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Integrating factors and first integrals for ordinary
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We show how to find all the integrating factors and corresponding first integrals for any system
of Ordinary Differential Equations (ODEs). Integrating factors are shown to be all solutions of
both the adjoint system of the linearised system of ordinary differential equations and a system
that represents an extra adjoint-invariance condition. We present an explicit construction
formula to find the resulting first integrals in terms of integrating factors, and discuss
techniques for finding integrating factors. In particular, we show how to utilize known first
integrals and symmetries to find new integrating factors. Illustrative examples are given.

1 Introduction

For first-order scalar Ordinary Differential Equations (ODEs), Sophus Lie (cf. Lie, 1874)
showed how to construct an integrating factor from each admitted point symmetry.
Conversely, Lie showed that each integrating factor yields an admitted point symmetry.

In general, for systems of one or more ODEs, an integrating factor is a set of functions,
multiplying each of the ODEs, which yields a first integral. If the system is self-adjoint, then
its integrating factors are necessarily solutions of its linearized system. Such solutions are
the symmetries of the given system of ODEs. If a given system of ODE:s is not self-adjoint,
then its integrating factors are necessarily solutions of the adjoint system of its linearized
system. Such solutions are known as adjoint symmetries (Gordon, 1986; see also Sarlet et
al., 1987, 1990) of the given system of ODEs.

In this paper, we introduce an adjoint-invariance condition which is a necessary and
sufficient condition for an admitted adjoint symmetry to be an integrating factor. We
present an explicit formula for the first integral corresponding to each integrating factor.
These results are the counterparts of our work on Partial Differential Equations (PDEs)
(Anco & Bluman, 1997, 1998).

For a first-order scalar ODE, a first integral is a quadrature. For an nth-order scalar
ODE, a first integral is an expression relating the independent variable, the dependent
variable and derivatives to order n — 1, which is constant for all solutions of the ODE. First
integrals are defined analogously for systems of ODEs.

If r independent first integrals are known, then an nth-order scalar ODE can be reduced
to one or more (n—r)th-order ODEs in terms of r essential constants' and the given

1 Constants are essential if none of them can be reduced in terms of function combinations of the
others.
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dependent and independent variables. In particular, n independent first integrals yield the
general solution involving » essential constants.

Sophus Lie (cf. Lie, 1888; Bluman, 1990) showed that if’ an nth-order scalar ODE admits
an r-parameter solvable group of point symmetries, then it can be reduced to an (z—r)th-
ordet ODE plus r quadratures.® Lie’s reduction uses derived independent and dependent
variables, given by invariants and differential invariants to order n—r, arising from the
admitted point symmetries. Consequently, the ‘reduced’ ODE is not an (n— r)th-order
ODE in terms of the given dependent and independent variables. Thus, Lie’s reduction is
not as useful as a reduction in terms of first integrals.

In §2 we establish our framework. We define integrating factors and first integrals for
systems of ODEs. We show that each integrating factor must be an adjoint symmetry, and
derive the adjoint-invariance condition for an adjoint symmetry to be an integrating factor.
We give the explicit formula for the first integral arising from an integrating factor. Finally,
we show how our framework treats the well-known sitnation for first-order scalar ODEs.

In §3 we treat the case of second-order scalar ODEs, and make some remarks about the
situation for higher-order scalar ODEs. In §4 we discuss techniques for finding and utilizing
adjoint symmetries in conjunction with the adjoint-invariance condition. We show how to
use an adjoint symmetry and functions of known first integrals to obtain new first integrals.
Finally, in §5 we consider various examples.

2 The basic framework
Consider any ath-order system of one or more ODEs
G,(x,0.),....)") =0, o=1,..,N @.1)

with any number of dependent variables y = {3,...,»"”} and one independent variable
x; )’ represents the first-order derivative of y; 3 represents the jth-order derivative of y.
For arbitrary functions ¥ ={Y',..., Y}, let G [Y] =G, (x, Y, Y’,..., Y™). The aim is to
find all factors A°[Y] = A°(x, Y, Y",..., Y® V) and functions @[Y] = &(x, Y, Y’,..., Y1)
so that

d

ATYIG[Y] = —

DY 2.2)
holds for all Y(x) for which A°TY]G [Y] is finite. (Throughout this paper, we use the index
notation o = 1,...,N; p = 1,..., M; and the convention that summation is assumed over
any repeated index in all expressions.)

From equation (2.2), it follows that

@[ y] = const (2.3)

on the solutions y(x) of system (2.1) for which each A°[y] is finite. In particular, if A4°[Y]
is finite for arbitrary Y(x), then @[y] = const holds for all solutions of system (2.1).

