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Abstract

We prove a number of results regarding odd values of the Ramanujan t-function. For
example, we prove the existence of an effectively computable positive constant « such
that if t(n) is odd and n > 25 then either

loglogl
P(n) > k. L0808
loglogloglogn

or there exists a prime p | n with 7(p) = 0. Here P(m) denotes the largest prime
factor of m. We also solve the equation 7(n) = 431527731154 and the equations
7(n) = £¢” where 3 < ¢ < 100 is prime and the exponents are arbitrary nonnegative
integers. We make use of a variety of methods, including the Primitive Divisor Theorem
of Bilu, Hanrot and Voutier, bounds for solutions to Thue—Mahler equations due to
Bugeaud and Gy®6ry, and the modular approach via Galois representations of Frey—
Hellegouarch elliptic curves.
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1 Introduction

The Ramanujan t-function t(n) is defined via the expansion

o0

A =q[[a-g"*=)"tmq". q=e"" 1)

n=1 n=1

It was conjectured by Ramanujan [33] and proved by Mordell [29] that t(n) is a
multiplicative function, i.e. that

T(niny) = t(n1)T(N2),

for all coprime pairs of positive integers n and ny. Further, we have

oo (o9) o0 oo

2
> tg" =q[Ta+4* =q ] =" +¢")?=3 ¢ (mod2).
n=1 n=1 n=1 n=0

via Jacobi’s triple product formula, whence t(n) is odd precisely when 7 is an odd
square and, in particular, 7 (p) is even for every prime p.

Amongst the many open questions about the possible values of 7(n), the most
notorious is a conjecture of Lehmer [20] to the effect that t(n) never vanishes. In
terms of the size of values of 7, one has the upper bound of Deligne [14] (originally
conjectured by Ramanujan) :

lt(p)| <2-p''/2, 2)

valid for prime p. In the other direction, Atkin and Serre [34] conjectured (as a strength-
ening of Lehmer’s conjecture) that, for € > 0,

lt(p)| > p°*7,

so that, in particular, given a fixed integer a, there are at most finitely many primes p
for which t(p) = a. While this problem remains open, in the special case where the
integer a is odd, Murty et al. [32] proved that the equation

t(n) =a, 3)
has at most finitely many solutions in integers n (note that, in this case, n is necessarily
an odd square). More precisely, they demonstrated the existence of an effectively
computable positive constant ¢ such that if 7(n) is odd, then

|T(n)| > (log(n))“.
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Ramanujan tau function 205

A number of recent papers have treated the problem of explicitly demonstrating that
equation (3) has, in fact, no solutions, for various odd values of a, including a =
41 (Lygeros and Rozier [27]), |a] < 100 an odd prime (Balakrishnan et al. [1],
Balakrishnan et al. [2], Dembner and Jain [15]), and |a| < 100 an odd integer (Hanada
and Madhukara [18]).

In this paper, we derive what might be considered a non-Archimedean analogue
of the work of Murty et al. Let us define P (m) to be the greatest prime factor of an
integer |m| > 1. We prove the following.

Theorem 1 There exists an effectively computable constant k > 0 such that if T(n) is
odd, with n > 25, then either

logloglogn

P(t(n)) > « “4)

“loglogloglogn’
or there exists a prime p | n for which t(p) = 0.

Recall that a powerful number (also known as squarefull or 2-full) is defined to be an
integer n with the property that if a prime p | n, then necessarily p? | n. Equivalently,
we can write such an integer as n = a”b>, where a and b are integers. Our techniques
actually show the following (from which Theorem 1 is an immediate consequence).

Theorem 2 We have
lim P(t(n)) = oo,
n—oo

where the limit is taken over powerful numbers n for which t(p) # 0 for each p | n.
More precisely, there exists an effectively computable constant k > 0 such that if
n > 25 is powerful, either

logloglogn

P(t(n)) > « (5)

. loglogloglogn
or there exists a prime p | n for which t(p) = 0.

The restriction that n has no prime divisors p for which t(p) = 0 is, in fact,
necessary if one wishes to obtain a lower bound upon P(r(n)) that tends to co with
n. Indeed, one may observe that, if T(p) = 0, then (see (18) below)

P (r(p”‘)) =P ((—l)kp“k) =p

is bounded independently of k. While Lehmer’s conjecture remains unproven, we do
know that if there is a prime p for which t(p) = 0, then

p > 816212624008487344127999, (6)

by work of Derickx, van Hoeij and Zeng [16].
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206 M. A. Bennett et al.

Theorem 3 There is a computable positive constant n such that for any prime p with
t(p) #0and any m > 2,

log log(p™)

P(z(p™)) > U'W-

(N

We note that Theorem 3 implies Theorem 2. Indeed, let n be a powerful number and
p™ be the largest prime power divisor of n. Then m > 2, and p™ > logn, whence
(5) follows immediately from (8). Our arguments show the following.

Theorem 4 Let m > 2. There is a computable positive constant §(m), depending only
on m, such that for any prime p with t(p) # 0,

P(z(p™) > 8(m) -loglog(p). ®)

We note that our bounds neither imply nor are implied by work of Luca and Shpar-
linski [25] who proved that

loglog(p) logloglog(p)
loglogloglog(p)

Pz (e (ph)) >

To demonstrate that these results and the techniques underlying them are somewhat
practical, we prove the following computational “coda”, solving equation (3) where
the prime divisors of a, rather than « itself, are fixed.

Theorem 5 If n is a powerful positive integer, then either n = 8, where we have
t8) =2"-3-5-11,
or
P(z(n)) > 13.
Corollary 1.1 If n is a positive integer for which t(n) is odd, then
P(z(n)) = 13. ©)
In other words, the equation
t(n) = £3°5F7711° (10)
has no solutions in integersn > 2 and o, 8, y, 8 > O.

It is conjectured that |t (n)| takes on infinitely many prime values, the smallest of
which corresponds to

7(251%) = —80561663527802406257321747.
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Ramanujan tau function 207

Our arguments enable us to eliminate the possibility of powers of small primes arising
as values of 7. By way of example, we have the following.

Theorem 6 The equation
t(n) = £q°

has no solutions in prime q with 3 < q < 100, and « > 0, n > 2 integers.

It is worth observing that the techniques we employ here are readily extended to
treat more generally coefficients A ¢ (n) of cuspidal newforms of (even) weight k > 4
for I'g(N), with trivial character and A ¢ (p) even for suitably large prime p; our results
correspond to the case of A(z) in (1), where k = 12 and N = 1. For simplicity, we
will restrict our attention to 7(n) and A(z); readers interested in the more general
situation should consult the paper of Murty and Murty [31] (see also [2]).

We should also comment on the particular choice of the constant “13" on the right
hand side of inequality (9) in Corollary 1.1 (and analogously in Theorem 5). As we
shall observe, the weaker result with 13 replaced by 11 (corresponding to equation (10)
with 6 = 0) reduces via local arguments to the resolution of a single Thue equation;
this is the content of Proposition 6 of Luca et al. [24]. Corollary 1.1 as stated requires
(apparently at least) the full use of our various techniques, including the Primitive
Divisor Theorem, solution of a variety of Thue—Mahler equations, and resolution of
hyperelliptic equations through appeal to the modularity of Galois representations
attached to Frey—Hellegouarch elliptic curves. A stronger version of Corollary 1.1
with 13 replaced by 17 in (9) is possibly within range of this approach, though com-
putationally significantly more involved. An analogous result with 13 replaced by 19
would likely require fundamentally new ideas.

This paper is organized as follows. In Sect. 2, we recall some standard congruences
for the Ramanujan-tau function that we use later in the paper. In Sect. 3, we connect
the sequence m +— t(p™~"), for a fixed prime p, to a Lucas sequence {u,, }, allowing
us to appeal to the Primitive Divisor Theorem of Bilu et al. In Sect. 4, we introduce
a sequence of homogenous polynomials W,, (X, Y) € Z[X, Y] that are intimately
connected to the {u,}. We will use these polynomials in Sect. 5, together with a
theorem of Bugeaud on prime divisors of ax” 4 by", to prove Theorem 4. In Sect. 6,
we relate the equation t(p™) = + p‘lx‘ ... pZ' to a Thue-Mahler equation, whence a
theorem of Bugeaud and Gydry enables us to deduce Theorem 3. In Sects. 7, 8 and
9, we solve the equations 7 (p*) = £¢” where k € {2,4}, p and ¢ are prime, and
3 < b < 100, and also the equations r(pk) = +3b15027b3 1164 \where 2 < k < 4 and
p is prime. Our method in Sects. 7, 8 and 9 is to associate to a hypothetical solution
a Frey—Hellegouarch curve and relate this to a weight 2 modular form of small level,
using recipes of the first author and Skinner which in turn builds on the modularity
of elliptic curves due to Wiles, Breuil, Conrad Diamond and Taylor, and on Ribet’s
Level-Lowering Theorem. In Sect. 10, we prove Theorem 5, by combining the results
of Sects. 7, 8 and 9 , and using the Primitive Divisor Theorem. Finally, in Sect. 11,
we prove Theorem 6; the results of previous sections allow us to reduce the equation
t(n) = £q° with 3 < g < 100 prime to Thue—-Mahler equations of high degree,
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which are then solved using an algorithm of the second and fourth author, von Kénel

and Matschke.

