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1 Introduction

This is a summary of the main results of my Diplomarbeit, written under
the sepervision of Prof. Harder and completed in 1987.

In chapter I, the moduli problem for vector bundles with level structures
over an algebraic curve is treated. Smooth and proper moduli spaces are
constructed. (For interesting special cases, see remark 2.1.3 and corollary
2.1.6.)

In chapter II, the limit of the {-adic cohomology algebras of the moduli
spaces as ‘level— oo’ is constructed. In the case of finite ground field, the
trace of the Frobenius on this cohomology algebra in the limit is calculated.
In particular, Betti numbers of the moduli spaces are obtained.

1.1 Notation

Let k be a field, X an algebraic curve over k, i.e. a smooth proper geomet-
rically connected one-dimensional scheme over k. Let g denote the genus of
X.

For a coherent Ox-module F. let the rank of F, rk F/, be the dimension
of its generic fiber. The degree is defined for coherent Ox-modules, by
requiring it to be additive on short exact sequences, and to give the degree
of a corresponding divisor for invertible sheaves. For coherent Ox-modules

. _ degk
E of non-zero rank, we define the slope ul/ by : pF = 5.




A torsion sheafis a coherent Ox-module of rank zero. A wvector bundle
E is a torsion free (i.e. locally free) coherent Ox-module. A subbundle L of
F is a coherent submodule, that locally is a direct summand.

We will often formulate statements dealing simultaneously with stability
and semi-stability. In such a case, the symbol 2 means that < applies to
the case of stability, < to the case of semi-stability.

For a k-scheme U, HP(U,Qy) denotes the p't étale cohomology group
with values in @y, of the base extension of U to an algebraic closure k of k.

Towards the end we will assume that & = T, is a finite field. Then
we will use the following notation: K is the function field of X, Ag the
adéle ring of K. GL2(Ax) C GL,(Ak) is the set of adéle valued matrices
whose determinant has idéle norm 1. ¢ C GL2(Ax ) is the standard compact
subgroup ¢ = [[,GL,(O,), where the product is taken over all places v of
K, and O, is the completion of the valuation ring of v. w will denote a
Tamagawa measure on G L,(Ag ).

2 The Results

2.1 The Moduli Spaces

Definition 2.1.1 Let 7 be a torsion sheaf on X. A non-zero homomor-
phism f : F — T of coherent Ox-modules is called a level structure on
E with respect to T or a level-T-structure for short. The level structure
[+ X — T is called singular if Ext}QX(E,cok f) # 0, non-singular other-
wise.

Definition 2.1.2 Let 7 = (71,...,7,) be an n-tuple of torsion sheaves on
X. Let the supports of the 7; be pairwise disjoint. Let F be a coherent
Ox-module of positive rank r, and f: (fireeos fu)y fi o B — T;, an n-tuple
of level structures. Let A = (A1,...,A,) be an n-tuple of real numbers
such that 0 < A; < deg7; forall i =1,...,n.

f:E — Tis called (semi-)stable with respect to A or A-(semi-)stable if
the following conditions are satisfied:

i. f=73 fi isinjective on t(£), where t(£) is the torsion subsheaf of E.

ii. For every 2 = 1,...,n it holds that

deg im fZ ; Ai.



iii. For every 2 = 1,...,n it holds that

deg fi((E)) SA;.

iv. For every subsheaf L of F, with 0 < rk L < r it holds that

n WANES
LSukE A; G(ﬁi’——).
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r

Here [ =tk L. €(f, L) is defined as follows:

[0 iffL)=0
df’”‘{ 1 if f(L)#0

Remark 2.1.3 In case F is a vector bundle, and A satisfies 0 < A; < 1 for
all i = 1,...,n, then an n-tuple f: E — T of level structures on E with
respect to T is (semi-)stable, if and only if for every subbundle L of E, with
0 # L # F, we have

deg L — 3 pipypo i c deg B — 3 ()20 B
rk L < rk ¥ '

Definition 2.1.4 Let » > 0 and d be integers, let 7 = (T1,...,7,) be an
n-tuple of torsion sheaves on X with pairwise disjoint supports, let A =
(Aq1,...,A,) be an n-tuple of real numbers, satisfying 0 < A; < deg7; for
i =1,...,n. Let Y4*(r,d, 7, &) (resp. (r,d, 7, &), resp. U(r, d, 7, &))

denote the functor
(locally noetherian k-schemes) — (sets),

defined by taking a locally noetherian k-scheme T to the following set:

