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Abstract: We study a kind of ‘restoration of isotropy” on the pre-Sierpiński carpet.
Let Rx

n(r) andRy
n(r) be the effective resistances in thex andy directions, respectively,

of the Sierpínski carpet at thenth stage of its construction, if it is made of anisotropic
material whose anisotropy is parametrized by the ratio of resistances for a unit square:
r = Ry

0 / Rx
0 . We prove that isotropy is weakly restored asymptotically in the sense

that for all sufficiently largen the ratioRy
n(r) / Rx

n(r) is bounded by positive constants
independent ofr. The ratio decays exponentially fast whenr � 1. Furthermore, it is
proved that the effective resistances asymptotically grow exponentially with an exponent
equal to that found by Barlow and Bass for the isotropic caser = 1.

1. Introduction

In this article we study a kind of homogenization, or restoration of isotropy of anisotropic
diffusion, on the pre-Sierpiński carpet [5]. The present work develops ideas arising in two
series of recent studies on the diffusion on fractals. One is a study of asymptotically one-
dimensional diffusions on Sierpiński gaskets in [9, 10, 8], which contains the discovery
of the mechanism on finitely ramified fractals. The other is a detailed study of isotropic
diffusion on Sierpínski carpets in [1, 2, 4, 3].

The most interesting aspects of asymptotic behaviors of diffusion (e.g. the spectral
dimensions) are embodied in the asymptotic behaviors of effective resistances. A physi-
cist may find it easy to interpret the results on resistances in terms of diffusions. Note (as
we will summarize below) that electrical resistance is the rate of heat dissipation caused
by electric power. As we will actually use in the proofs, the resistance can be defined as
anH1 norm of electric potential (see (1.1) below), and the potential is a solution to the
Laplace equation (a harmonic function) with corresponding Neumann-Dirichlet bound-
ary conditions. Thus it is natural that resistances and diffusions are strongly related. In
this paper, rather than going into the relation of the two phenomena in general, we will
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focus on the behavior of electrical resistances. See [1, 2, 4, 3] on how resistances play
an essential part in the construction of diffusions on the Sierpiński carpet, and derivation
of their properties.

The Sierpínski carpet is an example of an infinitely ramified fractal [14, 13]. Forn ∈
Z+ the pre-Sierpínski carpetFn is the open subset of the unit open squareF0 = (0, 1)×
(0, 1) obtained by iterating the operation for constructing the Sierpiński carpet, until
squares of side length 3−n are reached, where we stop, so that smaller scale structures
are absent. The operation is a generalization of that in the construction of the Cantor
ternary set: given a square of side length 3−m, we divide it into 9 squares of side length
3−m−1, remove the middle square (with its boundary) and keep the other 8 squares.
ThusFn is an open set inR2, composed of 8n squares of side 3−n, and has square
shaped holes of side length varying from 3−n to 3−1. It will be convenient later to write
Fn = F0 for n < 0.

Fig. 1.The pre-Sierpínski carpetF3

Let r ∈ (0, ∞), and consider a functionv ∈ C(F̄n)∩H1(Fn), whereC(F̄n) denotes
the set of continuous functions on̄Fn, andH1(Fn) the set of square integrable functions

whose partial derivatives
∂v

∂x
and

∂v

∂y
(in the sense of distribution) are square integrable.

Put

EFn (v, v) =
∫

Fn

((
∂v

∂x

)2

(x, y) +
1
r

(
∂v

∂y

)2

(x, y)

)
dx dy . (1.1)

In physical termsEFn (v, v) is the rate of energy dissipation for the potential (voltage)
distribution v if Fn is made of a material with a uniform but anisotropic electrical
resistivity, with anisotropy parameterr. For a unit square made of this material, the total
resistance is 1 in thex-direction andr in they-direction, and the principal axes of the
resistivity tensor are parallel to thex andy axes.

DefineRx
n(r), the effective resistance ofFn in the x direction, by the following

(principle of minimum heat production):

1
Rx

n(r)
= inf {EFn (v, v)} , (1.2)



Weak Homogenization of Anisotropic Diffusion on Pre-Sierpiński Carpets 3

where the infimum is taken over all the functionsv ∈ C(F̄n) ∩ H1(Fn), satisfying
boundary conditions

v(0, y) = 0, v(1, y) = 1, 0 ≤ y ≤ 1. (1.3)

The effective resistance in they directionRy
n(r) is defined in a similar manner, with

boundary conditions

v(x, 0) = 0, v(x, 1) = 1, 0 ≤ x ≤ 1. (1.4)

Obviously,
Rx

0 (r) = 1 and Ry
0(r) = r . (1.5)

Set

Hn(r) =
Ry

n(r)
Rx

n(r)
; (1.6)

thusHn(r) measures the effective anisotropy ofFn if it is composed of material with
anisotropy parameterr. It is easy (see Lemma 3.1 ) to verify that

Rx
n(r) = rRy

n(1/r), Hn(r) = Hn(1/r)−1.

We have the following conjecture:

Conjecture . (“Strong Homogenization”).

lim
n→∞ Hn(r) = 1, for each r ∈ (0, ∞). (1.7)

In this paper, we prove the following weak homogenization property:

Theorem 1.1. There exists a constant1 ≤ K < ∞ such that

K−1 ≤ lim inf
n→∞ Hn(r) ≤ lim sup

n→∞
Hn(r) ≤ K for each r ∈ (0, ∞) .

Our proof gives explicit bounds: we can takeK = 6333, which may be compared with
the conjectured valueK = 1 in (1.7). (Our bounds, and proof, have improved since we
announced them in [5].)

Theorem 1.1 does not give information on the asymptotic behavior inn of Rx
n(r)

andRy
n(r). However, we have the following result:

Theorem 1.2. For eachr > 0,

0 < inf
n

ρ−nRz
n(r) ≤ sup

n
ρ−nRz

n(r) < ∞ , z = x, y,

whereρ is the growth exponent for the isotropic caser = 1 given in [2, 4].

Thus the effective resistancesRx
n(r) andRy

n(r) both grow asymptotically likeρn, and
so the growth exponentρ found in [2] is universal in the sense that it is independent of
the anisotropyr.

We see from (1.5) and (1.6) thatH0(r) = r. Thus Theorem 1.1 implies that ifr � 1,
Hn(r) should be relatively small whenn is large. In fact, we have the following estimate
for the decrease ofHn in n.
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Theorem 1.3. There exist constantsc ∈ (0, ∞), s1 ∈ (0, 1) such that

1 ≤ s−1Hn((9/7)ns) ≤ exp(cs−ξ), n ≥ 1, s ≥ s1, (1.8)

whereξ = log 2/ log 7. In particular

lim
s→∞ lim inf

n→∞ s−1Hn((9/7)ns) = lim
s→∞ lim sup

n→∞
s−1Hn((9/7)ns) = 1 .

Thus whens = (7/9)nr is large,Hn(r) ≈ (7/9)nr. A similar result holds for small
s:

lim
s→0

lim sup
n→∞

s−1Hn((7/9)ns) = lim
s→0

lim inf
n→∞ s−1Hn((7/9)ns) = 1 .

We can also obtain scaling relations of this kind for the effective resistancesRx
n(r) and

Ry
n(r) – see the proof of the theorem. Our proof also implies that lim

r→∞ Rx
n(r) = (3/2)n

and lim
r→∞ r−1Ry

n(r) = (7/6)n. (See (3.22) and (3.20).) Therefore

lim
r→∞ r−1Hn(r) =

(
7
9

)n

, n ≥ 0. (1.9)

We have no proof of the existence of the scaling limit

h(s) = lim
n→∞ s−1Hn((9/7)ns) ,

but Theorem 1.3 implies that ifh does exist then lim
s→∞ h(s) = 1. For further comments

and conjectures on the form ofh see [5].

Proofs of Theorem 1.1 and Theorem 1.3 are given in Sect. 3. The basic tools to
prove Theorem 1.1 are Propositions 3.2 and 3.3, which are recursive inequalities for
the effective resistances, which give good bounds in the anisotropic regime, that is
when Hn(r) is very different from 1. IfHn(r) � 1, then, roughly speaking, these
inequalities state that the smaller effective resistanceRx

n(r) grows as (3/2)n, while the
larger effective resistanceRy

n(r) grows as (7/6)nr. So as long asHn(r) � 1, we have
Hn(r) ≈ (7/9)nr, and thusHn(r) approaches 1 exponentially fast. Theorem 1.3 shows
that we can make precise this argument on the exponential decay ofHn(r). In fact, the
estimates in Propositions 3.2 and 3.3 are precise enough to allow us to prove thatHn(r)
is bounded for all largen, so proving Theorem 1.1.

We prove Theorem 1.2 in Sect. 4, by giving another recursive inequality (4.1), anal-
ogous to those given in [2] forr = 1. Sect. 2 is devoted to basic estimates used both in
Sect. 3 and Sect. 4.