2 Congruences for the 7 function

For future use, it will be of value for us to record some basic arithmetic facts about
7(n); these are taken from Swinnerton—-Dyer’s article [38]. Here o, (n) denotes the

sum of the v-th powers of the divisors of 7.

7(n) = o1 (n) mod 21! ifn=1
t(n) = 1217 - o11(n) mod 213 ifn =3
t(n) = 1537 -011(n) mod 2'%2 ifn=>5
t(n) =705 -011(n) mod 2%  ifn=7
d 30 ifn=1
T(n) Enﬁ‘o-aml(n){ medo
t(n) =n"7(n) mod5® if5¢n

t(n) =n-o9(n) {

7(p) =0 mod 23  if pis a quadratic non-residue mod 23
7(p) =2 mod 23 if p = u?+23v% with u #0

7(p) = —1 mod 23 for other p # 23
t(n) =oq1(n) mod 691.

Lemma 2.1 Let p # 7 be a prime. Then 71 t(p?).

Proof Suppose 7 | 7(p?). Then by (14)

PB4+ p°+1=0 mod7.

But p'8 = (p®)3 =1and p? = p3> =41 mod 7 giving a contradiction.

Lemma 2.2 Let p # 5 be a prime. Then 5 { t(p?).

Proof Suppose 5 | T(p?). Then by (13)

P+ p""+1=0 mod 5.

mod 8
mod 8
mod 8
mod 8

mod 3
mod 37 ifn=2 mod3

mod7 ifn=0,1, 2or4 mod?7
mod 72 ifn=3, 50r6 mod 7

(11)

12)
13)

(14)

15)

(16)

However, this contradicts the fact that the congruence x24+x4+1=0 mod 5 has no

solutions.

Lemma 2.3 Let p # 3 be a prime. Then 9 { t(p?).
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Proof Suppose 9 | (p?). Then by (12)
(PB4 )51 1120 mod 9.

Since the congruence x24+x+1=0 mod 9 has no solutions, we obtain the desired
contradiction. O

3 Lucas sequences

In this section, for a fixed prime p with 7(p) # 0, we show that the sequence
m +— t(p™~") can be appropriately scaled to yield a Lucas sequence. We begin by
introducing Lucas sequences and recalling some of their properties, mostly following
the article of Bilu et al. [7].

A Lucas pair is a pair (¢, 8) of algebraic numbers such that « 4+ § and o8 are non-
zero coprime rational integers, and «/f is not a root of unity. In particular, associated
to the Lucas pair («, B) is a characteristic polynomial

X~ (@+B)X +aB € Z[X].

This polynomial has discriminant D = (« — ,8)2 € Z\{0}. Given a Lucas pair («, 8),
the corresponding Lucas sequence is given by

O["—,B"

Uy, = , n=0,1,2,....
a—p

Let («, B) be a Lucas pair. A prime £ is a primitive divisor of the n-th term of
the corresponding Lucas sequence if ¢ divides u, but ¢ fails to divide (@ — B)? -
uiuy . .. u,—1. We shall make essential use of the celebrated Primitive Divisor Theorem
of Biluet al. [7].

Theorem 7 (Bilu et al.) Let («, B) be a Lucas pair. If n > 5 and n # 6 then u, has a
primitive divisor.

Let £ be a prime. The smallest positive integer m such that ¢ | u,, is called the rank
of apparition of ¢; we denote this by m¢. We shall also have need of the following
classical theorem of Carmichael [12].

Theorem 8 (Carmichael) Let («, B) be a Lucas pair and £ be a prime.

() If € | B then €t uy, for all positive integers m.
(i) Suppose €1 ap. Write D = (a — B)? € Z.
(@) Ift #2and { | D, then my = L.
(b) If€ #2and (2) =1, thenmy | (£ —1).
(©) Ift #2and (2) = —1, thenmy | (¢ + 1).
(d) If¢ =2, thenmy =2 or3.
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(iii) If € 1 oap then
Ll uym < my|m.
Proof Note that the sequence {u,} satisfies the recurrence
untr — (@ + Buny1 +efu, =0,  uo=0, u; =1

If ¢ | af then u, = (@ + B)"~! (mod ¢) for all n > 1. Since & + B and «f8 are
coprime, ¢ { (o + B) and so £ { u,, foralln > 1.

Suppose now that £ t «f. Let K = Q(a) = Q(B) = Q(/D) and A be a prime of
Ok above £. We first consider (a). Here « = 8 + y where A | y. Thus

o —f (B =B _

o . nB"!  (mod A).

Uy, =

Thus € | u,, if and only if £ | n.
Next we consider cases (b) and (c) together. Note that

llu, < (@/B)"=1 (mod 1).

Thus m is equal to the multiplicative order of the image of /8 in (Og /A)*. If Dis a
quadratic residue modulo ¢, then £ splits as a product of two degree 1 primes A, A of
Ok .Thus (Og /A)* = Fjandsom, | (£—1).Finally we suppose D is a quadratic non-
residue modulo £. Then & = £k, and so the natural map Gal(K /Q) — Gal(F, /F)
is an isomorphism. Note that o and f are conjugates, and so (a/8)¢ = B/a (mod A).
Thus (oz/ﬂ)z+l = 1 (mod A), whence m, | (£ + 1). The final part of the theorem is
now also clear. O

Let us fix a prime p and consider the sequence

RIORISRITI NN (17)

We will associate to this a Lucas pair and a corresponding Lucas sequence. Our starting
point is the identity

t(p™) = (T = plr ("), (18)
valid for all integer m > 2. Once again, this was conjectured by Ramanujan [33] and
proved by Mordell [29].

Let y and § be the roots of the quadratic equation
X*—w(pXx+p' =0,
so that

y+8=1t(p) and yé=p
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Then
(y =8 = (y +8)% —dys = *(p) —4p'".

It follows from Deligne’s bounds (2) that y and § are non-real Galois conjugates. From
(18), we have

e =V :gw (19)
Lemma 3.1 Suppose t(p) # 0. Then ord,(t(p)) < 5.
Proof From (2), if p6 | T(p) and 7(p) # 0, then necessarily p < 3. However,
t2)=-2>%x3 and (3) =22 x3%x7,
providing a contradiction and completing the proof. O

Lemma 3.2 Suppose t(p) # 0. Then y /§ is not a root of unity.

Proof Observe that

t(p)?

By the previous lemma, the rational number 7 (p)?/p!! is not an integer and therefore
not an algebraic integer. It follows that y/§ is not a root of unity. O

The following is an immediate consequence of (19) and Lemma 3.2.
Lemma3.3 Ift(p) = 0 then

ifm is odd,

T(p™) =
(P (=p"Y"2 ifm is even.

Ift(p) #O0then t(p™) #0 forallm > 1.

Note that gcd(y + 8, y8) = ged(z(p), p'!) = 1 if and only if p { 7(p). Thus the
sequence m — 7(p™~!) is a Lucas sequence precisely when p 1 7(p). We note that

p | t(p) for

p=2,3,57,2411,7758337633, ...

We expect that p | 7(p) for infinitely many primes p; see Lygeros and Rozier [26] for
a discussion of this problem and related computations. We will scale the pair (y, §) to
obtain a Lucas pair, provided t(p) # 0.
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212 M. A. Bennett et al.

Lemma 3.4 Suppose t(p) # 0. Write r = ord, (t(p)) and let

Then («, B) is a Lucas pair. Denoting the corresponding Lucas sequence by u,, we

have

T(p" )
n=—t ozl (20)

p
Moreover, p { uy, foralln > 1.
Proof Note that o + 8 = t(p)/p” and af = p''~?" are coprime rational integers
thanks to Lemma 3.1. The identity (20) follows immediately from (19). The last part

is a consequence of part (i) of Theorem 8 since p | «f.
For future reference, we note that, for {u,}, we have

D=@—p?=p (Pp—4p"). e

4 On three sequences of polynomials
We begin by defining, for m > 0, a sequence of polynomials H,,(Z, W) € Z[Z, W]

Zzm—-w™/N(Z—-W) ifm isodd

(Z" — W™y /(Z> = W?)  ifm iseven. @2)

Hn(Z, W) = {

Let G be the group generated the involutions «; and k2 on Z[Z, W] given by

Z+— —Z, Z— W,
K N .
Ylw s —w, Wi Z.

We compute the subring of invariants Z[Z, W]°.
Lemma4.l Z[Z, W]¢ = Z[ZW, (Z + W)?2].

