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Abstract

These are supplementary notes for [5]. Theorem 1.3 is a variant of the results in [13] and it
gives a proof of Lemma 3.18 and Theorem 3.21 of [5]. Theorem 1.4 is a variant of Theorem 4.1
in [14] and it gives a proof of Theorem 3.22 of [5].

1 Framework and main results

These notes prove theorems which are used in [5] to prove the uniqueness of Brownian motion on
Sieprinski carpets — see Theorems 4.30 and 4.31 of [5]. Many of these results are due to A. Grigoryan
and A. Telcs, and are due to appear in [13].

Let (X, d) be a connected locally compact complete separable metric space. We assume that the
metric d is geodesic: for each x,y € X there exists a (not necessarily unique) geodesic path v(zx,y)
such that for each z € y(z,y), we have d(z,2) + d(z,y) = d(x,y). Let p be a Borel measure on
X such that 0 < pu(B) < oo for every ball B in X. We write B(x,r) = {y : d(z,y) < r}, and
V(z,r) = p(B(x,r)). We also assume that the closure of B(x,r) is compact for all z € X and
0 < r < 1. Since we work on bounded Sierpinski carpets in [5], in what follows we will assume that
X has finite diameter (and for simplicity we take the diameter to be 1), but similar results (with
obvious modifications to the statements and the proofs) hold when the diameter of X is infinite. We
will call such a space a metric measure space, or a MM space.

Now let (€, F) be a regular, strong local Dirichlet form on L*(X, 11): see [8] for details. We denote
by A the corresponding (non-positive) self-adjoint operator; that is, we say h is in the domain of
Aand Ah = fif h € F and E(h,g9) = — [ fgdp for every g € F. Let {P;} be the corresponding
semigroup; P, = e'®. We will often use the notation (f, g) for [ fgdu. (€, F) is called conservative
(or stochastically complete) if P,1 =1 for all t > 0. Throughout the paper, we assume that (£, F) is
conservative. Since £ is regular, £(f, g) can be written in terms of a signed measure I'(f, g). To be
more precise, for f € F} (the collection Fj, is the set of functions in F that are essentially bounded)
['(f, f) is the unique smooth Borel measure (called the energy measure) on X satisfying

/X GdU(f, f) = 26, fg) — E(f*.0). g€ Fu

where ¢ is the quasi-continuous modification of g € F. (Recall that u : X — R is called quasi-
continuous if for any ¢ > 0, there exists an open set G C X such that Cap(G) < € and u|x\¢ is
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continuous. It is known that each u € F admits a quasi-continuous modification @ — see [8], Theorem
2.1.3.) Throughout the paper, we will abuse notation and take the quasi-continuous modification of
g € Fp, without writing §. We call (X, d, u,E) a metric measure Dirichlet space, or a MMD space.

Let Y = (Y;,t > 0,P*,x € X} be the Hunt process associated with the Dirichlet form £ on
L*(X, u) — see [8], Theorem 7.2.1. Note that there is an ambiguity of the starting point up to a set
N of zero capacity. (However, such ambiguity can be removed when the process is sufficiently ‘nice’.)
In the following, we write X \ N as X if needed. Since £ is strongly local, by [8], Theorem 7.2.2, Y’
is a diffusion.

We introduce the following assumptions.

Assumption 1.1 X satisfies volume doubling (VD) if there exists a constant Cy such that
V(z,2R) < C1V(2,R) forallze X,0< R< 1. (VD)

Let H : [0,2] — [0, 00) be a strictly increasing function which (for reasons which will be apparent
later) we call the time scaling function. We introduce the following assumption on H:

Assumption 1.2 There exist strictly positive constants Cs,...Cs, and [y > 1 such that H(1) €
[Cg, 03], and

(TD) H(2R) < C4H(R) for all0 < R < 1.
(FTG) H(R)/H(r)> Cs5(R/r)* forall0 <r < R <2,
Here (TD) refers to ‘time doubling’ and (FTG) to ‘fast time growth’. It is well-known and easy

to see that (VD), (TD) and (FTG) imply the existence of constants D > 0,3 > (31 and Cs,C7 > 0
such that for z,y € X and 0 <r < R < 2,

Vam <o () a(f) g ea () Y

Note that we can take 5y =log Cy/log2. Later, we assume H (1) = 1 instead of H(1) € [Cy, C3] just
for simplicity of notation.

We now mention various inequalities we will discuss in these notes.

(I) X satisfies the Poincaré inequality (PI(H)) if there exists a constant ¢y such that for any ball
B=B(z,R)C X,0<R<1/3,and f € F,

/B (f(2) — Fudulx) < cH(R) / a0 (f. f). (PI(1))

Here fp = u(B)™" [, f(x)du().

(IT) We say a function u is harmonic on a domain D if u € Fj,. and E(u, g) = 0 for all g € F with
support in D. Here u € Fj,. if and only if for any relatively compact open set GG, there exists a
function w € F such that v = w p-a.e. on G. See page 117 in [8] for the definition of £(u, g) for
u € Fioe when (€, F) is a regular, strong local Dirichlet form. Functions in F are only defined up
to quasi-everywhere equivalence; we use a quasi-continuous modification of u. X satisfies the elliptic
Harnack inequality (EHI) if there exists a constant ¢z such that, for any ball B(z, R), whenever u is a



non-negative harmonic function on B(z, R), R < 1/3, then there is a quasi-continuous modification
u of u that satisfies

sup u<cy inf . EHI
st B2 (EHD)

Note that (A.1) in the appendix is the natural definition of elliptic Harnack inequality, but it turns
out (see subsection A.1) that (A.1) implies (EHI).
Note that by a standard argument (see subsection A.1) (EHI) implies that @ is Holder continuous.

(III) Let A, B be disjoint subsets of X. We define the effective resistance R(A, B) by

R(A,B)™! :inf{/ dU(f,f): f=0on Aand f =10on B, f 6.7-"}. (1.2)
X

X satisfies the condition (RES(H)) if there exist constants ¢y, ¢y such that for any o € X, 0 < R <
1/3,

H(R) H(R)
V(ZI}'(],R) V(ZI}'(],R)

(IV) We say X satisfies (HK(H; (1, (2, co)) if the heat kernel p;(x,y) on X exists and satisfies

m exp ( — Co(w) m) < pi(z,y)

=V g—l(t)) en (-’ (H(d(;’ y))> =)

for all z,y € X and t € (0,1]. We sometimes refer to the first inequality of (1.3) as (LHK(H)) and
the second inequality of (1.3) as (UHK (H)).
(V) X satisfies the condition (E(H)) if for any zo € X, 0 < R < 1/3,

Cq < R(B(SL’(), R), B(LUO’ 2R>C> < Co (RES(H))

(1.3)

ciH(R) < E™[Tp(.r) < c2H(R), (E(H))

where 74 = inf{t > 0 : Y, ¢ A}, Y} is the strong Markov process associated to the Dirichlet form
(€, F), and E* denotes the expectation starting from the point xy. The first inequality in (E(H))
is referred to as (E(H)>) and the second is referred to as (E(H)<).