A strong homogenization result similar to (1.7) is proved in [9, 10, 5] for the pre-
Sierpínski gasket, using explicit renormalization group recursion relations for quantities
analogous toRx

n(r) andRy
n(r). As the Sierpínski gasket is finitely ramified, these recur-

sion relations are finite dimensional, and so exact calculations are possible. We expect
that this kind of restoration of isotropy will occur on a wide class of fractals – see [5].
That this is difficult to prove for the Sierpiński carpet reflects the fact that it is an in-
finitely ramified fractal, and so the renormalization group recursion acts on an infinite
dimensional space. The rigorous inequalities in Propositions 3.2, 3.3, and 4.1 provide a
version of the renormalization group relations.

We conclude this section with some remarks.
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1. With the change of the coordinatey′ =
√

r y, the defining equation (1.2) has an
isotropic expression, so our results also apply to rectangular boards made of isotropic
material.

2. Fn is contained in the unit square and the unit structure is of order 3−n. But the scale
invariance of resistance in two dimensions implies that the effective resistances are
the same if we definedFn as a figure with unit structures of order 1 and of total size
3n × 3n; i.e., constructing the figure outward instead of inward. The results in this
paper hold as they are, with only minor notational changes.

3. Analogous results can also be obtained for the cross-wire networksGn introduced in
[2]. The networkGn is obtained fromFn by replacing each of the 8n squares of side
3−n in Fn by a horizontal and vertical crosswire of four linear resistors (joined at
the center of the square), where each horizontal resistor has resistance 1/2 and each
vertical resistor has resistancer/2. (See [7] for basic facts about resistor networks.)
The results in this paper hold as they are, with similar proofs.

4. Our proofs should also be effective for the class of “generalized Sierpiński carpets”
considered in [2, Eq. (3.1)]. In particular, with only minor changes, they apply to
(k, l) – Sierpínski carpets. Here the setsFn are constructed recursively by dividing
each square of sidek−(n−1) in Fn−1 into k2 squares, and throwing out a block of
`2 squares at the center. (We takek ≥ 3 andk > `.) The numbers appearing in
the results, such as the exponents 7/9, 7/6, 3/2, andρ, will of course in general be
different for different figures.

5. The proof of the conjecture (1.7) seems to us to be quite hard. We suspect that it is
similar in difficulty to the problem of improving the inequalities

1
4
ρn ≤ Rx

n(1) ≤ 4ρn, n ≥ 0,

given in [2], to proving the existence of the conjectured limit

lim
n→∞ ρ−nRx

n(1) .

2. Basic Estimates on Energy of Harmonic Functions

Throughout this section, we fixr > 0 andn ∈ Z.
The first two propositions deal with the principle of minimum heat production in

terms of potentials and currents, respectively. They are straightforward extensions of the
isotropic caser = 1 in [2], to which we refer for a proof.

Proposition 2.1. There exists a unique functionv = V x
n (r) (or V y

n (r)) in C(F̄n) ∩
H1(Fn) with ∇v ∈ L2(∂F ) which attains the infimum of (1.2) with the boundary
condition (1.3) (or (1.4), respectively);

Rx
n(r)−1 = EFn (V x

n (r), V x
n (r)), Ry

n(r)−1 = EFn
(V y

n (r), V y
n (r)). (2.1)

The functions satisfy the following Laplace equation onFn

∂2v

∂x2
(x, y) +

1
r

∂2v

∂y2
(x, y) = 0 , (x, y) ∈ Fn , (2.2)
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with boundary conditions (1.3) (or (1.4), respectively), and Neumann boundary con-

ditions
∂v

∂n
= 0, on the rest of∂Fn, except at the corners of the squares in∂Fn. In

particular, for z = x, y,

0 ≤ V z
n (r)(x, y) ≤ 1, (x, y) ∈ F̄n . (2.3)

Note also that the symmetry ofFn implies

V x
n (r)(x, y) = V x

n (r)(x, 1 − y), 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,
V x

n (r)(x, y) + V x
n (r)(1 − x, y) = 1, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,

(2.4)

with similar relations forV y
n (r).

There is a dual formulation of resistance in terms of currents. Denote byC(Fn),
the set ofR2 valued square integrable functionsj ∈ BV (Fn) (integrable functions
whose derivatives in the sense of distribution are measures with finite total variations
[15]), satisfying current conservation divj = 0 (in the sense of distribution). We call an
elementj = (jx, jy) of C(Fn), a current onFn.

Remark .Note that asj is defined on the open setFn, the values ofj on ∂Fn are not
defined. However, we will need to express the resistanceRx

n(r) in terms of the minimum
energy of a currentj with total flux 1 acrossFn, and to define the class of feasible
currents for this optimization problem we need to consider boundary values for currents
j ∈ C(Fn). If j ∈ BV (Fn) then by [12, p.325] therough tracej∗ exists on∂Fn. For
the precise definition ofj∗ see [12] – but note from [12] that if (x0, y0) ∈ ∂Fn then

j∗(x0, y0) = lim
(x,y)→(x0,y0)

j(x, y)

whenever this limit exists. Thus, essentially, for a well behaved function the rough trace
is simply a continuous extension to the boundary. A general version of the Gauss–Green
formula [12, p. 340] expresses an integration ofj over the domainFn by a contour
integration ofj∗ along∂Fn. The currents we will consider in this paper have analytic
continuations to∂Fn, except at a finite number of points. (See the proof of Lemma 2.8
in Appendix A.) Thus we can consistently extendj to the boundary∂Fn, and from now
on we will do so whenever necessary without further comment.

For a vector fieldj = (jx, jy) ∈ L2(Fn), andB ⊂ Fn, define

EB(j, j) =
∫

B

(j2
x(x, y) + r j2

y(x, y)) dx dy .

Proposition 2.2.
Rx

n(r) = inf {EFn
(j, j)} , (2.5)

where the infimum is taken over allj = (jx, jy) ∈ C(Fn) which satisfyj · n = 0, a.e., on
the boundary ofFn, except at two edgesx = 0 andx = 1, where we impose∫ 1

0
jx(0, y) dy =

∫ 1

0
jx(1, y) dy = −1 . (2.6)

Heren is the unit normal vector at the boundary ofFn, andj ·n denotes inner product of
vectors. The functionj = Jx

n (r) which attains the infimum of (2.5) exists and is unique,
and is given by
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Jx
n (r) = (Jx

nx(r), Jx
ny(r)) = −

(
Rx

n(r)
∂V x

n (r)
∂x

,
1
r

Rx
n(r)

∂V x
n (r)
∂y

)
. (2.7)

Similarly, there exists a unique functionJy
n(r) ∈ C(Fn) which satisfies

Ry
n(r) = inf {EFn

(j, j)} = EFn
(Jy

n(r), Jy
n(r)) , (2.8)

wherej satisfies similar conditions as before, with∫ 1

0
jy(x, 0)dx =

∫ 1

0
jy(x, 1)dx = −1. (2.9)

in place of (2.6).

Remark .The minus sign in (2.7) comes from the sign conventions in the boundary
conditions (1.3) and (2.6), which are the traditions in the study of electricity. It is a
well-known historical misfortune that not only do we need minus signs here, but the
electrons in reality move in opposite direction to the currents when they are defined in
this way.

Remark .We can regard 1.1 and 2.2 as givingRx
n(r) in terms of an optimization problem

and its dual. In view of this, we will use the language of optimization theory and refer,
for example, to a flow which satisfies the conditions of 2.2 as a feasible flow.

Remark .If n < 0, then sinceFn = F0, we haveV x
n = V x

0 , Jx
n = Jx

0 , etc.

Note that (2.3) and (2.7) imply that

Jx
nx(r)(0, y) ≥ 0, 0 ≤ y ≤ 1,

while the symmetry ofFn implies

Jx
nx(0, y) = Jx

nx(1, y) = Jx
nx(0, 1 − y) = Jx

nx(1, 1 − y), 0 ≤ y ≤ 1, (2.10)

with similar relations forJy
n(r).

Next we turn to a couple of basic estimates of the energy in terms of potentials and
currents.

Definition 2.3. For G ⊂ Fn, define the bilinear form

EG(f, g) =
∫

G

(
∂f

∂x

∂g

∂x
+

1
r

∂f

∂y

∂g

∂y

)
dx dy , f, g ∈ C(Ḡ) ∩ H1(G).

ThusEG is the Dirichlet form associated with the self-adjoint operator

L =
∂2

∂x2
+

1
r

∂2

∂y2

on the spaceL2(G, µ). (Hereµ is Lebesgue measure.)
The following lemma is an application of Cauchy-Schwarz. We write 1G for the

indicator function ofG, and|| · ||∞ for theL∞ norm.

