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1. Introduction.

The notes are based on lectures given in St. Flour in 1995, and cover, in greater
detail, most of the course given there.

The word “fractal” was coined by Mandelbrot [Man] in the 1970s, but of course
sets of this type have been familiar for a long time — their early history being as a
collection of pathological examples in analysis. There is no generally agreed exact
definition of the word “fractal”, and attempts so far to give a precise definition have
been unsatisfactory, leading to classes of sets which are either too large, or too small,
or both. This ambiguity is not a problem for this course: a more precise title would
be “Diffusions on some classes of regular self-similar sets”.

Initial interest in the properties of processes on fractals came from mathematical
physicists working in the theory of disordered media. Certain media can be modelled
by percolation clusters at criticality, which are expected to exhibit fractal-like prop-
erties. Following the initial papers [AO], [RT], [GAM1-GAM3| a very substantial
physics literature has developed — see [HBA] for a survey and bibliography.

Let G be an infinite subgraph of Z¢. A simple random walk (SRW) (X,,, n > 0)
on (G is just the Markov chain which moves from x € GG with equal probability to
each of the neighbours of x. Write p,(z,y) = P*(X,, = y) for the n-step transition
probabilities. If G is the whole of Z? then E(X,,)? = n with many familiar con-
sequences — the process moves roughly a distance of order y/n in time n, and the
probability law p, (z,-) puts most of its mass on a ball of radius cyn.

If G is not the whole of Z% then the movement of the process is on the average
restricted by the removal of parts of the space. Probabilistically this is not obvious
— but see [DS] for an elegant argument, using electrical resistance, that the removal
of part of the state space can only make the process X ‘more recurrent’. So it is
not unreasonable to expect that for certain graphs G one may find that the process
X is sufficiently restricted that for some 3 > 2

(1.1) E*(X, —z)% < n?"”.

(Here and elsewhere I use =< to mean ‘bounded above and below by positive con-
stants’, so that (1.1) means that there exist constants ¢, co such that cn?/P <
E® (X, — )% < can?/P). In [AO] and [RT] it was shown that if G is the Sierpinski
gasket (or more precisely an infinite graph based on the Sierpinski gasket — see Fig.
1.1) then (1.1) holds with 5 = log 5/ log2.

Figure 1.1: The graphical Sierpinski gasket.
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Physicists call behaviour of this kind by a random walk (or a diffusion — they are
not very interested in the distinction) subdiffusive — the process moves on average
slower than a standard random walk on Z¢. Kesten [Ke] proved that the SRW on
the ‘incipient infinite cluster’ C' (a percolation cluster at p = p. but conditioned to
be infinite) is subdiffusive. The large scale structure of C' is given by taking one
infinite path (the ‘backbone’) together with a collection of ‘dangling ends’, some of
which are very large. Kesten attributes the subdiffusive behaviour of SRW on C
to the fact that the process X spends a substantial amount of time in the dangling
ends.

However a graph such as the Sierpinski gasket (SG) has no dangling ends, and
one is forced to search for a different explanation for the subdiffusivity. This can
be found in terms of the existence of ‘obstacles at all length scales’. Whilst this
holds for the graphical Sierpinski gasket, the notation will be slightly simpler if we
consider another example, the graphical Sierpinski carpet (GSC). (Figure 1.2).
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Figure 1.2: The graphical Sierpinski carpet.

This set can be defined precisely in the following fashion. Let Hy = Z2. For
z = (n,m) € Hy write n,m in ternary — so n = > >~ n;3%, where n; € {0, 1,2}, and
n; = 0 for all but finitely many 7. Set
Jr = {(m,n) : ny =1 and my, = 1},

so that Jj, consists of a union of disjoint squares of side 3*: the square in Jj, closest
to the origin is {3%,...,2.3F — 1} x {3k ... 2.3* — 1}. Now set

(1.2) H, = Hy — O Je, H= ﬁ H,.
k=1 n=0
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Figure 1.4: The set H, .

Note that HN[0,3"])?> = H,,N[0,3"]?, so that the difference between H and H,,
will only be detected by a SRW after it has moved a distance of 3" from the origin.
Now let X(™ be a SRW on H,,, started at the origin, and let X be a SRW on H.
The process X (9 is just SRW on Zﬁ_ and so we have

(1.3) E(X()? ~n,

The process XV is a random walk on a the intersection of a translation invariant
subset of Z? with Zﬁ_. So we expect ‘homogenization’: the processes n~1/2X [(73},
t > 0 should converge weakly to a constant multiple of Brownian motion in ]Rﬁ_. So,
for large n we should have IE‘.(X,(ALI))2 ~ ain, and we would expect that a; < 1, since
the obstacles will on average tend to impede the motion of the process.

Similar considerations suggest that, writing ¢, (t) = EO(Xt(n))Q, we should have
on(t) ~apt ast — oo.

However, for small ¢ we would expect that ¢,, and ¢, 1 should be approximately
equal, since the process will not have moved far enough to detect the difference
between H,, and H, ;. More precisely, if ¢, is such that o, (t,) = (3™)? then ¢,
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and ¢p41 should be approximately equal on [0,¢,41]. So we may guess that the
behaviour of the family of functions ¢, (t) should be roughly as follows:

(1.4) On(t) =bp +an(t —t,), t>t,,
Ont1(8) = @n(s), 0<s<tnqr.

If we add the guess that a,, = 3% for some a > 0 then solving the equations above
we deduce that
t, = 3@t p 32,

So if p(t) = E°(X;)? then as o(t) ~ lim, ¢,(t) we deduce that ¢ is close to a
piecewise linear function, and that

plt) = t2/7

where § = 2 4+ a. Thus the random walk X on the graph H should satisfy (1.1) for
some 3 > 2.

The argument given here is not of course rigorous, but (1.1) does actually
hold for the set H — see [BB6, BB7]. (See also [Jo] for the case of the graphical
Sierpinski gasket. The proofs however run along rather different lines than the
heuristic argument sketched above).

Given behaviour of this type it is natural to ask if the random walk X on H
has a scaling limit. More precisely, does there exist a sequence of constants 7,, such
that the processes

(1.5) (3_nX[t/Tn],t > 0)

converge weakly to a non-degenerate limit as n — oo? For the graphical Sierpinski
carpet the convergence is not known, though there exist 7,, such that the family
(1.5) is tight. However, for the graphical Sierpinski gasket the answer is ‘yes’.

Thus, for certain very regular fractal sets F C R? we are able to define a limiting
diffusion process X = (X, t > 0,P*, x € F') where P* is for each x € F a probability
measure on Q = {w € C([0,00), F) : w(0) = x}. Writing T} f(z) = E* f(X;) for
the semigroup of X we can define a ‘differential’ operator L, defined on a class of
functions D(Lr) C C(F). In many cases it is reasonable to call Lr the Laplacian
on F.

From the process X one is able to obtain information about the solutions to
the Laplace and heat equations associated with £, the heat equation for example
taking the form

(1'6) E = ,CFU,

u(0,x) = up(x),

where u = u(t,x), x € F, t > 0. The wave equation is rather harder, since it is not
very susceptible to probabilistic analysis. See, however [KZ2]| for work on the wave
equation on a some manifolds with a ‘large scale fractal structure’.
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The mathematical literature on diffusions on fractals and their associated in-
finitesimal generators can be divided into broadly three parts:

1. Diffusions on finitely ramified fractals.

2. Diffusions on generalized Sierpinski carpets, a family of infinitely ramified frac-
tals.

3. Spectral properties of the ‘Laplacian’ Lp.

These notes only deal with the first of these topics. On the whole, infinitely
ramified fractals are significantly harder than finitely ramified ones, and sometimes
require a very different approach. See [Bas] for a recent survey.

These notes also contain very little on spectral questions. For finitely ramified
fractals a direct approach (see for example [FS1, Sh1-Sh4, KLJ]), is simpler, and
gives more precise information than the heat kernel method based on estimating

/ p(t,z, x)dr = Z e Nt
r i

In this course Section 2 introduces the simplest case, the Sierpinski gasket. In
Section 3 I define a class of well-behaved diffusions on metric spaces, “Fractional
Diffusions”, which is wide enough to include many of the processes discussed in
this course. It is possible to develop their properties in a fairly general fashion,
without using much of the special structure of the state space. Section 4 contains
a brief introduction to the theory of Dirichlet forms, and also its connection with
electrical resistances. The remaining chapters, 5 to 8, give the construction and
some properties of diffusions on a class of finitely ramified regular fractals. In this
I have largely followed the analytic ‘Japanese’ approach, developed by Kusuoka,
Kigami, Fukushima and others. Many things can now be done more simply than in
the early probabilistic work — but there is loss as well as gain in added generality, and
it is worth pointing out that the early papers on the Sierpinski gasket ([Kusl, Go,
BP]) contain a wealth of interesting direct calculations, which are not reproduced
in these notes. Any reader who is surprised by the abrupt end of these notes in
Section 8 should recall that some, at least, of the properties of these processes have
already been obtained in Section 3.

¢; denotes a positive real constant whose value is fixed within each Lemma,
Theorem etc. Occasionally it will be necessary to use notation such as ¢354 — this
is simply the constant ¢4 in Definition 3.5. ¢, ¢/, ¢’ denote positive real constants
whose values may change on each appearance. B(x,r) denotes the open ball with
centre x and radius r, and if X is a process on a metric space F' then

Ty =inf{t >0:X, € A},
T, =inf{t > 0: X; =y},
T(z,r) =inf{t > 0: X; & B(z,7)}.
I have included in the references most of the mathematical papers in this area
known to me, and so they contain many papers not mentioned in the text. I am

grateful to Gerard Ben Arous for a number of interesting conversations on the
physical conditions under which subdiffusive behaviour might arise, to Ben Hambly
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for checking the final manuscript, and to Ann Artuso and Liz Rowley for their
typing.
Acknowledgements. This research is supported by a NSERC (Canada) research

grant, by a grant from the Killam Foundation, and by a EPSRC (UK) Visiting
Fellowship.

2. The Sierpinski Gasket

This is the simplest non-trivial connected symmetric fractal. The set was first
defined by Sierpinski [Siel], as an example of a pathological curve; the name “Sier-
pinski gasket” is due to Mandelbrot [Man, p.142].

Let Go = {(0,0),(1,0),(1/2,v3/2)} = {ag,a1,as} be the vertices of the unit
triangle in R?, and let Hu(Go) = Hy be the closed convex hull of Gg. The con-
struction of the Sierpinski gasket (SG for short) G is by the following Cantor-type
subtraction procedure. Let by, b1, bo be the midpoints of the 3 sides of G, and
let A be the interior of the triangle with vertices {bg, b1,b2}. Let H; = Hy — A, so
that H; consists of 3 closed upward facing triangles, each of side 27!'. Now repeat
the operation on each of these triangles to obtain a set Hs, consisting of 9 upward
facing triangles, each of side 272.

AA AA

Figure 2.1: The sets H; and Hs.

Continuing in this fashion, we obtain a decreasing sequence of closed non-empty
sets (H,).—,, and set

n=0"’

(2.1) G = ﬁ H,.
n=0
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Figure 2.2: The set Hy.

It is easy to see that GG is connected: just note that 0H, C H,, for all m > n,
so that no point on the edge of a triangle is ever removed. Since |H,,| = (3/4)"|Ho|,
we clearly have that |G| = 0.

We begin by exploring some geometrical properties of GG. Call an n-triangle a
set of the form G N B, where B is one of the 3" triangles of side 27" which make
up H,. Let u, be Lebesgue measure restricted to H,, and normalized so that
pn(Hy,) = 1; that is

pn(dx) =2-(4/3)"1g, (x) dx.

Let pg = wlimu,; this is the natural “flat” measure on G. Note that ug
is the unique measure on G which assigns mass 37" to each n-triangle. Set
dy =log3/log2~ 1.58...

Lemma 2.1. Forx e G,0<r <1
(2.2) 37 1% < pg(B(z,r)) < 18r%.

Proof. The result is clear if » = 0. If » > 0, choose n so that 2= (") < r < 277 —
we have n > 0. Since B(z,r) can intersect at most 6 n-triangles, it follows that

pc(B(z,r)) <6.37" =18.37 (1)
= 18(2~(Fydr < 18pdr,

As each (n + 1)-triangle has diameter 27"+ B(z,r) must contain at least one
(n + 1)-triangle and therefore

pg(B(z,r)) > 37D = 371 (27m)dr > 371pdr, O
Of course the constants 37!, 18 in (2.2) are not important; what is significant

is that the pg-mass of balls in G grow as r% . Using terminology from the geometry
of manifolds, we can say that G has volume growth given by rds.



Detour on Dimension.

Let (F,p) be a metric space. There are a number of different definitions of
dimension for F' and subsets of F: here I just mention a few. The simplest of these
is boz—counting dimension. For € > 0, A C F, let N(A,¢) be the smallest number
of balls B(x, ) required to cover A. Then

. . log N(A,¢)
(2.3) dimpc(A4) = hrrsll%up Tloge T

To see how this behaves, consider some examples. We take (F, p) to be R? with the
Euclidean metric.

Examples. 1. Let A = [0,1]? ¢ R% Then N(A,¢) < 79, and it is easy to verify
that 4
o N([0,1)%,2)

=d.
£l0 loge—1t

2. The Sierpinski gasket G. Since G C H,, and H,, is covered by 3™ triangles
of side 27", we have, after some calculations similar to those in Lemma 2.1, that

N(G,r) = (1/r)los3/1o82 Go,

log 3

dich(G> = 10g2.
3. Let A=QnN[0,1]. Then N(A,e) < e~ !, so dimpc(A) = 1. On the other hand
dimpc({p}) = 0 for any p € A.

We see that box-counting gives reasonable answers in the first two cases, but
a less useful number in the third. A more delicate, but more useful, definition is
obtained if we allow the sizes of the covering balls to vary. This gives us Hausdorff
dimension. 1 will only sketch some properties of this here — for more detail see for
example the books by Falconer [Fal, Fa2].

Let h : Ry — R4 be continuous, increasing, with h(0) = 0. For U C F write
diam(U) = sup{p(z,y) : z,y € U} for the diameter of U. For § > 0 let

HE(A) = it {3 h(d(n) s A |JUi,  diam(Uy) < 3}

Clearly H2(A) is decreasing in §. Now let

(2.4) M (A) = lim M} (A);

we call H"(-) Hausdorff h-measure . Let B(F) be the Borel o-field of F.



10

Lemma 2.2. H" is a measure on (F,B(F)).
For a proof see [Fal, Chapter 1].

We will be concerned only with the case h(x) = x%: we then write H® for H".
Note that & — H*(A) is decreasing; in fact it is not hard to see that H*(A) is either
+o0 or 0 for all but at most one «.

Definition 2.3. The Hausdorff dimension of A is defined by
dimgy(A) = inf{a : H*(A) = 0} = sup{a: H*(A) = +o0}.

Lemma 2.4. dimgy(A) < dimpc(A).

Proof. Let a > dimpc(A). Then as A can be covered by N(A,e¢) sets of diameter
2¢e, we have H§(A) < N(A,¢e)(2¢)® whenever 2¢ < 6. Choose 6 so that dimpc(A) <
o — 0 < o; then (2.3) implies that for all sufficiently small e, N(A,¢) < e~ (@=9_ So
H§(A) =0, and thus H*(A) = 0, which implies that dimy(A) < a. O

Consider the set A =QnN[0,1], and let A = {p1,p2,...} be an enumeration of
A. Let § > 0, and U; be an open internal of length 27% A § containing p;. Then (U;)
covers A, so that H$(A) <3, (6 A279)%, and thus HY(A) = 0. So dimp(A) = 0.
We see therefore that dimy can be strictly smaller than dimpe, and that (in this
case at least) dimy gives a more satisfactory measure of the size of A.

For the other two examples considered above Lemma 2.4 gives the upper bounds
dimz ([0,1]%) < d, dimg (G) < log3/log2. In both cases equality holds, but a direct
proof of this (which is possible) encounters the difficulty that to obtain a lower bound
on H§ (A) we need to consider all possible covers of A by sets of diameter less than
0. It is much easier to use a kind of dual approach using measures.

Theorem 2.5. Let i be a measure on A such that p(A) > 0 and there exist ¢; < 0o,
ro > 0, such that

(2.5) pw(B(z,r)) <car®, zeA, r<n.

Then H*(A) > ¢ *u(A), and dimp (A) > a.

Proof. Let U; be a covering of A by sets of diameter less than §, where 26 < rqy. If
x; € U;, then U; C B(xi,diam(Ui)), so that u(U;) < ¢y diam (U;)®. So

3 diam (U)* = ¢ 37 ulU) = e u(A),

Therefore H$(A) > c;'u(A), and it follows immediately that H%(A) > 0, and
dimg(A) > a. O

Corollary 2.6. dimy(G) = log3/log2.

Proof. By Lemma 2.1 pg satisfies (2.5) with & = d¢. So by Theorem 2.5 dimy (G) >
dy; the other bound has already been proved. O

Very frequently, when we wish to compute the dimension of a set, it is fairly
easy to find directly a near-optimal covering, and so obtain an upper bound on
dimy directly. We can then use Theorem 2.5 to obtain a lower bound. However,
we can also use measures to derive upper bounds on dimy.



11

Theorem 2.7. Let p be a finite measure on A such that p(B(z,r)) > cor® for all
x € A, r <rg. Then H*(A) < o0, and dimg(A) < a.

Proof. See [Fa2, p.61].

In particular we may note:

Corollary 2.8. If i is a measure on A with u(A) € (0,00) and
(2.6) ar® < u(B(z,r)) <cor®, z€A, r<rg
then H*(A) € (0,00) and dimg(A) = a.

Remarks. 1. If A is a k-dimensional subspace of R? then dimg (A) = dimpc(A) =
k.

2. Unlike dimge dimpg is stable under countable unions: thus
dimH<U Ai) = supdimpg (A4;).
i=1 i

3. In [Tri] Tricot defined “packing dimension” dimp(-), which is the largest rea-
sonable definition of “dimension” for a set. One has dimp(A) > dimgy(A); strict
inequality can hold. The hypotheses of Corollary 2.8 also imply that dimp(A) = a.
See [Fa2, p.48].

4. The sets we consider in these notes will be quite regular, and will very often
satisfy (2.6): that is they will be “a-dimensional” in every reasonable sense.

5. Questions concerning Hausdorff measure are frequently much more delicate than
those relating just to dimension. However, the fractals considered in this notes will
all be sufficiently regular so that there is a direct construction of the Hausdorff mea-
sure. For example, the measure pug on the Sierpinski gasket is a constant multiple
of the Hausdorff ¢/-measure on G.

We note here how dimy changes under a change of metric.

Theorem 2.9. Let py, p2 be metrics on F, and write H**, dimy ; for the Hausdorff

measure and dimension with respect to p;, i1 = 1, 2.

(a) If p1(z,y) < pa(x,y) for all z,y € A with pa(x,y) < do, then dimpy(A) >
dimH’Q(A).

(b) If 1 A p1(x,y) < (1A pa(2,5))? for some @ > 0, then

dimH’Q(A) = QdimH,l(A).

Proof. Write d;(U) for the pj-diameter of U. If (U;) is a cover of A by sets with
pg(Ui) << (50, then
Zd1(Ui)a < Zdz(Ui)a

so that HS (A) < HS?(A). Then H*'(A) < H*2(A) and dimg,1(A) > dimg 2(A),
proving (a).
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(b) If U; is any cover of A by sets of small diameter, we have
Z dl(U¢>a = Z dg(Ui>0a.

Hence H*!(A) = 0 if and only if H?*2(A) = 0, and the conclusion follows. O
Metrics on the Sierpinski gasket.

Since we will be studying continuous processes on G, it is natural to consider
the metric on G given by the shortest path in G between two points. We begin with
a general definition.

Definition 2.10. Let A C R?. For z,y € A set
da(x,y) = inf{|y| : v is a path between z and y and v C A}.

If da(z,y) < oo for all z, y € A we call d4 the geodesic metric on A.

Lemma 2.11. Suppose A is closed, and that d(z,y) < oo for all x, y € A. Then
d 4 is a metric on A and (A, d4) has the geodesic property:

For each z,y € A there exists a map ®(t) : [0,1] — A such that
da(z, ®(t)) = tda(z,y), da(®(t),y) = (1 —t)da(z,y).

Proof. 1t is clear that d4 is a metric on A. To prove the geodesic property, let
z,y € A, and D = da(x,y). Then for each n > 1 there exists a path ~,(t),
0 <t <1+ D such that v, C A, |dv,(t)] = dt, 7,(0) = x and 7, (t,) = y for
some D <t, < D+n"t If pe [0, D] NQ then since |z — v, (p)| < p the sequence
(7»(p)) has a convergent subsequence. By a diagonalization argument there exists
a subsequence ny such that ~,, (p) converges for each p € [0, D] N Q; we can take
¢ = lim~y,,. O

Lemma 2.12. For z,y € G,
2 —y| < dg(z,y) < cifr —yl.

Proof. The left hand inequality is evident.
It is clear from the structure of H,, that if A, B are n-triangles and AN B = 0,
then
la —b| > (V3/2)27" forac A, b€ B.

Let x, y € G and choose n so that
(V3/2)27 (") < |z —y| < (V3/2)27™

So x,y are either in the same n-triangle, or in adjacent n-triangles. In either case
choose z € GG,, so it is in the same n-triangle as both x and y.
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Let z, = z, and for k£ > n choose z; € G} such that x, z; are in the same k-
triangle. Then since z; and z;41 are in the same k-triangle, and both are contained
in Hyy1, we have dg(2k, 2k+1) = diyy (28 2041) < 27k, So,

da(z,x) < Z de(2k, 2ig1) < 287" <Az -yl
k=n

Hence dg(x,y) < dg(x, z) + da(z,y) < 8lx — y|. O

Construction of a diffusion on the Sierpinski gasket.

Let G, be the set of vertices of n-triangles. We can make G,, into a graph
in a natural way, by taking {z,y} to be an edge in G,, if x,y belong to the same
n-triangle. (See Fig. 2.3). Write E,, for the set of edges.

Figure 2.3: The graph Gs.

Let Yk(n), k=0,1,... be a simple random walk on GG,,. Thus from =z € G,,, the
process Y™ jumps to each of the neighbours of # with equal probability. (Apart
from the 3 points in Gy, all the points in G,, have 4 neighbours). The obvious way
to construct a diffusion process (X, ¢t > 0) on G is to use the graphs G,,, which
provide a natural approximation to GG, and to try to define X as a weak limit of the
processes Y (™). More precisely, we wish to find constants (ap,n > 0) such that
(2.7) (Y(”) t> 0) = (X, t>0).

[ant]’

We have two problems:

(1) How do we find the right («,)?
(2) How do we prove convergence?

We need some more notation.

Definition 2.13. Let S,, be the collection of sets of the form G N A, where A is an
n-triangle. We call the elements of S,, n-complezes. For = € G, let D,,(z) = {5 €
S,z e St

The key properties of the SG which we use are, first that it is very symmetric,
and secondly, that it is finitely ramified. (In general, a set A in a metric space F is
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finitely ramified if there exists a finite set B such that A — B is not connected). For
the SG, we see that each n-complex A is disconnected from the rest of the set if we
remove the set of its corners, that is A N G,,.

The following is the key observation. Suppose Yo(n) =y € Gy (take y ¢ Gy
for simplicity), and let 7' = inf{k > 0 : Yk(n) € Gn_1— {y}}. Then Y™ can only
escape from D,,_1(y) at one of the 4 points, {x1, ..., z4} say, which are neighbours of
y in the graph (G,,—1, E,,—1). Therefore ngn) € {z1,...,z4}. Further the symmetry
of the set G,, N D, (y) means that each of the events {ngn) = x;} is equally likely.

X, X3

X] y X4

Figure 2.4: y and its neighbours.
Thus

)

I

P (V" =

v = y) =

and this is also equal to P(Yl(n_l) = $¢|Y0(n_1) = y). (Exactly the same argument
applies if y € Gy, except that we then have only 2 neighbours instead of 4). It
follows that Y™ looked at at its visits to G,,_; behaves exactly like y (=1 To
state this precisely, we first make a general definition.

Definition 2.14. Let T = R, or Z,, let (Z;,t € T) be a cadlag process on a metric
space F', and let A C F be a discrete set. Then successive disjoint hits by Z on A
are the stopping times Tj, 717, ... defined by

To=inf{t >0: Z, € A},

(2.8) .
Tn+1zlnf{t>Tn:Zt€A—{ZTn}}, n > 0.

With this notation, we can summarize the observations above.

Lemma 2.15. Let (1;);>0 be successive disjoint hits by Y™ on G,_;. Then
(YT(:L),Z' > 0) is a simple random walk on G,,_1 and is therefore equal in law to
(" Vi > 0).

Using this, it is clear that we can build a sequence of “nested” random walks
on G,. Let N > 0, and let ;'™ k > 0 be a SRW on Gy with Y™ = 0. Let
0<m<N-—1and (TiN’m)iZO be successive disjoint hits by Y™) on G,,, and set

v =yM@im =y, iz

7
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It follows from Lemma 2.15 that Y (™) is a SRW on Gm,and foreach0 <n <m <N
we have that Y (™) sampled at its successive disjoint hits on G,,, equals Y ().

We now wish to construct a sequence of SRWs with this property holding for
0 <n <m < oo. This can be done, either by using the Kolmogorov extension
theorem, or directly, by building Y ¥+ from Y (V) with a sequence of independent
“excursions”. The argument in either case is not hard, and I omit it.

Thus we can construct a probability space (€2, F,P), carrying random variables

(Yk(n),n > 0,k > 0) such that

(a) For each n, (Yk(n), k > 0) is a SRW on G,, starting at 0.

(b) Let T;"™ be successive disjoint hits by Y (™ on G,,. (Here m < n). Then
(2.9) Yoy =y™, i>0, m<n.

If we just consider the paths of the processes Y (") in G, we see that we are
viewing successive discrete approximations to a continuous path. However, to define
a limiting process we need to rescale time, as was suggested by (2.7).

Write 7 = 77" = min{k > 0: |Yk(1)| =1}, and set f(s) =Es7, for s € [0, 1].

Lemma 2.16. f(s) = s2/(4—3s), Er = f/(1) =5, and Et* < oo for all k.

Proof. This is a simple exercise in finite state Markov chains. Let a1, as be the two
non-zero elements of G, let b = %(al + az), and ¢; = %ai. Writing f.(s) = E¢s7,
and defining f3, f, similarly, we have f,(s) =1,

f(S) = 5f6(8)7
fe(s) = 15(f(s) + fe(s) + fo(s) + fa(s)),

fo(s) = 35(fe(s) + fa(s)),
and solving these equations we obtain f(s).
The remaining assertions follow easily from this. U
a,
b, c
0 b, a,

Figure 2.5: The graph G;.
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Now let Z, = T} 0 n > 0. The nesting property of the random walks Y (")
implies that Z,, is a simple branching process, with offspring distribution (p,,), where

(2.10) f(s) = Z s pr.
k=2

To see this, note that Yk(m_l), for 7)™ < k < T/ is a SRW on Gyq1 N
Dn(Y.(n)), and that therefore T {fll’” _prtin@ Also, by the Markov property,

? 7

the r.v. & = Tﬁjl’” — T i >0, are independent. Since

Zn—1
Zni1= Y &,
=0

(Z,) is a branching process.
As E7?2 < oo, and ET = 5, the convergence theorem for simple branching
processes implies that
5" Zy S5 W

for some strictly positive r.v. W. (See [Har, p. 13]). The convergence is easy using
a martingale argument: proving that W > 0 a.s. takes a little more work. (See
[Har, p. 15]). In addition, if

pu) = Ee"

then ¢ satisfies the functional equation

(2.11) p(5u) = f(p(u), ¢'(0)=-1.

We have a similar result in general.

Proposition 2.17. Fix m > 0. The processes
R e

are branching processes with offspring distribution 7, and Z(*) are independent.
Thus there exist Wi(m) such that for each m (Wi(m),i > 0) are independent,
W @ 5—myy and

57 (T =TT — W™ as.

Note in particular that E(7;"°) = 5", that is that the mean time taken by ¥ (")
to cross G,, is ™. In terms of the graph distance on G, we have therefore that
Y (™) requires roughly 5" steps to move a distance 2"; this may be compared with
the corresponding result for a simple random walk on Z?, which requires roughly
4™ steps to move a distance 2.

The slower movement of Y (™) is not surprising — to leave G,, N B(0,1/2), for
example, it has to find one of the two ‘gateways’ (1/2,0) or (1/4,+/3/4). Thus the
movement of Y™ is impeded by a succession of obstacles of different sizes, which
act to slow down its diffusion.
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Given the space-time scaling of Y (™ it is no surprise that we should take a,, =
5" in (2.7). Define

n __ (n)
X{ =Yg, t>0.

In view of the fact that we have built the Y™ with the nesting property, we
can replace the weak convergence of (2.7) with a.s. convergence.

Theorem 2.18. The processes X" converge a.s., and uniformly on compact inter-
vals, to a process X, t > 0. X is continuous, and X; € G for all t > 0.

Proof. For simplicity we will use the fact that W has a non-atomic distribution
function. Fix for now m > 0. Let t > 0. Then, a.s., there exists i = i(w) such that

() i+1
Swim << S wim,
j=1 j=1

As Wj(m) =lim, oo 5" (T;’m — T;L_’T) it follows that for n > ng(w),

(2.12) ™ < 5 < T
Now Y™(T/™) = Y™ by (2.9). Since " € D,,(Y,"™) for /"™ < k < T\,
we have

|Y[§2] —Y ™| <27™ for all n > ny.

This implies that | X — X'| < 27™F1 for n, n’ > ng, so that X is Cauchy, and
converges to a r.v. X;. Since X{* € G,,, we have X; € G.

With a little extra work, one can prove that the convergence is uniform in ¢, on
compact time intervals. I give here a sketch of the argument. Let a € N, and let

&m = min Wi(m).

1<i<a5™m

Then &,, > 0 a.s. Choose ng such that for n > nyg
s =S Wi < e, 1<i<am,

J=1

Then if i = i(t,w) is such that W™ <t < W%, and i < a5™ we have 5 "T;"]" <
t <57 "T75" for all n > ng. So, | X — Y| < 27™*+! for all n > ng. This implies

that if T, = Y07, W™, and S < T;n,, then

7

Xn Xn/ <2—m—|—2
sup | X{" — X{" [ <
0<t<S

for all n, n’ > ng. If S < liminf,,T,, then the uniform a.s. convergence on the
(random) interval [0, S] follows. If s, t < T}, and |t — s| < &, then we also have
| X — X7 <27™F2 for n > ng. Thus X is uniformly continuous on [0, S]. Varying
a we also obtain uniform a.s. convergence on fixed intervals [0, to]. O
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Although the notation is a little cumbersome, the ideas underlying the con-
struction of X given here are quite simple. The argument above is given in [BP],
but Kusuoka [Kusl], and Goldstein [Go], who were the first to construct a diffusion
on G, used a similar approach. It is also worth noting that Knight [Kn| uses similar
methods in his construction of 1-dimensional Brownian motion.