{Families F7 of coherent Ox-modules, parametrized by T', such
that for every t € T, F; has rank r and degree d, together with
n-tuples [ = (Li7,...,Ly1), whereforeach i =1,...,n, L; 7 is
an invertible submodule of pr, Hom(ET,7; 1) such that for every
teT, Liy — Hom F,7;; is injective, satisfying the following
condition for every geometric point ¢t € T(K): If f= (fireeos fn)
is an n-tuple of level structures defined by Et, then fis A-semi-
stable (resp. A-stable, resp. A-stable and non-singular).}/ ~



Here ‘~’ denotes the following equivalence relation: (Er, L7) ~ (Ef, L})
if there exists an invertible sheaf L on T such that Ef @ pr*L = Eg
as Oxyr-modules and L;T @ pr*L and L;r are equivalent subobjects of
pr Hom(E7, T, 1) under the isomorphism induced by Ef. @ pr*L = Er.

Theorem 2.1.5 Let r, d, 7 and A be given as in definition 2.1.4. There
s a projective k-scheme U* and open subschemes U* and U*™:

USHS C US C USS‘
U is non-singular of dimension 1 —n +1%(g— 1)+ r>. ", deg7Z,.
U=, U* and U™ satisfy the following universal mapping properties:
i. There is a morphism of functors

O U7 (r, d, 7, &) — U®

such that ®* is an initial object in the category of all morphisms of
functors

U2 (r, d, 7, &) —V,
where V' runs through all k-schemes.
1. There is a morphism of functors
O° (7, d, 7, &) — U

with the same universal mapping property as ®* and the additional
property that ®*(K) is bijective, for every algebraically closed field
K/k.

1it. There is an isomorphism of functors
o 10 (r,d, T, K) — U

So there is an element ( Eyens, Lyrens) of 8% (r, d, T, A)(U™), such that
(U*™*; Eprens, Lyrsns ) represents the functor s*(r,d, T, A).

Hence U is a coarse, and U™ «a fine moduli scheme.

For (i) and (ii) we need X to have sufficiently many k-rational points
(sufficiently many meaning more than a certain constant number, depending
onlyonr, g anddegTy,...,deg7, ). For (iii) we need r and d to be relatively
prime.

Note that in some cases these moduli spaces might be empty.



Proof. (Sketch.) Construct, using Hilbert schemes, a certain locally uni-
versal scheme R, with a G = PGL(h)-operation on it, for some suitably
chosen integer h. Linearize the action of G on R in a very carefully chosen
way. Let R* (resp. R°) be the open subscheme of semi-stable (resp. stable)
points of R, for the G-action. Let R*™ be the subscheme of those points,
that induce a non-singular stable n-tuple of level structures. (R*™ is, by the
way, the non-singular locus of R*.) Then U* = R*/( is a ‘good’ quotient,
U® = R°/G is a geometric quotient, and R*™ — U™ = R*™ /G is a principal
G-bundle. O

Corollary 2.1.6 Choose A = (Aqy,...,A,) in such a way, that
1. Aq, ..., A, are irrational and linearly independent over Q.

1. Fvery A-stable n-tuple of level structures is non-singular. (For exam-
ple, let for everyi=1,....,n, A; <1 or A; >degZ, —1.)

Then U*(r,d, ’f &) s representable by a smooth projective k-scheme of di-
mension 1 —n+r (g — 1)+ 7> ", degT;, in case it is not empty.

Proof. Follows from theorem 2.1.5, since the notions of semi-stability, sta-
bility, and non-singular stability coincide. O

2.2 Betti Numbers and the Trace of Frobenius

Consider the following situation: Fix r > 0 and d € Z such that (r,d) = 1.
Choose a sequence z1, g, ... of different (closed) points of X. For every i
choose a ‘weight’ A; such that the following conditions are satisfied:

i. Forall2>0: 0 < A; <1 and A; is irrational.

ii. Forall n > 0 we have: (Aq,...,A,) is linearly independent over Q.
iii. Y2y Ay = o0.
For i € Nand N € N, let 7;(N) = Oy, , i.e. 7((N) is the torsion sheaf

with support {z;} and module of sections (Ox ,, /MY )". For fixed n € N,

we consider level structures with respect to 7(N) = (Ti(N), ..., T,(N)). So
let Us(n,N)= U(r,d, T(N),A), where A = (Aq,...,A,), be the smooth

and proper moduli space of corollary 2.1.6.



