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ON THE REPRESENTATION OF UNITY
BY BINARY CUBIC FORMS

MICHAEL A. BENNETT

ABSTRACT. If F(z,y) is a binary cubic form with integer coefficients such that
F(z,1) has at least two distinct complex roots, then the equation F'(z,y) =1
possesses at most ten solutions in integers x and y, nine if F' has a nontrivial
automorphism group. If, further, F(z,y) is reducible over Z[z,y], then this
equation has at most 2 solutions, unless F'(z,y) is equivalent under GL2(Z)-
action to either z(z2 — zy — y2) or x(x? — 2y2). The proofs of these results
rely upon the method of Thue-Siegel as refined by Evertse, together with lower
bounds for linear forms in logarithms of algebraic numbers and techniques from
computational Diophantine approximation. Along the way, we completely
solve all Thue equations F(z,y) = 1 for F' cubic and irreducible of positive
discriminant Dy < 10%. As corollaries, we obtain bounds for the number of
solutions to more general cubic Thue equations of the form F(z,y) = m and
to Mordell’s equation y? = x? 4 k, where m and k are nonzero integers.

1. INTRODUCTION

In 1909, Thue [57] derived the first general sharpening of Liouville’s theorem on
rational approximation to algebraic numbers, proving, if 6 is algebraic of degree
n > 3 and € > 0, that there exists a constant ¢(6, €) such that

}9_2 <(8,e)
q

q%—i-l—i-e

for all p € Z and ¢ € N. It follows almost immediately, if F'(x,y) is an irreducible
binary form (in Z[z,y]) of degree at least three and m a nonzero integer, that the
equation

(L1) Fla,y) =m

possesses at most finitely many solutions in integers z and y (to see this, apply
Thue’s inequality to the roots of F(x,1) = 0). In the intervening years, there
has developed an extensive body of literature devoted to explicitly solving “Thue”
equations, or bounding the number of such integral solutions; in the latter regard,
we mention a result of Bombieri and Schmidt [14] (see Stewart [53] for further
refinements):
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Theorem 1.1. If F' is an irreducible binary form of degree n and m is a nonzero
integer, then equation (LTI possesses at most

¢ n1+w(m)

solutions in coprime integers x and y, where w(m) denotes the number of distinct
prime factors of m and the constant c is absolute (for n sufficiently large, one may
take ¢ = 430).

Note that this upper bound upon the number of solutions to () is independent
of the coefficients of the form F; a result of this flavour was first deduced in 1983
by Evertse [23]. In a certain sense, this result is sharp, at least up to the constant
c. Indeed, the example

F(z,y) = 2" +r(x—y) (2 —y) - (nz —y),
where r is a nonzero integer, has the corresponding solutions (1,1), (1,2),...,(1,n)
to (L) with m = 1.
The effective solution of an arbitrary Thue equation has its origins in the follow-
ing theorem of Baker [4]:

Theorem 1.2. If I is an irreducible binary form of degree n, k > n+1 and m is
a nonzero integer, then every integer solution (z,y) of equation (1) satisfies

log™ |m|

max{|z|, |y} <ce

where ¢ is an effectively computable constant depending only on n, k and the coef-
ficients of F'.

More recent refinements of this result, together with techniques from computational
Diophantine approximation, have led to practical algorithms for solving Thue equa-
tions. We will discuss these briefly in Section [} the reader is directed to [60] and
[51]) for more details.

In what follows, we restrict our attention to binary cubic forms with integer
coefficients, i.e. polynomials of the shape

F(x,y) = az® + b’y + cxy® + dy®.
We require some terminology before we can state our results. Let us call forms Fy
and Fy equivalent (and write Iy ~ Fy) if they are equivalent under G Lq(Z)-action
(i.e. if there exist integers a1, a2, as and a4 such that

Fi(a1w + a2y, a3z + asy) = Fo(,y)
for all  and y, where ajas — asas = £1). The discriminant Dp of such a form is
given by

Dp = 18abed + b2¢? — 27a2d? — 4ac® — 4b3d = a* H (o; — ozj)Q
i<j

where a1, ag and as are the roots of the polynomial F(x,1). We denote by Ng the
number of solutions in integers x and y of the Diophantine equation
(1.2) F(z,y)=1.

Note that if Fy ~ Fb, then Np, = Np, and Dp, = Dp,. The quantity Np will be
the primary object of study in this paper; its behaviour differs quite substantially
depending on whether Dy is positive or negative. We discuss these situations in
turn.
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1.1. Forms of negative discriminant. When F is a binary cubic form of negative
discriminant, we have a fairly complete understanding of Np. In fact, more than
75 years ago, Delone [20] and Nagell [40] established independently that equation
(C2) has at most five solutions if Dr < 0. More precisely, they proved

Theorem 1.3. If F' is an irreducible binary cubic form with integer coefficients
and Dp < 0, then Np < 5. Moreover, if Np =5, then F is equivalent to

2 —ay? + o,
with Dp = —23 and, if Np = 4, then I is equivalent to either

24 a? + P ora® — 22y + ay® + 7,

with discriminant —31 or —44, respectively.

Their proofs rely crucially upon the fact that, if Dp < 0, the number field
generated over Q by the real root of the equation F'(z,1) = 0 has a ring of integers
with a single fundamental unit. They utilize what would now be considered to be a
special case of Skolem’s p-adic method (though, in the interests of historical fairness,
it might be reasonably regarded as the origin of this technique) together with what
Delone terms an “ascent algorithm”; the reader is directed to [21I], Chapter VI for
details.

1.2. Forms of positive discriminant. The situation where Dr > 0 is compli-
cated by the fact that the number field Q(e) (where € is any real root of F(z,1) = 0)
has a ring of integers generated by a pair of fundamental units. In principle, as
noted by Ljunggren [33] and [34], the p-adic method used in case Dr < 0 may in
fact be extended to treat this more difficult problem. For particular cubic forms
(i.e. those with Dp = 49,81; see e.g. [33] and [6]), such an approach has been
employed to solve equation ([ZZ). It does not, however, appear to be a straightfor-
ward matter to derive an explicit upper bound upon N by this method, valid for
arbitrary cubic forms of positive discriminant. The main reason for this is that, in
order to apply the local method of Skolem, one requires exact information about
fundamental units in certain quadratic extensions of Q(e).

In 1929, Siegel [48] used the theory of Padé approximation to binomial functions
(via the hypergeometric function) to show, for F' cubic of positive discriminant,
that equation (I.2]) has at most 18 solutions in integers x and y. Refining these
techniques, Evertse [24] reduced this upper bound to 12. In fact, in 1949, Gel’'man
had already demonstrated that there could be at most 10 such solutions, provided
the discriminant of the form was large enough (see Delone and Fadeev [21I], Chapter
V for a proof; Evertse [24] indicates that Dp > 5 x 100 suffices).

The main result of this paper is, in essense, a technical appendix to [24]:

Theorem 1.4. If F(x,y) is a homogeneous cubic polynomial with integral coeffi-
cients for which F(x,1) has at least two distinct complex roots, then the equation

F(z,y) =1
possesses at most 10 solutions in integers x and y.

As observed by Bombieri and Schmidt [I4], bounds for the number of solutions
to equation ([Z) lead to corresponding results for equation (). In fact, Theorem
[[4 immediately implies
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Corollary 1.5. If F(x,y) is a homogeneous cubic polynomial with integral coeffi-
cients and nonzero discriminant and m is a nonzero integer, then the equation

F(x,y)=m

possesses at most 10 x 3“0™) solutions in coprime integers x and y. Here, w(m)
denotes the number of distinct prime factors of m.