We allow 4°{ Y] and @[ Y] to depend at most upon Y ™V, since we assume that the system
(2.1) determines y™ in terms of lower-order derivaiives of .

¢ Lie’s method can be extended to invariance under r-parameter solvable groups of higher order
symmetries.
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Definition 2.1 A set of factors {A°[ Y]} satisfying (2.2) is an integrating factor of system (2.1)
and, correspondingly, ®[y] = const is a first integral of system (2.1).

Before defining adjoint symmetries and introducing our adjoint-invariance condition, we
first consider the linearized system, and its adjoint, obtained from equation (2.1).
The linearized system is given by

L, [yl¥Y=0 2.4)
where v v
P nyp
Lo’p[Y] Vp:GUP[Y]-*-thTp[Y]E-*-+G;ﬂ[Y]—‘7x—n_ (25)
with 3G,[Y] 3G, [Y] 3G, [Y]
ol Y a! Y n o
Go’p[Y] = Tw’ G}rp[Y] = aY’p 1) ---’Gyp[Y] = ay(n)p *

In equation (2.4), v = {v',...,v™} is a solution of the linearized system holding for all
solutions y(x) of system (2.1); in equation (2.5), V ={V',...,VM}and Y = {Y,..., Y™} are
arbitrary functions of x.

The linearized system (2.4) is the set of determining equations for the symmetries of
system (2.1). In particular, a solution v of system (2.4) is a symmetry of the system (2.1) with
infinitesimal generator v*9/3)”.

The adjoint of the linearized system (2.4) is given by

Ly [y]w” =0, (2.6)
where
d n
dx*

LYYW =G,|[Y] W"—;;(G [YIW)+ -+ (=1)" = (G, [Y]W). 2.7

1
ap
In system (2.6), w = {w',..., w"} is a solution of the adjoint system holding for all solutions
y(x) of the given system of ODEs (2.1); in system (2.7), W={W',...,W¥} and Y =
{Y',..., Y™} are arbitrary functions of x.

Definition 2.2 The adjoint system (2.6) is the set of determining equations for the adjoint
symmetries of system (2.1). In particular, a solution w of the adjoint system (2.6) is an adjoint
symmetry of the system (2.1).

Definition 2.3 System (2.1) is self-adjoint if and only if LY [Y]= L, [Y].

Theorem 2.4 Every integrating factor of system (2.1) satisfies the adjoint-invariance
condition

LYV ATY] = = ATV IG Y1+ (AT G YD+ 4~ )2 L (amvr) 6,1 v)
(2.8)
for arbitrary Y(x) where
oy 0A°TY] rvorvy _ 04°1Y] nnoryq _ 0A4°Y]
ALY =S5 AV = S AR Y =
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Proof Since system (2.2) holds for arbitrary Y(x), it also holds with Y*(x) replaced by the
one-parameter (A) family of functions Y*(x;A) = ¥Y2(x)+ AV*(x), where Y*(x), V*(x) are
arbitrary functions of x. Thus, we have

ATY(x; )]G Y (x;A)] = idi[Y(x Al 2.9

Now differentiate system (2.9) with respect to A and set A = 0. Then use

G [ Y(x; A)]
n

- Lo‘p[Y] Ve

A=0

given by the linearizing expression (2.5). This leads to

)

= AT VTP+ GV VTP AN - A NGy

oA

dfo
&Sty

a7 Y T ) (2.10)

Now apply the Euler operators

o d drt d

E,=———-c (=" ld =T

ove dx aw 21D

to each side of equation (2.10), which is an expression in terms of the arbitrary functions
{Y?(x)}, {V?(x)}. Since Euler operators annihilate total derivatives, the left-hand side of
equation (2.10) vanishes upon action by the Euler operators (2.11). On the right-hand
side of equation (2.10), the Euler operators (2.11) applied to A°[Y(L,[Y]V") yield

L*[Y]A°[Y], given by system (2.7) with W7 = 4°[Y]. The Euler operators (2 11) applied
to the rest of the right-hand side of equation (2.10) yield

ATV LAY G YD+ e (= 1 S (A0 [Y1G 7)),

Thus the adjoint-invariance condition (2.8) is obtained. [
Corollary 2.5 If ®[y] = const is a first integral of the system of ODEs (2.1), then its

integrating factor {A°[ YY)} satisfies the adjoint system
LIyl A7yl =0, (2.12)

holding for all solutions y(x) of system (2.1).

