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Chapter 2

Linear Equations and
Matrices

2.1 Linear equations: the beginning of algebra

The subject of algebra arose from the study of equations. The simplest kind
of equations are linear equations, which are equations of the form

a1xry] +agxg + -+ + apnTy = C,

where a1, as,...a, are a set of numbers called the coefficients, x1,xs,...x,
are the variables and c¢ is the constant term. In most familiar situations,
the coefficients are real numbers, but in some of the other settings we will
encounter later, such as coding theory, the coefficients might be elements of
some a finite field. Such considerations will be taken up in later chapters.
The simplest linear equation one can imagine is an equation with only
one variable, such as ax = b. For example, consider 3z = 4. This equation
is easy to solve since we can express the solution as x = 3/4. In general, if

a # 0, then x = é, and this is the only solution. But if a = 0 and b # 0,
a

there is no solution, since the equation is 0 = b. And in the case where a and
b are both 0, every real number x is a solution. This points outs a general
property of linear equations. Either there is a unique solution (i.e. exactly
one), no solution or infinitely many solutions.

Let’s take another example. Suppose you are planning to make a cake
using 10 ingredients and you want to limit the cake to 2000 calories. Let
a; be the number of calories per gram of the ith ingredient. Presumably,
each a; is nonnegative, although this problem may eventually be dealt with.
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Next, let x; be the number of grams of the ith ingredient. Then aix1+aoxo+
-+ 4 ajpx1g is the total number of calories in the recipe. Since you want the
total number of calories in your cake to be at most 2000, you could consider
the equation ajx1 + asxo + -+ + aoxr1p = 2000. The totality of possible
solutions x1,z9,...,x19 to this equation is the set of all possible recipes
you can concoct with exactly 2000 calories. Decreasing the amount of any
ingredient will then clearly decrease the total number of calories. Of course,
any solution where some z; is negative don’t have a physical meaning.

A less simple example is the question of finding all common solutions of
the equations z = z2 + 29® and 22 = x + y*. Since the equations represent
two surfaces in R?, we would expect the set of common solutions to be a
curve. It’s impossible to express the solutions in closed form, but we can
study them locally. For example, both surfaces meet at (1,1,1)”, so we can
find the tangent line to the curve of intersection at (1,1,1)7 by finding the
intersection of the tangent planes of the surfaces at this point. This will at
least give us a linear approximation to the curve.

General, nonlinear systems are usually very difficult to solve; their theory
involves highly sophisticated mathematics. On the other hand, it turns out
that systems of linear equations can be handled much more simply. There
are elementary methods for solving them, and modern computers make it
possible to handle gigantic linear systems with great speed. A general linear
system having of m equations in n unknowns z1,...,x, can be expressed in
the following form:

ai1ry + ajpre + -+ apxr, = by
a1 + ag3re + -+ + agpx, = by
(2.1)
aAm1x1 +amax2 + - + GmnTn = bm

Here, all the coefficients a;; and all constants b; are assumed for now to be
real numbers. When all the constants b; = 0, we will call the system homo-
geneous. The main problem, of course, is to find a procedure or algorithm
for describing the solution set of a linear system as a subset of R"™.

For those who skipped Chapter 1, let us insert a word about notation.
A solution of (2.1) is an n-tuple of real numbers, i. e. an element of R"”. By
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convention, n-tuples are always written as column vectors. To save space,
we will use the notation
Uy

U2
(ul,uQ,. .. ,un)T =

Un

The meaning of the superscript 7 will be clarified below. We would also like
to point out that a brief summary of the highlights of this chapter may be
found in the last section.

2.1.1 The Coefficient Matrix

To simplify notation, we will introduce the coefficient matrix.

Definition 2.1. The coefficient matriz of the above linear system is the
m X n array

ail ai19 . A1n
asy as3 . aon

A= & . (2.2)
Aml1 Am2 ... Amn

The augmented coefficient matriz is the m x (n + 1) array

ailr a2 al, b
as ass e aon b2

(Ap) =1 . . : : (2.3)
Aml Om2 --- Gmn bm

In general, an m x n matriz is simply a rectangular m x n array as in
(2.2). When m = n, we will say that A is a square matrix of degree n.

Now let’s look at the strategy for finding solving the system. First of
all, we will call the set of solutions the solution set. The strategy for finding
the solution set is to replace the original system with a sequence of new
systems so that each new system has the same solution set as the previous
one, hence as the original system.

Definition 2.2. Two linear systems are said to be equivalent if they have
the same solution sets.

Two equivalent systems have the same number of variables, but don’t
need to have the same number of equations.
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2.1.2 Gaussian reduction

The procedure for solving an arbitrary system is called Gaussian reduction.
Gaussian reduction is an algorithm for solving an arbitrary system by per-
forming a sequence of explicit operations, called elementary row operations,
to bring the augmented coefficient matrix (A|b) in (2.3) to a form called
reduced form, or reduced row echelon form. First of all, we define reduced
row echelon form.

Definition 2.3. A matrix A is said to be in reduced row echelon form, or
simply, to be reduced, if it has three properties.

(i) The first non zero entry in each row of A is 1.

(ii) The first non zero entry in every row is to the right of the first non
zero entry in all the rows above it.

(iii) Every entry above a first non zero entry is zero.

We will call a first non zero entry in a row its corner entry. A first non zero
entry in a row which has not been made into 1 by a dilation is called the
pivot of the row. Pivots aren’t required to be 1.

For reasons that will be explained later, an n x n matrix in reduced row
echelon form is called the n x n identity matriz. For example,

1 00
IQZ((l) (1)> and 13: 010
0 01
Here are some more examples of reduced matrices:
(1)(1)83 (12309) (01309)
00 1 5 000114 000 1O

Notice that the last matrix in this example would be the coefficient matrix
of a system in which the variable x; does not actually appear. The only
variables that occur are x2,...,x5. Note also that the n x n identity matrix
I, and every matrix of zeros are also reduced.
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2.1.3 Elementary row operations

The strategy in Gaussian reduction is to use a sequence of steps called
elementary row operations on the rows of the coefficient matrix A to bring
A into reduced form. There are three types of elementary row operations
defined as follows:

e (Type I) Interchange two rows of A.
e (Type II) Multiply a row of A by a non zero scalar.
e (Type III) Replace a row of A by itself plus a multiple of a different

TOW.

We will call Type I operations row swaps and Type II operations row
dilations. Type III operations are called transvections. We will boycott this
term. The main result is that an arbitrary matrix A can always be put into
reduced form by a sequence of row operations. Before proving this, we will
work an example.

Example 2.1. Consider the counting matrix

1
C=|4
7

oo Ot N
O Oy W

We can row reduce C as follows:

1 2 3 1 2 3
c®mly —3 6| B 0 -3 —6
78 9 0 —6 —12
1 2 3 12 3 10 -1
e I S e IR = N A
00 0 000 00 0

Notice that we have indicated the row operations.

Proposition 2.1. Every matrix A can be put into reduced form by some
(not unique) sequence of elementary row operations.
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Proof. 1f a11 # 0, we can make it 1 by the dilation which divides the first
row by aij;. We can then use row operations to make all other entries in
the first column zero. If ay; = 0, but the first column has a non zero
entry somewhere, suppose the first non zero entry is in the ith row. Then
swapping the first and ith rows puts a non zero entry in the (1,1) position.
Now proceed as above, dividing the new first row by the inverse of the new
(1,1) entry, getting a corner entry in the (1,1) position. Now that there
we have a corner entry in (1,1), we can use operations of type III to make
all elements in the first column below the (1,1) entry 0. If the first column
consists entirely of zeros, proceed directly to the second column and repeat
the procedure just described on the second column. The only additional
step is that if the (2,2) entry is a corner, then the (1,2) entry may be made
into 0 by another Type III operation. Continuing in this manner, we will
eventually obtain a reduced matrix. O

REMARK: Of course, the steps leading to a reduced form are not unique.
Nevertheless, the reduced form of A itself is unique. We now make an
important definition.

Definition 2.4. The reduced form of an m x n matrix A is denoted by A,..q.
The row rank, or simply, the rank of an m x n matrix A is the number of
non-zero rows in A,.q.

2.2 Solving Linear Systems

Let A be an m x n matrix and consider the linear system whose augmented
coefficient matrix is (A|b). The first thing is to point out the role of row
operations.

2.2.1 Equivalent Systems

Recall that two linear systems are said to be equivalent if they have the
same solution sets. The point about Gaussian reduction is that performing
a row operation on the augmented coefficient matrix of a linear system gives
a new system which is equivalent to the original system.

For example, a row swap, which corresponds to interchanging two equa-
tions, clearly leaves the solution set unchanged. Similarly, multiplying the
1th equation by a non-zero constant a does likewise, since the original system
can be recaptured by multiplying the ith equation by a~'. The only ques-
tion is whether a row operation of Type III changes the solutions. Suppose
the ith equation is replaced by itself plus a multiple k£ of the jth equation,
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where i # j. Then any solution of the original system is still a solution of
the new system. But any solution of the new system is also a solution of
the original system since subtracting k£ times the jth equation from the ith
equation of the new system gives us back the original system. Therefore the
systems are equivalent.