Additionally, a result of the flavour of Theorem [[4] leads, via an argument of
Mordell [3Y9], to bounds for the number of solutions of Mordell’s equation:

Corollary 1.6. If k is a nonzero integer, then the equation
y2 _ £E3 + k
has at most 10 h3(—108k) solutions in integers x and y, where hs(—108k) is the
class number of binary cubic forms of discriminant k.
We note, if € > 0, one may show that
hy(—108k) < |k|'/2+e
(see e.g. the forthcoming paper of the author and T. D. Wooley [13]).
Theorem [C4 is almost sharp, since the equation
(1.3) 23—ty -2yt P =1
(corresponding to a cubic form of discriminant 49) has the nine integral solutions
(:L’, y) = (17 O)a (07 1); (_]-a 1)7 (_17 _1)7 (2a 1)7 (_17 _2)7 (5a _4)7 (4a 9) and (_97 _5)
That this list is complete was stated by Ljunggren [33] and proved by Baulin [6] (via
the p-adic method alluded to earlier). In the following table, we give representatives

of all known equivalence classes of irreducible cubic forms for which Ny > 6. In
each case, Nr has now been determined exactly (refer to the cited references):

F(z,y) Dr Np References
B —a%y—2x2+y° 49 9 [0, 25], B3], A
23 — 3zy? + P 81 6 [25), |33], 59
o3 — dxy® + ¢ 229 6 [15], [25], [44]
2% — bay? + 3y3 257 6 [25]
23+ 22%y — bxy? +y> 361 6 [25]

Presumably, the “truth” of the matter is the following conjecture (essentially
due to Nagell [41] and refined by Pethd [42] and Lippok [32]), which states that the
forms in the above table are, up to equivalence, the only irreducible cubics with
NF Z 6:

Conjecture 1.7. If F' is a binary cubic form with Dp > 0, then Np =9 if Dp =
49, Np =6 if Dp € {81,229,257,361} and Nr < 5 otherwise.

As we describe in Section H] there are infinitely many inequivalent cubic forms
F for which D > 0 and Ng = 5.

Our proof of Theorem [[4] consists of some (very) slight refinements of a number
of technical lemmata from [24], together with some recent techniques from com-
putational Diophantine approximation, based upon lower bounds for linear forms
in logarithms of algebraic numbers and the L? lattice basis reduction algorithm.
The paper is organized as follows. In Section B, we treat the (rather simple) case
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of reducible forms. In such a situation, we are able to derive precise information
regarding solutions to equation (Z). In Section B, we consider irreducible forms
with nontrivial automorphism groups, obtaining a (sharp) refinement of Theorem
[[4. Section [ contains mostly historical, expository remarks about families of cu-
bic Thue equations and their effective solution. In Section[5], we begin the proof of
Theorem [4 for irreducible forms, following the classical reduction theory of cubic
forms of positive discriminant. Section [6] introduces the Padé approximants that
play a crucial role in this proof and provides a number of fundamental inequalities
concerning them. In Section [7, we apply these inequalities to complete the proof
of Theorem [[.4 for cubic forms F with discriminant Dg > 24000. In Section Bl
we discuss the problem of finding representatives for each equivalence class of cu-
bic forms with positive discriminant below a certain bound. Finally, in Section 0]
we briefly describe how one solves a collection of cubic Thue equations, via lower
bounds for linear forms in logarithms of algebraic numbers, together with tech-
niques from computational Diophantine approximation, and present the results of
these computations in our situation, completing the proof of Theorem T4l

2. REDUCIBLE FORMS

Let us take a brief interlude from the principal matter at hand to discuss the
(much simpler) situation where the form F(z,y) is reducible over Z[z,y]. In gen-
eral, equation ([L2) may have infinitely many integral solutions; F'(z,y) could, for
instance, be a power of a linear or indefinite binary quadratic form that represents
unity. If F(z,y) is a reducible cubic form, however, we may very easily derive a
stronger version of Thue’s theorem, under the assumption that F'(x, 1) has at least
two distinct zeros. Indeed, we have

Theorem 2.1. Suppose that F(x,y) is a reducible cubic form such that F(x,1) has
at least two distinct roots (over C). If Dp > 0, then we have Ng < 4. Further, if
Np =4, then F is equivalent to

x(mQ—xy—yQ),
whereby Dp =5, and if Np = 3, then F is equivalent to

T (x2 - 2y2)

(with Dp = 32). If, on the other hand, Dp < 0, then Np < 2 and Ny = 2 implies
that F' is equivalent to either

T (x2 + nry + nyQ)

for some n with 1 < n <3 (corresponding to Dp = —3,—16 or —27, respectively),
or to

x(a:+y)2 or x(:v+2y)2
(wz’th DF = 0)

Proof. Let us suppose that F(z,y) is a binary cubic form, reducible over Zz, 3],
and that F'(z,1) has at least two distinct complex roots. We begin by applying the
following (almost trivial) lemma:

Lemma 2.2. If F is a reducible binary cubic form, then equation (L2) has a so-
lution in integers x and y precisely when F ~ G for a form G satisfying

(2.1) G(z,y) = = (z* + azy + by?)
where a,b € Z.
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Proof of LemmalZZ If F ~ G and G satisfy (Z1I), then G(1,0) = 1 and so Ny =
N¢g > 1. Conversely, if there exist integers z¢ and yo such that F'(zg,yo) = 1, then
necessarily ged(zo, yo) = 1 and so there exist integers a and b with azg + byo = 1.
It follows that the map x — ax + by, y — —yox + zoy has determinant 1 and sends
(w0,30) to (1,0), whereby F ~ F, for

F(z,y) = (x + jy) (2° + kay + ly?)

and j, k,l € Z. The lemma follows upon noting that the map ¢ — = — jy, y — y
has determinant 1. |

It follows that F' must be equivalent to a form G satisfying (Z1)), with at least
one of a or b nonzero (since otherwise G(x,1) and hence F(z, 1) would have only a
single root). We readily compute that

(2.2) D¢ =b? (a® — 4b).

If G(z,y) =1 for z and y integral, then it follows that « = £1. In case z = 1, then
substituting for z in 1)), we find that

(2.3) by? + ay = 0.
Similarly, if = —1, then (1) yields
(2.4) by? +ay +2=0.

