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Abstract: We study a kind of ‘restoration of isotropy” on the pre-Siégki carpet.

Let R (r) and RY(r) be the effective resistances in theandy directions, respectively,

of the Sierphski carpet at the!" stage of its construction, if it is made of anisotropic
material whose anisotropy is parametrized by the ratio of resistances for a unit square:
r = RY/ R%. We prove that isotropy is weakly restored asymptotically in the sense
that for all sufficiently large: the ratioRY (r) / R (r) is bounded by positive constants
independent of. The ratio decays exponentially fast whens> 1. Furthermore, it is
proved that the effective resistances asymptotically grow exponentially with an exponent
equal to that found by Barlow and Bass for the isotropic casel.

1. Introduction

In this article we study a kind of homogenization, or restoration of isotropy of anisotropic
diffusion, on the pre-Sierfiski carpet [5]. The present work develops ideas arising in two
series of recent studies on the diffusion on fractals. One is a study of asymptotically one-
dimensional diffusions on Sienski gaskets in [9, 10, 8], which contains the discovery

of the mechanism on finitely ramified fractals. The other is a detailed study of isotropic
diffusion on Sierpaski carpets in [1, 2, 4, 3].

The most interesting aspects of asymptotic behaviors of diffusion (e.g. the spectral
dimensions) are embodied in the asymptotic behaviors of effective resistances. A physi-
cist may find it easy to interpret the results on resistances in terms of diffusions. Note (as
we will summarize below) that electrical resistance is the rate of heat dissipation caused
by electric power. As we will actually use in the proofs, the resistance can be defined as
an Hy, norm of electric potential (see (1.1) below), and the potential is a solution to the
Laplace equation (a harmonic function) with corresponding Neumann-Dirichlet bound-
ary conditions. Thus it is natural that resistances and diffusions are strongly related. In
this paper, rather than going into the relation of the two phenomena in general, we will
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focus on the behavior of electrical resistances. See [1, 2, 4, 3] on how resistances play
an essential part in the construction of diffusions on the Siskpicarpet, and derivation
of their properties.

The Sierpiiski carpet is an example of an infinitely ramified fractal [14, 13].7/-ar
Z. the pre-Sierpiski carpetF;, is the open subset of the unit open squiges (0, 1) x
(0, 1) obtained by iterating the operation for constructing the Sisipicarpet, until
squares of side length3 are reached, where we stop, so that smaller scale structures
are absent. The operation is a generalization of that in the construction of the Cantor
ternary set: given a square of side lengttfi3 we divide it into 9 squares of side length
3-™~1 remove the middle square (with its boundary) and keep the other 8 squares.
Thus F, is an open set ifR?, composed of B squares of side 3, and has square
shaped holes of side length varying from3to 3—2. It will be convenient later to write
F, = Fyforn < 0.

Fig. 1. The pre-Sierpiski carpetF;

Letr € (0, o0), and consider a function e C(fn) NHYF,), WhereC(}«:n) denotes
the set of continuous functions @, andH(F},) the set of square integrable functions

whose partial derivativegg andg—z (in the sense of distribution) are square integrable.

Put
2 2
Er, (v,v) = /Fn ((g;) (x,y)+% (g;) (x7y)> dx dy . (1.2)

In physical term<g, (v, v) is the rate of energy dissipation for the potential (voltage)
distribution v if F,, is made of a material with a uniform but anisotropic electrical
resistivity, with anisotropy parameterFor a unit square made of this material, the total
resistance is 1 in the-direction andr in the y-direction, and the principal axes of the
resistivity tensor are parallel to theandy axes.

Define R} (r), the effective resistance df,, in the z direction, by the following
(principle of minimum heat production):

1 .
R0 =inf{&r, (v,v)} , (1.2)
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where the infimum is taken over all the functionse C’(l*:n) N HY(F,), satisfying
boundary conditions

v(0,9) =0, v(L,y) =1, 0<y <1 (1.3)

The effective resistance in thedirection RY(r) is defined in a similar manner, with
boundary conditions

v(x,0)=0 v(z,1)=1 0<x <1 (1.4)
Obviously,
Ri(r)=1 and R()=r. (1.5)
Set R1()
- n r .
H,(r) = R (1.6)

thus H,,(r) measures the effective anisotropyof if it is composed of material with
anisotropy parametet It is easy (see Lemma 3.1) to verify that

Ry (r) =rRY(1/r), H,(r)= H,,,(l/r)fl.
We have the following conjecture:

Conjecture . (“Strong Homogenization”).

lim H,(r)=1 foreachr € (0,0). 2.7)

In this paper, we prove the following weak homogenization property:

Theorem 1.1. There exists a constaft< K < oo such that

K=Y <liminf H,(r) <limsupH,(r) < K foreach r e (0,0).

n—o0

Our proof gives explicit bounds: we can take= 6333, which may be compared with
the conjectured valu& = 1 in (1.7). (Our bounds, and proof, have improved since we
announced them in [5].)

Theorem 1.1 does not give information on the asymptotic behaviardah R (r)
andRY(r). However, we have the following result:

Theorem 1.2. For eachr > 0,

O0<infp™"R:(r) <supp™ "Ri(r) <oco, =z=ua,y,

wherep is the growth exponent for the isotropic case 1 given in [2, 4].

Thus the effective resistancé; (r) and RY (r) both grow asymptotically like™, and
so the growth exponeptfound in [2] is universal in the sense that it is independent of
the anisotropy-.

We see from (1.5) and (1.6) th&k(r) = r. Thus Theorem 1.1 implies thatif> 1,
H, (r) should be relatively small whemis large. In fact, we have the following estimate
for the decrease dff,, in n.
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Theorem 1.3. There exist constantse (0, c0), s1 € (0, 1) such that
1< s Ha((9/7)"s) < exples™®), n>1s > s, (1.8)
where¢ =log 2/log 7. In particular

lim lim inf s~ 2H,,((9/7)"s) = lim lim sups™*H,((9/7)"s) = 1.

§—00 N—0o0

Thus whens = (7/9)"r is large,H,,(r) ~ (7/9)"r. A similar result holds for small

Iimolim sups 1H,((7/9)"s) = Iimolim inf s71H,((7/9)"s) = 1.
We can also obtain scaling relations of this kind for the effective resistaiiteg and
RY(r) — see the proof of the theorem. Our proof also implies that Rf(r) = (3/2)"

and lim »~*RY(r) = (7/6)". (See (3.22) and (3.20).) Therefore

7

TleOO r H,(r) = (9) , n>0. (2.9)

We have no proof of the existence of the scaling limit
h(s) = lim sTYH,((9/7)"s),

but Theorem 1.3 implies that if does exist then limh(s) = 1. For further comments
and conjectures on the form bfsee [5].

Proofs of Theorem 1.1 and Theorem 1.3 are given in Sect. 3. The basic tools to
prove Theorem 1.1 are Propositions 3.2 and 3.3, which are recursive inequalities for
the effective resistances, which give good bounds in the anisotropic regime, that is
when H,,(r) is very different from 1. IfH,,(r) > 1, then, roughly speaking, these
inequalities state that the smaller effective resistaRite-) grows as (32)", while the
larger effective resistanc®Y () grows as (76)"r. So as long a#i,,(r) > 1, we have
H,(r) =~ (7/9)"r, and thusH,, (r) approaches 1 exponentially fast. Theorem 1.3 shows
that we can make precise this argument on the exponential ded&y(ef. In fact, the
estimates in Propositions 3.2 and 3.3 are precise enough to allow us to prok&, {hat
is bounded for all large, so proving Theorem 1.1.

