponding to £. As in [BB1], Section 5, we use Corollary 5.2 to obtain a tightness estimate.
The Harnack inequality, following [BB1], Section 5, implies that A-resolvents are Holder
continuous. We first take a subsequence as in [BB1], Section 6 to construct a process cor-
responding to £ on F when the a;; are smooth. In the case when the a;; are not smooth,
we take a;; smooth satisfying the same bound and uniform ellipticity as the a;; and take a
limit. It is then straightforward, as in [BB3] Section 6, to derive heat kernel bounds and a
parabolic Harnack inequality for this process.
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