The natural next step is to ask about properties of the process X. But unfor-
tunately the construction given above is not quite strong enough on its own to give
us much. To see this, consider the questions

(1) Is W = limy, 0o 5" T3 = inf{t > 0: X; € G — {0}}?
(2) Is X Markov or strong Markov?

For (1), we certainly have Xy € G—{0}. However, consider the possibility that each
of the random walks Y,, moves from 0 to as on a path which does not include a1, but
includes an approach to a distance 27". In this case we have a1 ¢ {X[",0 <t < W},
but X7 = a; for some T' < W. Plainly, some estimation of hitting probabilities is
needed to exclude possibilities like this.

(2). The construction above does give a Markov property for X at stopping times of
the form 23‘21 Wj(m). But to obtain a good Markov process X = (X¢,t > 0,P* z €
) we need to construct X at arbitrary starting points z € G, and to show that (in
some appropriate sense) the processes started at close together points z and y are
close.

This can be done using the construction given above — see [BP, Section 2.
However, the argument, although not really hard, is also not that simple.

In the remainder of this section, I will describe some basic properties of the
process X, for the most part without giving detailed proofs. Most of these theorems
will follow from more general results given later in these notes.

Although G is highly symmetric, the group of global isometries of GG is quite
small. We need to consider maps restricted to subsets.

Definition 2.19. Let (F,p) be a metric space. A local isometry of F' is a triple
(A, B, p) where A, B are subsets of F' and ¢ is an isometry (i.e. bijective and distance
preserving) between A and B, and between 0A and 0B.

Let (X¢,t > 0,P*, 2 € F') be a Markov process on F. For H C F, set Ty =
inf{t > 0: X; € H}. X is invariant with respect to a local isometry (A, B, p) if

P (o(Xin1y,) € -5 > 0) = PP (X pp,, €, >0).

X is locally isotropic if X is invariant with respect to the local isometries of F'.

Theorem 2.20. (a) There exists a continuous strong Markov process X = (X, t >
0,P*, z € G) on G.
(b) The semigroup on C(G) defined by

Py f(z) =E*f(Xy)

is Feller, and is pg-symmetric:

/ F(2) Prg()pcs(d) = / 9(2)Puf (2)pc(de).
G
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(c) X is locally isotropic on the spaces (G, |- —-|) and (G, dg).

(d) For n > 0 let T, ;, i > 0 be successive disjoint hits by X on G,,. Then SA/;(”) =
X1, ., © >0 defines a SRW on G,,, and 17[(52]
in particular (X¢,t > 0,P) is the process constructed in Theorem 2.18.

— Xy uniformly on compacts, a.s. So,

This theorem will follow from our general results in Sections 6 and 7; a direct
proof may be found in [BP, Sect. 2]. The main labour is in proving (a); given this
(b), (c), (d) all follow in a relatively straightforward fashion from the corresponding

properties of the approximating random walks Y™,

The property of local isotropy on (G, dg) characterizes X:

Theorem 2.21. (Uniqueness). Let (Z;,t > 0,Q% x € G) be a non-constant locally
isotropic diffusion on (G, dg). Then there exists a > 0 such that

@x(Zt e t> 0) = ]P)m<Xat e t> 0)

(So Z is equal in law to a deterministic time change of X ).

The beginning of the proof of Theorem 2.21 runs roughly along the lines one
would expect: for n > 0 let (?i(n), i > 0) be Z sampled at its successive disjoint
hits on G,,. The local isotropy of Z implies that Y™ is a SRW on G,,. However
some work (see [BP, Sect. 8]) is required to prove that the process Y does not have
traps, i.e. points = such that Q*(Y; = z for all t) = 1.

Remark 2.22. The definition of invariance with respect to local isometries needs
some care. Note the following examples.

1. Let z,y € G,, be such that D, (x) NGy = ag, D,(y) N Go = . Then while there
exists an isometry ¢ from D, (x) NG to D,(y) NG, ¢ does not map drD,(x) NG
to OrD,(y) N G. (Or denotes here the relative boundary in the set G).

2. Recall the definition of H,,, the n-th stage in the construction of G, and let
B, = 0H,. We have G = cl(UB,,). Consider the process Z; on G, whose local
motion is as follows. If Z; € H,, — H,,_1, then Z; runs like a standard 1-dimensional
Brownian motion on H,,, until it hits H,,_1. After this it repeats the same procedure
on H,,_1 (or H,_y, if it has also hit H,_j at that time). This process is also invariant
with respect to local isometries (A, B, ¢) of the metric space (G, |- —-|). See [He]
for more on this and similar processes.

To discuss scale invariant properties of the process X it is useful to extend G
to an unbounded set G with the same structure. Set

G = D 2"Q,

n=0

and let én be the set of vertices of n-triangles in én, for n > 0. We have

%)
Gn == U Qan—l—k,
k=0
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and if we define G,,, = {0} for m < 0, this definition also makes sense for n < 0. We
can, almost exactly as above, define a limiting diffusion X = (X, ¢t > 0,P*, x € G)
on G: N
X = lim ggg], t>0, as.

where (}71:(”):” > 0,k > 0) are a sequence of nested simple random walks on én,
and the convergence is uniform on compact time intervals.

The process X satisfies an analogous result to Theorem 2.20, and in addition
satisfies the scaling relation

(2.13) P*(2X, € -,t > 0) = P?* (X5, € -,t > 0).

Note that (2.13) implies that X moves a distance of roughly ¢°82/1085 in time ¢.
Set
dy = dy(G) = log5/ log 2.

We now turn to the question: “What does this process look like?”

The construction of X, and Theorem 2.20(d), tells us that the ‘crossing time’ of
a O-triangle is equal in law to the limiting random variable W of a branching process
with offspring p.g.f. given by f(s) = s2/(4—3s). From the functional equation (2.11)
we can extract information about the behaviour of p(u) = Eexp(—uW) as u — oo,
and from this (by a suitable Tauberian theorem) we obtain bounds on P(W < t)
for small t. These translate into bounds on P*(| X; — x| > A) for large A. (One uses
scaling and the fact that to move a distance in G greater than 2, X has to cross at
least one O-triangle). These bounds give us many properties of X. However, rather
than following the development in [BP], it seems clearer to first present the more
delicate bounds on the transition densities of X and X obtained there, and derive
all the properties of the process from them. Write fig for the analogue of pg for G
and P, for the semigroup of X. Let L be the infinitesimal generator of P,.

Theorem 2.23. P, and P, have densities p(t,z,y) and p(t,z,y) respectively.
(a) p(t,x,y) is continuous on (0,00) x G X G.

(b) p(t,2,y) = p(t, y, x) for all t, z,y.
(c)t — p(t,z,y) is C* on (0,00) for each (z,y).
(d) For each t, y

|ﬁ(taxay) _ﬁ(ta xlvy)| S Clt_1|l’ - $,|dw_df, ZE,CE, - é

(e) Fort € (0,00), 2,y € G

_tde \ V(dw—1)
(2.14) ot~/ exp <—03 (%) ) <p(t,z,y)

hde \ /(dw—1)
< C4t_df/dw exp (—05 <%) ) .
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(f) For each yy € G, p(t,x,yo) is the fundamental solution of the heat equation on
G with pole at yq:

0 _ ~ -
ap(tv xz, yO) = 'Cp(tv xz, y0)7 p(07 * yO) = 6y0(')'

() p(t, z,y) satisfies (a)—(f) above (with G replaced by G and t € (0, 0] replaced
by t € (0,1]).

Remarks. 1. The proof of this in [BP] is now largely obsolete — simpler methods
are now available, though these are to some extent still based on the ideas in [BP].
2. If df = d and d,, = 2 we have in (2.14) the form of the transition density of
Brownian motion in R?. Since d,, = log5/log2 > 2, the tail of the distribution of
| X — x| under P* decays more rapidly than an exponential, but more slowly than
a Gaussian.

It is fairly straightforward to integrate the bounds (2.14) to obtain information
about X. At this point we just present a few simple calculations; we will give some
further properties of this process in Section 3.

Definition 2.24. For z € é, n € 7, let x, be the point in én closest to x in
Euclidean distance. (Use some procedure to break ties). Let D, (z) = D, (zy,).

Note that fig (Dp(zy,)) is either 37" or 2.37", that

(2.15) lx —y| <2.27" if y € Dy(z),
and that
(2.16) @ —y| > 22D if y e G Du(2)".

The sets Dy, () form a convenient collection of neighbourhoods of points in G. Note
that UpezDn(z) = G.

Corollary 2.25. For x € é,
ot/ <ET|X, —z|? < et £ >0.
Proof. We have

E?|X, — af? = /éxy )t 2, y) i (dy).

Set A, = Dy, () — Dypy1(x). Then
(2.17) / (v — 2)%B(t, 2, )i (dy)
Am

1/(duw—1)
< (272w o, (-d ((rm)dw /t) ) g—m

_ 6(2_m)2+dft_df/dw exp (—Cl(5_m/t)l/(dw_1)) )



22

Choose n such that 57" <t < 577! and write a,,(t) for the final term in (2.17).
Then

E™(X; —2)? < i am(t) + Y am(t).

m=—0o0 m=n

For m < n, 57"/t > 1 and the exponential term in (2.17) is dominant. After a few
calculations we obtain

n—1

S (0 < el

m=—oo

< t(Prds)/do=ds/du < oy (2+dy)/duw—ds/dw < 42/dw

where we used the fact that (27")% =< t. For m > n we neglect the exponential
term, and have

D am(t) < c 7/ Y " (2mm)Ad

S Ct_df/dw (2—71)2+df S C/tQ/dw .
Similar calculations give the lower bound. O

Remarks 2.26. 1. Since 2/d,, = log4/log5 < 1 this implies that X is subdiffusive.

2. Since g (B(x,r)) = r¥ for z € é, it is tempting to try and prove Corollary
2.25 by the following calculation:

(2.18) E*|X, — x|? :/ r2dr/ P,z y)iic(dy)
0 0B(z,r)
= / drr? pdr=1gmds/dw exp (—c(rdw/t)l/dw_1>
0

— 42/dw / gltds exp (_C(de)l/dw—l) ds = ct2/dw
0

Of course this calculation, as it stands, is not valid: the estimate
fig(B(z,r +dr) — B(z,r)) < r%tdr

is certainly not valid for all r. But it does hold on average over length scales of
2" < r < 2" and so splitting G into suitable shells, a rigorous version of this
calculation may be obtained — and this is what we did in the proof of Corollary
2.25.

The A-potential kernel density of X is defined by
U)\(x,y) = / e_Atﬁ(taxay) dt.
0

From (2.14) it follows that uy is continuous, that uy(z,z) < cA% /%=1 and that
uy — 00 as A — 0. Thus the process X (and also X) “hits points” — that is if
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T, =inf{t > 0: X, =y} then
(2.19) P*(T, < 00) > 0.

It is of course clear that X must be able to hit points in G,, — otherwise it could not
move, but (2.19) shows that the remaining points in G have a similar status. The
continuity of uy(x,y) in a neighbourhood of x implies that

P*(T, =0) =1,

that is that x is regular for {z} for all z € G.

The following estimate on the distribution of |)Z't — x| can be obtained easily
from (2.14) by integration, but since this bound is actually one of the ingredients in
the proof, such an argument would be circular.

Proposition 2.27. For z € é, A>0,t>0,
¢1 exp (—cz(xdw /t)”dw_l) <P(|X, — 2| > \)

< c3exp (—04()\dw /t)(l/dw_l)) :

From this, it follows that the paths of X are Holder continuous of order 1 [dy — €
for each € > 0. In fact we can (up to constants) obtain the precise modulus of

continuity of X. Set
h(t) =t/ (log 1)t =1/ dw,

Theorem 2.28. (a) Forz € G

. X,— X
c1 <lim sup M < o, P* — a.s.
510 g<s<t<1 h(s—1)
[t—s|<o

(b) The paths of X are of infinite quadratic variation, a.s., and so in particular X
is not a semimartingale.

The proof of (a) is very similar to that of the equivalent result for Brownian motion
in R,

For (b), Proposition 2.23 implies that | X;,, — X{| is of order h'/%; as d,, > 2 this
suggests that X should have infinite quadratic variation. For a proof which fills in
the details, see [BP, Theorem 4.5]. O

So far in this section we have looked at the Sierpinski gasket, and the construc-
tion and properties of a symmetric diffusion X on G (or G). The following three
questions, or avenues for further research, arise naturally at this point.
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1. Are there other natural diffusions on the SG?

2. Can we do a similar construction on other fractals?

3. What finer properties does the process X on G have? (More precisely: what
about properties which the bounds in (2.17) are not strong enough to give
information on?)

The bulk of research effort in the years since [Kusl, Go, BP] has been devoted
to (2). Only a few papers have looked at (1), and (apart from a number of works
on spectral properties), the same holds for (3).

Before discussing (1) or (2) in greater detail, it is worth extracting one property
of the SRW Y (1) which was used in the construction.

Let V = (V,,,n > 0,P* a € Gy) be a Markov chain on Gy: clearly V' is specified
by the transition probabilities

p(ai,aj):IP’“i(Vl :Clj), OSZ,]SZ

We take p(a,a) = 0 for a € Gy, so V is determined by the three probabilities
p(ai,aj), where j =i+ 1 (mod 3).

Given V we can define a Markov Chain V' on G by a process we call replication.
Let {bo1, bo2, b12} be the 3 points in G; — Gg, where b;; = %(ai + a;). We consider
G1 to consist of three 1-cells {a;, b;;, j # i}, 0 < i < 2, which intersect at the points
{bi;}. The law of V' may be described as follows: V' moves inside each 1-cell in
the way same as V does; if V{ lies in two 1-cells then it first chooses a 1-cell to
move in, and chooses each 1-cell with equal probability. More precisely, writing
V' =(V/,n>0,P" ae @), and

p'(a,b) =P (V] =),
we have
(2.20) p/(ai, bij) = p(ai, @j),
P’ (bij, bix) = ip(aj,ar), p'(bij,a;) = 3p(aj,a;).

Now let Ty, k > 0 be successive disjoint hits by V' on Gy, and let Uy, = V7, , k > 0.
Then U is a Markov Chain on Gy; we say that V is decimation invariant if U is
equal in law to V.

We saw above that the SRW Y on Gy was decimation invariant. A natural
question is:

What other decimation invariant Markov chains are there on G?

Two classes have been found:
1. (See [Go]). Let p(ag,a1) = p(a1,a0) = 1, p(ag, ao) = 3.
2. “p-stream random walks” ([Kuml]). Let p € (0,1) and
p(ao, a1) = p(a1, az) = p(az, ag) = p.

From each of these processes we can construct a limiting diffusion in the same
way as in Theorem 2.18. The first process is reasonably easy to understand: essen-
tially its paths consist of a downward drift (when this is possible), and a behaviour
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like 1-dimensional Brownian motion on the portions on G which consist of line
segments parallel to the z-axis.

For p > % Kumagai’s p-stream diffusions tend to rotate in an anti-clockwise
direction, so are quite non-symmetric. Apart from the results in [Kum1| nothing is
known about this process.

Two other classes of diffusions on GG, which are not decimation invariant, have
also been studied. The first are the “asymptotically 1-dimensional diffusions” of
[HHW3], the second the diffusions, similar to that described in Remark 2.22, which
are (G, |- — - |)-isotropic but not (G, d¢)- isotropic — see [He]. See also [HH1, HatK,
HHK1, HHK2] for work on the self-avoiding random walk on the SG.

Diffusions on other fractal sets.

Of the three questions above, the one which has received most attention is that
of making similar constructions on other fractals. To see the kind of difficulties
which can arise, consider the following two fractals, both of which are constructed
by a Cantor type procedure, based on squares rather than triangles. For each curve
the figure gives the construction after two stages.

Figure 2.6: The Vicsek set and the Sierpinski carpet.

The first of these we will call the “Vicsek set” (VS for short). We use similar
notation as for the SG, and write Go, G4, ... for the succession of sets of vertices
of corners of squares. We denote the limiting set by F' = Fyg. One difficulty arises
immediately. Let Y,. be the SRW on G which moves from any point z € G to each
of its neighbours with equal probability. (The neighbours of x are the 2 points y in
Gy with | —y| = 1). Then Y(© is not decimation invariant. This is easy to see:
Y (©) cannot move in one step from (0,0) to (1,1), but Y can move from (0,0) to
(1,1) without hitting any other point in Gj.

However it is not hard to find a decimation invariant random walk on Go. Let
p € [0,1], and consider the random walk (Y, > 0,E},z € Go) on Go which moves
diagonally with probability p, and horizontally or vertically with probability %(1— D).
Let (Y, > 0,E, x € G1) be the Markov chain on G} obtained by replication, and
let Tk, k > 0 be successive disjoint hits by Y’ on Gj.
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Then writing f(p) = P)(Y7, = (1,1)) we have (after several minutes calcula-
tion)
1

f(p) = 3

The equation f(p) = p therefore has two solutions: p = % and p = 1, each of which
1

corresponds to a decimation invariant walk on Ggo. (The number 3 here has no
general significance: if we had looked at the fractal similar to the Vicsek set, but
based on a 5 x 5 square rather than a 3 x 3 square, then we would have obtained a
different number).

One may now carry through, in each of these cases, the construction of a dif-
fusion on the Vicsek set F', very much as for the Sierpinski gasket. For p = 1 one
gets a rather uninteresting process, which, if started from (0, 0), is (up to a constant
time change) 1-dimensional Brownian motion on the diagonal {(¢,¢),0 <¢ <1}. It
is worth remarking that this process is not strong Markov: for each = € F one can
take P* to be the law of a Brownian motion moving on a diagonal line including
x, but the strong Markov property will fail at points where two diagonals intersect,

such as the point (3, 1).
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For p = % one obtains a process (X, t > 0) with much the same behaviour
as the Brownian motion on the SG. We have for the Vicsek set (with p = %)

d¢(Fyg) =logh/log3, dy(Fvs) = log15/log3. This process was studied in some
detail by Krebs [Krl, Kr2]. The Vicsek set was mentioned in [Go], and is one of the
“nested fractals” of Lindstrgm [L1].

This example shows that one may have to work to find a decimation invariant
random walk, and also that this may not be unique. For the VS, one of the decima-
tion invariant random walks was degenerate, in the sense that P* (Y hits y) = 0 for
some z,y € Gy, and we found the associated diffusion to be of little interest. But it
raises the possibility that there could exist regular fractals carrying more than one
“natural” diffusion.

The second example is the Sierpinski carpet (SC). For this set a more serious
difficulty arises. The VS was finitely ramified, so that if Y; is a diffusion on Fyg,
and (1), k > 0) are successive disjoint hits on G,,, for some n > 0, then (Y7, ,k > 0)
is a Markov chain on G,,. However the SC is not finitely ramified: if (Z;,¢t > 0) is a
diffusion on Fg¢, then the first exit of Z from [0, %]2 could occur anywhere on the
line segments {(3,y),0 <y < i}, {(z,3), 0 <2 < 3}. It is not even clear that a
diffusion on Fg¢ will hit points in G,,. Thus to construct a diffusion on Fgc one
will need very different methods from those outlined above. It is possible, and has
been done: see [BB1-BB6], and [Bas| for a survey.

On the third question mentioned above, disappointingly little has been done:
most known results on the processes on the Sierpinski gasket, or other fractals,
are of roughly the same depth as the bounds in Theorem 2.23. Note however the
results on the spectrum of £ in [FS1, FS2, Sh1-Sh4|, and the large deviation results
in [Kumb5]. Also, Kusuoka [Kus2] has very interesting results on the behaviour of
harmonic functions, which imply that the measure defined formally on G by

v(dz) = |V f|*(2)pu(dz)

is singular with respect to u. There are many open problems here.
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3. Fractional Diffusions.

In this section I will introduce a class of processes, defined on metric spaces,
which will include many of the processes on fractals mentioned in these lectures. I
have chosen an axiomatic approach, as it seems easier, and enables us to neglect
(for the time being!) much of fine detail in the geometry of the space.

A metric space (F, p) has the midpoint property if for each z,y € F' there exists
z € F such that p(z,2) = p(z,y) = 1p(z,y). Recall that the geodesic metric d¢ in
Section 2 had this property. The following result is a straightforward exercise:

Lemma 3.1. (See [Blu]). Let (F,p) be a complete metric space with the midpoint
property. Then for each x, y € F there exists a geodesic path (v(t),0 <t < 1) such
that v(0) = x, v(1) = y and p(y(s),(t)) = |t — sld(z,y), 0 < s <t < 1.

For this reason we will frequently refer to a metric p with the midpoint property
as a geodesic metric. See [Stul] for additional remarks and references on spaces of
this type.

Definition 3.2. Let (F, p) be a complete metric space, and u be a Borel measure
on (F,B(F)). We call (F, p,p) a fractional metric space (FMS for short) if

(3.1a) (F, p) has the midpoint property,

and there exist dy > 0, and constants ¢, ¢z such that if 7o = sup{p(z,y) : =,y €
F} € (0,00] is the diameter of F' then

(3.1b) crds < w(B(z,r)) < cord’  for zeF, 0<r<r.

Here B(z,r) ={y € F : p(z,y) < r}.

Remarks 3.3. 1. R? with Euclidean distance and Lebesgue measure, is a FMS,
with dy = d and rg = oo.

2. If G is the Sierpinski gasket, dg is the geodesic metric on G, and pu = pg is
the measure constructed in Section 2, then Lemma 2.1 shows that (G,dg, ) is a
FMS, with dy = d¢(G) = log3/log2 and 7o = 1. Similarly (G, dg., pt) is a FMS with
g = OQ.

3. If (Fy,dg, k), k=1,2 are FMS with the same diameter ¢ and p € [1, 0], then
setting F = Fy X Fy, d((z1, %2), (y1,y2)) = (di(z1, y1)P +d2 (w2, y2)P) /P, p = py X pia,
it is easily verified that (F,d, p) is also a FMS with d;(F) = d¢(Fy) + ds(F»).

4. For simplicity we will from now on take either rop = oo or ro = 1. We will write
r € (0,79] to mean r € (0,70] N (0, 00), and define r§ = oo if & > 0 and ¢y = 0.

A number of properties of (F, p, u) follow easily from the definition.

Lemma 3.4. (a) dimy(F) = dimp(F) = dy.
(b) F is locally compact.
(C) df > 1.

Proof. (a) is immediate from Corollary 2.8.

(b) Let z € F, A = B(x,1), and consider a maximal packing of disjoint balls
B(zi,e), o, € A, 1 < i < m. As p(A) < ¢, and p(B(wz;,€)) > c1e%, we have

m < 02(016df)_1 < 00. Also A = U, B(x;,2¢). Thus any bounded set in F' can be
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covered by a finite number of balls radius ¢; this, with completeness, implies that F’
is locally compact.

(c) Take x,y € F with p(x,y) = D > 0. Applying the midpoint property repeatedly
we obtain, for m = 2¥, k > 1, a sequence = = 29, 21,. .., zm = y With p(z;, zi41) =
D/m. Set r = D/2m: the balls B(z;,r) must be disjoint, or, using the triangle
inequality, we would have p(x,y) < D. But then

m—1
U B(Zhr) - B(x7D)7
i=0

so that
m—1
co DY > w(B(z, D)) > Z 1(B(z,7))
i=0
> me; DY (2m) ™% = em!dr,
If d¢ <1 a contradiction arises on letting m — oo. U

Definition 3.5. Let (F,p,u) be a fractional metric space. A Markov process
X =(P* x € F, X, t>0) is a fractional diffusion on F' if

(3.2a) X is a conservative Feller diffusion with state space F'.

(3.2b) X is p-symmetric.

(3.2c) X has a symmetric transition density p(¢,z,y) = p(t,y,x), t > 0, z,y € F,
which satisfies, the Chapman-Kolmogorov equations and is, for each ¢ > 0, jointly
continuous.

(3.2d) There exist constants «, 3,7, c1 — ¢4, tg = rg, such that

cit” % exp (—czp(ac, y)ﬂVt_V) < p(t,z,y)

(3.3) . P
< cgt™%exp (—c4p(x,y) Tt 7) , x,y € F,0 <t <ty

Examples 3.6. 1. If F is R, and a(z) = a;;(z), 1 <4, j < d, x € R? is bounded,
symmetric, measurable and uniformly elliptic, let £ be the divergence form operator

0 0

Then Aronsen’s bounds [Ar] imply that the diffusion with infinitesimal generator £
isa FD, with a =d/2, =2, vy=1.

2. By Theorem 2.23, the Brownian motion on the Sierpinski gasket described in
Section 2 is a FD, with a = d¢(SG)/dw(SG), f = dyw(SG) and v =1/(8 —1).

The hypotheses in Definition 3.5 are quite strong ones, and (as the examples
suggest) the assertion that a particular process is an FD will usually be a substantial
theorem. One could of course consider more general bounds than those in (3.3) (with
a correspondingly larger class of processes), but the form (3.3) is reasonably natural,
and already contains some interesting examples.

In an interesting recent series of papers Sturm [Stul-Stu4] has studied diffusions
on general metric spaces. However, the processes considered there turn out to have
an essentially Gaussian long range behaviour, and so do not include any FDs with

B#2.
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In the rest of this section we will study the general properties of FDs. In
the course of our work we will find some slightly easier sufficient conditions for a
process to be a FD than the bounds (3.3), and this will be useful in Section 8 when
we prove that certain diffusions on fractals are FDs. We begin by obtaining two
relations between the indices df, «, 3, 7, so reducing the parameter space of FDs
to a two-dimensional one.

We will say that F' is a FMS(dy) if F is a FMS and satisfies (3.1b) with
parameter dy (and constants ci, c2). Similarly, we say X is a FD'(dy, o, 8,7) if
X is a FD on a FMS(dyf), and X satisfies (3.3) with constants «, 3, 7. (This is
temporary notation — hence the ’).

It what follows we fix a FMS (F, p, 1), with parameters ro and dy.

Lemma 3.7. Let a,~v,z > 0 and set

= [
1

S(a,vy,z) = Z Qe
n=0

Then

(3.4) (a —1)S(a,y,a7x) < I(v,z) < (o —1)S(av, 7y, ),
and

(3.5) I(v,z) =2~ fora <1,

(3.6) I(y,z) <z te ™ forxz>1,

Proof. We have
%) antl
I(y,2)=)_ / et dt,
n=07"

and estimating each term in the sum (3.4) is evident.
If 0 < z <1 then since

eI (y, x) = / e % ds — c(y) as © — 0,

xl/’Y

(3.5) follows.
If x > 1 then (3.6) follows from the fact that

ze®I(y,z) =~" / e ((z+u)/z) %y — 47t as = — 0. O
0

Lemma 3.8. (“Scaling relation”). Let X be a FD'(ds,c,3,v) on F. Then oo =
dy/B.

Proof. From (3.1) we have

p(t,z,y) > et ™% = cgt™  for p(x,y) < tY/P.
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Set tg = rg. So if A = B(x,t"/?), and t < tg

1> P*(p(z, X;) <t'/P) = / p(t, z, y)p(dy) > cst™“p(A) > et~ *H4/0,
A

If 79 = oo then since this holds for all ¢ > 0 we must have o = ds /(3. If o = 1 then
we only deduce that o < dy/p.

Let now 7o = 1, let A >0, ¢t < 1, and A = B(z, \t'/#). We have u(F) < c3.1.2,
and therefore

1=P"(X; € A) +P*(X, € A)

< u(A)sup p(t, z,y) + p(F — A) sup p(t, z,y)
yeA yeA®

< eqt—otds/Bds /B C5t_°‘e_66)‘67.

Let A = ((df/ﬁ)cgl log(l/t))l/m; then we have for all t < 1 that
1< et o+ /B(1 4 (log(1/t))Y/ 7,

which gives a contradiction unless av > d /8. O

The next relation is somewhat deeper: essentially it will follow from the fact
that the long-range behaviour of p(t, z, y) is fixed by the exponents ds and 3 govern-
ing its short-range behaviour. Since v only plays a role in (3.3) when p(z,y)? > t,
we will be able to obtain « in terms of dy and 3 (in fact, it turns out, of 3 only).

We begin by deriving some consequences of the bounds (3.3).

Lemma 3.9. Let X be a FD'(ds,ds/3,0,v). Then
(a) Fort € (0,tg], >0

P (p(x,Xt) > T) < exp(—czrﬁvt_”’).

(b) There exists cg > 0 such that

C4 €XP (—051“5%_7) <P (p(z, Xy) > ) forr < cgrg, t <7rP.

(c) Forx € F, 0 <r <csrg, if 7(z,r) =inf{s >0: Xy & B(x,r)} then

(3.7) e’ < E*r(z,7) < errP.

Proof. Fix z € F, and set D(a,b) ={y € F':a < p(z,y) < b}. Then by (3.1b)
c3.1.20% > pu(D(a,b)) > c31.10% — c3.1.2a%.

Choose 6 > 2 so that ¢51 10% > 2¢31 9: then we have

(3.8) cga® < 1(D(a,0a)) < coa®s.

Therefore, writing D,, = D(6"r, 0" +1r), we have u(D,,) < 6™% provided r§"*+1 < ry.
Now
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(3.9) P*(p(z, Xy) > 1) = / p(t, x, y)pu(dy)
B(z,r)c

= Z/D p(t, z, y)p(dy)

< Z c(ro¥)drg=ds/8 exp(—clot_”(rQ”)m)
n=0

= c(r? /)4 /P58, By, cro(r® /1)),

If ¢1or” > t then using (3.6) we deduce that this sum is bounded by
C11 €xXp (—clg(rﬁ/t)’y) )

while if c1or® < t then (as P* (p(x, X;) > r) < 1) we obtain the same bound, on
adjusting the constant cq.

For the lower bound (b), choose c3 > 0 so that c36 < 1. Then u(Dg) > cr?s,
and taking only the first term in (3.9) we deduce that, since % > ¢,

P* (p(x, X;) > 1) > c(r’ [t)4/F exp(—c15(r? /1)7)
> cexp(—ci3(rP/t)7).