Lemma 2.4. Letf , g ∈ C(F̄n) ∩ H1(Fn). Then

EG(f g, f g) ≤ 2||g1G||2∞ EG(f, f ) + 2||f1G||2∞ EG(g, g).
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Proof. Write (just for now)fx =
∂f

∂x
. Note that ((fg)x)2 = (fgx + fxg)2 ≤ 2f2g2

x +

2g2f2
x. So,

EG(fg, fg) ≤ 2
∫

G

f2(g2
x + r−1g2

y) dx dy + 2
∫

G

g2(f2
x + r−1f2

y ) dx dy

≤ 2||f1G||2∞ EG(g, g) + 2||g1G||2∞ EG(f, f ).

�
Definition 2.5. Letn ≥ 0, m ≥ 0. Set

Bx
m,i = [0, 1] × [i 3−m, (i + 1) 3−m], 0 ≤ i ≤ 3m − 1,

By
m,i = [i 3−m, (i + 1) 3−m] × [0, 1], 0 ≤ i ≤ 3m − 1.

We now estimate the energy associated with the potentialV x
n (r) in the thin stripBx

m,0,
which lies adjacent to thex-axis. To avoid too many subscripts we will sometimes write
E [G](f, f, ) for EG(f, f, ) in what follows.

Lemma 2.6. For m, n ≥ 0,

E [Bx
m,0 ∩ Fn](V x

n (r), V x
n (r)) ≤ 2−mRx

n(r)−1 , (2.11)

E [By
m,0 ∩ Fn](V y

n (r), V y
n (r)) ≤ 2−mRy

n(r)−1. (2.12)

Proof. Write
Em,i = E [Bx

m,i ∩ Fn](V x
n , V x

n ) ,

set
B̃x

m,i = [0, 1] × [i2−13−m+1, (i + 1)2−13−m+1] i = 0, 1,

and let
Ẽm,i = E [B̃x

m,i ∩ Fn](V x
n , V x

n ), i = 0, 1.

Thus we have

Em,0 =
2∑

j=0

Em+1,j =
1∑

j=0

Ẽm+1,j .

Form ∈ Z+, define a potentialv ∈ C(F̄n) ∩ H1(Fn) by

v(x, y) =


V x

n (r)(x, 3−m − y) , (x, y) ∈ B̃x
m+1,0 ,

V x
n (r)(x, y) , (x, y) ∈ Fn \ B̃x

m+1,0 .

As v satisfies the boundary condition (1.3), (2.1), (1.2), and the definition ofv imply
that

3m+1−1∑
i=0

Em+1,i = Rx
n(r)−1 ≤ EFn (v, v) = 2Ẽm+1,1 +

3m+1−1∑
i=3

Em+1,i . (2.13)

ThereforeẼm+1,0 ≤ Ẽm+1,1, and so 2̃Em+1,0 ≤ Ẽm+1,0 + Ẽm+1,1 = Em,0. As Bx
m+1,0 ⊂

B̃x
m+1,0 this implies that

Em+1,0 ≤ Ẽm+1,0 ≤ 1
2Em,0 .

Iterating, and using the fact thatE0,0 = Rx
n(r)−1, we obtain (2.11). Equqation (2.12)

follows by interchangingx andy axes. �



Weak Homogenization of Anisotropic Diffusion on Pre-Sierpiński Carpets 9

We have a corresponding result for currents.

Lemma 2.7. For n, m ≥ 0,

E[By
m,0 ∩ Fn](Jx

n (r), Jx
n (r)) ≤ 2−mRx

n(r), (2.14)

E[Bx
m,0 ∩ Fn](Jy

n(r), Jy
n(r)) ≤ 2−mRy

n(r). (2.15)

Proof. Let

E′
m,i = E[By

m,i ∩ Fn](Jx
n (r), Jx

n (r)) ,

B̃y
m,i = [i2−13−m+1, (i + 1)2−13−m+1] × [0, 1], i = 0, 1,

Ẽ′
m,i = E[B̃y

m,i ∩ Fn](Jx
n (r), Jx

n (r)).

So, as before, we have

E′
m,0 =

2∑
j=0

E′
m+1,j =

1∑
j=0

Ẽ′
m+1,j .

Form ∈ Z+, define a currentj ∈ C(Fn) by

j(x, y) =

 (Jx
nx(r), −Jx

ny(r))(3−m − x, y) , (x, y) ∈ B̃y
m+1,0 ,

Jx
n (r)(x, y) , (x, y) ∈ Fn \ B̃y

m+1,0 .

It is straightforward to check thatj ∈ C(Fn) and satisfies (2.6). Therefore

3m+1−1∑
i=0

E′
m+1,i = Rx

n(r) ≤ E(j, j) = 2Ẽ′
m+1,1 +

3m+1−1∑
i=3

E′
m+1,i , (2.16)

and the remainder of the proof proceeds as in Lemma 2.6.

The next lemma will play a crucial role when we obtain an upper bound on quantities
like Rx

n(r) by constructing a “feasible flow”j ∈ C(Fn) and using the energy-minimizing
principle (2.5). Except in the simplest cases, this construction requires estimates on the
energy of a current which can “turn corners”.

Fix (for now)n, m ≥ 0, r > 0, and letG = By
m,0 ∩ Fn. LetRG be the resistance of

G between the linesy = 0 andy = 1. We define (and calculate),RG by the methods of
Propositions 2.1 and 2.2. Thus

RG = inf{EG(j, j)}, (2.17)

where the infimum is over currentsj onG satisfying the boundary conditions∫ 3−m

0
jy(x, 0)dx =

∫ 3−m

0
jy(x, 1)dx = −1,

andj · n = 0 a.e. on the remainder of the boundary ofG. As G consists of 3m scaled
copies ofFn−m, it is easy to see that the infimum in (2.17) is attained by the currentJ̃
obtained by piecing together 3m scaled copies ofJy

n−m(r):

J̃(x, y) = 3mJy
n−m(3mx, 3my − [3my])(r), (x, y) ∈ G.
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Here [3my] is the largest integer less than or equal to 3my. Therefore

RG = EG(J̃ , J̃) = 3mRy
n−m(r).

The following result is proved in the Appendix.

Lemma 2.8. There existsL = L(n,m) ∈ BV (Fn) ∩ L2(Fn) satisfying

div(L) = 0 (as a distribution) onG, (2.18)

L = 0 onFn − Ḡ, (2.19)

L = Jx
n (r) in a neighborhood of{x = 0, 0 < y < 1}, (2.20)

L = −J̃ in a neighborhood of{0 < x < 3−m, y = 0}, (2.21)
∂L

∂n
= 0 a.e. on the remainder of the boundary ofG, (2.22)

such that

EG(L, L) ≤ EG(Jx
n (r), Jx

n (r)) + EG(J̃ , J̃)

≤ 2−mRx
n(r) + 3mRy

n−m(r).

The currentL constructed in Lemma 2.8 provides a current which has total flux 1 across
G coming in from the left edgex = 0 and going out at the bottom edgey = 0.L will be
considered as a part of a current in the larger domain in such a way that the boundary
condition (current conservation at the boundary ofG) specified by (2.20) and (2.21)
must be satisfied.

3. Recursion Relations Effective in the Anisotropic Regime

3.1. Basic tools.We begin with some elementary observations.

Lemma 3.1. For r ∈ (0, ∞) andn ∈ Z+,

Rx
n(r) = rRy

n(1/r),

Hn(r) = Hn(1/r)−1.

Proof. Fix n, and writeSx(a, b) for the resistance in thex direction of Fn, if it is
composed of anisotropic material with resistivitya in the x direction, andb in the y
direction, and defineSy(a, b) analogously. ThenSx(a, b) = Sy(b, a), Rx

n(r) = Sx(1, r),
Ry

n(r) = Sy(1, r), Sx(λa, λb) = λSx(a, b), and so

Rx
n(r) = Sx(1, r) = Sy(r, 1) = rSy(1, r−1) = rRy

n(r−1).

Also,

Hn(r) =
Sy(1, r)
Sx(1, r)

=
Sx(r, 1)
Sy(r, 1)

=
1

Hn(r−1)
. �

The following two propositions give the recursion relations which are the essential
tools for this section.
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Proposition 3.2. Let r > 0, n ≥ 1, andm ≥ 2. Then

Rx
n−1(r)−1 ≤ 3

2
Rx

n(r)−1 ≤ (1 +
a1

2m
)Rx

n−1(r)−1 + A13mRy
n−m(r)−1

, (3.1)

Ry
n−1(r)−1 ≤ 3

2
Ry

n(r)−1 ≤ (1 +
a1

2m
) Ry

n−1(r)−1 + A13mRx
n−m(r)−1, (3.2)

wherea1 = 8/3, A1 = 4/9.