We prove Theorem 1.2 in Sect. 4, by giving another recursive inequality (4.1), anal-
ogous to those given in [2] far = 1. Sect. 2 is devoted to basic estimates used both in
Sect. 3 and Sect. 4.

A strong homogenization result similar to (1.7) is proved in [9, 10, 5] for the pre-
Sierpiski gasket, using explicit renormalization group recursion relations for quantities
analogous td?* (r) and RY(r). As the Sierphski gasket is finitely ramified, these recur-
sion relations are finite dimensional, and so exact calculations are possible. We expect
that this kind of restoration of isotropy will occur on a wide class of fractals — see [5].
That this is difficult to prove for the Sienpski carpet reflects the fact that it is an in-
finitely ramified fractal, and so the renormalization group recursion acts on an infinite
dimensional space. The rigorous inequalities in Propositions 3.2, 3.3, and 4.1 provide a
version of the renormalization group relations.

We conclude this section with some remarks.
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1. With the change of the coordinaté = /r y, the defining equation (1.2) has an
isotropic expression, so our results also apply to rectangular boards made of isotropic
material.

2. F,, is contained in the unit square and the unit structure is of ordérBut the scale
invariance of resistance in two dimensions implies that the effective resistances are
the same if we definefl,, as a figure with unit structures of order 1 and of total size
3" x 3"; i.e., constructing the figure outward instead of inward. The results in this
paper hold as they are, with only minor notational changes.

3. Analogous results can also be obtained for the cross-wire netd@igrkgroduced in
[2]. The networkG,, is obtained fron¥,, by replacing each of the"8quares of side
37" in F, by a horizontal and vertical crosswire of four linear resistors (joined at
the center of the square), where each horizontal resistor has resisf@naedleach
vertical resistor has resistancg2. (See [7] for basic facts about resistor networks.)
The results in this paper hold as they are, with similar proofs.

4. Our proofs should also be effective for the class of “generalized &iptarpets”
considered in [2, Eqg. (3.1)]. In particular, with only minor changes, they apply to
(k, 1) — Sierphski carpets. Here the sef are constructed recursively by dividing
each square of side~ "~ in F,_, into k? squares, and throwing out a block of
2 squares at the center. (We take> 3 andk > ¢.) The numbers appearing in
the results, such as the exponent8,77/6, 3/2, andp, will of course in general be
different for different figures.

5. The proof of the conjecture (1.7) seems to us to be quite hard. We suspect that it is
similar in difficulty to the problem of improving the inequalities

%p" <R,(1)<4p",  n>0,

given in [2], to proving the existence of the conjectured limit

lim p~"R%(1).

n—oo

2. Basic Estimates on Energy of Harmonic Functions

Throughout this section, we fix> 0 andn € Z.

The first two propositions deal with the principle of minimum heat production in
terms of potentials and currents, respectively. They are straightforward extensions of the
isotropic case = 1 in [2], to which we refer for a proof.

Proposition 2.1. There exists a unique functian = V,*(r) (or V,Y(r)) in C’(fn) N
HY(F,) with Vv € L?(OF) which attains the infimum of (1.2) with the boundary
condition (1.3) (or (1.4), respectively);

Ry (r) ™' = Ep, (VE(), ViE(r), R4 = Er, (VI(r), VY(r)). (2.1)
The functions satisfy the following Laplace equationfon

0% 1 6%
@(xay)*-;aiyz(x?y):o’ (z,y) € Fyy , (2.2)
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with boundary conditions (1.3) (or (1.4), respectively), and Neumann boundary con-

. 0
ditions A 0, on the rest 0D F,,, except at the corners of the squaresdR,. In
n
particular, for z = x, y,

0< Vi), y) <1, (z,y) € Fy. 2.3)
Note also that the symmetry &f, implies

Vi (), y) = Vi (r)(z, 1 —y), 0<
Vi) (z,y) + Vi)l -z,y)=1 0<

with similar relations fol, (r).

There is a dual formulation of resistance in terms of currents. Denotg By),
the set ofR? valued square integrable functiofisc BV (F},) (integrable functions
whose derivatives in the sense of distribution are measures with finite total variations
[15]), satisfying current conservation diw O (in the sense of distribution). We call an
elementj = (j., j,) of C(F,), a current onF,,.

) (2.4)

Remark .Note that ag is defined on the open sé},, the values ofi on dF;, are not
defined. However, we will need to express the resistdtjge) in terms of the minimum
energy of a currenj with total flux 1 acrossF},, and to define the class of feasible
currents for this optimization problem we need to consider boundary values for currents
j € C(Fyp). If j € BV(F,) then by [12, p.325] theough trace;j* exists ondF,,. For

the precise definition of* see [12] — but note from [12] that ifcf, yo) € OF,, then

7 (@o,y0) = lim  j(z,y)
(z,y)—(z0,%0)

whenever this limit exists. Thus, essentially, for a well behaved function the rough trace
is simply a continuous extension to the boundary. A general version of the Gauss—Green
formula [12, p. 340] expresses an integrationjadver the domainf,, by a contour
integration ofj* alongdF,,. The currents we will consider in this paper have analytic
continuations t@F;,, except at a finite number of points. (See the proof of Lemma 2.8
in Appendix A.) Thus we can consistently extehtb the boundargF;,, and from now
on we will do so whenever necessary without further comment.

For a vector fieldj = (j,, j,) € L?(F,,), andB C F,, define

Er(i.j) = /B (G2 ) + 7 72, ) de dy

Proposition 2.2.

Ry(r)=inf{Ep, (.7}, (2.5)
where the infimum is taken over alF (j, j,) € C(F,,) which satisfyj - n = 0, a.e., on
the boundary of',, except at two edges= 0 andz = 1, where we impose

1 1
/ 70(0,y)dy = / JoLy)dy= 1. (2.6)
0 0

Heren is the unit normal vector at the boundary®f, and; - n denotes inner product of
vectors. The functiop = J(r) which attains the infimum of (2.5) exists and is unique,
and is given by
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ovr(r)y 1., .0VFi(r
T2 = 2,00, 72,0 = - (Ro) 220 LRy VD) o)
Or r dy
Similarly, there exists a unique functioij(r) € C(#,,) which satisfies
RY(r) = inf{EF,(j,))} = Er, (J5(r), J5(r)) (2.8)
wherej satisfies similar conditions as before, with
1 1
/ Jy(z,0)dx :/ Jy(z,1)dx = =1 (2.9)
0 0

in place of (2.6).

Remark . The minus sign in (2.7) comes from the sign conventions in the boundary
conditions (1.3) and (2.6), which are the traditions in the study of electricity. It is a

well-known historical misfortune that not only do we need minus signs here, but the
electrons in reality move in opposite direction to the currents when they are defined in
this way.

Remark .We canregard 1.1 and 2.2 as giviRfj(r) in terms of an optimization problem
and its dual. In view of this, we will use the language of optimization theory and refer,
for example, to a flow which satisfies the conditions of 2.2 as a feasible flow.