Suppose first that a = 0 (so that b # 0). If z = 1, then (Z3) leads to only
the solution (z,y) = (1,0). On the other hand, if x = —1, from (24) we have
y = £4/—2/b. In order to have y € Z, we require that b = —2 (so that y = £+1). It
follows that if @ = 0, then Ng = 1 unless

Gz,y) =z (:c2 — 2y2) .
Noting that the equation z(z? — 2y?) = 1 has the integral solutions (z,y) =
(1,0),(—1,1) and (—1,—1), we conclude that Ng = 3.
Next, let us suppose that a is nonzero. If Dy = 0, then F' ~ G where, from
(22), we have either

G(z,y) = 2* (x + ay)

Glz,y) == <x+ (g)2y>2

In the first case, if G(z,y) = 1, we have x = £1 and x + ay = 1, whereby (z,y) =
(1,0) or ay = 2 (so that a € {£1,+2}). We may readily show that such forms are
equivalent, under GLo(Z)-action, to either z(z + y)? or z(z + 2y)2. The second
possibility for G leads to the same conclusion. If, however, both a and b (and hence
Dp and Dg) are nonzero, we may note that equations (Z3)) and (Z4)) lead to

{ —a —a:l:\/a2—8b}
yelo =4 Za=var 7ol

or

b’ 2b

Since these four values sum to zero, if Ng > 3, we necessarily have Ng = 4. In this
case,

a = 0(modb) and a® — 8b = m?
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for some m € Z, and also
—a+m = 0(modb),

whence m = 0(mod b). Combining these facts, it follows that b divides 8b and so,
since b # 0 by hypothesis, b € {+1, +2, +4, +8}. Now

a =m = 0(mod b) and a? — m? = 8b,

and so there exist positive integers v and v with u? — v? = 8/b which implies that
b==+1. If b =1, then a = £3, while b = —1 leads to a = 1. In all four cases,
we find that Dg = 5 and so, since there is a unique equivalence class of binary
quadratic (and hence of reducible cubic) forms of discriminant 5 (Q(+/5) has class
number 1), it follows that

G(z,y) ~x (x2 —zy — y2) .
Observing that the equation x(x?> — zy — y?) = 1 has the solutions (z,y) =
(1,0),(1,-1),(=1,-1) and (—1,2) completes our analysis in the cases where Np >
3.
Finally, assume that D < 0 and Np = 2. From (Z2), we have a®> < 4b and

so, in order to have two distinct integral solutions to G(z,y) = 1, we must have
2 € Z\ {0}. It follows that

(2.5) (g)Q <b<af

and so 1 < |a| < 3. In each of these cases, we find from (Z3H) that |a|] = b and
Dg = —3,—16 or —27, corresponding to b = 1,2 or 3, respectively. Again noting
that Q(v/—1) and Q(+/—3) have class number 1, this concludes the proof of Theorem

21 O
It is worth observing that there are infinite classes of nonequivalent reducible
cubic forms F with Dp > 0 and Np = 2 (in contrast to the case of negative

discriminants detailed in the preceding Theorem). Indeed, the forms
Fn(xvy) = (xQ + nry — nyQ)
have positive discriminant if n > 1 or n < =5, and F,,(z,y) = 1 for (z,y) = (1,0)
and (1,1).
An amusing corollary of Theorem Bl is the following irreducibility criterium

(where we write, for a polynomial P(z) of degree n, P*(x,y) for the corresponding
binary form, given by P*(z,y) = y"P(x/y)):

Corollary 2.3. Suppose that P(x) is a cubic polynomial with integral coefficients
and discriminant Dp, for which the equation P*(x,y) = 1 has at least three distinct
solutions in integers x andy. Then, if Dp & {5,32}, either P(x) is irreducible over
Z[z] or there exist coprime integers p and q such that P(x) = (px + q)3.

In particular, this implies the irreducibility of polynomials of the shape
Plz)=r(z—a1)(z—a2)(x—a3) L1,

if r is a nonzero integer and a1, a2 and as are distinct integers, or if r = +1 and at
least two of aj,as and az are distinct (unless, without loss of generality, we have
a1 = ag = az £ 2). See also Schur [45] and Heuberger [2§].
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3. AUTOMORPHISMS OF CUBIC FORMS

For a given binary form F', let Autp denote the subgroup of elements of SLs(Z)
which fix F' (i.e. o € Autp implies o(F) = F'). The following result of Ayad [3] (see
also Proposition 2.12 of Shintani [46]) completely characterizes those cubic forms
for which Autp is nontrivial:

Theorem 3.1. If F' is a binary cubic form with Drp # 0, then Autp is either
trivial or cyclic of order 3. The latter case occurs precisely for those forms which
are equivalent under SLq(Z)-action to

Gmm (QC, y) = ma® + nny - (TL + 3m)xy2 + my3
for some m,n € Z (whereby Dp = (n? + 3mn + 9m?)?). Further, if |Autp| = 3,
then Nrp = 0(mod 3).
Applying Theorem [[4] immediately yields the following:

Corollary 3.2. If F is a binary cubic form for which Autp is nontrivial and D
is nonzero, then Np < 9.

As previously noted, the equation G1,—1(x,y) = 1 (i.e. equation (L3))) possesses
nine integral solutions and thus this result is sharp. Since the forms Gy . (x,y) have
N¢g > 3 (indeed, as we mention in Section [, N has been completely determined
for these forms), it might be tempting to suppose that these are, up to equivalence,
the only forms with nontrivial automorphism groups for which (I2) is solvable.
This is, in fact, untrue as there are infinite families of indices (m,n) for which

(3.1) Gmpn # G

for all r € Z, but still Ng,, , > 3. By way of example, if (m,n) = (2k+1, -3k —1)
for k € Z, then G, ,(2,1) = 1 and (B8] holds for infinitely many values of k. To
see this, observe that Dg,, , = (27k* + 27k + 7)? and so, if Gy 5 ~ G1,r, then

27k? + 2Tk + 7 =12 4+3r+9
or
(2r +3)% — 27(2k + 1)* = —26,

whose solutions grow exponentially in r and k. Note that if Ng
considerations ensure, necessarily, that m is odd.

> 0, parity

m,n

4. FAMILIES OF CUBIC THUE EQUATIONS

The first infinite parametrized families of Thue equations to be solved were,
fittingly enough, done so by Thue [58], a fact that seems to be frequently overlooked.
Indeed, a proof that the equation

(4.1) (a+1z" —ay™ =1

has only the solution z = y = 1 in positive integers, for a suitably large in relation
to prime n > 3, follows immediately from the main theorem of [58]. As a specific
example, in Beispiel 1 of [58], one finds explicit bounds for integral solutions of the
inequality

[(a+1)z® —ay®| < c
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with a > 37. These readily imply that the equation
(a+1)a® —ay® =1

has only the solution = y = 1 in integers, provided a > 386 (or, with a modicum
of computation, with @ > 37) (see also Siegel [49]). We remark that the author
[11], building on the author’s joint paper with de Weger [12], has recently extended
Thue’s result to show that if a and n are arbitrary positive integers with n > 3,
then equation (1)) has only the solution z = y = 1 in positive integers.

In the case of parametrized families of cubic Thue equations of positive discrim-
inant, results are of a much more recent nature. In 1990, using the fact that the
underlying number fields are the so-called “simplest cubics”, Thomas [B5] was able
to show that the equations

Gin(z,y) =2° +na’y — (n+3)zy* +¢y° =1

have only the solutions (1,0), (0,1) and (—1,—1) in integers, provided n > 1.365 x
107. This restriction was later removed by Mignotte [36] (except for the equations
with n = —1,0 or 2, in which case, as previously observed, we have 6,3 and 3
additional solutions). For a good overview of families of Thue equations (cubic and
otherwise) that have been solved in recent years, the reader is directed to Heuberger
[29]. For the purposes of the paper at hand, we will mention two further families,
the only ones known for which Ny > 5. It seems not unlikely that there are other
infinite families of cubic forms with Ng = 5.
Define Fy,,(z,y) and G, (x,y) by

Fo(z,y) = 2° — (m + 1)2%y + may® +

and

Gn(xa y) =1’ - n2x2y + y?’a

for m,n € Z. Provided m # —2,—1,0 or 1, the equation F,,(z,y) = 1 has the
five distinct integral solutions (x,y) = (1,0),(1,1),(1,—m — 1),(0,1) and (m,1).
That this list is complete was proven, independently, by Lee [31] and Mignotte and
Tzanakis [38], for m suitably large (and, recently, by Mignotte [37], for m > 2).
One observes that the cases m = 0 and m = 1 correspond to discriminants —23
and —31, respectively, i.e. to extreme examples of forms of negative discriminant.
Similarly, if n # 0,1 or —1, then G,,(z,y) = 1 has the distinct solutions (z,y) =
(1,0),(1,n),(1,-n),(0,1) and (n?1). As Pethd [42] (Theorem 3) has remarked,
the families F}, and G, are essentially disjoint. Indeed, if F,, ~ G, for some
integers m and n, then Dp, = D¢, . Since Dp, = m*+2m3 — 5m? — 6m — 23 and
D¢, = 4n® — 27, we therefore have

4n8 = m* 4+ 2m3 — 5m? —6m + 4
or, equivalently,
(m® +m—3)" = (2n%)° =5.