To summarize this, we state

Proposition 2.2. Performing a sequence of row operations on the aug-
mented coefficient matrix of a linear system gives a new system which is
equivalent to the original system.

2.2.2 The Homogeneous Case

We still have to find a way to write down the solution set. The first step
will be to consider the homogeneous linear system with coefficient matrix
(A|0). This is the same as dealing with the coefficient matrix A all by itself.

Definition 2.5. The solution set of a homogeneous linear system with co-
efficient matrix A is denoted by N(A) and called the null space of A.

The method is illustrated by the following example.

Example 2.2. Consider the homogeneous linear system

Orx14+20+2203+0x4+3c+5—26 =
0x1 + 0z 4+ Ox3 + x4 + 225 + 0zg = 0.

The coefficient matrixA is already reduced. Indeed,
0120 3 —1
A= <0 0012 0 ) '
Our procedure will be to solve for the variables in the corners, which we
will call the corner variables. We will express these variables in terms of
the remaining variables, which we will call the free variables. In A above,
the corner columns are the second and fourth, so x5 and x4 are the corner

variables and the variables x1,x3, x5 and xg are the free variables. Solving
gives

To = —2x3—3x5+ x4

Ty = —221?5

In this expression, the corner variables are dependent variables since they
are functions of the free variables. Now let (z1,x2,x3, x4, x5, x6) denoted
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an arbitrary vector in R® which is a solution to the system, and let us call
this 6-tuple the general solution vector. Replacing the corner variables by
their expressions in terms of the free variables gives a new expression for the
general solution vector involving just the free variables. Namely

T
X = ($1,—2.’E3—3.’E5+CE6, I3, —2565, x5, .’E6) .

The general solution vector now depends only on the free variables, and
there is a solution for any choice of these variables.

Using a little algebra, we can compute the vector coefficients of each
one of the free variables in x. These vectors are called the fundamental
solutions. In this example, the general solution vector x gives the following
set of fundamental solutions:

f1 = (17070707070)T7 f2 = (0707_27 17 07 O)Tv f3 = (07 _37 07 - 27 17 0)T7

and
f, = (0,—1, 0, 0, 0,1)7.

Hence the general solution vector has the form
x = x1f1 + w3fy + x4f35 + 514,

In other words, the fundamental solutions span the solution space, i.e. every
solution is a linear combination of the fundamental solutions.

This example suggest the following

Proposition 2.3. In an arbitrary homogeneous linear system with coef-
ficient matrix A, any solution is a linear combination of the fundamental
solutions, and the number of fundamental solutions is the number of free
variables. Moreover,

#corner variables + #free variables = #variables. (2.4)

Proof. The proof that every solution is a linear combination of the funda-
mental solutions goes exactly like the above example, so we will omit it.
Equation (2.4) is an obvious consequence of the fact that every variable is
either a free variable or a corner variable, but not both. O

There is something strange in Example 2.2. The variable 1 never ac-
tually appears in the system, but it does give a free variable and a corre-
sponding fundamental solution (1,0,0,0,0,0)”. Suppose instead of A the

coefficient matrix is
p_ (1203 -1
“\00 12 0)
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Now (1,0,0,0,0,0)7 is no longer a fundamental solution. In fact the solution
set is now a subset of R®. The corner variables are x1 and x3, and there are
now only three fundamental solutions corresponding to the free variables
9, x4, and xs.

Even though (2.4) is completely obvious, it gives some very useful infor-
mation. Here is a typical application.

Example 2.3. Consider a system involving 25 variables and assume there
are 10 free variables. Then there are 15 corner variables, so the system
has to have at least 15 equations, that is, there must be at least 15 linear
constraints on the 25 variables.

We can also use (2.4) to say when a homogeneous system with coefficient
matrix A has a unique solution (that is, exactly one solution). Now 0 is
always a solution. This is the so called trivial solution. Hence if the solution
is to unique, then the only possibility is that N'(A) = {0}. But this happens
exactly when there are no free variables, since if there is a free variable there
will be non trivial solutions. Thus a homogeneous system has a unique
solution if and only if every variable is a corner variable, which is the case
exactly when the number of corner variables is the number of columns of A.
It follows that if a homogeneous system has more variables than equations,
there have to be non trivial solutions, since there has to be at least one free
variable.

2.2.3 The Non-homogeneous Case

Next, consider the system with augmented coefficient matrix (A|b). If b #
0, the system is called non-homogeneous. To resolve the non-homogeneous
case, we need to observe a result sometimes called the Super-Position Prin-
ciple.

Proposition 2.4. If a system with augmented coefficient matrix (A|b) has
a particular solution p, then any other solution has the form p + x, where
x varies over all solutions of the associated homogeneous equation. That is,
x varies over N'(A).

Proof. Let us sketch the proof. (It is quite easy.) Suppose p = (p1,...,Pn)
and let x = (x1,...,2,) be an element of N'(A). Then substituting p; + z;
into the system also gives a solution. Conversely, if q is another particular
solution, then p —q is a solution to the homogeneous system, i.e. an element
of N(A). Therefore q = p + x, where x = q — p € N(A). This completes
the proof. O
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Example 2.4. Consider the system involving the counting matrix C' of
Example 2.1:

1$1 + 2562 + 3563 = a
4%1 + 5562 + 6563 = b
7%1 + 8562 + 9563 = C,

where a,b and ¢ are fixed arbitrary constants. This system has augmented
coefficient matrix

1 2 3 a
(Cb)=14 5 6 b
7 8 9 ¢
We can use the same sequence of row operations as in Example 2.1 to put

(C|b) into reduced form (Cjcq|c) but to minimize the arithmetic with de-
nominators, we will actually use a different sequence.

123 a 12 3 a

Cp)="="13 3 3 b—a| ™3™ 3 33 b-q |0
789 ¢ 1 2 3 ¢c—2b+2a

12 3 Cuom (L2 3 a o

333 b- 5 ~1 -1 =1 (1/3)a—(1/3)b | "™

0 0 0 c—2b+a 0 0 0 c—2b+a

1 2 3 1 0 —1 (=5/3)a+ (2/3)b
01 2 (4/3)a—@1/30] ™30 1 2 (4/3)a—(1/3)
0 00 c—2b+a 00 O c—2b+a

The reduced system turns out to be the same one we obtained by using the
sequence in Example 11.2. We get

lz1 +0x9 — 12z = (=5/3)a+ (2/3)b
O0zy + lzg + 223 = (4/3)a— (1/3)b
Ox1 +0x94+0x3 = a—2b+c¢

Clearly the above system may in fact have no solutions. In fact, from
the last equation, we see that whenever a — 2b + ¢ # 0, there cannot be a
solution. Such a system is called inconsistent. For a simpler, example, think
of three lines in R? which don’t pass through a common point. This is an
example where the system has three equations but only two variables.
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Example 2.5. Let’s solve the system of Example 2.4 fora =1, b =1 and
c = 1. In that case, the original system is equivalent to

ley +0xg — 13 = -1
Ox1 4+ 1lzg + 223 =
Oxy 4+ 0x24+0x3 = 0

It follows that x; = —1 + 23 and 29 = 1 — 2z3. This represents a line in R3.

The line if the previous example is parallel to the line of intersection of
the three planes

1x1 + 229 + 323
4x1 4 d5xo 4+ 623 =
Tx1 +8x9+9x3 = O,

These planes meet in a line since their normals are contained in a plane
through the origin. On the other hand, when a — 2b + ¢ # 0, what happens
is that the line of intersection of any two of the planes is parallel to the third
plane (and not contained in it).

that slightly perturbing the lines will

2.2.4 Criteria for Consistency and Uniqueness

To finish our treatment of systems (for now), we derive two criteria, one for
consistency and the other for uniqueness. Consider the m x n linear system
(2.1) with coefficient matrix A and augmented coefficient matrix (A|b).

Proposition 2.5. Suppose the coefficient matrix A has rank k, that is A,q
has k corners. Then N (A) = {0} if and only if k = n. The (possibly non-
homogeneous) linear system (A|b) is consistent if and only if the rank of A
and of (A|b) coincide. If (A|b) is consistent and k = n, then the solution is
unique. Finally, if A is n X n, the system (2.1) is consistent for all b if and
only if the rank of A equals n.

Proof. The first statement is a repetition of a result we already proved. The
second follows as in the previous example, because if the rank of (A|b) is
greater than k, then the last equation amounts to saying 0 = 1. If Aisnxn
of rank n, then it is clear that (A|b) and A have the same rank, namely n.
It remains to show that if A and (A|b) have the same rank for all b, then
A has rank n. But if the rank of A is less than n, one can (exactly as in
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Example 2.4) produce a b for which (A|b) has rank greater than the rank
of A. O

Systems where m = n are an important special case as they are neither
under determined (fewer equations than unknowns) nor over determined
(more equations than unknowns). When A is n x n of rank n, the system
(2.1) is called nonsingular. Thus the nonsingular systems are the square
systems which are always consistent and always have unique solutions. We
also say that an n x n matrix nonsingular if it has maximal rank n. If the
rank of A is less than n, we say that A is singular.