Proof 1t is clear that Z[ZW, (Z + W)?] belongs to the ring of invariants. Let F €
Z|Z, W]belong to the ring of invariants. We would like to show that F € Z[ZW, (Z+
W)2]. Observe that k7 and k2 send monomials to monomials and preserve the degree.
Thus every homogenous component of F' belongs to the ring of invariants, and we
may suppose that F is homogeneous. As F is invariant under « it has even degree,
2n say, and we may write

2n
F =Y az"w”*
k=0
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As F is invariant under k, we have ay = ap,_; fork =0, ..., n. Thus

F =ag(Z" + W) +a (ZW)(Z*"72 + W2) 4 ay(ZW)2 (224 4+ w4
4+ a (ZW)".

To complete the proof all we need to show is that 724 W e Z[ZW, Z + W)z]
for all n. This follows from an easy induction using the identity

ZM 4 W = (Z+ W) =2ZW) - (Z" 2+ W2
_ (ZW)2 . (Z2n—4 + W2n—4)_

]

Note that the H,,(Z, W) are invariant under k1, k2 and so belongs to the invariant ring
ZIZW, (Z + W)2]. It follows that there is a sequence of polynomials F,,(X,Y) €
Z[X, Y] such that

Fu(ZW ., (Z +W)?) = H, (Z, W). (23)

The following lemma aids in the computation of the F,,.

Lemma 4.2 The sequence F,,(X,Y) € Z[X, Y] satisfies
Fo=0, Fi=Fh=1 F3=-X+Y,
and the recurrence
FniaX,Y)=(2X4+Y) - F(X,Y) — X2 Fu_s(X,Y), form > 2. (24)

Proof Since Hy = 0 and H; = H, = 1 we have Fy = O and F; = F>» = 1. Moreover,
Hy=Z2>+ZW+W2=—ZW + (Z+ W)*so F; = —X + Y. The map

ZIX, Y] = ZIZW,(Z+W)?], X ZW, Y > (Z+ W)?

is an isomorphism of rings that sends F,,, (X, Y) to H,,(Z, W). Applying this isomor-
phism to (24) gives

Hys2(Z, W) = (Z> + WHHW(Z, W) — (ZW)* Hpy—2(Z, W)

and so it is enough to prove this identity. However this identity easily follows from
the definition of H,, in (22). O

Lemma 4.3 If m and n are positive integers, then

(1) Fy, is homogeneous of degree | (m — 1)/2].
(i) F, | F,, whenever n | m.

Proof These follow immediately from the corresponding properties for the H,,. O
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214 M. A. Bennett et al.

Lemma4.4 Letm > 3. Then

Lon—1)/2]
Fu(X.Y)= T[] (¥ —4cos’(mj/m)X)
j=1

Proof Fix m > 3 and write ¢ = exp(2wi/m). Note that

Lon—1)/2] ' '
Hu(Z, W) = II (Z—-W)NZ—-¢TW)
j=1
Lom—1)/2] _ '
= [[ @+w-@/+cHzw)
j=1
Lm—1)/2] _ '
= I @+wy’ -« +c7+2zw)
j=1
Lm—1)/2]
= [l «z+w)y?-@+2cos2nj/myzw)
j=1
Lm—1)/2]
= [l «z+w)?—dcos@xj/mzw).
j=1

The lemma follows.
Next we define

Ln—1)/2]
Ua(X.¥)= ] (¥ —4cos’(mj/m)X).

j=1
(j,m)=1
Note that ¥, (X, Y) € Z[ X, Y]. Indeed,

Fn(X.,Y)

U, (X,Y) = )
m(X. Y) LCM{F,(X.,Y) : n|m, n <m)}

(25)

(26)

It follows that W, (X, Y) | ¥, (X, Y) (with the divisibility being valid in Z[X, Y])

whenever m | n. From (25) and (26), we see that

Fu(X.Y) =] Wa(X. 7).
dlm

We deduce that
W, (X, V) = [ | Fa(X, Yy
dlm

@ Springer
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where 1 denotes the Mobius function.

Lemma4.5 Let m > 3 and write §, = exp(2wi/m). The polynomial V,,(1,7Y) is
monic and irreducible of degree ¢ (m)/2. It is a defining polynomial for the abelian
extension Q&)+ /Q.

Proof Recall that Q(¢n)t = Q¢ + ¢, 1). The elements of the Galois group for
Q(&m)/Q are the automorphisms o : &y +> &) with ged(j, m) = 1. Therefore

Galois conjugates of ¢, + ¢, ' 4 2 are precisely {,,j; + Cm /42 with ged(j,m) =1,
and these are the roots of ¥, (1, Y). The lemma follows. O

We shall need the following weak bound for the coefficients of W,,,.

Lemma 4.6 The coefficients of W,, are bounded in absolute value by 5¢™/2.

Proof The roots of the monic polynomial Wy, (1, Y) are bounded in absolute value by
4. Writing W, (1, Y) = Y a;Y" and (44Y)?™/2 = 3" b, ¥ we have |a;| < b;. Thus

> lail <> b =502,
O

Lemma4.7 Let m > 3 and write ¢,, = exp(2mi/m). Write h,, and Ry, for the class
number and regulator of K, = Q(&). Then as m — 00,

log(hy) = O(mlogm), log(hm Ry) = O(mlogm)

where the implicit constants are absolute and effective.
Proof Write d = ¢(m)/2 for the degree of K,,. By [39, Propostion 2.7] and [39,
Lemma 4.19],

1 1
log(|Disc(Km)l) = Elog(DiSC(Q@m))) = §¢(m)10g(m)-

A theorem of Lenstra [21, Theorem 6.5] asserts that for a number field K of degree
d > 2, signature (r, s), absolute discriminant D, class number / and regulator R,

1
d—1)!

h < “A-(d—1+1ogA)*, A=@2/7) D'

and

hR < “A-(d—1+1og A)* - (log A)*—17.

= @d-1!

We take K = K,,, s0d = ¢(m)/2, s = 0, and A = |Disc(K,,)|'/. The lemma
follows. o
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216 M. A. Bennett et al.

We can also deduce the bound log(h,, R,,) = O(mlogm) from the Brauer—Siegel
theorem, at the cost of introducing ineffectivity.

Lemma 4.8 Let p be a prime. Then, for m > 1,

0 ifm isodd

t(p" ) = t(p)f - Fu(p'l, t(p)?), s={ L
1 ifm iseven.

In particular, \l—’m(p“, t(p)2) | T(p’"_l).

Proof From (19)

7( mfl)_ y" =" ) Hu(y,90) if m is odd
P T S T+ O (. 5) ifmiseven,
where y + 8 = 7(p) and y8 = p'!. The lemma follows from (23). O

Lemma4.9 Let m = 5 or m > 7. Then precisely the same primes ramify in L, =

Q@m) asin Ky, = Q(gm)+-

Proof Note that form € {2, 3, 4, 6}, we have K,, = Q so the conclusion of the lemma
is false in those cases.

By the proof of Proposition 2.15 of [39], we know that L,, /K, is unramified if m
is divisible by at least two distinct odd primes, or divisible by 4 and an odd prime.
We may therefore suppose that m € {24, p®, 2p“} where p is an odd prime and a is a
positive integer. If m = 2 with a > 3, then K, has degree 2~ > 1, and the set of
ramified primes for both L,, and K,, is {2}. Let p be an odd prime and @ > 1. Then
Lypa = Lpa and Kppa = Kpa. Now the set of ramified primes for L« and K pa is
just {p} as long as the degree ¢(p“)/2 of K e is > 1. The lemma follows. m]

Lemma4.10 Letm = 5orm > 7. Let x and y be coprime integers, and q be a prime.
Suppose g% || V,,(x,y) with a > 1 an integer. Then either ¢ = +1 (mod m) or
q“ |m.

Proof Write L,, = Q(¢,). Recall the isomorphism

(Z/mZ)* = Gal(Ly/Q),  j + (0] : &n > ).

The subfield K,,, = Q(¢, + {,,Zl) is the fixed field for (0_1) = {01, 0-1}. Let ¢ be
a rational prime that does not ramify in K,, (and hence in L,, by Lemma 4.9). The
Frobenius automorphism for ¢ is simply o,,. The prime ¢ splits completely in K, if
and only if the restriction of o, to K, is trivial. This is equivalent to o, € {01, 01}
and therefore equivalent to ¢ = +1 (mod m).

LetA = ¢ + ;“,,Z] + 2. This is a root for W, (1, Y) and also a generator for K,,.
Note [39, Proposition 2.16] that Ok, = Z[A]. We are given that g | W,,(x, y). Since
W, (1,Y) is monic, if g | x then g | y giving a contradiction. Hence ¢ t x and so
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W, (1, y/x) = 0 (mod ¢q). By the Dedekind—Kummer Theorem, there is a degree 1
prime ideal q above g. As K,,/Q is Galois, all primes above ¢ must therefore have
degree 1. Thus ¢ is either totally split or ramified in K,,. If g is totally split, then
g = £1 (mod m) and we are finished.

