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Abstract

We study simple random walk on the uniform spanning tree on Z2. We obtain
estimates for the transition probabilities of the random walk, the distance of the walk
from its starting point after n steps, and exit times of both Euclidean balls and balls
in the intrinsic graph metric. In particular, we prove that the spectral dimension of
the uniform spanning tree on Z? is 16/13 almost surely.
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1 Introduction

Note. After this paper was published Lawler proved that the growth function G(n) of the
LERW in Z2 can be taken (up to constants) to be G(n) = n®*. (See arXiv.1301.5331.) This
allows simpler statements of the results and shortens some proofs. This revision incorporates
some of these simplifications. In particular in Section 4 the functions G, g, F| f,k can be
replaced by simple powers. To allow for comparison with the published version, unneeded
results have been replaced by placeholders. Other changes have been kept to a minimum,
and no attempt has been made to update or improve any other aspects of the paper. The
main changes in the text are marked in blue.

A spanning tree on a finite graph G = (V, E) is a connected subgraph of G which is a
tree and has vertex set V. A uniform spanning tree in G is a random spanning tree chosen
uniformly from the set of all spanning trees. Let @, = [—n,n]? C Z% and write Uy, for a
uniform spanning tree on @),,. Pemantle [Pem91] showed that the weak limit of Uy, exists
and is connected if and only if d < 4. (He also showed that the limit does not depend on the
particular sequence of sets (), chosen, and that ‘free’ or ‘wired’ boundary conditions give
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rise to the same limit.) We will be interested in the case d = 2, and will call the limit the
uniform spanning tree (UST) on Z? and denote it by U. For further information on USTs,
see for example [BLPS01, BKPS04, Lyo98]. The UST can also be obtained as a limit as
p,q — 0 of the random cluster model — see [Hag95].

A loop erased random walk (LERW) on a graph is a process obtained by chronologically
erasing the loops of a random walk on the graph. There is a close connection between
the UST and the LERW. Pemantle [Pem91] showed that the unique path between any two
vertices v and w in a UST on a finite graph G has the same distribution as the loop-erasure
of a simple random walk on G from v to w. Wilson [Wil96] then proved that a UST could
be generated by a sequence of LERWs by the following algorithm. Pick an arbitrary vertex
v € G and let Ty = {v}. Now suppose that we have generated the tree T} and that T} does
not span. Pick any point w € G \ Ty and let Ty be the union of T and the loop-erasure
of a random walk started at w and run until it hits Tp. We continue this process until we
generate a spanning tree 7,,,. Then T, has the distribution of the UST on G.

We now fix our attention on Z?. By letting the root v in Wilson’s algorithm go to infinity,
one sees that one can obtain the UST U on Z? by first running an infinite LERW from a
point zq (see Section 2 for the precise definition) to create the first path in ¢, and then using
Wilson’s algorithm to generate the rest of &. This construction makes it clear that i/ is a
1-sided tree: from each point = there is a unique infinite (self-avoiding) path in Y.

Both the LERW and the UST on Z? have conformally invariant scaling limits. Lawler,
Schramm and Werner [LSWO04] proved that the LERW in simply connected domains scales
to SLE; — Schramm-Loewner evolution with parameter 2. Using the relation between LERW
and UST, this implies that the UST has a conformally invariant scaling limit in the sense
of [Sch00] where the UST is regarded as a measure on the set of triples (a,b,v) where
a,b € R*U {oo} and v is a path between a and b. In addition [LSWO04] proves that the
UST Peano curve — the interface between the UST and the dual UST — has a conformally
invariant scaling limit, which is SLEg.

In this paper we will study properties of the UST U on Z?. We have two natural metrics
on U; the intrinsic metric given by the shortest path in U between two points, and the
Euclidean metric. For z,y € Z? let v(x,y) be the unique path in U between x and y, and
let d(x,y) = |v(x,y)| be its length. If Uj is a connected subset of U then we write v(z, Up)
for the unique path from z to Uy. Write y(z, 00) for the path from x to infinity. We define
balls in the intrinsic metric by

Ba(z,r) = {y : d(z,y) < r}
and let |By(z,7)| be the number of points in By(z,r) (the volume of By(xz,r)). We write
B(x,r)={y €2 |z —y| <r},

for balls in the Euclidean metric, and let B = B(R) = B(0, R), B4(R) = B4(0, R).

Our goals in this paper are to study the volume of balls in the d metric, to obtain estimates
of the degree of ‘metric distortion” between the intrinsic and Euclidean metrics, and to study
the behaviour of simple random walk (SRW) on U.

To state our results we need some further notation. Let CNJ(n) be the expected number
of steps of an infinite LERW started at 0 until it leaves B(0,n). Clearly G(n) is strictly
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increasing. extend G to a continuous strictly increasing function from [1,00) to [1, 00), with
G(1) = 1. Let g(t) be the inverse of G. Set G(r) = r°/*, g(r) = r*/°. By [Law13] we have

G(n) < G(n)=n""*, §(n) = g(n)=n"". (1.1)
Our first result is on the relation between balls in the two metrics.
Theorem 1.1 (a) There ezist constants ¢,C > 0 such that for all ™ > 1, A > 1,
P(By(0, A" ¢ B(0,r)) < Ce=N". (1.2)
(b) For all £ > 0, there ezist c(e),C(e) > 0 and \o(e) > 1 such that for all™ > 1 and A > 1,
P(B(0,r) ¢ Ba(0,\r®/*) < OATH/157=, (1.3)
and for all r > 1 and all X > Ao(e),
P(B(0,7) ¢ Ba(0, \r%/*) > eA™4/57=, (1.4)

We do not expect any of these bounds to be optimal. In fact, we could improve the
exponent in the bound (1.2), but to simplify our proofs we have not tried to find the best
exponent that our arguments yield when we have exponential bounds. However, we will
usually attempt to find the best exponent given by our arguments when we have polynomial
bounds, as in (1.3) and (1.4).

The reason we have a polynomial lower bound in (1.4) is that if we have a point w such
that |w| = r, then the probability that ~(0,w) leaves the ball B(0, Ar) is bounded below
by A~ (see Lemma 2.6). This in turn implies that the probability that w ¢ By(0, A\r®/?) is
bounded from below by eA=%5~¢ (Proposition 2.7).

Theorem 1.1 leads immediately to bounds on the tails of |B4(0, R)|. However, while (1.2)
gives a good bound on the upper tail, (1.3) only gives polynomial control on the lower tail.
By working harder (see Theorem 3.4) we can obtain the following stronger bound.

Theorem 1.2 Let R> 1, A > 1. Then

P(|B4(0, R)| > AR¥%) < Ce~ ", (1.5)
P(|B4(0, R)| < A" 'R¥%) < e (1.6)

So in particular there exists C' such that for all R > 1,
C~R¥5 <E|By(0,R)| < CR®". (1.7)

Remark 1.3 (1) The two main ingedients for the proof of these theorems are Wilson’s
algorithm, plus good control of the LERWs. For the LERW we need bounds on the length
of a LERW run from O until it leaves a domain D C Z¢ — see Theorem 2.2. We remark that
although we do not need the stretched exponential tails given there, we do need quite rapid
decay of the tail probabilities. The UST is constructed from a large number of LERW paths,
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and a single ‘bad path’ (i.e. one which is much too short or much too long) could mean the
inclusions in Theorem 1.1 fail.

In addition, to control the way that Wilson’s algorithm ‘fills in’ in the tree, we use the
discrete Beurling estimate, which states that the probability a random walk started at 0 will
hit a path v connecting B(0,n) with B(0,2n)¢ is bounded below by a constant.

It is possible that a similar strategy would work on other graphs (such as Z?), conditional
on having an analogue to Theorem 2.2, and also a Beurling estimate giving lower bounds on
the probability a SRW hits a LERW path « inside a ball B(0,n). Since however such bounds
could not be uniform in a and n, some extensions of the arguments here would certainly be
needed.

(2) We do not use directly the fact that the LERW and UST have SLE limits. Indeed,
there is only one point in the whole argument leading to the results of this paper where
this connection is needed. That is in [Mas09], which it is used to show that the function
Es(n) (the probability a LERW and independent SRW do not hit inside B(0,n)) satisfies
Es(n) ~n=3/4,

We now discuss the simple random walk on the UST U. To help distinguish between the
various probability laws, we will use the following notation. For LERW and simple random
walk in Z? we will write P? for the law of the process started at z. The probability law of
the UST will be denoted by P, and the UST will be defined on a probability space (2, P);
we let w denote elements of 2. For the tree U(w) write  ~ y if 2 and y are connected by
an edge in U, and for x € Z? let

e = pz(w) = [{y 1 & ~ y}|

be the degree of the vertex x.

The random walk on U(w) is defined on a second space D = (Z*)%+. Let X,, be the
coordinate maps on D, and for each w € 2 let P¥ be the probability on D which makes
X = (X,,n > 0) asimple random walk on U (w) started at z. Thus we have P? (X, =z) = 1,
and ]

Pl X1 =yl X, =12) = @) if y ~ .
We remark that since the UST U is a subgraph of Z? the SRW X is recurrent. We define
the heat kernel (transition density) with respect to u by

pZ(x>y> ::u;lpj(Xn :y)- (18)

Define the stopping times
TR = min{n > 0:d(0,X,) > R}, (1.9)
T, =min{n > 0:|X,| > r}. (1.10)

Given functions f and g we write f =~ g to mean

o Jog f(n)
n=o0 log g(n)

Y
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and f =< g to mean that there exists C' > 1 such that
Cf(n) <g(n) <Cf(n), n>1

The following summarizes our main results on the behaviour of X. Some more precise
estimates, including heat kernel estimates, can be found in Theorems 4.3 — 4.7 in Section 4.

