Uniqueness of Brownian motion on
Sierpinski carpets

Martin T. Barlow *
Department of Mathematics, University of British Columbia
Vancouver B.C. Canada V6T 172
Email: barlow@math.ubc.ca

Richard F. Bass |
Department of Mathematics, University of Connecticut
Storrs CT 06269-3009 USA
Email: bass@math.uconn.edu

Takashi Kumagai
Department of Mathematics, Faculty of Science
Kyoto University, Kyoto 606-8502, Japan
Email: kumagai@math.kyoto-u.ac.jp

and

Alexander Teplyaev?!
Department of Mathematics, University of Connecticut
Storrs CT 06269-3009 USA
Email: teplyaev@math.uconn.edu

13 July 2009

Abstract

We prove that, up to scalar multiples, there exists only one local
regular Dirichlet form on a generalized Sierpinski carpet that is invari-
ant with respect to the local symmetries of the carpet. Consequently
for each such fractal the law of Brownian motion is uniquely determined
and the Laplacian is well defined.
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1 Introduction

The standard Sierpinski carpet Fgc is the fractal that is formed by taking the unit
square, dividing it into 9 equal subsquares, removing the central square, dividing
each of the 8 remaining subsquares into 9 equal smaller pieces, and continuing. In
[3] two of the authors of this paper gave a construction of a Brownian motion on
Fsc. This is a diffusion (that is, a continuous strong Markov process) which takes
its values in Fsc, and which is non-degenerate and invariant under all the local
isometries of Fyc.

Subsequently, Kusuoka and Zhou in [30] gave a different construction of a
diffusion on Fgc, which yielded a process that, as well as having the invariance
properties of the Brownian motion constructed in [3], was also scale invariant. The
proofs in [3, 30] also work for fractals that are formed in a similar manner to the
standard Sierpinski carpet: we call these generalized Sierpinski carpets (GSCs).
In [5] the results of [3] were extended to GSCs embedded in R? for d > 3. While
[3, 5] and [30] both obtained their diffusions as limits of approximating processes,
the type of approximation was different: [3, 5] used a sequence of time changed
reflecting Brownian motions, while [30] used a sequence of Markov chains.

Figure 1: The standard Sierpinski carpet

These papers left open the question of uniqueness of this Brownian motion —
in fact it was not even clear whether or not the processes obtained in [3, 5] or [30]
were the same. This uniqueness question can also be expressed in analytic terms:
one can define a Laplacian on a GSC as the infinitesimal generator of a Brownian
motion, and one wants to know if there is only one such Laplacian. The main
result of this paper is that, up to scalar multiples of the time parameter, there
exists only one such Brownian motion; hence, up to scalar multiples, the Laplacian
is uniquely defined.

GSCs are examples of spaces with anomalous diffusion. For Brownian motion
on R? one has E|X; — Xo| = ct'/2. Anomalous diffusion in a space F occurs



when instead one has E|X; — Xo| = o(t'/?), or (in regular enough situations),
E|X; — Xo| = t*/® where d,, (called the walk dimension) satisfies d,, > 2. This
phenomena was first observed by mathematical physicists working in the transport
properties of disordered media, such as (critical) percolation clusters — see [1, 37].
Since these sets are subsets of the lattice Z¢, they are not true fractals, but their
large scale structure still exhibits fractal properties, and the simple random walk
is expected to have anomalous diffusion.

For critical percolation clusters (or, more precisely for the incipient infinite
cluster) on trees and Z?, Kesten [23] proved that anomalous diffusion occurs.
After this work, little progress was made on critical percolation clusters until the
recent papers [7, 8, 27].

As random sets are hard to study, it was natural to begin the study of anoma-
lous diffusion in the more tractable context of regular deterministic fractals. The
simplest of these is the Sierpinski gasket. The papers [1, 37] studied discrete
random walks on graph approximations to the Sierpinski gasket, and soon af-
ter [19, 29, 11] constructed Brownian motions on the limiting set. The special
structure of the Sierpinski gasket makes the uniqueness problem quite simple, and
uniqueness of this Brownian motion was proved in [11]. These early papers used
a probabilistic approach, first constructing the Brownian motion X on the space,
and then, having defined the Laplacian L£x as the infinitesimal generator of the
semigroup of X, used the process X to study Lx. Soon after Kigami [24] and
Fukushima-Shima [18] introduced more analytical approaches, and in particular
[18] gave a very simple construction of X and Lx using the theory of Dirichlet
forms.
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Figure 2: The Sierpinski gasket (left), and a typical nested fractal, the Lindstrgm
snowflake (right)

It was natural to ask whether these results were special to the Sierpinski gas-
ket. Lindstrgm [31] and Kigami [25] introduced wider families of fractals (called
nested fractals, and p.c.f. self-similar sets respectively), and gave constructions of
diffusions on these spaces. Nested fractals are, like the Sierpinski carpet, highly
symmetric, and the uniqueness problem can be formulated in a similar fashion
to that for GSCs. Uniqueness for nested fractals was not treated in [31], and for



some years remained a significant challenge, before being solved by Sabot [41].
(See also [33, 36] for shorter proofs). For p.c.f. self-similar sets, while some suf-
ficient conditions for uniqueness are given in [41, 21], the general problem is still
open.

The study of these various families of fractals (nested fractals, p.c.f self-similar
sets, and GSCs) revealed a number of common themes, and showed that analysis
on these spaces differs from that in standard Euclidean space in several ways, all
ultimately connected with the fact that d,, > 2:

e The energy measure v and the Hausdorff measure p are mutually singular,
e The domain of the Laplacian is not an algebra,

e If d(z,y) is the shortest path metric, then d(z, ) is not in the domain of the
Dirichlet form.

See [2, 26, 43] for further information and references.

The uniqueness proofs in [21, 33, 36, 41] all used in an essential way the fact
that nested fractals and p.c.f. self-similar sets are finitely ramified — that is, they
can be disconnected by removing a finite number of points. For these sets there is
a natural definition of a set V,, of ‘boundary points at level n’ — for the Sierpinski
gasket V,, is the set of vertices of triangles of side 27™. If one just looks at the
process X at the times when it passes through the points in V,,, one sees a finite
state Markov chain X (™ which is called the trace of X on V,. If m > n then
V,, C V,,, and the trace of X(™) on V,, is also X (™). Using this, and the fact that
the limiting processes are known to be scale invariant, the uniqueness problem for
X can be reduced to the uniqueness of the fixed point of a non-linear map on a
space of finite matrices.

While the boundaries of the squares (or cubes) have an analogous role to the
sets V,, in the geometrical construction of a GSC, attempts to follow the same
strategy of proof encounter numerous difficulties and have not been successful.
We use a different idea in this paper, and rather than studying the restriction of
the process X to boundaries, our argument treats the Dirichlet form of the process
on the whole space. (This also suggests a new approach to uniqueness on finitely
ramified fractals, which will be explored elsewhere.)

Let F be a GSC and p the usual Hausdorff measure on F'. Let & be the set of
non-zero local regular conservative Dirichlet forms (£, F) on L?(F,u) which are
invariant with respect to all the local symmetries of F. (See Definition 2.15 for
a precise definition.) We remark that elements of € are not required to be scale
invariant — see Definition 2.17. Our first result is that € is non-empty.

Proposition 1.1 The Dirichlet forms associated with the processes constructed
in [3, 5] and [30] are in €.

Our main result is the following theorem, which is proved in Section 5.

Theorem 1.2 Let F C R? be a GSC. Then, up to scalar multiples, & consists of
at most one element. Further, this one element of & satisfies scale invariance.



An immediate corollary of Proposition 1.1 and Theorem 1.2 is the following.

Corollary 1.3 The Dirichlet forms constructed in [3, 5] and [30] are (up to a
constant) the same.
(b) The Dirichlet forms constructed in [3, 5] satisfy scale invariance.

A Feller process is one where the semigroup 7; maps continuous functions that
vanish at infinity to continuous functions that vanish at infinity, and lim; ¢ T} f (z) =
f(z) for each x € F if f is continuous and vanishes at infinity. Our main theorem
can be stated in terms of processes as follows.

Corollary 1.4 If X is a continuous non-degenerate symmetric strong Markov
process which is a Feller process, whose state space is F, and whose Dirichlet form
is imvariant with respect to the local symmetries of F', then the law of X under P*
is uniquely defined, up to scalar multiples of the time parameter, for each x € F'.

Remark 1.5 Osada [35] constructed diffusion processes on GSCs which are differ-
ent from the ones considered here. While his processes are invariant with respect
to some of the local isometries of the GSC, they are not invariant with respect to
the full set of local isometries.

In Section 2 we give precise definitions, introduce the notation we use, and
prove some preliminary lemmas. In Section 3 we prove Proposition 1.1. In Section
4 we develop the properties of Dirichlet forms £ € & and in Section 5 we prove
Theorem 1.2.

The idea of our proof is the following. The main work is showing that if A, B
are any two Dirichlet forms in &, then they are comparable. (This means that .4
and B have the same domain F, and that there exists a constant ¢ = ¢(A,B) > 0
such that cA(f, f) < B(f,f) < ¢ YA(f, f) for f € F.) We then let X be the
largest positive real such that C = A — AB > 0. If C were also in &, then C
would be comparable to B, and so there would exist € > 0 such that C —eB > 0,
contradicting the definition of A. In fact we cannot be sure that C is closed, so
instead we consider Cs = (1 + d).A — AB, which is easily seen to be in €. We then
need uniform estimates in § to obtain a contradiction.

To show A, B € & are comparable requires heat kernel estimates for an arbitrary
element of €. Using symmetry arguments as in [5], we show that the estimates
for corner moves and slides and the coupling argument of [5, Section 3] can be
modified so as to apply to any element £ € €. It follows that the elliptic Harnack
inequality holds for any such £. Resistance arguments, as in [4, 34], combined
with results in [20] then lead to the desired heat kernel bounds. (Note that the
results of [20] that we use are also available in [10].)

A key point here is that the constants in the Harnack inequality, and con-
sequently also the heat kernel bounds, only depend on the GSC F, and not on
the particular element of €. This means that we need to be careful about the
dependencies of the constants.

The symmetry arguments are harder than in [5, Section 3]. In [5] the approxi-
mating processes were time changed reflecting Brownian motions, and the proofs



used the convenient fact that a reflecting Brownian motion in a Lipschitz domain
in R? does not hit sets of dimension d — 2. Since we do not have such approxi-
mations for the processes corresponding to an arbitrary element £ € &, we have
to work with the diffusion X associated with &£, and this process might hit sets
of dimension d — 2. (See [5, Section 9] for examples of GSCs in dimension 3 for
which the process X hits not just lines but also points.)

We use C; to denote finite positive constants which depend only on the GSC,
but which may change between each appearance. Other finite positive constants
will be written as c¢;.

2 Preliminaries
2.1 Some general properties of Dirichlet forms

We begin with a general result on local Dirichlet forms. For definitions of local
and other terms related to Dirichlet forms, see [17]. Let F' be a compact metric
space and m a Radon (i.e. finite) measure on F'. For any Dirichlet form (€, F) on
L?(F,m) we define

E1(u,u) = E(u,u) + ||lul|2 (2.1)

Functions in F are only defined up to quasi-everywhere equivalence (see [17] p.
67); we use a quasi-continuous modification of elements of F throughout the paper.
We write (-, ) for the inner product in L?(F,m) and (-,-)g for the inner product
in a subset S C F.

Theorem 2.1 Suppose that (A,F), (B,F) are local regular conservative irre-
ducible Dirichlet forms on L?(F,m) and that

A(u,u) < B(u,u)  for allu e F. (2.2)

Let § > 0, and € = (1 +6)B — A. Then (€,F) is a regular local conservative
irreducible Dirichlet form on L?(F,m).

Proof. It is clear that £ is a non-negative symmetric form, and is local.

To show that £ is closed, let {u,} be a Cauchy sequence with respect to &;.
Since E1(f, f) = (6 AD)B1(f, f), {un} is a Cauchy sequence with respect to Bj.
Since B is a Dirichlet form and so closed, there exists u € F such that By (u, —
U, Uy —u) — 0. As A < B we have A(u,, — u,u, —u) — 0 also, and so & (u, —
u, Uy, — u) — 0, proving that (&, F) is closed.

Since A and B are conservative and F' is compact, 1 € F and £(1,h) = 0 for
all h € F, which shows that & is conservative by [17, Theorem 1.6.3 and Lemma
1.6.5).