Example 2.6. An amusing geometric criterion for a 3 x 3 matrix
a1

A= ag
ag

to be nonsingular is that

ajp - (az X a3) 7&0.

Indeed, we know that a;, as, and ag are not in a plane through the origin
if and only if a3 - (ag X ag) # 0. But the above Proposition also says that
the rank of A is three precisely when there is no non-zero vector orthogonal
to each of a1, ag, and ag.

The expression aj - (ag X ag) is called the determinant of A and abbre-

viated det(A). In algebraic terms, we have

aip a2 aig
det as21 a2 43 == (25)

az1 asz ass

11022033 + 12023031 + A13021A32 — 013022031 — G11G23032 — (12021033.

Determinants will be taken up in a later chapter.



39

Exercises
Exercise 2.1. Consider the linear system

T+ 229 +4x3 + 4y =
To+ T3+ 2x4 =
x1 + 0x9 + 223+ 024 =

(a) Let A be the coefficient matrix of the associated homogeneous system.
Find the reduced form of A.

(b) Determine whether the system is consistent and, if so, find the general
solution.

(c) Find the fundamental solutions of Ax = 0 and show that the funda-
mental solutions span N'(A).

(d) Is the system Ax = b consistent for all b € R3? If not, find an
equation which the components of b must satisfy.

Exercise 2.2. If A is 9 x 27, explain why the system Ax = 0 must have at
least 18 fundamental solutions.

Exercise 2.3. Consider the system Ax = 0 where A = (712 _21 % :% (1)) Find
the fundamental solutions and show they span A/(A).

Exercise 2.4. Let A be the 2 x 5 matrix of Problem 2.3. Solve the com-
pounded linear system

(415 %1,
Exercise 2.5. Set up a linear system to determine whether (1,0,—1,1)
is a linear combination of (—1,1,2,0), (2,1,0,1) and (0,1,0,—1) with real
coefficients. What about when the coefficients are in Z3? Note that in Zg,
—1=2.

Exercise 2.6. A baseball team has won 3 mores games at home than on
the road, and lost 5 more at home than on the road. If the team has played
a total of 42 games, and if the number of home wins plus the number of road
losses is 20, determine the number of home wins, road wins, home losses and
road losses.

Exercise 2.7. For what real values of a and b does the system
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r+ay+a’z = 1
r+ay+abz = a
be + a’y + a’bz = a’b

have a unique solution?

Exercise 2.8. True or False: If the normals of three planes in R? through
the origin lie in a plane through the origin, then the planes meet in a line.

Exercise 2.9. Suppose A is a 12 x 15 matrix of rank 12. How many fun-
damental solutions are there in N'(A)?

Exercise 2.10. . How many 2 x 2 matrices of rank 2 are there if we impose
the condition that the entries are either 0 or 17 What about 3 x 3 matrices
of rank 3 with the same condition?

Exercise 2.11. Find the ranks of each of the following matrices:
1 2 3 1 2 2
14 9|, 1 4 4
1 8 27 1 8 8

Can you formulate a general result from your results?

Exercise 2.12. If a chicken and a half lay and egg and a half in a day and
a half, how many eggs does a single chicken lay in one day? Bonus marks
for relating this to linear equations.

2.3 DMatrix Algebra

Our goal in this section is to introduce matrix algebra and to show how it
it is closely related to the theory of linear systems.

2.3.1 Matrix Addition and Multiplication

Let R™*™ denote the set of all m x n matrices with real entries. There
are three basic algebraic operations on matrices. These are addition, scalar
multiplication and matrix multiplication. There are conditions which govern
when two matrices can be added and when they can be multiplied. In
particular, one cannot add or multiply any pair of matrices. First of all,
suppose A = (a;;) € R™*™ and r is a scalar. Then the scalar multiple rA of
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A is the matrix rA = (ra;;) € R™*™ in which every element of A has been
multiplied by r. For example, if A is 2 x 3, then

o 3a11 3&12 3&13
34 = (3@21 3a22 3a23>'

Matrix addition can only be carried out on matrices of the same dimen-
sion. When A and B have the same dimension, say m x n, we take their sum
in the obvious manner. If A = (a;;) and B = (b;;), then A+ B is defined to
be the m x n matrix A+ B := (ai; + b;;). In other words, the (4, j) entry of
A+ Bis a;j + b;;. For example,

(an a12> n (bn 512) _ (an +bn a2+ b12)
az a bo1 o as1 +bo1 agy +bxw)’
Addition and scalar multiplication can be combined in the usual way to

give linear combinations of matrices (of the same dimension). Here is an
example.

Example 2.7. Let

Then

3 3 06 2 2 1 2
sa= (3 5, 08) wa ars=(3; %1 3)

The m x n matrix such that every entry is 0 is called the m x n zero
matriz. Clearly, the m X n zero matrix is an additive identity for addition of
m X n matrices. Now that the additive identity is defined, we can also note
that any m x n matrix A has as an additive inverse — A, since A+ (—A) = O.

2.3.2 Matrices Over Fy: Lorenz Codes and Scanners

So far we have only considered matrices over the real numbers. After we
define fields, in the next Chapter, we will be able to compute with matrices
over other fields, such as the complex numbers C. Briefly, a field is a set with
addition and multiplication which satisfies the basic algebraic properties of
the integers, but where we can also divide.

The smallest field is Fy, the integers mod 2, which consists of 0 and
1 with the usual rules of addition and multiplication, except that 1 + 1 is
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defined to be 0: 14+ 1 = 0. The integers mod 2 are most used in computer
science since. (Just look at the on-off switch on a PC.) Adding 1 represents
a change of state while adding 0 represents status quo.

Matrices over F? are themselves quite interesting. For example, since F
has only two elements, there are precisely 2™" such matrices. Addition on
such matrices also has some interesting properties, as the following example
shows.

Example 2.8. For example,
1 01 n 111y (0 10
01 1 111/ \1 0 0/’
1 0 1 n 1 01y (0 0O
011 011/ \0o 0 0/

In the first sum, the parity of every element in the first matrix is reversed.
In the second, we see every matrix over Fy is its own additive inverse.

and

Example 2.9. Random Key Crypts. Suppose Rocky wants to send a
message to Bullwinkle, and he wants to make sure that Boris and Natasha
won’t be able to learn what it says. Here is what the ever resourceful flying
squirrel can do. First he encodes the message as a sequence of zeros and ones.
For example, he can use the binary expansions of 1 through 26, thinking of
1 as a, 2 as b etc. Note that 1 =1,2 =10,3 = 11,4 =100...,26 = 11010.
Now he represents each letter as a five digit string: a = 00001, b = 00010,
¢ = 00011, and so on, and encodes the message. Rocky now has a long string
zeros and ones, which is usually called the plaintezt. Finally, to make things
more compact, he arranges the plaintext into a 01 matrix by adding line
breaks at appropriate places. Let’s denote this matrix by P, and suppose
P is m x n. Now the fun starts. Rocky and Bullwinkle have a list of m x n
matrices of zeros and ones that only they know. The flying squirrel selects
one of these matrices, say number 47, and tells Bullwinkle. Let £ be matrix
number 47. Cryptographers call E the key. Now he sends the ciphertext
encg(P) = P + E to Bullwinkle. If only Rocky and Bullwinkle know E,
then the matrix P containing the plaintext is secure. Even if Boris and
Natasha succeed in overhearing the ciphertext P + E, they will still have
to know F to find out what P is. The trick is that the key F has to be
sufficiently random so that neither Boris nor Natasha can guess it. For
example, if E is the all ones matrix, then P isn’t very secure since Boris
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and Natasha will surely try it. Notice that once Bullwinkle receives the
ciphertext, all he has to do is add F and he gets P. For

encg(P)+ E=(P+E)+E=P+(E+E)=P+0=P.

This is something even a mathematically challenged moose can do. Our
hero’s encryption scheme is extremely secure if the key F is sufficiently
random and it is only used once. (Such a crypt is called a one time pad.)
However, if he uses E to encrypt another plaintext message (), and Boris
and Natasha pick up both encg(P) = P + E and encg(Q) = Q + E, then
they can likely find out what both P and ) say. The reason for this is that

(P+E)+(Q+E)=(P+Q)+(E+E)=P+Q+0=P+Q.

The point is that knowing P + ) may be enough for a cryptographer to
deduce both P and ). However, as a one time pad, the random key is very
secure (in fact, apparently secure enough for communications on the hot line
between Washington and Moscow).

Example 2.10. (Scanners) We can also interpret matrices over Fo in an-
other natural way. Consider a black and white photograph as being a rect-
angular array consisting of many black and white dots. By giving the white
dots the value 0 and the black dots the value 1, our black and white photo
is therefore transformed into a matrix over Fy. Now suppose we want to
compare two black and white photographs whose matrices A and B have
the same dimensions, that is, both are m x n. It turns out to be inefficient
for a computer to scan the two matrices to see in how many positions they
agree. However, suppose we consider the sum A + B. When A + B has a
1 in the (4, j)-component, then a;; # b;j, and when it has 0, then a;; = b;;.
Hence the sum two identical photographs will be the zero matrix, and the
sum of two complementary photographs will sum to the all ones matrix. An
obvious and convenient measure of how similar the two matrices A and B
are is the number of non zero entries of A+ B. This number. which is easily
tabulated, is known as the Hamming distance between A and B.