Theorem 1.4 We have for P -a.a. w, P’-a.s.,

Pan(0,0) = n =813, (1.11)
TR~ R/, (1.12)

7~ i3/, (1.13)

max d(0, X}) ~ n®/13. (1.14)

0<k<n

We now explain why these exponents arise. If GG is a connected graph, with graph metric
d, we can define the volume growth exponent (called by physicists the fractal dimension of
G) by

log|Ba(0, R)|
dy = dy(G) = Jim =0

if this limit exists. Using this notation, Theorem 1.2 and (1.1) imply that
de(U) =8/5, P —as.

Following work by mathematical physicists in the early 1980s, random walks on graphs
with fractal growth of this kind have been studied in the mathematical literature. (Much of
the initial mathematical work was done on diffusions on fractal sets, but many of the same
results carry over to the graph case). This work showed that the behaviour of SRW on a
(sufficiently regular) graph G can be summarized by two exponents. The first of these is the
volume growth exponent d;, while the second, denoted d,,, and called the walk dimension,
can be defined by

log E°
dy = dy(G) = lim 2~ R

A e R (if this limit exists).

Here 0 is a base point in the graph, and 7g is as defined in (1.9); it is easy to see that if
G is connected then the limit is independent of the base point. One finds that dy > 1,
2 <d, <1+dy, and that all these values can arise — see [Bar04].

Many of the early papers required quite precise knowledge of the structure of the graph in
order to calculate d; and d,,. However, [BCKO05] showed that in some cases it is sufficient to
know two facts: the volume growth of balls, and the growth of effective resistance between
points in the graph. Write Rog(z,y) for the effective resistance between points x and y in a
graph G — see Section 3 for a precise definition. The results of [BCKO05] imply that if G has
uniformly bounded vertex degree, and there exist a > 0, ¢ > 0 such that

R < |By(z,R)| < coR*, z€ G, R>1, (1.15)
c1d(z,y)* < Reg(z,y) < cod(z,y)*, w,y € G, (1.16)



then writing 7§ = min{n : d(x, X,,) > R},

pon(z,2) =~ e G n>1, (1.17)
E*rE < R 2€G, R>1. (1.18)

(They also obtained good estimates on the transition probabilities P*(X,, = y) —see [BCKO05,
Theorem 1.3].) From (1.17) and (1.18) one sees that if G satisfies (1.15) and (1.16) then

dy =a, dy=a+C.

The decay n~%/% for the transition probabilities in (1.17) can be explained as follows. If
R >1 and 2n = R% then with high probability X5, will be in the ball B(z, cR). This ball
has cR% = cn/% points, and so the average value of pa,(z,y) on this ball will be n=%/dw,
Given enough regularity on G, this average value will then be close to the actual value of
Pon(x, ).

In the physics literature a third exponent, called the spectral dimension, was introduced;
this can be defined by

log P%(Xo, = e e e

ds(G) = =2 lim og By (X x)7 (if this limit exists). (1.19)

n—o0 log 2n

This gives the rate of decay of the transition probabilities; one has dy(Z%) = d. The discussion

above indicates that the three indices d¢, d,, and ds are not independent, and that given
enough regularity in the graph G one expects that

_ 2

ds
y

For graphs satisfying (1.15) and (1.16) one has ds = 2a/(a + ().

Note that if G is a tree and satisfies (1.15) then Reg(x,y) = d(x,y) and so (1.16) holds
with ¢ = 1. Thus

200
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For random graphs arising from models in statistical physics, such as critical percolation
clusters or the UST, random fluctuations will mean that one cannot expect (1.15) and
(1.16) to hold uniformly. Nevertheless, providing similar estimates hold with high enough
probability, it was shown in [BJKS08] and [KMO§] that one can obtain enough control on
the properties of the random walk X to calculate dy, d,, and ds;. An additional contribution
of [BJKSO08] was to show that it is sufficient to estimate the volume and resistance growth
for balls from one base point. In section 4, we will use these methods to show that (1.20)
holds for the UST, namely that

df:a, dw:a+17 dS

(1.20)

Theorem 1.5 We have for P -a.a. w

diUh) =2, doUl) =—, dyU)=—. (1.21)



The methods of [BJKS08] and [KMO08] were also used in [BJKS08] to study the incipient
infinite cluster (IIC) for high dimensional oriented percolation, and in [KN09] to show the
IIC for standard percolation in high dimensions has spectal dimension 4/3. These critical
percolation clusters are close to trees and have df = 2 in their graph metric. Our results
for the UST are the first time these exponents have been calculated for a two-dimensional
model arising from the random cluster model. It is natural to ask about critical percolation
in two dimensions, but in spite of what is known via SLE, the values of d,, and d, appear at
present to be out of reach.

The rest of this paper is laid out as follows. In Section 2, we define the LERW on Z? and
recall the results from [Mas09, BM10] which we will need. The paper [BM10] gives bounds
on Mp, the length of the loop-erasure of a random walk run up to the first exit of a simply
connected domain D. However, in addition to these bounds, we require estimates on d(0, w)
which by Wilson’s algorithm is the length of the loop-erasure of a random walk started at 0
and run up to the first time it hits w; we obtain these bounds in Proposition 2.7.

In Section 3, we study the geometry of the two dimensional UST i/, and prove Theorems
1.1 and 1.2. In addition (see Proposition 3.6) we show that with high probability the electrical
resistance in the network U between 0 and By(0, R)¢ is greater than R/A. The proofs of all
of these results involve constructing the UST U/ in a particular way using Wilson’s algorithm
and then applying the bounds on the lengths of LERW paths from Section 2.

In Section 4, we use the techniques from [BJKS08, KM08] and our results on the volume
and effective resistance of U from Section 3 to prove Theorems 1.4 and 1.5.

Throughout the paper, we use ¢, ¢, C,C’ to denote positive constants which may change
between each appearance, but do not depend on any variable. If we wish to fix a constant,
we will denote it with a subscript, e.g. .

2 Loop erased random walks

In this section, we look at LERW on Z2 We let S be a simple random walk on Z2, and
given a set D C Z2, let
op =min{j >1:85; € Z*\ D}

be the first exit time of the set D, and
SD:mln{]21S]€D}

be the first hitting time of the set D. If w € Z?, we write &, for §{wy- We also let op = op(r)
and use a similar convention for £z. The outer boundary of a set D C Z2 is

OD = {x € Z*\ D : there exists y € D such that |z — y| = 1},
and its inner boundary is
0D = {z € D : there exists y € Z* \ D such that |z — y| = 1}.

A path X\ in Z? is a sequence (finite or infinite) Ao, Ay,... with [N ;1 — ;| = 1. We
occasionally will write A(j) rather than A; if j is a complicated expression. Given a path
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A= (Ao, ..., Ap) in Z2, let L(\) denote its chronological loop-erasure. More precisely, we let
sp = max{j : \; = Ao},

and for ¢ > 0,
s =max{j: \; = A(s;-1 + 1)}
Let
n=min{i: s; = m}.
Then
L(A) = [A(s0), A(s1), -, A(sn)]-

We note that by Wilson’s algorithm, L(S]0,£,]) has the same distribution as (0, w) — the
unique path from 0 to w in the UST Y. We will therefore use (0, w) to denote L(S]0,&,])
even when we make no mention of the UST U.

For positive integers [, let €; be the set of paths w = [0,wy,...,wx] C Z? such that
w; € B(0,1),j=1,...,k—1and wy € 0B(0,1). For n > [, define the measure f, on 2; to
be the distribution on €; obtained by restricting L(S[0, 0,,]) to the part of the path from 0
to the first exit of B(0,1).

For a fixed | and w € ), it was shown in [Law91] that the sequence f,(w) is Cauchy.
Therefore, there exists a limiting measure y; such that

lim gy (w) = pu(w)-
n—o0

The 1y are consistent and therefore there exists a measure y on infinite self-avoiding paths.
We call the associated process the infinite LERW and denote it by S. We denote the exit
time of a set D for S by op. By Wilson’s algorithm, S[0,00) has the same distribution
as 7(0,00), the unique infinite path in U starting at 0. Depending on the context, either
notation will be used.

For a set D containing 0, we let Mp be the number of steps of L(S[0,0p]). Notice that
if D =17?\{w} and S is a random walk started at z, then Mp = d(x,w). In addition,
if D' C D then we let Mp p be the number of steps of L(S[0,0p]) while it is in D', or
equivalently the number of points in D’ that are on the path L(S[0,0p]).

We let M,, be the number of steps of 5[0,5,]. As in the introduction, we set G(n) = E[]\//jn],
extend G to a continuous strictly increasing function from [1,00) to [1,00) with @(1) =1,
and let § be the inverse of G. It was shown in [Law13] that G(n) < G(n) = nd/4.

Lemma 2.1 We have

G(\r) = X/4G(r), (2.1)
g(Ar) =< Xog(r). (2.2)
Proof. This is immediate from (1.1). O

The following result from [BM10] gives bounds on the tails of ]TJ\” and of Mp/p for a
broad class of sets D and subsets D’ C D. We call a subset of Z? simply connected if all
connected components of its complement are infinite.
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Theorem 2.2 [BM10, Theorems 5.8 and 6.7] There exist positive global constants C' and c,
and given € > 0, there ezist positive constants C(e) and c(g) such that for all X > 0 and all
n, the following holds.