We now show that € is Markov. By [17, Theorem 1.4.1] it is enough to prove
that E(a,u) < E(u,u) for v € F, where we let @ = 0V (u A 1). Since A is
local and uyu_ = 0, we have A(uy,u_) = 0 ([42, Proposition 1.4]). Similarly
B(uy,u_) =0, giving £(uy,u_) = 0. Using this, we have

E(u,u) = E(uy,uy) — 28 (ug,u) + E(u_,u_) > E(uy,uq) (2.3)



forue F. Nowlet v=1—wu. Then @ = (1 —vi)4+ , so

E(u,u) = E(v,v) > E(vgp,vp) =E1 —vg, 1 —vy)
2 E((L—vp)p, (1= v4)4) = E(u, w),

and hence £ is Markov.
As B isregular, it has a core C C F. Let u € F. As C is a core for B, there exist
un € C such that By (v — wn,u — up) — 0. Since A < B, Ay (uy — u,ty, —u) — 0
also, and so &1 (uy, — u, u, —u) — 0. Thus C is dense in F in the & norm (and it
is dense in C'(F) in the supremum norm since it is a core for B), so £ is regular.
Let A C F be invariant for the semigroup corresponding to £. By [17, Theorem
1.6.1], this is equivalent to the following: 14u € F for all v € F and

E(u,v) =EQau,140) + EQp_au, 1p_4v) Yu,v € F. (2.4)

Once we have 14u € F, since (1au)(1p_au) = 0 we have A(1au,1p_au) = 0,
and we obtain (2.4) for A also. Using [17, Theorem 1.6.1] again, we see that
A is invariant for the semigroup corresponding to A. Since A is irreducible, we
conclude that either m(A4) = 0 or m(X — A) = 0 holds and hence that (€, F) is
irreducible. |

Remark 2.2 This should be compared with the situation for Dirichlet forms on
finite sets, which is the context of the uniqueness results in [33, 41]. In that case
the Dirichlet forms are not local, and given A, B satisfying (2.2) there may exist
do > 0 such that (1 + §)B — A fails to be a Dirichlet form for § € (0, o).

For the remainder of this section we assume that (£,F) is a local regular
Dirichlet form on L?(F,m), that 1 € F and £(1,1) = 0. We write T; for the
semigroup associated with £, and X for the associated diffusion.

Lemma 2.3 T; is recurrent and conservative.

Proof. T; is recurrent by [17, Theorem 1.6.3]. Hence by [17, Lemma 1.6.5] T} is
conservative. O

Let D be a Borel subset of F'. We write Tp for the hitting time of D, and mp
for the exit time of D:

Tp=TF =inf{t>0: X, €D}, 7p=15 =inf{t>0:X,¢D}. (2.5)

Let T, be the semigroup of X killed on exiting D, and X be the killed process.
Set
q(x) =P*(mp = o0),
and
Ep ={z:q(z) =0}, Zp ={x:q(z)=1}. (2.6)

Lemma 2.4 Let D be a Borel subset of F'. Then m(D—(EpUZp)) = 0. Further,
Ep and Zp are invariant sets for the killed process X, and Zp is invariant for X.



Proof. If f >0,

(Ti(f1ep): 1p-£p9) = (flep, Tt(lp-£,9)) < (flE,, Tiq) = 0.

So T(f1g,) = 0 on D — Ep and hence (see [17, Lemma 1.6.1(ii)]) Ep is invariant
for X.

Let A = {z: P*(rp < o0) > 0} = Z%. The set A is an invariant set of
the process X by [17, Lemma 4.6.4]. Using the fact that X = X, P®-a.s. for
x € Zp and [17, Lemma 1.6.1(ii)], we see that A is an invariant set of the process
X as well. So we see that Zp is invariant both for X and X. In order to prove
m(D—(EpUZp)) = 0, it suffices to show that E*[rp| < co for a.e. z € AND. Let
Up be the resolvent of the killed process X. Since AN D is of finite measure, the
proof of Lemma 1.6.5 or Lemma 1.6.6 of [17] give Up1(z) < oo for a.e. x € AND,
so we obtain E*[rp] < oo. O

Note that in the above proof we do not use the boundedness of D, but only
the fact that m(D) < cc.

Next, we give some general facts on harmonic and caloric functions. Let D be a
Borel subset in F' and let h : FF — R. There are two possible definitions of h being
harmonic in D. The probabilistic one is that A is harmonic in D if h(XMTD/) is
a uniformly integrable martingale under P* for q.e. © whenever D’ is a relatively
open subset of D. The Dirichlet form definition is that A is harmonic with respect
to&in D if h € F and E(h, u) = 0 whenever u € F is continuous and the support
of u is contained in D.

The following is well known to experts. We will use it in the proofs of Lemma 4.9
and Lemma 4.24. (See [15] for the equivalence of the two notions of harmonicity
in a very general framework.) Recall that P*(rp < oo) =1 for z € Ep.

Proposition 2.5 (a) Let (£,F) and D satisfy the above conditions, and let
h € F be bounded. Then h is harmonic in a domain D in the probabilistic sense
if and only if it is harmonic in the Dirichlet form sense.

(b) If h is a bounded Borel measurable function in D and D’ is a relatively open
subset of D, then h(Xiar,,) is a martingale under P* for q.e. x € Ep if and only
if h(z) = E*[h(X;,,)] for q.e. x € Ep.

Proof. (a) By [17, Theorem 5.2.2], we have the Fukushima decomposition
h(X:) — h(Xo) = Mt[h] + Nt[h], where M is a square integrable martingale addi-
tive functional of finite energy and N is a continuous additive functional having
zero energy (see [17, Section 5.2]). We need to consider the Dirichlet form (€, Fp)
where Fp = {f € F : supp(f) C D}, and denote the corresponding semigroup as
PP.

If h is harmonic in the Dirichlet form sense, then by the discussion in [17,
p. 218] and [17, Theorem 5.4.1], we have P*(N/") = 0, Vt < 7p) = 1 qee. z € F.
Thus, h is harmonic in the probabilistic sense. Here the notion of the spectrum
from [17, Sect. 2.3] and especially [17, Theorem 2.3.3] are used.

To show that being harmonic in the probabilistic sense implies being harmonic
in the Dirichlet form sense is the delicate part of this proposition. Since Zp is



PP-invariant (by Lemma 2.4) and h(X;) is a bounded martingale under P* for
x € Zp, we have

PtD(hlzD)(x) =1z, (.’L‘)Pch(,T) =1z, (‘T)Em[h(Xt)] =hlz, (CL‘)

Thus by [17, Lemma 1.3.4], we have hlz, € F and £(hlz,,v) =0 for all v € F.
Next, note that on Zf%, we have Hgh = h, according to the definition of Hg on
page 150 of [17] and Lemma 2.4, which implies Hp (hlZB) = hlze. Then from
[17, Theorem 4.6.5], applied with u = hlze = h — hlz, € F and B® = D, we
conclude that hl zs is harmonic in the Dirichlet form sense. Thus h = hl ze, +hlz,
is harmonic in the Dirichlet form sense in D.

(b) If h(X¢nr,,) is a martingale under P* for q.e. x € Ep, then E*[h(X.n;,,)] =
E*[h(X¢ar,, )] for qe. 2 € Ep and for all s, > 0, where we can take s | 0
and t T oo and interchange the limit and the expectation since h is bounded.
Conversely, if h(z) = E*[h(X,,, )] for q.e. © € Ep, then by the strong Markov
property, h(Xinr,, ) = E*[W( X7, )| Firr,, | under P* for q.e. © € Ep, so h(Xiar,,)
is a martingale under P* for q.e. z € Ep. |

We call a function u : Ry x F' — R caloric in D in the probabilistic sense if
u(t,z) = E*[f(X¢arp )] for some bounded Borel f : FF — R. It is natural to view
u(t, z) as the solution to the heat equation with boundary data defined by f(z)
outside of D and the initial data defined by f(x) inside of D. We call a function
u: Ry X F — R caloric in D in the Dirichlet form sense if there is a function h
which is harmonic in D and a bounded Borel fp : F — R which vanishes outside
of D such that u(t,x) = h(x)+ T fp. Note that T is the semigroup of X killed on
exiting D, which can be either defined probabilistically as above or, equivalently,
in the Dirichlet form sense by Theorems 4.4.3 and A.2.10 in [17].

Proposition 2.6 Let (£, F) and D satisfy the above conditions, and let f € F be
bounded and t > 0. Then

E*[f(Xiarp)] = h(x) + Tt fp

g.e., where h(x) = E*[f(X,,)] is the harmonic function that coincides with f on
D¢, and fp(z) = f(z) — h(x).

Proof. By Proposition 2.5, h is uniquely defined in the probabilistic and Dirichlet
form senses, and h(z) = E*[h(X¢nrp)]- Note that fp(a) vanishes q.e. outside of

D. Then we have E*[fp(Xiarp)] = T¢fp by Theorems 4.4.3 and A.2.10 in [17]. O

Note that the condition f € F can be relaxed (see the proof of Lemma 4.9).

We show a general property of local Dirichlet forms which will be used in the
proof of Proposition 2.21. Note that it is not assumed that £ admits a carré du
champ. Since & is regular, £(f, f) can be written in terms of a measure I'(f, f), the
energy measure of f, as follows. Let F;, be the elements of F that are essentially



bounded. If f € Fy, then T'(f, f) is defined to be the unique smooth Borel measure
on F satisfying

/F odU(f, f) = 26(f. fg) — E(f2.q), g€ F

Lemma 2.7 If £ is a local regular Dirichlet form with domain F, then for any
f e FNL>X(F) we have T'(f, f)(A) =0, where A={z € F: f(x) =0}.

Proof. Let o/ be the measure on R which is the image of the measure I'(f, f) on
F under the function f : F — R. By [13, Theorem 5.2.1, Theorem 5.2.3] and the
chain rule, o/ is absolutely continuous with respect to one-dimensional Lebesgue
measure on R. Hence T'(f, f)(A) = o/ ({0}) = 0. O

Lemma 2.8 Given a m-symmetric Feller process on F, the corresponding Dirich-
let form (€, F) is regular.

Proof. First, we note the following: if H is dense in L?(F,m), then U'(H) is
dense in F, where U is the 1-resolvent operator. This is because U! : L? — D(L)
is an isometry where the norm of g € D(L) is given by ||gllpz) = (I — £)gl|2,
and D(L£) C F is a continuous dense embedding (see, for example [17, Lemma
1.3.3(iii)]). Here £ is the generator corresponding to €. Since C(F) is dense in L?
and UY(C(F)) C FNC(F) as the process is Feller, we see that N C(F) is dense
in F in the £ -norm.

Next we need to show that u € C(F') can be approximated with respect to the
supremum norm by functions in F N C(F). This is easy, since Tyu € F for each
t, is continuous since we have a Feller process, and Tiu — u uniformly by [39,
Lemma I11.6.7]. O

Remark 2.9 The proof above uses the fact that F' is compact. However, it can be
easily generalized to a Feller process on a locally compact separable metric space
by a standard truncation argument — for example by using [17, Lemma 1.4.2(i)].

2.2 Generalized Sierpinski carpets

Let d > 2, Fy = [0,1]% and let Ly € N, Lr > 3, be fixed. For n € Z let Q,, be the
collection of closed cubes of side L™ with vertices in L;"Zd. For A C R?, set

Qn(A4) ={Q € Q, - int(Q) N A # 0}

For Q € Q,, let ¥ be the orientation preserving affine map (i.e. similitude with
no rotation part) which maps Fy onto Q. We now define a decreasing sequence
(Fy,) of closed subsets of Fy. Let 1 < mp < LdF be an integer, and let F} be the
union of mp distinct elements of Q;(Fy). We impose the following conditions on
Fi.

(H1) (Symmetry) F} is preserved by all the isometries of the unit cube Fp.
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(H2) (Connectedness) Int(Fy) is connected.

(H3) (Non-diagonality) Let m > 1 and B C Fy be a cube of side length 2L,™,
which is the union of 2¢ distinct elements of Q,,. Then if int(F; N B) is
non-empty, it is connected.

(H4) (Borders included) F; contains the line segment {2 : 0 <21 < 1,29 =--- =
g = 0}.

We may think of F; as being derived from Fj by removing the interiors of
L% —mp cubes in Q1(Fy). Given Fy, F» is obtained by removing the same pattern
from each of the cubes in Q1 (F}). Iterating, we obtain a sequence {F},}, where F,
is the union of m/. cubes in 9, (Fy). Formally, we define

Fan= |J Yor)= | %), n>1L
QEQ.(Fy) Qe ()

We call the set F' = N2 F, a generalized Sierpinski carpet (GSC). The Hausdorff
dimension of F' is dy = dy(F) =logmp/log Lp. Later on we will also discuss the

unbounded GSC F = U LA F, where rA = {rz : z € A}.

Let
pin(dx) = (L%/mp)" 1, (z)dz,
and let y be the weak limit of the p,,; p is a constant multiple of the Hausdorff 24/
- measure on F. For z,y € F we write d(z,y) for the length of the shortest path in
F connecting x and y. Using (H1)—(H4) we have that d(z,y) is comparable with
the Euclidean distance |z — y|.

Remark 2.10 1. There is an error in [5], where it was only assumed that (H3)
above holds when m = 1. However, that assumption is not strong enough to
imply the connectedness of the set Ji in [5, Theorem 3.19]. To correct this error,
we replace the (H3) in [5] by the (H3) in the current paper.

2. The standard SC in dimension d is the GSC with Ly = 3, mp = 3¢ — 1,
and with F; obtained from Fy by removing the middle cube. We have allowed
mp = L%, so that our GSCs do include the ‘trivial’ case F' = [0,1]%. The ‘Menger
sponge’ (see the picture on [32], p. 145) is one example of a GSC, and has d = 3,
LF = 3, mgp = 20.