Following the terminology used in number theory, we will say that a constant ¢ which arises in
the conclusion of a theorem is effective if it could in principle be given as an explicit function of
the constants given in the ‘input data’. See the remark after the next theorem for a more explicit
statement.

Our first main theorem (cf. [13, 12]) is the following.

Theorem 1.3 Let (X,d,u,E, F) be a MMD space. (Note that the assumption includes the facts that
d is geodesic and (E,F) is conservative.) Let H satisfy Assumption 1.2, and [3; be as in (1.1). Then
the following are equivalent, and the constants in each implication are effective:

(a) X satisfies (VD), (EHI) and (RES(H)).

(b) X satisfies (VD), (EHI) and (E(H)).

(c) X satisfies (HK(H, (31, 32, co)).

The equivalence of the “global” version (i.e. each condition holds for t € (0,00), R > 0) also holds.



The statement that the constants in the implication (a) = (c¢) are effective means that the
constant ¢q in (HK(H, 31, 32, cy)) depends only on the constants Ci,...,C7, B1, (2 in Assumption
1.1 and 1.2, and the constants ¢3 in (EHI) and ¢y, ¢o in RES(H).

One can show that if one of the above conditions holds, then there is no ambiguity of the starting
point for the process, i.e. one can take N' = ().

Since we will only need (a) = (c) in [5], we will only prove (a) = (b) and (b) = (¢) We remark
that in the proof of (a) = (b), we do not need the assumption that H is strictly increasing and
H(1)=1.

Our second topic is the domains of Dirichlet forms. In the following, we will prove that if a
heat kernel of a regular Dirichlet form satisfies suitable two-sided estimates, then the domain of the
Dirichlet form is the so-called Besov-Lipschitz space. Let

()] p(dy) p(de) (1.4)

fE’r‘

for all u € L*(X, uu). Here §, ... u(dy) ~' [, ---p(dy) denotes the normalized integral.
We then have the followmg, Wthh is a version of the result in [14], Section 4.

Theorem 1.4 Let (X,d,pu,E,F) be a MMD space. Let H : [0,2] — [0,00) satisfy Assumption 1.2,
and assume that (HK(H; (31, B2, co)) holds. Then, for all o > 1 there exist c1(a, By, B2),c2 > 0 such
that the following holds.

cr(a, Br, B2)E(f) < limsupE* " (f) < sup E(f) < c&(f) for feF. (1.5)

m—oo 0<r<1

Here E" is the approzimating Dirichlet form defined in (1.4). In particular,

F=Wy(X):={ueL®: sup &(f) < oo}

0<r<1

2 Proof of Theorem 1.3

2.1 Proof of Theorem 1.3: (a) = (b)

In this subsection, we will follow the argument in [4]. Note that we do not use the property that H
is strictly increasing nor that H(1) =1 in this subsection.
Recall from [8] Section 1.6 the definitions of invariant sets and irreducible Dirichlet forms.

Lemma 2.1 Let X satisfy (EHI). Then & is irreducible.

PROOF. Let A be an invariant set, and suppose both p(A) > 0 and p(A¢) > 0. Then there exists
a ball B = B(z, R) with u(AN B’") > 0 and p(A°N B’) > 0, where B’ = B(z, R/2). Since P14 = 14
it follows that u = 14 and v = 14c are harmonic on B. So by (EHI) we have

u(z) < Culy), =z,ye€ B

Since u > 0 on a set of positive measure in B’, we have that there exists x € B’ with @(z) > 0; hence
by the (EHI), @ > 0 on B’. But as @& = 14 p-a.e., we deduce that u(A°N B’) = 0, a contradiction. O



Proposition 2.2 Let X satisfy (EHI), and B = B(x, R). Then Gg < oo a.e. on B if g € L} (B),
where LY (B) is the set of non-negative L*-functions on B.

PRrOOF. Consider the Dirichlet form £p with domain Fg = {f € F: f|g. = 0}. Let A = B(z, R/2)
and h(x) = P*(T4 < 7). Then h is excessive with respect to £g. If h were constant on B then we
would have h = 1 on B, and the set B would be an invariant set for £. Thus A is non-constant.

So by Ex. (4.22), p. 89 in [7], we deduce that the killed semigroup PP is transient. Hence (see
8] Lemma 1.6.4) we have Gg < oo a.e. for any g € L% (B, p). O

Lemma 2.3 Let D be a bounded domain in X. Then (EHI) implies that there exists a density
gP(-,-) for the Green function which is continuous on (X x X)\ A, and gp(z,y) = gp(y,z) for
all z,y € (X x X)\ A,, where A, is the diagonal. Further, there exists C > 0 such that for any
0<r<1/3, ifyo,y1 € X satisfy d(yo,y1) > 2r, then

gp(yo, ) < Cop(yo,y)  Va,y € B(yi,7). (2.1)

PROOF. Let zg,21 € D, Choose r > 0 such that B(z;,2r) C D, B(xg,2r) N B(zy,2r) = (). Write
B; = B(z;,2r), B} = B(xi,r). Let f,g € F with supports in B} and Bj, and [ f = [g=1. Let Gp
be the Green operator for the process Y killed on exiting D. By Proposition 2.2 we have Gpf < oo,
Gpg < oo.

Then if u € F with Suppu C B(xy,2r),

E(Gpf,u) = (fu) =0, (2.2)
so Gpf is harmonic on By. Similarly Gpg is harmonic on By. By the (EHI) if x € Bj, then
Gpf(z) <CGpfly), yE B (2.3)

Similarly
Gpg(z) < CGpg(zo), z € B|.

So
Gpf(x1) < Clg,Gpf) = C(Gpy, f) < C*Gpg(x).

Now fix g such that C; = Gpg(xrg) < oo; such a g exists by choosing g < c,hg, where ho(x) =
P*(Tp(2r) < 7p). Then we have Gpf(z1) < c,||f]]1 for all f with support in Bj. (Note that c,, ¢,
may not be effective, but this does not create a problem later on since we only use these constants
for the existence of the Green kernel.) Therefore the kernel Gp(x1,dzx) has a density gp(z1,y) on
BY}. Since (f,Gpg) = (Gpf,qg) for f,g € L?, it follows that gp(z,y) = gp(y,x) 1 X p—a.e.