1. Suppose that D C Z? contains 0, and D' C D is such that for all z € D', there ewists
a path in D¢ connecting B(z,n + 1) and B(z,2n)¢ (in particular this will hold if D is
simply connected and dist(z, D) < n for all z € D'). Then

P (Mpp > An/*) < 2e (2.3)
2. For all D D B(0,n),
P (Mp < A\'n?*) < C(e)e N (2.4)
. R
P (Mn > )\n5/4> < Ce N, (2.5)
4. .
P (M, < A7'n¥) < Ce)e N, (2.6)

We would like to use (2.3) in the case where D = Z? \ {w} and D' = B(0,n) \ {w}.
However these choices of D and D’ do not satisfy the hypotheses in (2.3), so we cannot use
Theorem 2.2 directly. The idea behind the proof of the following proposition is to get the
distribution on (0, w) using Wilson’s algorithm by first running an infinite LERW ~ (whose
complement is simply connected) and then running a LERW from w to .

Proposition 2.3 There exist positive constants C' and ¢ such that the following holds. Let
n>1andw € B(0,n). Let Y, = w if v(0,w) C B(0,n); otherwise let Y, be the first point
on the path ~v(0,w) which lies outside B(0,n). Then,

P (d(0,Y,) > An/*) < Ce M. (2.7)
Proof. Let v be any infinite path starting from 0, and let D =172 \ 7. Then D is the union

of disjoint simply connected subsets D; of Z?; we can assume w € D; and let D; = D. By
(2.3), (taking D' = B,, N D) there exist C' < oo and ¢ > 0 such that

P (Mpp > M) < Ce . (2.8)

Now suppose that v has the distribution of an infinite LERW started at 0. By Wilson’s
algorithm, if S* is an independent random walk started at w, then (0, w) has the same
distribution as the path from 0 to w in v U L(S*[0,0p]). Therefore,

d(0,Y,) = [7(0,Y,)| < My, + Mpr p,
and so,
P (d(0,Y,) > An%/t) <P (]\/4\n > ()\/2)n5/4) +max P (Mprp > (A/2)n%/")

The result then follows from (2.5) and (2.8). O]



Lemma 2.4 There exists a positive constant C such that for all k > 2, n > 1, and K C
72 \ B(0,4kn), the following holds. The probability that 1(S[0,x]) reenters B(0,n) after
leaving B(0, kn) is less than Ck~'. This also holds for infinite LERWSs, namely

P(S[G4n, 00) N B(0,n) # 0) < Ck~. (2.9)

Proof. The result for infinite LERWs follows immediately by taking K = Z?\ B(0,m)
and letting m tend to oco.

We now prove the result for L(S[0,£k]). Let v be the part of the path L(S[0,£{k]) from
0 up to the first point z where it exits B(0, kn). Then by the domain Markov property for
LERW [Law91], conditioned on +, the rest of L(S[0,&k]) has the same distribution as the
loop-erasure of a random walk started at z, conditioned on the event {x < &, }. Therefore,
it is sufficient to show that for any fixed path « from 0 to 0B(0, kn) and z € 9B(0, kn),

P* (&, < &k €k < &a)

P (<)) <Ck™. (2.10)

PZ(£n<£K‘£K<£a):

On the one hand,

P* (&, < €k ék < &a)

< P* (&rnye < &a P (&, < &, P n < &a PY <&,).
SP (G <) pmax P (6 <€) o B (0am < &) pime, B (B < &)

However, by the discrete Beurling estimates (see [LL, Theorem 6.8.1]), for any x €
0;B(0,kn/2) and w € dB(0,n),

P* (gn < 5&) < Ckil/z?
PY (0gpn < o) < CETV2

Therefore,

P* (& < €xiér < &a) S CRTIP? (Gpnyz < &)  max PV (Ex < &)

yedB(0,2kn)

On the other hand,

P? < &,) > P? n o i PY < &,).
(€x < &) > P (o <§)yeagl(gl%n) (€x < &)

By the discrete Harnack inequality (see [LL, Theorem 6.3.9]),

max PY({x <&) <C min PY({x < &)

y€0B(0,2kn) y€0B(0,2kn)

Therefore, in order to prove (2.10), it suffices to show that

]PZ (Uan < fa) Z CPZ (fkn/2 < fa) .
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Let B = B(z;kn/2). By [Mas09, Proposition 3.5], there exists ¢ > 0 such that
P* (Jarg(S(op) — 2)| < 7/3 | op < &) > c.

Therefore,

P* (Uan < 50{) 2 Z PY (Uan < ga) P* (UB < ga; S(UB) = y)
yeOB
larg(y—=2)|<m/3

> cP? (o < & larg(S(op) — 2)| < 7/3)
Z cP* (UB < 504)
> clP? (5]671/2 < ga) .

Remark 2.5 One can also show that there exists § > 0 such that
P (S[Gkn, 00) 0 B(0,m) #0) > ek, (2.11)

As we will not need this bound we only give a sketch of the proof. Further, we will not try
to find the value of  that the argument yields, since it would be far from optimal.
First, we have

P (§[akn, o) N B(0, n) # @) > P (§[akn, Gaen) 0 B(0, n) # @) .

However, by [Mas09, Corollary 4.5, the latter probability is comparable to the probability
that L(S|[0, o16kn]) leaves By, and then reenters B(0,n) before leaving B(0,4kn). Call the
latter event F'.

Partition Z? into the three cones A = {z € Z? : 0 < arg(z) < 27/3}, Ay = {2z € Z* :
21/3 < arg(z) < 4m/3} and Az = {2 € Z* : 47/3 < arg(z) < 2m}. Then the event F
contains the event that a random walk started at 0

(1) leaves B(0,2kn) before leaving A; U B(0,n/2),

(2) then enters A, while staying in B(0,4kn) \ B(0, kn),

(3) then enters B(0,n) while staying in A, N B(0,4kn),

(4) then enters A; while staying in Ay N B(0,n) \ B(0,n/2),
(5) then leaves B(0,16kn) while staying in As \ B(0,n/2).

One can bound the probabilities of the events in steps (1), (3) and (5) from below by ck=#
for some 8 > 0. The other steps contribute terms that can be bounded from below by a
constant; combining these bounds gives (2.11).

Lemma 2.6 There exists a positive constant C such that for all k > 1 and w € Z?,
1
gk‘l <P (v(0,w) ¢ B(0,k|w|)) < Ck~Y3, (2.12)
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Proof. We first prove the upper bound. By adjusting the value of C' we may assume that
k > 4. In order to obtain 7(0,w), we first run an infinite LERW ~ started at 0 and then
run an independent random walk started at w until it hits v and then erase its loops. By
Wilson’s algorithm, the resulting path from 0 to w has the same distribution as (0, w).

By Lemma 2.4, the probability that v reenters Byz/s, after leaving By, is less than
Ck~'/3. Furthermore, by the discrete Beurling estimates [LL, Proposition 6.8.1],

P (0ye/p) < &) < C(KY?)712 = Ck™3.
Therefore,
P (¥(0,w) ¢ Byjw) < Ck™'/3.

To prove the lower bound, we follow the method of proof of [BLPS01, Theorem 14.3]
where it was shown that if v and w are nearest neighbors then

1
P (di > >
(diam y(v,w) > n) > -

If w= (wy,ws), let u= (w; — wq, w1 + wy) and v = (—wy, w;) so that {0, w,u, v} form four
vertices of a square of side length |w|. Now consider the sets

O ={jw:j=0,...,2k}, Qx={2kw+jlu—w):j=0,...,2k},
Q3:{jv:jzo7"'72k}7 Q4:{2/€U+j(U—v)j:O,,2k},

and let Q) = U?Zl ;- Then @ consists of 8k lattice points on the perimeter of a square of
side length 2k |w|. Let xy, ..., zs; be the ordering of these points obtained by letting z; = 0
and then travelling along the perimeter of the square clockwise. Thus |z;+; — 2;| = |w|. Now
consider any spanning tree U on Z2. If for all i, y(z;, 7;41) stayed in the ball B(z;, k|w|)
then the concatenation of these paths would be a closed loop, which contradicts the fact
that U is a tree. Therefore,

8k
L="P (3i:y(wi in1) ¢ Blas, k|w])) <Y P (y(2s,2001) ¢ Blag klul).

=1

Finally, using the fact that Z? is transitive and is invariant under rotations by 90 degrees,
all the probabilities on the right hand side are equal. This proves the lower bound. O

Proposition 2.7 For all € > 0, there exist c(¢),C(e) > 0 and \o(¢) > 1 such that for all
w € Z? and all X > 1,

P (d(o, w) > A wa/‘*) < O(e)A15+, (2.13)
and for all w € Z* and all X > \o(e),
P (d(o,w) >\ |w\5/4> > () A5, (2.14)
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Proof. (As G(r) = r®* this argument could be simplified.) To prove the upper bound, let
k = A\%/5=3 Then by Lemma 2.1, there exists C'(¢) < oo such that

G(k|w]) < C(e)k* G (Jw]) < Cle)A G (). (2.15)
Then,
P (d(0,w) > AG(Jw])) <P (v(0,w) & Byjw)) + P (d(0,w) > AG(|w|); 7(0,w) C Biju)) -
However, by Lemma 2.6,
P (7(0,w) ¢ Byju)) < Ck™3 = CAT4/15F2, (2.16)
while by (2.15),
P (d(0,w) > AG(jw):7(0,w) € Byguy) < P (d(0,w) > e(e) NGk |uo]);7(0,w) € Buju)
< Cexp(—c(e)X°).
Therefore,

P (d(0,w) > AG(Jw])) < Cexp(—c(e)X°) + CATH15He < C(e)\~4/10+=, (2.17)

To prove the lower bound we fix k = A5t and assume k > 2 and € < 1 /4. Then by
Lemma 2.1, there exists C(¢) < oo such that

G((k = 1) o) = C() K =G(wl) = C(e) NG (juw]).
Hence,
P (d(0,w) > AG(|w|)) > P (d(O,w) > C’(s))\_a/?’G((/{ —1) |w|)) :

Now consider the UST on Z? and recall that (0, 00) and v(w, oc) denote the infinite paths
starting at 0 and w. We write Zy,, for the unique point where these meet: thus v(Zy,, 00) =
(0, 00) Ny (w, 00). Then (0, w) is the concatenation of (0, Zy,,) and v(w, Zy,). By Lemma
2.6,

1
Therefore,
1
P (7(0, Zow) & Biw| or (w, Zow) € Bijw|) = R

By the transitivity of Z?, the paths (0, Zy _,,) and v(w, Zy,,) —w have the same distribution,

and therefore .