Remark .If n < 0, then since,, = Fy, we haveV,? = Vi, J = J§, etc.
Note that (2.3) and (2.7) imply that
Jhe()(0,y) >0, 0<y<1,
while the symmetry of’,, implies
Jn2(0,9) = I, (Ly) = J5. (0,1 —9) = J5,(1,1—y), 0<y <1, (2.10)
with similar relations forJ¥(r).

Next we turn to a couple of basic estimates of the energy in terms of potentials and
currents.

Definition 2.3. For G C F,,, define the bilinear form
ofdg 10f0 =
et = [ (G501 dedy, f.9€ C@NHYC)
c \Ox 0z r Oy oy
Thusé& is the Dirichlet form associated with the self-adjoint operator
0% 107
L=zt ap

on the spacé?(G, ). (Hereu is Lebesgue measure.)
The following lemma is an application of Cauchy-Schwarz. We writefdr the
indicator function ofG, and|| - || for the L> norm.

Lemma 2.4. Letf, g € C(F,) N HY(F,). Then
Ea(f g, f9) < 2llg1c| 5 Ec(f. ) + 2| f1cl 2 (g, 9).
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ita (i of 2 2 2.2
Proof. Write (just for now) f,, = A Note that ((g).)" = (fg. + f=9)” < 2f%g; +
z
29°f2. So,

Ea(fg. fg) < 2 /G g2 + 1 g2) da dy + 2 /G (2 +r 12 du dy

<2/ f16ll3 Ealg, 9) + 2llglallZ Ealf, ).
O
Definition 2.5. Letn > 0, m > 0. Set
Bz, =[0,1] x [i37™,(i+1)3™], 0<i<3™ -1,
BY ,=[i37™ (i+1)3 ™M x[0,1], 0<i<3"-—1

We now estimate the energy associated with the poterjfi@l) in the thin stripB7, ,,

which lies adjacent to the-axis. To avoid too many subscripts we will sometimes write
EIGI(f, f,) for Eq(f, f,) in what follows.

Lemma 2.6. For m,n > 0,

EIBE, o N EI(VE(r), ViE(r) < 27 ™ RE(r) (2.11)
E[BY, o N F)(VY(r), VY (r) <27 ™RY(r) " (2.12)
Proof. Write
Em,i = g[Bfn’Z N Fn](vrfa Vrf) )
set

B =[0,1] x [i278 ™ (i+ 1)1 i=0,1,
and let B _
Em,i = (c/‘[B:C N Fn](VI VI 7= 07 1

m,i nsVnlh

2 1
Em,O = Z Em+1,j = Z Em+1,j'
j=0 j=0
Form € Z., define a potentiat € C(F,,) N H(F},) by
VEE) @, 3™ — ), (z,y) € B2,
VE(r)(z,y), (x,y) € Fo\ B% 1.

As v satisfies the boundary condition (1.3), (2.1), (1.2), and the definitianiwiply
that

Thus we have

v(z, y) =

37n+171 37n+171
Z Eps1i = RE(r) ™ < Ep, (0,0) = 2E410 + Z B - (2.13)
=0 1=3

Thereforef,,.1.0 < Eps11,and S0 Erps10 < Eper0+ Emsr1 = Emo. AS BE 1 o C

B2, o this implies that ’
Eme10 < Epato < 2Emo.

Iterating, and using the fact thé#i, o = Rﬁ(r)*l, we obtain (2.11). Equqgation (2.12)

follows by interchanging: andy axes. [
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We have a corresponding result for currents.
Lemma 2.7. For n,m > 0,
E[By, o N FR(J5(r), Jp () < 27" Ry (r), (2.14)
E[By, o N FA](J(r), Ji(r)) < 27" Ry (r). (2.15)
Proof. Let
B, = E[By, ; N (5 (r), J;(r)
BY  =[i27187™ (i+1)27137™ x [0,1], i=0,1,
E, = ELB;, ; 0 F(J5(), J5(r).

So, as before, we have
2 1
mo =D Fint; =Y B
=0 =0
Form € Z,, define a currenf € C(F,,) by

(ng(r), —ng(r))(3_m -, y) ) (:E7 y) S B;Z”Loa
JEr)x,y) (@,9) € Fu\ Bl 1 0-

It is straightforward to check thate C(F),) and satisfies (2.6). Therefore

J,y) =

3mt_g 3ml_g
> Bl =RA) < EG))=2E,1% Y Eluy,  (2.16)
=0 =3

and the remainder of the proof proceeds as in Lemma 2.6.

The nextlemma will play a crucial role when we obtain an upper bound on quantities
like R? (r) by constructing a “feasible flow € C(F;,) and using the energy-minimizing
principle (2.5). Except in the simplest cases, this construction requires estimates on the
energy of a current which can “turn corners”.

Fix (for now)n,m > 0,r > 0, and letG = Bﬁ’mo N F,,. Let Rg be the resistance of

G between the lineg = 0 andy = 1. We define (and calculatel by the methods of
Propositions 2.1 and 2.2. Thus

RG = Inf{EG(]m?)}a (217)

where the infimum is over currenjon G satisfying the boundary conditions

3—m 3—m
[ awore= [ syt
0 0

andj - n = 0 a.e. on the remainder of the boundaryGbfAs G consists of 3" scaled

copies ofF,,_,,, it is easy to see that the infimum in (2.17) is attained by the curfent
obtained by piecing togethef3scaled copies of Y _,. (r):

T(w,y) =3"T)_ (3", 3"y — [3"y)(r), (z,y) € G.
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Here [3™y] is the largest integer less than or equal T3 Therefore
R = Eg(J,J)=3"RY_,.(r).
The following result is proved in the Appendix.

Lemma 2.8. There existd. = L™ ¢ BV(F,) N L?(F,) satisfying

div(L) =0 (as a distribution) onz, (2.18)
L=0 onF, -G, (2.19)
L=J3(r) inaneighborhood ofz =0,0 <y < 1}, (2.20)
L=—-J inaneighborhood of0 < = < 37™,y = 0}, (2.21)
L .

g—n =0 ae. on the remainder of the boundary Gf (2.22)

such that
E(L, L) < Eg(JE(r), JE(r) + Eg(J, J)
<27MRI(r)+ SWRz_m(r).

The current. constructed in Lemma 2.8 provides a current which has total flux 1 across
G coming in from the left edge = 0 and going out at the bottom edge= 0. L will be
considered as a part of a current in the larger domain in such a way that the boundary
condition (current conservation at the boundary@fspecified by (2.20) and (2.21)
must be satisfied.

3. Recursion Relations Effective in the Anisotropic Regime

3.1. Basic tools.We begin with some elementary observations.
Lemma 3.1. For r € (0,00) andn € Z,

Ry (r) =rRy(1/r),

Hy(r) = Ha(1/r) "

Proof. Fix n, and write S”(a, b) for the resistance in the direction of F,, if it is
composed of anisotropic material with resistivityin the 2 direction, and in they
direction, and defin&¥(a, b) analogously. The*(a, b) = S¥(b, a), R:(r) = S*(1,r),
RY(r) = SY(1,r), S*(Aa, Ab) = AS%(a, b), and so

R%(r) = §%(1,r) = S¥(r,1) =rSY(A, 7 Y = rRY(r™1).