Now, take yo,y1 € X that satisfy d(yo,y1) > 2r. For any € > 0 and f € L? with support in
B(yo, er), similarly to (2.2) we can show that Gpf is harmonic on B(y1, (2—¢)r). Thus, by the same
argument as (2.3), we have

Gpf(z) <CGpfly), =zy€ By,r) (2.4)

Now let fn(2) = V (Y0, 7n) "' 1B(ye.rn)(2) where er > 7, | 0. Applying (2.4) to f, and take n — oo, we
obtain (2.1) for u-a.e. yo. By the usual oscillation argument (see subsection A.1), we can deduce that
gp(x,y) is continuous on (X x X)\ A,. In particular, gp(z,y) = gp(y,x) for all z,y € (X x X)\ A,.
We thus obtain (2.1) for all yy € X. O



Definition 2.4 (£, F) satisfies (HG) if there exists a constant ¢, > 0 such that for any ball B(zo, R),
0 < R < 1/3, there exists a Green kernel gB=(xq,y) and for any 0 < r < R/2, we have

sup g7 (zo,y) < inf gPR(x0,y). (HG)
y&B(xo,r) yEeB(zo,T)

Lemma 2.5 (FHI) = (HG).
PROOF. We prove that if d(zg, z) = d(zo,y) = R, and B(xq,2R) C D then

Crlap(wo,y) < gp(wo, ) < Crgp(zo,y). (2.5)

Once (2.5) is proved, then (HG) holds by the maximum principle (which holds for Gpf and so for
gp as well). By symmetry it is enough to prove the right hand inequality of (2.5).

Let 2/, ' be the midpoints of v(zo, ), and y(zo,y). Thus d(z¢, 2’) = d(x¢,y’) = R/2. Clearly we
have d(2',y) > R/2 and d(x,y") > R/2.

We now consider two cases.

Case 1. d(2',y') < R/3. Let z be the midpoint of v(z',y'). Then d(z,2") < R/6 < R/4. So
applying (2.1) to gp(xo,-) in B(2/, R/4) C B(2', R/2), we deduce that

Cy 'gp (o, 2") < gp(20, 2) < Cagp(wo, 2').
Now apply (2.1) to gp(zo,-) in B(x, R/2) C B(x, R), to deduce that

Cy 'gp (0, ) < gp(xo,2") < Cagp(o, T).
Combining these inequalities we deduce that

C5%gp (w0, ) < gp(20,2) < C3gp(w0, 2),

and this, with a similar inequality for gp(xg,y), proves (2.5).
CASE 2. d(«',y") > R/3. Apply (2.1) to gp(y, ) in B(xg, R/2) C B(x, R), to deduce that

Cy ' gp(y. ') < gn(y, x0) < Cogply, 2). (2.6)

Now look at gp(a’,-). If 2/ is on v(y',y) with d(y',2") = s € [0, R/2], then as d(2',y") > R/3 and
d(z',y) > R/2, we have d(z/,z') > max(R/3 — s,s). Hence we deduce d(2',2") > R/6. So applying
(2.1) repeatedly to gp(2’,-) for a chain of balls B(2', R/12) C B(z', R/6) we deduce that

Cygp(,y) < gp(a’,y) < Cign(a’y). (2.7)
So, we obtain from (2.6) and (2.7),
9y, o) < Cagp(y,2') < Cigp(',y'),  gp(a',y') < Cogn(y,x') < Cogp(y, xo).
We have similar inequalities relating gp(z, x¢) and gp(2’,y’), which proves (2.5). 0

Lemma 2.6 Assume that (€, F) satisfies (EHI) and let 0 < R < 1/3.
1) For any ball Bg = B(xg, R) and for any 0 <r < R/2, we have

sup  g"%(w,y) > R(B,, Bf) > inf g% (x,y). (2.8)
yé&B(xzo,r) yE€B(zo,r)



2) There exist Cy,Cqy > 0 such that for any ball B(xo, R) and for any 0 < r < R/2, we have

sup g% (x0,y) < C1R(B,, By) < Cy inf g% (x0,y). (2.9)
y& B(zo,r) yeB(zo,T)

3) Let By, = B(wo,2%r) for k =0,1,---, such that 2*r < 1/3. Then, there exist C3,Cy > 0 such that
for any integers 0 < m < n,

n—1
up 9" (x0,y) < C3 Y R(Byi, Bi,y) < Ci inf g5 (0, ). (2.10)
y¢€Bm k=m m

PRrROOF. First, note that we have (HG) by using Lemma 2.5.
For 1), we modify the proof in Proposition 4.1 in [10]. Let us set

a= sup g"%(z,y), b= inf g% (xg,y),
y¢B(zo,r) yEB(zo,r)

and for any number ¢, define
A, = {x € Bg : g%%(xo,7) > c}.

We claim that
A, C B, C A (2.11)

Indeed, gP%(xg, -) is harmonic in By \ B,, and by the maximum principle, the supremum is attained
on d(Bg\B,) = OBrNIB,. Since P~ vanishes on 0B, we have a = sup,cyp 9°% (0, y), s0 Ay C B,.
Similarly, gP%(xo,-) is super-harmonic in B,, and by the minimum principle, b = inf,csp, g%% (2, y),
so Ay, D B,, and (2.11) is obtained. Next, (2.11) implies

Cap(A,) < Cap(B,) < Cap(4),

where Cap is the 0-capacity with respect to (£, Fp,), Fp, = {f € F : f[p, = 0}. Hence, noting
that Cap(B,) = Cap(B,) = 1/R(B,, B%), (2.8) will follow if we show that for ¢ = a, b,

Cap(A.) =1/c. (2.12)
Now recall that for any compact set K,
Cap(K) = sup{pu(K) : p € Spo,Suppp C K,Gu <1 g.e.},

where Spo = {p € Sp : pu(X) < 00, ||Gul|so < 00}, and Sy is the family of all positive Radon measures
of finite energy integrals (see Problem 2.2.2 in [FOT]; there Cap is the 1-capacity, but the 0-capacity
version holds similarly). By the same argument as in Lemma 2.3 we have that g5%(x, ) is continuous
on X \ {zo}. This together with the superharmonicity of g%%(xy,-) shows that A, is compact. If p
is the capacitary measure for A., it will be supported on 0A. because the process has continuous
paths, so
= Gteo) = [ "G p)ptdn) = [ g™ (o tay) = eu(40)
Here we used the fact gP%(zg,y) = c for y € 0A., which is due to the continuity of g7 (z,-). So
1(A:) = 1/c and (2.12) is established.
For 2), using (2.8) and (HG), we obtain (2.9).



For 3), note first that the following holds:

—_

n—

R(Bkv Bg—l—l) < R(Bmv Brcz)

>
Il
3

This and (2.9) imply the lower bound for inf g% in (2.10). Next, we know that gB+1(x,-) — gP*(x, )
is a harmonic function in By. Thus,

g7 (z,y) — g% (2, y) < sup g7 (2, 2) < ¢R(Bg, Biy1), Yy € X, (2.13)

where the first inequality is by the maximum principle and the second inequality is by (2.9). For
y ¢ B, by (2.9)

9" (2,y) < ¢ R(Bm, Bit1): (2.14)
For such y, adding up (2.14) with (2.13) for m < k < n, we obtain the upper bound of sup ¢gZ» in
(2.10). o

Proof of (VD) + (EHI) + (RES(H)) = (E(H)).