2.3.3 Matrix Multiplication

The third algebraic operation, matriz multiplication, is the most important
and the least obvious to define. For one thing, the product of two matrices of
the same dimension is only defined if the matrices are square. The product
AB of two matrices A and B exists only when the number of columns of A
equals the number of rows of B.
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Definition 2.6. Let A be m xn and B n X p. Then the product AB of A
and B is the m x p matrix C whose entry in the ith row and kth column is

n
Cik — Z aijbjk.
7j=1

Thus n
AB = (Z aijbjk).
j=1
Put another way, if the columns of A are ay, ..., a,, then the rth column
of AB is

biraj + bopag + ... byray,.

Hence the rth column of AB is the linear combination of the columns of A
using the entries of the rth column of B as the scalars. One can also express
AB as a linear comination of the rows of B. This turns out to be connected
with row operations. The reader is invited to work this out explicitly.

Example 2.11. Here are two examples.

1 3 6 0\ (1-6+3-(-2) 1-04+3-7\ [0 21

2 4)\-2 7) \2:6+4-(-2) 2:0+4-7) \4 28)°
Note how the columns of the product are linear combinations. Computing
the product in the opposite order gives a different result:

6 0\(1 3\ (6-1+0-2 6-3+0-4\ (6 18
-2 7)J\2 4) \-2-1+7-2 —-2.34+7-4) \12 22)°
From this example, we have a pair of 2 x 2 matrices A and B such
that AB # BA. More generally, multiplication of n x n matrices is not

commutative, although there is a notable exception: if A and B are 1 x 1,
then AB = BA.

2.3.4 The Transpose of a Matrix

Another operation on matrices is transposition, or taking the transpose. If
Ais m x n, the transpose AT of A is the n x m matrix AT := (c,s), where
¢rs = agr. This is easy to remember: the ith row of AT is just the ith column
of A. Here are two obvious facts. First,

(AT = A.
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Second, a matrix and its transpose have the same diagonal. A matrix A
which is equal to its transpose (that is, A = AT is called symmetric. Clearly,
every symmetric matrix is square. The symmetric matrices over R turn out
to be especially important, as we will see later.

1 2
= )
r (1 3
v

An example of a 2 x 2 symmetric matrix is

1 3
3 5)°
Notice that the dot product v - w of any two vectors v,w € R" can be
expressed as a matrix product, provided we use the transpose. In fact,

V'W:VTW: E V;Wj.

Example 2.12. If

then

The transpose of a product has an amusing property:
(AB)" = BT AT,

This transpose identity can be seen as follows. The (i, j) entry of BT AT is
the dot product of the ith row of B” and the jth column of A”. Since this
is the same thing as the dot product of the jth row of A and the ith column
of B, which is the (j,4) entry of AB, and hence the (i,7) entry of (AB)7,
we see that (AB)T = BT AT, Suggestion: try this out on an example.

2.3.5 The Algebraic Laws

Except for the commutativity of multiplication, the expected algebraic prop-
erties of addition and multiplication all hold for matrices. Assuming all the
sums and products below are defined, matrix algebra obeys following laws:

(1) Associative Law: Matrix addition and multiplication are associa-
tive:

(A+B)+C=A+(B+C) and (AB)C=A(BC).
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(2) Distributive Law: Matrix addition and multiplication are distribu-
tive:

A(B+C)=AB+AC and (A+B)C=AC + BC.

(3) Scalar Multiplication Law: For any scalar r,

(’I”A)B = A(’I”B) = T(AB).

(4) Commutative Law for Addition: Matrix addition is commuta-
tive: A+ B= B+ A.

Verifying these properties is a routine exercise. [ suggest working a
couple of examples to convince yourself, if necessary. Though seemingly
uninteresting, the associative law for multiplication will often turn to be a
very important property.

Recall that the n x n identity matriz I, is the matrix having one in each
diagonal entry and zero in each entry off the diagonal. For example,

1 00
I2—<(1) (1)> and I3=(0 1 0
0 01

Note that it makes sense to refer to the identity matrix over Fo, since ! is
the multiplicative identity of F2.

The identity matrix I, is a multiplicative identity for matrix multiplica-
tion. More precisely, we have

Proposition 2.6. If A is an m X n matrix, then Al, = A and I,,A = A.

Proof. This is an exercise. O



47

Exercises

Exercise 2.13. Make up three matrices A, B,C so that AB and BC are
defined. Then compute AB and (AB)C. Next compute BC and A(BC).
Compare your results.

Exercise 2.14. Suppose A and B are symmetric n X n matrices. (You can
even assume n = 2.)

(a) Decide whether or not AB is always symmetric. That is, whether
(AB)T = AB for all symmetric A and B?

(b) If the answer to (a) is no, what condition ensures AB is symmetric?

Exercise 2.15. Suppose B has a column of zeros. How does this affect any
product of the form AB? What if A has a row or a column of zeros?

Exercise 2.16. Let A be the 2 x 2 matrix over Fy such that a;; = 1 for each
1,7. Compute A™ for any integer m > 0. Does this question make sense if
m < 07 (Note A7 is the product AA--- A of A with itself j times.)

Exercise 2.17. Generalize this question to 2 x 2 matrices over Fop.

Exercise 2.18. Let A be the n x n matrix over R such that a;; = 2 for all
1,j. Find a formula for A’ for any positive integer j.

Exercise 2.19. Verify Proposition 2.6 for all m x n matrices A over R.

Exercise 2.20. Give an example of a 2 x 2 matrix A such that every entry
of A is either 0 or 1 and A? = I, as a matrix over Fy, but A% # I, as a
matrix over the reals.
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2.4 Elementary Matrices and Row Operations

The purpose of this section is make an unexpected connection between ma-
trix multiplication and row operations. We will see that in fact row opera-
tions can be done by matrix multiplication. For example, in the 2 x n case,
we use the following three types of 2 x 2 matrices:

0 1 r 0 1 0 1 s 1 0
a=(1o) m=(o V)l ) m=( 1) (1)

These matrices enable us to do row operations of types I, II and III respec-
tively via left or pre-multiplication, so they are called elementary matrices.

For example,
0 1\ fa b\ (c d
10 ¢c d)  \a b)’
r 0 a b\ (ra b
0 1/)\e d) \e¢ d)’
1 s\ fa b\ (a+sc b+sd
0 1 c d) c d '

Suitably modified, the same procedure works in general. An m X m
matrix obtained from I,,, by performing a single row operation is called an
elementary m x m matriz. Here is the main point.

Proposition 2.7. Let A be an mxm matrix, and assume F is an elementary
m X m matrix. Then FA is the matrix obtained by performing the row
operation corresponding to E on A.

Proof. This follows from the fact that
EA = (FEI,)A,

and E1,, is the result of applying the row operation corresponding to E to
I,,. Thus left multiplication by E will do the same thing to A that it does
to I,,. |

Since any matrix can be put into reduced form by a sequence of row
operations, and since row operations can be performed by left multiplication
by elementary matrices, we have

Proposition 2.8. An arbitrary m X n matrix A can be put into reduced
form by a performing sequence of left multiplications on A using only m X m
elementary matrices.
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Proof. This follows from the above comments. O

This procedure can be expressed as follows: starting with A and replac-
ing it by Ay = F1 A, Ay = E5(F1A)) and so forth, we get the sequence

A= Ay = BiA— Ay = By(EyA) = - — BBy (- (E1A) ),
the last matrix being A,.4. What we obtain by this process is a matrix
B = (Ex(Eg-1--- (E14)--+))

with the property that BA = A,.q. We want to emphasize that although B
is expressed as a certain product of elementary matrices, the way we have
chosen these matrices is never unique. However, it will turn out that B is
unique in certain cases, one of which is the case where A is a nonsingular
n X n matrix.

Note that we could have expressed B without parentheses writing it
simply as B = EpEy_1--- Fq, due to the fact that, by the associative law,
the parens can be rearranged at will.

When we are reducing a matrix A with entries in R, Q, C or even Fy,
then the elementary matrices we need to use also have entries in R, Q, C or
5, hence the matrix B which brings A into reduced form also has entries
in the corresponding place. Hence we may state

Proposition 2.9. For any m x n matrix A (with entries in R, Q, C or Fy),
there is an m X m matrix B (with entries in R, Q, C or Fy), which is a
product of elementary matrices, such that BA = A,q.

Example 2.13. Let’s compute the matrix B produced by the sequence of
row operations in Example 2.1 which puts the counting matrix C' in reduced
form. Examining the sequence of row operations, we see that B is the
product

1 -2 0 1 0 0 1 0 0 1 00 1 00
0 1 0 -1/3 0 1 0 0 1 0 -4 1 0
0 0 1 0 0 1 0 -2 1 -7 0 1 0 0 1
Thus
-5/3 2/3 0
B=1|4/3 -1/3 0
1 -2 1

Be careful to express the product in the correct order. The first row opera-
tion is the made by the matrix on the right and the last by the matrix on
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the left. Thus

~5/3 2/3 0\ /1 2 3 10 -1
BC=|4/3 —1/3 0| (4 5 6|=]0 1 2
1 -2 1) \7 89 00 0

That is, BC' = Cjeq.