(c) Note first that
(3.10) PY(r(z,r) >t) < PY(X; € B(z,r))

= / p(t,y, z)u(dz)

B(z,r)

< ct—4r/Bpds,

So, for a suitable ¢4
PY(1(z,7) > c147”) < 5. YEF
Applying the Markov property of X we have for each k£ > 1
PY(7(x,7) > kepar?) <27, y e F,

which proves the upper bound in (3.7).
For the lower bound, note first that

P*(r(z,2r) < t) = P* ( sup p(z, X;) > 2r)

0<s<t
< P*(p(x, Xy) > ) +P¥(7(2,2r) < t,p(z,X¢) <7)
Writing S = 7(x, 2r), the second term above equals

Exl(s<t)PXS (p(x,Xt_S) < r) < sup supP¥ (p(y,Xt_S) > r),
y€OB(z,2r) s<t
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so that, using (a),
(3.11) P (7(x,2r) <t) < 2supsup PY(p(y, Xs) > 7)
s<t yeF

< 2¢1 exp(—c2 (rﬁ/t)’y) .

So if 4dc;e=°2@" = 1 then P*(7(z,2r) < ar®) < 1, which proves the left hand side of
(3.7). O

Remark 3.10. Note that the bounds in (c¢) only used the upper bound on p(t, x, y).

The following result gives sufficient conditions for a diffusion on F' to be a
fractional diffusion: these conditions are a little easier to verify than (3.3).

Theorem 3.11. Let (F,p,u) be a FMS(ds). Let (Y;,t > 0,P*,x € F) be a pu-
symmetric diffusion on F which has a transition density q(t,x,y) with respect to
w which is jointly continuous in x,y for each t > 0. Suppose that there exists a
constant 3 > 0, such that

(3.12) q(t,z,y) < it~ %P forallz,ye F, te€ (0, to],
(313) Q<t7x7y) 2 CQt_df/,B lfp(.TII,y) < C3t1/67 te (07 tO]?
(3.14) cyr® <EPr(z,r) <csrP,  forz € F,0<r < cgro,

where T(x,r) = inf{t > 0:Y; ¢ B(z,r)}. Then § > 1 and Y is a F'D with
parameters dy¢, ds /3, f and 1/(5 —1).

Corollary 3.12. Let X be a FD'(d¢,ds/3,3,7) on a FMS(dy) F. Then 3 > 1
andy=1/(8—-1).

Proof. By Lemma 3.8, and the bounds (3.3), the transition density p(t,x,y) of X
satisfies (3.12) and (3.13). By Lemma 3.9(c) X satisfies (3.14). So, by Theorem
311 8> 1, and X is a FD'(ds,ds/B3,3, (8 —1)"1). Since p(t,x,y) cannot satisfy
(3.3) for two distinct values of v, we must have v = (3 —1)"". O

Remark 3.13. Since two of the four parameters are now seen to be redundant, we
will shorten our notation and say that X isa FD(dy, 5) if X isa FD'(d¢,d¢ /8, 5,7).

The proof of Theorem 3.11 is based on the derivation of transition density
bounds for diffusions on the Sierpinski carpet in [BB4]: most of the techniques
there generalize easily to fractional metric spaces. The essential idea is “chaining”:
in its classical form (see e.g. [FaS]) for the lower bound, and in a slightly different
more probabilistic form for the upper bound. We begin with a some lemmas.

Lemma 3.14. [BBI1, Lemma 1.1] Let &1,&,...,&,, V be non-negative r.v. such
that V > >"7 &. Suppose that for some p € (0,1), a > 0,

(3.15) P& <tlo(&,...,&-1)) <p+at, t> 0.
Then

ant\ */* 1
(3.16) logP(V <t) <2 — —nlog —.
p p
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Proof. If n is a r.v. with distribution function P(n <t) = (p + at) A 1, then
o(&r,. .. &im1)) < Eem M

(1-p)/a
:p+/ e Madt
0

E (e‘AEi

<p-+ ax~t.
So
PV <t)y=P (e_AV > e_”) < eMEe N
< eMFEexp\ Zfi < eAt(p +ax"hH)"
1
< p"exp <)\t—|— @) )
Ap
The result follows on setting A = (an/pt)/2. O

Remark 3.15. The estimate (3.16) appears slightly odd, since it tends to 400 as
p | 0. However if p = 0 then from the last but one line of the proof above we obtain
log P(V <t) < At +nlog %, and setting A = n/t we deduce that

(3.17) log P(V <t) < nlog(a%e).

Lemma 3.16. Let (Y:,t > 0) be a diffusion on a metric space (F, p) such that, for
reF,r>0,
err? < E*r(x,r) < corP.

Then for x € F, t > 0,
P*(r(z,r) <t) < (1— c1/(28¢2)) + esrPt.
Proof. Let x € F, and A = B(x,7), 7 = 7(x,7). Since 7 <t + (7 —t)1(75¢) we have
E*r <t+E 1, »nEY" (1 —t)
<t+P*(t>t)supET.
y
As 7 < 7(y,2r) PY-a.s. for any y € F, we deduce
e’ <ETr <t +P*(1 > t)ea(2r)P,

so that
0225Pm(7 <t) < (2ﬁ02 —c1)+ tr—>. O

The next couple of results are needed to show that the diffusion Y in Theorem
3.11 can reach distant parts of the space F' in an arbitrarily short time.
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Lemma 3.17. Let Y; be a u-symmetric diffusion with semigroup T; on a complete
metric space (F,p). If f,g > 0 and there exist a < b such that

(3.18) /f(a:)EIg(Y})u(dx) =0 fort € (a,b),

then [ f(z)E"g(Yy)u(dz) =0 for all t > 0.

Proof. Let (Ex, A > 0) be the spectral family associated with T;. Thus (see [FOT,
p. 17) T, = [;° e MdE},, and

(1T = [ eNdrErg) = [ e wan),
0 0
where v is of finite variation. (3.18) and the uniqueness of the Laplace transform
imply that v = 0, and so (f,Trg) = 0 for all ¢. OJ

Lemma 3.18. Let F and Y satisfy the hypotheses of Theorem 3.11. If p(x,y) <
csro then P*(Y; € B(y,r)) > 0 for all r > 0 and t > 0.

Remark. The restriction p(x,y) < c3ro is of course unnecessary, but it is all we
need now. The conclusion of Theorem 3.11 implies that P*(Y; € B(y,r)) > 0 for all
r>0andt >0, for all x, y € F.

Proof. Suppose the conclusion of the Lemma fails for x, y, r,t. Choose g € C(F,R)
such that [, gdp =1 and g = 0 outside B(y,r). Let t; = t/2, r1 = c3(t1)°, and
choose f € C(F,Ry) so that [, fdu =1, f(z) >0 and f = 0 outside A = B(z,r1).
If 0 < s < t then the construction of g implies that

0= E"g(Y) = /F 4(s,7,2")E¥ g(YVi_s)u(da').

Since by (3.13) (s z,x') > 0 for t/2 < s < t, ' € B(x,r1), we deduce that
E* g(Yy) =0 for 2’ € B(x,71), u € (0,t/2). Thus as supp(f) C B(x,r1)

/f Y, )dp = 0

for all u € (1,t/2), and hence, by Lemma 3.17, for all v > 0. But by (3.13) if
u = (p(z, y)/03) then q(u,z,y) > 0, and by the continuity of f, g and ¢ it follows
that [ fE*g(Y,)du > 0, a contradiction. U

Proof of Theorem 3.11. For simplicity we give full details of the proof only in the
case 1o = 00; the argument in the case of bounded F' is essentially the same. We
begin by obtaining a bound on

P* (7 (2, r) < t).
Let n > 1, b =r/n, and define stopping times S;, i > 0, by
S() = O, Si_|_1 = inf{t Z Sl . p(YSi, }/t) Z b}
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Let & = S; — Si—1, @ > 1. Let (F;) be the filtration of Y;, and let G; = Fg,. We
have by Lemma 3.16

P*(&41 < t[G;) = PYSi (1(Ys,,b) < t) < p+csb Pt

where p € (0,1). As p(YVs,,Ys,,,) = b, we have p(Yy,Ys,) < r,sothat S, = > & <
7(Yp,7). So, by Lemma 3.14, with a = cg(r/n) 7,

1
2

log P* (T(.’L‘, r) < t) < 2p_% (c6r_6n1+’3t) — nlog1

(3.19)

N=

= c7(r PnttPH)? — cn.

If B < 1 then taking ¢ small enough the right hand side of (3.17) is negative, and
letting n — oo we deduce P*(7(z,r) < t) = 0, which contradicts the fact that
P*(Y; € B(y,r)) > 0 for all ¢. So we have 3 > 1. (If 7o = 1 then we take r small
enough so that r < c3).

If we neglect for the moment the fact that n € N, and take n = ng in (3.19) so
that

%08710 =c7 (n(l)Jrﬁtr_ﬁ) 1/2,
then
(3.20) ng ' = (/42 Pt
and
log P* (T(.’E,T‘) < t) < —%CgTLO.

So if 7%¢t~1 > 1, we can choose n € N so that 1 < n < ng V 1, and we obtain

FBN\ 1/ B=1)
(3.21) P*(7(z,7) < t) < cgexp (—010 (7) ) .

Adjusting the constant cg if necessary, this bound also clearly holds if At~ < 1.
Now let z,y € F, write r = p(x,y), choose ¢ < r/4, and set C, = B(z,¢),
z=u,y. Set Ay ={2z€ F:p(z,2) < p(z,9)}, Ay = {2 : p(z,2) > p(z,y)}. Let vy,
vy be the restriction of u to C,, C, respectively.
We now derive the upper bound on ¢(t, z,y) by combining the bounds (3.12)
and (3.21): the idea is to split the journey of Y from C, to Cy into two pieces, and
use one of the bounds on each piece. We have

(3.22) P (Y, eCy) = //q(t,x',y')u(dx')u(dy')
&, Ca
< Ppre (Y;g c Cy,}/t/g c AI) +Pym<}/t c Cy,}/t/g S Ay)

We begin with second term in (3.22):

(3.23) P (Y; € Cy,Yy0 € Ay) =P (7(Yo,r/4) <t/2,Y;)0 € Ay, Y; € Cy)
< PV (1(Yp,r/4) < t/2) sup PV (Yi2 € Cy)
y' €Ay
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AV ANA S
< Vm(0m>09 €xXp <_010<( t//42) ) ) Clyy(0y>t_df/ﬁ

= p(Co)pu(Cy)errt™ /P exp (—612(rﬁ/t)1/(5—1)> :

where we used (3.21) and (3.12) in the last but one line.
To handle the first term in (3.22) we use symmetry:

P¥= (Y;S € Oy7Y;t/2 S AJL’) = ]P)Vy<}/t € Ox7Y;t/2 S Am)7

and this can now be bounded in exactly the same way. We therefore have

//q(t,w’,y’)u(dw')u(dy’)
Cy Ca

_ 1/(8—1
< H(C(Cy)2erst™ P exp (—ennr?/) )
so that as ¢(t, -, ) is continuous

(3.24) q(t,z,y) < 2c11t~ % /% exp <_012(Tﬁ/t>1/(ﬁ—1)) .

The proof of the lower bound on ¢ uses the technique of “chaining” the
Chapman-Kolmogorov equations. This is quite classical, except for the different
scaling.

Fix z,y,t, and write r = p(z,y). If 7 < c3t'/? then by (3.13)

Q(t7 x, y) Z CQt_df/ﬁ7

and as exp(—(rﬁ/t)l/(ﬁ_l)) > exp(—cé/(ﬁ_l)), we have a lower bound of the form
(3.3). So now let r > ¢5t'/8. Let n > 1. By the mid-point hypothesis on the metric
p, we can find a chain x = xg,z1,...,2, = y in F such that p(z;_1,2;) = r/n,
1 <i <n. Let B; = B(x;,7/2n); note that if y; € B; then p(y;—1,y:;) < 2r/n. We
have by the Chapman-Kolmogorov equation, writing yo = xo, yn = ¥,

n

(3.25) q(t,x,y)Z/u(dyl)--- / pldyn—1) [ Tatt/n. i1, i)

B; Bn_1 i=1

We wish to choose n so that we can use the bound (3.13) to estimate the terms
q(t/n,y;—1,y;) from below. We therefore need:

1/8
2 /
(3.26) L (—)
n n

which holds provided

B
(3.27) nf~t > 2ﬁcgﬁ%.
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As B > 1 it is certainly possible to choose n satisfying (3.27). By (3.25) we then
obtain, since u(B;) > c(r/2n)%,

(3.28) a(t,z,y) > c(r/znqdf<n—1>(CQ<t/n)—df/ﬂ)7l
= c(r/2n)~4 (cz(t/n)_l/’g(rﬂn)df)n
= (r/m) (/m) )
Recall that n satisfies (3.27): as r > cs3tt/B we can also ensure that for some ¢q3 > 0

(3.29) > cy3(t/n)'/P,

SR

so that nf=1 < 2501_351“5#. So, by (3.28)

qt, @, y) > c(t/n)~ /P,
> 15t~ /P exp (nlog i)

> cr5t™ /% exp <—C16(7ﬁ/t)1/(ﬂ_1)> : O

Remarks 3.19.

1. Note that the only point at which we used the “midpoint” property of p is in the
derivation of the lower bound for q.

2. The essential idea of the proof of Theorem 3.11 is that we can obtain bounds on
the long range behaviour of Y provided we have good enough information about the
behaviour of Y over distances of order t1/?. Note that in each case, if r = p(z,y),
the estimate of ¢(t,x,y) involves splitting the journey from x to y into n steps,
where n = (rﬁ/t)l/(ﬂ_l).

3. Both the arguments for the upper and lower bounds appear quite crude: the
fact that they yield the same bounds (except for constants) indicates that less is
thrown away than might appear at first sight. The explanation, very loosely, is
given by “large deviations”. The off-diagonal bounds are relevant only when 7 > ¢
— otherwise the term in the exponential is of order 1. If % >> ¢ then it is difficult
for Y to move from x to y by time t and it is likely to do so along more or less the
shortest path. The proof of the lower bound suggests that the process moves in a
‘sausage’ of radius r/n =< t/r#71,

The following two theorems give additional bounds and restrictions on the
parameters dy and 3. Unlike the proofs above the results use the symmetry of the
process very strongly. The proofs should appear in a forthcoming paper.

Theorem 3.20. Let F be a FMS(dy), and X be a FD(dy,3) on F. Then
(3.30) 2<3<1+dy.

Theorem 3.21. Let F be a FMS(dy). Suppose X' are FD(dy,[3;) on F, for
it =1,2. Then (31 = 5.

Remarks 3.22. 1. Theorem 3.21 implies that the constant 3 is a property of the
metric space F, and not just of the FD X. In particular any FD on R?, with the
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usual metric and Lebesgue measure, will have § = 2. It is very unlikely that every
FMS F carries a FD.
2. T expect that (3.30) is the only general relation between 5 and d . More precisely,
set

A = {(dy,B) : there exists a F'D(dy,3)},

and I' = {(ds,B) : 2 < 8 < 1+ ds}. Theorem 3.20 implies that A C I', and I
conjecture that int ' C A. Since BM(R?) is a FD(d,?2), the points (d,2) € A for
d > 1. T also suspect that

{dy : (dy,2) € A} =N,

that is that if ' is an FMS of dimension df, and d; is not an integer, then any FD
on F' will not have Brownian scaling.

Properties of Fractional Diffusions.

In the remainder of this section I will give some basic analytic and probabilistic
properties of FDs. I will not give detailed proofs, since for the most part these
are essentially the same as for standard Brownian motion. In some cases a more
detailed argument is given in [BP] for the Sierpinski gasket.

Let F be a FMS(dy), and X be a FD(dy, ) on F. Write T} = E* f(X;) for
the semigroup of X, and L for the infinitesimal generator of T;.

Definition 3.23. Set
dw = B3, ds = —
This notation follows the physics literature where (for reasons we will see below)
d,, is called the “walk dimension” and ds the “spectral dimension”. Note that (3.3)

implies that
plt,z,z) =< t7%/2 0<t<t,

so that the on-diagonal bounds on p can be expressed purely in terms of ds. Since
many important properties of a process relate solely to the on-diagonal behaviour
of its density, d, is the most significant single parameter of a F'D.

Integrating (3.3), as in Corollary 2.25, we obtain:
Lemma 3.24. E*p(X,,z)P <P/ g c F,t>0,p>0.

Since by Theorem 3.20 d,, > 2 this shows that FDs are diffusive or subdiffusive.
Lemma 3.25. (Modulus of continuity). Let @(t) = t*/4 (log(1/t))(4w=1)/dw  Then

X., X
(3.31) c1 <lim sup pXs Xi) <
510 g<sct<1 @(t—s)
[t—s|<o

So, in the metric p, the paths of X just fail to be Holder (1/d,,). The example
of divergence form diffusions in R? shows that one cannot hope to have ¢; = ¢y in
general.
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Lemma 3.26. (Law of the iterated logarithm — see [BP, Thm. 4.7]). Let ¢(t) =
t1/dw (loglog(1/t))(dw=1/dw  There exist ci, ¢ and constants c(z) € [c1,¢o] such
that

=c(x) P*-a.s.

Of course, the 01 law implies that the limit above is non-random.
Lemma 3.27. (Dimension of range).
(3.32) dimpy ({X;:0 <t <1}) = ds Ady.

This result helps to explain the terminology “walk dimension” for d,,. Provided
the space the diffusion X moves in is large enough, the dimension of range of the
process (called the “dimension of the walk” by physicists) is d,.

Potential Theory of Fractional Diffusions.

Let A > 0 and set

ux(@, y) =/ e M p(s, z,y) ds.
0

Then if -
Uxf(z) :IE‘""/ e M F(X,) ds

0
is the A-resolvent of X, uy is the density of Uy:

Urf(z) = / ux (@, ) (dy).

F
Write u for wug.

Proposition 3.28. Let \g = 1/rq. (If ro = oo take Ao = 0).
(a) If ds < 2 then uy(zx,y) is jointly continuous on F' x F and for A > \g

(333) A2 exp(—cod e p(a,y)) < un(z,y)
< esA /2 L exp (—04)\1/dwp(33, y)) :

(b) If dy = 2 and \ > Ao then writing R = p(z, y)\}/dv

(3.34) cs (log, (1/R) + e ") < uy(z,y) < c7 (log, (1/R) + e %) .
(c) If ds > 2 then

(3.35) cop(, y) ™™ < uny (2, y) < crop(a, y) ™Y,

These bounds are obtained by integrating (3.3): for (a) and (b) one uses
Laplace’s method. (The continuity in (b) follows from the continuity of p and
the uniform bounds on p in (3.3)). Note in particular that:
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(i) if ds < 2 then uy(z,z) < +o00 and )l\irr%) ux(z,y) = +oo.
(ii) if ds > 2 then u(z, z) = +oo, while u(x,y) < oo for x # y

Since the polarity or non-polarity of points relates to the on-diagonal behaviour
of u, we deduce from Proposition 3.28

Corollary 3.29. (a) If d; < 2 then for each x,y € F
P*(X hits y) = 1.

(b) If ds > 2 then points are polar for X.
(c) If ds < 2 then X is set-recurrent: for e > 0

PY ({t: X; € B(y,¢)} is non-empty and unbounded) = 1.

(d) If ds > 2 and ry = oo then X is transient.

In short, X behaves like a Brownian motion of dimension d,; but in this context a
continuous parameter range is possible.

Lemma 3.30. (Polar and non-polar sets). Let A be a Borel set in F'.
(a) P*(Ty < o00) >0 if dimpy(A) > df — du,
(b) A is polar for X if dimy(A) < df — dy.

Since X is symmetric any semipolar set is polar. As in the Brownian case, a
more precise condition in terms of capacity is true, and is needed to resolve the
critical case dimpy (A) = df — dy.

If X, X’ are independent F'D(dy,3) on F, and Z; = (X, X{), then it follows
easily from the definition that Z is a F'D on F' x F', with parameters 2dy and 3. If
D ={(x,z) : x € F} C F x F is the diagonal in F' x F, then dimy (D) = df, and
so Z hits D (with positive probability) if

dp > 2d; — du,
that is if dg < 2. So
(3.36) P*(X; = X{ for some t >0) >0 ifds <2,
and
(3.37) P*(Xy = X/ for some t > 0) =0 if ds > 2.

No doubt, as in the Brownian case, X and X’ do not collide if d, = 2.
Lemma 3.31. X has k-multiple points if and only if dy < 2k/(k —1).

Proof. By [Rog] X has k-multiple points if and only if

/ us () p(dy) < oo
B(z,1)
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the integral above converges or diverges with
1
/ phdw—(k=1ds =1 g
0

by a calculation similar to that in Corollary 2.25. U

The bounds on the potential kernel density uy(x,y) lead immediately to the
existence of local times for X — see [Sha, p. 325].

Theorem 3.32. Ifd, < 2 then X has jointly measurable local times (L}, x € F,t >
0) which satisfy the density of occupation formula with respect to i

t
(3.38) /0 f(Xs)ds = /Ff(a)L?u(da), f bounded and measurable.

In the low-dimensional case (that is when ds < 2, or equivalently d; < d,)
we can obtain more precise estimates on the Hélder continuity of uy(x,y), and
hence on the local times LY. The main lines of the argument follow that of [BB4,
Section 4], but on the whole the arguments here are easier, as we begin with stronger
hypotheses. We work only in the case rg = oo: the same results hold in the case
ro = 1, with essentially the same prooofs.

For the next few results we fix F, a FMS(dy) with 7o = oo, and X, a
FD(df,dy) on F. For A C F write

TA =Tye =inf{t >0: X; € A°}.

Let Ry be an independent exponential time with mean A~'. Set for A > 0

TANRY’

TA
ust(z,y) = Em/ e dLY = E°LY
0

UL f(x) = /F wf(z,y)u(dy).

Let

pa(z,y) =P7(T, <74 AR));
note that
(3.39) uj (7, y) = pi(z, y)ui(y,y) < ui (v, ).

Write u(z,y) = ui'(z,y), U = U, and note that uy(z,y) = uf(z,v),

Uy = U;f‘. As in the case of u we write p“, py for pg', py. As (P%, X;) is p-symmetric

we have uf (z,y) = ui(y,z) for all z, y € F.

The following Lemma enables us to pass between bounds on uy and u?.

Lemma 3.33. Suppose A C F, A is bounded, For x, y € F' we have

UA(x7 y) = Uf(&), y) +E* (1(R>\§TA)UA(XR>\7 y)) - E” (1(R)\>TA)UE(XTA7 y))



42

Proof. From the definition of u4,

ut(z,y) =E*(LY, ;R\ < 7a) + E°(LY, ; Ry > 74)

= EI(L%A s Ry <7a)+ IE‘ZI(1(1~A§TA)IEXRX LY,)

+ E”C(L‘}{%A iRy > Ta) — EI(L%AATB — LY sRyx>Ta)
= UA(JI7 y) +E* (1(R>\§TA)UA(XR>\7:U)) - E* (]‘(R)\>TA)U’>\<XTA7 y)) O

Corollary 3.34. Let x € F, and r > 0. Then

y .
TA )

cyrtw—dr < g B@r) (z,x) < corde=ds

Proof. Write A = B(z,r), and let A\ = 0r~%  where 6 is to be chosen. We have
from Lemma 3.33, writing 7 = 7(x, ),

u(z,y) < ua(z,y) + E" L gy <nyu” (X, y).
So if v = sup, u”(x,y) then using (3.33)
(3.40) v < esA/T L PE(Ry < 7).
Let t9 > 0. Then by (3.10)
P*(Ry <7)=P*(Ry < 7,7 <tg) + P*(R\ < 7,7 > t0)
< P¥(Ry < to) + P*(1 > to)

< (1—e Moy 4 ctgdf/dwrdf,
Choose first tg so that the second term is less than %, and then \ so that the first
term is also less than %. We have ¢ =< r% = A~!, and the upper bound now follows
from (3.40).

The lower bound is proved in the same way, using the bounds on the lower tail
of 7 given in (3.11). O

Lemma 3.35. There exist constants ¢; > 1, ¢y such that if z,y € F, r = p(x,vy),
to = r% then
P*(T, < to < 7(z,c17)) > ca.

Proof. Set A\ = (6/r)%; we have py(z,y) > c3 exp(—caf) by (3.33). So since
pA(@,y) = B2 Ty < PE(T, < 1) + e,

we deduce that
P*(T, < t) > c3 exp(—c4) — exp(—6%).

As d,, > 1 we can choose # (depending only on c3, ¢4 and d,,) such that P*(T, <
t) > scgexp(—cab) = c5. By (3.11) for a > 0

P*(1(z,aR) < Rdw) < cg eXp(—C7adw/(dw_1)),
so there exists c1 > 1 such that P*(7(z, c1r) < to) < 5¢5. So

P*(Ty < to < 7(z, 1)) > P*(Ty < to) — P*(7(z, c1r) < to) > 3¢s. O
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Definition 3.36. We call a function h harmonic (with respect to X) in an open
subset A C F'if Lh =0 on A, or equivalently, h(Xiar,.) is a local martingale.

Proposition 3.37. (Harnack inequality). There exist constants ¢; > 1, ¢a > 0,
such that if xqg € F', and h > 0 is harmonic in B(zg, c1r), then

h(z) > cah(y), xz,y € B(xo,r).

Proof. Let ¢; = 14 c3.35.1, so that B(x, c3.35.17) C B(xo, c17) if p(x, 20) < r. Fix z,
y, write r = p(x,y), and set S = T, AT(x, c3.35.17). As h(X Ag) is a supermartingale,
we have by Lemma 3.35,

h(z) > E"h(Xs) > h(y)P* (T, < 7(z,c3.35.17)) > ¢3.35.2h(y). O

Corollary 3.38. There exists ¢c; > 0 such that if xqg € F', and h > 0 is harmonic
in B(xg,r), then
h(z) > c1h(y), =,y € B(xy, %7‘).

Proof. This follows by covering B(x, %r) by balls of the form B(y, cor), where ¢y
is small enough so that Proposition 3.37 can be applied in each ball. (Note we use
the geodesic property of the metric p here, since we need to connect each ball to a
fixed reference point by a chain of overlapping balls). O

Lemma 3.39. Let x,y € F', r = p(x,y). If R > r and B(y, R) C A then
ut(y,y) — u(a,y) < er®e
Proof. We have, writing 7 = 7(y,r), T = T ge,
u(y,y) = BYLY + EYE™ L = u® (y,y) + Eu™ (X7, y),
so by Corollary 3.34
(3.41) EY (u(y,y) — u(Xr,y)) = uP(y,y) < car®™ .

Set p(2') = u(y,y) —u(2’,y);  is harmonic on A—{y}. As p(z,y) = r and p has

the geodesic property there exists z with p(y,z) = 1r, p(z, z) = 3r. By Corollary

3.38, since ¢ is harmonic in B(z,r),

©(2) > c3.38.10(x).

Now set ¢(z') = E* ¢(X,) for 2/ € B. Then ¢ is harmonic in B and ¢ < 1) on B.
Applying Corollary 3.38 to ¢ in B we deduce

P(y) > cs38.19(2) > cs3810(2) > (c3.38.1) ().
Since 1 (y) = EY (u(y, y) — u”(X,,y)) the conclusion follows from (3.41). O
Theorem 3.40. (a) Let A > 0. Then for x, 2',y € F, and f € L'(F), g € L>™(F),
(3.42) ua(z,y) — un(a’,y)| < crpla,z’)t =4,

(3.43) Uxf (@) = Uxf(a)| < cap(a, )= |f]]1.
(3.44) Ung(@) = Ung(2')] < ead™%/2p(w, 2") "= |g]| o
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Proof. Let x, ' € F, write r = p(x,2’) and let R > r, A = B(xz,R). Since

uil(y, z') > pit(y, )usi(z, '), we have using the symmetry of X that
(3.45) ui (2,) — ufl (2", y) < ull(y, ) = P& (y, 2)ug (,2')

= pa(y, 2) (uf (z,2) — uf! (2, 2")).

Thus
A

uil (2, y) — u (2, )| < |ug (2, 2) — ug (2, 2")].
Setting A = 0 and using Lemma 3.39 we deduce
(3.46) ut(z,y) — u (2, y)| < care9r,

So

U4 f(2) = UL f(a')] < /A [t (a,y) — u (@, y)| [ f () u(dy)
< ear® Y| fLalls.
To obtain estimates for A > 0 we apply the resolvent equation in the form
ui (2,y) = u’(2,y) = AU v(z),
where v(z) = u{(z,y). (Note that ||v||; = A~1). Thus

[ufl (2, y) — uf (2", )] < |u(z,y) — w(2’,y)| + AU v(z) — UAo ()]

< carde=ds 4 )\clrdw_df||v||1

= 203rdw_df .

Letting R — oo we deduce (3.42), and (3.43) then follows, exactly as above, by
integration.
To prove (3.46) note first that py(y,x) = ux(y, ) /ux(z, x). So by (3.33)

(3.47) /A P ) £ ) () < || fl]octun (2, 2) " /A ux (. 2)a(dy)

= 1/ ot (ar, )~ A~
< 4l fllooA =%

From (3.45) and (3.46) we have

lud(z,y) — us (27, 9)| < ca (PR (y, 7) + P4 (y, 27) )P4,

and (3.44) then follows by intergation, using (3.47). O

The following modulus of continuity for the local times of X then follows from
the results in [MR].
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Theorem 3.41. Ifdy < 2 then X has jointly continuous local times (Lf,x € F,t >
0). Let o(u) = uld=9)/2(log(1/u))/2. The modulus of continuity in space of L
is given by:

|Ls - L

c(sup L¥)'/2,

lim sup sup |)
zeF

010 o<s<t 0<s<t <P( (
|z— y|<6

3

It follows that X is space-filling: for each z,y € F there exists a r.v. T such
that P*(T' < c0) = 1 and

B(y,1) C {X:,0 <t <T}.

The following Proposition helps to explain why in early work mathematical
physicists found that for simple examples of fractal sets one has ds < 2. (See also

Proposition 3.42. Let F' be a FMS, and suppose F' is finitely ramified. Then if
X isa FD(df,dy) on F, dys(X) < 2.