Passing to the First Limit

For passing to the first limit we fix n and let N vary.

Proposition 2.2.1 Let M < N be positive integers. Then for p < 2M — 2
there is a canonical isomorphism

HP(U*(n, M),Qp) = HP(U*(n, N),Qy).
Definition 2.2.2 Let
HP(U*(n),Qp) = HP(U*(n, N), Q)

for some N, with p < 2N —2. Note that U*(n) does not stand for any moduli
space. The notation is purely symbolic. This also defines a Q¢algebra

HA(U(n),00) = €D HA(W(n), ),

Proposition 2.2.3 Let n be large enough such that U*(n, N) # ( for all N.
(This is only a restriction if g = 0.) There exist certain cohomology classes
c1(L1)y. .. ei(Ln) € HA(U*(n),Qy) with the following properties:

i. For everyi =1,...,n, c1(L;) is the first Chern class of a universal

subbundle
Li = pus(a,ny, Hom(Eys(n,nys Ti( N )vs(n,n))-

it. Qer(La),...,c1(Ly)] is a free symmetric Qp-algebra on the generators
Cl(Ll)v .- -vcl(Ln)'

Definition 2.2.4 Let G*(U*(n), Q) = H*(U*(n), Qo) /(c1(L1),...,c1(Ly)).

Passing to the Second Limit

Now we let n vary.

Proposition 2.2.5 Let m < n be positive integers. Then for

psz(iaiw(r,g))w

=1



there is a canonical isomorphism
GP(U*(m), Q) = GP(U*(n), Qo).

Here y(r,g) is a constant, depending only on r and g. More precisely:

) =22 ifg=0
7(“9)‘{ (r=1)g—1) ig>0

Definition 2.2.6 Let

GP(U*, Q) = GP(U*(n), Q)

for some n, with p < 23" A; +v(r,g)) — 2. Again, the notation U* is
purely symbolic. This also defines a Qgpalgebra

U, Q) = @Gp ", Q).

Theorem 2.2.7 Let k = T, be a finite field. Then the Poincaré series Py
of the cohomology algebra constructed above is as follows:

R(G a0 = (1= 01— e [T S (1

=1

Le. the coefficient of t* in this series is the dimension of G*(U*,Qy).
For the trace of the arithmetic Frobenius ®, on the cohomology algebra
we have:

W(GL,(K)\GL(Ay))
w(E)

This means that the trace of ®, on G*(U*,Qy) is absolutely convergent and
converges to the number on the right.

¢t Dtraced, |GH(U°, Q) = (¢ — 1) (2)

Proof.(Sketch.) First prove (2), by estimating the behavior of the number
of level structures as ‘(n, N) — oo’. Then using the fact that U*(n, N) is
smooth and proper, (1) follows from (2) using the Weil conjectures. O

Corollary 2.2.8 Let n, N € N, and assume that U*(n,N) # 0, which is
automatically the case if g > 0. For those p > 0 that satisfy



i p<2 (ZH:AHrV(T,g)) —2

=1
i p< 2N —2

the p™ Betti number of U*(n, N) is the coefficient of ¥ in the series

(1—152)(1—15%) r (1_|_t2i—1)2g
(I =2 (1= 1%)?

=1

Remark 2.2.9 For the case r = 2, more precise information about the
Betti numbers can be obtained using the above method: For all p < 2N —2,
the p'h Betti number of U?(n, N) is the coefficient of 7 in the series

1 (141)%
(12 (1—2)(1—

) ((1 +1%)20 _ 2] 4 t)29) .

Here 6 is defined as follows:

5 = Do A+ 1 in case d 4 [0, A;] is even
Doy A in case d + [Y_i—q A;] is odd

For example, if n = 1 and =z is a k-rational point, we can calculate approx-
imately 50% of the Betti numbers.