The proof of Corollary 2.5 follows immediately from the adjoint-invariance condition
(2.8) with ¥Y(x) = y(x) given by any solution of system (2.1).

An important consequence of Corollary 2.5 is that a// first integrals arise from solutions
of the adjoint system (2.12). If system (2.1) is self-adjoint, then solutions of the adjoint
system (2.12) are symmetries of system (2.1). If system (2.1) is not self-adjoint, the solutions
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of the adjoint system (2.12) are not symmetries of (2.1) but adjoint symmetries (Gordon,
1986; Sarlet et al., 1987, 1990) of system (2.1). However, as will be shown in the examples
in §5, an adjoint symmetry does not always satisfy the adjoint-invariance condition (2.8),
i.e. an adjoint symmetry does not always give rise to a first integral.

For any adjoint symmetry that satisfies the adjoint-invariance condition (2.8), we now
derive a formula which yields the corresponding first integral. To proceed, we first need to
establish the following identity.

Lemma 2.6 The operators L, [Y] and L} [Y] satisfy the identity
d
WeL [YIV/—VPLY[YIW = ES[W’ VGl Y]] (2.13)

for arbitrary functions Y?(x), V*(x), W(x), where

SIW. V;GlY)) = V* W7 Gl + (‘ZL— V' ax )(W“ AL
danp n-2 dnlledl dnl
+( T + 2( 1)} ———r T +(—1? V”d — 1)(W"G;’p). (2.14)

Proof The identity (2.13) follows from a direct expansion of both sides of (2.13), using the
definitions of L_[Y] and L}[Y] given by equations (2.5) and (2.7), respectively. []

We are now ready to establish the converse of Theorem 2.4.

Theorem 2.7 Suppose {A°[Y)} satisfies the adjoint-invariance condition (2.8). Then {A°[Y]} is
an integrating factor for the system of ODEs (2.1). In particular,

A[Y]G,[Y] = icpm (2.15)

with ®[Y] = &,(x, Y, Y’,..., Y ) + D,(x) given by the formulae:

@, = [ an{s]arvoesn TE D Gy |+ M v LS g ).

]

(2.16)
= fk(x) dx, 2.17)
where
s At 0L syl | = LED v 6 o)
d (AYP(x;A)) oYAx;A) dY . 2 [Y(x:
(s () - 2D S v G s 0 +
d™1 (0Y?(x; Q) ,d (AYP(x; A) W OYP(x52) d™!
(@) E 0 g (T e 0 R )

X (A[Y(x; D] Go [ Y(x; A))); (2.18)
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oY x;/

Wt S | = G 6 v v )

d (Y7 (x; )\ d¥(x;A) d N

({1 0) S 6 v Az vk 0D +

dr (¥"(x; M) dv* (aY#(x; A\ d' 2 0YP(x5A) dn
+(dxn 2( 1/\ )+l§l( ) d n—Ii— 2( W\ ) (* ) E)/\ dx"2)
X (G [Y(x; V] ATV Y(x; )]); (2.19)

k(x) = ATTYG T (0] (2.20)

Here Y(x) = {Y'(x),..., YM(x)} are any fixed functions such that the function k(x) is finite,
and Y{(x;A) is the one-parameter (A} family of functions Y7 (x;A) = AY7(x)+(1—A) Yo (x),
for arbitrary Y°(x), o= 1,..., M.

Proof Let V(x)= (@Y(x:A)/0A = ¥(x)— ¥(x). From the adjoint-invariance condition
(2.8), we obtain

VA(x) (L;’i,[ Y(x; V] ATY(x; D]+ ALY (s D] G LY (x5 )] _d% A IY(x; ) GLY(x: D+

n-1

e

T AT D G LY /\)])) =0. (221

Now we manipulate the terms in equation (2.21) as follows. From identity (2.13), the first
term in (2.21) becomes V? L¥ A” = A L, V*—dS/dx, where Sis given by expression (2.18).
Using the Leibniz rule for d/ dx, the thn'd term of equation (2.21) becomes

_ Vp_(Al(rG ) — __(VpAla'G )+<dV )/110(;”’

and the other terms of (2.21) become

-V

d [ dot dott detye
=<—l>m{[ et S (G et v (G |4

de e
( g )A; G,

forg=1,...,n—1.
Hence equation (2.21) becomes

(S+N)=0, (2.22)

(n—1) T7p
AL, Vf’+(/1°'w+ 11”d—V+ AT e ) - i

dx™ dx

where N is given by expression (2.19).
Now observe that L, [Y(x;A)] V7(x) = (G [Y(x; A)])/2A, and that