We shall therefore suppose that ¢ is ramified in K,,. Let q, ..., q, be the prime
ideals of Ok, above g. Write G for the Galois group of Gal(K,,/Q), and let I be
the inertia subgroup for q;. As G is abelian, / is also the inertia subgroup for all
;- Thus qf = q; forall 0 € I and fori = 1,...,r. Since ¢ is ramified, I # 1.
Fix o; € Gal(L,,/Q) whose restriction to K, is a non-trivial element of /. Thus
ged(j,m) = 1and j # £1 (mod m). Write A; = & + &n” +2 = 0j(1).

We factor the ideal (y — Ax)Ok,, as

(y —Ax)Ok,, = ab (28)
where a, b are ideals with a supportedon qy, . . ., q,, and b not divisible by q1, .. ., g,.
By assumption g || W;,(x, y). However W, (x, y) = Normg,, /@(y — Ax) and thus
Normg,, /p(a) = ¢g“. Note that any ideal dividing both x and a must also divide y by

(28). As x, y are coprime, we deduce that x and a are coprime.
Since g% = q for all q | a, we have a°/ = a. Hence a divides

(v = A7x) = (y = hx) = (L = A7)x.
Thus a divides
A= 27= G G ) = GG ”) = 6 @ = D@ =

and it follows that ¢>* = Normg,, /k (a)? divides

(Normg,, /o(x — A%7))* = Normp,,, /(% — A%7)
= Normy,, 0@t — 1) - Normp, o’ — 1.

This divides ]_[:"z_]l (;,’;1 — 1) = m?. Hence ¢“ | m as required. O
Lemma4.11 Let p be a prime and suppose T(p) # 0. Let r = ord, (t(p)) and write

2
T
x=p11_2r and y = (p) .
p2r

Let {u,} be the Lucas sequence defined in Lemma 3.4. Then, for m > 3,

Wy, (e, y) = [ Julf ™. (29)
dim

Moreover, if m =5 orm > 7, then U, (x, y) is divisible by some prime £ { m.
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Proof Note that x and y are in fact integers by Lemma 3.1, and are coprime by the
definition of r. Let {u,,} be the Lucas sequence defined in Lemma 3.4. Thus

" o —p

. ap=p'"T, a+B=t(p)/p.

== T T4 B
Write
0 if misodd
e(m) = .
1 if m is even.
Then
Fn(x.y) = = En(pM 2(p)%)
m Y= ardeg(Fy TP TP
t(p"

= DR 7)o (by Lemma 4.8)

pr(m—l) U
= prrdee(Fn) . g (p)em”

However, since deg(F,,,) = [ (m — 1)/2], it follows that

(m)
Py
Fm(xvy):< ) U

t(p)
By (27),
roN Zdpm E(d)p(m/d)
Wy (x, y) =< b ) Tl
T(p) dm
It is easy to see that
0 ifm#2
Y e@umiay={° "7
1 ifm=2.
dlm

This completes the proof of (29).

Now let m = 5 or m > 7. By Theorem 7, the term u,, has a prime divisor ¢ that
does not divide (o — ﬂ)2 nor ujus - - -y —1. By Theorem 8, we know that £ # p, that
m = my,and thatm | (¢ — 1) orm | (¢ + 1). In particular, £ { m. From (29), we have
£ | Y, (x,y) as required. O
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5 Proof of Theorem 4

We shall need the following theorem [9, Theorem 1].

Theorem 9 (Bugeaud) Let K be a number field. Let u > 2 and v > 3 be integers,
and let a, b € Og\{0}. There exist effectively computable positive constants €1, &3
depending only on a, b, u, v and K such that every pair of coprime x, y € Ok with

max{|Normg ,q(x)], |[Normg,o(y)|} > &1
satisfy
P(ax" +by") > &> -loglogmax{|Normg o(x)|, [Normg q(y)|}.
In the above theorem, P (8) for § € Ok denotes the largest rational prime that is below
a prime ideal dividing §.

We now prove Theorem 4. Let p be a prime and suppose 7(p) 7# 0. Let m > 3.
We want to show that

P(x(p™ ")) >, loglog p.

Let r = ord,(r(p)) and recall that ordp(r(p’”_l)) = r(m — 1) by Lemma 3.1. If
r > 1 then

P(x(p™") = p,

whereby we may suppose that » = 0. Recall that W,, (p!!, (p)?) | t(p™ by
Lemma4.8.Let K = K, = Q(¢,) T and let A = &, + ;,;1 + 2 which is a root of the
monic polynomial ¥, (1, Y). Then

W (p'!, 1(p)?) = Normgg(x(p)® — 1 - p'")
and therefore
Pa(p" ) = P t(p)?) = P@(p)* =i p'.
We now apply Bugeaud’s theorem withu =2, v = 1l,a = 1,b = —X, x = t(p),

y = p to deduce that P(t(p)2 — 1 - p'1) >, loglog p. This completes the proof.

6 Proof of Theorem 3

In this section, we prove Theorem 3. For this we appeal to a result of Bugeaud
and Gyory [10] which provides bounds for solutions to Thue—Mahler equations. Let
F(X,Y) € Z[X, Y] be an irreducible binary form of degree n > 3, and let b a non-
zero rational integer with absolute value at most B > e. Let H > 3 be an upper bound
for the absolute values of the coefficients of F.
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Let o1, oy and a3 be three distinct roots of F (1, Y). Define
M = Q(a1), Mz = Q(a1,a2,3) and N = [Mo3 : Q].

Write Ay for the class number of M and Ry for its regulator. Let pq, pa, ..., ps
(s > 0) be distinct primes not exceeding P. Consider the Thue—-Mahler equation

F(x,y) = b-p{'ps*---p¥, x,y,z€Z,  ged(x,y, pip2 - ps) =1
(30)

For a positive real number a, we write log* a = max{l1, loga}.

Theorem 10 (Bugeaud and Gyory) All solutions to (30) satisfy

logmax{|x|, [yl, p{' - p{} <
c(n,s) - PN - (log P)"*2 . Rythyy - (log* (Ryhwn)* - (R + shy + log(H B)),

where

C(l’l, S) — 311(25+1)+27 _n2)1(7s+13)+13 . (S + 1)5)1(S+1)+15.
The theorem as stated is the first part of Theorem 4 in [10], with only one minor
difference. In [10] the authors take N = n(n — 1)(n — 2). However, in their proof
N is simply taken as an upper bound for the degree [M23 : Q], and so we can take
N =[M23 : Q].

We now embark on the proof of Theorem 3. In what follows 12, 13, . .. will denote
absolute effectively computable positive constants. Let us fix a prime p and suppose
7(p) # 0. We will in fact show that

loglog(p™)

T — (€19
logloglog(p™)

Px(p" ") = n

for m > 3 which implies (7). In view of Theorem 4 (which was proved in Sec-
tion 5), we shall suppose that m = 7,9, 11 or m > 13. In particular, ¥,,(X, Y) is
irreducible of degree ¢(m)/2 > 3. Write r = ord,(t(p)). By Lemma 3.4, we have
ordp(r(pm_l)) =r(m — 1). Recall that r = ord,(r(p)) < 5 by Lemma 3.1. Let

11-2r
9

x=p y =1t(p)*/p™,

and observe that gcd(x, y) = 1. By Lemma 4.8, we know that W,, (x, y) is a divisor
of T(p"~1) and therefore

PE(p" ") = P(Wn(x.y)).
To prove (31), we shall show that

loglog(p™)

——— = (32)
logloglog(p™)

P(Wn(x,y)) > n3-
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By Lemma 4.10, we can write
Wy (x,y) = b-py'ps*---p&, (33)
where the p; are primes, and
blm, pj=4+1 (modm) and p; < pr <--- < ps.

From Lemma 4.11, we have s > 1. It is clear that

s < ng- Ps.

m
In what follows we make use of the following inequalities
n < m and ns < ms < n4- ps.

Moreover, since p; = £1 (mod m), we have

ps = m—1.
We will apply Theorem 10 to (33). We take

F=WV,, B=m, P=ps, n=N=¢(m)/2 and H =5"2
where the choice of H is justified by Lemma 4.6. By Lemma 4.7, we have
log(hyv) < ns-mlogm and log(hmRy) < ne - mlogm.

Since x = p'!=%" with r < 5, we have loglog p < loglog x. Taking logarithms in

Theorem 10, and making repeated use of the above inequalities and bounds, yields
loglogp < n7- ps - log ps.
But

loglog(pm) = loglogp + 10gm < n7-ps- log Ps
+log(ps +1) < ng- ps - log ps.

The desired inequality (32) follows, completing the proof of Theorem 3.

7 The equation 7(p?) = k - q°
In this section we establish the following two propositions.
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Proposition 7.1 Let 3 < g < 100 be a prime. The equation
t(p?) = +¢°, pprime, b>0 (34)

has no solutions.