It follows that m? + m — 3 = 43 and 2n® = +2, whence m € {-3,—1,0,2} and
n € {—1,1}. In each of these cases, the relevant form is equivalent to 3 — zy? + 3,
of discriminant —23.

Observe that both families F;,, and G,, are equivalent to

(4.2) F(a,y) = (2 = a1y)(z — azy) (@ — asy) £,
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for suitable choices of integers aj, as and as. Such polynomials have been termed
split forms by Thomas [65] (see also [56]). There has been substantial research on
split families in recent years; the reader is directed to [29] for details and extensive
references. We note that, in Section @ we will discuss a family of non-split forms
for which Ng > 4 (see also [32]).

5. REDUCTION TO A DIAGONAL FORM

We return now to consideration of the problem of bounding N for an arbitrary
cubic form of positive discriminant. A key observation that enables us to derive
relatively precise results in this situation is that we may reduce the problem at
hand to consideration of a diagonal form over a suitable imaginary quadratic field.
The method of Thue-Siegel is particularly well suited for application to such forms.
Virtually all of what follows is classical, deriving from work of Eisenstein, Hermite,
Arndt and Berwick; the reader is directed to Dickson [22] (Vol. 3, Chapter 12) for
references.

Let us define, for a cubic form F, an associated quadratic form, the Hessian
H = Hp, and a cubic form G = G, by

1 (*°F&?F [ 82F\°
H = —— _— _
(9) 4 <5m2 dy? (dréy) )

_OFoH  oFoH
oz by Oy dx

These forms are covariant with respect to the action of GL2(Z); i.e.

and

G(z,y)

Hpoy = Hpovyand Groy = G oy
for all v € GL2(Z). If we write

F(z,y) = az® + bx?y + cxy® + dy®
and

H(z,y) = Az® + Bxy + Cy?,
then it follows by routine calculation that
A=1b*-3ac, B=bc—9ad, C =c*—3bd
and
B? — 4AC = —3Dp.

Further, these forms are related to F(x,y) via the identity
(5.1) 4H (z,y)% = G(z,y)? + 2TDpF(z,y)*

(see Theorem 1 of Mordell [39], Chapter 24). Following Hermite, we will call a
cubic form F reduced if the Hessian of F, H(x,y) = Ax? + Bay + Cy?, satisfies

C>A>|B|

It is a basic fact that every cubic form F' of positive discriminant is equivalent to
a reduced form. The notion of reduction here is classical and differs somewhat
from that used by Belabas and Cohen in [8] and [9]. In fact, it is this latter, more
stringent version of reduction we will utilize in Section [8
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We begin with a lemma that characterizes “very small” solutions of equation
(2).

Lemma 5.1. If F is an irreducible, reduced binary cubic form with positive dis-
criminant Dp and Hessian H, then the equation F(x,y) = 1 has at most one
solution in integers x and y with H(z,y) < %\/SDF. If this solution exists, it is
given by one of (z,y) = (£1,0).

Proof. Suppose that (z,y) is a solution to F(z,y) = 1 with y # 0. If |y| < ||,
then, since A > |B|, we have that
1
H(z,y)>Cy*>C> 5\/3DF,

where the last inequality readily follows from B2 — 4AC = —3Dp. If, on the other
hand, |y| > |z| + 1, then
H(z,y) > (C — |B|)y* +|Blly| + Az®.

Since this is an increasing function of |y| and y # 0, we have
1
H(z,y) > C+ Az?> > C > 5\/?,DF.
We conclude, if H(z,y) < £v/3Dp, that y = 0 (and so z = £1 accordingly). O

When one speaks of “irreducible, reduced forms”, as Davenport comments, “the
terminology is unfortunate, but can hardly be avoided” ([18], page 184).

From now on, let us write A = 3Dp and assume Dp > 24000 (whence A >
72000). We will work in the number field M = Q(v/—A) for a fixed choice of the
square root. From (G.1I),

G(z,y) £ 3V—AF (z,y)
2

are cubic forms in M [z, y] with coefficients conjugate to one another and no common
factors (since F'(z,y) is also irreducible over M). It follows that they are cubes of
linear forms over M with the same properties, say &(x,y) and n(x,y), where (see
Evertse [24], displayed equation (11))

f(xvy)g - n(xvy)g = 3\/IF(£L',y),
&(a,y)® +n(z,y)° = Gz, y),

E(z,y)n(z,y) = H(z,y)
and

ayy) 0,y

£(1,0) n(1,0)
We call a pair of forms & and 7 satisfying the above properties a pair of resolvent
forms, and note that if (£,7n) is one pair, there are precisely two others, given by
(w€,w?n) and (w2, wn) for w a primitive cube root of unity. We say that a pair of
rational integers (z,y) is related to a pair of resolvent forms (€,n) if

> -

€ Mlz,y).

2kmi/3 77(% y)
£,y |

0<k<2
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We will first derive an upper bound for

3 n(x,y)‘
&(z,y) |’
following an argument of Evertse [24]. From our definitions, we have
‘1 _n(xy)®| _ 3VA
S@y?l e,y

and will, in consequence of Lemma[5.1] assume H(z,y) > vA/2, whereby
1
2y) > —= AV,
(o)l =

It follows from A > 72000 that

n(z,y)®| _ 6v2
E(z,y)3| — AV

Since n(z,y)/&(x,y) has modulus one, equation (B.2) implies, if we write 6 =
3
arg (Zgg;), that 30 = arg (ggg;s ) By virtue of (5.3)),

2 — 2cos(30) < (0.519)%,

< 0.519.

(5.3) ’1 -

and so 0| < 0.176. Since
‘1 3 n(fc,y)‘ < ‘arg <n(x,y)>‘ 1

(2, y) (2, y) 3
we have
R T .1
§(z,y)| ~ 3/2 —2cos(30) E(z,y)3 |’

whence applying our upper bound for |f| implies

Cn(ay)|  1012VA
(5.4) ’1 @)l = @yl

This inequality will enable us to obtain our first “gap” principle; i.e. a result that
prevents “suitably large” solutions to (L2) from lying too close together. Suppose
that we have distinct solutions to (L2)), related to (£,7) and indexed by i, say
(4, i), with [€(zir1,vit1)] = |€(zi, yi)|). For concision, we will write n; = n(x;, y;)
and & = &(x;,y;). Since &(z,y)n(z,y) = H(x,y) is a quadratic form of discriminant
—A, it follows that

am — &1 = BV —A(z1y2 — T2y1)

and, since (z1,y1), (z2,y2) are distinct solutions to F(z,y) = 1, we have

).