Proof. Let Fi, F5 be two connected components of F', such that D = F} N Fy is
finite. If D = {y1,...,yn}, fix A > 0 and set

=e M Z ux(Xe, i)
i=1

Then M is a supermartingale. Let Tp = inf{t > 0: X; € D}, and let zg € F} — D.
Since P*0(X; € Fy) > 0, we have P*(Tp < 1) > 0. So

0o > E™ My > E® My,

and thus My, < oo a.s. So ux(Xr,,y;) < oo for each y; € D, and thus we must
have uy(y;,y;) < oo for some y; € D. So, by Proposition 3.25, ds < 2. O

Remark 3.43. For k = 1,2 let (Fj,dy, ui) be FMS with dimension df(k), and
common diameter rg. Let F' = Fy x Fy, let p > 1 and set d((x1,z2), (y1,y2)) =
(dy(z1,y1)P + do(z2,y2)?) P, = py X pg. Then (F,d, ) is a FMS with dimension
dy = ds(1)+d(2). Suppose that for k = 1,2 X* is a FD(ds(k),d,(k)) on F).. Then
if X = (X1, X?) it is clear from the definition of FDs that if d,, (1) = d,,(2) = 3
then X is a F'D(ds,3) on F. However, if d,,(1) # d,,(2) then X is not a FD on
F. (Note from (3.3) that the metric p can, up to constants, be extracted from the
transition density p(t,x,y) by looking at limits as ¢ | 0). So the class of FDs is not
stable under products.

This suggests that it might be desirable to consider a wider class of diffusions
with densities of the form:

(3.48) plt,x,y) =" eXp<—Zpi(w,y)me>,
1

where p; are appropriate non-negative functions on F' x F. Such processes would
have different space-time scalings in the different ‘directions’ in the set F' given
by the functions p;. A recent paper of Hambly and Kumagai [HK2| suggests that
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diffusions on p.c.f.s.s. sets (the most general type of regular fractal which has been
studied in detail) have a behaviour a little like this, though it is not likely that the
transition density is precisely of the form (3.48).

Spectral properties.

Let X be a FD on a FMS F with diameter 7o = 1. The bounds on the density
p(t, x,y) imply that p(t,.,.) has an eigenvalue expansion (see [DaSi, Lemma 2.1]).

Theorem 3.44. There exist continuous functions y;, and \; with 0 < Ay < \; < ...
such that for each t > 0

(3.49) plt,z,y) = e o (@)en(y),

where the sum in (3.49) is uniformly convergent on F' x F'.

Remark 3.45. The assumption that X is conservative implies that A\qg = 0, while
the fact that p(¢,z,y) > 0 for all ¢ > 0 implies that X is irreducible, so that A\; > 0.

A well known argument of Kac (see [Ka, Section 10], and [HS] for the necessary
Tauberian theorem) can now be employed to prove that if N(\) = #{\; : \; < A}
then there exists ¢; such that

(3.50) A2 < NN < eodb/2 for A > cs.

So the number of eigenvalues of £ grows roughly as A\%/2. This explains the
term spectral dimension for d.

4. Dirichlet Forms, Markov Processes, and Electrical Networks.

In this chapter I will give an outline of those parts of the theory of Dirichlet
forms, and associated concepts, which will be needed later. For a more detailed ac-
count of these, see the book [FOT]. I begin with some general introductory remarks.

Let X = (X;,t > 0,P*, x € F') be a Markov process on a metric space F. (For
simplicity let us assume X is a Hunt process). Associated with X are its semigroup
(T}, t > 0) defined by

(4.1) T, f(z) = E* f(Xy),

and its resolvent (Uy, A > 0), given by

(4.2) Urf(z) = / T,f(z)e Mdt =E° / e M f(X,)ds.

0 0
While (4.1) and (4.2) make sense for all functions f on F such that the random
variables f(X;), or [ e~ f(Xs)ds, are integrable, to employ the semigroup or re-
solvent usefully we need to find a suitable Banach space (B, || - ||g) of functions on
F such that T; : B — B, or Uy : B — B. The two examples of importance here are
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Co(F) and L?(F, u), where p is a Borel measure on F. Suppose this holds for one
of these spaces; we then have that (7}) satisfies the semigroup property

ﬂ—l—s = Tthv 87t Z 07
and (U, ) satisfies the resolvent equation
Uy —Us=(—a)UUsg, o,3>0.

We say (T3) is strongly continuous if ||Tyf — f|llp — 0 as ¢t | 0. If T} is strongly
continuous then the infinitesimal generator (£,D(L)) of (T}) is defined by

(4.3) Lf= 13%175_1(th —f), feDK),

where D(L) is the set of f € B for which the limit in (4.3) exists (in the space B).
The Hille-Yoshida theorem enables one to pass between descriptions of X through
its generator £, and its semigroup or resolvent.

Roughly speaking, if we take the analogy between X and a classical mechanical
system, L corresponds to the equation of motion, and 7; or Uy to the integrated
solutions. For a mechanical system, however, there is another formulation, in terms
of conservation of energy. The energy equation is often more convenient to handle
than the equation of motion, since it involves one fewer differentiation.

For general Markov processes, an “energy” description is not very intuitive.
However, for reversible, or symmetric processes, it provides a very useful and pow-
erful collection of techniques. Let p be a Radon measure on F': that is a Borel
measure which is finite on every compact set. We will also assume p charges ev-
ery open set. We say that T; is pu-symmetric if for every bounded and compactly
supported f, g,

(4.4) / T, f (2)g()uld) = / Tyg(2) f(x)p(dz).

Suppose now (73) is the semigroup of a Hunt process and satisfies (4.4). Since
Ti1 < 1, we have, writing (-, -) for the inner product on L?(F, i), that

1/2
Tof (@) < (Tf*(@) " (T1(@) " < (T f2(@) "2
by Holder’s inequality. Therefore

ITe 12 < I Tef? = (Tef?,1) = (f*, Ti1) < (%, 1) = | fII3,

so that T} is a contraction on L2(F, u).

The definition of the Dirichlet (energy) form associated with (73) is less direct
than that of the infinitesimal generator: its less intuitive description may be one
reason why this approach has until recently received less attention than those based
on the resolvent or infinitesimal generator. (Another reason, of course, is the more
restrictive nature of the theory: many important Markov processes are not symmet-
ric. I remark here that it is possible to define a Dirichlet form for non-symmetric
Markov processes — see [MR]. However, a weaker symmetry condition, the “sector
condition”, is still required before this yields very much.)
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Let F' be a metric space, with a locally compact and countable base, and let p
be a Radon measure on F. Set H = L2(F, u).

Definition 4.1. Let D be a linear subspace of H. A symmetric form (£,D) is a
map &£ : D x D — R such that

(1) & is bilinear

(2) E(f.f) =0, feD.

For a > 0 define &, on D by E.(f, f) = E(f, f) + a|f||3, and write

IF1IZ, = IF1Z + a€(f, ) = Ealf, ).

Definition 4.2. Let (£,D) be a symmetric form.

(a) & is closed if (D, || - ||g,) is complete

(b) (&€,D)is Markovif for f € D,if g = (0V f)Al then g € D and E(g,g9) < E(f, f).

(c) (&,D) is a Dirichlet form if D is dense in L?(F, 1) and (£, D) is a closed, Markov
symmetric form.

Some further properties of a Dirichlet form will be of importance:

Definition 4.3. (€, D) is regular if

(4.5) DNCy(F)isdensein Din || -|lg, and
(4.6) DN Cy(F) is dense in Co(F) in || - ||co-

€ is local it £(f,g) = 0 whenever f, g have disjoint support.
€ is conservative if 1 € D and £(1,1) = 0.
& is irreducible if £ is conservative and E(f, f) = 0 implies that f is constant.

The classical example of a Dirichlet form is that of Brownian motion on R¢:

Epm(f.f) =24 [IVfde, feHW2RY.
Rd

Later in this section we will look at the Dirichlet forms associated with finite state
Markov chains.

Just as the Hille-Yoshida theorem gives a 1 — 1 correspondence between semi-
groups and their generators, so we have a 1 — 1 correspondence between Dirichlet
forms and semigroups. Given a semigroup (7%) the associated Dirichlet form is
obtained in a fairly straightforward fashion.

Definition 4.4. (a) The semigroup (1}) is Markovian if f € L*(F,pu), 0 < f <1
implies that 0 < T} f <1 p-a.e.

(b) A Markov process X on F'is reducible if there exists a decomposition F' = A;UA,
with A; disjoint and of positive measure such that P*(X; € A; for all t) = 1 for
x € A;. X is irreducible if X is not reducible.
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Theorem 4.5. ([FOT, p. 23]) Let (T},t > 0) be a strongly continuous u-symmetric
contraction semigroup on L?(F,u), which is Markovian. For f € L*(F,u) the
function ¢ (t) defined by

er(t) =t (f=Tuf, f), t>0

is non-negative and non-increasing. Let
D={f e L*(Fp):limps(t) < oo},

E(f, f)= lglrglwf(t), feD.

Then (€,D) is a Dirichlet form. If (£, D(L)) is the infinitesimal generator of (T}),
then D(L) C D, D(L) is dense in L*(F, 1), and
(4.7) E(f,9)=(-Lf,9), feDKL),geD.

As one might expect, by analogy with the infinitesimal generator, passing from
a Dirichlet form (€,D) to the associated semigroup is less straightforward. Since
formally we have U, = (o — £)7!, the relation (4.7) suggests that

(4.8)  (f,9)=((a=L)Uaf,g9) = a(Uaf g) +EUaf,9) = Ea(Uaf,g9).

Using (4.8), given the Dirichlet form &, one can use the Riesz representation theorem
to define U,f. One can verify that U, satisfies the resolvent equation, and is
strongly continuous, and hence by the Hille-Yoshida theorem (U,,) is the resolvent
of a semigroup (7}).

Theorem 4.6. ([FOT, p.18]) Let (£,D) be a Dirichlet form on L?(F,u). Then
there exists a strongly continuous pu-symmetric Markovian contraction semigroup
(1) on L*(F, ), with infinitesimal generator (£, D(L)) and resolvent (U,,a > 0)
such that £ and & satisfy (4.7) and also

(4.9) EWUaf,9) +alf,9)=(f.g), f€L*F,pu),geD.

Of course the operations in Theorem 4.5 and Theorem 4.6 are inverses of each
other. Using, for a moment, the ugly but clear notation &€ = Thm 4.5((7})) to
denote the Dirichlet form given by Theorem 4.5, we have

Thm 4.6(Thm 4.5((73))) = (T3),

and similarly Thm 4.5(Thm 4.6 (£)) = &.

Remark 4.7. The relation (4.7) provides a useful computational tool to identify the
process corresponding to a given Dirichlet form — at least for those who find it more
natural to think of generators of processes than their Dirichlet forms. For example,
given the Dirichlet form E(f, f) = [ |V f|?, we have, by the Gauss-Green formula,
for f,g € C3(RY), (=Lf,g9)=E(f,9)= [V[.Vg=— [gAf,sothat L= A.

We see therefore that a Dirichlet form (€,D) give us a semigroup (7%) on
L?(F, ). But does this semigroup correspond to a ‘nice’ Markov process? In gen-
eral it need not, but if £ is regular then one obtains a Hunt process. (Recall that
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a Hunt process X = (X, t > 0,P*,z € F) is a strong Markov process with cadlag
sample paths, which is quasi-left-continuous.)

Theorem 4.8. ([FOT, Thm. 7.2.1.]) (a) Let (£, D) be a regular Dirichlet form on
L?(F, ). Then there exists a p-symmetric Hunt process X = (X;,t > 0,P% 2 € F)
on F' with Dirichlet form &.

(b) In addition, X is a diffusion if and only if £ is local.

Remark 4.9. Let X = (X;,t > 0,P*, 2 € R?) be Brownian motion on R?. Let
A C R? be a polar set, so that

P*(T'4 < 00) = 0 for each z.

Then we can obtain a new Hunt process Y = (X; > 0,Q%, x € R?) by “freezing”
X on A. Set Q" =P%, z € A°, and for z € A let Q% (X, =z, all t € [0,00)) = 1.
Then the semigroups (T7%), (T ), viewed as acting on L?(R?), are identical, and so
X and Y have the same Dirichlet form.

This example shows that the Hunt process obtained in Theorem 4.8 will not, in
general, be unique, and also makes it clear that a semigroup on L? is a less precise
object than a Markov process. However, the kind of difficulty indicated by this
example is the only problem — see [FOT, Thm. 4.2.7.]. In addition, if, as will be
the case for the processes considered in these notes, all points are non-polar, then
the Hunt process is uniquely specified by the Dirichlet form &.

We now interpret the conditions that £ is conservative or irreducible in terms
of the process X.

Lemma 4.10. If & is conservative then T;1 = 1 and the associated Markov process
X has infinite lifetime.

Proof. If f € D(L) then 0 < E(1+ Af,1+ A\f) for any A € R, and so (1, f) = 0.
Thus (—L£1, f) = 0, which implies that £1 = 0 a.e., and hence that 731 = 1. O

Lemma 4.11. If € is irreducible then X is irreducible.

Proof. Suppose that X is reducible, and that F' = A; U Ay is the associated de-
composition of the state space. Then T;14, = 14,, and hence £(14,,14,) = 0. As
1 # 14, in L3(F, p) this implies that £ is not irreducible. O]

A remarkable property of the Dirichlet form £ is that there is an equivalence
between certain Sobolev type inequalities involving £, and bounds on the transition
density of the associated process X. The fundamental connections of this kind were
found by Varopoulos [V1]; [CKS] provides a good account of this, and there is a very
substantial subsequent literature. (See for instance [Co|] and the references therein).

We say (&, D) satisfies a Nash inequality if

(4.10) A (Gl FIR+E £) = el f13T°, feD.

This inequality appears awkward at first sight, and also hard to verify. However,
in classical situations, such as when the Dirichlet form £ is the one connected with
the Laplacian on R? or a manifold, it can often be obtained from an isoperimetric
inequality.
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In what follows we fix a regular conservative Dirichlet form (&£, D). Let (T}) be
the associated semigroup on L?(F, i), and X = (X;,t > 0,P?) be the Hunt process
associated with &£.

Theorem 4.12. ([CKS, Theorem 2.1]) (a) Suppose & satisfies a Nash inequality
with constants ¢, 6, 6. Then there exists ¢’ = ¢/(c, ) such that

(4.11) 1 T3][1 2o < ?t7072 t>0.

(b) If (T}) satisfies (4.11) with constants ¢/, 0, 6 then £ satisfies a Nash inequality
with constants ¢’ = ¢’(¢,0), 0, and 6.

Proof. 1 sketch here only (a). Let f € D(L). Then writing f; = T3 f, and
gth = b (fron — fr) — TRLS,

we have ||ginll2 < |lgonll2 — 0 as h — 0. It follows that (d/dt)f, exists in L?(F, p)
and that

d
%ft =TLf = LTif.
Set ©(t) = (ft, ft). Then
ht (et +h)—@t) —2TLLTf) = (gen, fe + fron) + (TLS, fron — fo),
and therefore ¢ is differentiable, and for ¢ > 0
(412) @l(t) = 2(‘Cft7 ft) = _2g(ft7 ft)
If f e L?(F,u), Tyf € D(L) for each t > 0. So (4.12) extends from f € D(L) to all
fe L*(F,p).

Now let f >0, and || f||1 = 1: we have ||f¢||1 = 1. Then by (4.10), for t > 0,
(113)  (0) = ~26(frn ) < 2] AIB — el f3H = 200(0)” — eplt)+°.
Thus ¢ satisfies a differential inequality. Set 1 (t) = e=2°*(t). Then

W(t) < —261/)(t)1+2/0645t/0 < _201/)(15)1—1—2/0.

1+2/6
0

If 1) is the solution of ¥, = —c¢ then for some a € R we have, for ¢y = cy(c, 6),

Yo (t) = colt +a) /2.
If ) is defined on (0, 00), then a > 0, so that
Yo(t) < cot ™02, t>0.
It is easy to verify that 1) satisfies the same bound — so we deduce that
(4.14) ITFIZ = e0(t) < coe®t=2, Fe L2, ||ffy=1.

Now let f, g € L2 (F,p) with ||f|li = ||g|l = 1. Then

(Taef,9) = (Tif, Trg) < | Tifll2l Tiglle < c2ed270/2.
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Taking the supremum over g, it follows that ||T5:f||cc < cge‘mt_e/ 2 that is,
replacing 2t by t, that
1Te][1 -0 < c2edtt79/2, O

Remark 4.13. In the sequel we will be concerned with only two cases: either § = 0,
or 6 = 1 and we are only interested in bounds for ¢t € (0,1]. In the latter case we
can of course absorb the constant e° into the constant c.

This theorem gives bounds in terms of contractivity properties of the semigroup
(T;). If T} has a ‘nice’ density p(t,z,y), then ||Ti|; o = sup, , p(t,z,y), so that
(4.11) gives global upper bounds on p(t, -, -), of the kind we used in Chapter 3. To
derive these, however, we need to know that the density of 7T; has the necessary
regularity properties.

So let F, €, T} be as above, and suppose that (7}) satisfies (4.11). Write P;(z, -)
for the transition probabilities of the process X. By (4.11) we have, for A € B(F),
and writing ¢, = ce®tt—0/2,

Pi(xz, A) < ciu(A)  for p-a.a. x.

Since F' has a countable base (A,,), we can employ the arguments of [FOT, p.67] to
see that

(415) Pt(.fll, An) < Ct/L(An), rel— Nt,
where the set Ny is “properly exceptional”. In particular we have p(Ny) = 0 and
P*(Xs € Ny or X;_ € N, for some s >0) =0

for x € F' — N;. From (4.15) we deduce that P;(z,-) < p for each x € F' — N;. If
s> 0 and pu(B) =0 then Py(y, B) =0 for py-a.a. y, and so

Priy(z, B) = / Py(a.dy)Pi(y, B) =0, w¢€F— N,

So Piig(z,.) < pfor all s >0, z € F— N;. So taking a sequence t,, | 0, we obtain
a single properly exceptional set N = U,,N; such that Pi(z,-) < p for all t > 0,
x € F—N. Write F/ = F — N: we can reduce the state space of X to F’.

Thus we have for each ¢, = a density p(t, x, ) of P;(x,-) with respect to u. These
can be regularised by integration.

Proposition 4.14. (See [Y, Thm. 2]) There exists a jointly measurable transition
density p(t,z,y),t >0, z,y € F' x F', such that

Py(z, A) — / p(t, s y)uldy) for z € F', >0, A€ B(F),
A
p(t,z,y) = p(t,y, ) for all z,y,t,

Pt + 5,2, 2) = / p(s, 2, )p(t,y, uldy)  for all 2, 2 1, s.



53

Corollary 4.15. Suppose (€, D) satisfies a Nash inequality with constants c, ¢, 6.

Then, for all x,y € F', t > 0,
p(t,z,y) < et

We also obtain some regularity properties of the transition functions p(t, x, -).
Write ¢+ (y) = p(t, 2, y).
Proposition 4.16. Suppose (£, D) satisfies a Nash inequality with constants ¢, ¢,
. Then forx € F',t >0, ¢, € D(L), and

2614=0/2.

(4.16) lg,zll5 < cre

(4.17) E(Qta, qtn) < coedtt170/2,

Proof. Since g1 = T} /2Gt/2,0, and Gy/2 5 € L', we have ¢, € D(L), and the bound
(4.16) follows from (4.14).
Fix z, write f; = qi ., and let p(t) = || f¢]|3. Then

§1(1) = S OL, F) = MLF L) > 0.

So, ¢’ is increasing and hence

0 < o(t) =p(t/2) + /t/2 ¢'(s)ds < p(t/2) + (t/2)¢'(t).
Therefore using (4.13),

E(fi: fr) = =3¢/ (t) < t7Tp(t/2) < ce®lt= 17072, O
Traces of Dirichlet forms and Markov Processes.

Let X be a p-symmetric Hunt process on a LCCB metric space (F,u), with
semigroup (7%) and regular Dirichlet form (&£, D). To simplify things, and because
this is the only case we need, we assume

(4.18) Cap({z}) > 0 for all x € F.
It follows that z is regular for {z}, for each = € F, that is, that
P*(T, =0)=1, z¢€F.

Hence ([GK]) X has jointly measurable local times (LY, x € F,t > 0) such that

/O F(X,) ds = /F f@)Liu(dr),  f € L3(F.p).



54

Now let v be a o-finite measure on F. (In general one has to assume v charges
no set of zero capacity, but in view of (4.18) this condition is vacuous here). Let A;
be the continuous additive functional associated with v:

Ay = /qu(da),

and let 7 = inf{s : A; > t} be the inverse of A. Let G be the closed support of v.
Let X; = X;,: then by [BG, p. 212], X = ()Z't,IPm,x € @) is also a Hunt process.
We call X the trace of X on G.

Now consider the following operation on the Dirichlet form £. For g € L?(G,v)
set

(4.19) E(g,9) =nt{E(f,f): fla =g}
Theorem 4.17. (“Trace theorem”: [FOT, Thm. 6.2.1]).
(a) (€,D) is a regular Dirichlet form on L?(G,v).

(b) X is v-symmetric, and has Dirichlet form (€, D).
Thus € is the Dirichlet form associated with X: we call € the trace of & (on G).

Remarks 4.18. 1. The domain D on € is of course the set of g such that the infimum
in (4.19) is finite. If g € D then, as £ is closed, the infimum in (4.19) is attained,
by f say. If h is any function which vanishes on G, then since (f + Ah)|g = g, we
have

Ef,f)<Ef+ A, f+AR), AeR

which implies £(f,h) = 0. So, if f € D(L), and we choose h € D, then (—h,Lf) =0,
so that Lf =0 a.e. on G°.

This calculation suggests that the minimizing function f in (4.19) should be
the harmonic extension of g to F'; that is, the solution to the Dirichlet problem

f=g on G
Lf=0 on G°.

2. We shall sometimes write

£ =Tr(&|G)

to denote the trace of the Dirichlet form £ on G.
3. Note that taking traces has the “tower property”; if H C G C F, then

Tr(E|H) = Tr(Tr(£|G) | H).

We now look at continuous time Markov chains on a finite state space. Let F
be a finite set.
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Definition 4.19. A conductance matriz on F is a matrix A = (ayy), ,y € F,
which satisfies
azy >0, z#y,

Qzy = Qyg,
E azy = 0.
Yy

Set ay = ) Gy = —Qpe. Let B4 = {{z,y} : azy > 0}. We say that A is irreducible
y#z
if the graph (F, E'4) is connected.

We can interpret the pair (F, A) as an electrical network: a,, is the conductance
of the wire connecting the nodes x and y. The intuition from electrical circuit theory
is on occasion very useful in Markov Chain theory —for more on this see [DS].

Given (F, A) as above, define the Dirichlet form £ = £4 with domain C(F') =
{f: F — R} by

(4.20) E(f,9) = 5 X0y ay (F(2) = F(1) (9(2) — 9(v))-

Note that, writing f, = f(z) etc.,

EL0) =5 auy(fo — f,)(9a — 9y)

T yFx
= Z Z amyfxgx - Z Z aﬂﬁyfxgy
T yFx T oyre
= — Z amxfxgx - Z Z axyfxgy
T T yFz

= _Zzaxyfxgy = _fTAg'
z oy

In electrical terms, (4.20) gives the energy dissipation in the circuit (F, A) if
the nodes are held at potential f. (A current I, = auy(f(y) — f(x)) flows in
the wire connecting  and y, which has energy dissipation I, ( fly) = f (:U)) =

azy (f(y) — f(x))Q. The sum in (4.20) counts each edge twice). We can of course
also use this interpretation of Dirichlet forms in more general contexts.

(4.20) gives a 1-1 correspondence between conductance matrices and conser-
vative Dirichlet forms on C'(F'). Let p be any measure on F' which charges every
point.

Proposition 4.20. (a) If A is a conductance matrix, then €4 is a regular conser-
vative Dirichlet form.

(b) If € is a conservative Dirichlet form on L*(F, i) then €& = £ for a conductance
matrix A.

(c) A is irreducible if and only if € is irreducible.

Proof. (a) It is clear from (4.20) that £ is a bilinear form, and that E(f, f) > 0. If
g=0V (1A f)then |g, — gy| < |fz — fyl for all z,y, so since ay, > 0 for = # y,
& is Markov. Since E(f, f) < c(A, w)||fl13, ||-|le, is equivalent to [|.||2, and so & is
closed. It is clear from this that £ is regular.
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(b) As & is a symmetric bilinear form there exists a symmetric matrix A such
that £(f,g) = —fT Ag. Let f = fap = al, + 31,; then

g(f» f) = _a2amm - 2aﬁamy - ﬁzayy-

Taking o = 1, 3 = 0 it follows that a,, < 0. The Markov property of £ implies that
E(fors for) < E(far, far) if @ < 0. So

2
0 < —a“ayy — 20ay,y,

which implies that a;, > 0 for x # y. Since £ is conservative we have 0 = £(f,1) =
—fT Al for all f. So Al = 0, and therefore Zy azy = 0 for all z.
(c) is now evident. O

Example 4.21. Let p be a measure on F, with u({z}) = p, > 0 for x € F. Let
us find the generator L of the Markov process associated with & = €4 on L?(F, ).
Let z€ F,g=1,, and f € L?(F, ). Then

E(f.9)=—9g"Af == axfy) = ax(f(z) - fy))

and using (4.7) we have, writing (-, -), for the inner product on L2(F, u),

So,
(4.21) Lf(2) =) (au/p=)(f(2) = f(2)).
THz

Note from (4.21) that (as we would expect from the trace theorem), changing
the measure p changes the jump rates of the process, but not the jump probabilities.

Electrical Equivalence.

Definition 4.22. Let (F, A) be an electrical network, and G C F. If B is a
conductance matrix on GG, and

Ep = Tr(€4|G)
we will say that the networks (F, A) and (G, B) are (electrically) equivalent on G.

In intuitive terms, this means that an electrician who is able only to access the
nodes in G (imposing potentials, or feeding in currents etc.) would be unable to
distinguish from the response of the system between the networks (F, A) and (G, B).

Definition 4.23. (Effective resistance). Let G, G1 be disjoint subsets of F'. The
effective resistance between Gy and G, R(Go, G1) is defined by

(4.22) R(Go,G1)~" = inf{E(f, f) : flB, =0, flp, = 1}.
This is finite if (F, A) is irreducible.
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If G = {x,y}, then from these definitions we see that (F, A) is equivalent to
the network (G, B), where B = (by,) is given by

boy = bya = —bzy = —byy = R(z,y)~ .

Let (F,A) be an irreducible network, and G C F' be a proper subset. Let
H = G°, and for f € C(F) write f = (fu, fa) where fp, fg are the restrictions of
f to H and G respectively. If g € C(G), then if &€ = Tr(£4|G),

Eg.0) =it { s gMA ("), guecan}.
We have, using obvious notation
(4.23) (fir, QT)A(f;) = fhAunfu +2fFAncg + 9" Acay.

The function fg which minimizes (4.23) is given by fg = ALt Ancg. (Note that
as A is irreducible, 0 cannot be an eigenvalue of Ag g, so AI_JIH exists). Hence

(4.24) £(9.9) = 9" (Acc — Acu Ay Anc)g,
so that € = & B, where B is the conductivity matrix
(4.25) B=Agc — AcuAggAnc.

Example 4.24. (A—Y transform). Let G = {x¢, 1,22} and B be the conductance
matrix defined by,

bxoxl = g, bxlxz = o, bxgxo = Q7.
Let F' = GU{y}, and A be the conductance matrix defined by

a‘.’Ei.’Ej == 07 Z ;é j7
If the «; and [; are strictly positive, and we look just at the edges with positive

conductance the network (G, B) is a triangle, while (F, A) is a Y with y at the
centre. The A —Y transform is that (F, A) and (G, B) are equivalent if and only if

1>
Bo + B+ B2
B2 B0
4.26 o=,
( ) ' Bo + B1 + B2
N1
Bo + B1 + B2
Equivalently, if S = agay + ajas + asag, then
S .
(4.27) Bi=-", 0<i<2.

87
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This can be proved by elementary, but slightly tedious, calculations. The A — Y
transform can be of great use in reducing a complicated network to a more simple
one, though there are of course networks for which it is not effective.

Proposition 4.25. (See [Ki5]). Let (F, A) be an irreducible electric network, and
R(z,y) = R({z},{y}) be the 2-point effective resistances. Then R is a metric on F.

Proof. We define R(x,z) = 0. Replacing f by 1 — f in (4.22), it is clear that
R(xz,y) = R(y, ), so it just remains to verify the triangle inequality. Let zq, 1, x2
be distinct points in F', and G = {z¢, 1, z2}.

Using the tower property of traces mentioned above, it is enough to consider
the network (G, B), where B is defined by (4.25). Let ag = by, 4,, and define aq, as
similarly. Let 8y, (1, B2 be given by (4.27); using the A — Y transform it is easy to
see that

R(zi ) =B + 57 i # 5.
The triangle inequality is now immediate. 0
Remark 4.26. There are other ways of viewing this, and numerous connections
here with linear algebra, potential theory, etc. I will not go into this, except to

mention that (4.25) is an example of a Schur complement (see [Car|), and that an
alternative viewpoint on the resistance metric is given in [Me6].

The following result gives a connection between resistance and crossing times.

Theorem 4.27. Let (F,A) be an electrical network, let u be a measure on F
which charges every point, and let (X;,t > 0) be the continuous time Markov chain
associated with €4 on L*(F, ). Write T, = inf{t > 0: X; = x}. Then if x # y,

(4.28) E*T, + EYT, = R(x,y)u(F).

Remark. In view of the simplicity of this result, it is rather remarkable that its
first appearance (which was in a discrete time context) seems to have been in 1989,
in [CRRST]. See [Tet] for a proof in a more accessible publication.

Proof. A direct proof is not hard, but here I will derive the result from the trace
theorem. Fix z,y, let G = {z,y}, and let £ = Ep = Tr(€|G). If R = R(x,y), then
we have, from the definitions of trace and effective resistance,

—R7! R!

Let v = pi|¢; the process X, associated with (g ,L?(G,v)) therefore has generator
given by

Lf(2) = (Ruz) " Y (f(w) = f(2)).

wH#z
Writing T. T Ty for the hitting times associated with X we therefore have

Exfy + Eyfr = R(ps + :uy)'
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We now use the trace theorem. If f(z) = 1,(z) then the occupation density
formula implies that

t
o LE = / (X ds = [{s <t: X, = 2}].
0

So ,
At = / 1G(X5) dS,
0

and thus if § =inf{t > T, : X; = 2} and S is defined similarly, we have

S
S:/ 1g(Xs) ds.
0

However by Doeblin’s theorem for the stationary measure of a Markov Chain

S
(4.29) w(G) = (BS)'E* / 16(X,) dspu(P).

Rearranging, we deduce that
E*S = E*T, + EYT,
= (u(F)/u(@))E"S
= (u(F)/u(@)) (E°T, + BT, ) = Ryu(F). O

Corollary 4.28. Let H C F', x ¢ H. Then
E*Ty < R(z, H)u(F).