P Z B 1w ) = —.
(7(07 Ow) ¢ (k—1)| |) = 16k

Since Zy,, is on the path (0, c0), by (2.6),
P (d(0,w) > C(e)APG((k = 1) [w]))
> P (d(0, Zow) > C(e)AG((k — 1) [w]))
> P (Vi > CEON PG = 1) [w]); 700, Zow) & By
> P (4(0, Zow) & Bir-tyjul) — P (J‘/Z(kflnm < CEANG((k—1) |w|)>

1
> o o 6/4 .
> Tok Cexp{—c\/"}
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Finally, since k = A%/°*¢, the previous quantity can be made greater than c(e)A=%/°~¢ for \
sufficiently large. O

3  Uniform spanning trees

We recall that U denotes the UST in Z?, and we write 2 ~ y if 2 and y are joined by an
edge in U.
Let € be the quadratic form given by

E(f19) = 5 2any (f(2) = F()(g(x) — 9(v)), (3.1)

If we regard U as an electrical network with a unit resistor on each edge, then E(f, f) is the
energy dissipation when the vertices of Z? are at a potential f. Set H?> = {f : Z*> — R :
E(f,f) <oo}. Let A, B be disjoint subsets of U. The effective resistance between A and B
is defined by:

Reg(A, B) ' =inf{&E(f, f): f € H* fla=1, f|p = 0}. (3.2)

Let Re(z,y) = Reg({z},{y}), and Reg(x,x) = 0. For general facts on effective resistance
and its connection with random walks see [AF, DS84, LP09).

In this section, we establish the volume and effective resistance estimates for the UST U
that will be used in the next section to study random walks on U.

Theorem 3.1 There exist positive constants C' and ¢ such that for all v > 1 and A > 0,
(a)

P (B4(0, A\"'r4) ¢ B(0,r)) < Ce ", (3.3)
(b) y

P (Reg(0, B(0,7)¢) < A73%/%) < Cem . (3.4)

Proof. By adjusting the constants ¢ and C' we can assume A > 4. For k > 1, let
S = A7127% and n, = (2k)L. Let ko be the smallest integer such that rdy, < 1. Set

A, = B(0,r) — B(0, (1 —n)r), k> 1.

Let Dy, be a finite collection of points in Ay such that |Dy| < 05,;2 and

A C U B(Z,&]J’)

z2€Dy,

Write Uy, Us, . .. for the random trees obtained by running Wilson’s algorithm (with root
0) with walks first starting at all points in D;, then adding those points in Dy, and so on. So
Uy, is a finite tree which contains |Jf_, D; U {0}, and the sequence (U}, is increasing. Since
7o, < 1 we have 9;B(0,7) C Ay, C Uy,- We then complete a UST U on Z? by applying
Wilson’s algorithm to the remaining points in Z2.

14



For z € Dy, let N, be the length of the path (0, z) until it first exits from B(0,r/8). By
first applying [Mas09, Proposition 4.4] and then (2.6),

P(N, < A" < CP(M, s < A~ /%) < Ce=*,

so if
z€Dq
then N
BUR) < DIC < 052 < O .

For z € Ay, let H, be the event that the path v(z,0) enters B(0, (1 — nx)r) before it hits
Uy. For k> 1, let
Fep= |J H.

2€Dk 1

Let z € D1 and S* be a simple random walk started at z and run until its hits Uy. Then
by Wilson’s algorithm, for the event H, to occur, S* must enter B(0, (1 —n)r) before it hits
Ui. To bound P(H.), note that z is a distance at least (9 — mg1)r from B(0, (1 — n)r),
and that each each point in Ay is within a distance dyr of Uy. Let m = (9 — Nxs1)/0k. For
H, to occur, the random walk must move through at least %m balls of radius 2,7 without
hitting Uy. Since Uy, is connected, in each of these balls B(w;,2d;r) there is a path in Uy
from B(w;, 0xr) to B(w;, 20x7)¢. So, by the discrete Beurling estimate,

P(H.) < exp(—cim) < exp(—c (i — nes1)/0k)-

Hence
P(Fyt1) < C6; 2, exp(—c(ne — mis1)/0k) < CA*4F exp(—cA2¥k72). (3.6)
Now define G by
ko
G°=FRU|JF,
k=2
so that
P(GC) < CAe™ + 3~ ON4F exp(—eA2bh2) < Cem, (3.7)

k=2
Now suppose that w € G. Then we claim that:

(1) For every z € D; the part of the path v(0,z) until its first exit from B(0,r/2) is of
length greater than A~175/4,
(2) If z € Dy, for any k > 2 then the path v(z,0) hits U before it enters B(0,r/2).

Of these, (1) is immediate since w ¢ Fy, while (2) follows by induction on  using the fact
that w ¢ F}, for any k.
Hence, if w € G, then |y(0,2)| > A~'r®/* for every z € 9;B(0,r), which proves (a).
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To prove (b) we use the Nash-Williams bound for resistance [NW59]. For 1 < k < A~1y%/4
let 'y be the set of z such that d(0,z) = k and z is connected to B(0,7)¢ by a path in
{z} U (U — ~(0,2)). Assume now that the event G holds. Then the I'; are disjoint sets
disconnecting 0 and B(0,r)¢, and so

A—1p5/4

Reg(0,B(0,7)°) > > [Ty
k=1

Furthermore, each z € ' is on a path from 0 to a point in Dy, and so || < |D;| < C§;? <
CA?. Hence on G we have Ro(0, B(0,7)¢) > cA=3r%/4 which proves (b). O

A similar argument will give a (much weaker) bound in the opposite direction. We begin
with a result we will use to control the way the UST fills in a region once we have constructed
some initial paths.

Proposition 3.2 There exist positive constants ¢ and C such that for each 69 < 1 the
following holds. Let v > 1, and Uy be a fived tree in Z* connecting 0 to B(0,2r)° with
the property that dist(z,Uy) < dor for each x € B(0,r) (here dist refers to the Fuclidean
distance). Let U be the random spanning tree in Z* obtained by running Wilson’s algorithm
with root Uy. Then there exists an event G such that

P(GY) < Ce% "’ (3.8)
and on G we have that for all x € B(0,7/2),

d(, Us) < G(6*r): (3.9)

v(z,Up) C B(0,7). (3.10)

Proof. We follow a similar strategy to that in Theorem 3.1. Define sequences (d;) and
(Ae) by 0, = 27580, A, = 28/2X,, where A = 5714, /%, For k > 0, let
Ay, = B(0, %(1 +(1+k)"YHr),
and let D, C A be such that for k > 1,
| Di| < €07,
A, C U B(z, 0xT).

2€Dy,

Let Uy = Uy and as before let Uy, Us, ... be the random trees obtained by performing
Wilson’s algorithm with root Uy and starting first at points in D, then in Dy etc. Set

M, = d(Z,uk_l), z € Dk,
Fz = {’Y(Zaukfl) ¢ Akfl}a EAS Dk7

M, = max M.,
2€Dy,

F.= | F.
z€Dy,
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For z € Dy,

Since z is a distance at least $7(k™' — (k+1)7") from Af_,, and each point in Ax_; is within
a distance 0j_17 of Uj_1,

P(F,) < Cexp(—co ' (k7' = (k+1)7") < Cexp(—cd, ' k72). (3.12)
By (2.3), again using the fact that each point in Aj_; is within distance d;_17 of U1,
P (M, > \G(0_17); FE) < Cexp(—eXi?). (3.13)
So, combining (3.11)—(3.13), for k > 1,

P (Mg > MG(0p—17)) + P (F)) < C|Dy| [exp(—cék__llk_2) + exp(—c)\z/?’) ) (3.14)
Now let -
G = () Fr 0 {My, < MG(6p-17)}- (3.15)
k=1

Summing the series given by (3.14), and using the bound |Dy| < ¢} %, we have

P(G) < Co2 Yy 2% [exp(—c5512kk—2) + eXp(—ch/?’éo_l/g)]
k

1/3

S 050—26—065

1/3

< Ce % .
Using Lemma 2.1 with € = 1 gives
MeG(0r17) < M”27 DG (5 r) = 200052272 G (85 %r).
So N
S MG(Ghoar) < BA0Y 2GS/ *r) = G5 ).

k=1
Since B(0,7/2) C (), Ak, we have B(0,7/2) C |J, Us. Therefore on the event G, for any = €
B(0,7/2), d(z,Uy) < G(éémr). Further, on G, for each z € Dy, we have v(z,Uy—1) C Ap_1.
Therefore if € B(0,7/2) the connected component of U — Uy containing « is contained in
B(0,r), which proves (3.10). O

Theorem 3.3 For all e > 0, there exist c(¢),C(g) > 0 and \o(¢) > 1 such that for allT > 1
and X\ > 1,
P(B(0,7) ¢ Ba(0, \r®/*) < CA~4/15F=, (3.16)

and for all r > 1 and all X > \o(e),
P(B(0,7) ¢ Ba(0, )\T5/4) > eATEE
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Proof. The lower bound follows immediately from the lower bound in Proposition 2.7.
To prove the upper bound, let E C B(0,4r) be such that |E| < CA*/? and

B(0,4r) C U B(z, \"¥/*r).

zeE

We now let Uy be the random tree obtained by applying Wilson’s algorithm with points in
E and root 0. Therefore, by Proposition 2.7, for any z € E,

P(d(0,2) > Ar®*/2) <P(d(0,2) > cAG(|2])/2) < C(e)A\~ /152,

Let
F = {d(0,2) < M**/2 for all z € E};

then
]P)(FC) S |E| C(E))\_4/15+6/2 S C(E))\_4/15+€.