LM

&

+‘1—@

VA < |gam — Euma] < [ < .

Thus (5.4) implies
VA < lallel(1.012VA) (J6 |7 + [&l ™) -

It follows that
60172 + 1&2] % > 0.988 |¢1] 7 |&
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and so
[€1* + €] > 0.988 |61 [* |2,
If we write |&2| = aé1|?, then
&2 + a®[&]% > 0.988 a?|& |
whence
(0.988 * — @®) |&1]* < 1.

Since, by assumption,
1
&1 > —=AY* > 11.582,
V2

the above inequality implies that a > 0.987; i.e. we have proven
Lemma 5.2. If (z1,11) and (z2,y2) are distinct solutions to {I.2), related to (§,n),
with

|f($27y2)| > |£((E1,y1)| A1/4

1
>
V2
and A > 72000, then

€ (@2, y2)| > 0.987 [€(z1,y1)]° -

Let us now assume that there are 4 distinct solutions to (L2)) related to a pair
of resolvent forms (&, n), corresponding to £_1, &y, &1 and &2, where we have ordered
these in nondecreasing modulus. We will deduce a contradiction, implying that at
most 3 such solutions can exist, which, with Lemma [5.1], will prove Theorem
Two applications of Lemma [5.2] imply

1] > (0.987)%¢-a[*

and, since
1
_ > _A1/47
|£ 1| = \/5

we may conclude that
(5.5) [€&1] > 0.24 A.

This inequality will prove crucial in establishing stronger gap principles in the next
section.

6. APPROXIMATING POLYNOMIALS

To prove Theorem [ for forms of large discriminant, we apply arguments due
to Siegel 8], E9] and [50], with refinements by Gel’'man (see Delone and Fadeev
[21]) and Evertse [24]. We note that the method employed actually leads to bounds
on the number of solutions to the Diophantine inequality

[F(z,y) <e¢,

though we will not pursue this here (see [24] for details). Following Evertse (see
also Thue [58], Siegel [48] and Delone and Fadeev [21]), we define polynomials

PEED S (s [ G [ESE

r—g
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and

Boy(s) = S (r —m1/3) <2r ;f ; m) (—2)m

m=0

for r € N and g € {0,1}. We have

2r — 1
Ar,g:< r g)F(—g—T—i—g,—r,—ZT—i—g,z)

2r — 1
B,q,g:< . g)F(g—r,—r—i—g,—ZT—l—g,z),

a+1)(otn-DE+D) - (Frn-1)
vy(y+ 1) (v +n—1)n!

and

where

Flo, By, =143 2
n=1

is the standard hypergeometric function, satisfying the differential equation

2

z(l—z)%—f—(’y—(1+a+ﬂ)z)%—aﬂF:O.

A, 4(2) and B, 4(z) are essentially diagonal Padé approximants to the binomial
function (1 — 2)'/3, defined by

-2 =3 ()

m=0

for |z| < 1. In fact, we have (see Lemma 3(i) of [24])
(6.1) Arg(z) = (1= 2)'3Brg(2) = 22 T179F, 4 (2),

where F. ;(2) is a power series with rational coefficients.

We note that the polynomials A, , and B, , have coefficients that, generally
speaking, possess large integer common factors; we will exploit this fact for small
values of the parameter r. To be precise, let us define C. 4, to be the greatest
common divisor of the numerators of the coefficients of A, 4(z) (or, equivalently,
from (ET), the greatest common divisor of the numerators of the coefficients of

B, 4(z)). In general, we may show that
lim O}/ =3v3 e ™% ~2.09807...
r—oo 9

(see e.g. [100]), but, for our purposes, it suffices to observe that C, 4 is as follows for
certain pairs (r, g) with » < 8:

(r,9) Crg | (r,g) Cryg|(r,g) Cry
(1,L1) 1 |(4,00 5 [(7,1) 4
(6.2) (1,00 2 |(5,0) 28 |(7,0) 88
(2,00 1 [(6,1) 14 |(8,1) 11
(3,0) 20 | (6,0) 14 |(8,0) 55

We consider the complex sequences X, ; given by

Yrg = gAr,g(zl) - %Bhg(zl)
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where z; = 1 — 3 /£3. Note that

3VA
&3
where the inequalities follow from (5.5) and A > 72000. Let us define

21| = <218 A7%2 <1077,

1 3r+1
_ -9
Ar,g -C 1 & Er,g-
r.g

The key observation to make is that A, 4 is either an integer in M = Q(v/—A) or
a cube root of such an integer. If A, ; # 0, this provides a lower bound on |A, 4.
In fact, from the proof of Lemma 5 of Evertse [24], we have

Aho eVvV-AZ

and
Ai,l 6 OM \ Z,
where Q) denotes the ring of integers of M; i.e.

{m—l—nm
Oy = noa

5 :m,nEZ,mEnA(modZ)}.

If A, 4 # 0, it follows that
|Arol > VA

and

[A3,] > SVA,
whereby
(6.3) Ay g| > 279/3A1/279/3

for g € {0,1}. To obtain an upper bound for |A, ,|, we appeal to estimates of
Evertse [24] for |A, 4(21)| and |F} ¢(z1)]:

Lemma 6.1. Let r and g be integers with r > 1, g € {0,1} and z € C.
(i) If |z| < 1, then

(r—g+1/3) (r—l/B)

r4+1— r —Llor41—
|Frg(2)] < *(2,:11,9) (1— [z 219,

T

(i) If |1 — z| < 1, then
2r—g
Al (770).

r
If we combine inequality (6.3]) with Lemma B.1], we deduce
Lemma 6.2. If 3, , # 0, then
(6.4)  ci(r,g) A3 |G PTTIT9 1672 4 ea(r, g) ATTI/O |&| &I > 1

where we may take

1 1
ci(r,g9) = 7 4" and co(r, g) = 7 (2.252)",
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forr > 9, and as follows, for 1 <r <8:

(7“, g) C1 (7“, g) C2 (7’, g) (7“, g) C1 (7“, g) C2 (7“, g)
(1,1) 26 13 |(6,1) 421 24
(1,0) 1.1 0.7 | (6,00 668 27
(2,0) 6.1 24 | (7,1) 547.0  16.9
(3,0) 1.1 03 |(7,0) 395 0.9
(4,0) 142 18 |(8,1) 7459  13.0
(5,0) 9.2 0.7 |(8,0)0 2369 3.1

Proof. This is essentially Lemma 5 of Evertse [24]. Arguing as in the proof of that
lemma, we write

1 _ rl—
Arol = gl o \(Z— - 1) Apglm2) + 227 9E, ()]

Since |1 — z1| = 1 and |21] < 107%, we may apply Lemma and inequality (B4
to find that |A, 4| is bounded above by

L e pris gy <2r—g>1.012\/ﬁ (D7) (3.000VA 5,0,
o R ) R '

T
Comparing this with (@3]), we obtain inequality (E4) for any c¢;(r, g) and co(r, g)
that majorize

(6.5) 1.012 9—29/3 (2r)
r,g r
and
2013 o onariiog Crfing ) ()
(6.6) a(&om) T (2;‘11,9) :
’ T
respectively.