In the above computation, you should not be explicitly multiplying the
elementary matrices out. Start at the right and apply the sequence of row
operations working to the left. A convenient way of doing this is to begin
with the 3 x 6 matrix (A|l3) and carry out the sequence of row operations.
The final result will be (A,¢q|B). Thus if we start with

(All3) =

- A =
oo Ut N

3100
6 01 0],
9 0 01

we end with

1 0 -1 —5/3 2/3 0
(A4yeaB)=(0 1 2 4/3 -1/3 0
00 0 1 -2 1

2.4.1 Application to Linear Systems

How does this method apply to solving linear systems? Note that the linear
system (2.1 can be expressed in the compact matrix form

Ax = b,
where A is the coefficient matrix, x = (x1,23,...,2,)" is the column of
variables, and b = (b1, ba, ..., by,)" is the column of constants.

Starting with a system Ax = b, where A is m x n, multiplying this
equation by any elementary matrix F gives a new linear system FAx = Eb,
which we know is equivalent to the original system. Therefore, applying
Proposition 2.9, we obtain

Proposition 2.10. Given the linear system Ax = b, there exists a square
matrix B which is a product of elementary matrices, such that the original
system is equivalent to A,.qx = Bb.

What’s useful is that given F, there exists an elementary matrix F' such
that FFE = I,. It follows (after a little thought) that there exists a square
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matrix C such that CB = I,,. We will expand on this in the following
section.

The advantage of knowing the matrix B which brings A into reduced
form is that at least symbolically one can handle an arbitrary number of
systems as easily as one. In other words, one can just as easily solve a
matrix linear equation AX = D, where X = (z;;) is a matrix of variables
and D = (Djy,) is a matrix of constants. If A is m xn and D has p columns,

then X is n x p and D is m x p. This matrix equation is equivalent to
AeqX = BD.
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Exercises

Exercise 2.21. Find the reduced row echelon form for each of the following
matrices, which are assumed to be over R:

_ = o
S = = O
S O = =
_ o O O

Exercise 2.22. Repeat Exercise 2.21 for the following matrices, except
assume that each matrix is defined over Zs:

110 1011
Ci=(01 1], Co=(011 0|, Cy3=
101 0101

_ = O
S = = O
S O ==
_ o O O

Exercise 2.23. Find matrices B, By and B3 which are products of elemen-
tary matrices such that B;A; is reduced, where Aq, Ay, A3 are the matrices
of Exercise 1.

Exercise 2.24. Find matrices Dy, Dy and D3 defined over Zs which are
products of elementary matrices such that D;C; is reduced, where C1, Cs, Cs
are the matrices of Exercise 2.

Exercise 2.25. Prove carefully the if F is an elementary matrix and F'
is the elementary matrix that performs the inverse operation, then FFE =
EF =1,.

Exercise 2.26. Write down all the 3 x 3 elementary matrices E over Zs.
For each E, find the matrix F' defined in the previous exercise such that
FE =FF = 1Is.

Exercise 2.27. Repeat Exercise 2.26 for the elementary matrices over Zs.

Exercise 2.28. List all the row reduced 2 x 3 matrices over Zs.
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2.5 Matrix Inverses

Given an elementary matrix F, we noted in the last section that there exists
another elementary matrix F' such that FE = I,. A little thought will
convince you that not only is F'E = I,,, but EF = I,,, as well. Doing a row
operation then undoing it produces the same result as first undoing it and
then doing it. Either way you are back to where you started. The essential
property is pointed out in the next

Definition 2.7. Suppose two m x m matrices A and B have the property
that AB = BA = I,,,. Then we say A is an inverse of B (and B is an inverse
of A).

We will use A~! to denote an inverse of A. In the 2 x 2 examples above,

(01 4 (01
El_(1 o)jEl _<1 o>’
[ 0 gl r=t 0
270 1 2~ \o 1)

. 1 s -1 1 —s
E3_<0 1>$E3 _<0 1)'

2.5.1 A Necessary and Sufficient for Existence

and

Recall that an n X n matrix A is called invertible if A has rank n. We
therefore have the

Proposition 2.11. If an n x n matrix A is invertible, there exists an n x n
matrix B such that BA = I,,.

Proof. This follows from Proposition 2.9 since A,cq = 1. [l

This relates the notion of invertibilty say for real numbers with that of
invertibilty for matrices. Thus we would like to know when A has a two
sided inverse, not just an inverse on the left.

Theorem 2.12. An n x n matrix A has an inverse B if and only if A has
rank n. Moreover, there can only be one inverse. Finally, if an n X n matrix
A has some left inverse, then A is invertible and the left inverse is the unique
inverse A1
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Proof. Suppose first that A has two inverses B and C. Then
B = BI, =B(AC) = (BA)C =1,C =C.

Thus tB = C, so the inverse is unique. Next, suppose A has a left inverse
B. We will show that the rank of A is n. For this, we have to show that if
Ax = 0, then x = 0. But if Ax = 0, then

B(Ax) = (BA)x = I,x = 0. (2.6)

Thus indeed, A does have rank n. Now suppose A has rank n. Then we
know the system Ax = b has a solution for all b. It follows that there exists
an n X n matrix X so that AX = I,,. This follows from knowing the system
Ax = e; has a solution for each 7, where e; is the ith column of I,,. Thus
there exist n x n matrices B and X so that BA = AX = I,,. We now show
that B = X. Repeating the above argument, we have

B = BI, = B(AX) = (BA)X = I,X = X.

Thus A has an inverse if and only if it has rank n. To finish the proof,
suppose A has a left inverse B: that is B is n xn and BA = I,,. But we just
showed in (2.6) that A has rank n, so (as we concluded above), A~! exists
and equals B. O

This theorem explains why we call square matrices of maximal rank
invertible.

Corollary 2.13. If A invertible, then the system
Ax=Db
has the unique solution x = A~ 'b.

Proof. We leave this as an exercise. O

The product of any two invertible n X n matrices A and B is also invert-
ible. Indeed, (AB)™! = B~1A~L. For

(B'AWAB=BYA'A)B=B"'I,B=B"'B=1,.

This is used in the proof of the following useful Proposition.

Proposition 2.14. Every invertible matrix is a product of elementary ma-
trices.

The proof is left as an exercise. Of course, by the previous Proposition,
the converse is also true: any product of elementary matrices is invertible.
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2.5.2 Methods for Finding Inverses

We have two ways of finding the matrix B so that BA = A,¢qy. The first is
simply to multiply out the sequence of elementary matrices which reduces
A. This is not as bad as it sounds since multiplying elementary matrices
is very easy. The second method is to form the augmented matrix (A|l,,)
and row reduce. The final result will be in the form (I,,|A~!). This is the
method used in most textbooks. Let’s begin with an example.

Example 2.14. Suppose we want to find an inverse for
1 2 0
A=1(1 3 1
0 1 2

Since we only need to solve the matrix equation X A = I3, we can use our
previous strategy of row reducing (A|l3).

1 2 01 0O 1 20 1 00
(A)=|131010|—-]011-110]|—
01 2 001 01 2 0 01
1 20 1 0 O 1 20 1 0 O
o011 -1 1 O0)J]—1{010 -2 2 -1} —
o001 1 -—-11 oo0o1 1 -1 1
1 00 5 —4 2
010 -2 2 -1
oo01 1 -1 1
Hence
5 —4 2
At=B=[-2 2 -1},
1 -1 1

since, by construction, BA = I3.

Example 2.15. To take a slightly more interesting example, let

— O~
e )
—_ o o
=N
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The catch is that we will assume that the entries of A are elements of
Fy = {0,1}. Imitating the above procedure, we obtain that

0011

0110
-1
A_llll

1 011

Note that the correctness of this result should be checked by computing
directly that

0 011 1 0 01
I = 0111 1100
1110 01 11
1 011 1 1 11

There is somewhat less obvious third technique which is sometimes also
useful. If we form the augmented coefficient matriz (A | b), where b repre-
sents the column vector with components b1, bs, ... b, and perform the row
reduction of this augmented matrix, the result will be in the form (I,| c),
where the components of ¢ are certain linear combinations of the compo-
nents of b. The coefficients in these linear combinations give us the entries
of A~1. Here is an example.

Example 2.16. Again let

1 2 0
A=11 3 1
1 2
Now form
1 2 a
1 3 10
1 c

and row reduce. The result is

1 0 0 5a—4b+2c
01 0 —2a+2b—-c¢
0 01 a—b+ec
Thus we see the inverse is
5 —4 2
-2 2 -1
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2.5.3 Matrix Groups

In this section, we will give some examples of what are called matrix groups
or linear groups. The basic example of a matrix group is the set GL(n,R)
of all invertible elements of R™*™. Thus,

GL(n,R) = {A € R™™ | A™! exists}. (2.7)

Notice that, by definition, every element in GL(n,R) has an inverse. More-
over, I, is an element of GL(n,R), and if A and B are elements of GL(n,R),
then so is their product AB. These three properties define what we mean
by a matrix group.