We have now constructed a tree Uy connecting 0 to B(0,4r)¢ and by the definition of the set
E, for all z € B(0,2r), dist (z,Uy) < A=%/*r. We now use Wilson’s algorithm to produce the
UST U on Z? with root Uy. Let G be the event given by applying Proposition 3.2 (with r
replaced by 2r), so that

P (G°) < Ce™ ",

On the event G we have d(x,Uy) < G(A™%/?r) < Ar®/4/2 for all x € B(0,r). Therefore, on
the event F'N G we have d(z,0) < M for all x € B(0,r). Thus,

P( max dlz,0) > Ar”‘*) < C(e)A 1% L Cem N < Oe)A Y1t
T ,r

Theorem 1.1 is now immediate from Theorem 3.1 and Theorem 3.3.

While Theorem 3.1 immediately gives the exponential bound (1.5) on the upper tail of
| B4(0,7)| in Theorem 1.2, it only gives a polynomial bound for the lower tail. The following
theorem gives an exponential bound on the lower tail of |By(0,7)| and consequently proves
Theorem 1.2.

Theorem 3.4 There exist constants ¢ and C' such that if R> 1, A > 1 then

P(|B4(0, R)| < A™'R¥%) < e (3.17)

Proof. Let k> 1 and let r = g(R/k'/?), so that R = k'/?r°/4. Fix a constant &y, < 1 such
that the right side of (3.8) is less than 1/4. Fix a further constant # < 1, to be chosen later
but which will depend only on dy. R

We begin the construction of ¢/ with an infinite LERW S started at 0 which gives the path
Yo = Uy = 7(0,00). Let z;, j = 1,...k be points on S[0.5,] chosen such that B; = B(z;,r/k)
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are disjoint. (We choose these according to some fixed algorithm so that they depend only
on the path S[0,7,].) Let

Fy = { S[6sr, 00) hits more than k/2 of By, ... By}, (3.18)
Fy = {|S]0,5y,]| > LEM2r5/4}. (3.19)
We have
P(F)) < Ce ", (3.20)
P(Fy) < Ce™ ", (3.21)

Of these, (3.21) is immediate from (2.5) while (3.20) will be proved in Lemma 3.7 below.
If either F} or F, occurs, we terminate the algorithm with a ‘Type 1’ or ‘Type 2’ failure.
Otherwise, we continue as follows to construct ¢ using Wilson’s algorithm. We define

B} = B(z;,0r/k), B = B(z, 0%r/k).

The algorithm is at two ‘levels’ which we call ‘ball steps” and ‘point steps’. We begin
with a list Jy of good balls. These are the balls B; such that B; N S[0s,,00) = 0. The nth
ball step starts by selecting a good ball B; from the list J,,_; of remaining good balls. We
then run Wilson’s algorithm with paths starting in Bj. The ball step will end either with
success, in which case the whole algorithm terminates, or with one of three kinds of failure.
In the event of failure the ball B;, and possibly a number of other balls also, will be labelled
‘bad’, and J,, is defined to be the remaining set of good balls. If more than k'/2/4 balls are
labelled bad at any one ball step, we terminate the whole algorithm with a “Type 3 failure’.
Otherwise, we proceed until, if we have tried k'/2 balls steps without a success, we terminate
the algorithm with a ‘Type 4 failure’.

We write U, for the tree obtained after n ball steps. After ball step n, any ball B; in J,
will have the property that B} NU, = B; NUp.

We now describe in detail the second level of the algorithm, which works with a fixed
(initially good) ball B;. We assume that this is the nth ball step (where n > 1), so that we
have already built the tree U, ;. Let D’ C B(0,6%r/k) satisfy

D' <edy®, B(0,6%r/k) C | Bl 606%r/k).
zeD’

Let Dj = z; + D', so that D; C BY.

We now proceed to use Wilson’s algorithm to build the paths y(w,U,,_1) for w € D;. For
w € D; let S¥ be a random walk started at w. For each w € D; let G, be the event that
Y(w,Up—1) C B}. If F,, is the event that SY exits from B;- before it hits Uy, then

P(GS) < P(F,) < cf/2. (3.22)

Here the first inequality follows from Wilson’s algorithm, while the second is by the discrete
Beurling estimates ([LL, Proposition 6.8.1]).

19



Let M,, = d(w,U,_1), and T, be the first time S* hits U,,_;. Then by Wilson’s algorithm
and (2.3),

P(M, > 07'G(0r/k); Gy) = P(M,, > 67'G(0r/k); L(S*[0,T,]) C B)) < ce™ " (3.23)

We now define sets corresponding to three possible outcomes to this procedure:

Hl,n - U Gqcya
U}ED]'
_ -1
Hy, = {Eé%’j M, >0 G(é’r/k:)} N ) Gu
wEDj
_ —1
Hs, = {{U%%}j M, <0 G(Gr/k)} N () Gu
wEDj
By (3.22),
P(Hi,) < Y P(Gy) < 6y %0"?, (3.24)
wGDj
and by (3.23),
P(Hyp) < Y P(M, > 07'G(0r/k); Gy) < cdg e (3.25)
wEDj

We now choose the constant # small enough so that each of P(H;,) <
therefore

% for i = 1,2, and

P(Hs,) > . (3.26)

If H;,, occurs then we have constructed a tree U, which contains ¢, and D;. Further,
we have that for each point w € Dy, the path v(w,0) hits Uy before it leaves B}. Hence,

d(w,0) < M, + max d(0,z2) <
ZEZ/{OQB]'

kY2054 4 071G (Or k).

1
2

We now use Wilson’s algorithm to fill in the remainder of B}. Let G, be the event given
by applying Proposition 3.2 to the ball BY with Uy = U;,. Then

P(GS) < ce™0 " <

by the choice of &y, and therefore P(Hs,, N G,) > ;11. If this event occurs, then all points
in B(zj,0r/2k) are within distance G(é(l)/QQQr/k:) of U in the graph metric d; in this case
we label ball step n as successful, and we terminate the whole algorithm. Then for all
z € B(z;,0%r/2k),
d(0,2) <d(z,U) + max d(w,0)
wel!,
< G(85°0%r [k) + LkV2r%4 1 971G (0r [k)
< k2501,

20



provided that k is large enough. So there exists kg > 1 such that, provided that & > ko, if
Hj,, N G, occurs then B(z;,0%/2k) C Ba(0,kY?r°/). Since R = kY2r%* < G(k'/?r) we
have g(R) < k'/?r, and therefore

|B4(0, R)| > |B(z,0°r /2k)| > ck™*r* > cg(R)* /K> (3.27)

If H,, UH,, U (Hs, NG) occurs then as soon as we have a random walk S* that
‘misbehaves’ (either by leaving B’ before hitting Uy, or by having M, too large), then we
terminate the ball step and mark the ball B; as ‘bad’. If w € H,,, only the ball B; becomes
bad, but if w € Hy , U(Hj,, NGS) then S* may hit several other balls B/ before it hits U,,_;.
Let N2 denote the number of such balls hit by S*. By Beurling’s estimate, the probability
that S enters a ball B} and then exits B; without hitting I, is less than ¢'/2. Since the
balls B; are disjoint,

P(NE > m) < (c6¥?)™ < e=™. (3.28)

A Type 3 failure occurs if N5 > k'/2/4: using (3.28) we see that the probability that a ball
step ends with a Type 3 failure is bounded by exp(—ck'/?). If we write Fj for the event that
some ball step ends with a Type 3 failure, then since there are at most k2 ball steps,

P(Fs) < kY2 exp(—ck'?) < Cexp(—ck'/?). (3.29)

The final possibility is that &£'/2 ball steps all end in failure; write £ for this event. Since
each ball step has a probability at least 1/4 of success (conditional on the previous steps of
the algorithm), we have

P(Fy) < (3/4)F" < e~ (3.30)

Thus either the algorithm is successful, or it ends with one of four types of failure, cor-
responding to the events Fj, ¢ = 1,...4. By Lemma 3.7 and (3.21), (3.29), (3.30) we have
P(F;) < Cexp(—ck'/?) for each i. Therefore, we have that provided k > ko, (3.27) holds
except on an event of probability C exp(—ck'/?). Taking k = cA!/3 for a suitable constant c,
and adjusting the constant C' so that (3.17) holds for all A completes the proof. O

The reason why we can only get a polynomial bound in the Theorem 3.3 is that one cannot
get exponential estimates for the probability that v(0, w) leaves B(0, k |w|) (see Lemma 2.6).
However, if we let U, be the connected component of 0 in & N B(0,r), then the following
proposition enables us to get exponential control on the length of v(0, w) for w € U,.. This will
allow us to obtain an exponential bound on the lower tail of R.g(0, B4(0, R)¢) in Proposition
3.6.