Definition 2.11 Define:
Sn=8.,(F)={QNF:Q¢€ Q,(F)}

We will need to consider two different types of interior and boundary for subsets
of ' which consist of unions of elements of S,,. First, for any A C F we write
int(A) for the interior of A with respect to the metric space (F,d), and Op(A4) =
A —intg(A). Given any U C R¢ we write U® for the interior of U in with respect
to the usual topology on R? and OU = U — U° for the usual boundary of U. Let
A be a finite union of elements of S,,, so that A = UleSi, where S; = FNQ; and
Qi € Qn(F). Then we define int,.(4) = FN((UF_,Q;)°), and 8, (A) = A—int,.(A).
We have int,.(4) = A — 9(UX_,Q;). (See Figure 3).
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Figure 3: Illustration for Definition 2.11 in the case of the standard Sierpinski
carpet and n = 1. Let A be the shaded set. The thick dotted lines give intp A on
the left, and int,.A on the right.

Definition 2.12 We define the folding map ¢g : F — S for S € S, (F) as follows.
Let @, : [-1,1] — R be defined by $y(x) = |z| for |z| < 1, and then extend the
domain of B, to all of R by periodicity, so that @,(x + 2n) = py(z) for all z € R,
n € Z. If y is the point of S closest to the origin, define g (z) for € F to be the
point whose i*" coordinate is y; + Lz" %o (L% (z; — yi)).

It is straightforward to check the following

Lemma 2.13 (a) g is the identity on S and for each S’ € S,,, ps : S — S is
an isometry.
(b) ]fSl,SQ € S, then

$S1 O PSS, = Psq- (27)
(c) Let x,y € F. If there exists S1 € S,, such that pgs, (z) = ¢g, (y), then ps(x) =
ws(y) for every S € S,,.
(d) Let S € S, and S’ € Spy1. If x,y € F and ps(z) = ¢s(y) then pg (x) =
s (y)-

Given S € S, f : S — Rand g : F — R we define the unfolding and restriction
operators by

Usf=fops, Rsg=gls.
Using (2.7), we have that if S1,S5 € S,, then

Us,Rs,Us, Rs, = Us, Rg, . (2.8)

Definition 2.14 We define the length and mass scale factors of F' to be Lr and
mp respectively.

Let D,, be the network of diagonal crosswires obtained by joining each vertex of
a cube @ € @, to the vertex at the center of the cube by a wire of unit resistance —
see [4, 34]. Write RE for the resistance across two opposite faces of D,,. Then it is
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proved in [4, 34] that there exists pp such that there exist constants C;, depending
only on the dimension d, such that

Cipp < Ry < Copl. (2.9)

We remark that pr < L% /mp — see [5, Proposition 5.1].

2.3 F-invariant Dirichlet forms

Let (£,F) be a local regular Dirichlet form on L2(F, ). Let S € S,,. We set

1
E5(g,9) = —-€(Usg,Usg). (2.10)
F

and define the domain of £° to be F° = {g: g maps S to R,Usg € F}. We write
ps = pls.
Definition 2.15 Let (£,F) be a Dirichlet form on L2(F, ). We say that € is

an F-invariant Dirichlet form or that & is invariant with respect to all the local
symmetries of F if the following items (1)—(3) hold:

(1) If S € S, (F), then UsRsf € F (i.e. Rgf € F¥) for any f € F.

(2) Let n > 0 and S7, S2 be any two elements of S,,, and let ® be any isometry
of R? which maps S; onto Ss. (We allow S; = Sy.) If f € FS2. then
fode FS1 and

EN(fod, fod)=E%(F, f). (2.11)
(3) For all f € F
Ef,N) =Y. E%Rsf,Rsf). (2.12)
SeS,(F)

We write € for the set of F-invariant, non-zero, local, regular, conservative Dirich-
let forms.

Remark 2.16 We cannot exclude at this point the possibility that the energy
measure of £ € € may charge the boundaries of cubes in S,,. See Remark 5.3.

We will not need the following definition of scale invariance until we come to
the proof of Corollary 1.3 in Section 5.

Definition 2.17 Recall that Uy, Q € Q;(F1) are the similitudes which define
Fy. Let (€, F) be a Dirichlet form on L?(F, 1) and suppose that

foWgeF forall Q@ € Q1(F1), f € F. (2.13)
Then we can define the replication of £ by
RE(f f)= Y E(folq folq) (2.14)
QEQ1(Fy)

We say that (£, F) is scale invariant if (2.13) holds, and there exists A > 0 such
that RE = AE.
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Remark 2.18 We do not have any direct proof that if £ € € then (2.13) holds.
Ultimately, however, this will follow from Theorem 1.2.

Lemma 2.19 Let (A, F1), (B,F2) € € with F1 = F2 and A > B. Then C =
(1+9)A—Be € forany d > 0.

Proof. It is easy to see that Definition 2.15 holds. This and Theorem 2.1 proves
the lemma. m|

Proposition 2.20 If £ € € and S € S,(F), then (£%,F) is a local reqular
Dirichlet form on L*(S, us).

Proof. (Local): If u,v are in F° with compact support and v is constant in a
neighborhood of the support of u, then Ugu, Ugv will be in F, and by the local
property of £, we have £(Usu, Usv) = 0. Then by (2.10) we have £°(u,v) = 0.

(Markov): Given that £ is local, we have the Markov property by the same proof
as that in Theorem 2.1.

(Conservative): Since 1 € F, £9(1,1) = 0 by (2.10).

(Regular): If h € F then by (2.12) £9(Rsh, Rsh) < E(h,h). Let f € F°, so that
Usf € F. As £ is regular, given € > 0 there exists a continuous g € F such that
E1(Usf —g,Usf —g) <e. Then RsUsf — Rsg = f — Rsg on S, so

EJ(f — Rsg, f — Rsg) = &7 (RsUsf — Rsg, RsUsf — Rsg)
<& WUsf—-g,Usf—g)<e.

As Rgg is continuous, we see that 7% N C(9) is dense in F* in the £F norm. One
can similarly prove that 75 N C(S) is dense in C(S) in the supremum norm, so
the regularity of £ is proved.

(Closed): If f,, is Cauchy with respect to £, then Ugf,, will be Cauchy with
respect to £. Hence Ugf,, converges with respect to &;, and it follows that
Rs(Us fm) = fm converges with respect to £ . O

Fix n and define for functions f on F

ef:i >~ UsRsf. (2.15)

mn
F ses, ()

Using (2.8) we have ©2 = O, and so © is a projection operator. It is bounded
on C(F) and L?(F,p), and moreover by [40, Theorem 12.14] is an orthogonal
projection on L?(F, i1). Definition 2.15(1) implies that © : F — F.

Proposition 2.21 Assume that € is a local regular Dirichlet form on F, Ty is its
semigroup, and UsRsf € F whenever S € S,,(F) and f € F. Then the following
are equivalent:
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(a) Forall f € F, we have E(f, [) = scs, (r) ES(Rsf, Rsf);

(b) forall f,ge F
E(Of.9) =E(f,09); (2.16)

(c) TyOf = OT.f a.e for any f € L*(F,p) and t > 0.

Remark 2.22 Note that this proposition and the following corollary do not use all
the symmetries that are assumed in Definition 2.15(2). Although these symmetries
are not needed here, they will be essential later in the paper.

Proof. To prove that (a) = (b), note that (a) implies that

1
Ef.g)= ) 5T(RTf7RTg):—m% > E(UrRrf,UrRrg).  (2.17)
TESAH(F) TES,(F)

Then using (2.15), (2.17) and (2.8),

1
£05.9)= SGSZ(F)g(UsRSf, 9)

1
——= > Y. E(UrRiUsRsf,UrRrg)
F 8€8,(F) TS (F)
1
—= Y. Y. E(UsRs/.UrRrg).

P 5e8,(F)TeS,(F)

Essentially the same calculation shows that £(f, ©g) is equal to the last line of the
above with the summations reversed.

Next we show that (b) = (¢). If £ is the generator corresponding to &, f € D(L)
and g € F then, writing (f, g) for fF fgdu, we have

(OLf,9) = (Lf,0g) = —E(f,09) = =€(Of,9)

by (2.16) and the fact that © is self-adjoint in the L? sense. By the definition of
the generator corresponding to a Dirichlet form, this is equivalent to

Of € D(L) and OLf = LOF.

By [40, Theorem 13.33], this implies that any bounded Borel function of £ com-
mutes with ©. (Another good source on the spectral theory of unbounded self-
adjoint operators is [38, Section VIIL5].) In particular, the L?-semigroup T} of £
commutes with © in the L?-sense. This implies (c).

In order to see that (¢) = (b), note that if f,g € F,

E(©f.9) = lim 1™ ((I = T)O,g) = lim ¢~ (O(I ~Ty) /. 9)

=limt (I - T})f,0g) = limt ' {f, (I — T})Og)
= E(fa @g)
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It remains to prove that (b) = (a). This is the only implication that uses the
assumption that £ is local. It suffices to assume f and g are bounded.
First, note the obvious relation

ls(z)
> No@) 1 (2.18)
SeS,(F)
for any x € F, where
No(z)= Y 1s(x) (2.19)
SeS,(F)

is the number of cubes S,, whose interiors intersect F' and which contain the point
x. We break the remainder of the proof into a number of steps.

Step 1: We show that if ©f = f, then O(hf) = f(Oh). To show this, we
start with the relationship UrRrUsRsf = UsRsf. Summing over S € S,(F)
and dividing by m' yields

UrRyf = UrRrO(f) = Of = f.
Since Rs(flfg) = Rs(fl)RS(fQ) and Us(glgg) = Us(gl)Us(gg), we have
O(hf) = m— Z (UsRsf)(UsRsh) = m— Z f(UsRsh) = f(©h).
F ses, F ses,

In particular, O(f?) = fOf = f2.

Step 2: We compute the adjoints of Rg and Ug. Rg maps C(F'), the contin-
uous functions on F', to C(S), the continuous functions on S. So Rf maps finite
measures on S to finite measures on F'. We have

[ raws = [ Repav= [ 1567 vido),

and hence
Riv(dx) = 1g(z) v(dx). (2.20)

Us maps C(S) to C(F'), so U maps finite measures on F to finite measures
on S. If v is a finite measure on F, then using (2.18)

/S FdUz) = /F Usf dv = /F f o s (x) v(de) (2.21)

~ [ (T ) reps@van)

Tes,
Z/fosﬁs( (dz).

Let 7.5 : T — S be defined to be the restriction of ¢g to T’; this is one-to-one
and onto. If £ is a measure on 7', define its pull-back 7. g« to be the measure on
S given by

/Sfd(@;}ﬁ””) = /T(fOSDT,S)dn.
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Write

Then (2.21) translates to
| 1awsn) - / f @ s(m)(do),

and thus

Uiv = Z or.s(vr). (2.22)
TeS,

Step 3: We prove that if v is a finite measure on F' such that ©*r = v and

S €S, then
1
F:m"/—yda:. 2.23

To see this, recall that (p})V(VT) is a measure on V, and then by (2.20) and (2.22)

=—— ZR*UVI/

M Ves,

=— Z Z /1v($)<P*T,V(VT)(dx)

M VES, TES,
= E /cpTV (vr)(dx).
mF
vV T

On the other hand, using (2.18)

v(dz) = Z ]1\]‘;((?) v(dz) = ; vy (dx).

v

Note that vy and mz" >, QD;_’V(VT) are both supported on V, and the only way
O*v can equal v is if

vy =mg" Z or.v(vr) (2.24)
TeS,

for each V. Therefore

/5 an(:v) v(dx) = vs(F) = mp" ZT: / 1 () @ (v7) (d)
=mi" Y [1roers@vrldn) =mi Y [ vr(de)
F ;/ FoYrs T F ;/ T
—n Lr(x) — I
" ;/ Na(e) V05) = r | viae) =mztvir

Multiplying both sides by m’. gives (2.23).
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Step 4: We show that if © f = f, then

O (I(f,f) =T(f, /) (2.25)
Using Step 1, we have for h € C(F)NF

[ 1ot an) = [ Oha)T(r. 1)) = 2605, 10m) - £(,0h)
— 26(1,0(/1)) — £(Of%,h) = 26(Of, h) — £(f*. 1)
= 26(7, 1)~ &(£2,0) = [ WI(. o).
F

This is the step where we used (b).

Step 5: We now prove (a). Note that if g € FNL>®(F) and A = {z € F :
g(x) = 0}, then I'(g,g)(A) = 0 by Lemma 2.7. By applying this to the function
g = f —UgRgsf, which vanishes on S, and using the inequality

T(f,/)(B)/* =T (UsRs f,UsRs[)(B)"/?| <T(g,9)(B)"/*
<T(g,9)(9)"? =0, VBCHS,
(see page 111 in [17]), we see that
Ls(z)D'(f, f)(dz) = 1s(2)['(UsRs f,UsRs f)(dz) (2.26)
for any f € F and S € S, (F).