Proposition 3.3. Let r > 0, n ≥ 1, andm ≥ 2. Then

Rx
n−1(r) ≤ 6

7
Rx

n(r) ≤ (1 +
a2

2m
) Rx

n−1(r) + A23mRy
n−m(r) , (3.3)

Ry
n−1(r) ≤ 6

7
Ry

n(r) ≤ (1 +
a2

2m
) Ry

n−1(r) + A23mRx
n−m(r) , (3.4)

wherea2 = 16/7, A2 = 4/21.

Remark .Equations (3.1) and (3.3) are good bounds whenHn(r) � 1, while (3.2) and
(3.4) are good whenHn(r) � 1.

While we have, for clarity, given four separate inequalities, (3.2) and (3.4) are immediate
consequences of (3.1), (3.3) and Lemma 3.1. So we need only prove (3.1) and (3.3).

Definition 3.4. Denote the eight scaled copies ofF̄n−1 which composēFn, by

Aij = ([i/3, (i + 1)/3] × [j/3, (j + 1)/3]) ∩ F̄n , (i, j) ∈ {0, 1, 2}2 \ {(1, 1)} .

The left-hand side inequalities in Propositions 3.2 and 4.3 are easy – this is essentially
just a standard argument involving shorts and cuts. See [7], [6].

Proof the left-hand side of (3.1) .Define a potentialv ∈ C(F̄n) ∩ H1(Fn) by

v(x, y) =


2
7V x

n−1(r)(3x, 3y − j) , (x, y) ∈ A0j , j = 0, 1, 2,

2
7 + 3

7V x
n−1(r)(3x − 1, 3y − j) , (x, y) ∈ A1j , j = 0, 2,

5
7 + 2

7V x
n−1(r)(3x − 2, 3y − j) , (x, y) ∈ A2j , j = 0, 1, 2.

Thenv is continuous, and using (1.2) we have

Rx
n(r)−1 ≤ E(v, v)

≤ 6EFn−1(
2
7
V x

n−1(r),
2
7
V x

n−1(r)) + 2EFn−1(
3
7
V x

n−1(r),
3
7
V x

n−1(r))

=
6
7
Rx

n−1(r)−1.

�

Proof of the left-hand side of (3.3).Define a currentj ∈ C(Fn) by

j(x, y) =

{
3
2Jx

n−1(r)(3x − i, 3y − j) , (x, y) ∈ Aij , i = 0, 1, 2, j = 0, 2,
0 , (x, y) ∈ A01 ∪ A21 .
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Then it is easy to check thatj satisfies the current conservation and the boundary con-
ditions given in 2.2, so that by (2.5), and the fact thatAij

∼= 3−1Fn−1, we have

Rx
n(r) ≤ E(j, j) = 6EFn−1(

1
2
Jx

n−1(r),
1
2
Jx

n−1(r)) =
3
2

Rx
n−1(r) .

�
The proofs of the right hand side inequalities in Propositions 3.2 and 4.3 are more

involved.

Proof of the right-hand side of (3.1). .As r will be fixed throughout this proof, we will
simplify notation by writingV x

n = V x
n (r), Jx

n = Jx
n (r), etc. Fixn ≥ 0, m ≥ 2, set

k = n − m and recall our convention thatV x
k = V x

0 if k < 0.
Set

ϕ(x, y) =
1
3
V x

n−1(3x − i, 3y − j) +
i

3
, if (x, y) ∈ Aij , (i, j) 6= (1, 1).

Note thatϕ ∈ C(F̄n) ∩ H1(Fn) and

E [Aij ∩ Fn](ϕ, ϕ) =
1
9

(Rx
n)−1 for (i, j) 6= (1, 1).

Now let

ψ(x, y) =


1, (x, y) ∈ F̄n \ (A01 ∪ A21) ,
0, (x, y) ∈ (A01 ∪ A21) \ (Bx

m,3m−1 ∪ Bx
m,23m−1−1) ,

V y
n−m(3mx − [3mx], 3m(y − 1

3)), (x, y) ∈ (A01 ∪ A21) ∩ Bx
m,3m−1 ,

V y
n−m(3mx − [3mx], 3m( 2

3 − y)), (x, y) ∈ (A01 ∪ A21) ∩ Bx
m,23m−1−1.

We can check thatψ is continuous, and soψ ∈ C(F̄n) ∩ H1(Fn). Note thatϕ, ψ are
symmetric about the liney = 1

2, and that

ϕ(x, y) + ϕ(1 − x, y) = 1, ψ(x, y) = ψ(1 − x, y). (3.5)

Set

v(x, y) =

{
ϕ(x, y) ψ(x, y) , 0 < x ≤ 1

2 , 0 ≤ y ≤ 1,
1 − (1 − ϕ(x, y)) ψ(x, y) , 1

2 ≤ x ≤ 1, 0 ≤ y ≤ 1.

Continuity ofv follows from that ofϕ andψ, and (3.5); thusv ∈ C(F̄n) ∩ H1(Fn). It is
also easy to see thatv satisfies the boundary conditions (1.3). Noting thatAij

∼= 3−1Fn−1
and using the symmetry ofv, we have

(Rx
n)−1 ≤ EFn

(v, v) = 4E [A00∩Fn](v, v)+2E [A01∩Fn](v, v)+2E [A10∩Fn](v, v).
(3.6)

As ψ = 1 onA00 ∪ A10 we have forj = 0, 1,

E [A0j ∩ Fn](v, v) = E [A00 ∩ Fn](ϕ, ϕ) =
1
9
Rx

n−1(r)−1. (3.7)
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Now setG = [0, 1
3] × [ 1

3, 1
3 + 3−m]. As ψ = 0 on (A10−G)∩{y < 1

2}, by the symmetry
of G and Lemma 2.4,

E [A10](v, v) = 2EG(ϕψ, ϕψ) (3.8)

≤ 4||ψ1G||2∞EG(ϕ, ϕ) + 4||ϕ1G||2∞EG(ψ, ψ)

= 4EG(ϕ, ϕ) +
4
9
EG(ψ, ψ).

Using scaling and Lemma 2.6,

EG(ϕ, ϕ) =
1
9
E [Bx

m−1,0 ∩ Fn−1](V x
n−1, V

x
n−1) ≤ 21−m

9
(Rx

n−1)−1, (3.9)

while asG consists of 3m−1 segments, each congruent to 3−mFn−m ,

EG(ψ, ψ) = 3m−1E(V y
n−m, V y

n−m) = 3m−1(Ry
n−m)−1. (3.10)

Combining (3.6), (3.7), (3.8), (3.9), and (3.10) we deduce that

(Rx
n)−1 ≤ 2

3
(Rx

n−1)−1 + 2

(
4
9

2−m+1(Rx
n−1)−1 +

4
9

3m−1(Ry
n−m)−1

)
=

2
3

(
(Rx

n−1)−1(1 +
8
3

2−m) +
4
9

3m(Ry
n−m)−1

)
.

�

Proof of the right-hand side of (3.3) .This proof uses similar ideas to the one given above,
but as we have to work with currents rather than potentials, it is a bit more complicated.
Define a vector fieldK1 onFn by

K1(x, y) =


Jx

n (3x − i, 3y − j), (x, y) ∈ Aij , i = 0, 2, 0 ≤ j ≤ 2,

3
2Jx

n (3x − i, 3y − j), (x, y) ∈ A1j , j = 0, 2.

ThenK1 is piecewise continuous, and div(K1) = 0 on int(Aij), for (i, j) 6= (1, 1), but
K1 has a jump discontinuity on the linesx = 1

3, x = 2
3. Thus, we have

K1
x( 1

3−, y) = Jx
nx(1, 3y), K1

x( 1
3+, y) =

3
2
Jx

nx(1, 3y), y ∈ [0, 1
3].

We now modifyK1 to obtain a current satisfying the conditions of Proposition 2.2.
Essentially, we use the currentL, defined in Lemma 2.8, to move the excess current
arriving at the left-hand edges of the squaresA10, A12 to the right-hand edge ofA01.

Let L ∈ BV (Fn−1) ∩ L2(Fn−1) beL(n−1,m−1) defined in Lemma 2.8. Recall that
L = 0 except onBy

m−1,0 ∩ Fn−1. Put

L0(x, y) = L(1 − x, 1 − y),

L2(x, y) = (Lx(1 − x, y), −Ly(1 − x, y)),

L1(x, y) = −L0 − L2.
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Since div(L) = 0 onBy
n−1,0 ∩Fn−1, we have div(Li) = 0 for 0≤ i ≤ 2. Define a vector

field K2 by

K2(x, y) =



1
2Lj(3x, 3y − j), (x, y) ∈ A0j , 0 ≤ j ≤ 2,

0, (x, y) ∈ A1j , j = 0, 2,

1
2(Lj

x(1 − 3x, 3y − j)
−Lj

y(1 − 3x, 3y − j)), (x, y) ∈ A2j , 0 ≤ j ≤ 2.