Substituting the values for C 4 from (6.2) into (3] and (6.6) leads to the desired
conclusion for 1 < r < 8 We may therefore suppose r > 9. Applying an explicit
version of Stirling’s formula (see e.g. Theorem (5.44) of [54]),

1 2k 1
6.7 _4kg( )<_4k7
(6.7) 2k k vk
for k € N. It follows that
1.012 9—29/3 (2r> - 1.012 4 < i n

Crg VT VT
Similarly, we may show that
— 1/3 —-1/3 3
(6.8) (r g+ /><r /><£,
r+1—g r 27r

for r € N and g € {0,1}. This follows from observing, if we set

B, — (7“—2/3) (7“—1/3) :&7

r?+r+4+2/9 0,
e (Fa2i2)

that

r24r r+1’
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whereby

k2+k+2/9
9’911_[ R+k

Since 61 = 2/9 and

ﬁk2+k+2/9_ 9 _9V3
i Rtk C2T(1/3)1(2/3)  4n’

we obtain (G.8)) upon noting that

(r _7“2/3> y <r 7~++1 {3)

for r € N. Consequently,

r—g+1/3\ (r—1/3 2
99/3 2007 2 op1yerie . H?12_g+1)( ) B (3.001)V/3 ( r+1 ) (3.001) r
pea
Cryg ( , g) /T 2r+1 2
Since r > 9, we conclude as desired. O

We will see in the next section that, if ¥, , # 0, this lemma provides a gap
principle for our solutions (i.e. a nontrivial lower bound for |£2| in terms of |£;]).
For small values of r, we explicitly prove nonvanishing of 3, ; in the following:

Lemma 6.3. X, , # 0 for (r,g) = (1,1),(1,0),(2,0), (3,0), (4,0) and (5,0).

Proof. This is Lemma 6 of Evertse [24] for (r,g) = (1,1),(1,0),(2,0) and (3,0). We
mimic his proof in the remaining cases.
Let us begin by defining
ga(r,g)
rg(2) = ——Ar 4(2
7!]( C?" 9 g( )

and
_ 3a(r.g)
B, 4(2) = —Cw B, 4(z2),

where a(r, g) is the smallest integer such that A, ,(z) and B, 4(z) have integral
coefficients (that a(r, g) exists and is bounded above by [3r/2] is relatively straight-
forward to show; see Chudnovsky [16], Lemma 3.1).

From (6.01), we can find, for each r € N, a polynomial K, (z) € Z[z], satisfying

A 0(2)? = (1= 2)Bro(2)? = 22T K,(2).
In fact, we have

Az0(2) =81 — 1352 + 6322 — 72°,

Bs30(2) = 81 — 108z + 3627 — 227,
Ayo(z) = 3402 — 73712 + 526522 — 13652° + 912%,
Bao(z) = 3402 — 62372 + 35642% — 6602° + 222*,

Ky 0(2) = 756756 — 15135122 + 97215322 — 2153972° 4 106482,
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As.0(2) = 6561 — 174962 + 1684822 — 70202° + 11702% — 5227,

Bso(z) = 6561 — 153092 + 1247422 — 415823 4 4952* — 112°
and
Ks0(z) = 341172 — 8529302 + 75783627 — 2838242° + 404082 — 133125,
Let us further define binary forms A} and B} via
A: (1[,', y) = xTZT,O(y/x)
and
B: (1[,', y) = "ETET’O(Z//(E).
Suppose that 3, o = 0 for some r € {4,5}. Setting v = & and v = & —n? (so
that z; = v/u), we thus have
. % 3
w_ (u=v) (Br(w,0))"
& u (Ax (u,v)*
Arguing as in the proof of Lemma 6 of Evertse [24], if a, is the integral ideal in
M = Q(v/—=A) generated by u (A% (u,v))” and (u — v) (B} (u,v))*, and N(a,) is its
absolute norm, then

N(ar)1/2|v|—3r—1|zllr3\/z -
| K (21)] T
Since |z1| = 3vV/A |€1]73, we therefore have

N(ar)1/2|v|—3r—1 (3\/K>r+1
K (21)]

Following [24], we will seek an upper bound for N (a,)'/2|v|=3"~1. Define M; to
be a finite extension of M in which the ideal generated by v and v is principal, say
generated by w. Set u; = u/w,v1 = v/w and let the extension of a, to M; be b,.
If we define

(6.9) &P <

v = (A7 (ur,v1), By (u1,v1))
then (see Evertse [24], formula (46))
(6.10) b, D w* T B(0,1)3.
Setting

Fy(z,y) = —188811x3 + 2039402y — 49638xy> + 1738y>
and

Ga(z,y) = —188811x> + 2668772%y — 96369xy> + 7189y°,
we may verify that

Fy(x,y) A} (z,y) — Ga(x, y)Bi (z,y) = 2963522y
while
B (z,y) A} (x,y) — A5(x,y) B (z,y) = —28y".
These two identities imply that
vy D (296352ufv}, 280]) D 296352 (v1)" .
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Since Bj(0,1) = 22, it follows from (6.10) that
(6.11) by O (6519744%w30}?) > (6519744)° (v)'2.

Similarly, in the case r = 5, if we let

Fy(z,y) = —1228041x" + 189812723y — 8658542%y> + 119350zy> — 2739y*

and

Gs(z,y) = —1228041z* 4+ 230747423y — 13621142%y? + 272870xy> — 12948y,
we find that
Fy(x,y) A3 (2,y) — Gs(2,y)Bs (z,y) = 3127412%y°
while
Bj(z,y) A5 (2,y) — Aj(z,y) B (z,y) = —143y°.
We therefore have
5 O (312741ufv?, 1430)) S 312741 (v1)°,
and so, since B (0,1) = —11, (610) implies that
(6.12) bs O (3440151°%w'%0}%) > (3440151)° (v)1°.
From (6.10]) and (6.12)), then, we have the inequalities
N(ag)?jo|™1 < (6519744)°
and
N(as5)'/2|v| 710 < (3440151)° .
Noting that |z1| < 1079 implies
|K4(21)| > 756755 and |K5(z1)| > 341171,
we may apply (6.9) to conclude that
61| < 25.85 A%/ if r =4
and
|&1] < 13.47 AY® ) if r = 5.

In each case, since we assume A > 72000, this contradicts inequality (BA]), com-
pleting the proof of the lemma. O

For larger values of r, it is too time-consuming to provide case-by-case proofs of
the nonvanishing of ¥, ;. Instead, we utilize the following easy lemma.

Lemma 6.4. Ifr € N and h € {0, 1}, then at least one of
{27’,0) ErJrh,l}

18 monzero.
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Proof. Consider the determinant

Aro(z1) Aryni(z) m/&
Aro(z1) Argni(z1) m/&l.
Bro(z1) Brini(z1) m2/&

Expanding along the first row, we find that
0=Ar0(z1)Er 401 — Artn1(21)Zr0

+ Z—z (Aro(z1)Brani(z1) — Argn,1(21)Bro(21)) -

If both X, o and X, 1 vanish, then we must have
Ay o0(21)Bryni(z1) — Argna(21)Bro(z1) =0,
contradicting Lemma 3(iii) of Evertse [24] (since z1 # 0). O

7. PrROOF OF THEOREM [L.4] FOR Dr > 24000

We will use Lemmata [6.2] and to iterate our gap principle, showing that
|€2] is arbitrarily large in relation to |€1|. Specifically, we will prove that

(7.1) o] > (2.3A)77 & |32

for all » > 2. Since |&| > 0.24 A and A > 72000, this contradicts any a priori
upper bound for [£a].