Starting from UrRrUsRsf = UsRgf, summing over T' € S, and dividing by
m’ shows that ©(UsRs f) = UsRs f. Applying Step 4 with f replaced by UsRs f,
O"(D(UsRsf,UsRs[))(dx) =T'(UsRs [, UsRs f)(dz).

Applying Step 3 with v = T'(UsRs f,UsRsf), we see
E(UsRsf,UsRsf)=T(UsRsf, UsRsf)( )
= mF/ Nl I'(UsRsf,UsRsf)(dz).

Dividing both sides by m?%., using the definition of £°, and (2.26),

E(Rsf Rsf) = [ 5 TS Do) (227)

Summing over S € §,, and using (2.18) we obtain
S (Rsf, Raf) = [ T(F.1)ldo) = E(1.1),
s

which is (a). m|
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Corollary 2.23 If£ € & fe F, S € S,(F), and Ts(Rsf,Rsf) is the energy
measure of £°, then

Ts(Rsf, Rsf)(dz) = N#@w, Hidz), ze€5.

We finish this section with properties of sets of capacity zero for F-invariant
Dirichlet forms. Let A C F and S € S,,. We define

O(A4) = 95 (ps(A)). (2.28)

Thus O(A) is the union of all the sets that can be obtained from A by local
reflections. We can check that ©(A) does not depend on S, and that

O(A) ={z:0(14)(z) > 0}.
Lemma 2.24 [f & € € then
Cap(A) < Cap(©(A4)) < m3* Cap(A)

for all Borel sets A C F.

Proof. The first inequality holds because we always have A C ©(A). To prove
the second inequality it is enough to assume that A is open since the definition of
the capacity uses an infimum over open covers of A, and © transforms an open
cover of A into an open cover of O(A4). If u € F and v > 1 on A, then m%:0u > 1
on O(A). This implies the second inequality because £(Ou, Ou) < E(u,u), using

that © is an orthogonal projection with respect to £, that is, £(Of, g) = E(f, Og).
]

Corollary 2.25 If £ € €&, then Cap(A) = 0 if and only if Cap(©(A)) = 0.

Moreover, if f is quasi-continuous, then ©f is quasi-continuous.

Proof. The first fact follows from Lemma 2.24. Then the second fact holds
because © preserves continuity of functions on ©-invariant sets. |

3 The Barlow-Bass and Kusuoka-Zhou
Dirichlet forms

In this section we prove that the Dirichlet forms associated with the diffusions
on F constructed in [3, 5, 30] are F-invariant; in particular this shows that € is

non-empty and proves Proposition 1.1. A reader who is only interested in the
uniqueness statement in Theorem 1.2 can skip this section.
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3.1 The Barlow-Bass processes

The constructions in [3, 5] were probabilistic and almost no mention was made of
Dirichlet forms. Further, in [5] the diffusion was constructed on the unbounded
fractal F. So before we can assert that the Dirichlet forms are F -invariant, we
need to discuss the corresponding forms on F. Recall the way the processes in
[3, 5] were constructed was to let W;* be normally reflecting Brownian motion on
F,, and to let X{* = W , for a suitable sequence (a,). This sequence satisfied

ci(mppr/LE)" < an < ca(mppr/L3)", (3.1)

where pp is the resistance scale factor for F. It was then shown that the laws of
the X™ were tight and that resolvent tightness held. Let U} be the A-resolvent
operator for X™ on F,,. The two types of tightness were used to show there exist
subsequences n; such that U;) f converges uniformly on F if f is continuous on F
and that the P* law of X" converges weakly for each . Any such a subsequential
limit point was then called a Brownian motion on the GSC. The Dirichlet form
for W™ is [, |V f|*dp, and that for X™ is

Enfof) = an / IV £(2)]? pin (),

n

both on L2(F, ).
Fix any subsequence n; such that the laws of the X™’s converge, and the
resolvents converge. If X is the limit process and T; the semigroup for X, define

Epn(f. f) = sup (] ~ Tuf. )
t>0

with the domain Fpp being those f € L?(F, i) for which the supremum is finite.

We will need the fact that if U} is the A-resolvent operator for X™ and f is
bounded on Fy, then U f is equicontinuous on F. This is already known for the
Brownian motion constructed in [5] on the unbounded fractal F, but now we need
it for the process on F' with reflection on the boundaries of Fy. However the proof
is very similar to proofs in [3, 5], so we will be brief. Fix zy and suppose z,y are
in B(zg,r) N F,. Then

Upfla) =E /OO e M (X)) dt
0

_ Ew/ D M) dE+ BN (e M - DU F(XE) + EPULF(XE,),
0
(3.2)

where ST is the time of first exit from B(zg,r) N F,. The first term in (3.2) is
bounded by || f||ccE*S/. The second term in (3.2) is bounded by

MUR fllE™S < [Ifl|ocE® Sy
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We have the same estimates in the case when x is replaced by y, so
U f(2) = UR F ()| < [ETURf (X5 ) — EYUR F(X8p)| + 0n (1),

where d,(r) — 0 as r — 0 uniformly in n by [5, Proposition 5.5]. But
z — E*U, f(X2%,) is harmonic in the ball of radius r/2 about zp. Using the
uniform elliptic Harnack inequality for X' and the corresponding uniform modu-
lus of continuity for harmonic functions ([5, Section 4]), taking r = |z — y|'/2, and
using the estimate for d,(r) gives the equicontinuity.

It is easy to derive from this that the limiting resolvent U” satisfies the property
that U* f is continuous on f whenever f is bounded.

Theorem 3.1 Fach Egp is in €.

Proof. We suppose a suitable subsequence n; is fixed, and we write £ for the
corresponding Dirichlet form £gp. First of all, each X™ is clearly conservative,
so Tl = 1. Since we have T, f — T,f uniformly for each f continuous, then
T:1 = 1. This shows X is conservative, and £(1,1) = sup,(1 — T31,1) = 0.

The regularity of £ follows from Lemma 2.8 and the fact that the processes con-
structed in [5] are p-symmetric Feller (see the above discussion, [5, Theorem 5.7]
and [3, Section 6]). Since the process is a diffusion, the locality of £ follows from
[17, Theorem 4.5.1].

The construction in [3, 5] gives a nondegenerate process, so £ is non-zero. Fix ¢
and let S € Sp(F). It is easy to see from the above discussion that UsRg f € F for
any f € F. Before establishing the remaining properties of F-invariance, we show
that Oy and T; commute, where Oy is defined in (2.15), but with S,,(F) replaced
by Se(F). Let (f,g)n denote [, f(x)g(x) pn(dzx). The infinitesimal generator for
X™ is a constant times the Laplacian, and it is clear that this commutes with ©,.
Hence U, commutes with ©,, or

(©UNf,9)n = (UpOcf, g)n- (3.3)

Suppose f and g are continuous and f is nonnegative. The left hand side is
(U)X f,009)n, and if n converges to infinity along the subsequence n;, this converges
to

(UM Oug9) = (B:U* [, g).

The right hand side of (3.3) converges to (U*O,f, g) since O, f is continuous if f
is. Since X; has continuous paths, ¢t — T} f is continuous, and so by the uniqueness
of the Laplace transform, (0,7: f, g) = (T:©¢f, g). Linearity and a limit argument
allows us to extend this equality to all f € L?(F). The implication (c) = (a) in
Proposition 2.21 implies that £ € €. ]

3.2 The Kusuoka-Zhou Dirichlet form

Write £k for the Dirichlet form constructed in [30]. Note that this form is self-
similar.
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Theorem 3.2 £k € €.

Proof. One can see that £k 7z satisfies Definition 2.15 because of the self-similarity.
The argument goes as follows. Initially we consider n = 1, and suppose f € F =
D(€kz). Then [30, Theorem 5.4] implies UsRgf € F for any S € S;1(F). This
gives us Definition 2.15(1).

Let S € $1(F) and S = ¥,;(F) where ¥; is one of the contractions that define
the self-similar structure on F, as in [30]. Then we have

foW,; = (USRsf) oV, = (USRSf) © \I]j

for any i,j. Hence by [30, Theorem 6.9], we have

Exkz(UsRsf,UsRsf) = prmp' Y Exz((UsRsf) oV , (UsRsf) o ¥;)

J

= ngKz(f oW, fo \I/Z)

By [30, Theorem 6.9] this gives Definition 2.15(3), and moreover
E3(f.f) = prmp'Excz(f o Wi, f o Wy).

Definition 2.15(2) and the rest of the conditions for k7 to be in € follow from
(1), (3) and the results of [30]. The case n > 1 can be dealt with by using the
self-similarity. |

Proof of Proposition 1.1 This is immediate from Theorems 3.1 and 3.2. O

4 Diffusions associated with F-invariant Dirich-
let forms

In this section we extensively use notation and definitions introduced in Section 2,
especially Subsections 2.2 and 2.3. We fix a Dirichlet form £ € €. Let X = X(©)
be the associated diffusion, T; = Tt(g) be the semigroup of X and P* = P%(&),
x € F'— Ny, the associated probability laws. Here A is a properly exceptional set
for X. Ultimately (see Corollary 1.4) we will be able to define P* for all z € F', so
that N = 0.

4.1 Reflected processes and the Markov property

Theorem 4.1 Let S € S,(F) and Z = s(X). Then Z is a pg-symmetric
Markov process with Dirichlet form (€%, F%), and semigroup TZ f = RsTyUsf.
Write PY for the laws of Z; these are defined for y € S — N§, where N¥ is a
properly exceptional set for Z. There exists a properly exceptional set Na for X
such that for any Borel set A C F,

]INW’S(I)(Zt € A)=P"(X; € p5'(A), x€F—N>. (4.1)
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Proof. Denote ¢ = 5. We begin by proving that there exists a properly excep-
tional set Vs for X such that

PP (X: € o7 (A) = Til gy (@) = Telyray(y) =PY(X € o7 H(A)  (4.2)

whenever A C S is Borel, ¢(z) = ¢(y), and z,y € F — Ns. It is sufficient to
prove (4.2) for a countable base (A,,) of the Borel o-field on F. Let f,, = 14,,.
Since Til,-1(a,,) = TtUsfm, it is enough to prove that there exists a properly
exceptional set N such that for m € N,

TUsfm(z) = TeUsfm(y), ifz,y€F—N;yand p(x) = ¢(y). (4.3)
By (2.8), ©(Usf) = Usf. Using Proposition 2.21,
0TyUsf =T0Us fr, = T1Us f,

for f € L?, where the equality holds in the L? sense.

Recall that we always consider quasi-continuous modifications of functions in
F. By Corollary 2.25, ©TUg f,, is quasi-continuous. Since [17, Lemma 2.1.4]
tells us that if two quasi-continuous functions coincide p-a.e., then they coincide
q.e., we have that O(T:Usfrm) = TyUsfm q.e. The definition of © implies that
O(TiUs fm)(x) = O(T:Us f) (y) whenever p(x) = ¢(y), so there exists a properly
exceptional set Na,, such that (4.3) holds. Taking Mo = U, Na., gives (4.2).
Using Theorem 10.13 of [16], Z is Markov and has semigroup 77 f = RsT;(Us f).
We take N = o(Na).

Using (4.3), UsRsTiUs f = T:Us f, and then

(TZ f.9)s = (RsTWUs f,g)s = mp"(UsRsTyUs f,Usg) = mp"(TUs f,Usg).

This equals mz"(Us f, T:Usg), and reversing the above calculation, we deduce that
(f,TZg) = mn"(Usf, T;Usg), proving that Z is ug-symmetric.
To identify the Dirichlet form of Z we note that

tTHTEf — f, f)s = mp"t Y TUs f — Usf,Usf).

Taking the limit as ¢ — 0, and using [17, Lemma 1.3.4], it follows that Z has
Dirichlet form

Ez(f, f) =mp"EUsf,Usf) = E°(f. f).

O

Lemma 4.2 Let 5,5 € S, Z = ¢ps(X), and ® be an isometry of S onto S’.
Then if x € S — N,
P*(®(Z) € ) =P*@)(Z € ).

Proof. By Theorem 4.1 and Definition 2.15(2) Z and ®(Z) have the same Dirich-
let form. The result is then immediate from [17, Theorem 4.2.7], which states that
two Hunt processes are equivalent if they have the same Dirichlet forms, provided
we exclude an F-invariant set of capacity zero. |
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Wesay S, 5" € S,,(F) are adjacentif S = QNF, S = Q'NF for Q,Q" € Q,(F),
and QN Q' is a (d — 1)-dimensional set. In this situation, let H be the hyperplane
separating S, S’. For any hyperplane H C R?, let gy : R? — R? be reflection in
H. Recall the definition of 9, D, where D is a finite union of elements of S,,.

Lemma 4.3 Let S1,S53 € S, (F) be adjacent, let D = S1USs, let B = 0,(S1US2),
and let H be the hyperplane separating S1 and S3. Then there ezists a properly
exceptional set N such that if v € HN D — N, the processes (Xt,0 <t <Tpg) and
(9 (X:),0 <t <Tpg) have the same law under P*.