Proof. 1f H is a singleton, this is immediate from Theorem 4.27. Otherwise, it
follows by considering the network (F', H') obtained by collapsing all points in H
into one point, h, say. (So F' = (F — H)U{h}, and ay;, = >_ ¢y Gay). O

Remark. This result is actually older than Theorem 4.27 — see [Tel].

5. Geometry of Regular Finitely Ramified Fractals.

In Section 2 I introduced the Sierpinski gasket, and gave a direct “hands on”
construction of a diffusion on it. Two properties of the SG played a crucial role:
its symmetry and scale invariance, and the fact that it is finitely ramified. In this
section we will introduce some classes of sets which preserve some of these properties,
and such that a similar construction has a chance of working. (It will not always do
so, as we will see).

There are two approaches to the construction of a family of well behaved regular
finitely ramified fractals. The first, adopted by Lindstrom [L1], and most of the
mathematical physics literature, is to look at fractal subsets of R? obtained by
generalizations of the construction of the Cantor set. However when we come to
study processes on F the particular embedding of F in R? plays only a small role,
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and some quite natural sets (such as the “cut square” described below) have no
simple embedding. So one may also choose to adapt an abstract approach, defining
a collection of well behaved fractal metric spaces. This is the approach of Kigami
[Ki2], and is followed in much of the subsequent mathematical literature on general
fractal spaces. (“Abstract” fractals may also be defined as quotient spaces of product
spaces — see [Kus2]).

The question of embedding has lead to confusion between mathematicians and
physicists on at least one (celebrated) occasion. If GG is a graph then the natural
metric on G for a mathematician is the standard graph distance d(x, y), which gives
the length of the shortest path in G between x and y. Physicists call this the
chemical distance. However, physicists, thinking in terms of the graph G being a
model of a polymer, in which the individual strands are tangled up, are interested
in the Euclidean distance between z and vy in some embedding of G in R?. Since
they regard each path in G as being a random walk path in Z?, they generally use
the metric d'(z,y) = d(z,y)"/>.

In this section, after some initial remarks on self-similar sets in R?, I will intro-
duce the largest class of regular finitely ramified fractals which have been studied in
detail. These are the pe.f.s.s. sets of Kigami [Ki2], and in what follows I will follow
the approach of [Ki2] quite closely.

Definition 5.1. A map ¢ : R? — RY is a similitude if there exists o € (0,1) such
that |¢(x) — ¢ (y)| = alr — y| for all z, y € R%. We call « the contraction factor of
1.

Let M > 1, and let 91, ...,%; be similitudes with contraction factors «;. For
A C RY set

(5.1) w(4) = [Jvi(4).

Let U(™ denote the n-fold composition of V.

Definition 5.2. Let IC be the set of non-empty compact subsets of R4, For A C R?
set 0-(A) = {z : |z — a| < ¢ for some a € A}. The Hausdorff metric d on K is
defined by

d(A,B)=inf{e >0: AC.(B) and B C6.(A)}.

Lemma 5.3. (See [Fe, 2.10.21]). (a) d is a metric on K.
(b) (K,d) is complete. B
(c)If Ky ={K € K: K C B(0,N)} then Ky is compact in K.

Theorem 5.4. Let (Y1, ...,%p) be as above, with a;; € (0,1) for each 1 <i < M.
Then there exists a unique F' € K such that F' = V(F). Further, if G € K then
U"(@) — F ind. If G € K satisfies ¥(G) C G then F = N2, ¥(™(G).

Proof. Note that ¥ : K — K. Set @« = max; a; < 1. If A;, B, € K, 1 < i < M note
that
d(UM, A;, UM, B;) < maxd(A;, By).



61

(This is clear since if € > 0 and B; C 6.(A;) for each i, then UB; C 6.(UA;)). Thus
d(¥(A), ¥(B)) < maxd(¢i(A),1i(B))
= max «; d(A, B) = ad(A, B).
So ¥ is a contraction on K, and therefore has a unique fixed point. For the final

assertion, note that if ¥(G) C G, then ¥ (Q) is decreasing. So N, ¥ ™ (QG) is
non-empty, and must equal F'. 0

Examples 5.5. The fractal sets described in Section 2 can all be defined as the
fixed point of a map ¥ of this kind.

1. The Sierpinski gasket. Let {a1, as,as} be the 3 corners of the unit triangle, and
set

5.2 Vi(x) =a; + Lz —a;), z€R? 1<i<3.
( )

2. The Vicsek Set. Let {aq,...,a4} be the 4 corners of the unit square, let M =5,

let a5 = (%, %), and let

(5.3) Yi(z) =a; +i(z—a;), 1<i<B.
It is possible to calculate the dimension of the limiting set F' from (1, ..., 1¥).
However an “non-overlap” condition is necessary.

Definition 5.6. (11, ...,1)) satisfies the open set condition if there exists an open
set U such that ¢;(U), 1 <4 < M, are disjoint, and ¥(U) C U. Note that, since
U(U) c U, then the fixed point F of ¥ satisfies ' = NW ™) (7).

For the Sierpinski gasket, if H is the convex hull of {a1, a2, as}, then one can
take U = int(H).

Theorem 5.7. Let (¢1,...,1)) satisfy the open set condition, and let F' be the
fixed point of W. Let 3 be the unique real such that

(5.4) » ol =1

i=1
Then dimg (F) = 3, and 0 < HP(F) < oo.
Proof. See [Fa2, p. 119].
Remark. If a; = o, 1 <i < M, then (5.4) simplifies to Ma® = 1, so that

log M
9.5 = .
(5:5) b log a—1

We now wish to set up an abstract version of this, so that we can treat fractals
without necessarily needing to consider their embeddings in R¢. Let (F,d) be a
compact metric space, let I = Iy = {1,..., M}, and let

v F—F 1<i<M
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be continuous injections. We wish the copies ¥;(F") to be strictly smaller than F,
and we therefore assume that there exists § > 0 such that

Definition 5.8. (F,;,1 <i < M) is a self-similar structure if (F,d) is a compact
metric space, 1; are continuous injections satisfying (5.6) and

M
(5.7) F= U%(F)-

Let (F,1;,1 <i < M) be a self-similar structure. We can use iterations of the
maps 1; to give the ‘address’ of a point in F'. Introduce the word spaces

W, =1", W=I1"

We endow W with the usual product topology. For w € W,,, v in W,, or W, let
w-v=(wy,...,Wy,0v1,...), and define the left shift 0 on W (or W,,) by

ow = (wa,...).
For w = (wy, ..., w,) € W, define
(5.8) Yoy = Py 0 Wy, © .0y, .

It is clear from (5.7) that for each n > 1,

F= |J ¢

weWw
If a = (ay,...,ap) is a vector indexed by I, we write
(5.9) Ay = Hawi, weW,.
i=1

Write A, = ¥ (A) for w e U,W,,, ACF. If n > 1, and w € W (or W,,, with
m > n) write

(5.10) win = (wy,...,w,) € W,.

Lemma 5.9. For each w € W, there exists a x,, € F' such that

(5.11) () Yupn(F) = {zu}.

Proof. Since Yu((n+1)(F) = Yuwpn (Vw,ir (F)) C Yun(F), the sequence of sets in
(5.11) is decreasing. As 1); are continuous, ¥,,|,(F') are compact, and therefore A =
NnFy|pn is non-empty. But as diam(F,,,) < (1—4)"diam(F’), we have diam(A) = 0,
so that A consists of a single point. O
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Lemma 5.10. There exists a unique map © : W — F' such that
(5.12) m(i-w) =v;(r(w)), weW, iel.

7 is continuous and surjective.

Proof. Define w(w) = x,,, where x,, is defined by (5.11). Let w € W. Then for any
n7
7T(i : w) € F(Z w)|n = F;. (wln—-1) = ¢1( wln— 1)

So 7 (i - w) € mmzp,( m) = {Vi(zw)}, proving (5.12). If 7" also satisfies (5.12) then
(’U w) = by (7' (w)) for v e W,,, w € W, n > 1. Then 7/(w) € F,, for any n > 1,
sow’ = m.

To prove that 7 is surjective let z € F. By (5.7) there exists wy € Ip; such
that x € Fiy, = ¥y, (F) = wz 1Fuw,w,- So there exists wy such that © € Fiy,,,
and continuing in this way we obtain a sequence w = (w1, ws,...) € W such that
x € Fy, for each n. It follows that z = 7(w).

Let U be open in F, and w € 7~ 1(U). Then Fy)n MU is a decreasing sequence
of compact sets with empty intersection, so there exists m with F,,,, C U. Hence
V ={veW:vm=wm} Cn }U), and since V is open in W, 7=1(U) is open.
Thus 7 is continuous. 0

Remark 5.11. It is easy to see that (5.12) implies that
(5.13) (v w) = Py (m(w)), veW,, weW.
Lemma 5.12. Forxz € F', n > 0 set

No(x) = | J{Fw:weW,, 2 € F,}.

Then {N,(x),n > 1} form a base of neighbourhoods of x.

Proof. Fix z and n. If v € W,, and = ¢ F,, then, since F, is compact, d(z, F,) =
inf{d(z,y) : y € F,} > 0. So, as W, is finite, d(z, N, (z)¢) = min{d(x, F,) : = ¢
F,,veW,} >0. Soz € int(N,(z)). Since diam F,, < (1—0)" diam(F') for w € W,,
we have diam N, (z) < 2(1 — §)" diam(F'). So if U 5 z is open, N,,(z) C U for all
sufficiently large n. O

The definition of a self-similar structure does not contain any condition to
prevent overlaps between the sets v;(F), ¢ € Ip;. (One could even have 11 = 1)y
for example). For sets in R? the open set condition prevents overlaps, but relies on
the existence of a space in which the fractal F' is embedded. A general, abstract,
non-overlap condition, in terms of dimension, is given in [KZ1]|. However, for finitely
ramified sets the situation is somewhat simpler.

For a self-similar structure S = (F,1;,i € Ipr) set
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As one might expect, we will require B(S) to be finite. However, this on its own is
not sufficient: we will require a stronger condition, in terms of the word space W.
Set

I'=m 1(B(S)),
P=|]Jo"I)

Definition 5.13. A self-similar structure (F,1) is post critically finite, or p.c.f., if
P is finite. A metric space (F,d) is a p.c.f.s.s. set if there exists a p.c.f. self-similar
structure (¢;,1 <i < M) on F.

Remarks 5.14. 1. As this definition is a little impenetrable, we will give several
examples below. The definition is due to Kigami [Ki2], who called T" the critical set
of §, and P the post critical set.

2. The definition of a self-similar structure given here is slightly less general than
that given in [Ki2]. Kigami did not impose the constraint (5.6) on the maps 1;, but
made the existence and continuity of 7 an axiom.

3. The initial metric d on F' does not play a major role. On the whole, we will work
with the natural structure of neighbourhoods of points provided by the self-similar
structure and the sets F,,w € W,,, n > 0.

Examples 5.15. 1. The Sierpinski gasket. Let a1, as, az be the corners of the unit
triangle in R, and let

Vi) =a;+3(x—a;), ze€R?} 1<i<3.

Write G for the Sierpinski gasket; it is clear that (G,11,9,13) is a self-similar
structure. Writing $ = (s, s,...), we have

m($) =as, 1<s<3.
So

B(S):{%<Clg+al), %(al—f—ag), %(ag—l—ag)},
I'= {(13),(31),(12), (21),(23),(32)} ,

and

2. The cut square. This is an example of a p.c.f.s.s. set which has no convenient
embedding in Euclidean space. (Though of course such an embedding can certainly
be found).

Start with the unit square Cy = [0,1]%. Now make ‘cuts’ along the line L; =
{(3,) : 0 <y < %}, and the 3 similar lines (Lo, L3, L4 say) obtained from L,
by rotation. So the set C; consists of Cy, but with the points in the line segment
(2,y-), (3,y+), viewed as distinct, for 0 < y < 1. (And similarly for the 3 similar
sets obtained by rotation). Alternatively, C; is the closure of A = Cyp — U}{_,L; in
the geodesic metric d4 defined in Section 2. One now repeats this construction on
each of the 4 squares of side % which make up C; to obtain successively Cy, Cs, .. ;
the cut square C' is the limit.
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This is a p.c.f.s.s. set; one has M = 4, and if aq,...,a4 are the 4 corners of
[0,1]2, then the maps 1; agree at all points with irrational coordinates with the

maps ¢;(z) = a; + 5(z — a;). We have

so that S
P={(1),(2),(3),(4)}.

Note also that 7(12) = 7(21), and 7(13) = 7n(31) = 7n(24) = 7(42) = 2, the centre
of the square.

In both the examples above we had P = {(s5),s € Iy}, and P = ¢"P for
all n > 1. However P can take a more complicated form if the sets ¢;(F), ¢;(F)
overlap at points which are sited at different relative positions in the two sets.

3. Sierpinski gasket with added triangle. (See [Kum2]). We describe this set as
a subset of R2. Let {ai,as, a3} be the corners of the unit triangle in R?, and let
vi(z) = (x —a;) +a;, 1 <i <3 Letay = %(al + as + a3) be the centre
of the trlangle, and let Y4(z) = a4 + 3(x — as). Of course (¢1,12,13) gives the
Sierpinski gasket, but ¥ = (11, 99, 13, 14) still satisfies the open set condition, and
if F = F(V) is the fixed point of ¥ then (F,v1,...,14) is a self-similar structure.
Writing by, by, by for the mid-points of (as,as), (as,a1), (a1, asz) respectively, and
= %(ai +b;), 1 <i <3, we have

B = {bl, b27 b3,61,62,63},

71 (by) = {(23),(32)}, while 77 (c;) = {(123),(132), (41)}, with similar expres-
sions for 71(b;), 7 (¢;), 5 = 2,3. So #(I') = 15, and

o) ={(1),(2),(3),(23),(32), (31), (13), (12), (21) } ,

o) ={(1). (2). 3)}-

Then P = o(I") consists of 9 points in W, and # (7w (P)) = 6.

ASA

Fig. 5.1 : Sierpinski gasket with added triangle.

4. (Rotated triangle). Let a;, b;, 1;, 1 < i < 3, be as above. Let A € (0,1), and
let p1 = Aby + (1 — A)bs, with po, ps defined similarly. Evidently {p1,p2,ps} is an
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equilateral triangle; let 14 be the similitude such that ¥4(a;) = p;. Let F' = F()

be the fixed point of W. If H is the convex hull of {a1,as, a3}, then ¥(H) C H, so
clearly F'is finitely ramified, and

B = {b1,ba,bs, p1,p2, 3}

Fig. 5.2 : Rotated triangle with A = 2/3.

As before, 771(by) = {(23),(32)}. Let y; = ¢ *(p1); then y; lies on the line
segment connecting as and az. If A = 7~1(y;) then A consists of one or two points,
according to whether A is a dyadic rational or not. Let A = {v, w}, where v = w if
A ¢ D. Note that for each element u € A, we have, writing u = (u1, ug, ...), that
up € {2,3}, k> 1. Then 71 (py) = {(41),(1-v),(1-w)}. If 6 : W — W is defined
by O(w) = w’, where w, = w; +1 (mod 3), and

A, ={(1), 0™, 0w},
then o™(T) = A, UBO(A,) UB(A,).
(a) A = 1 gives Example 3 above.

(b) If A is irrational, then P = U,,>;0™(I") is infinite. This example therefore shows
that the “p.c.f.” condition in Definition 5.13 is strictly stronger than the requirement
that the set F' be finitely ramified and self-similar.

(c) Let A= 2. Then v =w = (23). Therefore B consists of p; and by, with their
rotations, and o (L) consists of (23), (32), (41), (12323) and their “rotations” by @.

Hence
P={(1),(2),(3),(23),(32), (31), (13), (12), (21)} .

So \ = % does give a p.c.f.s.s. set.
(d) In general, as is clear from the examples above, while F' is finitely ramified for
any A € (0,1), F is a p.c.f.s.s. set if and only if A € QN (0,1).
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Fig. 5.3 : Rotated triangle with A = 0.721.

We now introduce some more notation.

Definition 5.16. Let (F,vq,...,%)) be a p.c.f.s.s. set. Set for n > 0,

P™ = {weW:o"we P},
v = g(pM),

Any set of the form F,,, w € W,,, we call an n-complex, and any set of the form
Y (VO) = Vi we call a n-cell,

Lemma 5.17. (a) Let z € V"), Then x = 1, (y), where y € V() and w € W,,.
() V) = Upew, V.

Proof. (a) From the definition, z = 7(w - v), for w € W,,, v € W. Then if y = 7(v),
y € VO and by (5.13), 2 = 7(w - v) = ¥y (y).

(b) Let = € V. Then z = ¥ (m(v)), where v € P. Hence z = 7(w - v), and since
w-ve PM™, € V™, The other inclusion follows from (a). O

We think of V() as being the “boundary” of the set F. The set F consists of
the union of M™ n-complexes F,, (where w € W,,), which intersect only at their
boundary points.

Lemma 5.18. (a) If w, v € W,,, w # v, then F, N F,, = TASUNORTASMS
(b) If n > 0, 71 (x(P™)) = 7= 1 (VW) = p(n).

Proof. (a) Let n>1,v, w e W,,and x € F, NF,. Sox =7(w-u) # w(v-u') for
u,u’ € W. Suppose first that wy # vy. Then as F,, C F,,, we have x € F,,, N F,, C
B. Sow-u,v-u €T, and thus u = 0" 'o(w-u) € P. Therefore n(u) € V),
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and © = 1, (W(U)) c V. 1 w1 = v then let k& be the largest integer such that
w|k = v|k. Applying 1/);|1k we can then use the argument above.
(b) It is elementary that P ﬂ_l(W(P(”))). Let n = 0 and w € (7 (P)).
Then there exists v € P such that 7(w) = 7(v). Asv € P, v € ¢"(I") for some
m > 1. Hence there exists u € W,, such that u-v € 7=1(B). However 7(u-w) =
Yu(m(w)) = m(u-v) € B, and thus u- v € 0. Hence v € P.

If n > 1, and m(w) € 7(P™) = V(™ then m(w) € Vi for some v € W,,.
So m(w) € v n Fypn = VO v by (a). Therefore 7(w) € v “and thus

wln w|n’?
T(w) = Yy|n (7 (v)), where v € P. So w(w) = m(w|n - v), and thus 7(c"w) = 7 (v).
By the case n = 0 above ¢™w € P, and hence w € P™. 0

Remark 5.19. Note we used the fact that 7(v-w) = w(v-w’) implies 7(w) = 7(w'),
which follows from the fact that 1, is injective.

Lemma 5.20. Let s € {1,..., M}. Then 7(8) is in exactly one n-complex, for each
n > 1.

Proof. Let n = 1, and write x5 = w($). Plainly x5 € Fj; suppose xs € F; where
i # s. Then z, = ¢;(m(w)) for some w € W. Since z; = ¥(z,) for any k > 1,
zs = ¥ (m(iw)) = 7(s*-i-w), where s = (s,s,...,s) € Wy. Since z, € F;NF, C B,
7 Y(x,) € C. But therefore s* -i-w € C for each k > 1, and since i # s, C is
infinite, a contradiction.

Now let n > 2, and suppose x5 = 7($) € Fy,, where w € W,, and w # s™. Let
0 < k <n—1 be such that w = s* - 0*w, and w1 # 5. Then applying ;% to Fyx
we have that xs € F_x,, N Fyn—r, which contradicts the case n = 1 above. O

Let (F,41,...,%n, ) be a p.c.f.s.s. set. For z € F, let
mp(z) =#{weW,: zeF,}

be the n-multiplicity of x, that is the number of distinct n-complexes containing x.
Plainly, if ¢ U, V()| then m,,(z) = 1 for all n. Note also that m.(z) is increasing.

Proposition 5.21. Forallz € F, n>1,
my(x) < M#£(P).

Proof. Suppose x € F,1 N...N Fx, where w?, 1 < i < k are distinct elements of
W,,. Suppose first that w} # w] for some i # j. Then z € B, and therefore there
exist v!,...,v* € W such that m(w'-v') = 2, 1 <1 < k. Hence w' - v' € T for each
[, and so #(T') > k. But #(P) > M ~144(T'), and thus k < M#(P).

If all the w' contain a common initial string v, then applying ;! we can use
the argument above. 0
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Nested Fractals and Affine Nested fractals.

Nested fractals were introduced by Lindstrgm [L1], and affine nested fractals
(ANF) by [FHK]. These are of p.c.f.s.s. sets, but have two significant additional
properties:

(1) They are embedded in Euclidean space,
(2) They have a large symmetry group.

I will first present the definition of an ANF, and then relate it to that for
p.c.f.s.s. sets. Let 91,...,1%y be similitudes in R?, and let F be the associated
compact set. Writing 1; also for the restrictions of ¥; to F', (F 11, ..., 1) is a self
similar structure. Let W, 7, V() etc. be as above. For z,y € V(O let Gy RY — R4
be reflection in the hyperplane which bisects the line segment connecting = and y.
As each 1; is a contraction, it has a unique fixed point, z; say. Let V = {21, ..., zas}
be the set of fixed points. Call z € V an essential fized point if there exists y € V,

and ¢ # j such that ¢;(z) = ¢;(y). Write V' for the set of essential fixed points.
Set also
V(n) _ U V(O).
weWw,

Definition 5.22. (F,1,...,%) is an affine nested fractal if 11, ..., satisfy
the open set condition, #(V(O)) > 2, and
(A1) (Connectivity) For any i, j there exists a sequence of 1-cells V.go), e Viio)

such that ig =i, i, = j and Vﬁfil mVﬁ-f) £ for1 <r<k.

(A2) (Symmetry) For each z, y € V(O), n >0, gz, maps n cells to n cells.
(A3) (Nesting) If w, v € W,, and w # v then
FunF, =V A7,

In addition (F, 1, ..., ) is a nested fractal if the 1; all have the same contraction
factor.

If ¢); has contraction factor ay, then by (5.4) dimgy (F') = 3, where (3 solves

(5.14) ol =1.

If a; = «, so that F' is a nested fractal, then
_ logM
- log(1/a)’

Following Lindstrgm we will call M the mass scale factor, and 1/« the length scale
factor, of the nested fractal F'.

(5.15) dimg (F)
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Lemma 5.23. Let (F,v1,...,%n) be an affine nested fractal. Write z; for the
fixed point of v;. Then z; ¢ F; for any j # i.

Proof. Suppose that z; € F. Then by Definition 5.22(A3) F; N Fy = V(O) N V(O)

SO z1 € Vgo), and z; = y(2;), for some z; € V(O). We cannot have ¢ = 2, as
o(z2) = 29 # 2z1. Also, if i = 1 then 15 would fix both z; and 2z, so could not be
a contraction. So let ¢ = 3. Therefore for any k£ > 0, ¢ > 0,

21 = ’lpf e} ’lpg e} Qpé(Zg) € Flk.g.gz‘.

Write D,, = {w € W,, : 21 € Fy, }: by the above #(D,,) > n. Let U be the open set
given by the open set condition. Since F' C U we have z; € U for each i. So z; € U,
for each w € D,,, while the open set condition implies that the sets {U,,,w € D, }
are disjoint. So z; is on the boundary of at least n disjoint open sets. If (as is
true for nested fractals) all these sets are congruent then a contradiction is almost
immediate.

For the general case of affine nested fractals we need to work a little harder to
obtain the same conclusion. Let a > 0 be such that

|B(zi,1) NU| >a for each i.

Let a;, 1 < ¢ < M be the contraction factors of the ;. Recall the notation
oy = 7 oy, w € W,. Set 6 = min,ep, a, and let 3 = min; ;. For each
w € D,, let w' = w-1...1 be chosen so that 85 < a,s < . Then z; € Fyy C Uy,
for each w € D,,, and the sets {U,,w € D,,} are still disjoint. (Since ¥(U) C U we
have U, C U, for each w € D,,).

Now if w € D, then if j is such that z; = 1, (z;)

|B(21,0) NUw| = 0y |B(2,8/ ) N U| 2 (86)4|B(25,1) NU| = a(85)".

So
cad® = |B(21,0)| = Y |B(21,6) N Uwr| > na(B6)".
weD,,
Choosing n large enough this gives a contradiction. U

Proposition 5.24. Let (F,11,...,1%5) be an affine nested fractal. Write z; for
the fixed point of ©;. Then (F,1,...,1¥) is a p.c.f.s.s. set, and

(a) V" = VO,

(@P:{@:%GV@}

(c) If z € VO then z is in exactly one n-complex for each n > 1.
(d) Each 1-complex contains at most one element of V(©).

Proof. 1t is clear that (F,1,...,1) is a self-similar structure. Relabelling the 1,

we can assume V(O) ={z1,...,2} where 2 < k < M. We begin by calculating B,
I and P. It is clear from (A3) that

B— U (0) (0)

s#t
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Let w € I'. Then n(w) € B, so (as m(w) € Fy,) m(w) € Vfl)

m(ow) € v, Say m(ow) = zg, where s € {1, .., k}. Then since z; € F,,, by Lemma

5.23 we must have wy = s. So ¢ (m(0?w)) = 7(s-o*w) = w(ow) = z,, and therefore

n(o?w) = 2z, So w3z = s, and repeating we deduce that cw = (§). Therefore

{ow,w e T} ={(5), 1 <s<k}. This proves (b); as P is finite (F,11,...,1¥p) is a
p.c.f.s.s. set. (a) is immediate, since 7(P) = V(0 = {7(3)} = v,

(c) This is now immediate from (a), (b) and Lemma 5.23.

(d) Suppose F; contains zg and z;, where s # t. Then one of s, ¢ is distinct from i —
suppose it is s. Then z; € Fs N F;, which contradicts (c). O

, and therefore

Remarks 5.25. 1. Of the examples considered above, the SG is a nested fractal
and the SG with added triangle is an ANF. The cut square is not an ANF, since if it
were, the maps v; : R? — R? would preserve the plane containing its 4 corners, and
then the nesting axiom fails. The rotated triangle fails the symmetry axiom unless
A = 1/2. The Vicsek set defined in Section 2 is a nested fractal, but the Sierpinski
carpet fails the nesting axiom.

2. The simplest examples of p.c.f.s.s. sets, and nested fractals can be a little mis-
leading. Note the following points:

(a) Proposition 5.24(c) fails for p.c.f.s.s. sets. See for example the SG with added
triangle, where V(%) contains the points {by, by, b3} as well as the corners {a1, as, a3},
and each of the points b; lies in 2 distinct 1-cells.

(b) This example also shows that for a general p.c.f.s.s. set it is possible to have
F — V' disconnected even if F is connected.

(c) Let Vi(o) and Vj(o) be two distinct 1-cells in a p.c.f.s.s. set. Then one can have

#(Vi(o) N Vj(o)) > 2. (The cut square is an example of this). For nested fractals, I
do not know whether it is true that

0) ~ 1,(0) e
(5.16) #(V; NV <1 ifi#

In [FHK, Prop. 2.2(4)] it is asserted that (5.16) holds for affine nested fractals,
quoting a result of J. Murai: however, the result of Murai was proved under stronger
hypotheses. While much of the work on nested fractals has assumed that (5.16)
holds, this difficulty is not a serious one, since only minor modifications to the
definitions and proofs in the literature are needed to handle the general case.

3. The symmetry hypothesis (A2) is very strong. We have
(5.17) Goy : VO = VO forall z#y, z,ye VO,

The question of which sets V(%) satisfy (5.17) leads one into questions concerning
reflection groups in R?. It is easy to see that V(©) satisfies (5.17) if V(©) is a regular
planar polygon, a d-dimensional tetrahedron or a d-dimensional simplex. (That is,
the set V(O = {e;, —e;,1 < i < d} € RY, where ¢; = (61;,...,04). I have been
assured by two experts in this area that these are the only possibilities, and my web
page see (http://www.math.ubc.ca/) contains a letter from G. Maxwell with a
sketch of a proof of this fact.
Note that the cube in R3 fails to satisfy (5.17).
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4. Note also that if F is a nested fractal in R?, and V(© < H where H is a k-
dimensional subspace, one does not necessarily have F' C H. This is the case of the
Koch curve, for example. (See [L1, p. 39]).

Example 5.26. (Lindstrom snowflake). This nested fractal is the “classical ex-
ample”, used in [L1] as an illustration of the axioms. It may be defined briefly
as follows. Let z;, 1 < ¢ < 6 be the vertices of a regular hexagon in R2, and let
z7 = +(z1 + ... 26) be the centre. Set

It is easy to verify that this set satisfies the axioms (A1)—(A3) above.

Fig. 5.4. Lindstrgm snowflake.

Measures on p.c.f.s.s. sets.

The structure of these sets makes it easy to define measures which have good
properties relative to the maps ;. We begin by considering measures on W. Let
0 =(0y,...,05) satisty

M
Zei:L 0<#; <1 foreach 1€ Iy.
i=1

Recall the notation 6, = H?:l 0, for w € W,,. We define the measure jiy on W
to be the natural product measure associated with the vector . More precisely, let
&n 0 W — Iy be defined by &, (w) = w,,; then fig is the measure which makes (&,,)
i.i.d. random variables with distribution given by P(§,, = r) = 6,. Note that for
any n > 1, weW,,

n

(5.18) fip ({v € W:vjn = w}) =[] bu,.
=1

Definition 5.27. Let B(F') be the o-field of subsets of I’ generated by the sets
{Fy,we W,,n>1}. (By Lemma 5.12 this is the Borel o-field). For A € B(F), set

u(A) = i(x ' (4)).
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Then for w e W,,
(5.19) Ho(Fu) = fio (7= (F)) = fio ({v s vln = w}) = 6,, Hewz

In contexts when 0 is fixed we will write p for .

Remark. If (F,11,...,1)) is a nested fractal, then the sets ¢;(F), 1 <i < M
are congruent, and it is natural to take §; = M ~'. More generally, for an ANF, the
‘natural’ @ is given by

9,‘ =

7

where 3 is defined by (5.4).

The following Lemma summarizes the self-similarity of x4 in terms of the space
LN(F, p).