Definition 2.8. A subset G of R"*" is called a matriz group if the following
three conditions hold:

(i) if A, B € G, then AB € G,
(ii) I, € G, and
(iii) if A € G, then A71 € G.

It turns out that these three axioms are broad enough to give each ma-
trix group an extremely rich structure. Of course, as already noted above,
GL(n,R) is a matrix group. In fact, if G C R™*" is any matrix group, then
G C GL(n,R) (why?). A subset of GL(n,R) which is also a matrix group
is called a subgroup of GL(n,R). Thus we want to consider subgroups of
GL(n,R). The simplest example of a subgroup of GL(n,R) is {I,,}: this is
the so called trivial subgroup.

To get some simple yet interesting examples, let us consider permutation
matrices.

Example 2.17 (Permutation Matrices). A matrix P obtained from I,
by a finite sequence of row swaps is called a permutation matriz. In other
words, a permutation matrix is a matrix P € R™*" such that there are row
swap matrices S, ..., S € R™ " for which P = Sp -+ - Sk. (Recall that a row
swap matrix is by definition an elementary matrix obtained by interchanging
two rows of I,.) Clearly, I,, is a permutation matrix (why?), and any product
of permutation matrices is also a permutation matrix. Thus we only need to
see that the inverse of a permutation matrix is also a permutation matrix.
Let P = S;---Si be a permutation matrix. Then S~ = Sk_l---Sl_l, SO
P~ ! is indeed a permutation matrix since S, L= G, for each index i.
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Let P(n) denote the set of n x n permutation matrices. One can also
describe P(n) as the set of all matrices obtained from I,, by permuting the
rows of I,. Thus P(n) is the set of all n x n matrices whose only entries are
0 or 1 such that every row and every column has exactly one non-zero entry.
It follows from elementary combinatorics that P(n) has exactly n elements.

The inverse of a permutation matrix has a beautiful expression.

Proposition 2.15. If P is a permutation matrix, then P~' = PT.

Proof. This follows from the above discussion. We leave the details for the
exercises. O

To give an explicit example, let us compute P(3).

Example 2.18. P(3) consists of the following six 3 x 3 permutation matri-
ces; namely I3 and

1 00 010 010 0 01 0 0 1
00 179, 10 0}, 00 1], 100}, 010
010 0 01 1 00 010 1 00

Definition 2.9 (The orthogonal group). Let @ € R"*". Then we say
that Q is orthogonal if and only if QQT = I,,. The set of all n x n orthogonal
matrices is denoted by O(n,R). We call O(n,R) the orthogonal group.

Proposition 2.16. O(n,R) is a subgroup of GL(n,R).

Proof. 1t follows immediately from the definition and Theorem 2.12 that
if @ is orthogonal, then Q7 = Q~'. Consequently, since QQT = I, im-
plies QTQ = I,,, whenever Q is orthogonal, so is @~'. The identity I,, is
clearly orthogonal, so it remains to show that the product of two orthogonal
matrices is orthogonal. Let Q and R be orthogonal. Then

QR(QR)" = QR(R"Q™) = Q(RR"Q" = QQ" = I,

O

By Proposition 2.15, we have P(n) C O(n,R). That is, every permuta-
tion matrix is orthogonal. Hence P(n) is a subgroup of O(n,R).

The condition QT'Q = I,, which defines an orthogonal matrix @Q is equiv-
alent to the property that as a transformation of R™ to itself, () preserves
inner products. That is, for all x,y € R",

Qx-Qy =x"y. (2.8)
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Indeed, since QTQ = I,,,
x-y=x"y=x"Q"Qy = (Qx)"Qy = Qx - Qy. (2.9)

Conversely, if Qx-Qy = x-y, then Q7Q = I,,. (Justlet x =e; and y = e;.)
In particular, we can now conclude

Proposition 2.17. Every element of the orthogonal group O(n,R) pre-
serves lengths of vectors and also distances and angles between vectors.

Proof. This follows from the identity x - y = |x||y|cos 8, for all x,y € R",
where 0 is the angle between x and y. O

The preceding Proposition tells us that the orthogonal group O(n,R)
is intimately related to the geometry of R™. If () is orthogonal, then the
columns of @ are mutually orthogonal unit vectors, which is a fact we will
frequently use.

The orthogonal group for O(2,R) is especially interesting. It has an
important subgroup SO(2) called the rotation group which consists of the

rotation matrices
R cosf) —sinb
= \sin® cosO |-

Note that Ry = I5. The fact that SO(2) is a subgroup of O(2,R) follows from
trigonometry. For example, the sum formulas for cos(f 4+ p) and sin(6 + p),
are equivalent to the geometrically obvious formulas

RgR, = R,Ry = Ry, (2.10)

for all # and . We will discuss this later that in more detail.

Example 2.19. There are three subgroups of GL(n,R) which we encoun-
tered in Chapter 4: the group D,, of all invertible diagonal matrices (those
diagonal matrices with no zeros on the diagonal), the group £,, of all lower
triangular matrices with only ones on the diagonal, and the group U, of
all upper triangular matrices with ones on the diagonal. In the proof of
Theorem 2.19, we actually used the fact that £,, and U,, are matrix groups.
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Exercises

Exercise 2.29. Find the inverse of each of the following real matrices or
show that the inverse does not exist.

12 Lol LU 2 (1)(1)(1)—01

(a) (o1 —1]@/( o1 1]@

41 11 0 11 0 L0 —1 0
01 0 1

Exercise 2.30. If the field is Zs, which of the matrices in Exercise 1 are
invertible?

Exercise 2.31. Suppose A = (‘Cz Z), and assume that A = ad — bc # 0.
Show that A~! = % ( _dc _ab). What does the condition A # 0 mean in terms
of the rows of A7

Exercise 2.32. Suppose A has an inverse. Find a formula for the inverse
of AT?

Exercise 2.33. Prove Proposition 2.14.

Exercise 2.34. Suppose A is n X n and there exists a right inverse B, i.e.
AB = I,,. Show A invertible.

Exercise 2.35. Let C' = (é i b). Find a general formula for C 1.

(&
01
Exercise 2.36. Show that if A and B are n x n and have inverses, then
(AB)™! = B1A~!. What is (ABCD)~! if all four matrices are invertible?

Exercise 2.37. Suppose A is invertible m x m and B is m X n. Solve the
equation AX = B.

Exercise 2.38. Suppose A and B are both n x n and AB is invertible.
Show that both A and B are invertible. (See what happens if Bx = 0.)

Exercise 2.39. Let A and B be two n X n matrices over R. Suppose
A3 = B3, and A?B = B?A. Show that if A2+ B? is invertible, then A = B.
(Hint: Consider (4% + B?)A.)

Exercise 2.40. Without computing, try to guess the inverse of the matrix

10 1 O
01 0 -1
A= 10 -1 0
01 0 1

(Hint: are the columns orthogonal?)
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Exercise 2.41. Is it TRUE or FALSE that if an n x n matrix with integer
entries has an inverse, then the inverse also has integer entries?

Exercise 2.42. Consider the matrix
1 01
B=|0 11
1 21

Find B~!, if it exists, when B is considered to be a real matrix. Is B
invertible when it is considered as a matrix over Zy?

Exercise 2.43. A real n x n matrix Q such that QTQ = I,, is called or-
thogonal. Find a formula for the inverse of an arbitrary orthogonal matrix
Q. Also show that the inverse of an orthogonal matrix is also orthogonal.

Exercise 2.44. Show that the product of two orthogonal matrices is or-
thogonal.

Exercise 2.45. A matrix which can be expressed as a product of row swap
matrices is called a permutation matriz. These are the matrices obtained by
rearranging the rows of I,,. Show that every permutation matrix is orthog-
onal. Deduce that if P is a permutation matrix, then P~! = PT,

Exercise 2.46. Show that the following two matrices are permutation ma-
trices and find their inverses:

0 00O01 00100
00010 00001
0010 01, 10 000
01000 01000
100 00 0 001PO0

Exercise 2.47. You are a code-breaker (more accurately, a cryptographer)
assigned to crack a secret cipher constructed as follows. The sequence 01
represents A, 02 represents B and so forth up to 26, which represents Z. A
space between words is indicated by inserting 00. A text can thus be encoded
as a sequence. For example, 1908040002090700041507 stands for ”the big
dog”. We can think of this as a vector in R?2. Suppose a certain text has
been encoded as a sequence of length 14,212=44x323, and the sequence has
been broken into 323 consecutive intervals of length 44. Next, suppose each
sub-interval is multiplied by a single 44 x 44 matrix C'. The new sequence
obtained by laying the products end to end is called the cipher text, because



62

it has now been enciphered, and it is your job to decipher it. Discuss the
following questions.

(i) How does one produce an invertible 44 x 44 matrix in an efficient way,
and how does one find its inverse?

(ii) How many of the sub-intervals will you need to decipher to break
the whole cipher by deducing the matrix C?

Exercise 2.48. Prove Proposition2.15.

Exercise 2.49. Show that if @ is orthogonal, then the columns of @ are
mutually orthogonal unit vectors. Prove that this is also true for the rows

of Q.