ATTY (s )] VACx) + A Y (x A)]iV =) EEV) 8 ey )

(n—-1)¢
+ Al [Y(x;A)] o a/\
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Then equation (2.22) becomes

ATTY(x; )] (a% G.[Y(x: A)l) + (% ATY(x; A)]) G LY (63 W] = o (AT Y53 D G[YCx3 )

= d%(S[A[Y(X; ) V(x); GLY(x; D]+ NA[Y (x5 A)), V(x); GLY (s A, (2.23)

where S and N are given by expressions (2.18) and (2.19), respectively.
Now integrate equation (2.23) with respect to A from A =0 to A = 1. Then we obtain

ATYIG Y- A[Y]G Y] = d®,/dx,

where &, is given by expression (2.16). To complete the proof, we observe that
A V]G [Y] = k(x) = d®,/dx. OO

Note that, if A7[Y], G [Y], ¢ =1,...,n are finite for Y? =0, p = 1,..., M, then we can
choose Y” =0, p=1,...,M, and thus simplify the integral for @,. Moreover, if y* =0,
p=1,..., M, is a solution of system (2.1), then @, vanishes.

As a consequence of Theorems 2.4 and 2.7, we see that for any system of ODEs, all first
integrals arise from adjoint symmetries that satisfy the adjoint-invariance condition.

2.1 First-order ODEs

We now consider the classical problem of finding the integrating factor for any first-order
scalar ODE written in solved form

G(x,y,y") =y —g(x,y) = 0. (2.24)
Here the linearized ODE is
dv
Liylv = E—gyv =0, (2.25)

and the corresponding adjoint ODE is given by

Lol =2

——g,w=0. (2.26)

The symmetries of ODE (2.24) are the solutions of (2.25), while the adjoint symmetries of
ODE (2.24) are the solutions of (2.26), which hold for all solutions y(x) of ODE (2.24).

For arbitrary Y = ¥Y(x), each integrating factor A(x, Y) of ODE (2.24) satisfies the
adjoint-invariance condition

_ dA(x, Y)

e —g,.(x, VYAx, Y)Y =—(Y" —g(x, Y)) 4,(x, Y), (2.27)

which reduces to

gy A+A4,+g4, =0. (2.28)
Theorem 2.8 If A(x,y) is an adjoint symmetry of ODE (2.24), then A(x, Y) is an integrating
factor of ODE (2.24).

Proof From (2.26)-(2.27) it follows that A(x, Y) is a solution of (2.28) if and only if
w = A(x, y) is a solution of (2.26). O
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Theorem 2.9 FEach symmetry v(x,y) of ODE (2.24) yields an adjoint symmetry A(x,y) =
1/(v(x,p)) of ODE (2.24). Conversely, each adjoint symmetry A(x,y) of ODE (2.24) yields
a symmetry v(x,v) = 1/(A(x,y)) of ODE (2.24). '
Proof From (2.24)-(2.25), it follows that any symmetry v(x, y) of ODE (2.24) satisfies

v, 0x, VY +glx, V)vy(x, Y)—g{x, Vox, ¥Y) =0, (2.29)

for arbitrary ¥(x). In turn, by direct substitution, one can show that v(x, Y) satisfies (2.29)
if and only if A(x, Y) = 1/(v(x, Y)) satisfies

— g (x, V) A, V) — A (x. V) +g(x, ¥) A, (x, Y) = 0. (2.30)

Hence A(x, Y) satisfies the adjoint-invariance condition (2.28). O

For any integrating factor A(x, Y), the first integral formula (2.16)—(2.20) yields
@,(x,y)+ D,(x) = const,
which gives the general solution of ODE (2.24). In terms of any fixed function j(x), one has

S=(y—PAx,Ay—-P+7),
N =0,

k(x) = A(x, ) (' —g(x, 7)),
which leads to

D (x,) = flS dA = J?A(x, z2)dz, Dy(x) = fk(x) dx. (2.31)

From the above, we see that for any first-order ODE ecach adjoint symmetry is an
integrating factor and, conversely, each integrating factor is an adjoint symmetry. In the
next section, we will show that this is not the case for higher-order ODEs.