Lemma 5.28. Let f € L'(F,p). Then forn > 1

(5.20) /fdu_ > 6 / othy)du,  n>1.

weW,

Proof. Tt is sufficient to prove (5.20) in the case n = 1: the general case then follows
by iteration. Write G = F — V(O . Note that G, NG, = 0 if v, w € W,, and v # w.
As p is non-atomic we have p(F,,) = u(Gy) for any w € W,,. Let f = 1, for some
w e W,,. Then foy; =0ifi# w;y, and f o, =1g,,. Thus

[ (0w dn = (G =03 u(Gor) = 051 [ 1
proving (5.20) for this particular f. The equality then extends to L! by a standard
argument. 0

We will also need related measures on the sets V(). Let Ny = #V (). Fix 6
and set

(5.21) pn(z) = Ng' Y Oulyo (@), =€ 17420
weW,,

Lemma 5.29. p,, is a probability measure on V") and
wlimy, oo b, = o-

Proof. Since #VUSO) = Ny we have
WV = ST NG S Ol @) = D by =1,
xEV(”) weW,, weW,,

proving the first assertion.
We may regard p,, as being derived from p by shifting the mass on each n-

complex F,, to the boundary VQ,(JO), with an equal amount of mass being moved to



74

each point. (So a point x € Vu(,o) obtains a contribution of #,, from each n-complex
it belongs to). So if f: F' — R then

/F Fp - /F Fdpun

It follows that fu,—fig. O

(5.22) < max sup |f(z)— f(y)]

wGWn x’yer

Symmetries of p.c.f.s.s. sets.

Definition 5.30. Let G be a group of continuous bijections from F to F'. We call
G a symmetry group of F if

(1) g: VO - VO for all g € G.

(2) For each i € I, g € G there exists j € I, ¢’ € G such that

(5.23) goti=1jog.

Note that if g, h satisfy (5.23) then

(goh)orhi=go(hot;)=go(¥joh’)=(goty;)oh
= (Yrog)oh' =tyog",

for some j,k € I, ¢’,h/,¢"” € G. The calculation above also shows that if G; and
G- are symmetry groups then the group generated by G; and Gs is also a symmetry
group. Write G(F') for the largest symmetry group of F'. If G is a symmetry group,
and g € G write g(¢) for the unique element j € I such that (5.23) holds.

Lemma 5.31. Let g € G. Then for each n > 0, w € W,,, there exist v € W,,,
g’ € G such that g o1, = 1, o ¢’. In particular g : V() — V(™)

Proof. The first assertion is just (5.23) if n = 1. If n > 1, and the assertion holds
for all v € W, then if w =14-v € W,,;; then

go’tﬂwIgol/h'owvijoglowvzlbjowv’og",
forjel, ¢, ¢" €g. O

Proposition 5.32. Let (F,11,...,1%5) be an ANF. Let Gy be the set of isometries
of R? generated by reflections in the hyperplanes bisecting the line segments [z;, 5],
1 #£7, 2,2 € V). Let Gy be the group generated by G,. Then Gr = {g|r : g € Go}
is a symmetry group of F.

Proof. If g € Gy then g : V™ — V(") for each n and hence also g : F — F. Let
i € I: by the symmetry axiom (A2) g(VZ-(O)) = Vj(o) for some j € I. For each of
the possible forms of V(?) given in Remark 5.25(3), the symmetry group of V(%) is

generated by the reflections in G;. So, there exists ¢’ € Gy such that go; = ;04"
Thus (5.23) is verified for each g € Gy, and hence (5.23) holds for all g € Gy. O

Remark 5.33. In [BK] the collection of ‘p.c.f. morphisms’ of a p.c.f.s.s. set was
introduced. These are rather different from the symmetries defined here since the
definition in [BK] involved ‘analytic’ as well as ‘geometric’ conditions.
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Connectivity Properties.

Definition 5.34. Let F be a p.c.f.s.s. set. For n > 0, define a graph structure on
V(") by taking {z,y} € E, if x #y, and z,y € VY for some w € W,,.

Proposition 5.35. Suppose that (V1) E;) is connected. Then (V™ E,) is con-
nected for each n > 2, and F is pathwise connected.

Proof. Suppose that (V") E,) is connected, where n > 1. Let z,y € V"D If

T,y € Vu()l) for some w € W,,, then, since (V(l), E;) is connected, there exists a path
Vo) = 20,21, .., 26 = Y, (y) in (V(l),El) connecting ¥t (x) and 1 (y). We

have z;_1, z; € Vu(,?) for some w; € Wy, for each 1 < i < k. Then if 2] = 9, (2),
Zi_q, 2t € Fy, and so {z,_;,2;} € E,41. Thus z,y are connected by a path in
(V(n+1)v En—l—l)-

For general z, y € V(D as (V" E,) is connected there exists a path
Yo, - -, Ym in (V) E,) such that {y;_1,v;} € E, and x,yo, and y,y,, lie in the
same n + 1-cell. Then, by the above, the points x, yo, ¥1, - - ., Ym,y can be connected
by chains of edges in E, ;1.

To show that F' is path-connected we actually construct a continuous path
v :10,1] — F such that F = {(t),t € [0,1]}. Let o, ..., zx be a path in (V) E;)
which is “space-filling”, that is such that V(! C {zo,...,2n}. Define v(i/N) = z;,
Ay = {i/N, 0 < i < N}. Now xg,z1 € VU(JO), for some w € W;. Let zg =
Yo, Y1, ---,Ym = X1 be in a space-filling path in (Vu(,l),Eg). Define y(k/Nm) = yy,
0 < k < m. Continuing in this way we fill each of the sets Vu()l), w € Wy, and so
can define Ay C [0, 1] such that Ay C As, and (t), t € Az is a space filling path in
the graph (V(Q), E-). Repeating this construction we obtain an increasing sequence
(A,) of finite sets such that v(t), t € A, is a space filling path in (V" E,), and
UnA, is dense in [0,1]. If t € A,,, and ¢/ <t < ¢t are such that (¢',t")N A,, = {t},
then ~y(s) is in the same n-complex as ~y(t) for s € (¢',t"). So, if t € [0,1] — A, and
Sn,tn € A, are chosen so that s, <t < t,, (Sn,tn) N A, =0, then the points v (u),
u € AN (s,t) all lie in the same n-complex. So defining 7(t) = lim,, y(t,,), we have
that the limit exists, and v is continuous. The construction of v also gives that ~ is
space filling; if w € W then for any n > 1 a section of the path, v(s), a, < s < by,
s € Ay, fills V).

It follows immediately from the existence of v that F' is pathwise connected. [J

Remark. This proof returns to the roots of the subject — the original papers
of Sierpinski [Siel, Sie2| regarded the Sierpinski gasket and Sierpinski carpet as
“curves”.

Corollary 5.36. Any ANF is pathwise connected.

Remark 5.37. If F is a p.c.f.s.s. set, and the graph (V1) E;) is not connected,
then it is easy to see that F' is not connected.

For the case of ANF's, we wish to examine the structure of the graphs (V(”), E,)
a little more closely. Let (F,1,...,1%5) be an ANF. Then let

a:min{\x—y\ : m,yEV(O),x#y},
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and set
E)={{z,y} e VO |z —y| =a},

B, = {{r.y} € Byt 2 = 0 (e).y = ¥uy) for some
weW,, {z,y} e Eg}, n>1.

Proposition 5.38. Let F' be an ANF.

(a) Let z,y.z € V(© be distinct points. Then there exists a path in (V0 El)
connecting x and y and not containing z.

(b) Let z,y € V(. There exists a path in (V1) E}) connecting x,y which does
not contain any point in V(0 — {z,y}.

(c) Let z,y, 2’y € VO with |z —y| = |2’ —y'|. Then there exists g € G such that
g(a") =z, 9(y') =y

Proof. If #(V(©) = 2 then Eq = E}), so (a) is vacuous and (b) is immediate from
Corollary 5.36. So suppose #(V(O)) > 3.

(a) Since (see Remark 5.25(3)) V(¥ is either a d-dimensional tetrahedron, or a d-
dimensional simplex, or a regular polygon, this is evident. (For a proof which does
not use this fact, see [L1, p. 34-35]).

(b) This now follows from (a) by the same kind of argument as that given in Propo-
sition 5.35.

(c) Write g[x, y] for the reflection in the hyperplane bisecting the line segment [z, y].
Let g1 = gy, v], and z = g1(2’). Then if z = z we are done. Otherwise note that
|z —y| = |2’ —y'| = |z —y], so if go = g[x, 2] then g(y) = y. Hence g; o go works. [J

Metrics on Nested Fractals.

Nested fractals, and ANFs, are subsets of R?, and so of course are metric spaces
with respect to the Euclidean metric. Also, p.c.f.s.s. sets have been assumed to be
metric spaces. However, these metrics do not necessarily have all properties we
would wish for, such as the mid-point property that was used in Section 3. We saw
in Section 2 that the geodesic metric on the Sierpinski gasket was equivalent to the
Euclidean metric, but for a general nested fractal there may be no path of finite
length between distinct points. (It is easy to construct examples). It is however,
still possible to construct a geodesic metric on a ANF.

For simplicity, we will just treat the case of nested fractals. Let (F, (¢;)},) be
a nested fractal, with length scale factor L. Write d,,(x,y) for the natural graph
distance in the graph (V™ E,). Fix zg, yo € V(©) such that {z¢,y0} € Ej), and let
an = dp(20,90), and by be the maximum distance between points in (V) Ep).

Lemma 5.39. Ifz,y € V(O then a, < d,(z,y) < boa,.

Proof. Since z,y are connected by a path of length at most by in (V) E}), the
upper bound is evident. Fix x,y, and let k = d,,(x,y). If {z,y} € E{ then d,,(z,y) =
dn(x0,%0) = an, so suppose {z,y} ¢ Ej. Choose y’ € V() such that {x,y'} € Ej,
let H be the hyperplane bisecting [y, y’] and let g be reflection in H. Write A, A’
for the components of R? — H containing v,y respectively. As |z —¢/| < |z — y]
we have z € A’. Let = 2y, 21,...,2, = y be the shortest path in (V™ E,)
connecting = and y. Let j = min{i : z; € A}, and write 2} = z; if i < j, 2} = g(z)
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if i > j. Then 2/, 0 < i < k is a path in (V™ E,) connecting 2 and y’, and so
dp(z,y) =k > dy(x,y) = ap. O

Lemma 5.40. Let z,y € V™. Then for m > 0

(5.24) A (2,Y) < dpim(2,y) < boamd,(z,y).
In particular

(5.25) AnOm < Aptm < boGpGm, n >0, m > 0.

Proof. Let k = d,,(z,y), and let z = zg, 21, . . ., 2k = y be a shortest path connecting
z and y in (V™ E,) . Then since by Lemma 5.39 d,,(2i—1,2;) < boam,, the upper
bound in (5.24) is clear.

For the lower bound, let r = d,,+m(x,y), and let (2z;);_, be a shortest path in
(V(ntm) B ) connecting x,y. Let 0 = ig,4y,...,is = 7 be successive disjoint hits
by this path on V(™). (Recall the definition from Section 2: of course it makes sense
for a deterministic path as well as a process). We have s = d,(z,y) > a,. Then
since z;;_,, z;,; lie in the same n-cell, i; —i; 1 = dn(2i,_,, 2i;) > am, by Lemma
5.39. Sor =377 (ij —ij-1) > anam. O

Corollary 5.41. There exists v € [L, bpa1] such that
(5.26) by " < an <A™

Proof. Note that log(bpa,,) is a subadditive sequence, and that log a,, is superaddi-
tive. So by the general theory of these sequences there exist 8y, 61 such that

0y = lim n~'log(bpan) = ir;fon_l log(boay,),

n—oo

6, = lim n'log(a,) = supn~'log(ay).
n— oo n>0

So 6y = 61, and setting v = €%, (5.26) follows.
To obtain bounds on « note first that as a,, < bpaia,—1 we have v < bga;.
Also,

|z0 — yol < anLl™"|x0 — Yo,
so vy > L. O

Definition 5.42. We call d. = log~/log L the chemical exponent of the fractal I,
and v the shortest path scaling factor.

Theorem 5.43. There exists a metric dp on F' with the following properties.
(a) There exists ¢; < oo such that for each n > 0, w € W,

(527) dF<x7y) < 017_n for T,y € Fwa
and
(5.28) dp(z,y) > coy™ forz € VW y e N, (x)°.

(b) dr induces the same topology on F' as the Euclidean metric.
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(c) dr has the midpoint property.
(d) The Hausdorff dimension of F' with respect to the metric dp is

log M
2 F)= :
(5.29) 4s(F) = 1o

Proof. Write V = U, V(). By Lemma 5.41 for z,y € V we have
(5.30) by 'Y (2,y) < dpym(2,y) < boy™dn(, y).

So (Y""dp4+m(x,y),m > 0) is bounded above and below. By a diagonalization
argument we can therefore find a subsequence nj — oo such that

dp(z,y) = klingo v " d,, (x,y) exists for each z,y € V.

So, if x,y € VU(JO) where w € W,, then
(5.31) o " <dpla,y) <coy ™

It is clear that dr is a metric on V.
Let n > 0and y € V™. For m = n—1,n — 2,...,0 choose inductively
ym € V™) such that y,, is in the same m-cell as Y1, ..., Yn. Then

i1 (Yms Yma1) < max{di(z’,y') : 2’y € V(l)} =c < 0.

So by (5.30) dp(Ym, Ym+1) < boy™ ™ ("¢, and therefore
d(ye,y) <cd vy Tt=dy7h
i=k

So if x,y € V are in the same k-cell, choosing x in the same way we have

(5.32) dp(z,y) < dp(z,z1) + dp(zg, yr) + de(yr, y) < ay”,

since di(xg,yr) < bp. Thus dp is uniformly continuous on V' x V| and so extends
by continuity to a metric dp on F. (a) is immediate from (5.31).

If 2,y € V(™ and = # y then dp(x,y) > by 'y~™. This, together with (5.30),
implies (b).

If ,y € V(" then there exists z € V(™ such that

So the metrics d,, have an approximate midpoint property: (c) follows by an easy
limiting argument.

Let u be the measure on F associated with the vector § = (M~1, ... M~1).
Thus u(F,) = M~1*! for each w € W,,. Since we have diamg, (F,) < vy~ "I, it
follows that, writing d; = log M/ log~,

et < p(Bay (z,7)) < cer¥, z€F

and the conclusion then follows from Corollary 2.8. 0
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Remark 5.44. The results here on the metric dp are not the best possible. The
construction here used a subsequence, and did not give a procedure for finding the
scale factor . See [BS], [Kum2], [FHK], [Ki6] for more precise results.

6. Renormalization on Finitely Ramified Fractals.

Let (F,11,...,%a) be a p.c.f.s.s. set. We wish to construct a sequence Y (™ of
random walks on the sets V(") nested in a similar fashion to the random walks on
the Sierpinski gasket considered in Section 2. The example of the Vicsek set shows
that, in general, some calculation is necessary to find such a sequence of walks. As
the random walks we treat will be symmetric, we will find it convenient to use the
theory of Dirichlet forms, and ideas from electrical networks, in our proofs.

Fix a p.c.f.s.s. set (F, (@Di)i]‘il), and a Bernouilli measure u = pg on F, where
each 0; > 0. We also choose a vector r = (r1,...,7r) of positive “weights”: loosely
speaking r; is the size of the set ;(F) = F;, for 1 <1i < M. We call r a resistance
vector.

Definition 6.1. Let D be the set of Dirichlet forms £ defined on C' (V(O)). From Sec-
tion 4 we have that each element £ € D is of the form £4, where A is a conductance
matrix. Let also D be the set of Dirichlet forms on C’(V(l)).

We consider two operations on ID:

(1) Replication — i.e. extension of £ € D to a Dirichlet form ££ € D ;.
(2) Decimation/Restriction/Trace. Reduction of a form £ € D4 to a form £ € D.

Note. In Section 4, we defined a Dirichlet form (€, D) with domain D C L?(F, ).
But for a finite set F', as long as p charges every point in the set it plays no role
in the definition of £. We therefore will find it more convenient to define £ on

C(F)=A{f:F —R}.
Definition 6.2. Given £ € D, define for f, g € C’(V(l)),

M
(6.2) ER(f,9) =D i E(f o tbi, g o).
=1

(Note that as ¢; : VO — VM foy, € C(V®).) Define R : D — Dy by
R(E) = EE.

Lemma 6.3. Let £ = E4, and let

M
(6.3) ai%y = ; 1($€Vi(o)) 1(yEVi(O))ri_lawi_l(x)ﬂ/)i_l(y)'
Then
(6.4) ER(fr9) =52 all, (f(z) = f(y) (9(x) — g(v))-

T,y
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Alt = (afy) is a conductance matrix, and £ is the associated Dirichlet form.

Proof. As the maps v; are injective, it is clear that aZf y = 0if ¢ # y, and all <.
Also axy a,ffx is immediate from the symmetry of A. ertlng z; =7 ! (r) we have

> an ZT Lo (@ ) > Ly ()ay-10), 41 )

:ZTZ_ V(O) Z amy_o
i

ye v(©

so AR is a conductance matrix.

To verify (6.4), it is sufficient by linearity to consider the case f = g = J,,
2eVW, Let B={ieW,:z¢c Vi(o)}. If i ¢ B, then f o;(x) = 0, since ;(x)
cannot equal z. If i € B, then f o ¢;(z) = 4., (z), where z; = 1; '(2). So,

g(f © 1/)1'7 f © 1/}1) = 5(6217 521) = T0gz;z;-

Thus
M
_ ZT‘;ICLZ.LZZ» = — ZT‘Z‘_llv‘(o) (z)al/l._l(z),d)._l(z) = _a§z7
ZGB i—1 (3 T (3
while )
s> al (flx)—fly) = —fTARf = —all
x’y
So (6.4) is verified. 0

The most intuitive explanation of the replication operation is in terms of elec-
trical networks. Think of V(©) as an electric network. Take M copies of V(?) and
rescale the ith one by multiplying the conductance of each wire by r; 1 (This ex-
plains why we called r a resistance vector). Now assemble these to form a network

with nodes V(1| using the ith network to connect the nodes in Vi(o). Then £F is
the Dirichlet form corresponding to the network V().

As we saw in the previous section, for z,y € V() there may in general be
more than one 1-cell which contains both x and y: this is why the sum in (6.3) is
necessary. If x and y are connected by k wires, with conductivities cq, ..., c; then
this is equivalent to connection by one wire of conductance ¢ + ...+ c.

Remark 6.4. The replication of conductivities defined here is not the same as the
replication of transition probabilities discussed in Section 2. To see the difference,
consider again the Sierpinski gasket. Let V(9 = {21, 2,23}, and y3 be the mid-
point of [z1, 2], and define y;, yo similarly. Let A be a conductance matrix on
V(O), and write a;; = a,,,. Take 1y = ry = r3 = 1. While the continuous time
Markov Chains X (©, X associated with £4 and & % will depend on the choice of
a measure on V(® and VU their discrete time skeletons that is, the processes X ()



81
sampled at their successive jump times do not — see Example 4.21. Write Y for
these processes. We have

ai2 + azy
2a12 + as1 + a3

poe <Y1(1) € {227y1}) =
On the other hand, if we replicate probabilities as in Section 2,

poe <Y1(1) = {22,y1}> =P (Y1(1) = {Zlvy2}) =3

in general these expressions are different. So, even when we confine ourselves to
symmetric Markov Chains, replication of conductivities and transition probabilities
give rise to different processes.

Since the two replication operations are distinct, it is not surprising that the
dynamical systems associated with the two operations should have different be-
haviours. In fact, the simple symmetric random walk on V(%) is stable fixed point
if we replicate conductivities, but an unstable one if we replicate transition proba-
bilities.

The second operation on Dirichlet forms, that of restriction or trace, has already
been discussed in Section 4.

Definition 6.5. For £ € D let
(6.5) T(E) =Tr(E|VO).

Define A : D — D by A(£) = T(R(E)). Note that A is homogeneous in the sense
that if 8 > 0,
A(BE) = OA(E).

Example 6.6. (The Sierpinski gasket). Let A be the conductance matrix corre-
sponding to the simple random walk on V(¥ so that

zy =1, TH#Y, agp=—2.

Then A% is the network obtained by joining together 3 symmetric triangular net-
works. If A(€4) = Ep, then B is the conductance matrix such that the networks
(V) AR) and (V| B) are electrically equivalent on V(?). The simplest way to
calculate B is by the A —Y transform. Replacing each of the triangles by an (upside
down) Y, we see from Example 4.24 that the branches in the Y each have conduc-
tance 3. Thus (V1) AR) is equivalent to a network consisting of a central triangle of
wires of conductance 3/2, and branches of conductance 3. Applying the transform
again, the central triangle is equivalent to a Y with branches of conductance 9/2.
Thus the whole network is equivalent to a Y with branches of conductance 9/5, or
a triangle with sides of conductance 3/5.
Thus we deduce

A(&4) = EB, where B = £ A.

ol
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The example above suggests that to find a decimation invariant random walk
we need to find a Dirichlet form £ € D such that for some A > 0

(6.6) AE) = XE.

Thus we wish to find an eigenvector for the map A on D. Since however (as we will
see shortly) A is non-linear, this final formulation is not particularly useful. Two
questions immediately arise: does there always exist a non-zero (&£, )\) satisfying
(6.6) and if so, is this solution (up to constant multiples) unique? We will abuse
terminology slightly, and refer to an £ € D such that (6.6) holds as a fized point of
A. (In fact it is a fixed point of A defined on a quotient space of D.)

Example 6.7. (“abc gaskets” — see [HHW1]).

Let m1, mo, mg be integers with m; > 1. Let z1, 2o, z3 be the corners of the unit
triangle in R?, H be the closed convex hull of {z1, 22, 23}. Let M = my + my + ms,
and let ;, 1 <14 < M be similitudes such that (writing for convenience ¢ar4; = 95,
1<j< M) H; =v¢;(H) C H, and the M triangles H; are arranged round the
edge of H, such that each triangle H; touches only H; 1 and H;y1. (H; touches
Hy and H only). In addition, let 21 € Hy, 20 € Hyyt1, 23 € Hingtm,+1. S0 there
are mg + 1 triangles along the edge [21, 22, and m; + 1, my + 1 respectively along
[22, 23], [23,21]. We assume that 1; are rotation-free. Note that the triangles Hy
and Hp; do not touch, unless mq; = my = mg = 1.

Let F' be the fractal obtained by Theorem 5.4 from (t1,...,%). To avoid
unnecessarily complicated notation we write ; for both v; and ¥;|p.

A

&,

A
AAL

Figure 6.1: abc gasket with m; =4, mo = 3, mg = 2.

It is easy to check that (F, 1, ...,9¥) isap.c.f.s.s. set. Writer = 1, s = m3+1,
t =ms +my + 1. We have m(is) = 7 ((i + 1)7) for 1 <i < mg, w(it) = 7 ((i +1)3)
for mg + 1 <i < mg + mq, w(ir) :W((i+1)i) forms+mi+1<i<M—1, and
m(M7) = w(1f). The set B = U(H; N H;) consists of these points. Hence

P = {(T), (5)7 <t>}7 V(O) = {zlv 22, 23}'
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While it is easier to define F in R?, rather than abstractly, doing so has the
misleading consequence that it forces the triangles H; to be of different sizes. How-
ever, we will view F' as an abstract metric space in which all the triangles H; are of
equal size, and so we will take r; =1 for 1 <17 < M.

We now study the renormalization map A. If £ = £4 € D, then A is specified
by the conductivities

Oél — a’Zz,Zg? 042 — a'237Z17 043 — azl,zg-
Let f : R® — R? be the renormalization map acting on (a1, a2, a3). (Soif A = A(«)
then A(g) = EA(f(a))>'

It is easier to compute the action of the renormalization map on the variables [3;
given by the A —Y, transform. So let ¢ : (0,00)3 — (0,00)3 be the A—Y map given
in Example 4.24. Note that ¢ is bijective. Let 8 = p(«) be the Y —conductivities,

and write 3 = (01, B2, #3) for the renormalized Y —conductivities: then B = o(f(a)).

Applying the A — Y transform on each of the small triangles, we obtain a
network with nodes z1, 29, 23, y1, Y2, y3, where {z;,y;} has conductivity (;, and if
i # j {yi,y;} has conductivity f;, and if i # j, {y;, y;} has conductivity

e = BiB;
(Bi + Bj)my.”

where k = k(i,7) is such that k& € {1,2,3} — {3, j}.
Apply the A — Y transform again to {y1,y2,ys}, to obtain a Y, with conduc-
tivities d1, d2, d3, in the branches where

0ivi = S =172 + Y273 + V371, 1<i<3.
Then

(6.7) Brt=prt ot =0+ s -

Suppose that o € (0,00)? is such that ¢(a) = Aa for some A > 0. Then since
p(0a) = 0 p(a) for any 6 > 0, we deduce that 8 = p(f(a)) = A\5. So, from (6.7),

—1p—-1 _ p—1 B2 B
A Bl _ﬁl +(ﬁ2+é3)2m15’

which implies that A™! > 1. Writing T = £15283/S, and 0 = TA(1 — \)~!, we
therefore have

my (B2 + B3) = 0,

and (as S, T are symmetric in the ;) we also obtain two similar equations. Hence

(6.8) Bo+ Bz =0/my1, Bz+ 01 =0/ma, [1+[2=0/ms,
which has solution

(6.9) 261 = O(my ' +mzt —mih), etc.



84

Since, however we need the (3; > 0, we deduce that a solution to the conductivity
renormalization problem exists only if m; 1 satisfy the triangle condition, that is
that

(6.10) myt +mzt >mit omytmit > myt, mytmyt > mgt

If (6.10) is satisfied, then (6.9) gives §; such that the associated o = ¢ ~1(3) does
satisfy the eigenvalue problem.

In the discussion above we looked for strictly positive a such that ¢(a) = Aa.
Now suppose that just one of the a;, ag say, equals 0. Then while z, and z9 are only
connected via zs in the network V(9 they are connected via an additional path in
the network V. So, p(a)s > 0, and a cannot be a fixed point. If now a; > 0, and
ay = az = 0 then we obtain ¢(a)2 = ¢(a)s = 0. So a = (1,0, 0) satisfies p(a) = A
for some A\ > 0. Similarly (0,1,0) and (0,0, 1) are also fixed points. Note that in
these cases the network (V) A(a)) is not connected.

The example of the abc gaskets shows that, even if fixed points exist, they
may correspond to a reducible (ie non-irreducible) £ € D. The random walks (and
limiting diffusion) corresponding to such a fixed point will be restricted to part of
the fractal F'. We therefore wish to find a non-degenerate fized point of (6.6), that
is an £4 € D such that the network (V%) A) is connected.

Definition 6.8. Let D? be the set of £ € Dy such that & is irreducible — that is
the network (V) A) is connected. Call & € D strongly irreducible if € = £4 and
azy > 0 for all z # y. Write D' for the set of strongly irreducible Dirichlet forms
on V),

The existence problem therefore takes the form:

Problem 6.9. (Existence). Let (F,1,...,1¥5) be a p.c.f.s.s. set and let r; > 0.
Does there exist £ € D¢, X\ > 0, such that

(6.12 A(E) = \E?

Before we pose the uniqueness question, we need to consider the role of symmetry.
Let (F,(1;)) be a p.c.f.s.s. set, and let H be a symmetry group of F.

Definition 6.10. £ € D is H-invariant if for each h € ‘H

E(foh,goh)=E(f,g9), fgeCVO).

ris H-invariant if vy, = ri for all h € H. (Here h is the bijection on I associated
with h).

Lemma 6.11. (a) Let £ = E4. Then &£ is H-invariant if and only if:

(6.13) Ah(z) h(y) = Ay for all T,y € vO heH.

(b) Let £ and r be H-invariant. Then AE is H-invariant.
Proof. (a) This is evident from the equation £(1,,1,) = —agy.
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(b) Let f € C(V)). Then if h € H,

ER(foh,foh)= Zr (fohot, fohoiy)

ZZT“E (f 0 Ypgw 0 b f 0 Uy 0 )
=D Tage EF 0 Wiy £ ovig) = ER(F, ).
If g € C(V(©) then writing £ = A(E), if f|y© = g then as f o hlyw© = goh,
E(goh,goh) <ER(foh, foh)=ER(L, ),

and taking the infimum over f, we deduce that for any h € H, E(goh, goh) < £(g, g).
Replacing g by g o h and h by h~! we see that equality must hold. O

If the fractal F' has a non-trivial symmetry group G(F') then it is natural to
restrict our attention to G(F')-symmetric diffusions. We can now pose the uniqueness
problem.

Problem 6.12. (Uniqueness). Let (F, (¢;)) be a p.c.f.s.s. set, let H be a symmetry
group of F', and let r be H-invariant. Is there at most one H-invariant £ € D* such
that A(E) = AE?

(Unless otherwise indicated, when I refer to fixed points for nested fractals,
I will assume they are invariant under the symmetry group Gr generated by the
reflections in hyperplanes bisecting the lines [z, y], =,y € V().

The following example shows that uniqueness does not hold in general.

Example 6.13. (Vicsek sets — see [Me3].) Let (F,1;,1 < i <5) be the Vicsek set
— see Section 2. Write {21, 29, 23, 24, } for the 4 corners of the unit square in R?. For
a, 3,7 >0 let A(a, 3,7) be the conductance matrix given by

(12 = Q23 = A34 = Q41 = @, 13 =0, a2 =",

where a;; = a., ;. If H is the group on F generated by reflections in the lines [21, 23]
and [zq, 24| then A is clearly H-invariant. Define &, 3, 4 by

M) =4a 5.5

Then several minutes calculation with equivalent networks shows that

_ ala+pB)(a+)

(6.14) T a2+ 308+ 307y + By
B: é(Oé‘i‘ﬂ)_aza
F=1a+q) -a

If (1,0,7) is a fixed point then (a, 3, ) = (0,003,0v) for some 6 > 0, so that
B =af, 7y = avy. So « :%, and this implies that v = 1. We therefore have that
(1, 3,571) is a fixed point (with A\ = %) for any 8 € (0,00) Thus for the group H
uniqueness does not hold.
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However if we replace H by the group Gr = G(F'), generated by all the sym-
metries of the square then for £4 to be Gr-invariant we have to have 3 = . So in
this case we obtain

2
(6.15) a(a, B) = 5@31066251 5

Bla,B) = F(a+B) - a.

This has fixed points (0, 3), 8 > 0, and (a, ), @ > 0. The first are degenerate, the
second not, so in this case, as we already saw in Section 2, uniqueness does hold for
Problem 6.12.

This example also shows that A is in general non-linear.

As these examples suggest, the general problem of existence and uniqueness is
quite hard. For all but the simplest fractals, explicit calculation of the renormaliza-
tion map A is too lengthy to be possible without computer assistance — at least for
20th century mathematicians. Lindstrgm [L1] proved the existence of a fixed point
E € D* for nested fractals, but did not treat the question of uniqueness. After
the appearance of [L1], the uniqueness of a fixed point for Lindstrgm’s canonical
example, the snowflake (Example 5.26) remained open for a few years, until Green
[Gre] and Yokai [Yo] proved uniqueness by computer calculations.