Now letK = K1 + K2; thenK ∈ C(Fn). To see this, note that for 0≤ y ≤ 1
3,

K2
x( 1

3−, y) = 1
2L0

x(1−, 3y) = 1
2Lx(0+, 1 − 3y)

= 1
2Jx

nx(0+, 1 − 3y) = 1
2Jx

nx(1, 3y),

so that

K1
x( 1

3−, y) + K2
x( 1

3−, y) =
3
2
Jx

nx(1, 3y) = K1
x( 1

3+, y).

With a number of similar calculations, this shows that div(K) = 0. Therefore, using the
symmetry ofFn andK,

Rx
n ≤ E(K, K) = 4EA00(K, K) + 2EA01(K, K) + 2EA10(K, K), (3.11)

and it remains to estimate the terms in (3.11).
Note first that

EA10(K, K) = EA10(K
1, K1) =

(
3
2

)2 1
9
Rx

n−1 =
1
4
Rx

n−1,

and

EA01(K
1, K1) = EA00(K

1, K1) =
1
9
Rx

n−1.

Let H = [0, 1
3 − 3−m] × [0, 1], andG = [ 1

3 − 3−m, 1
3] × [0, 1]. As K2 = 0 onH we

have forj = 0, 1,

EA0j
(K, K) = EA0j∩H (K1, K1) + EA0j∩G(K1 + K2, K1 + K2)

≤ EA0j
(K1, K1) + EA0j∩G(K1, K1) + 2EA0j (K2, K2).

Using symmetry, and Lemma 2.7, forj = 0, 1,

EA0j∩G(K1, K1) =
1
9
E[Fn−1 ∩ By

m−1](Jx
n−1, J

x
n−1) ≤ 1

9
2−(m−1)Rx

n−1.

From the definition ofK2,

EA00(K
2, K2) =

1
36

EFn−1(L, L),

and
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EA01(K
2, K2) =

1
36

EFn−1(L
1, L1)

≤ 1
36

(2EFn−1(L
0, L0) + 2EFn−1(L

2, L2))

=
1
9
EFn−1(L, L).

Finally, by Lemma 2.8,

EFn−1(L, L) ≤ 2−(m−1)Rx
n−1 + 3m−1Ry

n−m.

Therefore, substituting in (3.11),

Rx
n ≤ 6EA00(K

1, K1) + 6EA00∩G(K1, K1) +
2
3
EFn−1(L, L) + 2EA10(K

1, K1)

≤ 7
6
Rx

n−1 +
8
3

2−mRx
n−1 +

2
3

(2−(m−1)Rx
n−1 + 3m−1Ry

n−m)

=
7
6

(
(1 +

16
7

2−m)Rx
n−1 +

4
21

3mRy
n−m

)
,

which completes the proof of 3.3. �

3.2. Proof of Theorem 1.1.Fix r > 0. The left-hand inequalities of Propositions 3.2
and 4.3 imply, forn ≥ k ≥ 0,

Rx
k(r)−1 ≤

(
3
2

)n−k

Rx
n(r)−1 , and Ry

k(r) ≤
(

6
7

)n−k

Ry
n(r) , (3.12)

hence

Hk(r) ≤ 9
7

Hk+1(r) , k ≥ 0. (3.13)

Since, by (3.12), we haveRy
n−m(r) ≤ (6/7)m−1Ry

n−1(r), for n ≥ m ≥ 1, it follows
from (3.3) that forn ≥ m ≥ 2,

Rx
n(r) ≤ 7

6

(
1 +a22−m + A23m Ry

n−m(r)

Rx
n−1(r)

)
Rx

n−1(r)

≤ 7
6

(
1 +a22−m +

7
6

A2θ2
mHn−1(r)

)
Rx

n−1(r) ,

whereθ2 = 18/7. Similarly, we have

Ry
n(r)−1 ≤ 2

3

(
1 +a12−m +

2
3

A1θ1
mHn−1(r)

)
Ry

n−1(r)−1
, n ≥ m ≥ 2 ,

whereθ1 = 9/2. Combining these inequalities, we obtain

Hn(r) ≥ Hn−1(r)
Gm(Hn−1(r))

, n ≥ m ≥ 2 , (3.14)

where
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Gm(x) =
7
9

(1 +a12−m +
2
3

A1θ
m
1 x)(1 +a22−m +

7
6

A2θ
m
2 x) . (3.15)

Now let m be large enough so thatGm(0) < 1, and letδm > 0 be such that
Gm(δm) = 1. Letη be an arbitrary number satisfying 0≤ η < δm, and putα = 1/Gm(η).
We haveGm(x)−1 ≥ α > 1 for 0 ≤ x ≤ η. Hence, by (3.14),

Hn+1(r) ≥ α Hn(r), wheneverHn(r) ≤ η. (3.16)

It follows immediately that there exists an integern0 ≥ m such thatHn0(r) > η. Now
if k ≥ n0 andHk(r) ≥ 7

9 η, then ifHk(r) ≤ η, by (3.16)Hk+1(r) > Hk(r) ≥ 7
9η. On

the other hand, ifHk(r) > η then by (3.13)Hk+1(r) > 7
9Hk(r) > 7

9η. Thus in either
caseHk+1(r) > 7

9η, and so, by induction, we deduce that

Hn(r) ≥ 7
9

η, for n ≥ n0.

This holds for anyη < δm, hence

lim inf
n→∞ Hn(r) ≥ 7

9
δm .

Since this holds for anyr > 0, andHn(r) = Hn(1/r)−1, we also deduce that

lim sup
n→∞

Hn(r) ≤ 9
7

(δm)−1 ,

proving the theorem. �

Remark .A numerical bound for the asymptotic values ofHn(r) is obtained by com-
putingδm. If we use the explicit values for the constants inGm, we findGm(0) < 1 for
m ≥ 5, and thatδ5 ≥ 2.03039× 10−4, which leads to the numbers given in Sect. 1.

3.3. Proof of Theorem 1.3.We begin with a lemma.

Lemma 3.5. Let fn(r), r ∈ [0, ∞), n ≥ 0, be a sequence of functions satisfying, for
constantsα > 1, β > 0, θ > 1, ci ∈ (0, ∞),

βfn−1(r) ≤ fn(r) ≤ βfn−1(r)(1 + c12−m + rc2α
mθn), (3.17)

for all n ≥ 1 and m ≥ 2. Then if ξ = log 2/ log(2α) there exist constantss0, c5,
depending only onα, θ, ci such that

1 ≤ β−nfn(θ−ns)
f0(θ−ns)

≤ exp(c5s
ξ), 0 < s ≤ s0, n ≥ 1.

Proof. Let n ≥ 1 be fixed, and choosemi ≥ 2 for 1 ≤ i ≤ n. Then iterating (3.17) we
obtain forr > 0

βn ≤ fn(r)/f0(r) ≤ βn
n∏

i=1

(1 + c12−mi + rc2α
miθi) .

So, settingr = θ−ns, ki = mn−i, j = n − i we have
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0 ≤ log(β−nfn(θ−ns)/f0(θ−ns)) ≤ c1

n−1∑
j=0

2−kj + c2s
n−1∑
j=0

αkj θ−j .

Chooseb > 0 such that 2−b < 1 andαb < θ (sob depends only onα, θ), let

a =
log(1/s)
log(2α)

,

and letkj satisfy

a + bj ≤ kj < 1 +a + bj, 0 ≤ j ≤ n − 1.

Thenkj ≥ 2, provideds ≤ s0 = (2α)−2. Thus

0 ≤ log(β−nfn(θ−ns)/f0(θ−ns)) ≤ c1

∞∑
j=0

2−a−bj + c2sα
a+1

∞∑
j=0

(αbθ−1)j

= c3(α, θ)2−a + c4(α, θ)αas

= c5(α, θ)sξ.

Proof of Theorem 1.3.The left-hand side inequalities of Propositions 3.2 and 4.3 imply
that, forz = x, y,

Rz
n(r)−1 ≤ (6/7)nRz

0(r)−1, Rz
n(r) ≤ (3/2)nRz

0(r). (3.18)

It follows that (treating the casesm ≤ n, m > n separately)

Ry
n−m(r)

Rx
n−1(r)

≤ (7/6)(9/7)nr, n ≥ 1, m ≥ 1.

Therefore (3.3) implies that forn ≥ 1, m ≥ 2,

7
6
Rx

n−1(r) ≤ Rx
n(r) ≤ 7

6
Rx

n−1(r)(1 +a22−m + r(7/6)A2(9/7)n3m) .