Also,

SY(,r) _ S*(r,1) _ 1

Se(L,r)  S¥(r,1) Hu(r=%)
The following two propositions give the recursion relations which are the essential

tools for this section.

H,(r)= O
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Proposition 3.2. Letr > 0,n > 1, andm > 2. Then

Ri_l(r)—1§§R£<r)‘ls(1+ SORE_() P+ ABTRY_, ()Y (3.)

27n
R\ 3 SR TS (W S RY () AR () (32)
wherea; = 8/3, A; = 4/9.

Proposition 3.3. Letr > 0,7 > 1, andm > 2. Then
REA0) < SR < A4 22 RE0)+ AR, (), (3
RIA0) < SRUD S (A4 S2)RY(0)+ AR, (), (34)

wherea, = 16/7, A, = 4/21.

Remark . Equations (3.1) and (3.3) are good bounds whejfr) > 1, while (3.2) and
(3.4) are good whe#,, (r) < 1.

While we have, for clarity, given four separate inequalities, (3.2) and (3.4) are immediate
consequences of (3.1), (3.3) and Lemma 3.1. So we need only prove (3.1) and (3.3).

Definition 3.4. Denote the eight scaled copieslai_l which composéf:n, by
Ay = ([3/3, (i+1)/3] x [3/3, G+ 1)/3) N Fu, (i,5) € {0,1,2*\ {(L, 1)} .

The left-hand side inequalities in Propositions 3.2 and 4.3 are easy —this is essentially
just a standard argument involving shorts and cuts. See [7], [6].

Proof the left-hand side of (3.1Define a potentiadb C(fn) N HY(F,) by
szl(r)(3x7 3y - .7) ) (.’E, l/) € AOja j = 07 11 27

2
7

v(z,y) = % % " 1(M@r —1,3y —j), (x,y) € Ay, 7=0,2,
S+2y7 (1)@r— 2,3y —j), (z,y) € Agj, j=0,1,2.

Thenwv is continuous, and using (1.2) we have
Ry(r)™t < E(v,v)
2. 2. 3. . 3. .
< 6£Fn_1(?vn,1(’f’), ?anl(r)) + ngn_l(?anl(r)v ?anl(r))
6 . _
= SR
O
Proof of the left-hand side of (3.3efine a currenj € C(F.,) by

i(@y) = g _1(MBx —14,3y —j), (x,y) € Aij, i=0,1,2, j=0,2,
0, (:L‘,y)GA()lUAzl
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Then it is easy to check thgtsatisfies the current conservation and the boundary con-
ditions given in 2.2, so that by (2.5), and the fact tHat ~ 3=1F,,_;, we have

. 1, 1. 3 e
sz(r) < E(jaj) = 6EF71—1(§J’!L—1(7))7 EJn—l(r)) = E Rn—l(r) .
U

The proofs of the right hand side inequalities in Propositions 3.2 and 4.3 are more
involved.

Proof of the right-hand side of (3.1)As » will be fixed throughout this proof, we will
simplify notation by writingV,? = V.*(r), J% = JZ(r), etc. Fixn > 0, m > 2, set
k =n —m and recall our convention th&” = V" if k£ < 0.

Set

1 . N b . ..
go(x,y) = §V:—1(3$ - Zv3y _]) + §7 if (xay) S Aijv (Zaj) 7(13 1)

Note thatp € C(F,) N HY(F,,) and

E[Ai; N Ful(p, ) = f(R )7t for (i, 5) # (1, 1).
Now let

1, (z,y) € Fp \ (Aor U Az1) ,
07 (xﬂ y) 6 (AO]_ U AZl) \ (Bfn 3m,—1 U Bz’b 23111,—171) bl

(@ = [372],3™(y — 3)), (2,) € (AorU A1) N BE, 501,
_m(gm — [3™z], 3m £ —q)), (x,y) € (Ao U A21) N Bm ogm-1_1-

Y(z,y) =

We can check thap is continuous, and s¢ € C(fn) N HY(F,). Note thatyp, ¢ are
symmetric about the ling = % and that

@(x,y)‘*@(l—%y) = 17 l/f(x,y) :1/1(1—$,2J) (35)
Set

_ oz, ) v(z,y), 0O<z<i 0
“(x’y)‘{ S (o) bay), d<a<l 0<y<Ll

Continuity ofv follows from that ofp and«), and (3.5); thus € C(fn) NHYF,). Itis
also easy to see thasatisfies the boundary conditions (1.3). Noting thgt> 3—1F,,_;
and using the symmetry of we have

(R7) ™! < €k, (v,0) = 4E[AooN F (v, v) + 26 [ AorN F](v, v) + 2E[ AsoN F](v, v).

(3.6)
As =1 0nAg U Agwe have forj = 0, 1,

EL4o; 1 Fal(0,0) = ElAoo () = R a() @7



Weak Homogenization of Anisotropic Diffusion on Pre-Siésgki Carpets 13

Now setG = [0, 3] x[3, 3+37™]. As¢ = 0on (A10— G)N{y < 3}, by the symmetry
of G and Lemma 2.4,

E[A10l(v,v) = 2Ec(p, py) (3.8)
< 4||Y1cl%Eale, @) +4llplal 2 Ea(y, )

= 486(p, )+ aEolv).

Using scaling and Lemma 2.6,
21—m
9

1 _
(e, ) = GElBm 10N Frnal(Vig, Vi) < (R (39

while asG consists of 3~1 segments, each congruent to"3F,,_,,, ,

Ea(,v) = 3" HE(VY

n—m?

VY, =3 YRy, (3.10)

n—m

Combining (3.6), (3.7), (3.8), (3.9), and (3.10) we deduce that

(o)< S w2 (G2 i ) e i,

n—1 n—m
2 1 8, _ 4 _
=2 (B 1+227™)+ 3™RY_, )7 .
(o gem g )
O

Proof of the right-hand side of (3.3This proof uses similar ideas to the one given above,
but as we have to work with currents rather than potentials, it is a bit more complicated.
Define a vector field<* on F,, by

N Jﬁ(3$*173y*J)7 (z7y)€Aij7i=072a0§j§27
K@) =9 87030 — 0.3y — j), (r.y) € Ay j=0,2.

Then K1 is piecewise continuous, and div¢) = 0 on int(4;;), for (i, ) # (1, 1), but
K* has a jump discontinuity on the lines= %, = = 2. Thus, we have

3
K;(%_vy) = Jzz(la 3y)7 Ka]:.(%-'-?y) = E‘Jﬁx(lv 3y)a ye [07 %]

We now modify K* to obtain a current satisfying the conditions of Proposition 2.2.
Essentially, we use the curreht defined in Lemma 2.8, to move the excess current
arriving at the left-hand edges of the squasgs, A;, to the right-hand edge ofo;.

Let L € BV (F,_1) N L?(F,_1) be L»~1™=1) defined in Lemma 2.8. Recall that
L =0exceptons, ,,N F, 1. Put

Lo(xv y) = L(l - Z, 1- y)7
Lz(xa y) = (Ll(l -z, y)v _Ly(l -, y))7
LYz, y)=—L1°— L2
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Since div(l) =0 ont_Lo NF,_1, we have div{.?) = 0 for 0 < i < 2. Define a vector
field K2 by

%Lj(ngsy_j)v (xay)eAQ’hOSj Sza

Oa (I7y)€Alj7j=0723

3(L5(1 — 32,3y — )
_Lz/(l - 3'T73y _j))a ('T7y) € A2j70 < ] < 2.