Proposition 7.2 The equation
(p?) = £30152753 115 pprime, by, by, b3, by >0 (35)

has no solutions.
We consider first the following general equation.

(p?) = « ~qb, p12kq prime, b >0. (36)

Here « is an odd integer, ¢ is an odd prime, and we assume for convenience thatq { k.
Recall that 7( pz) =1( p)2 — p1 1 Equation (36) can be written as

P+ Ge-gh) 1t = 2 (p)?

and so is an equation of signature (11, 11, 2). Following the first author and Skinner
[5], we associate to a solution of (36) the Frey—Hellegouarch curve

E, : Y2=XX?+2t(p)X +t(p)>—p') ifp=1 mod 4,
E, : Y2=X(X>+2t(p)X + p'h) if p=3 mod 4.

Let

_{25-Rad(/<)-q.p ifb>0 |2 Rade)-q if111b a7

2% Radx)-p  ifb=0, |25 Radx)  if11]b.

Here Rad(x) denotes the product of the prime divisors of k. The Frey—Hellegouarch
curve E, has conductor N. Moreover, it follows from the recipes of the first author
and Skinner [5] (based on the modularity theorem and Ribet’s level lowering theorem)
that there is a normalized newform

f=a+) cd" (38)
n=1

of weight 2 and level N" and a prime @ | 11 in the integers of K = Q(cy, ¢2,...) 0
that

PE, 117~ Pf o (39
The restrictions on « and g being coprime odd integers merely reduce the number of

possibilities for N, N’, yet cover all the cases we are interested in solving. The restric-
tion p 1 2k ¢ is needed so that the minimal discriminant A of the Frey—Hellegouarch
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curve E, satisfies ord,(A) = 0 mod 11 which is necessary for application of Ribet’s
level lowering theorem in order to obtain a weight 2 newform f of level N’ not divisible

by p.
Throughout what follows, £ will be a prime satisfying

€r2-11 - kqp. (40)

Then, taking traces of the images of the Frobenius element at £ in (39) we obtain
a¢(Ep) = ¢ mod o and so

Normg /g(ae(Ep) —c¢) =0 mod 11. 41)

We shall use both the congruences for the 7-function (11)—(15) and also (41) to
derive congruences for b.

Lemma 7.3 Let (p, b) be a solution to (36) and suppose p # 3, 23. Let £ be a prime
satisfying (40). Let

Ar={(s,1) 1 s, t€Fy, s£0 mod ¢, >—s'"#£0 mod ¢},

and
Ay e£3,5, 7, 23;
{(s,t) e A3 : t=s+1 mod 3} {=3;
Be=1{(s,1) e As : t =s%(s>+1) mod 5} L=75; (42)
{((s,0) e A7 : t=s(s>+1) mod 7} =71,

{(5,0) 15 € F3\(F3)2 U {(s, 1) :s € (Fy)?, r=2, — 1} £=23.
For (s, t) € By let

E1/Fe @ Y2 =X(XP+ 22X +17—s'h),
Egi3/Fe : Y2 = X(X2+20X +s').

Let f be a newform of weight 2 and level N’ so that (39) is satisfied, and cg be its £-th
coefficient. For j =1, 3, let

Ce,j(f)=1{(s,1) € By : Norm(a¢(Es,; ;) —c¢) =0 mod 11}, 43)
and
De i (f) =1 —s" : (s,1) € Coj(f)} S Fy.

If p =1 mod 4 then (k - ¢ mod ¢) € Dea1(f). If p = 3 mod 4 then (k - g°
mod ¢) € Dy 3(f).
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Proof Since £ t 2kgp, and (p)? — pM' = 1(p?) = « - ¢® we see that there is some
(s, 1) € Agsothat (p, t(p)) = (s,t) mod £. Moreover, from the congruences for t in
(12)—(15) there is some (s, t) € By sothat (p, t(p)) = (s,t) mod ¢£;itis here that we
make use of the assumption p # 3, 23. For such a pair (s, ¢), the reduction modulo £ of
the Frey—Hellegouarch curve E, is Ej ; j /IF¢, where j = 1 or 3 according to whether
p = 1or3 mod 4. Thus a¢(Es, ;) = a¢(Ep). Hence, Norm(a¢(Es; j) —c¢) =0
mod 11 by (41), and so (s, 1) € Cy ;(f). Since t? — s!! = 7(p)? — p!l =« - ¢°
mod ¢ we see that (k - qh mod £) € Dy ;(f). O

For any prime £ satisfying (40), the lemma gives congruences for ¢” modulo ¢, and
hence leads to congruences for » modulo O;(g), where O;(g) will be our notation
for the multiplicative order of ¢ modulo ¢. This idea is formalized in the following
lemma.

Lemma7.4 Let (p,b) be a solution to (36) with p # 3, 23, and let M be a positive
integer satisfying 22 | M. Define €1 and &£z via

E={0<B<M-1:«-q?=3 mod4} and
E={0<B<M-1:k-¢) =1 mod 4)}.

Let f be a newform of weight 2 and level N’ so that (39) is satisfied. For j = 1, 3,
define

{Be& : 11{B} if N'=2°-Rad(x)-q
{Be& : 11| B} if N =25 Rad(k).

Fi(f) =
Suppose now that L is a set of primes satisfying
01211 kqp.  Oulq) | M. (44)
Fort e Land j =1, 3, let

Gej(f) = 1B € Fi(f) : (c-q” mod &) € Dy ;(f)}.

Let

Hi(f) = [ Gei(h)

tel

If p =1 mod 4 then there is some B € H1(f) such thatb = B mod M. If p
mod 4 then there is some B € H3(f) such thatb = mod M.

1
w

Proof Let0 < 8 < M — 1 be the unique integer suchthat 8 = b mod M.Letj =1,
3 according to whether p = 1 or 3 mod 4 respectively. As 2 | M and ¢ is odd we
have « - g# =« - ¢” mod 4. Note from (11) that
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g’ =k-q"=7(p?
3 mod4 ifp=1 mod4

2 1 _ 2 —
=ptmp =il 1 mod4 if p=3 mod4.
Thus g € &;.

Also 11 | M. Hence 11 | b if and only if 11 | B. From the definition of N’ in (37)
we see that 8 € F;(f).

Now let £ € £. By Lemma 7.3, we know that (« - g” mod ¢) € Dy, j(f). However
O¢(q) | Mand M | (B —b). Thus k - ¢ =« - ¢ mod ¢, and so («x - ¢# mod ¢) €
Dy, ;(f). We deduce that 8 € Gy ;(f) forall £ € L. Therefore 8 € 'H;(f) completing
the proof. O

Proof of Proposition 7.1 We checked that (34) has no solutions with p < 200 for
primes 3 < g < 100. We shall henceforth suppose that p > 200. In particular, p # q.
Moreover, any solution to (34) is a solution to (36) with k = 1 or —1. For a given
3 < g < 100 we shall let

M=396=2%.32.11, L={3<£<200prime, £ #11, q : Ou(q) | M}.

Observe that since p > 200 that every £ € L satisfies (44).

Suppose first that 11 | b and write b = 11c. Then (x, y, z) = (p, £4¢, t(p)) is
a solution to the equation x!! + y!! = 72 satisfying ged(x, y, z) = 1. Darmon and
Merel [13] showed that the equation x" 4 y" = z2 has no solutions (x, y,27) € 73
with n > 4, ged(x, y, z) = 1. This contradiction completes the proof for g # 3.

Thus 111 b, and so in (37) the level is N’ = 23g. We will consider the case ¢ = 3
a little later. Suppose 5 < g < 100. We wrote a Magma script which for each prime
5 < g < 100, computes the weight 2 newforms f of level N’ = 2°¢, and the sets
H1(f) and H3(f) both for k = 1, « = —1. We found all of these to be empty. By
Lemma 7.4, we conclude that (34) has no solutions with 5 < ¢ < 100.

It remains to consider the case ¢ = 3. By Lemma 2.3, we see that b = 0 or 1. But
111 b, therefore b = 1. Thus

t(p)? — p!l ==£3. (45)

We consider this modulo 23 using (15). If p is a quadratic non-residue modulo 23, then
p'' = —1 mod 23 and 7(p) =0 mod 23 giving a contradiction. If p is a quadratic
residue modulo 23, then p!'! =1 mod 23 and 7(p) = 2, —1 mod 23. We conclude
that 7(p) =2 mod 23 and t(p)? — p'! = 3. Thus

@ (p) + V3 (p) V3 = p'l.
The two factors on the left-hand side are coprime integers in Z[+/3]. We see that
t(p)+V3=0Q2+V3)Y",  yeZlV3], Nom()=p, 0=<a=<l0.
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Letgq=(2+ 3«/§)Z[«/§]. Then 23Z[\/§] = qq. Since q has residue field 23, we see
that y!' = £1 mod gq. Moreover, as 7(p) = 2 mod 23 we have

24+/3=+2++/3)* mod q.