Proof. Let f € F with support in the interior of D. Then Definition 2.15(3)
and Proposition 2.20 imply that £(f, f) = £5'(Rs, f, Rs, f) + £%2(Rs, f, Rs, ).
Definition 2.15(2) implies that E(f, f) = E(f o gu, f o gu). Hence (gu(X;),0 <
t < Tp) has the same Dirichlet form as (X;,0 < ¢ < Tp), and so they have the
same law by [17, Theorem 4.2.7] if we exclude an F-invariant set of capacity zero.
O

4.2 Moves by Z and X

At this point we have proved that the Markov process X associated with the
Dirichlet form £ € € has strong symmetry properties. We now use these to obtain
various global properties of X. The key idea, as in [5], is to prove that certain
‘moves’ of the process in F' have probabilities which can be bounded below by
constants depending only on the dimension d.

We need a considerable amount of extra technical notation, based on that in
[5], which will only be used in this subsection.

We begin by looking at the process Z = pg(X) for some S € S,,, where n > 0.
Since our initial arguments are scale invariant, we can simplify our notation by
taking n = 0 and S = F' in the next definition.

Definition 4.4 Let 1 <4,j < d, with i # j, and set
Hi(t)={z=(z1,...,2q) 1 2; = t}, t € R;
L; = H;(0)n[0,1/2]%
Mijz{xe[o,l]d: z; =0, %nggl, andogxkgéfork;éj}.

Let
DS =SnN(UL Hi(1), D=S5-0,8.

We now define, for the process Z, the sets Ep and Zp as in (2.6). The next
proposition says that the corners and slides of [5] hold for Z, provided that Z, €
Ep.

Proposition 4.5 There exists a constant qqg, depending only on the dimension d,
such that

P*(TE < 18)>q, «€L;NEp, (4.4)
P*(T, <7H)>q, =€LiNEp. (4.5)
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A
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Ao

Figure 4: Mlustration for Definition 4.6 in the case of the standard Sierpinski carpet
and n = 1. The complement of D is shaded. The half-face A; corresponds to a
slide move, and the half-face A} corresponds to a corner move. In this case Q. is
the lower left cube in Sj.

These inequalities hold for any n > 0 provided we modify Definition 4.4 appropri-
ately.

Proof. Using Lemma 4.2 this follows by the same reflection arguments as those
used in the proofs of Proposition 3.5 — Lemma 3.10 of [5]. We remark that,

inspecting these proofs, we can take gy = 9—2d* O

We now fix n > 0. We call a set A C R? a (level n) half-face if there exists
i€{l,...,d}, a=(a1,...,aq) € 2% with a; € Z such that

A={z:z;=aL", ajLp" <z; <(a; +1/2)L3" for j#i}.

(Note that a level n half-face need not be a subset of F.) For A as above set
1(A) = i. Let A™ be the collection of level n half-faces, and

AN —{Ae AM ACF,).
We define a graph structure on Agf) by taking {A, B} to be an edge if
dim(ANB)=d—2, and AUB C Q for some Q € Q,.
Let E(A;?)) be the set of edges in Agl). As in [5, Lemma 3.12] we have that the

graph .Agf) is connected. We call an edge {4, B} an ¢ — j corner if ((A) = i,
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t(B) = j, and i # j and call {A, B} an i — j slide if t«(A) = «(B) = i, and the
line joining the centers of A and B is parallel to the z; axis. Any edge is either a
corner or a slide; note that the move (L;, L;) is an ¢ — j corner, while (L;, M;;) is
an ¢ — j slide.

For the next few results we need some further notation.

Definition 4.6 Let (Ap, A1) be an edge in E(.A;:l)), and Q. be a cube in 9, (F)
such that AgUA; C Q.. Let v, be the unique vertex of Q. such that v, € Ay, and
let R be the union of the 2¢ cubes in 9, containing v,. Then there exist distinct
Si € Sp, 1 <i <msuch that FNR =U",S5;. Let D = F'N R°; thus

D=FNR=U",S,.
Let S, be any one of the S;, and set Z = pg, (X). Write
r=715 =inf{t >0: X; ¢ D} =inf{t: Z; € 9, R}. (4.6)

Let
Ep={zxeD:P(r <o) =1} (4.7

‘We wish to obtain a lower bound for

inf  PY(Tx <7). 4.
zez‘g)lﬁED ( Ar = T) ( 8)
By Proposition 4.5 we have
inf  PY(TZ <71)> qo. 4.9
et (T4, <7) 2 q (4.9)

Z hits A; if and only if X hits ©(A;), and one wishes to use symmetry to prove
that, if z € Ag N Ep then for some ¢; > 0

P*(Ty <7) > qaP*(T4 <7) > qiqo. (4.10)

This was proved in [5] in the context of reflecting Brownian motion on F, 4, but
the proof used the fact that sets of dimension d — 2 were polar for this process.
Here we need to handle the possibility that there may be times t such that X; is
in more than two of the S;. We therefore need to consider the way that X leaves
points y which are in several S;.

Definition 4.7 Let y € Ep be in exactly k of the S;, where 1 < k < m. Let
Si,...,S} be the elements of S,, containing y. (We do not necessarily have that
Sy is one of the Sj.) Let D(y) = int,(Uf_,S]); so that D(y) = Uk, S/, Let Dy,
D5 be open sets in F such that y € Dy C Dy C Dy C Dy C D(y). Assume further
that ©(D;) N D(y) = D; for i = 1,2, and note that we always have ©(D;) D D;.
For f € F define

0P f =k 'mtip, Of; (4.11)

the normalization factor is chosen so that ©P11p, = 1p,.
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D(y)

D

Figure 5: Illustration for Definition 4.7 in the case of the standard Sierpinski
carpet and n = 1. The complement of D is shaded, and the dotted lines outline
D(y) D D1 D Ds.

As before we define Fp, C F as the closure of the set of functions {f €
F : supp(f) C Di1}. We denote by Ep, the associated Dirichlet form and by
TtD ! the associated semigroup, which are the Dirichlet form and the semigroup
of the process X killed on exiting Dy, by Theorems 4.4.3 and A.2.10 in [17]. For
convenience, we state the next lemma in the situation of Definition 4.7, although
it holds under somewhat more general conditions.

Lemma 4.8 Let Dy, Dy be as in Definition 4.7.
(a) Let f € Fp,. Then ©P1f € Fp,. Moreover, for all f,g € Fp, we have

Ep, ("1 f,9) = Ep, (f, 0P 9)

and TP @P1f = @PrTPrf,

(b) If h € Fp, is harmonic (in the Dirichlet form sense) in Do then ©P1h is
harmonic (in the Dirichlet form sense) in Da.

(c) If u is caloric in Do, in the sense of Proposition 2.6, then ©P1u is also caloric
m D2.

Proof. (a) By Definition 2.15, ©f € F. Let ¢ be a function in F which has
support in D(y) and is 1 on Dy; such a function exists because £ is regular and
Markov. Then O f € F, and YO f = km}"@le. The rest of the proof follows
from Proposition 2.21(b,c) because £(OP1 f, g) = k~Im%LE(OF, g).
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(b) Let g € F with supp(g) C D3. Then
EOP h, g) = kT 'mrE(Oh, g) = kT 'mE(h,Og) = E(h,0P1g) =0.  (4.12)

The final equality holds because h is harmonic on Dy and ©P1¢ has support in
Ds. Relation (4.12) implies that ©P1h is harmonic in Dy by Proposition 2.5.

(c) We denote by T'; the semigroup of the process X, which is X; killed at exiting
Ds. The same reasoning as in (a) implies that T,0P1 = ©P1T;. Hence (c) follows
from (a), (b) and Proposition 2.6. O

Recall from (2.19) the definition of the “cube counting” function N, (z). Define
the related “weight” function

for each S € S, (F). If no confusion can arise, we will denote r;(z) = rs/(2).

Let (F7) be the filtration generated by Z. Since FZ contains all P* null sets,
under the law P we have that Xo = x is FZ measurable.

Lemma 4.9 Lety € Ep, Dy, Do be as in Definition 4.7. Write V = ng.
(a) If U C Or(D2) satisfies ©(U) N D(y) =U, then

BY (ri(Xv) L xver)) = kBP0 (Zy € ps(U)),  fori=1,....k = Nu(y).

(4.13)
(b) For any bounded Borel function f: D; — R and all 0 <t < oo,
EY(f (Xeav | Ffav) = (O f) (Zinv)- (4.14)
In particular
BY (ri(Xeav )| Fiay) = k1 (4.15)

Proof. Note that, by the symmetry of D, V is a (F7) stopping time.

(a) Let f € Fp, be bounded, and h be the function with support in D; which
equals f in D7 — Do, and is harmonic (in the Dirichlet form sense) inside Ds. Then
since g (y) =y for 1 <i <k,

k
O h(y) =k h(ps:(y)) = h(y).
=1

Since ©P1h is harmonic (in the Dirichlet form sense) in Dy and since y € Ep, we
have, using Proposition 2.5, that

k
h(y) = ©P h(y) = EY(OP1h)(Xv) = K 'EY Y h(ps (Xv)).

=1
Since f = h on Or(D>),

k

EY(f(Xv)) = h(y) = k'EY S flpsy(Xv)).

i=1
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Write 4, for the unit measure at x, and define measures v;(w, dx) by

k k

vi(de) = dx, (dx),  va(de) = k™'Y 0, (x0)(dn) = k1) 6, (2 (d).

i=1 i=1

EY / F(x)v1(dz) = BV / F(@)a(dz)

for f € Fp,, and hence for all bounded Borel f defined on 9p(D3). Taking
f =ri(z)ly(z) then gives (4.13).
(b) We can take the cube S* in Definition 4.6 to be S7. If g is defined on S* then
Usg is the unique extension of g to D(y) such that ©”1Ugsg = Usg on D(y). Thus
any function on S is the restriction of a function which is invariant with respect
to ©P1. We will repeatedly use the fact that if ©P1g = g then g(X;) = g(Z;), and
so also g(Xiav) = g(Ziav).

We break the proof into several steps.
Step 1. Let TtD 2 denote the semigroup of X stopped on exiting Do, that is

Then we have

Ttsz(fE) =E"f(Xinv).
If f € Fp, is bounded, then Proposition 2.6 and Lemma 4.8 imply that g.e. in Do
TP2@P f = @PiTP2 . (4.16)

Note that by Proposition 2.6 and [17, Theorem 4.4.3(ii)], the notion “q.e.” in Dy
coincides for the semigroups T, TP2 and T, where T is defined in Lemma 4.8.
Step 2. If f,g € Fp, are bounded and ©P1g = g, then we have ©P1(gf) = gOP1 f.
Hence

T2 (g0 f) = T/20" (gf) = 01 T (g f). (4.17)

Step 3. Let v be a Borel probability measure on Dy. Set v* = (©P1)*v. Suppose
that v(N2) = 0, where N> is defined in Theorem 4.1. If f, g are as in the preceding
paragraph, then we have

E” 9(Zenv)f (Xeav) =/D TP (9f)(x) (O71)" v(da)

- / OP: (T2 (gf)) (e)v(dx)

av)OP f(Xeav)
( t/\V)@le( t/\V), (4.18)

/ TP (40P f)(x)v(dr)
D2

EYg

EY

where we use the definition of adjoint, (4.17) to interchange TP2 and ©P1, and
that Q(Xt/\V) = g(Zt/\V)-
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Step 4. We prove by induction that if v(N2) =0, m >0, 0 < t; < -+ < by, < ¢,
g1, -.,Gm are bounded Borel functions satisfying ©P1g; = ¢;, and f is bounded
and Borel, then

B (L2 9i(Zenv)) f(Xenv) = BV (121 6i(Ze,av))OP f(Zinv)- (4.19)
The case m = 0 is (4.18). Suppose (4.19) holds for m — 1. Then set
h(z) = Ex(H?;Zgi(Z(ti—tl)/\V))f(X(t—tl)/\V)' (4.20)
Write 6% = (0,)*. By (4.19) for m — 1, provided z is such that 6%(N2) = 0,
@Dlh(f) =E% (H?;Zgi(Z(ti—tl)/\V))f(X(t—tl)AV) (4.21)
= E(I1259i(Z(t,—1,)av ) O F(Z(1—t1)av)- (4.22)

So, using the Markov property, (4.18) and (4.21)
B (7219i (Ze,av))f (Xenv) = B 91(Zes av)h(Xe av)

= Eygl(Ztl/\V)GDlh(th/\V)

= B g1 (Zey av)EX Y (2591 (Z(1—0)av)) O P f(Z(4—11)av)

=E"( i:lgi(Zti/\V))@le(Zt/\V)v
which proves (4.19). Therefore since (6%)* = d5,

B (121 94(Ze,av ) f (Xenv) = B2 (121 94(Ze,av)) O f(Zinv ),
and so
Eéz(f(Xt/\V”]:g\V) = (®le) (Zinv).