K*(x,y) =

Now let K = K* + K?; thenK € C(F,). To see this, note thatfor@ y < £,

K22 - y)=310(1-,3y) = 1L,(0+ 1 - 3y)
=1J7,(0+,1— 3y) = 1J7 (1,3y),

nx

so that
3
KIG— 9 +Ki3—y = EJﬁfx(l, 3y) = K1 (3+, ).

With a number of similar calculations, this shows that diy(= 0. Therefore, using the
symmetry ofF,, and K,

R < E(K,K)=4FE 4, (K, K) +2E 4, (K, K) + 2E 4,,(K, K), (3.11)

and it remains to estimate the terms in (3.11).
Note first that

3\?1 1
Ea(K, K) = Eqo(K' K" = (2> §R£—1 =2 1

and
1
Ea(KY, KY = By (Kt KY) = §Ri,1.

Let H = [0,3 — 37™] x [0,1], andG = [} — 3™, 1] x [0,1]. As K? = 0 on H we
have forj =0, 1,

Eaoy (K, K) = Eagnm (K K*) + Eagng(K* + K2, K + K?)
< Bag, (K KY) + Eagna (K KY) + 2B, (K2, K?).

Using symmetry, and Lemma 2.7, fp= 0, 1,
1 1\ — 1 Y T T 1 —(m—1) px
EAOJ'QG(K  K7) = §E[F"*1 N Bm—l](Jnfl’ nfl) < §2 Ry _y.
From the definition of?,
2 2y 4
EAO[)(K 7K ) - 376EFH_1(L7 L))

and
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1
EAOl(Kza KZ) = 376EF,1_1(L17 Ll)

< 3 @Fr, (1% 1%+ 2By, (1%, 17)

1

gEFn—l(L7 L).

Finally, by Lemma 2.8,
B, (L,L) <27t YRy, +3" 'R .
Therefore, substituting in (3.11),
T 1 1 1 1 2 1 1
Rn < GEAOO(K , K ) + 6EA000G(K K ) + éEFn,71(La L) + ZEAlo(K , K )
7 8 2
g1t 52 TR+ 5@ IR 3R )
7 16 4 '
- _ 1+72—m €T 4+ m Y
6 <( 72 Mt 573 R"*m)’

<

which completes the proof of 3.3. O

3.2. Proof of Theorem 1.1Fix » > 0. The left-hand inequalities of Propositions 3.2
and 4.3 imply, fom > k > 0,

n—k n—k
mote(3) motadres(3) RO, @2

hence

Hy(r) < ngﬂ(r), k> 0. (3.13)

Since, by (3.12), we havi?_, (r) < (6/7)" *RY_,(r),forn >m > 1, itfollows
from (3.3) that fom > m > 2,

7
x < (14a,27™+ A,3™
Rn(r) =6 ( az 23 Rﬁil(’l")

) Ry _4(r)
7 _ 7 m
< 5 (1 +ap2™ ™+ 5 Azt n—l(r)) Ry _a(r),
wheref, = 18/7. Similarly, we have
-1 2 — 2 m -1
RY(r) - < 3 1+a27™+ §A191 n-1(r) | R _(r)", n>m>2,
wheref; = 9/2. Combining these inequalities, we obtain

1,0) > o2 sz, (3.14)

m(Hn—l(r)) "

where
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2 7
3 6

Now let m be large enough so that,,(0) < 1, and lets,,, > 0 be such that
G (6m) = 1. Letn be an arbitrary number satisfying0n < 4,,, and putx = 1/G,, ().
We haveG,,, ()~ > a > 1 for 0 < x < 7. Hence, by (3.14),

Go(z) = g (L+a27 ™+ 2 4107 2)(L+ap2™™ + = A002) . (3.15)

H,(r) > o Hy(r), wheneverH, (r) <n. (3.16)

It follows immediately that there exists an integer> m such thatd,,,(r) > 7. Now
if k > no andHy(r) > &n, then if Hy(r) < n, by (3.16)Hy+1(r) > Hy(r) > &n. On
the other hand, iff,(r) > 7 then by (3.13)H.1(r) > §Hy(r) > In. Thus in either
caseH+1(r) > %77, and so, by induction, we deduce that

7
H,(r) > g™ forn > ng.
This holds for any; < 4,,,, hence
. 7
liminf H,(r) > 9 Om -
Since this holds for any > 0, andH,,(r) = Hn(l/r)’l, we also deduce that

limsupH,(r) < g(%)*l,

proving the theorem. [

Remark .A numerical bound for the asymptotic valuesidf,(r) is obtained by com-
putingd,,. If we use the explicit values for the constantgip,, we findG,,,(0) < 1 for
m > 5, and tha#s > 2.03039x 10~4, which leads to the numbers given in Sect. 1.

3.3. Proof of Theorem 1.3We begin with a lemma.

Lemma 3.5. Let f,,(r), r € [0,00), n > 0, be a sequence of functions satisfying, for
constantsy > 1,3 > 0,60 > 1, ¢; € (0,0),

Bfn-1(r) < fu(r) < Bfna(r)(L+c127™ +1rca™0"), (3.17)

forall n > 1andm > 2. Then if¢ = log2/log(2x) there exist constantsy, cs,

depending only om, 6, ¢; such that
P A
fo(0—"s)

Proof. Letn > 1 be fixed, and choose; > 2 for 1 < i < n. Then iterating (3.17) we
obtain forr > 0

< expsst), 0<s<sgn>1

B" < fu(r)/ folr) < 8" H(l +c127™ + repa™if) .

=1

So, setting =0~"s, k; =m,_;, ] =n — i we have
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n—1 n—1
0 <10g(3~" (07 ")/fo60"s) < ca Y 2% +cps Y k077
j:O j=0

Chooseé > 0 such that 2° < 1 anda® < # (sob depends only on, 6), let

= log(1/s)
log(2q)

and letk; satisfy
a+bj <kj<l+a+bdj, 0<j<n-1

Thenk; > 2, provideds < so = (2a)~2. Thus

0 <10g(3™" (67 "5)/ o0~ "s)) < c1 Y27 +cas0™™ D (aP07TY

570 =0
= c3(a, )27 + c4(a, B)as
= cs(a, 0)s°.

Proof of Theorem 1.3he left-hand side inequalities of Propositions 3.2 and 4.3 imply
that, forz =z, v,

Ry~ < (6/7)"R5(r) ™", R;(r) < (3/2)"R5(r). (3.18)
It follows that (treating the cases < n, m > n separately)

R () = (7/6)(9/7)'r, n>1m>1

Therefore (3.3) implies that for > 1, m > 2,
7 7
gRia(r) S R < gRi_a((L+a22 " +7(7/6)42(9/7)'3")..

So, by Lemma 3.5, taking,, (r) = Rx(r), 5 =7/6,0 = 9/7,a = 3,& = log 2/ log 6,
we obtain
1< (6/7)"RE((7/9)"s) < expcs®), n>1,s < so. (3.19)

Hereso = 1/36 andc € (0, c0).
Using Lemma 3.1 and (3.19), we obtain, replacifgy s 1,

1< (2/3)"RE((9/7)"s)s L < exples™), n>1,s> sy (3.20)
In a similar fashion we have, it > 1, m > 1, k = max{ — m, 0),

Ry _4(r)

0= (3/2)"~X6/7)Fr ™ < (2/(3r))(9/7)(7/6)™.