The following analytic approach to the uniqueness problem, using the theory
of quadratic forms, has been developed by Metz and Sabot — see [Me2-Me5, Sabl,
Sab2]. Let M be set of symmetric bilinear forms Q(f, g) on C(V(9) which satisfy

Q(17 ]-) - 0,
Q(f,f) >0 forall feC(V®).
For @1, Q2 € My we write ()1 > Q2, if Q2 — Q1 € M or equivalently if
@a(f, f) 2 Qu(f, f) for all f € C(V(O))' Then D C M 4; it turns out that we need

to consider the action of A on M, and not just on D. For Q € M 4, the replication
operation is defined exactly as in (6.2)

M

(6.16) QR(f,9)=> 7' Q(fothi,govy), f.geC(VW).

=1

The decimation operation is also easy to extend to M  :

T(Q%)(g.9) = mH{Q™ (£, f) - f € C(V?), flyw = g};
we can write T'(Q*) in matrix terms as in (4.24). We set A(Q) = T(QT).

Lemma 6.14. The map A on M . satisfies:

(a) A: M — M, and is continuous on int(M ;).
(b) A(Q1 + Q2) = A(Q1) + A(Q2).

(c) A0Q) = OA(Q)

Proof. (a) is clear from the formulation of the trace operation in matrix terms.
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Since the replication operation is linear, we clearly have QT = QI + QF,
(0Q)® = Q™. (c) is therefore evident, while for (b), if g € C(V(?),

T(Q")(g,9) = mf{QT (£, f) + Q5 (f, /) : flvo =g}
>nf{Q7 (f, f): flvo =g} +inf{Q5 (. f): flvw =g}
=T(Q1)(g,9) + T(Q5)(g,9)- O
Note that for £ € D*, we have £(f, f) = 0 if only if f is constant.
Definition 6.15. For £,& € D set
m(€1/E) =sup{a>0; & —a&y € M, }.

—in 51(f7 f)

: f non constant}.

Similarly let
gl(fa f)

g2(f7f)

M(&1/E2) = sup{

: f non constant}.

Note that
(6.18) M(&1/E) = m(E /&)

Lemma 6.16. (a) For £1,& € D%, 0 < m(&1,E) < o .

(b) If &1, &3 € D% then m(E1/E) = M(E1/&2) if and only if E5 = A& for some
A>0.

(C) Ifgl,gg,gg € D? then

m(€1/E3) > m(&1/E2) m(E2/Es),
M(&E1/&5) < M(E1/E2) M(E2/E3).

Proof. (a) This follows from the fact that &; are irreducible, and so vanish only on
the subspace of constant functions.

(b) is immediate from the definition of m and M.

(c) We have

gl(faf)g2(f7f)
gZ(faf)g?)(faf)

while the second assertion is immediate from (6.18). d

Definition 6.17. Define

> m(E1/E2)m(Ea/E3);

m(51/53) = ll}f

M(&:1&7)

dH(gl,gg) = log m,

81,52 c ]D)Z

Let pID? be the projective space ]D)i/ ~, where £ ~ &y if & = A&, dy is called
Hilbert’s projective metric — see [Nus|, [Me4].
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Proposition 6.18. (a) dy(&1,&) =0 if and only if & = A& for some A\ > 0.
(b) dg is a pseudo-metric on D, and a metric on pD?.
(c) If €,E, &1 € D? then for ag, a; > 0,

dH<8,0é() 50 + 04181) S maX(dH<8,50),dH<g,51)).

In particular open balls in di are convex.
(d) (pD?,dy) is complete.

Proof. (a) is evident from Lemma 6.17(b). To prove (b) note that dg(&1,&2) > 0,
and that dy(&1,&2) = dy(€2,&1) from (6.18). The triangle inequality is immediate
from Lemma 6.17(c). So dg is a pseudo metric on D°.

To see that dy is a metric on pD?, note that

m(AE1/E2) = Am(&1/E2), A >0,

from which it follows that dg (A1, E) = dy (€1, E2) and thus dy is well defined on
pID?. The remaining properties are now immediate from those of dz on D*.
(¢) Replacing & by (m(&1/&)/m(E/€1))Er we can suppose that

m(E/E) =m(E/E,) =m.
Write M; = M(E/&;). Then if F = ag & + a1 &1,

ao&o(f, ) + aréi(f. f)
E(f, )
> aom(E/E) + arm(E/E1) = ap + o .

M(E/F) = il}f

Similarly M (£/F) < agMy + a1 M;. Therefore

expdy (€, F) < (ao/(ao + a1))(Mo/m) + (a1 /(a0 + a1)) (M1 /m)
< max (Mo/m, M1 /m).

It is immediate that if & € B(E,r) then dy (€, & + (1 — A\)&1) < r, so that
B(&,r) is convex. For (d) see [Nus, Thm. 1.2]. O

Theorem 6.19. Let £;,&, € D*. Then
(619) m(A(é’l), A(gg)) Z m(é’l, 82),

(6.20) M(A(&1),A(E)) < M(&1,E3).
In particular A is non-expansive in dy :
(6.21) di(A(E1),A(E2)) < dp (&1, Es).

Proof. Suppose o« < m(€1,E2). Then Q =& —a & € M, and Q(f, f) > 0, for all
non-constant f € C(V(?). So by Lemma 6.14

A(&1) = AMQ + a&2) > A(Q) + aA (&),
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and since A(Q) > 0, this implies that A(E1) — aA(E2) > 0. So a < m(A(&1), A(E2)),
and thus m(&1,E2) < m(A(&1), A(E2)), proving (6.19). (6.20) and (6.21) then follow
immediately from (6.19), and the definition of d. O

A strict inequality in (6.21) would imply the uniqueness of fixed points. Thus
the example of the Vicsek set above shows that strict inequality cannot hold in
general. So this Theorem gives us much less than we might hope. Nevertheless, we
can obtain some useful information.

Corollary 6.20. (See [HHW1, Cor. 3.7]) Suppose &1, & are fixed points satisfying
A(gz) == )\zgz; 1= 1, 2. Then )\1 == )\2.

Proof. From (6.19)

m(&1/E2) <m(A(E1)/A(E2)) = (M /A2)m(E1/E),
so that A\ > \s. Interchanging & and & we obtain A\; = As. O
We can also deduce the existence of H-invariant fixed points.

Proposition 6.21. Let H be a symmetry group of F'. If A has a fixed point £; in
D*? then A has an H-invariant fixed point in D*.

Proof. Let A = {€ € D* : € is H-invariant.}. (It is clear from Lemma 6.11 that
A is non-empty). Then by Lemma 6.11(b) A : A — A. Let & € A, and write
r=dg(&,&), B = Ba,(&1,2r). By Theorem 620 A: B — B. SoA: ANB —
AN B. Each of A, B is convex (A is convex as the sum of two H-invariant forms
is H-invariant, B by Proposition 6.18(c)), and so AN B is convex. Since A is a
continuous function on a convex space, by the Brouwer fixed point theorem A has
a fixed point £’ € AN B, and £’ is H-invariant. O

We will not make use of the following result, but is useful for understanding
the general situation.

Corollary 6.22. Suppose A has two distinct fixed points &1 and Ey (with & # A&
for any \). Then A has uncountably many fixed points.

Proof. (Note that the example of the Vicsek set shows that (&1 + &) is not
necessarily a fixed point). Let F C D* be the set of fixed points. Let &y, &1 € F;
multiplying & by a scalar we can take m(&y, 1) = 1. Write R = dy (&, &1). If
Ex = A1 + (1 — N)&p then as in Proposition 6.19(c)

exp dH(g)\,g()) < (1 — )\) + )\M(€1,50>

and so
(€12, E0) < log((1+ €™)/2).

Thus there exists d, depending only on R, such that
A={£eD': £ B (1-0)R)(\BE,1-5)R)}
is non-empty. Since A preserves A, A has a fixed point in A. F thus has the property:

if £1, &5 are distinct elements of F then there exists £5 € F
such that 0 < dH(Sg,El) < d')—((gg,gl).
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As F is closed (since A is continuous) we deduce that F is perfect, and therefore
uncountable. 0

This if as far as we will go in general. For nested fractals the added structure
— symmetry and the embedding in R?, enables us to obtain stronger results. If
(F, (3;)) is a nested fractal, or an ANF, we only consider the set D* N {€ : £ is
Gr-invariant}, so that in discussing the existence and uniqueness of fixed points we
will be considering only Gg-invariant ones.

Let (F, (1;)) be a nested fractal, write G = Gg and let £4 be a (G-invariant)
Dirichlet form on C(V(?)). €4 is determined by the conductances on the equivalence
classes of edges in (V) &) under the action of G. By Proposition 5.38(c) if |z —y| =
|2’ — y'| then the edges {z,y} and {z’,y'} are equivalent, so that A, = A,/,.

List the equivalence classes in order of increasing Euclidean distance, and write
a1, @s..., ap for the common conductances of the edges. Since A = A(A) is also
G-invariant, A induces a map A’ : R’i — R’_j such that, using obvious notation,
A(A(a)) = AN (a)). |

Set D* = {a: a1 > ag > ... > ay > 0}. Clearly we have D* C D**". We have
the following existence theorem for nested fractals.

Theorem 6.23. (See [L1, p. 48]). Let (F, (v;)) be a nested fractal (or an ANF).
Then A has a fixed point in D *.

Proof. Let £4 € D*, and let aq,...ax be the associated conductivities. Let (Yi, ¢ >
0, Q%,z € V() be the continuous time Markov chain associated with £ A, and let

(Y,,n>0, Q% ,z € V(O)) be the discrete time skeleton of Y.
Let E(()l), s E(()k) be the equivalence classes of edges in (V(O), Ey), so that A,y =
aj if {z,y} € ES). Then if {x,y} € B,

CVi=y) =5
Zy;&x Axy
As ¢; = ) Ay does not depend on z (by the symmetry of V() the transition

yF#T

probabilities of Y are proportional to the ;.

Now let R(A) be the conductivity matrix on V() attained by replication of
A Let (X;,t >0, P*, 2 € VD) and (X,,n > 0, P*, 2z € V() be the associated
Markov Chains. Let Ty, 77, ... be successive disjoint hits (see Definition 2.14) on
V0 by Xn.

Write A = A(A), and a for the edge conductivities given by A. Using the trace
theorem, .

P"( X1, =y)=a;/c1 if {z,y} € E(()]).

Now let 21,91, y2 € VO, with |21 — y1| < |71 — y|. We will prove that
(6.23) P™ (X7, = yo) < P (Xr, = 31).

Let H be the hyperplane bisecting [y1,y2], let g be reflection in H, and x5 =
g(z1). Let B=V© — {21}, and

T =min{n >0: XnEB,
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so that T} =T P*'-almost surely. Set
fo(@) =E* L1 <n)(Ly, (X7) — 1y, (X7)).
Let p(z,y), x,y € V(1) be the transition probabilities of X. Then

(6.24 far1(@) = 1p(2) fo(z) + 1p:(x) Y pla,y) faly).

Y

Let Jig = {x € VU . |z — 4| < |z — y2|}, and define J; analogously. We
prove by induction that f,, satisfies

(6.25a) fa(z) 2
(6.25b) fa(®) + fnlg(z)) >

Since fo =1, — 1, , and y1 € Jia, fo satisfies (6.25). Let z € B N Jyjo and
suppose f, satisfies (6.25). If p(z,y) > 0, and y € J{,, then z,y are in the same
1-cell so if ¥’ = g(y), ¥ is also in the same 1-cell as x; and |x — y'| < |z — y|. So
(since £4 € D*), p(x,y’) > p(x,y) and using (6.25b), as f,(y') > 0,

p(x,y) fn(y) + p(x, y) Fu(y) = p(z, y) (fuly) + Fulg(y)) > 0.

Then by (6.24), fr+1(x) > 0. A similar argument implies that f,, 11 satisfies (6.25b).
So (fn) satisfies (6.25) for all n, and hence its limit f., does. Thus fo(x1) =
P* (X7 = y1) — P(X7 = y) > 0, proving (6.23).
From (6.23) we deduce that a; > as > ... > ay, so that A : D* — D*. As
A (Oa) = 0N («), we can restrict the action of A’ to the set

HAS J127

0,
0, T € Jio.

{aeR’i:al 2...20%20,20%21}.

This is a closed convex set, so by the Brouwer fixed point theorem, A’ has a fixed
point in D *. 0

Remark 6.24. The proof here is essentially the same as that in Lindstrgm [L1]. The
essential idea is a kind of reflection argument, to show that transitions along shorter
edges are more probable. This probabilistic argument yields (so far) a stronger
existence theorem for nested fractals than the analytic arguments used by Sabot
[Sabl] and Metz [MeT7]. However, the latter methods are more widely applicable.

It does not seem easy to relax any of the conditions on ANFs without losing
some link in the proof of Theorem 6.23. This proof used in an essential fashion not
only the fact that V(© has a very large symmetry group, but also the Euclidean
embedding of V(© and V1.

The following uniqueness theorem for nested fractals was proved by Sabot
[Sabl]. It is a corollary of a more general theorem which gives, for p.c.f.s.s. sets,
sufficient conditions for existence and uniqueness of fixed points. A simpler proof
of this result has also recently been obtained by Peirone [Pe].
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Theorem 6.25. Let (F, (1);)) be a nested fractal. Then A has a unique Gg-invariant
non-degenerate fixed point.

Definition 6.26. Let £ be a fixed point of A. The resistance scaling factor of £ is
the unique p > 0 such that
AE)=ptE.

Very often we will also call p the resistance scaling factor of F: in view of Corollary
6.21, p will have the same value for any two non-degenerate fixed points.

Proposition 6.27. Let (F,(¢;)) be a p.c.f.s.s. set, let (r;) be a resistance vector,
and let £4 be a non-degenerate fixed point of A. Then for each s € {1,...M} such
that (s) € VO,

(6.27) rep b < 1.
Proof. Fix 1 < s < M, letx = m(3), and let f =1, € C(V(®). Then

Ea(F, )= D Awy=|Awl.

ye VO yFtx
Let g=1, € O(V(l)). As A(Ey) = p_lgA,

(6.28) p M Awe| = MEA(S, f) < EX(g,9) :

since ¢ is not harmonic with respect to €%, strict inequality holds in (6.28). By
Proposition 5.24(c), x is in exactly one 1-complex. So

gf(gvg) - Z Ti_lgA(go’@bbgOd)i) = T5_1|Amm|7

and combining this with (6.28) gives (6.27). O
Since rs = 1 for nested fractals, we deduce
Corollary 6.28. Let (F, (v;)) be a nested fractal. Then p > 1.

For nested fractals, many properties of the process can be summarized in terms
of certain scaling factors.

Definition 6.29. Let (F, (v;)) be a nested fractal, and £ be the (unique) non-
degenerate fixed point. See Definition 5.22 for the length and mass scale factors L
and M. The resistance scale factor p of F' is the resistance scaling factor of £. Let

(6.29 T=DMp;

we call 7 the time scaling factor. (In view of the connection between resistances
and crossing times given in Theorem 4.27, it is not surprising that 7 should have a
connection with the space-time scaling of processes on F'.)

It may be helpful at this point to draw a rough distinction between two kinds
of structure associated with the nested fractal (F,t). The quantities introduced
in Section 5, such as L, M, the geodesic metric dp, the chemical exponent v and
the dimension d,,(F') are all geometric — that is, they can be determined entirely
by a geometric inspection of F'. On the other hand, the resistance and time scaling
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factors p and 7 are analytic or physical — they appear in some sense to lie deeper than
the geometric quantities, and arise from the solution to some kind of equation on
the space. On the Sierpinski gasket, for example, while one obtains L = v = 2, and
M = 3 almost immediately, a brief calculation (Lemma 2.16) is needed to obtain
p. For more complicated sets, such as some of the examples given in Section 5, the
calculation of p would be very lengthy.

Unfortunately, while the distinction between these two kinds of constant arises
clearly in practice, it does not seem easy to make it precise. Indeed, Corollary 6.20
shows that the geometry does in fact determine p: it is not possible to have one
nested fractal (a geometric object) with two distinct analytic structures which both
satisfy the symmetry and scale invariance conditions.

We have the following general inequalities for the scaling factors.

Proposition 6.30. Let (F, (v;)), be a nested fractal with scaling factors L, M, p, T.
Then

(6.30) L>1, M > 2, M > L, T=DMp> L2

Proof. L > 1, M > 2 follow from the definition of nested fractals. If § = diam(V(9),
then, as V(1) consists of M copies of V(9 each of diameter L~16, by the connectivity
axiom we deduce ML~ > 6. Thus M > L.

To prove the final inequality in (6.30) we use the same strategy as in Proposition
6.27, but with a better choice of minimizing function.

Let H be the set of functions f of the form f(z) = Ox +a, where z € R% and O
is an orthogonal matrix. Set H,, = {f|ym), f € H}. Let 8 =sup{E(f, f) : f € Ho}:
clearly 6 < oo. Choose f to attain the supremum, and let ¢ € H be such that
f =glyw. Then if f1 = g|ym

M
p_l 0= :O_lg(f7 f) = A(g)(f, f) < SR(glagl) = Z 5(91 © wiagl © wl)

=1

However, g1 0, is the restriction to V(©) of a function of the form L~'Ox + a;, and
so E(g o, gop;) < L™20. Hence p~ 10 < M L2, proving (6.30). O

The following comparison theorem provides a technique for bounding p in cer-
tain situations.

Proposition 6.31. Let (Fy,{v;,1 < i < M;}) be a p.c.fs.s. set. Let Fy C Fy,
My < My, and suppose that (Fy,{v;,1 < i < My}) is also a p.c.f.s.s. set, and
that V}? = V}S). Let (rl(k), 1 <4 < My) be resistance vectors for k = 0,1, and
suppose that r@(o) > rgl) for 1 < i < My. Let Ay be the renormalization map for
(Fg, (3;) M| (r(k))f\i"l) If &, are non-degenerate Dirichlet forms satisfying Ay (Ex) =

(2

pglé’k, k=0,1, then p; < pg.

Proof. Since Vlfﬂ?) C V}l”, we have, writing R; for the replication maps associated
with Fi,
RiE(f, [) > Ro(f, 1), feC(VEY).
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So A1(E) > Ag(€) for any € € D. If m =m(E1/&p), then
p1 €L =M (&) > Ai(m &) > Ao(m &) = mpy '€ > py €,

which implies that pg > p;. 0

7. Diffusions on p.c.f.s.s. sets.

Let (F, (%)) be a p.c.f.s.s. set, and r; be a resistance vector. We assume that
the graph (V) E;) is connected. Suppose that the renormalization map A has a
non-degenerate fixed point £(©) = £4, so that A(E(0) = p=1£©), Fixing F, r, and
€4, in this section we will construct a diffusion X on F', as a limit of processes on
the graphical approximations V(™). In Section 2 this was done probabilistically for
the Sierpinski gasket, but here we will use Dirichlet form methods, following [Kus2,
Ful, Ki2].

Definition 7.1. For f € C(V(™), set
(7.1) EMf ) =p" Y r EO(f 0 tu, f o thu).

weW,,

This is the Dirichlet form on V(™ obtained by replication of scaled copies of £,

where the scaling associated with the map v, is p"r .

These Dirichlet forms have the following nesting property.

Proposition 7.2. (a) Forn > 1, Tr(EM |V (-1 = gn-1),
(b) If f € C(V™), and g = [y then EM(F, ) > £~V (g,g).
(c) ™ is non-degenerate.

Proof. (a) Let f € C(V(™). Then decomposing w € W,, into v -4, v € W,,_1,

(7.2) EM(f fy=p" D D O (fotby oty f oty 0 ty)

veEW,, _1

=p"" Y €N (f, o),

veEW,, _1

where f, = fo, € C(VW). Now let g € C(V*=D). If fly(n-1y = g then
foly©@ = got, = g,. As £©) is a fixed point of A,

(7.3) inf {5<1>(h, h) : hlyo = gv} = pinf {R5<0>(h, h) : hlyo = gv}
= pA(E)(gv, 90) = £V (g0, 90)-

Summing over v € W,,_; we deduce therefore

inf {8(”)(f, ) flyo-n = g} <p" Y e (g, 9) =E7 (g, 9).
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For each v € W,,_1, let h, € C(V)) be chosen to attain the infimum in (7.3). We
wish to define f € C(V (™) such that

(74) f o '@Dv — hv: NS Wn—l-
Let v € W,,_1. We define
F(Wo(y)) = holy), ye v,

We need to check f is well-defined; but if v, u are distinct elements of W,,_; and
z =, (y) = ¥u(2), then z € V(»~1 by Lemma 5.18, and so y, z € V(©), Therefore

f(/‘vbv(y)) = hv(y> = gv(y> = g(CL') = f(d]u('z)):

so the definitions of f at = agree. (This is where we use the fact that F' is finitely
ramified: it allows us to minimize separately over each set of the form Vv(l)).

So

EN(f,£)=£€""(g.9),

and therefore Tr (€M |V (1) = gn=1),
(b) is evident from (a).
(¢c) We prove this by induction. £ is non-degenerate by hypothesis. Suppose
£(=1) is non-degenerate, and that €M™ (f, f) = 0. From (7.2) we have

EM(f ) =p D €TV (f o, fodh),
veW

and so f o), is constant for each v € W;. Thus f is constant on each 1-complex,
and as (V1) E;) is connected this implies that f is constant. O

To avoid clumsy notation we will identify functions with their restrictions,
so, for example, if f € C(V(™), and m < n, we will write £ (f, f) instead of

EM (flyom, flvom).
Definition 7.3. Set V() =122 V™. Let U = {f : V(> — R}. Note that the
sequence (5 M) (f, f))ZO:1 is non-decreasing. Define

D' ={feU:supEM(f, f) < o},

E'(f.9) = sup E™(f,9); f.geD.

&’ is the initial version of the Dirichlet form we are constructing.
Lemma 7.4. &' is a symmetric Markov form on D’.

Proof. &' clearly inherits the properties of symmetry, bilinearity, and positivity from
the M. If f € D', and g = (0V f) A1 then £ (g,9) < EM(f, ), as the £ are
Markov. So £'(g,9) < E'(f, f)- O

What we have done here seems very easy. However, more work is needed to
obtain a ‘good’ Dirichlet form & which can be associated with a diffusion on F.
Note the following scaling result for &£’.
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Lemma 7.5. Forn>1, f € D/,

(7.5) Z Py, EN(f 0y, fotby).

weW,

Proof. We have, for m > n, f € D',

EM(f ) =D prg €T (f ot o).

weW,,
Letting m — oo it follows, first that f o 1),, € D', and then that (7.5) holds. O
If H is a set, and f: H — R, we write

(7.6) Osc(f, B) = SU£B|f($)—f(y)|, BCH.

Lemma 7.6. There exists a constant ¢y, depending only on £, such that

Osc(f, V) <o (f. ), feC(V?).
Proof. Let Ey = {{z,y} : Ay > 0}. As €O is non-degenerate, (VO Eg) is
connected; let N be the maximum distance between points in this graph. Set a =

min{A,,, {z,y} € EO}. If z, y € VO, there exists a chain z = zg,z1,...,Tn =y
connecting z, y with n < N, and therefore,

|f(x) - (Z |f (2:) :cz_1>|>
< "Z f () = flzima))

na_l ZAm1,17m1|f(x2> - f($1_1)|2
=1
< Na=teO(f, ). U

Since V) consists of M copies of V(9 we deduce a similar result for V1),

Corollary 7.7. There exists a constant ¢; = ¢1(F,r, A) such that
(7.7) Osc(f,VW) <a€V(f.f),  feD.
Proof. For i € Wy, f € C(VV),

Osc(f, Vi) = Osc(f o i, V) < co€ O (f o by, f o py).
So, as V(1) is connected,

Osc(f, V(l)) < Z Osc(f, Vi(o))

<Y €O (fow, foi) <ML, ),
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where c; is chosen so that ¢ < c¢1pr;” L for each i € Wy. O
Corollary 7.8. Let we W,,, and x, y € Vu(,l). Then
Osc(f, V) < errwp™€'(f, f),  feD"

Proof. We have Osc(f, Vu(,l)) = Osc(f 0 Py, V) < 1 ED(f 04y, f 0 1hy). Since
EM < &' and by (7.5)

E'(f otw, fothy) <rwp "E'(f, f).
the result is immediate. [

Definition 7.9. We will call the fixed point £ a regular fized point if
(7.8) r; < p for 1<i< M.

Proposition 6.27 implies that (7.8) holds for any s € {1,..., M} such that
7(5) € V. In particular therefore, for nested fractals, where every point in V(%)
is of this form and r is constant, any fixed point is regular.

It is not hard to produce examples of non-regular fixed points. Consider the
Lindstrom snowflake, but with r;, =1, 1 < i < 6, r; = r > 1. Writing p(r) for the
resistance scale factor, we have (by Proposition 6.31) that p(r) is increasing in r.
However, also by Proposition 6.31, p(r) < pg, where pq is the resistance scale factor
of the nested fractal obtained just from v;, 1 < i < 6. So if we choose r7 > pg, then
as 7 > po > p(r7), we have an example of an affine nested fractal with a non-regular
fixed point.

From now on we take £(°) to be a regular fixed point. (See [Kum3] for the
general situation). Write v = max;r;/p < 1. For z, y € F, set w(x,y) to be the
longest word w such that x, y € F,.

Proposition 7.10. (Sobolev inequality). Let f € D'. Then if £ is a regular
fixed point

(78) |f($’) - f(y)|2 < CQrw(m,y)p_‘w(m’y”g,(f? f); T,y € V(Oo)

Proof. Let z, y € V™, let w = w(x,y) and let |w| = m. We prove (7.8) by a
standard kind of chaining argument, similar to those used in continuity results such
as Kolmogorov’s lemma. (But this argument is deterministic and easier). We may
assume n > m.

Let uw € W,, be an extension of w, such that z € Vu(o): such a w certainly
exists, as ¢ € VTSO) N Fy,. Write up, = ulk for m < k < n. Now choose a sequence
2z, m < k < n such that z, = z, and z; € Vu(,?) for k < m < n—1. For each
ke{m,...,n—1} we have zp, zx11 € Vu(,i). So

I
—

n

(7.9) [f(zn) = fzm)| < ) | F(2h41) = f(20)]

>
Il
3

]
X

1/2

IA

(Clrwcp_kg(f: f))

e
Il
3
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— (C1Tw/)_m5(f, f))l/Q(Z Tﬂp—kﬁ-m)l/%

r
k=m %

As £ is a regular fixed point, v = max; r;/p < 1, so the final sum in (7.9) is bounded
by (Yoo, ¥¥™)Y/2 = ¢3 < co. Thus we have

[f(2) = f(zm) [ < cresrup™"E'(f, £),
and as a similar bound holds for | f(y) — f(2.m)|?, this proves (7.8). O

We have not so far needed a measure on F'. However, to define a Dirichlet form
we need some L? space in which the domain of £ is closed. Let i be a probability
measure on (F,B(F')) which charges every set of the form F,,, w € W,. Later
we will take p to be the Bernouilli measure gy associated with a vector of weights
0 € (0,00)™, but for now any measure satisfying the condition above will suffice.

As u(F) =1, C(F) C L3(F, p). Set

D={fe€C(F): flye €D’}
g(faf):g,(f‘v(oo)af‘v(oo)), feD.

Proposition 7.11. (£,D) is a closed symmetric form on L?(F, j1).

Proof. Note first that the condition on p implies that if f, g € D then ||f —g||2 =0
implies that f = g. We need to prove that D is complete in the norm || f ||‘251 =
E(f, f)+ Ifl3. So suppose (f,) is Cauchy in || - ||¢,. Since (f,) is Cauchy in || - |2,
passing to a subsequence there exists f € L?(F,u) such that f, — f p—a.e. Fix

xo € F such that f,(z¢) — f(x). Then since f, — f,, is continuous, (7.8) extends
to an estimate on the whole of F' and so

|fn($) - fm<x)‘ < ‘(fn - fm)(x) - (fn - fm)<x0)‘ + ‘(fn - fm)(x0)|
< & E(fu = Jons Fu = Ju) " + 1 ul@0) = fun(wo)].
So (fy) is Cauchy in the uniform norm, and thus there exists f € C(F') such that

frn — f uniformly.
Let n > 1. Then as £ (g, g) is a finite sum,

EW(f, )= lim M (fm, fn) < lim sup E(fn, fim)

m—00

< sup || fmllg, < oo
m

Hence £ (f, f) is bounded, so f € D. Finally, by a similar calculation, for any
N > 1,
S(N)(fn - fv fn - f) < Agllmg(fn - fm7fn - fm)

So E(fn — f, fn— f) — 0 as n — oo, and thus ||f—fn||§1 — 0. ]

To show that (£, D) is a Dirichlet form, it remains to show that D is dense in
L?(F, ). We do this by studying the harmonic extension of a function.
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Definition 7.12. Let f € C(V(™). Recall that E™(f, f) = inf{£"TV(g,g) :

glye = f}. Let H, 1 f € C(V("D) be the (unique, as €M) is non-degenerate)
function which attains the infimum.
For z € V() set

Hof(z)= lim HypHp_1...Hyirf();

m—00

note that (as Hyi1f = f on V(™) this limit is ultimately constant.

Proposition 7.13. Let £ be a regular fixed point.
(a) H, f has a continuous extension to a function H, f € DN C(F'), which satisfies

g(ana Hy, ) = g(n)(fv f)

(b) If f, g € C(F)
(7.10) E(Hnf,g) =E™(f,9).

Proof. From the definition of fIn+1, 5(”+1)(ﬁn+1f, fIan) = 5(”)(f, f). Thus
EM(H,f, Hpf) = EM™(f, f) for any m, so that H, f € D’ and

E(Huf, Hof) =EM(F ),  feowm).

If weW,,, and z, y € V(> N F,, then by Proposition 7.10

(7.11) |Hif(x) = Hof ) < corup™ ™M (£, ).

Since rop~™ < 4™, (7.11) implies that Osc(H,f, V(> N F,) converges to 0 as
|lw| = m — oco. Thus H, f has a continuous extension H, f, and H, f € D since
H,feD.