3 Second-order and higher-order scalar ODEs
We now show how the framework presented in §2 applies to any second-order scalar ODE
V' —g(x.y,y) =0 3.1
and higher-order scalar ODEs
YW =gy, ¥y sy ) = 0. (3.2)

3.1 Second-order ODEs

The linearized ODE for equation (3.1) is given by
d*v dv
L[y]U:Ex—z_gy'E_gyU:Q 3.3)
and the corresponding adjoint ODE is
d*w d d*w dw ,

The solutions w = A(x, y,") of ODE (3.4), holding for any y(x) satisfying the second-order
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ODE (3.1), are the adjoint symmetries of (3.1). Explicitly, the determining equation for an
adjoint symmetry A(x,y,y’) is given by
LX) ACx, p,)) = A+ 2" A + 28 A, + (V) A, +2) A, +2° 4,
+(g +yeg,+288,)4,+@+ye)A,+8, 4, +(8,, +) 8, +88,—8)4=0, (3.5

which must hold for arbitrary x, y, ). In turn, an adjoint symmetry A(x, y, ") of ODE (3.1)
yields an integrating factor A(x, Y, Y’) of (3.1) if and only if A(x, Y, Y’) satisfies the adjoint-
invariance condition

LA YA, Y, Y) = —(Y" @) (A 4 Y Ayy 48 Ayoy 428y Ay + 245+ 8oy A),
(3.6)
which must hold for arbitrary x,Y,Y’,¥Y” with g=g(x,Y,Y’). Thus, the adjoint-
invariance condition for A(x, ¥, Y’) to be an integrating factor of (3.1) reduces to A(x, Y,
Y"), solving the linear system of PDEs
A +2Y'A, +2gA4,, +(Y') A, +2Y'gA,  +g°4,, +(g,+Y'g,+2gg,) 1,

+(g+ Y/gy’)Ay+gy'AI+(g1y'+ Y/gyy'+ggy'y'_gy)A = 0 (37)

given by equation (3.5) with y replaced by Y, and
A+ Y Ay +gAd, +2g, Ay 424,48, A =0. (3.8)

given by (3.6). Equations (3.7)~(3.8) must hold for arbitrary values of x, Y, Y".

Since every second-order ODE (3.1) has an infinite number of integrating factors, it
follows that there must exist an infinite number of solutions of the system (3.7)—(3.8).
Unlike the situation for a first-order ODE, where each adjoint symmetry yields an
integrating factor, solutions of (3.7) are not always integrating factors, since they must also
satisfy condition (3.8).

Correspondingly, for each integrating factor the construction formula (2.16)-2.20)
yields the first integral

D(y] = P,(x,y,y)+ P,(x) = const
of equation (3.1). In terms of any fixed function ji(x), withr = Ay+(1 = Q) y, 4 = A(x,r, 1),
one has

S=((=7)-(=DNeglxrr)a
—(= A +Q' +(1=2)7) 4, +(Ag(x, y,y) + (1 =) ") 4,),
N = (-3 (Agxy.y)+1A =)y —glx,r,r') 4,,

so that
S+N= =) A=(y—N@xrrMA4.+Ay'+(1 =) ) A, +4,+g.(x,r,r') 1), (3.9)
k(x) = [V —g(x, 7, 7N A, 3, 7). (3.10)
Consequently,
Py(x,y,y) = ﬁ (S+N)dA, (3.11)

D,(x) = fk(x) dx. (3.12)
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One chooses J so that k(x) is finite. If both g(x,0,0) and A(x,0,0) are finite, one can set
7 = 0 provided the corresponding integral [; (S+ N)dA converges. In this case,

S+N =y A(x, Ay, Ay) = Y[8(x, Ay, Ay (A AX, Ay, 1) o) + AV (A, (%, 7, AV ) ,)
+ Ax(-xz /\J” /\J/) + (gr’(xs /\ya rl)lr/:/\y’) A(X, /\ya Ayl)]

3.2 Higher-order ODEs

For higher-order scalar ODEs (3.2), the adjoint-invariance condition for an integrating
factor A(x,Y,Y’,..., Y™ D) yields a linear determining equation which is a relation
involving x, Y, Y’, ..., Y ?_ where each of the 2n quantities x, ¥, Y’,..., Y®" 2 are to be
treated as independent variables. This relation is a polynomial expression in terms of Y™,
Y@, Y@ whose coefficients depend on x, Y, Y’,..., Y® U, The coefficient of the
term independent of Y™ Y ®*V Y2 vyields the determining equation for the adjoint
symmetries. The coefficients of the other terms in the polynomial expression yield further
linear PDEs satisfied by A(x, Y, Y’,..., Y® ™). For n = 2, as shown in (3.6), this splitting
yields one such linear PDE (from the coefficient of the Y” term). For #n = 3, one can show
that this splitting yields three such linear PDEs from the coefficients of the terms involving
Y® (Y")?and Y. For n = 4, the splitting yields five such linear PDEs from the coefficients
of the terms involving Y®, YW Y®_ Y©® (Y®)? and Y9

4 Techniques for obtaining adjoint symmetries yielding first integrals

For any system of ODEs (2.1), there is an infinite number of linearly independent solutions
of its corresponding adjoint system (2.6). Hence, a system of ODEs (2.1) always has an
infinite number of adjoint symmetries. Consequently, in practice one must resort to specific
ansatze in order to find adjoint symmetries.