To obtain (4.14), observe that 4, = dy. Equation (4.15) follows since ©P17;(z) =
k= for all z € D;. O
Corollary 4.10 Let f : D(y) — R be bounded Borel, and t > 0. Then

EY (f (Xoro)|Ffar) = (0791 ) (Zins): (4.23)
Proof. This follows from Lemma 4.9 by letting the regions D; in Definition 4.7
increase to D(y). O

Let (Ag, A1), Z be as in Definition 4.6. We now look at X conditional on FZ.
Write W;(t) = ¢s,(Z:) € S;. For any t, we have that X4, is at one of the points
Wi(t AT). Let

Jl(t) = {j : Wj(t/\T) = Wi(t/\T)},
M;(t) = Z Low, (ear)=wi(tary) = #Ji(t),

J=1

pi(t) = P*(Xenr = Wit A7) FL-)Mi(t) ™ = B (ri(Xenr )| FiA-)-
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Thus the conditional distribution of X; given F2, is

k
> pilt)ow, (1ar)- (4.24)
=1

Note that by the definitions given above, we have M;(t) = N, (W;(t)) for 0 < ¢ < 7,
which is the number of elements of S,, that contain W;(t).

To describe the intuitive picture, we call the W; “particles.” Each W;(¢) is a
single point, and for each ¢ we consider the collection of points {W;(t),1 < i < m}.
This is a finite set, but the number of distinct points depends on ¢. In fact, we
have {W;(t),1 < i < m} = ©{X:}ND. For each given t, X; is equal to some of the
W;(t). If X; is in the r-interior of an element of S,,, then all the W;(¢) are distinct,
and so there are m of them. In this case there is a single @ such that X, = W;(t).
If Z; is in a lower dimensional face, then there can be fewer than m distinct points
W;(t), because some of them coincide and we can have X; = W;(t) = W;(¢) for
1 # j. We call such a situation a “collision.” There may be many kinds of collisions
because there may be many different lower dimensional faces that can be hit.

Lemma 4.11 The processes p;(t) satisfy the following:
(a) If T is any (FZ) stopping time satisfying T < 1 on {T < oo} then there exists
0(w) > 0 such that

pi(T+h)=p;(T) for0<h<§é.

(b) Let T be any (FZ) stopping time satisfying T < 7 on {T < oo}. Then for each
i=1,...k,

piT) = lim Mi(T)™" > py(s).
j€Ji(T)

Proof. (a) Let D(y) be as defined as in Definition 4.7, and D’ = ¢ps(D(Xr)).
Let
To=inf{s>0:Z;¢ D'}, Th=inf{s>T:2Z,¢D'};

note that Ty > T a.s. Let s > 0, & be a bounded fTZ measurable r.v., and
& = H;”:l fj(Z(T+tj)AT1), where f; are bounded and measurable, and 0 < ¢; <
e <ty < 5o Write § = [[72, fi(Z@;)am,)- To prove that p;((T+s)AT1) = pi(T)
it is enough to prove that

E*¢&1mi(X(rroyam ) = E*¢o&1pi(T). (4.25)
However,
E*&o&17:i (X (rys)at,) = E* (foE(&n(X(TJrs)ATl)|f:f“())
=E* (§0EXT (ﬂri(XsATo)))

= (0 Y py(DEY O (Eri(Xanm)).  (4:26)
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If Wj (T) € Si then
EY O (€1ri(Xon,)) = 0.
Otherwise, by (4.15) we have

E (& ri(Xonr,)) = Mi(T) 'EZ7E;. (4.27)
So,
ZP EW] T) 517'1 s/\To ij 1(;6] ))Mi(T)_IEZTﬂ
=pz‘( JE“7 €. (4.28)
Here we used the fact that p;(T) = p;(T) if j € J;(T). Combining (4.26) and

(4.28) we obtain (4.25).
ote that .7 +m Ti(x) 18 constant in a neighborhood of X7. Hence
b) N h jeqir)Ti i i ighborhood of X7. H

Jm YoonX)= Y r(Xr),

JEJ(T) JEJ(T)
and therefore
dm Y p= Y p(T) = M),
where the final equality holds since p;(T') = p;(T) if W;(T) = W;(T). O

Proposition 4.12 Let (Ag, A1), Z be as in Definition 4.6. There exists a constant
q1 > 0, depending only on d, such that if v € AoNEp and Ty < 7 is a finite (F7)
stopping time, then

P*(Xr, € S|FF) > a1 (4.29)

Hence
PY(T3 <7) > qoqu- (4.30)

Proof. In this proof we restrict ¢ to [0, 7]. Lemma 4.11 implies that each process

p;i(+) is a ‘pure jump’ process, that is it is constant except at the jump times. (The

lemma does not exclude the possibility that these jump times might accumulate.)
Let

K(t) ={i:pi(t) >0},
k(t) = [K(t)],
Pmin(t) = min{p;(t) : i € K(t)} = min{p;(¢) : pi(t) > 0}.

Note that Lemma 4.11 implies that if p;(¢t) > 0 then we have p;(s) > 0 for all
s > t. Thus K and k are non-decreasing processes. Choose I(t) to be the smallest
¢ such that Prt) (t) = pmin(t)-
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To prove (4.29) it is sufficient to prove that
Prin(t) > 270 > 97021 g < <1 (4.31)

This clearly holds for t = 0, since k£(0) > 1 and p;(0) = r;(Xo), which is for each 4
either zero or at least 27¢.
Now let
T =inf{t <7 : pmin(t) < 27*®}

Since p;(T + h) = p;(T) and k(T + h) = k(T) for all sufficiently small h > 0, we
must have

Pmin(T) < 27T on {T < oo}. (4.32)

Since Z is a diffusion, T is a predictable stopping time so there exists an increasing
sequence of stopping times T3, with T;, < T for all n, and T" = lim,, T;,,. By the
definition of T', (4.31) holds for each T,,. Let A = {w : k(T},) < k(T) for all n}.
On A we have, writing I = I(T), and using Lemma 4.11(b) and the fact that
k(T,) < k(T) —1 for all n,

Pmin(T) = pr(T) = M(T)™" Y pi(T)

jeJr(T)
= lim My(T)"" Y pi(Tn) =27 lim puin(T)
e JETIT) o
Z 27d llm 27dk‘(Tn) 2 27d27d(k(T)71) — 27dk‘(T)'

On A° we have

Pmin(T) = lim M (T)™" > p;(T,)
JEJI(T)

2 lim pmin(Tn)

n—oo

> lim 27 %(Tn) — 9—dk(T)

n—oo

So in both case we deduce that puin(T) > 2~ contradicting (4.32). Tt follows
that P(T < c0) = 0, and so (4.31) holds.
This gives (4.29), and using Proposition 4.5 we then obtain (4.30). O

4.3 Properties of X

Remark 4.13 p is a doubling measure, so for each Borel subset H of F', almost
every point of H is a point of density for H; see [44, Corollary I1X.1.3].

Let I be a face of Fy and let F/ = F — 1.

Proposition 4.14 There exists a set N of capacity 0 such that if x ¢ N, then
]Pm(TF/ < OO) =1.
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Proof. Let A be the set of z such that when the process starts at z, it never
leaves x. Our first step is to show F' — A has positive measure. If not, for almost

every z, Ty f(x) = f(x), so X

Taking the supremum over ¢ > 0, we have E(f, f) = 0. This is true for every
f € L?, which contradicts £ being non-zero.

Recall the definition of Eg in (2.6). If u(EgN.S) =0 for every S € S,,(F) and
n > 1 then u(F — A) = 0. Therefore there must exist n and S € S,,(F) such that
w(EsnS) > 0. Let € > 0. By Remark 4.13 we can find £ > 1 so that there exists
S" € Sp+k(F) such that

wEs NS
p(S")

Let S € S, be adjacent to S’ and contained in S, and let g be the map that
reflects S” U S” across S’ NS”. Define

>1—c.

Ji(S/) = U{T T e Sn+k+i7 TC iDtT(S/)},
and define J;(S”) analogously. We can choose i large enough so that
u(Es N Ji(8) > (1= 2e)u(S). (4.33)

Let 2 € Eg N J;(S’). Since x € Eg, the process started from z will leave S’
with probability one. We can find a finite sequence of moves (that is, corners or
slides) at level n 4+ k + 4 so that X started at z will exit S” by hitting S’ N S”. By
Proposition 4.12 the probability of X following this sequence of moves is strictly
positive, so we have

P*(X(rs/) € 8'NS") > 0.

Starting from x € Eg, the process can never leave Eg, so X will leave S’
through B = Eg N S’ N S” with positive probability. By symmetry, X; started
from g(x) will leave S” in B with positive probability. So by the strong Markov
property, starting from g(z), the process will leave S with positive probability. We
conclude g(z) € Eg as well. Thus g(Es N J;(S")) C Es N J;(S”), and so by (4.33)
we have

w(Es N Ji(8")) > (1= 2e)p(S").
Iterating this argument, we have that for every S; € S,4+x(F) with S; C S,

w(Es N S;) = p(Es N Ji(S;)) = (1 = 2e)u(S;).
Summing over the S;’s, we obtain
W(Es18) > (1—25)(S).

Since £ was arbitrary, then u(EsNS) = u(S). In other words, starting from almost
every point of S, the process will leave S.
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By symmetry, this is also true for every element of S, (F') isomorphic to S.
Then using corners and slides (Proposition 4.12), starting at almost any x € F,
there is positive probability of exiting F’. We conclude that Er: has full measure.

The function 1g,, is invariant so Tylg,, = 1, a.e. By [17, Lemma 2.1.4],
T;(1-1g,,) =0, g.e. Let N be the set of 2 where Ty1g,, () # 1 for some rational
t. If z ¢ N, then P*(X; € Ep/) = 1 if ¢ is rational. By the Markov property,
x € Epr. O

Lemma 4.15 Let U C F be open and non-empty. Then P*(Ty < oc0) =1, g.e.

Proof. This follows by Propositions 4.12 and 4.14. |

4.4 Coupling

Lemma 4.16 Let (Q,F,P) be a probability space. Let X and Z be random vari-
ables taking values in separable metric spaces Ev and Fo, respectively, each fur-
nished with the Borel o-field. Then there exists F : Eo X [0,1] — E; that is jointly
measurable such that if U is a random variable whose distribution is uniform on
[0, 1] which is independent of Z and X = F(Z,U), then (X,Z) and (X,Z) have
the same law.

Proof. First let us suppose E1 = E2 = [0, 1]. We will extend to the general case
later. Let Q denote the rationals. For each r € [0,1]NQ, P(X < r | Z) is a
o(Z)-measurable random variable, hence there exists a Borel measurable function
h, such that P(X <r | Z) = h,(Z), a.s. For r < slet A,y = {z: h.(2) > hs(2)}.
If C = Urcs;r.seirs, then P(Z € C) = 0. For z ¢ C, hy(z) is nondecreasing in
r for r rational. For x € [0, 1], define g,(z) to be equal to z if z € C' and equal
to infss s s—a; seq hs(2) otherwise. For each z, let f;(z) be the right continuous
inverse to g, (z). Finally let F(z,z) = f.(2).

We need to check that (X, Z) and ()Z' , Z) have the same distributions. We have

PX<2,Z<:)=EP(X<o|2:Z<s= _ lim ERX<s|2:Z<4
s>x,s€Q,s—x

=1limE[hs(2); Z < 2] =Elg.(Z); Z < z].
On the other hand,
P(X <a,Z<r)=E[P(F(Z,U)<z|2);Z <2 =E[P(fu(2) <z | 2);Z < 2]
_E[P(U < g:(2) | 2,7 < 2] = Elga(2); 7 < 2]

For general Fq, Fs, let 1; be bimeasurable one-to-one maps from E; to [O,_],

i =1,2. Apply the above to X = 1(X) and Z = 1/»(Z) to obtain a function F.
Then F(z,u) = ;" o F(12(2),u) will be the required function. O

We say that x,y € F are m-associated, and write z~,,y, if ps(x) = ps(y)
for some (and hence all) S € S,,. Note that by Lemma 2.13 if x~,,y then also
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T ~m4+1 Y. One can verify that this is the same as the definition of z~.,,,y given in
[5].

The coupling result we want is:

Proposition 4.17 (Cf. [5, Theorem 3.14].) Let x1,x9 € F with x1 ~y, x2, where
x1 € 81 € Sp(F), xa € So € Sp(F), and let & = @g,|s,. Then there exists a
probability space (0, F,P) carrying processes Xy, k = 1,2 and Z with the following
properties.

(a) Fach Xy, is an E-diffusion started at xj.

(b) Z = (pSz(XQ) =®o ¥S, (Xl)

(¢) X1 and X5 are conditionally independent given Z.

Proof. Let Y be the diffusion corresponding to the Dirichlet form £ and let Y7, Y5
be processes such that Y; is equal in law to Y started at x;. Let Z1 = ® o pg, (Y1)
and Zy = g, (Y2). Since the Dirichlet form for g, (Y) is £5 and Z;, Z» have the
same starting point, then Z; and Z; are equal in law. Use Lemma 4.16 to find
functions Fy and Fy such that (F;(Z;,U), Z;) is equal in law to (Y;, Z;), i = 1,2,
if U is an independent uniform random variable on [0, 1].