E{ry,) = / 9P% (20, y)duly) > / 4P (20, y)dpu(y) > cR(B,, Ba)V (w0,7) > cH(R),

B(zo,r)

where we used Lemma 2.6 1) in the second inequality and (VD) 4+ (RES(H)) in the last inequality.
Now, for each k € Z, let r, = M*, B, = B(x¢,7) and let ny be the minimum number such that
R < ry,. Then

E™[rp.] < E™[TBrm,)] = / g7 (20, y)dp(y)

no—1 o no—1 no—1
= S ) <e 3 (3 A AL\ B
m=—oo ¥ Pm+1\Zm m=—00
no—1 no—1
DI Z (Buss \ Bu) ) R(By, Bia) = ¢ > (Brar) R(By, Bi)
k=—00 m=—00 k=—o00
no—1 00
< ¢ Y Hlr) < CHR(Y M) < H(R),
k=—o00 =0

where we used Lemma 2.6 2) in the second inequality and (VD), (RES(H)) and (FTG) in the third
inequality. We thus obtain (E(H)). 0

2.2  Proof of (b) = (c)

In this subsection, we fix a set of capacity zero N (the exceptional set) and write X \ \ as X. There
is an ambiguity of the starting point when x € A at the beginning, but in the end one sees that one
can take A/ = () due to the ‘nice’ properties of the process. Later on, we also consider the processes
killed on exiting balls and the exceptional sets may depend on the choice of balls. However, one
needs only a countable number of balls, so the union of the exceptional sets is still an exceptional
set, which we denote by N.



We first prove (HK(H)) for all z,y € X \ N and then use continuity of the heat kernel to deduce
(HK(H)) for all z,y € X (in other words, to show that N' = (). We first give some inequalities.

&

pt(z,y)gm, Ve,ye X, 0 <t <1. (DUHK(H))

P (tpm < 1) < Cyexp ( - Cg(Hir))#) VeeX,0<r<1/3,0<t<1.  (ELD(H))
i, ) > m Voe X,0<t<1. (DLHK(H))

e, y) > m Vao,y € X,0 <t <1 with H(d(z,y)) < Cst.  (NLHK(H))

Note that (32 in this subsection (for example in (ELD(H))) is the one in (1.1).
In order to prove (b) = (c¢), we first prove the following.

Proposition 2.7 (E(H)) = (ELD(H)).

To prove this proposition, we first give the following key lemma due to Barlow-Bass (see [1] for the
proof).

Lemma 2.8 Let {{;} be non-negative random variables. Suppose there exist 0 < p < 1 and a > 0
such that
P(£Z§t|0'(£1, ,&_1)) Sp—i—at, vt > 0.

Then,
- ant\ 1/2 1
lo P( igt) gz(—) ~nlog-.
gP(D ¢ . 8>

i=1
PROOF OF PROPOSITION 2.7. We first prove that there exists 0 < ¢; < 1 and ¢y > 0 such that
P (Tpyr) <5) <1 —c1 +cos/H(r) forall z€ X, 0<s<1. (2.15)
Indeed, by the Markov property, for each z € X we have
E*pm < 8+ B U > B To@n] < 8+ B [Lrg, >0 B To(x, 20 (2.16)
Applying (E(H)) and (TD), we have
csH(r) < s+ caH(2r)P*(Tpay) > 5) = s+ csH(r)(1 — P* (T < 5)). (2.17)

Rearranging gives (2.15).
Next, let [ > 1, b = r/l, and define stopping times o;, i > 0 by

gg = 0, Oi41 = ll'lf{t Z (O d(Ygi,Y;) Z b}

Let & = 0; — 041, © > 1. Let F; be the filtration generated by {Y; : s <t} and let G,, = F,, . We
have by (2.15)
P*(&4y < t|Gy) = P (TB(v,, b)) 1) <p+cot/H(D),



where 0 < p < 1. As d(Y;,,Ys,,,) = b, we have d(Y,Y,,) <, so that o, = Y& < TB(Yo,r)- D0, by
Lemma 2.8,

It

Ccolt
log P*(Tp(as < 1) < 2p/*(7)M? — 1log(1/p) = CG(H(T/Z)

1/2 l
Hr /) ot
Now take [y € N the largest integer [ that satisfies

It
H(r/l)

crl /2 > e )2, (2.18)

This is equivalent to H(r/l) > cgt/l for some cg > 0. Note that if H(r) < cgt, then (ELD(H))
clearly holds by taking Cy > 0 large, so we may assume that (2.18) holds for small I € N. Then, by

H 1
Cg( IET))ﬁz ' < lo+1, and log P*(Tpr < t) < —crlo/2.

We thus obtain (ELD(H)). 0

Corollary 2.9 Assume (E(H)). Then the following holds.
1) For each p > 0, there exists c; = c¢1(p) > 0 such that for any xo € X, 0 < R < 1/3,

E*[(TB(wo,r))"] < et H(R)P.
2) There exist ca,c3 > 0 such that for any xog € X, A >0 and 0 < R < 1/3,
E%0e BB < ¢ exp(—c3()\H(R))1/52)

Proor. We first prove the following

t
H{(r)

P*(rpen > 1) < Cy exp ( - 02( )) Voe X,0<r<1/3,0<t<1. (2.19)

Indeed, by (E(H)), we have

E* [TB(x,r)]

P zr) = «H <
(TB( ) = C (T)) = C*H(T)

1
<_>
-2

by choosing ¢, > 0 large. Iterating and using the strong Markov property, we deduce that P*(7g g, >
c,kH(r)) < 27F = ¢7% and (2.19) follows easily.

1) is now obtained by computing the expectation using (2.19), and 2) is obtained by computing
the expectation using (ELD(H)). O

Our next goal is to prove the following.
Proposition 2.10 (VD) + (EHI)+ (E(H)) = (DUHK(H)).

To prove this, we will compute higher order resolvents as in [2, Section 6]. We first make some
preparations.

10



Lemma 2.11 Assume (VD),(EHI) and (E(H)).
1) There ezists ¢; > 0 such that if xo € X, 0 <7 <1/3, and A C B(xy,7/8), then

EY [/OTB(JCO'T) 1A(}/;)d5:| < c1u(A) V}f]f?)“)’

2) Let p > 0. There exists ca = ca(p) > 0 such that if xo € X, 0 <r < 1/3, and A C B(xo,1/8),
then

Yy € B(xg,3r/4) \ B(xg,r/4).