We now focus on nth-order scalar ODEs. Here, one such ansatz is to seek solutions of
the form w = A(x,y,),...,¥" ?), which depend upon derivatives of order at most n—2
rather than n—1, for the corresponding adjoint symmetry determining equation (2.6).

More importantly, if one knows an adjoint symmetry and one or more first integrals
arising from other adjoint symmetries, then one can use a second ansatz to seek further first
integrals as follows. For a given nth-order scalar ODE, suppose that

le[y] = CI’:'@m[y] =C

are m functionally independent first integrals corresponding to the m integrating factors
A7), ..., 4,[Y], respectively. Note that

A+ 4L 4,00

d
Ayl = ac, ac,

for any function I'(C,,..., C,,), generates an inessential first integral I(C,, ..., C,,) = const.
Now suppose w = A[y] is an adjoint symmetry such that

A+ 5 AT+ + 56 D @)
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for all functions I'(C,,...,C,,). We observe that for an arbitrary function F(C,,...,C,),
w= Ayl = KC,,....C,,) A[¥] 4.2)

is also an adjoint symmetry.

If we substitute w = A4,[Y], given by equation (4.2) with y replaced by Y, into the adjoint-
invariance condition (2.8), then we obtain a linear determining equation for F. Each
solution, if any, of this determining equation yields a new integrating factor for the nth-
order ODE. This will be illustrated through examples in §5.

A third ansatz which can lead to finding further adjoint symmetries is suggested by the
following observation. If a given nth-order ODE admits a point symmetry, then each
integrating factor of the ODE can always be expressed as a product of a multiplier
expression, and some function of the invariants/differential invariants of the point
symmetry. Consequently, the ODE admits adjoint symmetries of such a product form. One
can then try using a known adjoint symmetry or integrating factor as the multiplier
expression in a trial form in order to seek new adjoint symmetries. In particular, suppose
a given nth-order ODE admits an integrating factor A[Y] and a point symmetry with
corresponding invariants/differential invariants u(x, y),v,(x, ¥, ¥, ..., 0, (61,3, 0
y D), Let

Ayl = fu, vy, ... 0, ) A[Y), 4.3)

for an arbitrary function flu,v,,...,v, ). If we substitute w = A[y] into the adjoint
symmetry determining equation (2.6), then we obtain a linear determining equation for f.
Each solution f '+ const of this determining equation yields a new adjoint symmetry of the
nth order ODE. In turn, we feed such a new adjoint symmetry into the second ansatz to
seek further first integrals.

The above discussion extends naturally to systems of ODEs.

5 Examples

We now use three examples to illustrate our procedure for obtaining first integrals.

5.1 Harmonic oscillator
Consider the harmonic oscillator equation
y'+y=0. (5.1)

The ODE (5.1) is self-adjoint, so that its adjoint symmetries are symmetries. The
corresponding determining equation (3.5) for an adjoint symmetry w = A(x, y, »") becomes

A+ 2V A, =2y A, +(V)V A, =20 A, +V* A, —yA,—yAd,+4=0. (52)

Here the extra adjoint-invariance determining equation (3.8) for w = A(x, y, »") to yield an
integrating factor becomes

Azy’+y,Ayy'_yAy’y'+2Ay =0. (5:3)

Obviously ODE (5.1) admits translations in x and scalings in y which respectively yield
adjoint symmetries 4, = y" and A, = y satisfying (5.2).
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Clearly, A = y’ satisfies the adjoint-invariance condition (5.3). Since y”+y and y” are
non-singular for y = 0, we can set ¥ = 0 in our construction formula (3.9)—(3.12). Then we

have
S+N = A[(y)* -+,

and hence the corresponding first integral is the energy
1
@ = j AP +y)dd = (V) +y°) = C,. (5.4
[}

[t is easy to check that the adjoint symmetry A = y does not satisfy the adjoint-invariance
condition (5.3). Now we try the second ansatz presented in §4, using the previously-
obtained first integral (5.4). Let