Now take a probability space supporting a process Z with the same law as Z;
and two independent random variables U;, U; independent of Z which are uniform
on [0,1]. Let X; = F;(Z,U;), i = 1,2. We proceed to show that the X; satisfy
(a)-(c).

X; is equal in law to F;(Z;,U;), which is equal in law to Y;, ¢« = 1,2, which
establishes (a). Similarly (X;, Z) is equal in law to (F(Z;,U;), Z;), which is equal
in law to (Y;, Z;). Since Z; = ® o g, (Y1) and Zy = ¢g,(Y2), it follows from the
equality in law that Z = ® o g, (Y1) and Z = ¢g,(Y2). This establishes (b).

As X, = F;(Z,U;) for i = 1,2, and Z,U;, and Uy are independent, (c) is
immediate. O

Given a pair of E-diffusions X (t) and X2(t) we define the coupling time
Tc(Xl, XQ) = 1nf{t Z 0: Xl(t) = XQ(t)} (434)

Given Propositions 4.12 and 4.17 we can now use the same arguments as in [5]
to couple copies of X started at points z,y € F, provided that x~,,y for some
m > 1.

Theorem 4.18 Letr >0, >0 and r' = r/L2F. There exist constants q3 and 6,
depending only on the GSC F, such that the following hold:

(a) Suppose x1, x2 € F with ||x1 —22||eo < 1’ and x1~py,xo for some m > 1. There
exist E-diffusions X;(t), i = 1,2, with X;(0) = x;, such that, writing

7, =inf{t > 0: X;(¢t) € B(x1,7)},

we have
]P)(Tc(Xl,Xg) <71 AN T2) > Q3. (435)
(b) If in addition ||z1 — z2||ec < 07 and x1~mx2 for some m > 1 then
]P)(Tc(Xl,Xg) <T /\Tg) >1—c. (436)
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Proof. Given Propositions 4.12 and 4.17, this follows by the same arguments as
in [5], p. 694-701. O

4.5 Elliptic Harnack inequality

As mentioned in Section 2.1, there are two definitions of harmonic that we can
give. We adopt the probabilistic one here. Recall that a function h is harmonic
in a relatively open subset D of I if h(X;r,; ) is a martingale under P* for q.e. x
whenever D’ is a relatively open subset of D.

X satisfies the elliptic Harnack inequality if there exists a constant ¢; such that
the following holds: for any ball B(x, R), whenever u is a non-negative harmonic
function on B(z, R) then there is a quasi-continuous modification @ of u that
satisfies

sup u<c¢; inf .
B(z,R/2) B(x,R/2)

We abbreviate “elliptic Harnack inequality” by “EHI.”

Lemma 4.19 Let £ be in &, r € (0,1), and h be bounded and harmonic in B =
B(zg,r). Then there exists 8 > 0 such that

@) = n)l < () Gup i), .y € Blaw v/, ammy (@30

Proof. As in [5, Proposition 4.1] this follows from the coupling in Theorem 4.18
by standard arguments. |

Proposition 4.20 Let £ be in € and h be bounded and harmonic in B(xg,r).
Then there exists a set N of E-capacity 0 such that

B [z —y[\¢ 3
[h@) = hw) < C(F) (up hl). @y € Blao,r/2) =N (438)

Proof. Write B = B(xo,r), B’ = B(xzo,r/2). By Lusin’s theorem, there exist
open sets G, | such that u(G,) | 0, and h restricted to G¢ N B’ is continuous.
We will first show that h restricted to any G¢ satisfies (4.37) except when one
or both of z,y is in N,, a set of measure 0. If G = N,G,, then h on G° is
Holder continuous outside of UN,,, which is a set of measure 0. Thus h is Holder
continuous on all of B’ outside of a set E of measure 0.

So fix n and let H = G¢. Let x,y be points of density for H; recall Remark
4.13. Let S, and S, be appropriate isometries of an element of Sy, such that x € S,
y € Sy, and (S, N H)/pu(Sz) > 2 and the same for S,. Let ® be the isometry
taking S, to Sy. Then the measure of ®(S, N H) must be at least two thirds the
measure of S, and we already know the measure of S, N H is at least two thirds
that of S,. Hence the measure of (S, N H) N (®(S, N H)) is at least one third the
measure of S,. So there must exist points x € S, N H and y, = ®(zx) € SyNH
that are m-associated for some m. The inequality (4.37) holds for each pair z, yx.
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We do this for each k sufficiently large and get sequences z, € H tending to x and
yr € H tending to y. Since h restricted to H is continuous, (4.37) holds for our
given = and y.

We therefore know that h is continuous a.e. on B’. We now need to show the
continuity g.e., without modifying the function h. Let z,y be two points in B’ for
which h(Xiar,) is a martingale under P* and PY. The set of points A/ where this
fails has £-capacity zero. Let R = |x —y| < r and let € > 0. Since u(E) = 0, then
by [17, Lemma 4.1.1], for each t, T;1g(x) = Ty(z, E) = 0 for m-a.e. z. Tyl is in
the domain of &, so by [17, Lemma 2.1.4], Ty1r = 0, q.e. Enlarge N to include
the null sets where Ti1g # 0 for some ¢ rational. Hence if z,y ¢ N, then with
probability one with respect to both P* and P¥, we have X; ¢ F for t rational.
Choose balls B, B, with radii in [R/4, R/3] and centered at x and vy, resp., such
that P*(X,,, € N) =PY(X,, € N)=0. By the continuity of paths, we can
choose t rational and small enough that P*(sup,«, |Xs — Xo| > R/4) < € and the
same with x replaced by y. Then -

|h(z) = h(y)| = [E*h(Xinrs, ) — BYR(Xinrs,)]
< B Xinrs, )it < 78] = BY[(Xinrs, )it < 7B, ]| + 2¢]|h]lo

RN\?
< C(Z) Ihlloe + 4] bl

The last inequality above holds because we have P*(X; € A/) = 0 and similarly
for PY, points in B, are at most 2R from points in B,,, and Xinrp, and XMTBy
are not in E almost surely. Since ¢ is arbitrary, this shows that except for x,y in
a set of capacity 0, we have (4.37). O

Lemma 4.21 Let £ € €. Then there exist constants k > 0, C;, depending only
on F, such that if 0 <r <1, z9g € F, y,z € B(xg,Cir) then for all 0 < 6 < C1,

Py(TB(Z75T) < TB(QCO)T)) > 6. (4.39)
Proof. This follows by using corner and slide moves, as in [5, Corollary 3.24]. O
Proposition 4.22 EHI holds for £, with constants depending only on F'.

Proof. Given Proposition 4.20 and Lemma 4.21 this follows by the same argument
as [5, Theorem 4.3]. O

Corollary 4.23 (a) & is irreducible.
(b) If E(f, f) =0 then f is a.e. constant.

Proof. (a) If A is an invariant set, then T;14 = 14, or 14 is harmonic on F. By
EHI, either 14 is never 0 except for a set of capacity 0 or else it is 0, q.e. Hence
w(A) is either 0 or 1. So & is irreducible.

(b) The equivalence of (a) and (b) in this setting is well known to experts. Suppose
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that f is a function such that E(f, f) = 0, and that f is not a.e. constant. Then
using the contraction property and scaling we can assume that 0 < f < 1 and there
exist 0 < @ < b < 1 such that the sets A = {z: f(z) < a} and B = {z: f(z) > b}
both have positive measure. Let g = bA (a V f); then (g, g) = 0 also. By Lemma
1.3.4 of [17], for any t > 0,

W (g,9) =t (g - Trg.g) = 0.

So (g9, T:g) = {g,g). By the semigroup property, T? = Ty, and hence (Tig, Trg) =
(9, T2tg) = (g, 9), from which it follows that (g — T;g,g — Ttg) = 0. This implies
that g(x) = E®g(X;) a.e. Hence the sets A and B are invariant for (7}), which
contradicts the irreducibility of £. |

Given a Dirichlet form (£,F) on F we define the effective resistance between
subsets A; and Ay of F' by:

Reg (A1, A) ™V =inf{E(f, f): fFEF,f|a, =0, f |a,=1}. (4.40)

Let
Alt)={x € F:x1 =t}, t€[0,1]. (4.41)

For € € ¢ we set
€]l = Rem(A(0), A(1))~". (4.42)

Let & ={€ e €:||&|| =1}

Lemma 4.24 If € € € then ||€]] > 0.

Proof. Write H for the set of functions u on F such that u =14 on A(i), i =0, 1.
First, observe that F N H is not empty. This is because, by the regularity of &,
there is a continuous function u € F such that u < 0 on the face A(0) and u > 1
on the opposite face A(1). Then the Markov property for Dirichlet forms says
OV(unl) e FNH.

Second, observe that by Proposition 4.14 and the symmetry, Ty < oo a.s.,
which implies that (£, F4(g)) is a transient Dirichlet form (see Lemma 1.6.5 and
Theorem 1.6.2 in [17]). Here as usual we denote F40y = {f € F : fla) = 0}.
Hence Fy(p) is a Hilbert space with the norm £. Let u € FN'H and h be
its orthogonal projection onto the orthogonal complement of F4)ua(1) in this
Hilbert space. It is easy to see that E(h, h) = ||€]].

If we suppose that ||€]| = 0, then h = 0 by Corollary 4.23. By our def-
inition, A is harmonic in the complement of A(0) U A(1) in the Dirichlet form
sense, and so by Proposition 2.5 h is harmonic in the probabilistic sense and
h(z) = P*(X1, 4,40, € A(1)). Thus, by the symmetries of F, the fact that h = 0
contradicts the fact that T'y(;) < oo by Proposition 4.14.

An alternative proof of this lemma starts with defining h probabilistically and
uses [14, Corollary 1.7] to show h € F(q). O
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4.6 Resistance estimates

Let now £ € €. Let S € S, and let v, = 7,(€) be the conductance across S.
That is, if S=Q N F for Q@ € Q,(F) and Q = {a; < x; <b;,i=1,...,d}, then

Y = inf{Es(u,u) cue Fou l{z1=a1}= 0, U |{z,=p,}= 1}

Note that 7, does not depend on S, and that 7o = 1. Write v, = v& for the
minimizing function. We remark that from the results in [4, 34] we have

Cipp < M(€pp) < Copp.

Proposition 4.25 Let £ € €. Then for n,m >0

Tn+m (8) > Clﬁ)/m (E)p}? (443>

Proof. We begin with the case m = 0. As in [4] we compare the energy of vy with
that of a function constructed from v,, and the minimizing function on a network
where each cube side L" is replaced by a diagonal crosswire.

Write D,, for the network of diagonal crosswires, as in [4, 34], obtained by
joining each vertex of a cube @ € Q,, to a vertex at the center of the cube by a
wire of unit resistance. Let RE be the resistance across two opposite faces of F' in
this network, and let f,, be the minimizing potential function.

Fix a cube Q € Q,, and let S = QN F. Let z;, i = 1,...2%, be its vertices,
and for each ¢ let A;;, j = 1,...d, be the faces containing ;. Let A;j be the face
opposite to A;;. Let w;; be the function, congruent to v,, which is 1 on A;; and
zero on Aj;. Set

w; = min{w;1, ... Wiq}-

Note that u;(z;) = 1, and u; = 0 on UjA;j. Then

E(uiyws) <Y E(wig, wiy) = dyn.
j

Write a; = f(x;), and @ = 27¢ >, a;. Then the energy of f,, in S is

gg(fnu fn) = Z(ai _6)2'

%

Now define a function gg : S — R by

Then
£%(gs,95) < CE(ur,u1) Y _(ai — @)% < CYuER(fu, fn)-
We can check from the definition of gg that if two cubes @1, QX2 have a common
face A and S; = @; N F, then gs, = gs, on A. Now define g : F — R by
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taking g(z) = gs(z) for x € S. Summing over Q € Q,(F) we deduce that
E(g,9) < Cv,(RP)~1. However, the function g is zero on one face of F', and 1 on
the opposite face. Therefore

1 =190 =E&(vo,v0) < E(9,9) < Crn(RE) ™ < Cynpr™,

which gives (4.43) in the case m = 0.
The proof when m > 1 is the same, except we work in a cube S € §,,, and use
subcubes of side L;"™™. O

Lemma 4.26 We have
C17n < Ynt1 < Covpe (4.44)

Proof. The left-hand inequality is immediate from (4.43). To prove the right-hand
one, let first n = 0. By Propositions 4.12 and 4.14, we deduce that vg > C5 > 0
on A(Ly"); recall the definition in (4.41). Let w = (vg A C3)/C3. Choose a cube
Q € Qi(F1) between the hyperplanes A;(0) and A;(Ly'); Ai(t) is defined in
(4.41). Then

11 = EF (vy,v1) < EF(w,w) < E(w, w)
= 03_25(’1}0 A\ Cg,’UQ A\ 03) < 03_28(’1)0,’00) = 04’70.

Again the case n > 0 is similar, except we work in a cube S € S,,. ]

Note that (4.43) and (4.44) only give a one-sided comparison between v, ()
and v, (Epp); however this will turn out to be sufficient.