H(,r,)l—l-p
Viy,r)’

TB(zq,r)
2| / PLAY)ds] < cap(A)
0

PROOF. For y € B(xg,3r/4)\ B(xg,r/8), let

fyi= e[ [ Latvgas] = [T e s

0

Yy € 0B(xg,7/2).

where Y7 is the process killed on exiting B := B(zg,7). Then, f is harmonic on B(xg,r)\ B(zo,7/8)
and it is 0 on 0B(xg,r). So, for y € B(xg,3r/4) \ B(xo,r/4), using (FHI), (VD) and (FE(H)),
C1 (&)

fy) < G L ) < s / (Wf( ()

= /ds/Py e A)duly /ds/Pz B ¢ B)du(z)
V(y,r Viy,r

B z - el AHE)
L >/d“()/o P € B)ds = ! >/E[B]d“”S V)

where the symmetry of Y2 is used in the second equality. This proves 1).
For 2), Let g(y) := Ey[ eom) g1 4 (Yy)ds] and T = Tp(y,r/ay- Then, since B(y,r/4) N A =10,

o) = B [ onaas] - g / T 1] ]

T

< a(@[re [ L) |+ Plam)

<

A H(r 1+p ”
< .
< () + el (2.20)
where 1), (VD) and Corollary 2.9 1) are used in the last inequality. Let h(z) = E*[g(Yr)]. Then
o) = B[ [ [ e | = 7] [T - Triamd] < g0 (2.21)
0 T

where 75 = Tp(gy,r). Also, h(z) is harmonic on B(y,r/4). Thus, using (FHI), (VD) and (2.21), we
have

C3
hly) < / g(x)dp(x
V(y,’f’) B(y,r/6) B(y, r/6

_ W/o tp/APZ(YtB € By, r/6))dt du(2)

B e A)dtdu(x)

c3 © 3 H(T)H-P
d z/ tPP*(tp > t)dt = A)E* < eyp(A)——,
Viy,r) /A wz) 0 (75 2 1) V(yﬂ“)u( VPR < ) Vy,r)
where the symmetry of YSB is used in the second equality and Corollary 2.9 1) is used in the last
inequality. This together with (2.20) implies 2). O
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Proposition 2.12 Assume (VD),(EHI) and (E(H)). Let p > (81/D — 1)V 0, where 51, D are
given in (1.1). There exists ¢; = c1(p) > 0 such that if 1o € X, A > 1, and A C B(zo, H*(A\71)/8),
then

p(AAP
V(wo, H=H(A71))

Ewo[/ 1a4(Y,)sPeds| < ¢;
0

PRrROOF. First, let A, := {z € X : d(x, A) <r/4}, 7§ = 0 and define inductively
#o=inf{t>#_ d(Y, Yy ) >rand Y, ¢ A}, VkeN,

Let &, =77 — 77 .. Then, one can easily see
k k k-1 )

ciH(r) < E*[§lo(&], - &) < eH(r), VE €N, (2.22)
and we can obtain
H 1/(B2—1)
PE( <t) < crexp ( . c2l<;< ir)) i ) (2.23)
o t
P*(7; 2t) < czexp ( - C47]{:H(r)>’ (2.24)
where ¢q,- -+, ¢4 can be taken independently with k. Indeed, we can obtain (ELD(H)) for each

P(& <tlo(&],---&_,)) thanks to (2.22). So, together with the estimate
P < ) ST PG < tlo(€, - €0)),

we obtain (2.23). (2.24) can be obtained in the same way as (2.19). Integrating these bounds, we
have for any zp € X, 0 < R < 1/3,

EX((3)]

Fxo e—)\%]g

ci(kH(R))”, (2.25)

<
< cyexp(—cs(K#INH(R))Y52), (2.26)

similarly to Corollary 2.9, where ¢; = ¢1(p) > 0. Using these estimates, we can obtain the following
for each A C B(x,7/8)

] [T < cm(&%écwm)@(ﬂg, (2.27)
B [ onva < c3u<A>%Sc4u<A>%, (2.28)

similarly to Lemma 2.11 where ¢3 = ¢3(p),cq = ca(p) > 0 and D > 0. (Note that these inequalities
are trivial when AN B(Y;y,7) = (0.) Here in the second inequalities in (2.27) and (2.28), we used
(1.1).

We are now ready to estimate E™[ [ 14(Y,)sPe **ds] which we denote by V(A). For each
n € NU{0}, let 7, = 27" and let mg be such that H(r,,,)"" < X < H(rp,+1)" " Since A > 1, such
mo € NU {0} exists. Let r := r,,; then 7. = 7], 7/ — 00 as k — oo and 7,,, — 0 as n — oco. Thus,

oo Trp_1 oo 7:£'+1 00 0o
Vi = S0 B [ s i e Y Ee ] [ L] = S0 gy L
n=mo+1 Trn k=1 a n=mg+1 k=1

12



Using the strong Markov property, (1.1), Corollary 2.9 and Lemma 2.11, we have
Trp—1
J, = E* [e‘AT""EYTT'n [/ 1a(Y5)(s +Tr7l)p€_ksdsH
0

< Cl{Ew [e_ATT"TanY"” [/ o 1A(Y;)ds} } + E* [e_ATT”EY"n [/ " 1A(Ys)spds] }}
0 0

< a{ B B ) s e
< 03;1(14)% exp(—cy(NH (r,,))"/%2). (2.29)

Let 3" := 31(1 + p) — D which is positive by our choice of p. Then, using (1.1) and (2.29),

>0 . H(r,) H (1) e pA)A?
< < .
Z n < esp(A) Z V(xg, ) — caplA) V(zo, T'mg) Z 2 V(%, H=1(A71))

n=mo+1 n=mo+1 n=mo+1

We can estimate Ly similarly to (2.29) using (2.25), (2.26), (2.27), (2.28), (1.1) and obtain

H (Tmo ) 1+p kD—l—p

Lk S Cllu(A) V(l’() r )
sy T'mg

exp(_c2k(52—1)/ﬁ2 ()\H(T‘mo))l/ﬁQ).

Since H(rpm,) ™" < X < H(7me11)"", we obtain

a2 )N - AN
L, < —mol N DA k(B2 1)/B2y < '
Z k< (A V(x09/rm()) ; exp(—c3 ) < C4V(:)30,H_1()\_1))

We thus obtain the desired result. O

PROOF OF PROPOSITION 2.10. For a Borel function f, define

Uspf(x /f Y,)sPe Mds| x e X.

Then, we see from Proposition 2.12 that U, , has a density g, with respect to p and

A~1-P
V(e, H (A1)

9Pp(T,7) < 1 (2.30)

Thus, since p(X) < oo, we see that Uy, is a Hilbert-Schmidt operator and therefore compact, and
UypL? C L™. So, gy, has the Mercer expansion

Irp(T,Y) Zﬂz ei(y),

ieN

where {5;(\)}, {®i} are the eigenvalues and the eigenfunctions of U, ,. Furthermore {y;} forms a
complete orthonormal system of functions in L? that are also in L, the convergence is absolute
and takes place in L>®(X x X). Note that, if we denote the non-negative self-adjoint operator
corresponding to Yy as —A, then Uy, = p! (M — A)"P~! for each p € N. So, we see that —A
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has a compact resolvent, and there is a transition density p;(z,y) = >, e 'p;(x)p;(y) where \; =
(B;(1)/(ph))~@®+D™" — 1. In particular, p,(z,z) is non-increasing for t. Now, since

(T, y) = / pe(, y)tPe Mdt,
0

taking A = ¢~! and using (2.30), we have

tl—i—p e8] t
clm > /0 ps(x, z)sPe " ds > ct? /t/2 ps(x, x)ds > P p, (2, 1),
and (DUHK (H)) is obtained. O

We are now ready to complete the proof of (b) = (c).