Proposition 3.5 There exist positive constants ¢ and C' such that for all A > 1 and r > 1,
P (U, ¢ Ba(0, \r**)) < Ce. (3.31)
Proof.  This proof is similar to that of Theorem 3.3. Let E C B(0,2r) be such that
|E| < C\® and
B(0,2r) C U B(z,A\7%r),

zeE
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and let Uy be the random tree obtained by applying Wilson’s algorithm with points in £
and root 0. For each z € E, let Y, be defined as in Proposition 2.3, so that Y, = z if
7(0,2) C B(0,2r), and otherwise Y, is the first point on (0, z) which is outside B(0, 2r).
Let

Gy = {d(Y.,0) < LA5/* for all z € E}.

1
2
Then by Proposition 2.3,
P(GS) <> P(d(Y:,0) > IAG(2r)) < |E|Ce™ < CA%e, (3.32)
zeR

We now complete the construction of U by using Wilson’s algorithm. Then Proposition 3.2
with d, = A~ implies that there exists an event Gy with

P(G5) <e = (3.33)
and on G,

max d(x,Uy) < GAr).

z€B(0,r)

Suppose G N Gy occurs, and let x € U,. Write Z, for the point where (z,0) meets Uy.
Since x € U,, we must have Z, € B(0,r), and v(Z,,0) C B(0,7). As Z, € Uy, there exists
z € E such that Z, € v(0, z). Since G; occurs, d(0, Z,) < d(0,Y.) < 4Ar%/4, while since G,
occurs d(x, Z,) < G(A™32r). So, provided A is large enough,

d(0,z) < d(0, Z,) + d(Zy, x) < IXr?t + GA2r) < AP/

Using (3.32) and (3.33), and adjusting the constant C' to handle the case of small A completes
the proof. H

Proposition 3.6 There exist positive constants ¢ and C' such that for all R > 1 and A > 1,
(a)
P(Rei (0, B4(0, R)) < A™'R) < Ce™ " (3.34)

(b)
E(Rerr(0, Ba(0, R)*)|Ba(0, R)|) < CR™/®. (3.35)

Proof. (a) Recall the definition of U, given before Proposition 3.5, and note that for all
r > 1, Reg(0, B(0,7)¢) = Reg(0,U¢). Given R and A, let 7 be such that R = \¥!17%/4. By
monotonicity of resistance we have that if U, C By(0, R), then

Reff(oa Bd(ov R)c> Z Reff(oa Uf)
So, writing By = B4(0, R),

P(Reg(0,BS) < A 'R) = P(Reg(0, BS) < A 'R; U, ¢ By) +P(Reg(0, BS) < A 'R; U, C By)
< P(U, ¢ Ba(0, X2/"5/4)) £ P(Reg (0, US) < N=9Hp5/4),
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By Proposition 3.5,
]P)(Ur ¢ Bd(07 )\2/11T5/4)) < 06_6)\2/117

while by (3.4),
]P)(REH(O, U:) < A_9/11r5/4> S Ce_CAQ/ll'
This proves (a).
(b) Since R (0, B4(0, R)¢) < R, this is immediate from Theorem 1.2. -

We conclude this section by proving the following technical lemma that was used in the
proof of Theorem 3.4.

Lemma 3.7 Let Fy be the event defined by (3.18). Then

P(F}) < Ce™ """, (3.36)

Proof. Let b= ef"’. Then by Lemma 2.4
P (§[abr, 00) N B, # (z)) <Obl < CeF (3.37)

If S[G,,00) hits more than k/2 balls (from the family By, ..., B,) then either S hits B,
after time oy,, or S [Gor, Opr] hits more than k/2 balls. Given (3.37), it is therefore sufficient
to prove that

P(S[Gsr, 53] hits more than k/2 balls) < Ce *'", (3.38)

Let S be a simple random walk started at 0, and let L' = L(S[0, 04,]). Then by [Mas09,
Corollary 4.5], in order to prove (3.38), it is sufficient to prove that

P(L’ hits more than /2 balls) < Ce™ """, (3.39)
Define stopping times for S by letting Ty = 09, and for j > 1,

R; =min{n > T, : S, € B(0,r)},
T; =min{n > R, : S,, ¢ B(0,2r)}.

Note that the balls B; can only be hit by S in the intervals [R;, Tj] for j > 1. Let M =
min{j : R; > o, }. Then

_ log(2r) —log(r)  log2 S 13

POM = j+ 1M > j) = log(4br) —logr — log(4b) ~

Hence
P(M > k*3) < Cexp(—ck'/?).

For each j > 1 let L; = L(S[0,T;]), let a; be the first exit by L; from B(0,2r), and j; be
the number of steps of L.
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If L' hits more than k/2 balls then there must exist some j < M such that L;[«;, §;] hits
more than k/2 balls B;. (We remark that since the balls B; are defined in terms of the loop
erased walk path, they will depend on L;[0, o;]. However, they will be fixed in each of the
intervals [R;, T;].) Hence, if M < k%3 and L' hits more than k/2 balls then S must hit more
than ck'/3 balls in one of the intervals [R;, T}], without hitting the path L;[0, o;]. However,
by Beurling’s estimate the probability of this event is less than C exp(—ck'/?). Combining
these estimates concludes the proof. O]

4 Random walk estimates

We recall the notation of random walks on the UST given in the introduction. We write w
for elements of D. Finally, we recall the definitions of the stopping times 7z and 7, from
(1.9) and (1.10) and the transition densities p¥(x,y) from (1.8). To avoid difficulties due to
U being bipartite, we also define

Do, y) = o, y) + i (2, ). (4.1)

Throughout this section, we will write C(\) to denote expressions of the form C'AP and
c(\) to denote expressions of the form ¢\™?, where ¢, C' and p are positive constants. To
handle the indices it will be helpful to set x = 5/4, and

2 8 24+ 13
dp===. dy=1+d;= R“:_,

As in [BJKS08, KM08] we define a (random) set J(\):

Definition 4.1 Let U be the UST. For A > 1 and z € Z?, let J(z,\) be the set of those
R € [1, 00] such that the following all hold:

(1) |Balw, B)| < AR,

(2) ATURYS < |By(x, R)),

(3) Reg(z, Ba(z, R)*) > \7'R.

Proposition 4.2 For R>1, A\ > 1 and x € 72,
(a) »
P(R€ J(x,\)>1—Ce ", (4.2)

(b)
E(Rer (0, Ba(0, R))| Ba(0, R)|) < CR™.

Therefore conditions (1), (2) and (4) of [KM0S, Assumption 1.2] hold with v(R) = R% and
r(R) = R.

Proof. (a) is immediate from Theorem 1.2 and Proposition 3.6(a), while (b) is exactly
Proposition 3.6(b). We note that since r(R) = R, the condition Reg(x,y) < Ar(d(z,y)) in
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[KMO08, Definition 1.1] always holds for A > 1, so that our definition of J(\) agrees with
that in [KMOS]. O

We will see that the time taken by the random walk X to move a distance R is of order
Rg(R)? = RY%_ We therefore define

F(R) = Rg(R)* = R™. (4.3)

and let f(r) = r'/% be the inverse of F. We will prove that the heat kernel pr(x,y) is of
order g(f(T))™2% and so we let

k(t) = g(f(£))* = t/® £ > 1, (4.4)
We have

G(R)=R", g(R)=RY" F(R)=R%, (4.5)
f(R) = RY4  k(R)= R/  RG(R)= R".

We now state our results for the SRW X on U, giving the asymptotic behaviour of d(0, X,,),
the transition densities p¥(x,y), and the exit times 75 and 7. We begin with three theorems
which follow directly from Proposition 4.2 and [KMO8]. The first theorem gives tightness
for some of these quantities, the second theorem gives expectations with respect to P, and
the third theorem gives ‘quenched’ limits which hold P-a.s. In various ways these results
make precise the intuition that the time taken by X to escape from a ball of radius R is of
order R%*, that X moves a distance of order n*/% in time n, and that the probability of
X returning to its initial point after 2n steps is the same order as 1/|B(0,n'/%)|, that is
n=ds /e,

We define the averaged measure P* on Q x D by setting P*(A x B) = E[1,P%(B)] and
extending this to a probability measure.

Theorem 4.3 Uniformly with respect ton>1, R>1 andr > 1,

E°r
IP’(G_I < }%deR < 6’) —1 asf — oo, (4.7)
IP’(@_1 < f,;dzr < 6’) —1 asf — oo, (4.8)
PO~ <n~%/dps (0,0) <) -1  as b — oo, (4.9)
P (9—1 < % < 9) 51 asf— oo (4.10)

Theorem 4.4 There exist positive constants ¢ and C' such that for alln > 1, R>1,r > 1,

cR™ <E(E°rR) < CR™, (4.11)
crdv < E(E°T,) < Orfde, (4.12)

cn df/dw < E(p%,(0,0)) < Cn~%/de, (4.13)
en'/t < E(ESd(0, X,)). (4.14)
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Theorem 4.5 There ezist oy; < 00, and a subset Qg with P(Qp) = 1 such that the following
statements hold.
(a) For each w € Qg and x € Z? there exists N,(w) < oo such that

(loglogn) =1~ /d < p@ (. 2) < (loglogn)®n~4/4 —n > N,(w). (4.15)
In particular, ds(U) = 16/13, P-a.s.