Set
a=logmp/log Lp, Bo = log(mppr)/log Lp.

By [5, Corollary 5.3] we have 3y > 2, and so ppmp > L%. Let
Hy(r) = 7.

We now define a ‘time scale function’” H for £. First note that by (4.43) we
have, for n > 0, k > 0.

n

_ Mg
n+k

Tn+kMp

< CppFmz". (4.45)

Since ppmp > L% > 1 there exists £ > 1 such that
Ynmp < 'ynJrkm}ffk, n > 0. (4.46)

Fix this k, let
H(L™) = ypimp™, n >0, (4.47)

and define H by linear interpolation on each interval (L;(n+1)k, L"), Set also
H(0) = 0. We now summarize some properties of H.
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Lemma 4.27 There exist constants C; and 3, depending only on F such that the
following hold.

(a) H is strictly increasing and continuous on [0, 1].

(b) For any n,m >0

H(LE"™ ™) < CLH (L") Ho(Lp™). (4.48)
(¢) Forn >0
H(L"%y < H(L™) < CoH (L, "R, (4.49)
(d) "
t ,
Cs(t/s)? < % < Ou(t)s)? for 0<s<t<1. (4.50)
s
In particular H satisfies the ‘fast time growth’ condition of [20] and [10, Assump-
tion 1.2].

(e) H satisfies ‘time doubling’:
H(2r) < Cs5H(r) for 0<r<1/2. (4.51)

(f) For r € [0,1],
H(r) < CgHo(r).

Proof. (a), (b) and (c) are immediate from the definitions of H and Hy, (4.43)
and (4.44). For (d), using (4.48) we have

H(LZF" H(LZF L=k | Bo

“kn—kmy — 7 —kn —kmy T —kn—km
H(Lz"=rm) H(Lp"")Ho(Ly"™) Ly™=*

and interpolating using (c) gives the lower bound in (4.50). For the upper bound,
using (4.44),

H(Lz"")

Lfkn g8
T L ) : (4.52)
H(L™"™)

km __ kmﬁ’ _
< 08 - LF - (L—kn—km
F

where ' = log Cs/log Lr, and again using (c) gives (4.50). (e) is immediate from
(d). Taking n = 0 in (4.48) and using (c) gives (f). O
We say € satisfies the condition RES(H, ¢1, ¢2) if for all g € F, r € (0, L;l),

H(r)

roz

H(r)

re

S RCH(B(IOa T)a B(CC(), 2T)C) S C2

C1 (RES(H, 01702))

Proposition 4.28 There exist constants Cy, Cs, depending only on F, such that
& satisfies RES(H, Cy,Cs).

Proof. Let k be the smallest integer so that Lz* < 1d~'/2R. Note that if
Q € O and x,y € Q, then d(z,y) < d'/?L" < $R. Write By = B(o, R) and
Bl = B(Io, QR)C
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We begin with the upper bound. Let Sy be a cube in Q) containing xg: then
So N F Cc B. We can find a chain of cubes Sy, Si,...S, such that S, C B
and S; is adjacent to S;y1 for i = 0,...,n — 1. Let f be the harmonic function
in ' — (SO U Bl) which is 1 on S() and 0 on Bl. Let AO = SO N Sl, and Al
be the opposite face of S; to Ag. Then using the lower bounds for slides and
corner moves, we have that there exists C; € (0,1) such that f > Cy on A4;. So
g=(f —C1)y/(1 - Cy) satisfies £%1(g,g) > . Hence

Reﬂ(507Bl)_l = g(fu f) Z SSI(fa f) 2 (1 - Cl)_2’7k7

and by the monotonicity of resistance
Reit(Bo, B1) < Regt(So, B1) < Cav;, ',

which gives the upper bound in (RES(H, ¢y, ¢2)).

Now let n =k + 1 and let S € Q,,. Recall from Proposition 4.25 the definition
of the functions v, w;; and u;. By the symmetry of v, we have that w;; > % on
the half of S which is closer to A;;, and therefore u;(z) > 3 if |z — @i|[oc < FLz"

Now let y € L"Z% N F, and let V(y) be the union of the 2¢ cubes in 9,
containing y. By looking at functions congruent to 2u; A 1 in each of the cubes in
V(y), we can construct a function g; such that ¢; = 0 on F — V(y), gi(z) = 1 for
z € F with ||z — y]|eo < %L;”, and £(¢g;,9:) < Cv,. We now choose y1, ... Ym SO
that By C U;V (y;): clearly we can take m < Cs. Then if h = 1A (", i), we have
h=1on By and h =0 on By. Thus

Req(Bo, B1) ™' < E(h,h) < 5(29@2%) < Con,

proving the lower bound. |

4.7 Heat kernel estimates

We write h for the inverse of H, and V(x,r) = u(B(z,r)). We say that p:(z,y)
satisfies HK(H;n1,m2,¢o) if for z,y € F, 0 <t <1,

pe(,y) = ¢g V(x, h(t)) " exp(—co(H (d(x,y)) /)™),
pe(,y) < coV (x, h(t)) ™" exp(—cg ' (H(d(x,y))/t)"™).

The following equivalence is proved in [20]. (See also [10, Theorem 1.3, (a) =
(¢)] for a detailed proof of (a) = (b), which is adjusted to our current setting.)

Theorem 4.29 Let H : [0,1] — [0,00) be a strictly increasing function with
H(1) € (0,00) that satisfies (4.51) and (4.50). Then the following are equiva-
lent:

(a) (€, F) satisfies (VD), (EHI) and (RES(H,c1,c2)) for some ¢1,c2 > 0.

(b) (£,F) satisfies HK (H;mn1,m2,co) for some a,m1,m2,co > 0.

Further the constants in each implication are effective.
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By saying that the constants are ‘effective’ we mean that if, for example (a)
holds, then the constants 7;, ¢o in (b) depend only on the constants ¢; in (a), and
the constants in (VD), (EHI) and (4.51) and (4.50).

Theorem 4.30 X has a transition density p(x,y) which satisfies HK(H;n1, 12, C),
where 1 =1/(80 — 1), me = 1/(8" — 1), and the constant C' depends only on F.

Proof. This is immediate from Theorem 4.29, and Propositions 4.22 and 4.28. O
Let

() = e /F /B @) = S,
)

Ny (f)=H(r)" Je(f),
Nu(f) = OiuglN}}(f%
Wy ={f € L*(F,u) : Ng(f) < oo}. (4.53)

We now use Theorem 4.1 of [28], which we rewrite slightly for our context. (See
also Theorem 1.4 of [10], which is adjusted to our current setting.) Let 7; = L~
where k is as in the definition of H.

Theorem 4.31 Suppose p; satisfies HK(H,n1,n2,Co), and H satisfies (4.51) and
(4.50). Then

Ci&(f, f) < limsup N/ (f) < Nu(f) < Co€(f, f)  for all f € Wa,  (4.54)

j—o0

where the constants C; depend only on the constants in (4.51) and (4.50), and in
HK(H;m,m2,Co). Further,
F=Wh. (4.55)

Theorem 4.32 Let (£, F) € &;.
(a) There exist constants C1,Cq > 0 such that for all v € [0,1],

C1Ho(r) < H(r) < C2Ho(r). (4.56)
(b) Wi = W, , and there exist constants Cs, Cy such that
CsNu, (f) < E(f, f) < CaNp,(f) for all f € Whg. (4.57)
(c) F =W,

Proof. (a) We have H(r) < CoHy(r) by Lemma 4.27, and so

Nu(f) = Cy ' Nu, (f). (4.58)

Recall that (€gp, Fpp) is (one of) the Dirichlet forms constructed in [5]. By
(4.58) and (4.55) we have F C Fpp. In particular, the function v§ € Fpp (see
Subsection 4.6).
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Now let

A = limsu ;
bl Ho(ry)

we have A < (C.
Let f € F. Then by Theorem 4.31

Epp(f, f) < Cslimsup Ho(r;) ™" Jp, (f)

j—00
) H(rj) _
= (C3limsu 2 (r ) T
3 7_)Oop HO(TJ) ( J) ](f)

< Cslimsup AN} (f) < CLAE(f, f).

Jj—oo

Taking f = v§,
1 < Epp(v§,vf) < CLAE(WS,v§) = C4A. (4.59)
Thus A > C5 = C;'. By Lemma 4.27(c) we have, for n,m > 0,

H(rn-i-m) H(rn)
Hormim) ~ CCHo(rn)

So, for any n

H(ry) —1
>Cs A>C5/C
H() (Tn) = Lg = 5/ 65
and (a) follows.
(b) and (c) are then immediate by Theorem 4.31. O

Remark 4.33 (4.56) now implies that p¢(x,y) satisfies HK(Ho,n1,m1,C) with
m =1/(Bo —1).

5 Uniqueness

Definition 5.1 Let W = Wy, be as defined in (4.53). Let A,B € €. We say
A< Bif
B(u,u) — A(u,u) > 0 for all w € W.

For A, B € & define

sup(B|A) = sup{igf’ j?) i fe W} ,
inf(BJA) = inf{ﬁé? ‘Ji; :fe W} :

) =t (2O,

h is Hilbert’s projective metric and we have h(6.A, B) = h(A, B) for any 6 € (0, 00).
Note that h(A, B) = 0 if and only if A is a nonzero constant multiple of B.
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Theorem 5.2 There exists a constant Cr, depending only on the GSC F, such
that if A, B € € then
h(A,B) < Cp.

Proof. Let A" = A/||A||, B' = B/||B||. Then h(A,B) = h(A’,B’). By Theorem
4.32 there exist C; depending only on F such that (4.57) holds for both A" and
B’. Therefore

B/(fv .f) C'2

< ==, for f e W,

AL =G v/

and so sup(B’'|A") < C3/Cy. Similarly, inf(B'|A") > C1/Cs, so h(A,B)
2log(Ca/Ch).

<
O

Proof of Theorem 1.2 By Proposition 1.1 we have that & is non-empty.
Let A,B € €, and A\ = inf(B|A). Let § > 0 and C = (1 + J§)B — AA. By
Theorem 2.1, C is a local regular Dirichlet form on L?(F,u) and C € €. Since

CULH) L - BULH
agrn =gy W
we obtain
sup(C|A) = (1 + §)sup(B|A) — A,
and

inf(ClA) = (1+ 0)inf(BJA) — A = 6A.

Hence for any § > 0,

eh(.A,C) _ (1 + 5) Sup(B|A) - A > 1 (eh('A’B) o 1) '

A )
If h(A, B) > 0, this is not bounded as  — 0, contradicting Theorem 5.2. We must
therefore have h(A, B) = 0, which proves our theorem. O

Proof of Corollary 1.4 Note that Theorem 1.2 implies that the P* law of X
is uniquely defined, up to scalar multiples of the time parameter, for all x ¢ N/,
where NV is a set of capacity 0. If f is continuous and X is a Feller process, the
map & — E? f(X) is uniquely defined for all z by the continuity of T} f. By a limit
argument it is uniquely defined if f is bounded and measurable, and then by the
Markov property, we see that the finite dimensional distributions of X under P
are uniquely determined. Since X has continuous paths, the law of X under P* is
determined. (Recall that the the processes constructed in [5] are Feller processes.)
O

Remark 5.3 In addition to (H1)-(H4), assume that the (d—1)-dimensional fractal
F n{zy = 0} also satisfies the conditions corresponding to (H1)-(H4). (This
assumption is used in [22, Section 5.3].). Then one can show I'(f, f)(FNOFy) =0
for all f € F where I'(f, f) is the energy measure for £ € € and f € F. Indeed, by
the uniqueness we know that £ is self-similar, so the results in [22] can be applied.
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For h given in [22, Proposition 3.8], we have I'(h, h)(F N 9[0,1]¢) = 0 by taking
i — oo in the last inequality of [22, Proposition 3.8]. For general f € F, take an
approximating sequence {g,,} C F as in the proof of Theorem 2.5 of [22]. Using
the inequality

D (g gm) (A2 =T(f, YA < T(gim — £, gm — £)(A)/?
< 28(gm — [, gm — )%

(see page 111 in [17]), we conclude that T'(f, f)(F N 9[0,1]¢) = 0. Using the self-
similarity, we can also prove that the energy measure does not charge the image
of F'N9[0,1] by any of the contraction maps.

Remark 5.4 One question left over from [3, 5] is whether the sequence of approx-
imating reflecting Brownian motions used to construct the Barlow-Bass processes
converges. Let X' = X!, where X" is defined in Subsection 3.1 and ¢, is a

normalizing constant. We choose ¢, so that the expected time for X" started at
0 to reach one of the faces not containing 0 is one. There will exist subsequences
{n;} such that there is resolvent convergence for {X™} and also weak conver-
gence, starting at every point in F. Any of the subsequential limit points will
have a Dirichlet form that is a constant multiple of one of the Egp. By virtue
of the normalization and our uniqueness result, all the limit points are the same,
and therefore the whole sequence {X™} converges, both in the sense of resolvent
convergence and in the sense of weak convergence for each starting point.
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