Proposition 2.13
(VD)+ (DUHK(H))+ (EHI) + (E(H)) = (HK(H)).

This proposition will be proved through several steps.
STEP 1: PROOF OF (VD) + (DUHK(H))+ (ELD(H)) = (UHK(H)). Here, for simplicity we
will prove (UHK(H)) only for p-a.e. z,y. One can prove the q.e. results by using the technique in
subsection 2.1 of [6] and argue similarly to subsection 2.2 of [6]. —See also Theorem 6.2 of [13].

Fix z # y and ¢ and let r := d(z,y), €e < r/6. For a € X, set B.(a) = {b € X : d(a,b) < €}. Let
fiz = B2y, A1 = {2 € X :d(z,7) <d(z,9)} and Ay = X — A;. Then

Pie(Y, € B(y)) = P™(Y, € Bu(y).Y; € A)
—I—Pﬂx(Y; S Bg(y),Y% S Ag) = Il + IQ.

Now, letting 7 := Tp(;,/2), We have

_ t _
[2 S P#e (E c Be(y),T < 5) = [pH= <1T<t/2 /;( )pt—T(YT7w)d:u(w)>
€ y

< PR(T<t/2)  sup  pialz 2)u(Be(y)).
2€B(z,r/2)UBe(y)

For z € B.(z), by (ELD(H)),

P (TB(Z,T/g) < %) < ¢ exp < — 02<H(T)) F).

Thus,

hea(  sw o ppen)uB B m) e (- o L)),

z€B(z,r/2)UBe(y)

For I, by the symmetry of p(z,y),
P'(Y, € Be(y),Y: € A1) = P"(Y, € Be(x),Y: € Ay)

which is bounded in exactly the same way as I;,where = and y are changed. Adding the bounds for
Il and ]2,

~| =
=
N~—
N—
S
V]
=
L
N——

PP(Y; € Be(y)) < Cl< o Pij2(2, Z))“(Bf(x))“(BE(y)) o ( B Cz(

z€B(z,r/2)UB(y,r/2)
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By (DUHK (H)) and (1.1),

c3 (T—I—H_l(t))D

sip piyalz,2) < e

2€B(x,r/2)UB(y,r/2) V(z, H1(t))
If H(r) < t, this is bounded by ¢4V (z, H~1(t))"'. If H(r) > t, then, for each ¢ > 0, there exists

¢. > 0 such that . )
r+ HY(t)\P TN Bt
( H1(%) ) ew(=e(57)") <e

This is due to the following fact; M = r/H~'(t) is equivalent to H(r/M) = t, so using (1.1),

B
M < (@) . In any case, we obtain

Cs

PP+ (Y, € Be(y)) < V(x, H-1(t))

H(r)\ m-
(BBl exp  — (V)27
Dividing both sides by u(B.(x)), u(B(y)), if x and y are Lebesgue points (i.e., points of density),
we obtain (UHK(H)). Since u-a.e. points are Lebesgue points, we obtain the result for p-a.e. z,y.
(]

STEP 2: PROOF OF (VD) + (ELD(H)) = (DLHK(H)). Using (ELD(H)) and the conservative-
ness of the process, we have that

PA(Y; ¢ B(2.1)) < P(rpen) <1) < crexp (- 02(H§7“))‘3;1).

Hence by choosing r such that ¢sH(r) < t < ¢, H(r) for some c3, ¢4 > 0, we have
P*(Y; ¢ B(z,1)) <c5 < 1.
Thus P*(Y; € B(z,r)) > 1 —¢5 > 0. By Cauchy-Schwarz,
(1—c5)* < P(Y, € B(w,r))* = (/ pe(w, 2)dp(2))* < V(w,r)pa(z, ).
B(z,r)
Now, using the lower bound of our choice of ¢t and (VD), we obtain the result. O

Remark. By the same argument, we can obtain the following slightly stronger conclusion.
Assume (VD) and (ELD(H)). Then there exist ¢1, ¢y > 0 such that

&1

V(x, H(t))’

B(z,R
pl O (2, ) >

Vee X,0< R<1/3,t e (0,c0H(R)]. (2.31)
STEP 3: PROOF OF (VD) + (DUHK(H)) + (EHI) + (E(H)) = (NLHK(H)). We follow the ar-

guments in [13, 11]. Fix x € X, ¢ > 0 and set R := H'(t/e) where ¢ > 0 will be chosen later. We
can assume € < ¢y where ¢y is given in (2.31). Hence by (2.31)

&1

P 2 o iy

(2.32)

where B := B(z, R). Set f(y) = d:pP(z,y). Applying Proposition A.7 to pZ, we have, for y € B,

[f(y)l < %\/pﬁg(x,x)pﬁﬂy,y) < %\/pt/z(x,ar)pt/z(y,y)-
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By (DUHK(H)), we have

&1

P2z, ) < ma

and
6 _ o VH()
Vi(y, H7(t)) = V(z, H7'(1)) V(y, H'(1))

c dz,y)\L _ci(1+e )P
Vi H () (1+ H—l(t)> S V@ H)

oy, y) <

Yy € B,

where we used (1.1) and the definition of R. Hence, we have

02(1 + 5_1/’61)D/2

) < 2o e B (239

Define u(y) = p?(x,y). Note that du = Agu and the Green operator G is a bounded operator in
L*(B) and Gg = (—Ap)~'. Thus, u = —Gp(du) = —Gpf. Let v > D/(26;) and apply Proposition
A 4 below with €7*! instead of €. Then, there exists 6 > 0 such that for any 0 < r < R,

OSCB(:(:,(ST’)U < 2(E(.§L’,7’) + 8A{+1E('ZC7 R))HfHOOv

where E(z,7) = sup, E*(Tp(n). By (E(H)), we have E(z,r) < c3H(r) and E(z,R) < csH(R).
Estimating || f||co by (2.33), we obtain

H(r)+ & H(R) ¢y(14 e~ 1/0)P/2
f TV H)

OSCB(QD,&T) u <

By definition of R, we have
e H(R)
t

Choose r by the equation H(r) = e?™'H(R), which implies, by definition of H, r > §'R for some
0’ > 0. Hence, we obtain

=&,

20467 (1 + e~ V/P)D/2
Vi, H\(1))

OSCyEB(x,&&’R)ptB(xay> < Oscp(z,snt < (2.34)

By the choice of v > 0, €7(1 +e~/#1)P/2 — 0 as ¢ — 0. So, choosing ¢ small enough and combining
(2.34) with (2.32), we conclude that

01/2

_ B(x, 08’

pe(z,y) > pP(z,y) >

which proves (NLHK (H)). O

STEP 4: PROOF OF (VD) + (NLHK(H)) = (LHK(H)). Since there is nothing to prove when
H(d(z,y)) < Cgt due to (NLHK(H)), we will consider the case H(d(z,y)) > Cgt. Let N € N be
the smallest integer n that satisfies

cot/n > H(d(x,y)/n), (2.35)
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where ¢y > 0 is taken small enough so that (2.35) does not hold for n = 1,2 and
t/N = H(3d(z,y)/(NCs)).