(b) For each w € Qo and x € Z* there exists R,(w) < oo such that

(loglog R)™2R™ < E®rg < (loglog R)™R*™, R > R,(w), (4.16)
(loglog 7)™ rrdw < E*7. < (loglogr)®r*dw > R.(w). (4.17)
Hence
. logE*rp 13 . logE*7, 13
d — 1 w — 1 w = —. 4].
w(td) e log R 5 roron logr 4 (4.18)

(¢) Let Y, = maxo<p<n d(0, Xy). For eachw € Qo and x € Z* there exist N, (@), R.(@) such
that P*(N, < 00) = P*(R, < 00) = 1, and such that

(loglog n)~%nt/4 <V, (@) < (loglogn)®n'/® —n >N, (@), (4.19)
(loglog R)™™ R™ < 15(m) < (loglog R)* R™, R> R, (), (4.20)
(loglogr)~*r~hw < 7 (@) < (loglogr)*r @ r > R.(@). (4.21)

(d) Let W,, = {Xo, X1,...,X,} and let |W,,| denote its cardinality. For each w € Qo and
x €72,

log |W,, 8
lim 08 | Wh| =—, Plas. (4.22)
n—oo logn 13

The papers [BJKS08, KMO08§] studied random graphs for which information on ball volumes
and resistances were only available from one point. These conditions were not strong enough
to bound E%d(0, X,,) or p%(x,y) — see [BJKS08, Example 2.6]. Since the UST is stationary,
we have the same estimates available from every point x, and this means that stronger
conclusions are possible.

Theorem 4.6 There exist Ny(w) with P(Ny < c0) = 1, a > 0 and for all ¢ > 0, C, such
that
ECd(0, X,,)? < Cyn?/4 (logn)®®  forn > No(w). (4.23)

Further, for all n > 1,
E(ESd(0, X,,)?) < Cyn®® (logn)®. (4.24)

Write ®(T', z,z) = 0, and for = # y let

d(z,y) _ (d(az,y)dw)l/(dw—l)
G((T/d(z,y))'?) T .
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Theorem 4.7 There exists a constant o > 0 and r.v. Ny(w) with
P(N, > n) < Ce~clogm)? (4.26)
such that provided T% V |x — y| > Ny(w) and T > d(z,y), then writing A = A(z,y,T) =
C(log(|lz —y| v T))",
AT T/ de exp ( — AD(T, z, y)) < pr(z,y) < AT~4/4 exp ( — AT'9(T, z, y)) (4.27)

Remark 4.8 Except for the logarithmic term A, the bounds in (4.27) are of the same form
as those obtained in the diffusions on fractals literature.

Before we prove Theorems 4.3 — 4.7, we summarize some properties of the exit times 75.

Proposition 4.9 Let A > 1 and v € Z>.
(a) If R,R/(4\) € J(x, \) then

c(NR™ < E*r(z, R) < Cy(\)R™. (4.28)
(b) Let 0 < e < c3(N). Suppose that R,eR,cqy(N)eR € J(x,\). Then
P*(7(z, R) < csAe™ R™) < Cg(N)e. (4.29)

Proof. This follows directly from [BJKS08, Proposition 2.1] and [KMO08, Proposition 3.2,
3.5]. O

Proof of Theorems 4.3, 4.4, and 4.5. All these statements, except those relating to
7., follow immediately from Proposition 4.2 and Propositions 1.3 and 1.4 and Theorem 1.5
of [KMO8]. Thus it remains to prove (4.8), (4.12), (4.17) and (4.21). By the stationarity of
U it is enough to consider the case z = 0.

Recall that U, denotes the connected component of 0 in & N B(0,7), and therefore

T, =min{n >0: X, € U,}.
Let
Hi(r,\) = {Bg(0, \"'") C U, C By(0, \r"}.

On Hi(r,\) we have
Ta-tpe < T < T, (4.30)

while by Theorem 3.1 and Proposition 3.5 we have for r > 1, A > 1,
P(Hy(r, \)°) < e

The upper bound in (4.8) will follow from (4.12). For the lower bound, on H;(r, ) we have,
writing R = A\71r",
EB)%« EgTR _3 ESTR
r“dw - ()\R)dw - Rdw ’

(4.31)
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So

Ega:r - c E[E))TR _
P(Tﬁdw <AT) < POH (A + P < Y, (4.32)

and the bound on the lower tail in (4.8) follows from (4.7).

We now prove the remaining statements in Theorem 4.5. Let 1, = e*, and A, = a(log k)
and choose a large enough so that

Z exp(—c)\i/g) < 00.
k

3/2
Y

Hence by Borel-Cantelli there exists a r.v. K(w) with P(K < oco) = 1 such that H;(rg, \x)
holds for all £ > K. So if k is sufficiently large, and «s is as in (4.16),

E)T, < Eomaer < [loglog(Aeri)® (Aerg)™ < C(log k)™ rit.

Since 7, is monotone in r, the upper bound in (4.17) follows. A very similar argument gives
the lower bound, and also (4.21).
It remains to prove (4.12). A general result on random walks (see e.g. [BJKS08], (2.21))
implies that
E)F < Reg(0,U5) Y pta < Cr* Reg (0, U7).

er’l‘

Let z be the first point on the path (0, co) outside B(0, 7). Then Re.g(0,Uf) < d(0, z), and
since v(0, 00) has the law of an infinite LERW, Ed(0, z) < EM,,; < Cr*. Hence

E(E’T,) < Cr*tr = Crhe.
For the lower bound, let
Hy(r, A) = {71 (20) 2% € J(M\)).

Choose A large enough so that P(Hi(Ao,7) N Hy(No, 7)) > % If Hy(r,A\o) holds then by
Proposition 4.9, writing R = \;'r",

E%rp > (o) R™.
So, since R% = ¢(A\g)rfdw,

]EES,?:T Z E(Eg?m Hl()\o, T) M HQ()\(), 7’))
> E(EgTR; Hl()\o, 7“) N Hg()\o, 7")) > %C()\())Rdw > C()\Q)Tﬁd“’.

O

We now turn to the proofs of Theorems 4.6 and 4.7, and begin with a slight simplification
of Lemma 1.1 of [BB89].
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Lemma 4.10 There exists cg > 0 such that the following holds. Suppose we have nonnega-
tive r.v. & which satisfy, for some ty > 0,

P(& < tolér, ..., &-1) < 3.
Then .
P(> & < T) < exp(—con + T/ty). (4.33)

=1

Proof. Write F; = 0(&;,...&). Let 0 = 1/to, and let e=® = (14 ¢™'). Then

E(e‘e&

P(&; < to| Fioa)(1 — e %) 4 &7
<i(1+e o) =e .

Fic1) <P(& < to]Fier) + G_HtOP(fz' > to] Fio1)

Then

IP’(Z & < T) =Ple T8 > 0Ty < ITRE(e X&) < (T,
i=1

OJ

We also require the following lemma which is an immediate consequence of the definitions
of the functions F' and G.

Lemma 4.11 Let R>1,T > 1, and

R Retw\ 1/(dw—1)
bo = G(T/R)?) — ( T ) '

Then,

R/by = G((T/R)"?) = (T /bo), (4.35)
b<bye T/b< F(R/b) < f(T/b) < R/b (4.36)
F(OR) = 6™ F(R), (4.37)
f(OR) = 0% f(R). (4.38)

For x € Z2, let
A\ n)={w: R € J(y,\) forall y € B(z,n?),1 < R < n?}.
and let A(\,n) = Ao(\,n).
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Proposition 4.12 Let A > 1 and suppose that 1 < R < n,
T > Cy(MNR, (4.39)

and A(\,n) occurs. Then,

PS(TR <T) < Cro(A) exp (—011(/\) (R;“’)l/(d’w_l)) : (4.40)

Proof. In this proof, the constants ¢;(A\), C;(A) for 1 < i < 8 will be as in Proposition 4.9
and Lemma 4.11, and ¢y will be as in Lemma 4.10. We work with the probability P, so
that X() =0.

Let by = R/G((T/R)"?) be as in (4.34), and define the quantities

g = (206(/\))_17 0= 108_16005(/\)52, O*<)\) = 29_1,

!

m = |0by), R = R/m, to = cs(\)(eR)™

We now establish the key facts that we will need about the quantities defined above. We
can assume that by > C*()\) for if by < C*()\), then by adjusting the constants Cio(\) and
c11(A\) we will still obtain (4.40). Therefore,

1 < 260by < m < 6bg. (4.41)

Furthermore, since m/f < by, 0R/m = G((T/R)"/?) > 1 and 6/ < 1, we have by Lemma
4.11 that

T/m < 07'F(0R/m) < Cs0e*F(cR/m) < tcocs(A\)F(eR/m) = Leoto.