First, for 1 < r <5, we apply Lemmal[6.3]in conjunction with Lemma 62, From
Lemma [5.2]

€] > 0.987 &, *
and so, since ¢1(1,1) = 2.6, we obtain
e1(1,1) AVPJ 16|72 < 2,669 A2 7.
From [&1| > 0.24 A and A > 72000, it therefore follows that
e1(1,1) AY31E 21672 < 0.007

whence, since Lemma implies the nonvanishing of ¥, ;, we may apply Lemma
(and the fact that c2(1,1) = 1.3) to conclude that

|€2] > 0.763 A™%/6|¢, |2
Arguing similarly for (r,g) = (1,0),(2,0),(3,0), (4,0) and (5,0), we have
|f2| > 03(7“7 g) Ag/ﬁ—r|£1|3r+2(1_g)

where the values for ¢3(r, g) are as given in the following table:

(Ta g) 03(Ta g) (7“, g) 63(7“, g)
(1,1) 0.763 | (3,0) 3.333
(1,0)  0.302 | (4,0) 0.555
(2,0) 0.388 | (5,0) 1.428

This verifies (ZI) for 2 < r < 5. To show that ([ZI) holds for r > 5, we use
induction on r. Suppose that [Z1J) is true for some r > 5. Then

4r+1

N (2.308)%|&x| 7%

cr(r+1,0) [& P& 72 <
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Inequality (BH), A > 72000 and r > 5 therefore allow us to conclude that
c1(r+1,0) |& > T&] 72 < 0.001.
If 3,110 # 0, then, from Lemma G2, we have

0.999

A—r—l 3r+5
co(r +1,0) SR

€] >

and, since cz(r + 1,0) < (2.252)"T1//r + 1, it follows that
[€2] > (2.38)7" 71 &,

as desired. If, however, 3,11 o = 0, then Lemma[6.4] implies that both X, ; and
Y, 42,1 are nonzero. Our induction hypothesis, (3.5), A > 72000 and r > 5, imply

47"+1
+1,1) AY3|GPrEIg 2 < 2.3)2 AP |g |73 < 0.001
(31(7“ ) |§1| |€| \/H-—].( ) |§1|
and thus we may apply Lemma, to obtain
0.999 . )
79 > T A77’75/6 3r+3 > (2.252)"" A7T75/6 3r+3.
12 lal> G > (2252) )l

It follows from (5.5) and (Z.2) that

2.252)2 2.\
alr+2.1) A 6l < a2 (B2EA )

Since we have

16.9, ifr=25;
c(r+2,1)=¢13.0, ifr=6;
A, ifr>7,

the inequality
cr(r+2,1) AV3 €206, 72 < 0.301
(corresponding to r = 5) obtains from A > 72000. A final application of Lemma

leads to

0.699

A-T=11/6 (¢ (3746
ca(r+2,1) &1l

|€a| >

Since co(r +2,1) < (2.252)"72//r +2, |&1] > 0.24A, A > 72000 and r > 5, we
conclude that

o] > (2.3A)77 71 |g ]3O,

This completes our induction and hence the proof of Theorem [[4 for forms of
discriminant exceeding 24000.
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8. FINDING REPRESENTATIVE FORMS OF SMALL DISCRIMINANT

It remains to deal with those binary cubic forms F' with 0 < Dp < 24000. In
fact, we will completely solve equation (IZ2)) for representatives of every equivalent
class of (irreducible) binary cubic forms with 0 < Dp < 105. The results of these
computations are tabulated in Section [d. Our approach combines a method of
Davenport [1§] (as refined by Belabas and Cohen [8] and [9]) for finding such repre-
sentatives, with recent techniques from the theory of linear forms in logarithms of
algebraic numbers and computational Diophantine approximation for solving the
resulting Thue equations.

There are two algorithms of which the author is aware for determining all classes
of irreducible binary cubic forms with (positive) discriminant below a given bound;
both may be readily extended to find all distinct real cubic fields of bounded dis-
criminant. This follows from the existence of a one-to-one correspondence between
such fields and primitive integral irreducible binary cubic forms (i.e. those whose
coefficients a,b,c¢ and d contain no common factor). The first of these methods
is outlined in some detail in §30 of Delone and Fadeev [21I]. It relies on the fact
(established in Chapter II of [21])) that there is a discriminant preserving, bijective
map between G Lo (Z)-equivalence classes of irreducible integral binary cubic forms
and rings with unit elements contained in rings of integers of cubic fields (i.e. the
conjugate sets of orders of such fields). Following Delone and Fadeev, one restricts
attention to cubic forms of the shape x3 + bx?y + cxy? + dy?, with b € {0,1}, via
the following lemma (see Delone and Fadeev [21], §28 or Pethé [42], Theorem 1):

Lemma 8.1. If F(x,y) is a binary form with integral coefficients, D > 0 and
Np > 1, then there exist integers b, c and d with

(8.1) F(z,y) ~ 23 + bx’y + cxy® + dy®,
be {0,1}, c <0 and

2
0<d< §|C|\/3|0, if b=0,

or

90—2—2\/(1—30)3<d<9c—2+2\/(1—3c)3 Fh=1
ifb=1.
27 27 ’

A computational difficulty with this approach is, that the forms of type (BII)
one is led to consider, may be equivalent and hence one must distinguish between
inequivalent forms of equal discriminant via either the method of inverse Tschirn-
hausen transformations (see §13 of [21I]) or, for instance, by applying a result of
Wolfskill [6T].

We will instead utilize a second, rather simpler, algorithm for finding classes of
cubic forms of bounded discriminant, based on the classical notion of reduction,
and first applied by Davenport [I8] (see also [19]). We say that a quadratic form
H(z,y) = Az? + Bxy + Cy? with real coefficients is strongly reduced if 0 < B <
A< Cand C > 0. A cubic form F(z,y) = ax® + bxy + cxy? + dy® of positive
discriminant will be called strongly reduced if its Hessian H (x,y) = Ax?+ Bry+Cy?
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is strongly reduced in the above sense and, additionally,

(1) a>0.

(2) If B=0, then b> 0.

(3) If A= B, then |b] < |3a —|.

(4) If A= C, then a < |d| and |b| < |c| whenever a = |d|.

(8.2)

Our notion of strong reduction coincides with that of reduction in [§] and [9]. The
reason we introduce this more stringent notation is the following result (for which
the reader is directed to [8]):

Proposition 8.2. If F(x,y) is an irreducible cubic form with Dg > 0, then F(x,y)
is equivalent to a unique strongly reduced form.

Our strategy, then, will be to count strongly reduced forms of bounded discrim-
inant. We will make use of the following lemma (Proposition 5.5 of [8] or [9]; a
slight sharpening of Lemma 1 of [I]]):

Lemma 8.3. If F(x,y) = ax® + bx?y + cxy? +dy? is a strongly reduced cubic form
with 0 < Dp < X, then if b < 0, necessarily ¢ < 0, and we have the following
inequalities:

2 2
1<a< —X1/4, _X1/4 <b< —X1/4,
-7 3B VA

_ﬁxl/2 <bc< )(1/27 _ixl/2 <ad< @){1/27
4 27 36

—-35—13v1
35 3 3X

—35+ 13V13 x
216

< acd bd <
<ac’,b’d < 916
and
9 4
0§c(bc—9ad)§§X.