Let € = d(x,y)/N. Then, by the choice of ¢y and by (1.1), we have

t Cﬁ
(a0 <o < Coi(L) >
N 3 N (2.36)
Now, let {z;}¥, be such that zo = z,zx = y and d(z;,v;41) < € for i = 0,1,--- ;N — 1. Such a

sequence exists by the choice of N and by the fact that d is a geodesic metric. We then have
pt(xv y) = / e / pt/N(% Zl)pt/N(Zla 22) - 'pt/N(ZN—h y)dﬂ(zl) e 'dM(ZN—l)
X X
> / - / PN (@, 20)peyn (215 22) -+ pyn (2n-1,y)dp(z1) - - - dp(zn-112.37)
B(z1.¢) B(zn-1:€))

Clearly d(z;, zi+1) < 3e. Hence, by (NLHK(H)), (VD) and (2.36), we have

C2 C3 Cq

Vi Ht/N) = Ve HE/N) = Vi)

Py (i, Zig1) >

Therefore, it follows form (2.37)

pe(z.y) = V(z, t/N H V(x;, e Vizie) = V(x, Hfl(t/N))
. exp(— oV 1))
= V(e H(D)

On the other hand, by the choice of N in (2.35), we have N — 1 < ¢;(H(d(z,y))/t)"/®1~D. We thus
obtain (LHK (H)). O

Combining Steps 1 —4, the proof of Proposition 2.13 is completed.

3 Proof of Theorem 1.4
We first prove supg_,<; £ (f) < c1€(f) which in turn immediately will imply 7 C Wg(X). Fort <1

and f € L*(X,p), let £(f) = %(f — Pif, f)12, where P, is the semigroup corresponding to (£, F).
Then, since (£, F) is conservative,

ah) = 5 [ [ (@ =10 )
> 5 / Lo o G0 = T e @)y

Fla)— f(w))?
> 5 / o S ), (3.1)

where we use the lower bound of (HK(H; 3, (s, co)) in the last inequality. Taking ¢ = h(r) for r > 0,
we see that the RHS of (3.1) is equal to éé”"(f) for some ¢; > 0. It is well known that £.(f) " E(f)
as t | 0 ([8], Lemma 1.3.4). Thus the claim follows.

17



We next prove ca(a, 81, 62)E(f) < sup,, €™ " (f) which then will imply F > Wy(X). In this
proof, constants may depend on o« > 1,3y > 31 > 1, but we will not write down this dependence
explicitly. For each ¢t <1 and g € Wy (X), since (€, F) is conservative,

Eilg) = l//X X(g(x)—g(y))th(axy)u(dx)u(dy)

- / / bex — 9(y))*pe(, y) pu(de) p(dy)
d(w,y)>1
+ _//d?xyffil (y))2pt(x,y)u(d:c)ﬂ(dy) = A(t) +B(t).

We first estimate A(t). (In fact, this part is zero since diam(X) = 1. Since we need to compute
Ag(t) in the end of this proof, we will make some estimates.) Since

Bz Z / /am<d(x y)<amtl (9(@) = 9(y)*pe(, y)pu(da) u(dy),

for a > 1 (note that [ [ . _y, ) <qmir = 0 if diam(X) < a™), using the fact (a +b)* < 2(a® + %)
and the symmetry, we have -

2 [e.e]
A0 <2y [ arutan [ e pldy).
m=0"X am<d(z,y)<amtl

Set L, = {y € X : a™ < d(z,y) < o™}, Let ®y(z) = czexp(—cyzt/P2=Y). By (HK(H; 31, 3o, co))

we have
/m pe(x, y)p(dy) < /m V(x’é_l(t))q)Q(H(?m)>ﬂ(dy>

ez x, omt! e3P
SV(xM(}LI )( ))%( t )SVV(EU,H—l(t;) 2( t )

where we use (FTG) and the fact H(1) = 1 in the second inequality. Using (1.1), we have
V(z, o™ ) /V(@H T (t) < cala™/H(1))".

Note that by (FTG), if ¢’ is small we have H(1)/H(t') = 1/H(t') > ¢5/t'"". Taking t = H(t'), we
have 1/H~(t) < ¢g/t'/?. Combining these facts, we have

[ mB1 mB1 e
cr o 3 —1- e3 —m
A) < TlglEe S ()P0, (B2 ) < cullgllfat 00y (2) 3 0

for small ¢ < 1. Here we used the fact a™(P+72) exp(—c(@)l/(ﬁrl)) <  exp(—ct/®2=1) in the last
inequality. Thus, we obtain

—1— C
A1) < aoll g3t P07 (3.2)

for small ¢ and thus A(t) =8 0.
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Next we estimate B(t). By (HK(H; (1, B2, o)) again, we have
< Z/ (d) / z; ())<I>2(H(O;_m)>(g(ﬂf)—g(y))2u(dy)

= / (d2) Mlg) ]f (mlm)%(H(‘;_m))(g(x)—g(y»?u(dy)

Dy 1}H(O‘t1_m)q>2(H<O;_m>) —

<Cg sup 5 Z{Clo
meN

where we use (1.1) in the last inequality. We now compute the sum in I;. Let ¢ = H~'(¢) and take
mo = mg(t') so that a=™ =t < < a ™. Then, by (1.1),

moVO0

Iy < cp(sup Eo‘im(g)){ Z (a;m>D+52®2(015<a;m>ﬁl> + i (a;m>51}

meN m=1 m=(mo+1)V1
m o0 D+84
< c16(sup & (9)){ / Dy(s)s A1 s + Z oz_mﬁl}
mEN 1

< c¢y7 - sup 5a7m( )
meN

where we use [~ ®s(s)s T g < C,p, < o0 in the last inequality. Thus, together with (3.2), w
obtain
E(g) =lim&(g) < cy7- sup £ (g).

=0 meN

Now replacing A(t) and B(t) in the previous argument by

a0 =g [ [ o) o) nlrvyutdn)na)
and

N 2%& / /d(xvymk(g(x) — 9())?pe(, y)u(dr)p(dy)

yields £(g) < ci7 - sup,,,», € (g) for each k € N and thus

E(g) < c7 - limsup £* " (g).

m—0o0

A Appendix: Miscellaneous proofs

A.1 Oscillation inequalities and the Holder continuity

In this subsection, we will assume (EHI) and deduce various Oscillation inequalities and Hélder
continuity of harmonic functions.
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Let u be nonnegative and harmonic in B(zo, R). To be precise, the definition of (EHI) in Section
1 should be,
€SS SUP gz, /)W < 1688 INfp(zg, R/2)U- (A1)

xg here is z in the definition of (EHI). We will show here that (A.1) implies the continuity of u inside
the ball B(xg, R), so that (EHI) holds. Indeed, take z; and r such that B(z1,3r) C B(xy, R). By
looking at C'u + D for suitable constants C' and D, we may suppose that ess supp,, oyu = 1 and
ess infp(y, 2ryu = 0. Hence by (A.1), we have

€8S SUP gy, U — 88 infp, nu < (1 - cy Hess SUP gy 0 < (1 — crh).