However, 2 + /3 has multiplicative order 11 in Z[«/g] /q=T23.As0<a <10, we
conclude that a = 1. Thus

TP +VI=Q+VHU+VYR', U Vel
Comparing coefficients of +/3 we obtain the Thue equation

U+ 220"V +165U0°V? + 990U V3 + 297007 v48316U°V? +
+12474U° VO + 17820U* V7 + 13365U°3 V8 + 891002V
+2673U V10 4+ 486V = 1.

The Magma Thue equation solver (based on algorithms in [36]) gives that the only
solution is (U, V) = (1,0). Thus p = U? — 3V? = 1 which is a contradiction. O

Remark. The reader might be wondering if the case 11 | b can also be tackled using
Lemma 7.4 instead of appealing to Darmon and Merel. In that case, N’ = 32, and
there is precisely one weight 2 newform f of level 32. This has rational eigenvalues
and corresponds to the elliptic curve

E:Y'=X-X.

Let £ # 2 be a prime. By inspection of the definition of B, in Lemma 7.3, we
note that (—1,0) € B and that E_j o3 is the reduction modulo ¢ of the elliptic
curve E. Thus a¢(E_1,03) = a¢(E) = c¢ where c; is the £-th coefficient of f.
Thus (—1,0) € Cr3(f), and therefore 1 € Dy 3(f). Let « = 1. Going through the
definitions in Lemma 7.4, it it easy to verify that 0 € H3(f) regardless of the choice
of M and L. Hence we cannot use Lemma 7.4 to rule out the case xk = 1 and 11 | b.
There is a similar explanation for why we are unable to use Lemma 7.4 on its own
to rule out the case ¢ = 3, « = 1 and 11 1 b. Here N’ = 96. There are two weight 2
newforms of level 96 and we take f to be the one corresponding to the elliptic curve

E : Y?=X3+4X?+3X.

Let ¢ { 6 be a prime. We note that (1,2) € By. Moreover, E| 5] is the reduction
modulo £ of E. Hence a;(E12,1) = a¢(E) = c¢ which is as before the £-th coefficient
of f. We therefore have (1, 2) € C¢(f) andso 3 € Dy 1(f). It follows, for x = 1, that
1 € H(f) regardless of the choice of M and L.

Proof of Proposition 7.2 Again we checked that equation (35) has no solutions with
p < 200 so we may suppose that p > 200. Moreover, by Lemmas 2.1, 2.2 and 2.3
,wehave by = 0or by = 1, and by = b3 = 0in (35). If b1 = 0 then equation (35)
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becomes 7(p)> — p!! = 4117+ which does not have any solutions by Proposition 7.1.
Hence b1 = 1. For convenience we write b for b4, so equation (35) becomes

(p)? —p'l ==+3-11°. (46)

We apply Lemma 7.4 with ¢ = 11 and x = +3. Here N’ = 96 if 11 | b and
N’ =96 x 11 = 1056 if 11 1 b. For the newforms f at both these levels and for k = 3
and k = —3, we computed H;(f) and H3(f). We found that all these are empty with
precisely one exception. For that exception « = 3, and f is the newform of level 96
corresponding to the elliptic curve E with Cremona label 96a1l :

https://www.lmfdb.org/EllipticCurve/Q/96al/

where we find

Hi(f) = {0, 22, 44, 66, 88, 110, 132, 154, 176, 198, 220, 242, 264, 286,
308, 330, 352, 374},

and so Lemma 7.4 does not provide a contradiction. However, we know that if (p, b)
is a solution to (46) then pg 11 ~ Df o ~ PE 11- Suppose b # 0. Then the Frey—
Hellegouarch curve E ), has conductor 96 - 11 and so multiplicative reduction at 11.
The curve E has conductor 96 and hence good reduction at 11. Comparing the traces
of Frobenius at 11 in the two representations PE, 11 ~ PE 1 (see [19]) we obtain
+(11 4+ 1) = a11(E) mod 11. However, ajj(E) = 4 giving a contradiction. Thus
b = 0. Equation (46) now becomes equation (45), which we showed, in the proof of
Proposition 7.1, to have no solutions. This completes the proof. O

8 The equation 7(p*) = K - q°

In this section, we establish the following two propositions.

Proposition 8.1 Let 3 < g < 100 be a prime. The equation
t(pY = +¢°,  p prime, b=0 (47)
has no solutions.
Proposition 8.2 The equation
(ph = £3015275311%4 p prime, by, by, bz, by >0 (48)
has no solutions.

We consider first the following general equation.

t(pY = «k-q°,  pt2kqgprime, b=>0. (49)
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Here « is an odd integer, ¢ is an odd prime, and we assume for convenience that
q 1 5k, ords(k) =0or 1.

Using the recursion (18) we find that

t(ph) =t(p* =3p" e (p)? + p*.
which can be written as

4r(ph) = Qu(p)* = 3p'H? —5p*. (50)
We may therefore rewrite (49) as

SO+ @k 1T = 2e(p)? =3p',

which is an equation of signature (11, 11, 2). As before we follow the first author and
Skinner [5], and associate to a solution of (49) the Frey—Hellegouarch curve

E, : Y2=XX?+@p" =2t (p)H)X

+r(p)* =3p' e (p)? + p*) if p=1 mod 4,
E, : Y?=X(X?*+ Qtu(p)? -3pHx
+7(p)* = 3pte(p)? + p*) if p=3 mod 4.
Let
23.5.Rad(k)-q-p if b > 0,ords(k) =0
23.5.Rad(k) - if b =0, ords(x) =0
N=12 ad(x) - p 1 ords (k) 51)
2°.5%-Rad(k/5)-q-p ifb > 0,o0rds(k) =1
23 .52 .Rad(x/5) - p ifb=0,o0rds(k) =1,
and

23.5.Rad(x) - ¢ if 1115, ords(k) =0
23 .5 . Rad(x) if 11| b, ords(k) =0
23.52.Rad(x/5)-q if111b,ords(x) =1
23 .52 . Rad(x/5) if 11 | b, ords(k) = 1.

(52)

The Frey curve E ), has conductor N, and again it follows from the recipes of the first
author and Skinner [5] that there is a normalized newform f as in (38) of weight 2 and
level N” and a prime @ | 11 in the integers of K = Q(cy, c3, .. .) so that (39) holds.
Throughout what follows, ¢ will be a prime satisfying
£+2-5-11-k-q-p. (53)
As before (41) holds.
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Lemma 8.3 Let (p, b) be a solution to (49) and suppose p # 3, 23. Let £ be a prime
satisfying (53). Let

Ar={(s.1) : s, 1€Fy, s#£0 mod, *—3s"24+5*2£0 mod ¢},

and let By be as in (42). For (s, t) € By let

Esi1/Fy Y2 = X(X? 4 @s't —2:)X + 1% — 351 +5%2)
and

Egi3/Fe : Y2 = X(X2+ 2% = 3s")X 14 = 3511 + 57,
again corresponding to p = 1 mod 4 and p = 3 mod 4, respectively. Let f be a
newform of weight 2 and level N' so that (39) is satisfied, and c; be its £-th coefficient.
For j =1,3, letCy j(f) be as in (43), and let

Do i (f) = 1t* =352 +522 ¢ (5,1) € Coj ()} C Fy.

If p =1 mod 4 then (k - q" mod £) € Dy1(f). If p = 3 mod 4 then (k - ¢°
mod €) € Dy 3(f).

Proof The proof is practically identical to that of Lemma 7.3. O

Lemma 8.4 Let (p, b) be a solution to (49) with p # 3, 23. Let M be a positive integer
satisfying 22 | M. Let

E={0<B<M-1:k-g°=1 mod4)}.
Let f be a newform of weight 2 and level N' so that (39) is satisfied. Let

{Be& : 1118} ifN'=2%.5-Rad(k)-qor2® 5% Rad(k/5) - q
(Be& : 11| B} if NN =2°.5-Rad(x) or2’ - 5% - Rad(x/5)

F(f) =
Let L be a set of primes satisfying
£42-5-11-«qp, O¢(q) | M. (54)
Forte Land j=1,3
Gej(f) = (BEF() : (c-q° mod &) € Dy ().

Let

Hi(f) = [ Gei(h)-
el
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If p =1 mod 4 then there is some B € Hi(f) suchthatb = mod M. Ifp =3
mod 4 then there is some € H3(f) such thatb = mod M.

Proof This is almost identical to the proof of Lemma 7.4. The main difference is that
the sets £, F(f) do not depend on the class of p modulo 4, and we explain this now.
Observe from (11) that

k- =t(pH=p*+pP +pP+p +1=3+2p=1 (mod4)

regardless of the residue class of p modulo 4. O

Lemma 8.5 The equations t(p*) = +1 and t(p*) = £5 have no solutions with p
prime.