Exercise 2.50. * Show that every element H of O(2,R) that isn’t a rotation
satisfies HT = H and H? = I,. (Note Iy is the only rotation that satisfies
these conditions.)
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2.6 The LPDU Decomposition

In this section, we will show that every n x n invertible matrix A has an
interesting factorization A = LPDU, where each of the matrices L, P, D,U
has a particular form. This factorization is frequently used in solving large
systems of linear equations by a process known as back substitution. We
will not go into back substitution here, but the reader can consult a text
on applied linear algebra, e.g. Linear Algebra and its Applications by G.
Strang. In addition to its usefulness in applied linear algebra, the LPDU
decomposition is also of theoretical interest, since each P gives a class of
matrices called a Schubert cell, which has many interesting properties.

In order to describe the necessary ingredients L, D, P, and U, we need
column operations, pivots and permutation matrices. Of these, the permu-
tation matrices are especially interesting, as we will encounter them in a
number of other contexts later.

2.6.1 The Basic Ingredients: L, P, D and U

In the LPDU decomposition, L is lower triangular and has only 1’s on its
diagonal, P is a permutation matrix, D is a diagonal matrix without any
zeros on its diagonal, and U is upper triangular and has only 1’s on its
diagonal. The notable feature of these types of matrices is that each one
can be constructed from just one kind of elementary matrix.

Let’s introduce the cast of characters starting with lower triangular ma-
trices. An n x n matrix L = (l;;) is called lower triangular if all entries
of L strictly above its diagonal are zero. In other words, l;; = 0 if i < j.
Similarly, a matrix is called upper triangular if all entries strictly below its
diagonal are zero. Clearly, the transpose of a lower triangular matrix is
upper triangular and vice versa. We will only be dealing with the upper or
lower triangular matrices all of whose diagonal entries are 1’s. These matri-
ces are called, respectively, upper triangular unipotent and lower triangular
unipotent matrices.

Example 2.20. Every lower triangular 3 x 3 unipotent matrix has the form
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The transpose U = L7 is

d

Il
S O =
S = 2
_ 0 o

We'’ve already used lower triangular unipotent matrices for row reduc-
tion, namely, the elementary matrices of Type III which are also lower tri-
angular. For these matrices, exactly one of a, b, ¢ is different from zero. Left
multiplication on A by such a matrix replaces a row of A by itself plus a
certain multiple of one the rows above it. You can check without any dif-
ficulty the basic property that the product of two or more lower triangular
elementary matrices of Type I1I is again lower triangular. Moreover, all the
diagonal entries of the product will be ones (why?). More generally, the
product of two or more lower triangular matrices is again lower triangular,
and the product of two or more lower triangular unipotent matrices is again
lower triangular unipotent.

Notice also that if L is lower triangular unipotent, then we can find
lower triangular elementary matrices of Type III, say 1, Fs, ..., E} so that
Ey--- EsE L = I,,. Since the inverse of each E; is another lower triangular
elementary matrix of type III, we therefore see that L = F| 1E5 Lo E,;l.
Thus both L and L~! can be expressed as a product of lower triangular ele-
mentary matrices of Type III. In particular, the inverse of a lower triangular
unipotent matrix is also lower triangular unipotent.

We summarize this discussion in the following proposition:

Proposition 2.18. The product of two lower triangular unipotent matrices
is also lower triangular unipotent, and the inverse of a lower triangular
unipotent matrix is a lower triangular unipotent matrix. The corresponding
statements in the upper triangular unipotent case also hold.

What this Proposition says is that the lower (resp. upper) triangular
unipotent matrices is closed under the operations of taking products and
inverses. Hence they form a pair of matrix groups.

Recall that an n x n matrix which can be expressed as a product of
elementary matrices of Type II (row swaps for short) is called a permutation
matriz. The n X n permutation matrices are exactly those matrices which
can be obtained by rearranging the rows of I,,. We have already seen that
they form a subgroup of O(n,R). In particular, inverse of a permutation
matrix P is PT.
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2.6.2 The Main Result

We now come to the main theorem.

Theorem 2.19. Let A = (a;;) be an invertible matrix over R. Then A
can be expressed in the form A = LPDU, where L is lower triangular
unipotent, U is upper triangular unipotent, P is a permutation matrix, and
D is a diagonal matrix with all its diagonal entries non zero. Furthermore,
the matrices P and D are unique.

This result gives the invertible matrices an interesting structure. Each of
L, P, D,U is constructed from just one kind of elementary matrix. Note that
we need to add that every invertible diagonal matrix is a product of Type
I elementary matrices. Because of our assertion that the diagonal matrix
D is unique, its diagonal entries have quite a bit of significance. The ith
diagonal entry d;; of D is usually called the ith pivot of A.

Example 2.21. Let A = (‘é 3) be invertible. If a # 0, then the LPDU
decomposition of A is

4= (—Cl/a (1)> <8 (ad —Obc)/a> ((1) _ﬁ/a)

However, if a = 0, then bc # 0 and A can be expressed either

o=y (0 (6 7)
roo=(3 ) (50 (5 )

This example tells us that L and U are not necessarily unique.

Proof of Theorem 2.19. This proof has the desirable feature that it is algo-
rithmic. That is, it gives a clear procedure for finding the LPDU factoriza-
tion. The first step in the proof is to scan down the first column of A until
we find the first non zero entry. Such an entry exists since A is invertible.
Let o(1) denote the row this entry is in, and let d, (1) = ay(1),1 denote the
entry itself. Now perform a sequence of row operations to make the entries
below a,(1),1 equal to zero. This transforms the first column of A into

(0,...,0,dy1,0,...,0)". (2.11)

This reduction is performed by pre-multiplying A by a sequence of lower
triangular elementary matrices of the third kind. We therefore obtain a lower
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triangular unipotent matrix Ly so that the first column of L1 A has the form
(2.11). The next step is to use the non zero entry d,(;y in the first column
to annihilate all the entries in the o(1)-st row to the right of d, (). Since
post multiplying by elementary matrices performs column operations, we
can multiply L1 A on the right by a sequence of upper triangular elementary
matrices of the third kind to produce a matrix of the form (L, A)U; whose
first column has the form (2.11) and whose o(1)-st row is

(do(1),0,- .., 0). (2.12)

Moreover, Proposition 2.18 guarantees that U; will be upper triangular
unipotent. We now have the first column and o(1)-st row of A in the desired
form and from now on, they will be unchanged.

To continue, we repeat this procedure on the second column of L1 AU;.
Suppose the first non zero entry of the second column sits in the k-th row.
Since we already cleared out all non zero entries of the o(1)st row, k # o(1).
Now set (2) = k and repeat the same procedure we carried out for the first
column and o(1)st row. Continuing, we eventually obtain lower triangular
unipotent matrices L; and upper triangular unipotent matrices U; and a
rearrangement o(1),0(2),...,0(n) of 1,2,...,n so that

(LnLnfl T Ll)A(U1U2 s Un)fl =Q,

where @) is the matrix whose ith column has d,; as its o(i)th entry and
zeros in every other entry, where d, ;) is the first non zero entry in the ith
column of (L;—1---Lij)A. We can clearly factor Q as PD where D is the
diagonal matrix whose ith diagonal entry is d,(;) and P is the permutation
matrix with ones exactly where ) had non zero entries. This gives us the
expression

A= (LyLy,_1-- L)' PD(U Uy ---U,) "L

But this is the desired factorization A = LPDU. Indeed, L' = L, L,—1--- L1
is lower triangular unipotent since it is a product of lower triangular ele-
mentary matrices of type III, and hence its inverse L is also lower triangular
unipotent. The same remarks hold when we put U = (U;Us---U,)" !, so
we have established the existence of the LP DU factorization. We will leave
the proof of the uniqueness of P and D as an exercise. O

Example 2.22. To illustrate the proof, let
0o 2 =2

A= 0 4 =5
-1 -2 -1
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Since the first non zero entry in the first column of A is a3 = —1, the
first two steps are to subtract the first column twice from the second and to
subtract it once from the third. The result is

0 2 -2
AULU;=| 0 4 =5
-1 0 0

Next we subtract twice the first row from the second, which gives

0 2 =2
LiAUU; = 0 0 -1
-1 0 0

Finally, we add the second column to the third and then factor, getting

0 2 0
Q = L1AUUUs = 0O 0 -1
-1 0 O
Now write
010 -1 0 0
Q=10 0 1 0 2 0
1 00 0 0 -1
Thus we obtain the LPDU factorization
1 00 010 -1 0 0 1 2 1
A=12 1 0 0 01 0o 2 0 01 -1
0 01 1 0 0 0 0 -1 0 0 1

2.6.3 The Case P =1,

In the case where P = I, A can be row reduced without using row in-
terchanges. In fact, in a sense that can be made precise, general invertible
matrices do not require a row interchange. This is because a row interchange
is only necessary when a zero shows up on a diagonal position during row
reduction.

Proposition 2.20. If an invertible matrix A admits an LDU decomposi-
tion, then the matrices L, D and U are all unique.