So, using (3.1), and replacingoy r—%, forn > 1,m > 2,

2Rr ()t < REQ/r)

< ZRT (1/r) "ML+ a2 + r(241/3)(9/T)(7/2)™) . (3.21)
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Taking f,.(r) = RE(1/r)~%, 3=2/3,0 =9/7,a = 7/2,& = log 2/ log 7, we obtain by
Lemma 3.5,

1< (3/2)"RE((9/7)"s) ™ < exples™2), n>1,s>s5™ (3.22)
Using Lemma 3.1 this implies that
1< (7/6)' RY((7/9)"s) " "s < exples®), n > 15 < so. (3.23)
Multiplying together (3.22) and (3.20) gives the theorem. [

4. Asymptotic Behavior of Effective Resistances

4.1. Statement of the resultor the isotropic case = 1, it is proved in [2] that there
exists a constant > 1 such that

47" <R, <4p", n>0, 4.1)
where R, &t RZ(1) = RY(1). (It is also proved there that/B8 < p < 1.27656;

calculations ofR,,, 1 < n < 7 suggest thah ~ 1.25149. See [2] and [4]). The proof
uses the inequalities

4R, R, < Rytm <4R, R,, n>0,m>0.

The following proposition extends this result to the anisotropic ¢asé. Theorem 1.2
follows at once if we puin = 0 in Proposition 4.1.

Proposition 4.1. For z = z,y,r > 0,n,m € Z.,
R (r) ™ < 16p7 " (Ry, (1) + RY, (1) 7Y, (4.2)
Ry (r) < 8p" (Ry,(r) + Ry, (r)). (4.3)

Remark . The proof below also implies the bounds wi), in place ofp™ in both (4.2)
and (4.3).

To prove the proposition, we first recall results proved in [2], which refgteto the
effective resistances for crosswire resistance networks: Fof,1,---,3" — 1, and
j=0,1,---,3" — 1, letA;; be the closure ifR? of
([:37", ((+1)3 "] x [37", (j+1)37"]) N Fy,
and let
Sn = {('Lv]) € {0,1,-“,3” _1}2 : Aij 7(2)}
Givena = {q;;:i=0,1,---,3", j=0,1,---,3"}, set

1 1

aij = 4_122%“1’1’%’ (44)

a=0 B=0

and define
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11
KP@)= >0 3 (aiva s — i)

(4,)€S =0 3=0

Define RY by

(RD) ™ =inf{KP(a)| ao; =0, agn; =1, j=0,1,---,3"}. (4.5)

The notationR? is consistent with that of [2], and denotes the effective resistance of
the wire network obtained by replacing each board of side B F,, by a diagonal
crosswire of 4 unit resistors. Next lét;; and.S,, be as above. Assume that a set of
numbers

J={Jij,i=0,1,---,3" -1, 5=0,1,---,3" -1, 1n=123,4}
satisfies the following conditions:
Jigy, =0, (i,5) € {0,1,---,3" —1}?\ S, n=1,2,3,4,
> Jijn =0, (i,4) € S,
n=1

Jirnja+Jijz=0, (4,5) € {0,1,---,3" — 1}?,
Jijr2+Jija=0, (i,5) € {0,1,---,3" — 1}2.

(4.6)

We regardJ; ;,, as being the current flowing in the wire netwark obtained by replacing

each board of side 3" in F,, by a horizontal and vertical crosswire of 4 wires, each of

resistanc&%. With this interpretation (4.6) are the equations of current conservation.
We impose the following “boundary conditions”:

Jioz=Jian-14=0,¢=0,1,---,3" - 1,

3"—1 3"-1 @.7)
Z J()j]_ = — Z J3"71,j,3 = 1 !
=0 4=0

Put

1 4
Gl 7y — 2
KON =5 > D o
(i,)€S n=1
and

RE = ian{KG(J) | J satisfies (4.6) and (4.7)..

The notationR$ is consistent with that of [2], and denotes the effective resistance of
the networkG,,.
From [2] (see Theorem 3.3, Proposition 4.1, Theorem 4.3 and (5.4)) we have

Lemma4.2. Forn > 0,

RS < 4min(", R,) < 4max@", R,) < 8RY. (4.8)
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4.2. Proof of Proposition 4.1lt is sufficient to consider the case= z, asthe case =y
then follows immediately by Lemma 3.1. We first prove (4.2). For0,1,---,3" — 1,
andj =0,1,---,3"—1, letB;; be the closure ii? of ([i3~", (i+1)3 "] x [j37", (j+

1)37"]) N Fpsm. ThenE,,,, = U Bi;, and each non-empty; ; is congruentto 3" F,,,.

1,7 _
Define four functionsp s, « = 0,1, 5 = 0,1, onF,, by

o1z, y) =V (r)(z,y) Vi (r)(z,v),

vor(w,y) = (L = Vi (r)(z,9) Viu(r)(z, ),
p10(r, y) = Vi (r) (@, y) (1 = Vu(r)(z, ),
woo(®,y) = (L = Vi (r)(z,9)) (L = Vi (r)(x,y)) .

Note that Lemma 2.4, (2.3), and (2.1) imply

Er, (Paps Pas) < 2(RE) 1+ RL(D . (4.9)

Given a set of real numbefs,; ; | 0 < ¢, j < 3"}, with a;; defined by (4.4), define
v € C(Fpam) N HY(Fp4rm) by:

11
def — — . .
o(z,y) = ai; + Z Z(ai+a,j+,8 — aij) pap(3'x —i,3"y — j),
a=0 B=0
(I7y) € Bij; (17]) € Sn .

Note that if @;;) satisfy the “boundary conditions” in (4.5) thersatisfies (1.3). Conti-
nuity of v at the boundaries of th&; ; follows from (2.4). Recalling thaB;; is congruent
to 37" F, for (i, j) € S, we have

EFpm (V,0) = Z Epy;(v,v)

(i,9)€S

= > Y (@iages — @) @iar jrpr — 65)ER, (Paps Parp)
(i0)€S a,B.a’ B

1 _
<> ) 2 {@irajes — @5 ER, (Paps Pap)
(.4)ES a0 B
+ (@ivar jog — @35 °Er, (Parsr, Parpr) }
=4 ) ) (aira,ep — @) ER, (Paps Pap)

(i,/)€S .8
<8 ) Y (images — @) (Ry, () + RE()TY)
(i,/)ES .8
< 8K (a)(Ry,(r) ™" + Ry, ()Y,
where we used (4.9) in the last line. Hence, taking infimum @ugs} and using (4.5)
we have
Ry ()7 < 8RD)HRE ()T + Ry, ()7,
and (4.2) now follows immediately using (4.8).