Proof From the proof of Lemma 8.4, we know that r(p4) = 1 (mod 4). Thus we
need only consider the equations 7(p*) = 1 and 7(p*) = 5. Suppose 7(p*) = 1 and
write 7 = 2'1:(p)2 — 3p“. From (50) we have

22 —5pP =4,

Write ¢ = (1 4+ +/5)/2. Then (|z| + p''+/5)/2 is a positive unit in Z[e] with norm
+1. Hence

11 3
#— = e=(1+5))2

for some n € Z. Thus

1n_ ¢

S

where F, denotes the n-th Fibonacci number. By [11] the only perfect powers in the
Fibonacci sequence are 0, 1, 8 and 144, giving a contradiction. Alternatively, F», =
F, L, where L, is the n-th Lucas number. From the identity L% — SFn2 =4.(-D"
we see that gcd(F,, L,) = 1 or 2. Thus F, = 1 or L, = 1 quickly leading to a
contradiction.

Next we suppose that 7(p*) = 5 and write z = Sw. Hence

5w? — p22 =4
and it follows that there is an integer n such that
11

p :8n+§n=Ln9

where L, denotes the n-th Lucas number. By [11], the only perfect powers in the
Lucas sequence are 1 and 4, again giving a contradiction. O
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Proof of Proposition 8.1 We checked that (47) has no solutions with p < 200 for
primes 3 < g < 100. We shall henceforth suppose that p > 200. In particular, p # g.
Moreover, any solution to (47) is a solution to (49) with « = 1 or —1.

We consider g = 5 first. By (50), ords(t (p4)) = 0 or 1. Thus we reduce to the
equations 7 ( p4) = =41 and 7( p4) = #£5. These do not have solutions by Lemma 8.5
and hence we may assume that ¢ # 5. From Lemma 8.5 again we have b > 0. By
(50), 5 is a quadratic residue modulo g. The possible values of g are

11, 19, 29, 31, 41, 59, 61, 71, 79, 89. (55)
For each of these values we take

M=396=2>.32.11, L={3<€<200prime, £ #5,11,9 : 0i(q) | M}.
(56)
Observe that since p > 200 that £ # p, and thus satisfies (54).

We consider first the case 11 { b. Thus, in (52), the level N’ = 23 .5. 4. We
computed for each newform f of level N’ the sets H; (f) and H3( f), both for k = 1,
k = —1. We found all of these to be empty. By Lemma 7.4, we conclude that (47) has
no solutions with 11 1 b.

Next we consider 11 | b. Thus N’ = 23 . 5. There is a unique newform f of level
N’ which corresponds to the elliptic curve E with Cremona label 40a1 :

https://www.Imfdb.org/EllipticCurve/Q/40al/

Thus, from (39) we obtain PE, ~ PE- Note, by (51) that £, has multiplicative
reduction at g. However, E has good reduction at g. Thus, by [19], we have £(g+1) =
aq(E) (mod 11). We checked that this does not hold for all the values of g in (55).
This completes the proof. O

Proof of Proposition 8.2 Again we checked that (48) has no solutions with p < 200,
whence we may suppose p > 200. Moreover, as 5 is a quadratic non-residue modulo
3 and 7, we see from (50) that b; = b3 = 0 in (48). Also 52 " 7(p*) from (50), so
by = 0 or 1. But from Proposition 8.1 we have by # 0, and so b, = 1. We have thus
reduced to consideration of the equation

(ph) = £5-11°,

whereby we have k = £5 and ¢ = 11. Observe that » > 0 by Lemma 8.5. Suppose
11 1 b. Thus N’ = 8-25- 11 = 2200. We take M and L as in (56). There are 25
conjugacy classes of newforms f of weight 2 and level 2200. For each, we found
H1(f) and H3(f) to be empty, both for x = 5 and kx = —5. By Lemma 8.4, there
are no solutions with 11 1 . Thus 11 | b, and so N’ = 23 .25 = 200. There are five
weight 2 newforms of level 200. We computed H1(f) and Hz(f) for these, both for
k = 5 and ¥k = —5. The only non-empty one we found was H3(f) for k = 5 where
f is the rational newform corresponding to the elliptic curve E with Cremona label
200bl:

https://www.Ilmfdb.org/EllipticCurve/Q/200b1/
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Then p E,.11 ~ Pg11-Here Ep has multiplicative reduction at 11, though E has good
reduction at 11. As before, =(11 + 1) = a11(E) mod 11. However, a;;(E) = —4,
giving a contradiction and completing the proof. O

9 On the largest prime divisor of 7(p?)

Proposition 9.1 Let p be a prime for which t(p) # 0. Then P(z(p3)) > 13, unless
p = 2, in which case we have 1(8) = 29.3.5.11.

We consider
P(z(p) < 11. (57)

We checked that the only p < 200 satisfying (57) is p = 2. We shall therefore suppose
p > 200. Recall that r(p3) =1(p) - (17(p)2 — 2p“). From (12) and (14), we easily
see that 3 and 7 do not divide t(p)? — 2p!!. Moreover, we recall that t(p) is even, so
ord>(t(p)? —2p'!) = 1. Thus

(p)? —=2p" =42.5%.11° and t(p) = +2"-3°.5 .7 . 11". (58)
As before, we associate to this a Frey—Hellegouarch curve

E, : Y2 =X(X*+2t(p)X +2p'h.
By the recipes of the first author and Skinner, the conductor of E, is one of
N=2.p 2%.5.p  2%.11.p, 2%.5.11.p,
and (39) holds for some weight 2 newform f whose level N’ is one of the following
N =28 2.5 2.1, 2%.5.11 (59)

There are a total of 123 conjugacy classes of newforms f at these levels. Let f

be any of these such that (39) holds. Let £ # 2, 5, 11, p be a prime. Then 11 |
Norm(ag(Ep) — c¢(f)) where c¢(f) is the £-th coefficient of f.

Lemma9.2 Let ¢ # 2, 5, 11 be a prime < 200. Let p be an odd prime with t(p) # 0
and P(t(p?)) < 11. Let f be a newform of weight 2 and one of the levels N' in (59)
so that (39) is satisfied. Write

A = {(s,1) : s, t€Fy, s(t?—=2s)£0 mod ¢}, £=3,7
TNt s, teFy, st2—2s"Y#£0 mode), €>13.

Let By be as in (42). Let
Es JF @ Y2 =X(X?+2tX +s'h,
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and
Co(f) =1{(s,1) € By : Norm(ay(Es,;) —ce(f)) =0 (mod 11)}.

Then there is some (s, t) € Co(f) so that (p, T(p)) = (s,t) (mod £).
Proof This is is similar to the proof of Lemma 7.3. O

Proof of Proposition 9.1 For each of the 123 conjugacy classes of newforms f we
computed C;(f) for £ = 3, 7, 13 and 23. We found that at least one of these four
empty, except for the three rational newforms which correspond to the elliptic curves
(in Cremona’s labelling) 256al, 256b1 and 256¢1 :

https://www.lmfdb.org/EllipticCurve/Q/ 7hst=List&conductor=256&search_
type=List

All three elliptic curves have CM, respectively by Q(v/—2), Q(+/—1), Q(v/—1). Note
that 11 splits in Q(+/—2) and is inert in Q(+/—1). Hence the image of PE, 11~ Pf 11
belongs to the normalizer of split Cartan subgroup in the first case, and the normalizer
of a non-split Cartan subgroup in the second and third case. Thanks to the work of
Momose [28], and Darmon and Merel [13, Theorem 8.1], the j(E,) € Z[1/11].
However, E, has multiplicative reduction at p giving a contradiction. O

10 Proof of Theorem 5

Lemma 10.1 Let p < 11 be a prime. Suppose P(t(p™~ ")) < 11 with m > 3. Then
p=2andm = 4.

Proof First let p = 2. Let m > 3 be such that P(t(2"~!)) < 11. Note that 7(2) =
—23 x 3. Let {u,} be the Lucas sequence defined in Lemma 3.4, with characteristic
polynomial X> — 3X + 2°. Then P(u,,) < 11. Moreover, by part (i) of Theorem 8,
we have 2 t u, for all n > 1. We note that

u2=—3, M3=—23, u4=3X5X11, u5=241,
ueg=—3>%x23x29, u7=7x1471, ug=3x5x11x977.

By the Primitive Divisor Theorem (Theorem 7), every term u,, with n > 9 is divisible
by some prime ¢ > 13. Thus the only terms with P(u,) < 11 are u> and u4. Since
m > 3 we have m = 4.

By a similar strategy we checked that P(t (p™ 1) > 13for3 < p < 11 and
m > 3. O

Lemma 10.2 Let p be a prime. Let m > 3 be an integer such that T(p"~') # 0 and
P(x(p"™h) = 11. (60)

Then p =2 and m = 4.
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Proof By Lemma 10.1, we may suppose p > 13.If t(p) = 0, by Lemma 3.3, we
have 7(p™~') = 0 or a power of p contradicting the hypotheses of the lemma. We
may therefore suppose t(p) # 0. Fix p and let m be the least value > 3 such that (60)
is satisfied. By Propositions 7.2, 8.2 and 9.1, we know that m > 6.