So, by Lemma 3.5, takingfn(r) = Rx
n(r), β = 7/6, θ = 9/7, α = 3, ξ1 = log 2/ log 6,

we obtain
1 ≤ (6/7)nRx

n((7/9)ns) ≤ exp(csξ1), n ≥ 1, s ≤ s0. (3.19)

Heres0 = 1/36 andc ∈ (0, ∞).
Using Lemma 3.1 and (3.19), we obtain, replacings by s−1,

1 ≤ (2/3)nRy
n((9/7)ns)s−1 ≤ exp(cs−ξ1), n ≥ 1, s ≥ s−1

0 . (3.20)

In a similar fashion we have, ifn ≥ 1, m ≥ 1, k = max(n − m, 0),

Rx
n−1(r)

Ry
n−m(r)

≤ (3/2)n−1(6/7)kr−1 ≤ (2/(3r))(9/7)n(7/6)m.

So, using (3.1), and replacingr by r−1, for n ≥ 1, m ≥ 2,

2
3Rx

n−1(1/r)−1 ≤ Rx
n(1/r)−1

≤ 2
3Rx

n−1(1/r)−1(1 +a12−m + r(2A1/3)(9/7)n(7/2)m) .
(3.21)
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Takingfn(r) = Rx
n(1/r)−1, β = 2/3, θ = 9/7, α = 7/2, ξ2 = log 2/ log 7, we obtain by

Lemma 3.5,

1 ≤ (3/2)nRx
n((9/7)ns)−1 ≤ exp(cs−ξ2), n ≥ 1, s ≥ s−1

0 . (3.22)

Using Lemma 3.1 this implies that

1 ≤ (7/6)nRy
n((7/9)ns)−1s ≤ exp(csξ2), n ≥ 1, s ≤ s0. (3.23)

Multiplying together (3.22) and (3.20) gives the theorem. �

4. Asymptotic Behavior of Effective Resistances

4.1. Statement of the results.For the isotropic caser = 1, it is proved in [2] that there
exists a constantρ > 1 such that

4−1ρn ≤ Rn ≤ 4ρn , n ≥ 0, (4.1)

whereRn
def
= Rx

n(1) = Ry
n(1). (It is also proved there that 7/6 ≤ ρ ≤ 1.27656;

calculations ofRn, 1 ≤ n ≤ 7 suggest thatρ ≈ 1.25149. See [2] and [4]). The proof
uses the inequalities

4−1Rm Rn ≤ Rn+m ≤ 4Rm Rn , n ≥ 0, m ≥ 0.

The following proposition extends this result to the anisotropic caser 6= 1. Theorem 1.2
follows at once if we putm = 0 in Proposition 4.1.

Proposition 4.1. For z = x, y, r > 0, n, m ∈ Z+,

Rz
n+m(r)−1 ≤ 16ρ−n (Rx

m(r)−1 + Ry
m(r)−1) , (4.2)

Rz
n+m(r) ≤ 8ρn (Rx

m(r) + Ry
m(r)). (4.3)

Remark .The proof below also implies the bounds withRn in place ofρn in both (4.2)
and (4.3).

To prove the proposition, we first recall results proved in [2], which relateRn to the
effective resistances for crosswire resistance networks. Fori = 0, 1, · · · , 3n − 1, and
j = 0, 1, · · · , 3n − 1, let3ij be the closure inR2 of

([i3−n, (i + 1)3−n] × [j3−n, (j + 1)3−n]) ∩ Fn ,

and let
Sn = {(i, j) ∈ {0, 1, · · · , 3n − 1}2 : Aij 6= ∅} .

Givena = {ai,j : i = 0, 1, · · · , 3n, j = 0, 1, · · · , 3n}, set

āij = 4−1
1∑

α=0

1∑
β=0

ai+α,j+β , (4.4)

and define



Weak Homogenization of Anisotropic Diffusion on Pre-Sierpiński Carpets 19

KD(a) =
∑

(i,j)∈S

1∑
α=0

1∑
β=0

(ai+α,j+β − āij)2 .

DefineRD
n by

(RD
n )−1 = inf

a
{KD(a) | a0,j = 0, a3n,j = 1, j = 0, 1, · · · , 3n} . (4.5)

The notationRD
n is consistent with that of [2], and denotes the effective resistance of

the wire network obtained by replacing each board of side 3−n in Fn by a diagonal
crosswire of 4 unit resistors. Next let3ij andSn be as above. Assume that a set of
numbers

J = {Jijη | i = 0, 1, · · · , 3n − 1, j = 0, 1, · · · , 3n − 1, η = 1, 2, 3, 4}

satisfies the following conditions:

Jijη = 0, (i, j) ∈ {0, 1, · · · , 3n − 1}2 \ S, η = 1, 2, 3, 4,
4∑

η=1

Jijη = 0, (i, j) ∈ S,

Ji+1,j,1 + Jij3 = 0, (i, j) ∈ {0, 1, · · · , 3n − 1}2 ,
Ji,j+1,2 + Jij4 = 0, (i, j) ∈ {0, 1, · · · , 3n − 1}2 .

(4.6)

We regardJijη as being the current flowing in the wire networkGn obtained by replacing
each board of side 3−n in Fn by a horizontal and vertical crosswire of 4 wires, each of
resistance1

2. With this interpretation (4.6) are the equations of current conservation.
We impose the following “boundary conditions”:

Ji02 = Ji,3n−1,4 = 0, i = 0, 1, · · · , 3n − 1,
3n−1∑
j=0

J0j1 = −
3n−1∑
j=0

J3n−1,j,3 = 1. (4.7)

Put

KG(J) =
1
2

∑
(i,j)∈S

4∑
η=1

J2
ijη ,

and

RG
n = inf

J
{KG(J) | J satisfies (4.6) and (4.7).} .

The notationRG
n is consistent with that of [2], and denotes the effective resistance of

the networkGn.
From [2] (see Theorem 3.3, Proposition 4.1, Theorem 4.3 and (5.4)) we have

Lemma 4.2. For n ≥ 0,

RG
n ≤ 4 min(ρn, Rn) ≤ 4 max(ρn, Rn) ≤ 8RD

n . (4.8)
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4.2. Proof of Proposition 4.1.It is sufficient to consider the casez = x, as the casez = y
then follows immediately by Lemma 3.1. We first prove (4.2). Fori = 0, 1, · · · , 3n − 1,
andj = 0, 1, · · · , 3n −1, letBij be the closure inR2 of ([i3−n, (i+1)3−n]× [j3−n, (j +

1)3−n]) ∩Fn+m. ThenF̄n+m =
⋃
i,j

Bij , and each non-emptyBij is congruent to 3−nF̄m.

Define four functionsϕαβ , α = 0, 1, β = 0, 1, onF̄m by

ϕ11(x, y) = V x
m(r)(x, y) V y

m(r)(x, y) ,

ϕ01(x, y) = (1− V x
m(r)(x, y)) V y

m(r)(x, y) ,

ϕ10(x, y) = V x
m(r)(x, y) (1 − V y

m(r)(x, y)) ,

ϕ00(x, y) = (1− V x
m(r)(x, y)) (1 − V y

m(r)(x, y)) .

Note that Lemma 2.4, (2.3), and (2.1) imply

EFm
(ϕαβ , ϕαβ) ≤ 2 (Rx

m(r)−1 + Ry
m(r)−1) . (4.9)

Given a set of real numbers{ai,j | 0 ≤ i, j ≤ 3n}, with āij defined by (4.4), define
v ∈ C(F̄n+m) ∩ H1(Fn+m) by:

v(x, y)
def
= āij +

1∑
α=0

1∑
β=0

(ai+α,j+β − āij) ϕαβ(3nx − i, 3ny − j) ,

(x, y) ∈ Bij , (i, j) ∈ Sn .

Note that if (aij) satisfy the “boundary conditions” in (4.5) thenv satisfies (1.3). Conti-
nuity ofv at the boundaries of theBij follows from (2.4). Recalling thatBij is congruent
to 3−nF̄m for (i, j) ∈ S, we have

EFn+m
(v, v) =

∑
(i,j)∈S

EBij
(v, v)

=
∑

(i,j)∈S

∑
α,β,α′,β′

(ai+α,j+β − āij)(ai+α′,j+β′ − āij)EFm
(ϕαβ , ϕα′β′ )

≤
∑

(i,j)∈S

∑
α,β,α′,β′

1
2

{
(ai+α,j+β − āij)2EFm

(ϕαβ , ϕαβ)

+ (ai+α′,j+β′ − āij)2EFm (ϕα′β′ , ϕα′β′ )
}

= 4
∑

(i,j)∈S

∑
α,β

(ai+α,j+β − āij)2EFm
(ϕαβ , ϕαβ)

≤ 8
∑

(i,j)∈S

∑
α,β

(ai+α,j+β − āij)2(Rx
m(r)−1 + Ry

m(r)−1)

≤ 8KD(a)(Rx
m(r)−1 + Ry

m(r)−1) ,

where we used (4.9) in the last line. Hence, taking infimum over{aij} and using (4.5)
we have

Rx
n+m(r)−1 ≤ 8(RD

n )−1 (Rx
m(r)−1 + Ry

m(r)−1) ,

and (4.2) now follows immediately using (4.8).