As noted in [8] and [9], using only the inequalities in the above lemma, the
number of quadruples (a, b, ¢,d) we must check to find representatives of all cubic
forms with 0 < Dp < X is of order O(X). The following theorem of Davenport
[18] (as sharpened by Shintani [47]) shows that this is relatively efficient.

Theorem 8.4. Let H5(0,X) denote the number of equivalence classes of integral
cubic forms F, with 0 < Dp < X. Then, as X — oo, we have, for e >0,

2
H3(0,X) = %X + OX/6 4 O(X2/3+¢) ~ 0.137X,

where C 1s constant.

Note that the seeming discrepancy between this result and that stated in [18]
derives from a missing factor of 3 in the statement of the main theorem of [I§],
together with the fact that the estimate in the latter is for classes of properly equiv-
alent, rather than equivalent, forms; i.e. for SLs(Z) instead of GL2(Z) equivalence
classes.

Applying Lemma [B3 with X = 10%, we may thus assume that

1<a<12and —31<b<36.
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From the inequalities for ¢ and d in Lemma [83] together with the more precise
estimates

0 < Dp = 18abed + b2c? — 27a%d? — 4ac® — 4b3d < 10°

and (B:2), we find, upon checking for reducibility, that there are precisely 89595
classes of irreducible binary cubic integral forms F with 0 < Dp < 105. For each
of these, we must solve equation (L2).

9. RESULTS OF OUR COMPUTATIONS

Solving Thue equations of low degree has, in recent years, become a relatively
routine matter. The standard approach to this problem tranforms a given Thue
equation into an equation for units in a corresponding number field and then derives
an upper bound upon solutions to ([I]) from lower bounds for linear forms in
complex logarithms and explicit information about fundamental (or, perhaps, only
independent) units in the field. The Lenstra-Lenstra-Lovasz lattice-basis reduction
algorithm can then be used to reduce these bounds to a reasonable size. The best
reference for our purposes is [60], while newer innovations are outlined in [51];
we direct the reader to either of these sources for details of these methods. The
bottleneck, from a computational viewpoint, in any of these approaches, is the
computation of the related fundamental (or independent) units. However, for the
cubic fields we are concerned with, this does not present major difficulties. Using
code written in C and utilizing Pari GP, Version 1.39 to compute our fundamental
units and perform our lattice-basis reduction, we solved each of the 89595 equations
of the form (IZ2) corresponding to irreducible binary cubic forms F' with 0 < Dp <
10°. We double-checked our results using Kant V4 (Version 2.0, Jan. 1999) on a
DEC Alpha 21164A, running at 433MHz and Kant V4 (Version 2.1, May 1999) on
a Sun Ultra 10, running at 333 MHz. With the latter, more recent release, we ran
into problems only with the form

F(z,y) = 62° + 82%y — 292y — Ty

of discriminant Dp = 781260. In this case, memory constraints made it difficult to
use Kant to solve equation (L2) (though, via Pari, we had no such problems). The
problem here is the size of a system of fundamental units €; and ez in Q(@), where

0% 4+ 802 — 1746 — 252 = 0.

These are given, in terms of the integral basis

{1,9,%(9%29)},

by
1
€1 = —39 - 300+ 16 (6 +20)
and
as 2
62:a1+a20+g(0 +29),
where

a1 = —11501734278118444509026241884948625352033,

az = 290428324827684495528067721672024179949



ON THE REPRESENTATION OF UNITY BY BINARY CUBIC FORMS 1531

and
ag = 376868040325411354059165345345508299624.

In conjunction with sharp lower bounds for linear forms in logarithms of algebraic
numbers, due to Baker and Wustholz [5]; however, this still leads to a lattice basis
reduction problem of reasonable size (and to the conclusion that the equation 623+
8x2y — 29xy? — Ty3 = 1 has no integral solutions).

In each of our 89595 cases, we have Np < 9 and, in fact, we found nothing
to contradict Conjecture [L7 If we write R(X,N) for the number of irreducible
integral cubic forms F with discriminant 0 < Dp < X, for which equation (L2)
has exactly N distinct solutions in integers, then we have

Np | R(24000, Np) | R(105, Nf)

0 323 49687

1 603 32992

2 326 6088

3 109 638

4 29 146

5 13 39

6 4 4

9 1 1

We note that there are precisely seven classes of forms with 0 < Dp < 10% and
Np =5 which are inequivalent to all forms in the families

Fo(,y) = 2° — (m + 1)2?y + may® + ¢
and

Gn(z,y) = 2° — n®2%y + y°.

These are given by F(z,y) = az® + bx%y + cxy? + dy>, where

b c d Dy Solutions to F(z,y) =1

1 -3 -1 148 (1,0), (0, —1), (=2, 1), (3, 2), (—14, 45)
0 -5 -1 473 (1,0),(0,-1),(-2,1),(1,-5),(7,3)

0 -7 -1 1345 ( 7O)a(0 ) ( 7))(187 7)7( 19, 7)

11 -1 —12 62501 (1,0),(1,-1),(— 1,—1),(11,—1),(—179,—172)
9 —12 —21 108729 (1,0),(1,—1),(=2,—1),(10,—1), (4651,2294)
21 -2 —21 783689 (1,0),(—1,1),(—1,—1), (356, —365), (442, —21)
21 —1 —22 810661 (1,0),(1,—1),(—=1,—1),(21,—1), (373, —364)

== = e =

Five of these classes were observed by Pethd [42] (the discriminant of the form
with Dp = 62501 is given incorrectly in [42]), while that with Dp = 108729 was
found by Lippok [32]. The class with Dp = 783689 appears to be new. Note that
the forms with Dp = 148,473 and 783689 are all special cases of the parametrized
family given by

Hn(xa y) = (I,'3 + nny - 2$y2 - ny?)’

with n = 2,3 and 21, respectively (n = 0 and 1 correspond to forms of discriminant
32 and 49; the first of these represents the unique reducible class of forms with Np =
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3 while the second has Np = 9). For arbitrary n € Z, the equation H,(z,y) =1
has the solutions (z,y) = (1,0), (—1,1), (-1, —1) and (n?+1, —n) and discriminant

Dy, = 4n* 4+ 13n” + 32.
It is worth observing that this family of forms is apparently inequivalent to
F(z,y) = (z — a1y) (z — azy) (v — azy) £ y°

for ay, a2 and as integral, provided n > 2 (i.e. H,(x,y) is not a split family).

10. CONCLUDING REMARKS

The arguments of Sections [6] and [@, together with a very slight refinement of
Lemma [5.2] may be used to show, if ¢, § > 0, that there is at most a single integral
solution (z,y) to , related to a pair of resolvent forms (§,7), for which

&(z, )| = ¢ AZ/3H,

provided A is suitably large (in terms of ¢ and §). To sharpen Theorem [[4] by
proving that Np < 7 for large D, one would, in all likelihood, need to significantly
strengthen Lemma 5.2l

As a final remark, we mention that Chudnovsky and Chudnovsky [I7] claim to
have proven that Np < 9 for all cubic forms with sufficiently large discriminant.
While we believe this to be true (indeed refer to the stronger Conjecture [LT), there
is no proof of this assertion given in [I7] and hence this author has no way of
determining its validity.
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