Suppose first that p | 7(p). By induction from (18) we have p | t(p") for all
n > 1.Hence p | 7(p" ') and so p < 11 giving a contradiction. Thus p { T(p). Let
U, = t(p”’]) forn > 1. Then {u,} is a Lucas sequence by Lemma 3.4. Now uy | u,
if k | n. Asm > 6, it is divisible either by 4 or an odd prime. However uq = T(p3),
and so P(u4) > 13 by Proposition 9.1. Hence m is divisible by an odd prime, and
from the minimality of m it follows that m > 7 is a prime. By the Primitive Divisor
Theorem, u,, = t( pm_l) has a prime divisor ¢ that does not divide ujus - - - uy—1
nor D = (@ — /3)2 (where «, B are as in Lemma 3.4). Here ¢ = 2, 3,5, 7 or 11. But
myg, the rank of apparition of g, divides m by Theorem 8, and so m,; = m. However
mgy | (g — 1)(g + 1), again from Theorem 8. But (¢ — 1)(¢g + 1) is not divisible by a
prime > 7 forg = 2, 3,5, 7 or 11. This contradiction completes the proof. O

Proof of Theorem 5 Suppose n is a powerful number such that r (n) # Oand P(t(n)) <
11. Let p be a prime divisor of n. Thus p’"_l || n, where, as n is powerful, m > 3. Now,
as t is multiplicative, (p" 1 £0andr(p" ) | T(n).In particular, P(t(p™ ) <
11. By Lemma 10.2 we have p = 2 and m = 4. Thus n = 8 as required. O

11 Proof of Theorem 6

Proof of Theorem 6 Suppose t(n) = +¢g% where 3 < g < 100 is a prime and n > 2.
Then t(n) is odd, and so n must be an odd square. Thus there is a prime p and an
integer m > 3 such that p"~! || n. Hence t(p™ ') = %4 for some a > 0. The
following lemma completes the proof. O

Lemma 11.1 Let 3 < g < 100 be a prime and a be a nonnegative integer. Let p be a
prime and m > 3 an odd integer. Then t(p™~') # +4°.

Proof We argue by contradiction. Suppose m > 3 is the smallest odd integer such that
r(p" ) = £q“. (61)

By Propositions 7.1 and 8.1, we have m > 7. We treat first the case 7(p) = O.
By Lemma 3.3, we see that g% = t(p”~!) is either 0 or a power of p. Thus
p = g < 100, which gives a contradiction since any p for which t(p) = 0 satisfies
(6). Thus t(p) # 0.

Let {u,} be the Lucas sequence given in Lemma 3.4. It follows from that lemma
that u,, | r(p"_l) and p {u, foralln > 1.If p = ¢, then u,, = =1 which contradicts
the Primitive Divisor Theorem (Theorem 7), as m > 7. We conclude that p # q.

Next we consider the case p | t(p). Then p | T(p") for all n > 1 by (18), and
so p = ¢, giving a contradiction. Thus p t 7(p). It follows that u, = (p" 1
for all n > 1. Recall that if k | n then uy | u,. By the minimality of m we see
that m > 7 is a prime. We invoke the Primitive Divisor Theorem again to conclude
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that g 1 (@ — B)2uius - - - um—1 (in the notation of Lemma 3.4). From Theorem 8,
m =my | (g —1)(g + 1). The possible pairs of primes (g, m) with 3 < g < 100 and
m| (g —1)(g+1)are

(13,7), (23,11), (29,7), (37,19), (41,7), (43,7),
(43,11), (47,23), (53,13), (59, 29),

(61,31), (67,11), (67,17), (71,7), (73,37), (79, 13),
(83,7), (83,41), (89, 11), (97,7).

Fixing any of these pairs (g, m), it remains to solve 7(p”~!) = +¢®. By Lemma 4.8,
and the fact that m is prime, we see that (X, Y, a) = (p'!, ©(p), a) is a solution to
the Thue—Mahler equation

W, (X,Y) = 4%

We solved these Thue—Mahler equations using the Magma implementation of the
Thue-Mahler solver described in [17]. None of the solutions are of the form
(p'!, ©(p), a). This completes the proof of Theorem 6. We illustrate this by pro-
viding more details for the case ¢ = 83. Here m is a prime > 7 dividing 83> — 1 =
23 x 3 x 7 x 41, and thus the possible pairs (g, m) are (83, 7) and (83, 41). For the
first pair, the Thue—Mahler equation is

—X3 +6X%Y —5XY?+ Y3 =834,
and the solutions are

(X,Y,a)
=(5,1,0), (-9,-14,0), (2,3,0), (=7, —1,1), (5,2, 1), (0,1,0),

(-1,-2,0), (—-17, =38, 2), (=8, —13,1), (13,20,1), (1,1,0), (4,13,0),
(—=6,—-19,1), (—1,0,0), (21,25,2),
(3,11, 1), (—4,13,2), (—-1,-3,0), (=5,-2,1), (0,-1,0),
(17,38,2), (6,19,1), (7,1, 1),
(1,0,0), (—4,—-13,0), (4,-13,2), (9,14,0), (-3, 11, 1),
(1,3,0), (=1,-1,0),
(=13, -20,1), (=5,—-1,0), (=21,-25,2), (8,13, 1), (1,2,0), (-2, -3,0).

For the pair (¢, m) = (83, 41) the Thue—Mahler equation is

X2 —210xPy +7315X18Y? — 100947x7y> + 735471 X '0v* — 3268760X Y
+9657700X 4Y° — 20058300X 3 Y7 + 30421755x 12 y?
—34597290x ' Y? + 30045015 10y 10
—20160075X°Y ' 4 10518300x8Y'? — 4272048 X7y 13
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+1344904 XY™ — 324632X° Y13
+58905X4Y10 —7770X3Y"7 + 703 X218 — 39xY'? + ¥ — 4837,

and the solutions are

(-1,-3,0), (-1,-2,0), (1,2,0), (1,0,0), (—1,0,0),
(1,3,0), (0,1,0), (0,-1,0), (1,1,0), (—1,—-1,0).

O

Remark. The aforementioned Thue—Mahler solver requires knowledge of the class
group and unit group of the number field defined by the equation ¥,,(1,Y) = 0;
this number field has degree ¢ (m)/2 = (m — 1)/2. Ordinarily, if the degree is too
large, this might not be practical, or might require assuming the Generalized Riemann
Hypothesis. However, from Lemma 4.5, this number field is Q(¢,,)™". For the values
of m under consideration (and in fact for all prime m < 67), the class number h;g of
Q(&p) T is known to be 1; see for example [22, Theorem 1]. Moreover, if we denote
the unit group of Q(,)* by E,; and the subgroup of cyclotomic units by C," then
[E,} : CF1 = h; see [39, Theorem 8.2]. Hence in all our cases, E;; = C,}, and is
generated [39, Lemma 8.1] by —1 and (1 — ¢%)/(1 — &) with 1 < a < m/2. Thus
for all values of m under consideration we know the class group and unit group.

12 Concluding remarks

As noted in the introduction, it would likely be extremely challenging computationally
to extend, for example, Corollary 1.1 to explicitly find all » with t(n) odd and, say,

P(z(n)) < 17.

The bottleneck in our approach is related to the difficulty involved in classifying
the primes p for which P (z(p?)) and P(z(p*)) are “small”. For larger exponents 1,
finding the p with P (t(p™)) bounded appears to be somewhat more tractable. By way
of example, we may show, by direct application of the Thue-Mahler solver described
in [17], the following result.

Proposition 12.1 The equation

T(p® = £3P15027b311b413b5 175619072308 29P931b1037b11 41012
p prime, b; € Z (62)

has no solutions.

This amounts to solving the Thue-Mahler equation
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X3 4+6X%Y —5XxY%+7Y?
= 43b15027b3 1 104 q3bs 1 7b6 19P7123b8 0 9b9 3 1037011 41 b1

and checking to see if any solutions have X = p!! for some prime p. Appealing to
[17], we find that all solutions in coprime integers X and Y have either max{| X|, |Y|} <
1000, or satisfy

+(X,Y) € {(241, 1111), (303, 2675), (373, 1212), (383, 1243), (547, 1530),
(578, 1171), (643, 1060), (839, 1305), (860, 1337), (870, 1499), (983, 1419),
(1061, 3530), (1095, 4577), (1376, 4467), (1408, 347), (1715, 339), (1793, —634),
(1855, 6023), (2069, 1766), (2313, 458), (2372, 4441), (2387, 1292), (2427, 6647),
(2469, 3877), (3091, 4806), (3482, 5869), (4168, 6481), (4220, 6013)} .

Acknowledgements Readers interested in these computations may contact us for further details. For tech-
nical publishing purposes, there is no “associated data”.
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