We now turn to a proof of (4.3). LetBij andSn be as above. Define currentsIηη′ ,
1 ≤ η, η′ ≤ 4, onF̄m as follows. First, let



Weak Homogenization of Anisotropic Diffusion on Pre-Sierpiński Carpets 21

I13 = −I31 = Jx
m(r), I24 = −I42 = Jy

m(r).

Let I12 = (I12x, I12y) be the currentL(m,0) defined in Lemma 2.8, and let

I14(x, y) = −I41(x, y) = (I12x(x, 1 − y), −I12y(x, 1 − y)) ,
I32(x, y) = −I23(x, y) = (−I12x(1 − x, y), I12y(1 − x, y)) ,
I43(x, y) = −I34(x, y) = (I12x(1 − x, 1 − y), I12y(1 − x, 1 − y)) , (x, y) ∈ F̄m .

Finally we putIηη = 0,η = 1, 2, 3, 4. From Lemma 2.8 we have,

EFm
(Iηη′ , Iηη′ ) ≤ Rx

m(r) + Ry
m(r) , η, η′ ∈ {1, 2, 3, 4}. (4.10)

Note also that from (2.10) we have the boundary conditions

I1η,x(0, y) = −Iη1,x(0, y) = Jx
mx(r)(0, y), η = 2, 3, 4,

I2η,y(x, 0) = −Iη2,y(x, 0) = Jy
my(r)(x, 0), η = 1, 3, 4,

I3η,x(1, y) = −Iη3,x(1, y) = −Jx
mx(r)(1, y), η = 1, 2, 4,

I4η,y(x, 1) = −Iη4,y(x, 1) = −Jy
my(r)(x, 1), η = 1, 2, 3,

while for the remaining combinations of the suffices, the corresponding quantities vanish.
Given{Jijη} satisfying (4.6), writeJ±

ijη = 2−1(|Jijη| ± Jijη)),

hij =
4∑

η=1

J+
ijη =

4∑
η=1

J−
ijη ,

and define a currentI onFn+m, by

I(x, y)
def
=

1
hij

4∑
η=0

4∑
η′=0

J+
ijηJ−

ijη′Iηη′ (3nx − i, 3ny − j) ,

(x, y) ∈ Bij , (i, j) ∈ S.

ThenI ∈ C(Fn+m), so if {Jijη} satisfy (4.7), then by (2.6) we have

Rx
n+m(r) ≤ EFn+m (I, I). (4.11)

Recalling thatBij
∼= 3−nF̄m, (i, j) ∈ S, we have

EFn+m (I, I)

=
∑

(i,j)∈S

EBij (I, I)

=
∑

(i,j)∈S

h−2
ij

∑
ηη′

∑
ξξ′

J+
ijηJ−

ijη′J
+
ijξJ

−
ijξ′E(Iηη′ , Iξξ′ )

≤ 2−1
∑

(i,j)∈S

h−2
ij

∑
ηη′

∑
ξξ′

J+
ijηJ−

ijη′J
+
ijξJ

−
ijξ′ (EFm

(Iηη′ , Iηη′ ) + EFm
(Iξξ′ , Iξξ′ ))

≤ (Rx
m(r) + Ry

m(r))
∑

(i,j)∈S

h2
ij ,

where we used (4.10) in the last line.
Now by the Cauchy-Schwarz inequality,
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hij = 1
2

∑
η

|Jijη| ≤ (
∑

η

J2
ijη)1/2.

Hence

Rx
n+m(r) ≤ EFn+m

(I, I)

≤ (Rx
m(r) + Ry

m(r))
∑
ij

∑
η

J2
ijη

≤ 2(Rx
m(r) + Ry

m(r))KG(J)

≤ 2(Rx
m(r) + Ry

m(r))RG
n ,

and using (4.8) gives (4.3). �

A. Proof of Lemma 2.8

In this Appendix, we will give a proof of Lemma 2.8. In fact we prove a more general
result:

Lemma A.1. Let 0 < kx ≤ 1 and0 ≤ ky < 1, and letB = ((0, kx) × (ky, 1)) ∩ Fn

and B̃ = ((0, kx) × (0, 1)) ∩ Fn. Let v0 < v1, v′
0 < v′

1 be constants, and letvx be the

harmonic function onB, with Neumann boundary conditions
∂vx

∂n
= 0at the boundaries

(in R2) of B, except atx = 0 and x = kx, where the Dirichlet boundary conditions,
vx(0, y) = v1 and vx(kx, y) = v0 are imposed. Define a currentjx = (jx

x , jx
y ) on B

by jx = −Rx ∇vx, where the constantRx is defined by the normalization condition∫ 1
ky

jx
x (0, y) dy = 1. Similarly, letvy be the harmonic function oñB, with Neumann

boundary conditions, except aty = 1 andy = 0, where Dirichlet boundary conditions
vy(x, 1) = v′

0 andvy(x, 0) = v′
1 are imposed. Definejy = (jy

x , jy
y ) = −Ry ∇vy, where

Ry is defined by
∫ kx

0
jy
y (x, 1)dx = 1. Then, there exist two disjoint open subsets ofB,

Bx andBy, satisfying the following:

1. the boundary ofBx contains({0} × [ky, 1]) ∪ (([0, kx] × {ky}) ∩ ∂B), and has no
common points with((0, kx] × {1}) ∪ (({kx} × (ky, 1]) ∩ ∂B),

2. the boundary ofBy contains([0, kx] × {1}) ∪ (({kx} × [ky, 1]) ∩ ∂B), and has no
common points with({0} × [ky, 1)) ∪ (([0, kx) × {ky}) ∩ ∂B),

3. The vector fieldJ defined by

J(x, y) =

jx(x, y) , (x, y) ∈ Bx,
jy(x, y) , (x, y) ∈ By,
0, otherwise,

(A.1)

is in C(B).

It follows, in particular, that

EB(J, J) ≤ EB(jx, jx) + EB(jy, jy) . (A.2)
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Proof. Note that with a linear transformation of the coordinatey′ = y
√

r, (2.2) becomes
the Laplace equation in the standard sense. Hence, the potential functionsV x

n andV y
n

are harmonic functions in the usual sense, with this change of coordinate. We assume
this change of coordinate in the following. With the change of coordinate, the domain
Fn may no more be a square, but it is still a rectangle shaped object, with rectangular
“holes” inside. To avoid the clumsiness in the notation, we will keep the notationsFn

and assume that it is a square [0, 1]2 with square holes inside. We will not use any
symmetries specific to squares in the proofs, and the results are directly applicable to
the original problem.

Putv = Rxvx −Ryvy. Sincev is harmonic, there locally exists, around each point in

B, an analytic functionu(x+y
√−1)

def
= v(x, y)+

√−1w(x, y), wherew is the conjugate
harmonic function ofv.

Note that for any closed pathC in B, we have∮
C

gradw · dx =
∮

C

∂v

∂n
ds = −

∮
∂′B

∂v

∂n
ds,

wheren is the unit normal vector and∂′B is the boundary ofB in the interior ofC. In
the last equality, we used the fact thatv is harmonic. Because of the boundary conditions
onv we see that this quantity is zero, hencew is single valued.

Denote the boundary ofB by ∂B. (By a boundary of a set, we always mean, in the
following, that as a set inR2.) Decompose∂B into the “external” boundary ofB defined
by

∂extB = ∂B ∩ ({x = 0} ∪ {x = kx} ∪ {y = ky} ∪ {y = 1}) ,

and the “internal” boundary defined by∂intB = ∂B \ ∂extB. Decompose∂intB \
∂cornerB = ∂o

intB, where∂cornerB is the (finite) set of corner points of square “holes”
in B ⊂ Fn. By the reflection principle of analytic functions (see the arguments in the
Appendix of [2] for Fn with boundary conditions dealt with here), we see thatu(z)
can be analytically continued to a neighborhood of each point in∂B \ ∂cornerB =
∂extB ∪ ∂o

intB, and that at eachz0 ∈ ∂cornerB, there exists an analytic functionU in a
neighborhood of 0, such thatu(z) = U ((z − z0)2/3). We regard, in the following,u (and
alsov, w) as a continuous function on the closed setB̄, analytic onB̄ \ ∂cornerB.

Note also that similar considerations hold forvx onB andvy on B̃ ⊃ B in place of
v. We definewx onB andwy on B̃ which are conjugate harmonic functions ofvx and
vy, respectively, and put

ux(x +
√−1y) = vx(x, y) +

√−1wx(x, y)

and
uy(x +

√−1y) = vy(x, y) +
√−1wy(x, y) .

Obviously, we can fix constant ambiguities of conjugate harmonic functions to satisfy
w = Rxwx − Rywy andu = Rxux − Ryuy.