A=A4,=FC)Y, (5.5)

where C, = 3((Y")*+ Y?). Substituting (5.5) into the adjoint-invariance condition (5.3), we
find that F(C,) satisfies the ODE C, F'+ F = 0. This yields the integrating factor 4 =
Y/((Y'Y*+ Y?). Since 4 is singular for ¥ = 0, we choose J = 1 in our construction formula
(3.9)—(3.12). Correspondingly, r = A(y — 1)+ 1,¥ = Ay, so that

sin_Yr=0=br

Arer o b
This leads to the first integral
1 V - B y)
D=x+ . dA =x+-—tan | = | = C,, 5.6
| oo = s () = ¢ G0

which is the phase.
The first integrals (5.4) and (5.6) lead to the complete reduction y = v2C,
sin(x—C,+m/2).

5.2 Frequency-damped oscillator
As a second example, we use the frequency-damped oscillator equation
Y430 =0, (5.7)

considered by Gordon (1986), Sarlet ef al. (1987) and Mimura & No6no (1994). The ODE
(5.7) 1s not self-adjoint, so that its adjoint symmetries are not symmetries. Here the adjoint
symmetry determining equation (3.5) for w = A(x, y,y") is

Ay +2y A, =29V ) Ay + (Y Ay =29y A, + ¥V 4,
+ @@= (YA, =3V A, =20y A+ 2V =1 () 4=0. (58)
The extra adjoint-invariance determining equation (3.8) becomes
Ay +¥ A=y Ay, —4yy A, +24,-2y 4 = 0. 5.9
We try the first ansatz 4 = A(x,y). Then equation (5.8) leads to the adjoint symmetry
A= axe’?+y), (5.10)
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with a = const, and /(y) satisfying the ODE [”—3y!’+ (2y®*— 1)/ = 0. Substituting (5.10)
into the adjoint-invariance condition (5.9), we obtain /"—y/ =0, and thus /(y) = bev,
b = const. Hence we get two integrating factors, 4, = e*"/2, A, = xe?’/2.

Next, we construct the first integral arising from A4 = A, = e**2. Clearly, we can set
7 =0 in the construction formulae (3.9)3.12). This leads to the first integral

1
¢ = y'f [1+2%y7 e dp = y' e = C, G.11)
0

after integration by parts on the second term.
Now the first integral arising from 4 = A, = xe*”? is easy to construct since, again with
¥ =0, the construction formulae (3.9)-(3.12) reduces to

1 Yy
b= clx—f ye VR dy = clx—f e ?du = C,. (5.12)
o 0

This yields the general solution [¥e*">du = C,x—C, of the ODE (5.7).

5.3 Wave-speed equation
For a third example, we consider the fourth-order wave-speed equation

Gy, YY" y)=(y(y/y)y =0, (5.13)
which arises when one seeks potential symmetries for a wave equation with a variable wave

speed y(x) (see Bluman & Kumei, 1987). The ODE (5.13) is not self-adjoint. Its adjoint
symmetry determining equation for w = A(x, y,y’,y”,y") is given by

AyyY y[(YYY HAyyY [y =AUy [yYY + AV (y/y) = 0. (5.14)
The adjoint-invariance condition is
{(AYYY Y)Y+ YY) )Y —(A' V(Y[ Y"YY+AY(Y/YY
= —(GAy )" —(GA, Y +(GA, Y =GA,), (5.15)

with A =A(x, Y, Y, YY", Y")and G =(YY'(Y/Y')").
By inspection, A = 1 satisfies (5.14)(5.15), which leads to the first integral

D =yy(y/yY =C,. (5.16)

Since the ODE (5.13) admits translations in x with corresponding invariants y and y’, we
employ the third ansatz of §4, in conjunction with the integrating factor 4 = 1 and these
invariants, and seek adjoint symmetries of the form A4 = 4, = f{y, y). Then (5.14) becomes
a polynomial in y”,y”. The coefficient of (y”)* gives y'f,,+3f, =0. This yields
Sy =h(y)/(¥)® for some function h(y). Then the coefficient of y” gives the equation
R2y(y)V Sy + 397 fyy 410y £, + 9 £, +12yf, = 0. This leads to h = const, and hence
f=1/(y")% Once can check that 4 = 1/(y’)? satisfies both the adjoint symmetry determin-
ing equation (5.14) and the adjoint-invariance condition equation (5.15). The singularity
of A at y' =0 leads us to choose y = x in our construction formula (3.9)-(3.12). The
resulting first integral is

D =—y"y /(Y= /() +OyV /() = C,. (5.17)
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The first integrals (5.16)—(5.17) reduce the ODE (5.13) to the second-order ODE

O = (C= G (5.18)

Now we again use the third ansatz in conjunction with the integrating factors 4 = 1 and
A = 1/(y")* together with the differential invariant & = yy”/(y’)? arising from the invariance
of ODE (5.13) under scalings in both x and y.