We now turn to a proof of (4.3). LeB;; andS,, be as above. Define currents,,
1< n,n <4,onkF,, as follows. First, let
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113 = 7[31 = Jfﬁ,(’l‘)7 124 = 7[42 = ng(r)
Let 115 = (I12:, I12,) be the currenf.(™9 defined in Lemma 2.8, and let

114(1" y) = —141(.'17, y) = (Ilzr(x7 1- y)7 _IlZy(m7 1- y)) )
Iso(z,y) = —Ioa(z,y) = (—T12:(1 — 2, 9), [124(1 — 2, 7)), _
143(1', y) = _I34(1'7 y) = (1121(1 -z, 1- y)a I12y(1 -, 1- y)) ) (.’E, y) € Fm

Finally we putl,,, = 0,1 = 1,2, 3,4. From Lemma 2.8 we have,
Ep, (Lyy, Iny) < Ry (r) + RY(r), n.n' € {1,2,3,4}. (4.10)
Note also that from (2.10) we have the boundary conditions

Iy 2(0,y) = —1,n..(0,y) = J,,. ()0, y), 7
1277,74(37» 0) = _In2’y($7 0) = J#Ly(T)(x7 0)7 n

RN
NN W W
AN NN

ISn,ac(la y) - 173,.7,‘(15 y) = 7J:fm(’f’)(1, y)v n
I4n,y(xa 1) _In4,y($» 1) = —ngy(’l”)(l', 1)7 n

while for the remaining combinations of the suffices, the corresponding quantities vanish.
Given{J;;,} satisfying (4.6), writeJ:, = 27(|J;j,| £ Jijn)),

wn

and define a curredton F,,.,,,, by

df 1 70 - 3 -
I(z,y) = ZZJJMJW, oy (32— 1,3y — ),

Z] n=0 n’=0
(z,y) € Byj, (i,5) €8S.

ThenI € C(Fy+m), SO if {J;j, } satisfy (4.7), then by (2.6) we have

() < Ep.. (I, 1). (4.11)

n+m n+m

Recalling thatB;; = 3 "F,, (¢,7) € S, we have

Ep,., I, 1)
Z EBLJ(IaI)

(i,5)eS

= 20 0t D Ty T e Bl Tee)

(i,5)€S nm’ &€

-2 —
<2 ! Z ij ZZ ijn wn’ ljf‘]ijé'(EFm(I’m”Iml’)+EFm(I££/7I££’))

(i,9)€S nm' &'
< (Rp,(N+RY,() Y b,

(4,5)€S

where we used (4.10) in the last line.
Now by the Cauchy-Schwarz inequality,
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i] %Z 1]’7‘ < (Z L]'r])l/z
n

Hence
(r)< Eg,, (I
< (an(r) + Rm(r)) Z Z ijn

< 2(Rp,(r) + Ri’n(r))K G(J )
< 2Ry, (r) + Ry, (M)RY,

n+m

and using (4.8) gives (4.3). O

A. Proof of Lemma 2.8

In this Appendix, we will give a proof of Lemma 2.8. In fact we prove a more general
result:

LemmaA.l. LetO <k, <1 and0 < k, < 1, and letB = ((0, k;) x (ky, 1)) N F,,
and B = ((0,k;) x (0,1)) N F,,. Letvg < w1, v§ < v; be constants, and let® be the

. . . .. Ov* .
harmonic function o3, with Neumann boundary condmon% = QOatthe boundaries

(in R?) of B, except atz = 0 andz = k,, where the Dirichlet boundary conditions,
v®(0,y) = vy and v*(k.,y) = vo are imposed. Define a curreit = (j7, j;) on B
by j* = —R* Vv*, where the constank® is defined by the normahzatlon condition

fkl Jj2(0,y)dy = 1. Similarly, letv?¥ be the harmonic function o3, with Neumann

boundary conditions, except at= 1 andy = 0, where Dirichlet boundary conditions

v¥(x,1) = vy andv¥(z,0) = v} are imposed. Defing = (57, j) = —RY VvY, where
ka

RY is defined by/ Jy(x,1)dz = 1. Then, there exist two disjoint open subset&pf

0
BT and BY, satisfying the following:

1. the boundary oB* contains({0} x [k, 1]) U ([0, k.] x {k,}) N OB), and has no
common points wit(0, k,] x {1}) U (({kz} x (ky,1]) N IB),

2. the boundary oBY contains([0, k,] x {1}) U ({k.} x [ky, 1]) N 0B), and has no
common points witk{0} x [k,, 1)) U (([0, k;) x {k,}) N OB),

3. The vector field/ defined by

(2,9), (x,y) € B*

J(z,y) =9 Y@, 9), (z,y) € BY, (A1)
0, otherwise

is inC(B).

It follows, in particular, that

Ep(J,J) < Ep(j*,j") + EB(3%, ") (A-2)
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Proof. Note that with a linear transformation of the coordinglte y./r, (2.2) becomes
the Laplace equation in the standard sense. Hence, the potential furi¢ficarsd VY
are harmonic functions in the usual sense, with this change of coordinate. We assume
this change of coordinate in the following. With the change of coordinate, the domain
F,, may no more be a square, but it is still a rectangle shaped object, with rectangular
“holes” inside. To avoid the clumsiness in the notation, we will keep the notatipns
and assume that it is a square I{¥ with square holes inside. We will not use any
symmetries specific to squares in the proofs, and the results are directly applicable to
the original problem.

Putv = R*v* — RYvY. Sincev is harmonic, there locally exists, around each pointin

B, an analytic functiom(z +y+/—1) &l v(z, y)+v—1w(z,y), wherew is the conjugate
harmonic function ob.
Note that for any closed pathi in B, we have

fgrady~d:v=j{ @ds:f}{ @ds,
C C@n 8'B on

wheren is the unit normal vector and B is the boundary oB in the interior ofC'. In
the last equality, we used the fact thas harmonic. Because of the boundary conditions
onv we see that this quantity is zero, hengés single valued.

Denote the boundary @8 by 0B. (By a boundary of a set, we always mean, in the
following, that as a set iit2.) Decompos@ B into the “external” boundary B defined
by

0eetB=0BN({x =0} U{z =k} U{y =k} U{y=1}),

and the “internal” boundary defined @,,B = 0B \ 0.« 3. Decompos&);,; B \
Ocorner B = 05,, B, whered,,., B is the (finite) set of corner points of square “holes”
in B C F,. By the reflection principle of analytic functions (see the arguments in the
Appendix of [2] for F,, with boundary conditions dealt with here), we see th@f)
can be analytically continued to a neighborhood of each poidBn\ O.onerB =
Oest B U 05, B, and that at eacky € J.orner B, there exists an analytic functidhin a
neighborhood of 0, such thatz) = U((z — z0)%/3). We regard, in the followingy (and
alsov, w) as a continuous function on the closed Beanalytic onB \ Ocorner B.

Note also that similar considerations hold i6ron B andv¥ on B > B in place of
v. We definew® on B andw? on B which are conjugate harmonic functionsidfand
vY, respectively, and put

u®(z+vV—1y) = v"(z,y) + V-1w"(z,y)
and
u(z+vV—1y) =v¥(z,y) + v-1w(z,y).
Obviously, we can fix constant ambiguities of conjugate harmonic functions to satisfy
w = R¥w”* — RYwY andu = R*u* — RYuY.
Decompos@,,, B into 4 parts and puty = Je, BN{x = 0}, e2 = Oeae BN{y = ky },
€3 = Ocet BN {z =k, }, €4 = 0t BN {y = 1}
Define 2 disjoint open subsef3”, BY of B by B* e {(z,y) € B | w(z,y) >
w(0, 1)} and BY & {(z,y) € B | w(z,y) < w(0,1)}. We will prove thatB* and BY
satisfy the statements of the lemma.