So if p=1—c;" then
€sS SUPp(y, U — ess Infp(, Hu < p[ess SUD p(g, 2y U — €SS infB(xhg,,)}.
It follows easily that
€sS SUP gy, U — €58 infp(, myu < cor” (A.2)

for some v > 0. Define u(x;) = lim,_gess supp,, u. If one takes a countable basis {B;} for X
and excludes those points x € B; such that u(z) ¢ [ess infg,u, ess supp u], then for every other x it
is easy to see, using (A.2), that u(z) = u(x). Thus, u is equal to u for p-almost every z. Moreover,
from (A.2) we see that u is continuous. Recall that in our definition of harmonic function we take a
quasi-continuous modification as defined in [8]. We conclude u = u quasi-everywhere, and so u has
a quasi-continuous modification that is continuous. Using this modification and (A.1), we have

sup u<c¢; inf wu,
B(x0,R/2) B(zo,R/2)

which is the desired inequality.

Let Hp(zo,r be a space of harmonic functions on B(x, 7). Define the oscillation of a function f
over B by Oscpf :=ess supgf — ess infgf. Then, the above arguments also show the following.

Lemma A.1 Assume (EHI).
1) For any € > 0, there exists 6 € (0,1) such that

O5CB(2g,5r)U < €0SCB(20,1)Us Vu € Hp(wo,r)-
2) There exist ¢,y > 0 such that

sup  Ju(z) —u(y)| < cp” sup  Ju(x)|, Vp € (0,1),Yu € Hpg,r- (A.3)
z,y€B(zo,pr) x€B(zo,r)

We can now prove the following Holder continuity of harmonic functions.

Proposition A.2 Assume (EHI). There exists vy > 0 with the property that for any § € (0, 1), there
exists C' = Cs > 0 such that

|u(z) — u(y)] -
sup {—} <Cr™7 sup |u(x)l, Vu € Hp(wgr)-
z,y€ B(x0,0r) d(l’,y)ﬁ{ x€B(zo,r) (o)
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PROOF. Denote B, := B(xg,r). For x,y € Bs,, we consider two cases. First, if d(x,y) > (1 — J)r,
then
u(z) = u(y)| < 2sup u] < 2{(1 = 6)r}"d(z,y)" sup |u|.
B,

T

If d(z,y) < (1 —6)r, then B(z, (1 —0)r) C B, contains both z and y, where z € X is the mid point
of z and y. Further z,y € B(z d(z,y)). Applying (A.3) with p = d(z,y)/{(1 — J)r} yields

u(z) = u(y)| < er{(1 = 0)r}"d(x, y)" sup [ul.

T

We thus obtain the result. O

We next discuss the oscillation of Green functions. Given an open set Q@ C X and f € B(Q),
define the Green operator G, as

Cof(z / Fviar).

Denote £(Q) := sup, E*[1q]. When Q = B(z,r), we will abbreviate E(B(x,r)) as E(x,7). It is easy
to see ~
|1GallLo—r= < E(Q). (A.4)

The following results are due to [13].

Lemma A.3 Assume that E(Q)) < oco. Then, for any f € Co(Q), Gaf is harmonic in Q \ Suppf.
Also, for any open set Q' D Q, Go/f — Gaf is harmonic in €.

PROOF. Let uy = G, f. Since G, = (—Agq) ™", we see that uy € D(Agq). So
E(ug,v) = —(Aquys,v) = (f,v) =0, Vv € F(Q\ Suppf).
Thus, uy is harmonic in ©Q \ Suppf. Similarly, set wy = Go f — Gaf, then
E(wy,v) = E(Ga f,v) — E(Gaf,v) = (f,v)r2@) — (f,v)L2@) = 0,
for any v € F(Q). 0

Proposition A.4 Assume (EHI). Let f : B(x,r) — R be a bounded Borel function and set uy =
GB(a,r) f- Then, for any 0 <r < R,

Oscpsruy < 2(E(z,7) 4+ eE(x, R))|| f]l oo
where € and § are the same as in Lemma A.1 1).

PRrROOF. If E(z,R) = oo, there is nothing to prove, so assume that E(z, R) < co. Denote B, :=
B(z,r) and let vy = Gp, f. Then, by (A.4),

luglloo < E(@, B[ flloes  Nloglloe < B2, )] flloo- (A.5)
By Lemma A.3, wy := uy — vy is harmonic in B,. Using Lemma A.1 1) and 0 < wy < uy, we obtain
Oscp,, wy < e0scpwy < el|wylloo < lltf|loo-
Since uy = vy + wy,
Oscp,, uy < Oscp,, vy + Oscp, wy < [yl + elluslloc < (E(z,7) + eE(2, R))| flloo,

where we used (A.5) in the last inequality. Thus we obtain the desired inequality for f > 0. For a
general function f, write f = f, — f_. Then Oscuy = Osc (uy, —uy ) < Oscuy, + Oscuy_, and the
desired inequality is obtained. O
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A.2 Time derivative

We follow the arguments in [13, 11]. First, we show the following well-known fact from semigroup
theory.

Lemma A.5 For any f € L?, let uy = P,f. Then, we have

1
| Opue |2 < ;HUSH% 0<Vs<t.

PROOF. Let {E)}x>0 be spectral resolution of the operator —A. Then we have

ufwﬂf:/ KWMJ,HMEZ/ N
0 0

Thus, we have

Otut:/ (=N)e A dE,\ f, ||0tut||§:/ )\Qe_zt’\dHEAfHQ:/ )\26_2(t_8)>\6_25>\d||E)\f||2.
0 0 0

Since e~ =9 < (t — 5)~!, we obtain

1 1
ol < =gz [ MBI = =gl

which is the desired estimate. O

Corollary A.6 Fort >0 and z € X, the function t — p(-, 2) is Frechet differentiable in L* and

1
1001 (-, 2) ]2 < s p2s(2, 2), 0<Vs<t.

PROOF. Let f = p.(-,2) for some € > 0. Then, u; = P,f = py1(+, 2). Thus, by Lemma A.5,

1

1
[0pe4e (- 2)[|2 < t—||ps+e( ,2)|l2 = F—s P2(s+e) (2, 2)-

Replacing t + €, s + € by t, s respectively, we obtain the result. O

Proposition A.7 For any z,y € X, the function t — py(x,y) is differentiable int > 0 and

0,
S ) < ol 2l )

PROOF. By the Chapman-Kolmogorov equation, p;(x,y) = (pi_s(-, x), ps(-,y)) for any s € (0,t), so
that Oypi(x,y) = (Opi—s(+, ), ps(+,y)). Thus, applying Corollary A.6,

1
7T\/pzr(w, T)pas(y, ), 0<Vr<t—s.

O
(2, 9)| < (10pi-s (- 2)ll2llps (- 9) 2 < ;

ot

Taking s = r = t/4, we obtain the result. O
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