Using the integrating factor 1, we try A = 4, = fla). The adjoint symmetry determining
equation (5.14) yields f= a®. Feeding this into the second ansatz, we first substitute
A = A, = F(C,)a*? into the adjoint-invariance restriction (5.15). Unfortunately, this yields
F = 0. Next we substitute 4 = A4, = F(C,)a’® into (5.15), which then becomes a polynomial
with terms y®, y®y® & (yD) (y)2 1y The coefficient of y® yields F = 1/(C,)%. One

can then check that
Wy
A=|——
((y ) Cz)

satisfies (5.15). From our construction formula we obtain the corresponding first integral
D =0/y»/C+(¥) =C,

However, one can show that the first integral (5.19) is inessential, since C, = C,/C,.
Finally, using the integrating factor 1/(y)*, we try 4 = A, = fla)/()')*. In this case, the
adjoint symmetry determining equation (5.14) leads to

c/a

f= tan“(c/a) +W

(5.20)
with ¢ = const. Here ¢ arises from the scaling symmetry a—a/c admitted by the
determining ODE satisfied by fla).

One can check that 4 = fle)/()')* does not satisfy the adjoint-invariance determining
equation (5.15). Now we try a variant of the second ansatz as follows. We substitute 4 =
A, = FC,) f/(¥')?, where fis given by equation (5.20) with ¢ = H(C,), into the adjoint-
invariance determining equation (5.15). This leads to F=(C,)™®% and H = (C,)">
Consequently, we obtain the integrating factor

A=(c2)-3/2(tan-l(\/@/a)+ VCya )

1+(VC,y/a)?
and our construction formula yields the first integral
@ =(C,) *tan ' (VC,/a)—Iny = C,. (5.21)

The first integrals (5.16), (5.17) and (5.21) reduce the ODE (5.13) to a first order ODE. In
particular, we have

Y'VC/C,— (¥ ) = ycot(vVCy(C, +1Iny)).

Isolating y’, we obtain

VY = VG,sin(vVGy(C, +1ny)).
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6 Conclusion

For any system of ODEs, we have derived determining equations which are necessary and
sufficient conditions satisfied by its integrating factors. In particular, the solutions of these
determining equations yield all integrating factors. We have also derived a simple explicit
formula which yields a first integral for each solution. For an nth-order scalar ODE the
determining equations are a linear system of 2n—2 PDEs consisting of the adjoint of the
determining equation for symmetries of the nth-order ODE and an additional 2n—3
equations when n > 2. No additional equations arise in the case of a first-order scalar ODE.

We have introduced special techniques to seek solutions of the determining equations.
These techniques involve the use of known first integrals, eliminations of variables and
symmetry considerations. We have exhibited several examples illustrating combinations of
these techniques.

References

ANCo, S. C. & BLuMaN, G. (1997) Direct construction of conservation laws from field equations.
Phys. Rev. Lett. 78, 2869-2873.

ANco, S.C. & Bruman, G. (1998) Direct construction algorithm for conservation laws of
differential equations. Submitted.

BLuMaN, G. (1990) A reduction algorithm for an ordinary differential equation admitting a solvable
Lie group. SIAM J. Appl. Math. 50, 1689-1705.

BLumaN, G. & KUMEL, S. (1987) On invariance properties of the wave equation. J. Math. Phys. 28,
307-318.

GorDON, T. J. (1986) On the symmetries and invariants of the harmonic oscillator. J. Phys. 4 19,
183-189.

Lig, S. (1874) Verhandlungen der Gesselschaft der Wissenschaften zu Christiania.

LIg, S. (1888) Klassifikation und Integration von gewohnlichen Differentialgleichungen zwischen x,
y, die eine Gruppe von Transformationen gestatten. Math. Ann. 32, 213-281.

MIMURA, F. & No6No, T. (1994) A new conservation law for a system of second-order differential
equations. Bull. Kyushu Inst. Tech. 41, 1-10.

SARLET, W., CANTRUN, F. & CraMPIN, M. (1987) Pseudo-symmetries, Noether’s theorem and the
adjoint equations. J. Phys. 4 20, 1365-1376.

SARLET, W., PRINCE, G. E. & CraMPIN, M. (1990) Adjoint symmetries for time-independent second-
order equations. J. Phys. A 23, 1335-1347.