(b) Note that, by polarization, we have
ET (Hypr f, Hog19) = EM(f.9).
Since £V (H, 1 f, h) = 0 for any h such that hly ) = 0, it follows that

EMY (Hoy1 f,9) = E™(f, 9).
Iterating, we obtain (7.10). O
Theorem 7.14. (€,D) is an irreducible, regular, local Dirichlet form on L?(F, ).
Proof. Let f € C(F). Since for any n > 1, w € W,, we have

iﬁgfngnf(a:)gsupf, x e F,
it follows that H,, f — f uniformly. As H, f € D, we deduce that D is dense in C(F)
in the uniform norm. Hence also D is dense in L?(F, ). As (4.5) is immediate, we
deduce that D is a regular Dirichlet form. If £(f, f) = 0 then EM™(f, f) = 0 for
each n. Since £ is irreducible, f|y () is constant for each n. As f is continuous,
f is therefore constant. Thus £ is irreducible.
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To prove that £ is local, let f, g be functions in D with disjoint closed supports,

S¢, Sy say. I EM(f, g) # 0 then one of the terms in the sum (7.1) must be non-zero,
so there exists w, € W,,, and points z,, € Sy N V(?L), Yn € Sg N Vu(,(i). Passing to a
subsequence, there exists z such that x,, — 2, y, — 2, and as therefore z € Sy N .Sy,

this is a contradiction. O

By Theorem 4.8 there exists a continuous p-symmetric Hunt process (X, ¢t >
0,P*, 2 € F) associated with (£, D) and L?(F, ).

Remark 7.15. Note that we have constructed a process X = X for each Radon
measure i on F. So, at first sight, the construction given here has built much more
than the probabilistic construction outlined in Section 2. But this added generality
is to a large extent an illusion: Theorem 4.17 implies that these processes can all
be obtained from each other by time-change.

On the other hand the regularity of (£, D) was established without much pain,
and here the advantage of the Dirichlet form approach can be seen: all the proba-
bilistic approaches to the Markov property are quite cumbersome.

The general probabilistic construction, such as given in [L1] for example, en-
counters another obstacle which the Dirichlet form construction avoids. As well as
finding a decimation invariant set of transition probabilities, it also appears neces-
sary (see e.g. [L1, Chapter VI ]) to find associated transition times. It is not clear
to me why these estimates appear essential in probabilistic approaches, while they
do not seem to be needed at all in the construction above.

We collect together a number of properties of (£, D).
Proposition 7.16. (a) For each n >0

(7.12) = Y P E(f 0w, g o thu).
weW,,
(b) For f € D,
(7.13) 1f(x) = fWI? < cirwp™ "E(f, f) if z,y € Fu, w e W,
(7.14) / fPdu < c2&(f, f) / fdu :
(7.15) f@P <2 [ Pdus2as(f).  weF

Proof. (a) is immediate from Lemma 7.5, while (b) follows from Proposition 7.10
and the continuity of f. Taking n =0 in (7.13) we deduce that

(f@) = F))’ < ca&(f.f), feD.
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So as u(F) =

/ / &, Fuldn)u(dy) = ¢ E(f, f)

< [ [ (@) - @) ui@ontay)
=2/f2du—2(/fdu)2,
proving (7.14).

Since f(z)? < 2f(y)? + 2|f(x) — f(y)|? we have from (7.13) that

— [ #@Putay)
<2/f dy+201/8f, dy),

which proves (7.15). O
We need to examine further the resistance metric introduced in Section 4.

Definition 7.17. Let R(z,z) = 0, and for x # y set

R(z,y)~" =inf{E(f, f): f(z) =0, f(y) =1, f € D}.
Note that

f() — f(y)]?
E(f, )

Proposition 7.18. (a) If x # y then 0 < R(x,y) < ¢; < 00.
(b) If w € W,, then

(7.16) R(z,y) = sup{ : f€D, f non Constant}.

(7.17) R(z,y) < ciryp™ ", z,y € Fy.
(c) For f € D
(7.18) f(@) = f)I* < R, 9)E(f. /).

(d) R is a metric on F, and the topology induced by R is equal to the original
topology on F'.

Proof. Let x, y be distinct points in F. As D is dense in C(F), there exists f € D
with f(z) > 1, f(y) < 0. Since & is irreducible, E(f, f) > 0, and so by (7.16)
R(z,y) > 0. (7.17) is immediate from Proposition 7.16, proving (b). Taking n = 0,
and w to be the empty word in (7.17) we deduce R(z,y) < ¢y for any z, y € F,
completing the proof of (a).

(c) is immediate from (7.16).

(d) R is clearly symmetric. The triangle inequality for R is proved exactly as in
Proposition 4.25, by considering the trace of £ on the set {x,y, z}.
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It remains to show that the topologies induced by R and d (the original metric
on F) are the same. Let R(z,,xz) — 0. If ¢ > 0, there exists f € D with f(z) =1
and supp(f) C By(z,¢). By (7.16) R(z,y) > E(f, f)~1 > 0 for any y € By(z,¢)°.
So x,, € By(z,¢€) for all sufficiently large n, and hence d(x,,,z) — 0.

If d(z,,, ) — 0 then writing

Np(2) = J{Fw:w € Wy, x€Fy}

we have by Lemma 5.12 that x,, € N,,(x) for all sufficiently large n. However
if v = max;r;/p < 1 we have by, (7.17), R(z,y) < c1y™ for y € Ny, (z). Thus
R(xp,z) — 0. O

Remark 7.19. The resistance metric R on F' is quite well adapted to the study
of the diffusion X on F. Note however that R(z,y) is obtained by summing (in a
certain sense) the resistance of all paths from z to y. So it is not surprising that R
is not a geodesic metric. (Unless F is a tree).

Also, R is not a geometrically natural metric on F'. For example, on the Sier-
pinski gasket, since r; = 1, and p = 5/3, we have that if x, y are neighbours in
(VW E,) then

R(x,y) < (3/5)".

However, for general p.c.f.s.s. sets it is not easy to define a metric which is
well-adapted to the self-similar structure. (And, if one imposes strict conditions of
exact self-similarity, it is not possible in general — see the examples in [Ki6]). So,
for these general sets the resistance metric plays an extremely useful role. The next
section contains some additional results on R.

It is also worth remarking that the balls Bg(z,7) = {y : R(z,y) < r} need not in
general be connected. For example, consider the wire network corresponding to the
graph consisting of two points x, y, connected by n wires each of conductivity 1. Let
z be the midpoint of one of the wires. Then R(x,y) = 1/n, while the conductivities
in the network {x,y, z} are given by C(x,z) = C(z,y) = 2, C(x,y) = n — 1. So,
after some easy calculations,

n—+1 o1
dn —1 ~ %

R(x,z) =

So if n = 4, R(z,y) = + while R(z,2) = £. Hence if 1 < < 1 the ball Bg(,r)
is not connected. (In fact, y is an isolated point of Bg(z, 1) = {2’ : d(z,z') < 1}).
(Are the balls Br(x,r) in the Sierpinski gasket connected? I do not know).

Recall the notation ,(f, g9) = E(f, g9)+a(f,g). Let (Uy, @ > 0) be the resolvent
of X. Since by (4.8) we have

Ea(Uaf,9) = (1, 9),

if U, has a density u,(x,y) with respect to u, then a formal calculation suggests
that

Ea (UCM(xv ')79) = &a(Uabz, g) = (02, 9) = g(2).

We can use this to obtain the existence and continuity of the resolvent density u.,,.
(See [FOT, p. 73]).
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Theorem 7.20. (a) For each x € F there exists u? € D such that
(7.19) Ea(ul, f) = f(x) for all f e D.
(b) Writing ua(z,y) = u?(y), we have
U (T, y) = un(y, x) for all xz,y € F.
(c) ua(-,+) is continuous on F' x F' and in particular
(7.20) |ta (2, y) = ualz,y)* < R(y, v )ua(z, ©).
(d) us(x,y) is the resolvent density for X: for f € C(F),

" / T (Xt = Un f(a) = / e, ) f () u(dy).

(e) There exists co(«) such that
(7.21) Ua(z,y) < ca(a), z,y € F.

Proof. (a) The existence of u? is given by a standard argument with reproducing
kernel Hilbert spaces. Let z € F', and for f € D let ¢(f) = f(x). Then by (7.15)

(I =1f (@) < 20If1I3 + 2¢1E(f, f) < calalf, f),

where ¢, = 2max(c;,a™!). Thus ¢ is a bounded linear functional on the Hilbert
space (D, || ||¢. ), and so there exists a uf, € D such that

QS(f):gOt(uivf):f(x)a fGD
(b) This is immediate from (a) and the symmetry of &:

ug () = Ea(ug, ug) = Ealug, ug) = ug(y)-

(e %) (0% ) (0%

(¢) As u? € D, uq(z,x) < oo. Since E(ul, uk) = uq(z,x) < oo, the estimate (7.20)
follows from (7 18). It follows immediately that u is jointly continuous on F' x F.
(d) This follows from (7.19) and linearity. For a measure v on F set

V,f(x) = / wale, ) f(dy), | € C(F).

As u, is uniformly continuous on F x F', we can choose v,,—u so that V,, f — V f
uniformly, and v,, are atomic with a finite number of atoms. Write V,, =V, ,
V =1V,. Since by (7.19)

o(V2f.0) = vl (@)2aliio0)
=3 fwalia)) = [ fodv.
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we have

ga(vnf - me7 an - me) =
/ F(Vif = Vinf) dvm — / F(Vf = Vinf) dvm.

Thus E,(Viuf — Vi f, Vf — Vinf) — 0 as m, n — oo, and so, as & is closed, we
deduce that Vf € D and E4(V f,g) =1im &, (V.. f,g) = lim/fg dv, = /fg dp. So

EaVf,g) =Ex(Unf,g) for all g, and hence Vf =U,f.
(e) As R(y,y’) < ¢ for y, 3y’ € F, we have from (7.20) that

(7.22) Ua (2, y) > ta(z,2) — (crua(z, aj))l/Q.

Since /ua(x, y)u(dy) = o', integrating (7.22) we obtain

Ua(z, ) < (crua(z, .’13))1/2 +a

and this implies that u, (z, x) < c2(«), where ¢(a) depends only on « and ¢;. Using
(7.20) again we obtain (7.21). O

Theorem 7.21. (a) For each x € F, x is regular for {x}.
(b) X has a jointly continuous local time (L, € F,t > 0) such that for all bounded
measurable f

/Ot fx)ds = [ @) Linda), as

Proof. These follow from the estimates on the resolvent density u,. As u, is
bounded and continuous, we have that x is regular for {x}. Thus X has jointly
measurable local times (L7, z € F,t > 0).

Since X is a symmetric Markov process, by Theorem 8.6 of [MR], L7 is jointly
continuous in (z,t) if and only if the Gaussian process Y,, © € F with covariance
function given by

EY,Y, = ui(a,b), a,beF

is continuous. Necessary and sufficient conditions for continuity of Gaussian pro-
cesses are known (see [Tal]), but here a simple sufficient condition in terms of metric
entropy is enough. We have

E(Y, - Y)? = ui(a,a) — 2ui(a,b) + ui (b, b) < ¢y R(a,b)*/2.

Set r(a,b) = R(a,b)'/? : r is a metric on F. Write N,.(¢) for the smallest number of
sets of r-diameter € needed to cover F. By (7.17) we have R(a,b) < ¢y ifa, b € F,,
and w € W,,. So Nr(c”y”/Q) < #W,, = M™, and it follows that

N,(g) < cee™P,

where 3 = 2log M/logf~!. So

/ (logl\fr(s))l/2 de < 00,
0+
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and thus by [Du, Thm. 2.1] Y is continuous. O

We can use the continuity of the local time of X to give a simple proof that X
is the limit of a natural sequence of approximating continuous time Markov chains.
For simplicity we take p to be a Bernouilli measure of the form p = pg, where
6; > 0. Let p, be the measure on V(™) given in (5.21). Set

A7 = [ Linalaa),
F
' =inf{s: A} > t},
X! = X,
Theorem 7.22. (a) (Xf,t > 0,P* x € V(”)) is the symmetric Markov process

associated with €™ and L>(V("™ ).
(b) X' — X; a.s. and uniformly on compacts.

Proof. (a) By Theorem 7.21(a) points are non-polar for X. So by the trace the-
orem (Theorem 4.17) X™ is the Markov process associated with the trace of £ on
L2(V™ p,). But for f € D, by the definition of &,

Tr(EVD)(f, £) =M (flyo, flym)-

(b) As F'is compact, for each "> 0, (L¥,0 <t < T,z € F') is uniformly continuous.
So, using (5.22), if To < Ty < T then A} — ¢ uniformly in [0,7%], and so 7" — ¢
uniformly on [0,75]. As X is continuous, X;* — X uniformly in [0, T5]. O

Remark 7.23. As in Example 4.21, it is easy to describe the generator L, of X™.
Let a(™ (z,), z, y € V(" be the conductivity matrix such that

EM(f, ) =13 a™ (@, y)(f(x) — ()

T,y

Then by (7.1) we have

(7.23) aM(@,y) = Y 1, v " AL (@), (),
weW,,

where A is such that £©) = £4, and A(x,y) = A,,. Then for f € L2(V™ u,),

(7.24) Lof(z) = pa({z}) ™" Y a (@) (Fy) — f(@)).

Of course Theorem 7.22 implies that if (Y™) is a sequence of continuous time
Markov chains, with generators given by (7.24), then Y"—-X in D([0, 00), F).
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8. Transition Density Estimates.

In this section we fix a connected p.c.f.s.s. set (F, (wi)), a resistance vector r;,
and a non-degenerate regular fixed point £4 of the renormalization map A. Let
i = pg be a measure on F, and let X = (X;,t > 0,P*, x € F) be the diffusion
process constructed in Section 7. We investigate the transition densities of the
process X: initially in fairly great generality, but as the section proceeds, I will
restrict the class of fractals.

We begin by fixing the vector  which assigns mass to the 1-complexes v;(F),
in a fashion which relates pg (¢,(F)) with ;. Let 8; = r;p~!: by (7.8) we have

(8.1) Bi<1l, 1<i<M.

Let a > 0 be the unique positive real such that

M
(8.2) > B =1
=1

Set

(8.3) 0; = B, 1<i< M,
and let ;1 = pg be the associated Bernouilli type measure on F. Write ;. = max; [3;,
B— = min; B;: we have 0 < f_ < 3; < B4 < 1.

We wish to split the set F' up into regions which are, “from the point of view
of the process X7, all roughly the same size. The approximation Theorem 7.22
suggests that if w € W,, then the ‘crossing time’ of the region F,, is of the order of
P05t = Bulyt = B, (See Proposition 8.10 below for a more precise state-
ment of this fact). So if r. is non-constant the decomposition F' = U{F,,, w € W, }
of F' into n complexes is unsuitable; instead we need to use words w of different
lengths. (This idea is due to Hambly — see [Ham2]).

Let Woo = US2 W, be the space of all words of finite length. W, has a natural
tree structure: if w € W,, then the parent of w is w|n — 1, while the offspring of w
are the words w - i, 1 < i < M. (We define the truncation operator 7 on W, by
Tw = w|(Jw| — 1).) Write also for w € W,

w-W={w-v,oeW,={veW:v,=w;, 1<i<|wl}.
Lemma 8.1. (a) For A > 0 let
Wy ={we Wy : 8y <A, Brw > A}
Then the sets {w - W, w € Wy} are disjoint, and

U w-W=W.
weW y
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(b) For f € L'(F,p),

[ran="3 6u [ fudu

weW y

EF )= Bu'&(fuw: fu).

wGWA

Proof. (a) Suppose w, w' € Wy and v € (w- W) N (w' - W). Then there exist u,
u' € W such that v = w-u =w’-u'. So one of w, w’ (say w) is an ancestor of the
other. But if 8, < X\, 3r, > X then as 3; < 1 we can only have (3, > X\ if w’ = w.
So if w# w', w-W and w' - W are disjoint.

Let v € W. Then ,,, = H?:l Bv; — 0 as n — 0o. So there exists m such that
vlm € Wy, and then v € (v|m) - W, completing the proof of (a).
(b) This follows in a straightforward fashion from the decompositions given in (7.12)
and Lemma 5.28. O

Note that _ > 0 and that
(8.4) BN < B < A, (B)*AY <0, <A, weW,.
Definition 8.2. The spectral dimension of F' is defined by
ds = ds(F,€4) = 20/(1 4+ ).
Theorem 8.3. For f € D,

(8.5) LFIE% < e (ECF 1)+ IF13) I

Proof. 1t is sufficient to consider the case f non-negative, so let f € D with f > 0.
Let 0 < A < 1: by Lemma 8.1, (7.14) and (8.4) we have

(8.6) 1918 =3 0 [ £

wGWA

<Y <c1€(fw,fw> " ( [ 5 du)2>

2
<ea Y ANE(fur fu) 2> A ( / fu du)
2
S 63)‘a+1 251;15(.](107 fw) + 02>\a (Z / fw dﬂ)
w w )
< A TE(f, )+ ear™ (Z Ow / fw du)

— e A TE(S, f) + e~ £
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The final line of (8.6) is minimized if we take \2*T1 = c5|| f||3/E(f, f). If E(F, f) >
cs||f|1? then A < 1 and so we obtain from (8.6) that

(8.7) Hng < cS(f, f)a/(2a+1)(Hf||%)(oé+1)/(2o¢—|—l),

which implies that that

(8.8) IFITY% < ce(f, HIFIY™ it EF ) = el

If E(f, f) < cs||f|I} then by (7.14)

1F15 < ex (ECE P +IFIT) < ellfI,

and so
(8.9) IFISFY% < ellf IS it ECF ) < esl£13.
Combining (8.8) and (8.9) we obtain (8.5). O

From the results in Section 4 we then deduce

Theorem 8.4. X has a transition density p(t,x,y) which satisfies

(8.10) p(t,z,y) < ert—%/2, 0<t<l1l, xz,y€eF,

(811)  |p(t.x,y) — p(t.,y)|* < et " 42R(y,y), 0<t<1, x4y €F

Proof. By Proposition 4.14 X has a jointly measurable transition density, and by
Corollary 4.15 we have for z, y € F, 0 <t <1,

p(t»x,y) < Ct_d5/2eCt < C/t_dS/Q.

By (4.17) the function ¢, = p(t,,-) satisfies E(¢t.z,qr.e) < ct™'7%/2 and so
gtz € D and is continuous. Further, by Proposition 7.18

p(t,z,y) — p(t, 2,9)]* < cR(y,y)t=/*7',  zyy €F
Thus p(t, -, -) is jointly Holder continuous in the metric R on F. O

Remarks 8.5. 1. As a > 0, we have 0 < ds = 2a(1 + a)~! < 2.

2. The estimate (8.10) is good if ¢ € (0, 1] and x close to y. It is poor if ¢ is small
compared with R(x,y), and in this case we can obtain a better estimate by chaining,
as was done for fractional diffusions in Section 3. For this we need some additional
properties of the resistance metric.

Lemma 8.6. Ifv, w € Wy and v # w then F, N F,, = VU(O) N VU(JO).

Proof. This follows easily from the corresponding property for W,,. Let v, w € Wy,
with [v] =m < |w| =n, v # w. Let x € F, N F,,. Set w’ = w|m; then as F,, C F,,
x € F, N Fy, and so by Lemma 5.17(a) z € VU(O) N Vu(,?). Further, as = € F, there
exists v’ € W,, such that v'|m = v, and x € F,,. Then z € F,, N F,, = VU(,O) N Vu(,o).
Soz € ViV nviY. 0
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Definition 8.7. Set
W= J v

weW y
Let Gy = (V/\(O), EA) be the graph with vertex set V;O), and edge set E) such that
{z,y} is an edge if and only if z, y € VY for some w € Wy. For A C F set
NA(A) = | J{Fu 1w e Wy, Fy N A# 0},
Na(z) = Nx (Nx({z})).

As we will see, N A(7) is a neighbourhood of = with a structure which is well adapted
to the geometry of F' in the metric R. We write Ny (y) = Nx ({y}).

Lemma 8.8. (a) Ifz, y € V;O) and x # y then
R(z,y) > c1A.

(b) If {x,y} € E) then R(x,y) < ca2 .

Proof. (b) is immediate from the definition of Wy and Proposition 7.18(b). For
(a), note first that if z € F then by Proposition 5.21 = can belong to at most
M, = M+#(P) n—complexes, for any n. So there are at most M; distinct elements
w € Wy such that z € F,,.

As V(O ig a finite set, and 81(40) is non-degenerate, there exists cs, ¢4 > 0 such
that,

(8.12) ey > R(z, VO —{z}) > 3, zeV®,

(Recall that this resistance is, by the construction of &, the same in (F,€) as in
(V(O),gﬁlo))). Now fix x € V;O). If we Wy, and x € ViV let o = Y (x), and g,

w

be the function on F such that g,(z') =1, gu(y) =0, g € V(O — {2/}, and
g(gw:gw>_1 =R (37/7 V(O) - {x/}) > c3.

Define g/, on F,, by g/, = gwot ', and extend g/, to F by setting g/, = 0on F — F,,.
Now let g/, =0 if = ¢ V9 Ve W,, and set

9= g

veEW )
Then g(x) =1, g(y) =0ify € Vfo), y # x, and

£(g,9)= Y Bu'E(g0%w,g0%u)

weW y
- Zﬂall(meﬂu)g(gwagw) < 65)\_1M1~
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Hence if y # z, y € V/\(O), we have
R(xvy)_l S g(gag) S A_lMlcglv
so that R(x,y) > ceA. O

Remark. For x € V;O) the function g constructed above is zero outside Ny ({x})
So we also have

(8.13) R(x,y) > ceA, T € V;O), Yy € NA({x})C.

Proposition 8.9. There exist constants c; such that for x € F'; A\ > 0,

(8.14) Br(z,c1\) C Na(z) C Br(z, co)),
(8.15) csA* < p(Bg(z, \)) < 04/\0‘
(8.16) csA < R(z, Na(2)°) < ¢

(8.17) crA < R(z, Br(z, A) )

Proof. Let x € F. If y € Nx({z}) then by (7.17), R( ) < eX. So if z € Ny(x),
since there exists y € NA({a:}) with z € NA({ }) ) < '\, proving the right
hand inclusion in (8.14).

It 2 € V{” then by (8.13), if co = cs.7.6,
Bpr(x,c9\) C Ny(x).

Now let x ¢ V;O), so that there exists a unique w € W with z € F,,,. For each y €
Vi let fy(+) be the function constructed in Lemma 8.8, which satisfies f,(y) = 1,
fy = 0 outside Ny(y), fy(z) = 0 for each z € V/\(O) —{y}, and E(fy, fy) < cror™ .
Let f =Y, fy: then f(y) =1 for each y € Vii”. So if

g: ]'Fw +].F§Jf,

E(g,9) <E(f ) < #(V( NewoA™! < enA™ 1. As g(z) = 1, and g(z) = 0 for 2 ¢
Ni(z), we have for z ¢ Ny(z) that R(z,z)”" < (g, g) < 611)\ . So Br(z,c11\) C
Na(z). This proves (8.14), and also that R(z, Ni(z )€) > e A

The remaining assertions now follow fairly easily. For w € W » we have ¢ \® <
w(Fy) < c13A*. As Ny () contains at least one A-complex, and at most M2#(P)?
A—complexes, we have B

p(Nx(z)) =< A%,
and using (8.14) this implies (8.15).

If A C B then it is clear that R(z,A) > R(x,B). So (provided A is small
enough) if z € F we can find a chain z, y1, y2, ys where y; € VA(O), {Yi, Yit1}
is an edge in Ey, y; ¢ NA(QZ), and x and y are in the same A—complex. Then
R(x,y3) < ¢\ by (7.17), and so, using Lemma 8.8(b) we have R(x,y3) < ¢’A. Thus
R(z, Kf)\(x)c) < R(z,y3) < '\ proving the right hand side of (8.16): the left hand
side was proved above.

(8.17) follows easily from (8.14) and (8.16). O
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Corollary 8.10. In the metric R, the Hausdorff dimension of F' is «, and further
0 < HRZ(F) < 0.

Proof. This is immediate from Corollary 2.8 and (8.15). O
Proposition 8.11. Forxz € F', 7 > 0 set 7(z,7) = T, (s,r)c- Then

(8.18) o™ < EPr(x, 1) < cpro ™ reF, r>0.

Proof. Let B = Bgr(z,r). Then by Theorem 4.25 and the estimates (8.15) and
(8.17)
E*r(z,7) < w(B)R(x, BY) < c3r*t,

which proves the upper bound in (8.18).
Let (XP,t > 0) be the process X killed at 7 = Tge, and let g(x,y) be the
Greens’ function for X 2. In view of Theorem 7.19, we can write

g(z,y)=E*LY,  x,y€F.
Then if f(y) = g(z,y)/g9(x,z), f € D and by the reproducing kernel property of g

we have
E(f. f) = gla,2)"%E(9(x, ), g(, ) = g(z,2) ",
and as in Theorem 4.25 g(x,x) = R(x, B¢) > cyr. By (7.18)

F(2) = FW)I* < Rl m)E(f, f) < Rz y)(ear) " < 5
if R(z,y) < tear. Thus f(y) > 5 on Bg(z, zcar), and hence
E*r = | g(z,y)u(dy)
B

> %g(aﬁ,m)u (BR ({1), 111647‘)) > C5T’1+O‘,
proving (8.18). .
We have a spectral decomposition of p(t,z,y). Write (f,g) = [ fgdp.

Theorem 8.12. There exist functions p; € D, A\; > 0, i > 0, such that (¢;, v;) =1,
0=MX <A <---, and

E(vi, f) = Nilpi, f), fen.

The transition density p(t,z,y) of X satisfies

(8.19) plt,z,y) = Ze Moi(x)ei(y),

where the sum in (8.19) converges uniformly and absolutely. So p is jointly contin-
uous in (t,x,y).

Proof. This follows from Mercer’s Theorem, as in [DaSi]. Note that g =1 as £ is
irreducible and p(F) = 1. O

The following is an immediate consequence of (8.19)
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Corollary 8.13. (a) Forx,y € F, t > 0,

p(t,z,y)* < p(t,z,2)p(t, y,y).

(b) For each x,y € F
tlim p(t,x,y) = 1.

Lemma 8.14.
(8.20) p(t,z,y) > et ™2 0<t<1, R(z,y) < et/

Proof. We begin with the case x = y. From Proposition 8.11 and Lemma 3.16 we
deduce that there exists ¢y > 0 such that

P* (r(z,r) <t) < (1 —2¢a) + cztr— 1.
Choose ¢4 > 0 such that cztrg® ™ = ¢y if 1o = cgt'/1+®). Then
P*(X¢ € Br(z,10)) = P"(7(x,70) < t) > co.

So using Cauchy-Schwarz and the symmetry of p, and writing B = Bg(x, o),
0<d < ([ pt.oyuta?)
B

<[ utdy) [ pit. ey
B(z,ro) B
< u(B)) p(2t,z,x)
< st/ T2t 2, 2).
Replacing t by t/2 we have
p<t7 z, .TI?) > COt_dS/2~

Fix t,z, and write q(y) = p(t,z,y). By (4.16) and (8.5) £(q,q) < et~ ~%/2 for
t <1, so using (7.18), if R(z,y) < c7t"/0F) then, as 1 +d,/2 = (1 +2a)/(1 + «),
q(y) = q(x) — lg(z) — q(y)|
> eot =1+ — (R(z,9)E(q,q))"?

> et~/ (1Ha) _ (C7C6t—2a/(1+a)>1/2
= t—a/(1+a)(CO _ (C7c6>1/2>.

Choosing c¢7 suitably gives (8.20). O

We can at this point employ the chaining arguments used in Theorem 3.11 to
extend these bounds to give upper and lower bounds on p(t, z,y). However, as R
is not in general a geodesic metric, the bounds will not be of the form given in
Theorem 3.11. The general case is given in a paper of Hambly and Kumagai [HK2],
but since the proof of Theorem 3.11 does not use the geodesic property for the upper
bound we do obtain:
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Theorem 8.15. The transition density p(t,x,y) satisfies
(8.21) p(t,z,y) < ext /) exp <_02 (R(z, y)1+a/t)1/a> :

Note. The power 1/« in the exponent is not in general best possible.

Theorem 8.16. Suppose that there exists a metric p on F' with the midpoint
property such that for some 6 > 0

(8.22) c1p(z,y)’ < R(z,y) < eap(w,y)’ 2,y € F.
Then if d, = 0(1+ ), df = ab, (F,p, ) is a fractional metric space of dimension
dy, and X is a fractional diffusion with indices dy, d,.

Proof. Since B,(x, (1/c2)?) C Br(x,r) C B,(z, (r/c1)?), it is immediate from (8.15)
that (F, p)isa FMS(dy). Write 7,(z,r) = inf {t : X; ¢ B,(x,r)}. Then from (8.18)
and (8.22)

crf(te) < E*7,(z,7) < corfte)

So, by (8.10) and (8.20), X satisfies the hypotheses of Theorem 3.11, and so X is a
FD(dy, du). O

Remark. Note that in this case the estimate (7.20) on the Hélder continuity of
ux(x,y) implies that
1
(8.23) [un(@,y) — ur(a’,y)| < eR(x,2')2 < p(a,a")"/2,
while by Theorem 3.40 we have
(8.24) [ur(@, y) — ur(@’, y)| < ep(z,2')’.
The difference is that (8.23) used only the fact that uy(.,y) € D, while the proof of
(8.24) used the fact that it is the A-potential density.
Diftusions on nested fractals.

We conclude by treating briefly the case of nested fractals. Most of the necessary
work has already been done. Let (F, (1;)) be a nested fractal, with length, mass,
resistance and shortest path scaling factors L, M, p, 7. Recall that in this context
we take r; = 1,0, =1/M, 1 <i < M, and = pp for the measure associated with
0. Write d = dg for the geodesic metric on F' defined in Section 5.

Lemma 8.17. Set 6§ =logp/log~. Then
(8.24) ad(z,y)” < R(z,y) < cad(w,y)’, w,y € F.

Proof. Let A € (0,1). Since all the r; are equal, N A(x) is a union of n-complexes,

—n

where p=™ < X\ < p~"*1. So by Theorem 5.43 and Proposition 8.8, since y~" =
(P~

(8.26) y € Ny(z) implies that R(z,y) < c1 ), and d(z,y) < eo\?,
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(8.27) y ¢ NA(J:) implies that R(z,y) > c3), and d(z,y) > e\,
The result is immediate from (8.26) and (8.27). O

Applying Lemma 8.17 and Theorem 8.15 we deduce:
Theorem 8.18. Let F' be a nested fractal, with scaling factors L, M, p, ~. Set

dy =logM/log~y, dy, =logMp/log~.

Then (F,dp, 1) is a fractional metric space of dimension dy, and X is a FD(ds,d,,).
In particular, the transition density p(t,z,y) of X is jointly continuous in (t,z,y)
and satisfies

(8.28) clt—df/dw exp (—02 (d(x,y)dw/t)l/(dw_1)>

< plt.2,y) < st~/ exp (—ea(dla. ) /1))
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