Decompose∂extB into 4 parts and pute1 = ∂extB∩{x = 0},e2 = ∂extB∩{y = ky},
e3 = ∂extB ∩ {x = kx}, e4 = ∂extB ∩ {y = 1}.

Define 2 disjoint open subsetsBx, By of B by Bx def
= {(x, y) ∈ B | w(x, y) >

w(0, 1)} andBy def
= {(x, y) ∈ B | w(x, y) < w(0, 1)}. We will prove thatBx andBy

satisfy the statements of the lemma.

A point (x, y) ∈ B \ ∂cornerB is said to be a critical point ofvx if ∇vx(x, y) = 0,
or equivalently,ux′(z) = 0. By the uniqueness theorem on analytic continuation, we see
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that there are at most a finite number of critical points inB \ ∂cornerB. (The possibility
of accumulation of critical points to a point in∂cornerB is ruled out by considering the
uniqueness theorem onUx, the function corresponding toU defined above.) Denote the
(finite) set of critical points byAx

crit.
Note first that, by assumption, we havevx(x, y) ≤ v1, from which follows

∂vx

∂x
(0, y) ≤ 0. The boundary conditionvx(0, y) = v1 implies

∂vx

∂y
(0, y) = 0.

These results and the fact that the number of critical points is finite imply, with

the Cauchy–Riemann relation, that
∂wx

∂y
(0, y) < 0 except for at most finite num-

ber of ys’. Note also that we have, forvy, the boundary condition
∂vy

∂x
(0, y) = 0.

With the Cauchy–Riemann relation we have
∂wy

∂y
(0, y) = 0. Therefore we have

∂w

∂y
(0, y) = Rx ∂wx

∂y
(0, y) − Ry ∂wy

∂y
(0, y) < 0, except for at most finite number of

points one1, consequently,w(0, y) > w(0, 1) for ky ≤ y < 1. w is a continuous func-
tion onB̄, hence we see thate1 is contained in the boundary ofBx and has no common
points with that ofBy except for a point (0, 1). The positivity ofRx andRy are conse-
quences of the fact that the assumptions imply thatRx andjx (or Ry andjy) satisfy a
relation analogous to (2.6) and (2.7).

Similarly we deduce thate4 is contained in the boundary ofBy and has no common
points with that ofBx except for a point (0, 1).

To prove thate3 is contained in the boundary ofBy, first note that, by the Cauchy–
Riemann relations and the boundary conditions onvx andvy and the normalization
condition onjy, we have

w(kx, 1) − w(0, 1) =
∫ kx

0

∂w

∂x
(x, 1)dx

=
∫ kx

0
−Rx ∂vx

∂y
(x, 1) +Ry ∂vy

∂y
(x, 1)dx = −

∫ kx

0
jy
y (x, 1)dx = −1 .

Then we have, using Cauchy–Riemann relations and the assumption that
∂vy

∂x
= 0 on

e3,
w(kx, y) − w(0, 1) = w(kx, y) − w(kx, 1) − 1

= −
∫ 1

y

∂v

∂x
(kx, y) dy − 1 =

∫ 1

y

jx
x (kx, y) dy − 1 .

Using divjx = 0, the Gauss–Green formula, and the boundary conditions onvx, we see

that
∫ 1

ky

jx
x (kx, y) dy =

∫ 1

ky

jx
x (0, y) dy = 1. Therefore,

w(kx, y) − w(0, 1) = −
∫ y

ky

jx
x (kx, y) dy . (A.3)

By assumption,vx(x, y) ≥ v0, from which follows
∂vx

∂x
(kx, y) ≤ 0. The boundary

conditionvx(kx, y) = v0 implies
∂vx

∂y
(kx, y) = 0. These results and the fact that the
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number of critical points is finite imply,jx
x (kx, y) = −Rx ∂vx

∂x
(kx, y) > 0, except for at

most finite number of points. With (A.3) we see thatw(kx, y) < w(0, 1) one3 \ (kx, ky),
implying thate3 is contained in the boundary ofBy, and has no common points with
that ofBx except for (kx, ky).

To prove thate2 is contained in the boundary ofBx, (and has no common points with
that ofBy except for (kx, ky),) it suffices to provew(x, ky) > w(0, 1) one2 \ (kx, ky).
By an analogous argument to those above we obtain

w(0, ky) − w(0, 1) = −
∫ 1

ky

∂w

∂y
(0, y) dy =

∫ 1

ky

jx
x (0, y) dy = 1 .

Noting the boundary condition
∂vx

∂y
(x, ky) = 0 one2, we therefore see, with the Cauchy–

Riemann relations, that

w(x, ky) − w(0, 1) =
∫ x

0

∂w

∂x
(x, ky) dx + 1 = −

∫ x

0
jy
y (x, ky) dx + 1 .

Hencew(x, ky) > w(0, 1) one2 \ (kx, ky) holds if we can show∫ x

0
jy
y (x, ky) dx < 1, 0 ≤ x < kx . (A.4)

Suppose
∫ x0

0
jy
y (x, ky) dx ≥ 1 for some (x0, ky) ∈ e2 \ (kx, ky), and put

`y = {(x, y) ∈ B̃ | wy(x, y) = wx(x0, ky)} .

Sincewy is a harmonic function oñB, `y is a smooth curve (or a set of smooth curves) in
B̃, whose tangent is proportional to∇vy, which implies thatvy is strictly monotone on
`y, hence it is not a closed orbit, and separatesB̃ in domains withwy(x, y) > wx(x0, ky)

and withwy(x, y) < wx(x0, ky). The boundary conditions
∂vy

∂x
= 0 on the edgesx = 0

andx = kx imply thatwy is constant on these edges, so that`y cannot have endpoints on
them. Therefore there is an endpoint of`y on the edges{(x, 0) | 0 ≤ x < kx}∪{(x, 1) |
0 ≤ x < kx}. Let (x1, 1) be an endpoint of̀y, satisfying 0≤ x1 < kx. (The case that
the endpoints are only on the edgey = 0 can be handled similarly.) There is a connected
piecewise smooth curvèy ′ ⊂ `y ∪ ∂o

intB which connects (x0, ky) to (x1, 1). Consider
the subset ofB bounded bỳ y ′, e2, e1, ande4. Applying the Gauss–Green formula and
the current conservation divjy = 0, and noting thatjy · n = 0 on`y ′ ande1, wheren is
a normal vector, we see that∫ x1

0
jy
y (x, 1)dx =

∫ x0

0
jy
y (x, ky) dx ≥ 1. (A.5)

On the other hand,vy(x, 1) = v′
0 ≤ vy(x, y) implies

∂vy

∂y
(x, 1) ≥ 0, and

∂vy

∂x
(x, 1) = 0.

This implies (with an argument similar to one which led tow(0, y) > w(0, 1) for
ky ≤ y < 1) thatjy

y (x, 1) > 0, 0≤ x ≤ kx, except for at most finite number of points.
Hence
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∫ x1

0
jy
y (x, 1)dx = 1−

∫ kx

x1

jy
y (x, 1)dx < 1 .

This contradicts (A.5). Hence (A.4) is proved.

We are left with the statements onJ defined in (A.1). Sincejx andjy are inC(B),
it follows at once thatJ is square integrable and of bounded variation. To prove that
divJ = 0, letf be an infinitely differentiable function onB with compact support. Using
(A.1), divjx = divjy = 0, and the Gauss–Green formula [12, p.340] in turn, we have∫

B

f divJ dx dy = −
∫

B

(∇f ) · J dx dy

= −
∫

Bx

(∇f ) · jx dx dy −
∫

By

(∇f ) · jy dx dy

= −
∫

Bx

div(f jx) dx dy −
∫

By

div(f jy) dx dy

= −
∫

∂Bx

f jx · n ds −
∫

∂By

f jy · n ds ,

wheren is the unit normal vector to the curves∂Bx or ∂By, in the outward directions
of the domainBx or By. Sincef has compact support onB, the contribution to the line
integration from∂B is zero. On the other hand, the functionw is analytic inB, hence,

`
def
= (∂Bx) \ (∂B) = (∂By) \ (∂B) ,

andw(x, y) = w(0, 1) on the curvè. Note that∇v = −Ry∇vy +Rx∇vx = jy − jx. By
Cauchy–Riemann relations we know that∇v ·∇w = 0. Hence we have (jy − jx) ·n = 0
on `, wheren is the unit normal vector tò, with same sign asn for ∂Bx. The normal
vectorn has opposite signs on∂Bx and∂By. Therefore,∫

B

f divJ dx dy = −
∫

`

f (jx − jy) · n ds = 0 ,

which proves divJ = 0.
The estimate (A.2) now follows since

EFn
(J, J) = EBx∩Fn

(J, J) + EBy∩Fn
(J, J) ≤ EFn

(jx, jx) + EFn
(jy, jy) .
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14. Sierpínski, W.: Sur une courbe cantorienne qui contient une image biunivoque et continue de toute
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