A point (z,y) € B\ OcornerB IS said to be a critical point af” if Vo*(z,y) = 0,
or equivalentlyu®’(z) = 0. By the unigqueness theorem on analytic continuation, we see
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that there are at most a finite number of critical pointBiR Ocorne-B- (The possibility
of accumulation of critical points to a point #..,-.- B is ruled out by considering the
uniqueness theorem @fi*, the function corresponding 16 defined above.) Denote the
(finite) set of critical points byd? .

Note first that, by assumption, we havé(z,y) < w;, from which follows

%” (0,y) < 0. The boundary condition®(0,y) = v; implies %L(o,y) = 0.
€X
These results and the fact that the number of critical points is finite imply, with

the Cauchy—Riemann relation, th%w?(o, y) < 0 except for at most finite num-

Y
ber of ys’. Note also that we have, farY, the boundary condition%i(o, y) = 0.
xr

Yy
With the Cauchy—Riemann relation we ha\%wy—(o, y) = 0. Therefore we have

ow _ oy 0w , owY
5y O = B 5 -0y) -~ RV
points oney, consequently,w(0,y) > w(0, 1) for k, < y < 1.w is a continuous func-
tion on B, hence we see that is contained in the boundary & and has no common
points with that ofBY except for a point (01). The positivity of R* and RY are conse-
guences of the fact that the assumptions imply f&and; * (or RY and;Y) satisfy a
relation analogous to (2.6) and (2.7).

Similarly we deduce that, is contained in the boundary & and has no common
points with that ofB* except for a point (01).

To prove thaks is contained in the boundary &fY, first note that, by the Cauchy—
Riemann relations and the boundary conditionsv6rand v¥ and the normalization
condition onj¥, we have

(0,9) < 0, except for at most finite number of

w(ky, 1) — w(0,1) = / 9 e 1yda
0 al’

ko z y ko
:/ R e+ r % 0 1y de = —/ ¥z, 1) de = 1.
0 dy dy o Y

. : : . ovY
Then we have, using Cauchy—Riemann relations and the assumptlc}gv}hat Oon

€3,
w(kz,y) — w(0,1) =w(ks,y) I w(ks, 1) -1

ov -
:f/ (km,y)dy—lzf (ke y) dy — 1.
Yy

oz
Yy
Using diyj* = 0, the Gauss—Green formula, and the boundary condition$ ome see

1 1
that/ Je ks, y)dy =/ j2(0,y)dy = 1. Therefore,

Ky ky

W)~ 0D = [ ! ks y) dy (A3)

ky
. . ov”®
By assumptionp®(x,y) > wvg, from which follows a—(km,y) < 0. The boundary
xr

-
conditionv®(k,,y) = vo implies %L(k:w,y) = 0. These results and the fact that the
Y
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number of critical points is finite implyZ (., y) = —R” c%x (kz,y) > 0, except for at
most finite number of points. With (A.3) we see thaf:,, y) < w(0, 1) ones\ (ks, ky),
implying thates is contained in the boundary @¥, and has no common points with
that of B* except for {, k).

To prove that, is contained in the boundary &*, (and has no common points with
that of BY except for §,, k,),) it suffices to proveu(z, k,) > w(0, 1) onez \ (kg, ky).
By an analogous argument to those above we obtain

1 1
w(0, k) — w(0,1) = — / %’(o,y)dy: / JE0,y)dy = 1.

ky k,

Noting the boundary conditio%(:a ky) = 0 oney, we therefore see, with the Cauchy—
Y

Riemann relations, that

xT

w(z, ky) — w(0,1) =/ %(x, ky)de+1= —/ Jy(@, ky)dx + 1.
0 0
Hencew(z, k) > w(0, 1) oney \ (ks, ky) holds if we can show

/ JUa, ky)de <1, 0<z <k,. (A.4)
0

o)
Suppose/ Jy(, ky)dz > 1 for some §o, ky) € €2\ (k., ky), and put
0

0 ={(z,y) € B | wY(z,y) = w*(zo, ky)} -

Sincew? is a harmonic function oi, ¢¥ is a smooth curve (or a set of smooth curves) in
B, whose tangent is proportional ¥ov¥, which implies that¥ is strictly monotone on
¢¥, hence itis not a closed orbit, and separdtés domains withw? (x, y) > w” (o, ky)

Yy
and withw?(z, y) < w”(xo, ky). The boundary conditio 81; =0onthe edges =0
andx = k,, imply thatwV is constant on these edges, so #fatannot have endpoints on
them. Therefore there is an endpointbbn the edge$(x,0) | 0 < z < k, } U{(z,1) |
0 <z < k;}. Let (z1,1) be an endpoint ofY, satisfying 0< z; < k.. (The case that
the endpoints are only on the edge 0 can be handled similarly.) There is a connected
piecewise smooth cur®’ C (¥ U 92,, B which connectsxo, k,) to (z1, 1). Consider
the subset of3 bounded by¥’, e,, e1, andes. Applying the Gauss—Green formula and
the current conservation di¥ = 0, and noting thaj? - n = 0 on¢¥’ andes, wheren is
a normal vector, we see that

T o
/ Jy(@,1)dz = / Jy(x, ky)de > 1. (A.5)
0 0

L OvY oY
On the other hand}¥(x, 1) = vy < v¥(x,y) |mpI|esa—(x, 1)>0, anda—(:c, 1)=0.
Yy v

This implies (with an argument similar to one which led«¢d0,y) > w(0,1) for
k, <y <1)thatjj(z,1) > 0, 0< z < k,, except for at most finite number of points.
Hence
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1 ka
/ J‘g(x,l)da:=1—/ jY(x, 1)dz < 1.
0 x

1

This contradicts (A.5). Hence (A.4) is proved.

We are left with the statements ondefined in (A.1). Sincg” and;¥ are inC(B),
it follows at once that/ is square integrable and of bounded variation. To prove that
divJ = 0, letf be an infinitely differentiable function oB with compact support. Using
(A.1), divj* = divj¥ = 0, and the Gauss—Green formula [12, p.340] in turn, we have

/ fdivJdzdy = —/(Vf) -Jdxdy

B B

== [ wnrdedy- [ (@ rdsdy
B~ By

=— div(f j*) dx dy — / div(f jY) dx dy
B~ Bv

=— 7% -nds— f7¥-nds,
aB*® By
wheren is the unit normal vector to the curvé®* or 9BY, in the outward directions
of the domainB® or BY. Sincef has compact support dg, the contribution to the line
integration fromoB is zero. On the other hand, the functieris analytic inB, hence,
(€ (0B")\ (9B) = (9B") \ (9B),

andw(z,y) = w(0, 1) on the curve. Note thatVv = —RYVvY + R*Vv® = j¥ — . By
Cauchy—Riemann relations we know tRat - Vw = 0. Hence we havgi{ — j*)-n =0
on ¢, wheren is the unit normal vector té, with same sign as for 9B*. The normal
vectorn has opposite signs ahB* andoBY. Therefore,

/fdideacdy=—/f(jm—jy)-ndSZO7
B ¢

which proves div = 0.
The estimate (A.2) now follows since

Erp,(J,J) = Eenr,(J,J) + Epvnr,(J,J) < Er, (5%, 7°) + EF, (57, 7).
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