Therefore,
T/to < Lcom. (4.42)

Finally, we choose
Cy(A) = glea(N)'e™10)?,

so that if T'/R > Cy(\), then
G((T/R)Y?) = cx(N) e,

and therefore
cs(N)eR' > cy(N)eRO byt > 1. (4.43)

Having established (4.41), (4.42) and (4.43), the proof of the Proposition is straightfor-
ward. Let F,, = 0(Xo,...,X,). Define stopping times for X by

To =0,
Tk = min{j Z Tk_1 . Xj §Z Bd(XTk_I,R/ — 1)}7
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and let & = T}, — T)_1. Note that T}, < 7r, and that if £ < m, then
X7, € By(0,kR") C By(0,n) C B(0,n).
Therefore, since (4.43) holds and A(\, n) occurs, we can apply Proposition 4.9 to obtain that
PY(&, < c5(N)F(eR)|Fy1) < C(N)e = L.
Hence by Lemma 4.10 and (4.42),

Plra<T) < PA> & < 1)
1

O

Proof of Theorem 4.6 We will prove Theorem 4.6 with 7" replacing n. Let R = f(T'); we

can assume that 7" is large enough so that R > 2. We also let Cy()), C1o(A) and c11(N) be

as in Proposition 4.12, and let p > 0 be such that C;(A) < CAP, i = 9,10 and ¢11(A) > e\ 7P.
We have

Egd(o, XT)q S Rq + Eg ( Z 1(ek71R§d(0,XT)<€kR)d(07 XT)q)
k=1

<RI+ RYY MPY(FTR < d(0, Xr) < €R). (4.44)
k=1
By (4.2) we have

P(A(X,n)¢) < dnde= N < exp(—cA? + Clogn). (4.45)

Let Ay = k% Then Y, P(A(M, €F)¢) < 0o, and so by Borel-Cantelli there exists Ko(w) such
that A(\g, eF) holds for all k£ > K. Furthermore, we have

10/9

P(Ky>n) <Ce ™ . (4.46)

Suppose now that k& > K. To bound the sum (4.44), we consider two ranges of k. If
Co(Mp)e* IR > T, then we let Aj, = By(0, e*R) — B4(0,e*"1R), and by the Carne-Varopoulos
bound (see [Car85)),

eMPY(F R < d(0, X7) < " R) < € Y PY(Xr =y)
yEAL

< ek Z C exp(—d(0,y)?/2T)

yEAL
< CeM(e* R)* exp(—(e" ' R)?/2T)
< Cexp(—Co(M) HeF R + 21og(e" R) + kq)
< Cexp(—ck %k + C k). (4.47)
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On the other hand, if Cy(A\y)e* 'R < T, then we let m = [k+log R], so that e*R < e™ <
e#'R. Then by Proposition 4.12,

PP R < d(0, X7) < €*R) < eMP1h1py < T)

. R
< e™Cho(Am) exp <_Cll()‘m)G(<e—k+1T/R)1/2)>

_ R
< ekqC'mwp exp (—CTTL 10p€kw>

< C(k 4 log R)' exp(—c(k + log R)7'%c* + kq). (4.48)

Let k1 = 20ploglog R. Then if k > ky,
(k +log R)'7 < (k + ek/(%p))wp < Cekl?,
Hence for k > kq,
e"PO(eF IR < d(0, Xp) < " R) < Cexp(—cet’? + C k). (4.49)
Let K’ = Ky V ky. Then since the series given by (4.47) and (4.49) both converge,

K'—1
Zekqpo F1R < d(0, X7) < ¢"R) Z ek 4+ C,
k=1
< eK 14+ C,
< R4 4 (log R)*7 4 C,,.

Hence since R < T, we have that for all T' > Ny = e
Egd(O, Xr)?! < C,R((logT)? + (log T)20pq), (4.50)

so that (4.23) holds. Taking expectations in (4.50) and using (4.46) gives (4.24). O

Remark 4.13 It is natural to ask if (4.24) holds without the term in log T, as with the
averaged estimates in Theorem 4.4. It seems likely that this is the case; such an averaged
estimate was proved for the incipient infinite cluster on regular trees in [BK06, Theorem
1.4(a)]. The key to obtaining such a bound is to control the exit times 7.xp; this was done
above using the events A(\,n), but this approach is far from optimal. The argument of
Proposition 4.12 goes through if only a positive proportion of the points X, are at places
where the estimate (4.29) can be applied. This idea was used in [BK06] — see the definition
of the event Gy(N, R) on page 48.

Suppose we say that By(x, R) is A-bad if R ¢ J(z,A). Then it is natural to conjecture
that there exists A. such that for A > A. the bad balls fail to percolate on /. Given such a
result (and suitable control on the size of the clusters of bad balls) it seems plausible that the
methods of this paper and [BK06] would then lead to a bound of the form E(E%d(0, X7)?) <

Cof(T)1.
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We now use the arguments in [BCKO05] to obtain full heat kernel bounds for pr(z,y) and
thereby prove Theorem 4.7. Since the techniques are fairly standard, we only give full details
for the less familiar steps.

Lemma 4.14 Suppose A(A\,n) holds. Let x,y € B(0,n). Then
(a)
pr(z,y) < Crp(NT~4/4  if1 < T < n, (4.51)

(b)
pr(z,y) > cis(N)T /4% if 1 <T <n® and d(z,y) < e ATV, (4.52)

Proof. If z = y then (a) is immediate from [KMO8, Proposition 3.1]. Since pr(z,y)? <
pr(z, x)pr(y,y), the general case then follows.

(b) The bound when x = y is given by [KMO08, Proposition 3.3(2)]. We also have, by [KMO08,
Proposition 3.1],

|ﬁT($7y) —ﬁT(.T,Z)P < d(yvz)pQLT/2J<x>'r)'

N| o

Therefore using (a),
ﬁT(I; y) > ﬁT(xv I) - |ﬁT(x7 I‘) - ﬁT(x7 y)’
1/2
> (NI~ (C(A)d(x,y)rl*df/dw)
= ()T (1= (CO\ ), y) T4 4004) %),
Since 1+ df = d,, (4.52) follows. O
Recall from (4.25) the definition of ®(T, z,y).

Proposition 4.15 Suppose that A(\,n) holds. Let x,y € B(0,n). If d(z,y) < T < nw,
then

(T /% exp (= CNO(T,2,y) ) < Fr(z,y) < CONT /% exp (= e(N@(T,,y)).
(4.53)

Proof. Let R = d(z,y). In this proof we take c13(A) and c¢14(\) to be as in (4.52).

We will choose a constant C*(\) > 2 later. Suppose first that R < T < C*(A)R. Then
the upper bound in (4.53) is immediate from the Carne-Varopoulos bound. If R+ T is even
and then we have pr(z,y) > 477, and this gives the lower bound.

We can therefore assume that 7" > C*(\)R. The upper bound follows from the bounds
(4.51) and (4.40) by the same argument as in [BCKO05, Proposition 3.8].

It remains to prove the lower bound in the case when T' > C*(A\)R, and for this we use
a standard chaining technique which derives (4.53) from the ‘near diagonal lower bound’
(4.52). For its use in a discrete setting see for example [BCKO05, Section 3.3]. As in Lemma
4.11, we set

R

Y= G@R Ry

(4.54)
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If by < 1 then we have from Lemma 4.11 that R < C’Sbé/gf(T). If Cgbg/?’ < c14(A) then
R < ¢14(N) f(T') and the lower bound in (4.53) follows from (4.52). We can therefore assume

that Cgb(z)/?) > c14(A). We will choose 6 > 2(c14/Cg)~%/2 later; this then implies that 6by > 2.
Let m = |6by|; we have 10by < m < 6by. Let r = R/m, t = T'/m; we will require that both
r and ¢ are greater than 4. Choose integers ti,...,t, so that |t;, —t| < 2 and > t; = T.
Choose a chain x = zg, 21, .. ., 2, = y of points so that d(z;_1, z;) < 2r, and let B; = B(z;,r).
If x; € B; for 1 <i < m then d(z;_1,z;) < 4r. We choose 6 so that we have

Pt (zi1,25) > c13(N)k(t) " whenever x;_; € B;_y, ; € B;. (4.55)
By (4.52) it is sufficient for this that
AR/m = 4r < c14(N) f(t/2) = c1a(N) f(T/2m). (4.56)
Since 2m/60 > by, Lemma 4.11 implies that f(6T/(2m)) > 0R/(2m), and therefore
AR/m <807 f(0T/(2m)) < CO~'/*f(T/2m), (4.57)

and so taking § = max(2(c14/Cg) ™2, (C/e3(N))?) gives (4.56). The condition T > C*(\)R
implies that f(T/by) = R/by > G(C*(\)), so taking C* large enough ensures that both r
and t are greater than 4.

The Chapman-Kolmogorov equations give

ﬁT(SC, y) > Z s Z Py (950,331)%1%2(1'17332)/%2 ce

r1€8 Tm—-1€Bm—1

ptanl (‘rm727 ‘xm*l)/’banflﬁtm (xm717 y) (458>

Since ,,_1 € B,,_1 we have py, (Tm_1,y) > ci3(N)k(t)™F > ¢13(A\)k(T)~t. Note that exactly
one of pi(z,y) and p1(x,y) can be non-zero. Using this, and (4.55) we deduce that for
1<i<m-—1,

D ooy, z)pa, = c(Nk() g (r)?. (4.59)

The choice of m implies that /() f(t) < r < ¢(\)f(t), and therefore

k()" g(r)? = g(r)?/g(f())* > c(N).
So we obtain

br(,y) = k(T)e(A)™ = k(T) exp(—c(\)R/G((T/R)'/?)). (4.60)

Proof of Theorem 4.7 As in the proof of Theorem 4.6, we have that by by (4.2)

P(A(X,n)¢) < dnde~ " < exp(—cA? + Clogn).

34



Therefore if we let A\, = (logn)'®, then by Borel Cantelli, for each z € Z? there exists N,
such that A,(\,,n) holds for all n > N,. Further we have that

P(N, >n) < Ce—<llogn)®

Let z,y € Z*> and T > 1. To apply the bound in Proposition 4.15 we need to find n
such that ' < F(n), y € B(z,n) and n > N,. Hence if F(T)V |z —y| > N, we can take
n = F(T)V |z —yl|, to obtain (4.53) with constants ¢()\,) = ¢(logn)P. Choosing « suitably
then gives (4.27). O

Remark 4.16 Not now needed.
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