Proof. If A has two LDU decompositions, say A = L1 DUy = LoDyUs,
then we can write L' LoDyUs = D1Uy. Hence LT LyDy = D1U Uy . But
in this equation, the matrix on the left hand side is lower triangular and
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the matrix on the right hand side is upper triangular. This tells us that
immediately that D1 = D, and also that L1_1L2 = U1U2_1 = I, (why?).
Hence L1 = Lo and Uy = Us, so the proof is completed. O

Going back to the 2 x 2 case considered in Example 2.21, the LDU
decomposition for A is therefore unique when a # 0 . We also pointed out
in the same example that if a = 0, then L and U are not unique.

If one were only interested in solving a square system Ax = b, then
finding the LPDU factorization of A isn’t necessary. In fact, it turns out
that one can post multiply A by a permutation matrix () which is concocted
to move zero pivots out of the way. That is, if ) is chosen carefully, there
exists a factorization AQ = LDU. The only affect on the system is to
renumber the variables, replacing x by @ 'x. The L,D,U and @ are no
longer unique.

2.6.4 The symmetric LDU decomposition

Suppose A is an invertible symmetric matrix which has an LDU decompo-
sition. Then it turns out that L and U are not only unique, but they are
related. In fact, U = L”. This makes finding the LDU decomposition very
simple. The reasoning for this goes as follows. If A = AT and A = LDU,
then

LDU = (LpU)! =uT DT =uTDL”

since D = DT'. Therefore the uniqueness of L, D and U implies that U = L”.
The upshot is that to factor A = LDU, all one needs is to do row operations
of Type III on A such that higher rows act on lower rows to bring A into
upper triangular form B. This means all we need to do is to find a lower
triangular unipotent matrix L’ so that L' A is upper triangular, i.e. LA = B.
Then the matrices D and U can be found by inspection. In fact, D is
diagonal so d;; = b;; for all 4, and since all the b;; are all nonzero, we can
write B = DU, where U is an upper triangular unipotent matrix. This
means L'A = DU, so we have found both U and D. Hence L is also known
since, by the uniqueness result just proved,

L = U”T. Of course, it’s also the case that L = (L)™', but this is the
hard way to go.

Example 2.23. Consider the symmetric matrix

1 1 1
A={(1 3 -1
1 1 2
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The strategy is to apply Type III row operations, only allowing higher rows
to operate on lower rows, to bring A into upper triangular form, which is
our DU. Doing so, we find that A reduces to

1 1 1
DU=10 2 -2
0 0 1
Hence
1 0 0
D=0 2 ,
0 01
and
1 1 1
U=10 1 -1
0 0 1

Thus A = LDU where U is as above, L = UT and D = diag(1,2,1).

Summarizing, we state

Proposition 2.21. If A is an (invertible) n X n symmetric matrix without
zero pivots, then the LPDU decomposition of A has the form A = LDL”.

When A is invertible and symmetric but has zero pivots, then a permu-
tation matrix P # I, is needed. Expressing A = LPDU., it turns out that
we may construct L and U so that U = L7 still holds. This says that PD
is also symmetric (why?). Since PT = P~!, we see that

PD = (PD)" = D"PT = DP7!,

so PDP = D. I claim two conditions must be fulfilled in order to have this.
The first is that since P is a permutation matrix and hence PD is D with its
rows permuted, PDP cannot be a diagonal matrix unless P = P~!. Since P
is a permutation matrix, P = P~! if and only if P = PT. We can therefore
conclude that P is a symmetric permutation matrix. Moreover, this tells
us that PD = DP, so P and D commute. Now look at PDP~!. It can
be shown that PDP~! is always a diagonal matrix with the same diagonal
entries as D, except in a different order. In fact, let the ith diagonal entry
of PDP~! be dy(;)- Then o is the permutation which is determined by P.
This gives the second condition; since PDP~' = D, the diagonal of D must
be left unchanged by the permutation o. Thus D and P cannot be arbitrary
when A is symmetric. We therefore have
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Proposition 2.22. Let A be a symmetric invertible matrix. Then there
exists an expression A = LPDU with L, P, D,U as usual and furthermore :

(i) U=L",
(i) P=PT = P71 and
(iii) PD = DP.

Conversely, if L, P, D,U satisfy the above three conditions, then LPDU is
symmetric.

The next example shows how the disussion preceeding the last Proposi-
ton works.

Example 2.24. Let

0 2 4 —4
2 4 2 -2
A=14 9 5 7
4 -2 7 _8

The first step is to make the (3,1) an (4,1) entries of A zero while keeping
A symmetric. This is done by using symmetric row and column operations.
That is, we replace A by Ay = E1AEY, Ay = ETA{EY etc. Begin with
E, which differs from I only in the (3,2)-entry, which is —2 instead of 0.
Computing F1 AET gives

1 0 0 0o 2 4 -4 10 0 O
0 1 00 2 4 2 =2 01 -2 0] _
0 -2 1 0 4 2 -8 7 00 1 of
0 0 01 -4 -2 7 =8 00 0 1

o 2 0 -4
2 4 -6 -2
0 -6 0 11
-4 -2 7 =8

Notice Ap is symmetric (why?). Next let Ay = EyA1EL| where Ey is ob-
tained from I, by adding twice the second row to the fourth row. The result
is

Ag =

O O NN O
|
(=]
o
|
—_
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The next step is to remove the 4 in the (2,2)-position of As. This is done
by symmetric elimination. We subtract the first row from the second row
and the first column from the second column. This gives

0 2 0 0
2 0 -6 6
Ag = 0 -6 0 -1
0 6 —1 0

02 0 O
20 0 O
PD = 00 0 -1
00 -1 0
Hence we get
01 00
10 00
P= 00 0 1]’
0010
and
20 0 O
02 0 0
b= 00 -1 0
00 0 -1

We leave it as an exercise to find L and hence U.
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Exercises

Exercise 2.51. Find the LPDU decompositions of the following matrices:

011 0 0 3 1 0 1
2 0 11, 0o 2 14, 0o 2 -1
1 1 0 1 11 1 -1 0
Exercise 2.52. Find the inverse of

1 a b ¢

01 d e

0 01 f

0 0 0 1

Exercise 2.53. Show directly that an invertible upper triangular matrix
B can be expressed B = DU, where D is a diagonal matrix with non zero
diagonal entries and U is upper an triangular matrix all of whose diagonal
entries are ones. Is this still true if B is singular?

Exercise 2.54. Show that the product of any two lower triangular matrices
is lower triangular. Also show that the inverse of a lower triangular invertible
matrix is lower triangular. What are the diagonal entries of the inverse?

Exercise 2.55. Let A be a 3 x 3 lower triangular unipotent matrix. Find a
formula expressing A as a product of lower triangular elementary matrices
of type III.

Exercise 2.56. Find the LPDU decomposition of

L =)
N O ==
— O O N
O = N =

Exercise 2.57. Find the LDU decomposition of

1 1 2 1
1 -1 0 2
2 0 0 1
1 2 1 -1

Exercise 2.58. Prove that in any LPDU decomposition, P and D are
unique. (Let LPDU = L'P'D'U" and consider L~'L'P'D’ = PDUU ~'.)
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Exercise 2.59. Find a 3 x 3 matrix A such that the matrix L in the A =
LPDU decomposition isn’t unique.

Exercise 2.60. Let A be the matrix of Example 2.24. Find the matrices L
and U. Also, show that PD = DP.
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2.7 Summary

This chapter was an introduction to linear systems and matrices. We be-
gan by introducing the general linear system of m equations in n unknowns
with real coefficients. There are two types of systems called homogeneous
and non-homogeneous according to whether the constants on the right hand
sides of the equations are all zeros or not. The solutions make up the so-
lution set. If the system is homogeneous, the solution set is a subspace of
R™. In order to write the system in a compact form, we introduced the
coefficient matrix for homogeneous systems and the augmented coefficient
matrix for non-homogeneous systems. We then wrote down the three row
operations of Gaussian reduction. The row operations give a specific set of
rules for bringing the coefficient matrix and augmented coefficient matrix
into a normal form known as reducued form. The point is that performing
a row operation on the coefficient matrix (or augmented coefficient matrix)
gives a new coefficient matrix (or augmented coefficient matrix) whose as-
sociated linear system has exactly the same solution space (or set in the
non-homogeneous case).

After a matrix is put into reducued form, we can read off its rank (the
number of non-zero rows). We then obtained criteria which are neces-
sary and sufficient for the existence and uniqueness of solutions. A non-
homogeneous system has a solution if and only if its augmented coefficient
matrix and coefficient matrix have the same rank. A unique solution exists
if and only if the augmented coefficient matrix and coefficient matrix have
the same rank and the rank is the number of unknowns.

We next introduced matrix algebra, addition and multiplication. Ma-
trices of the same size can always be added but to form AB, the number
of rows of B must be the same as the number of columns of A. We saw
how elementary matrices perform row opertions, so that matrices can be
row reduced by multiplication. This lead to the notion of the inverse of an
n X n matrix A, a matrix B such that AB = BA = 1I,,. We saw BA =1,
is enough to guarantee AB = I,,, and also, the invertible n x n matrices are
exactly those of rank n. A key fact is that a square linear system Ax = b
with A invertible has unique solution x = A~ 'b.

We then introduced matrix groups, or as they are also known, linear
groups, and gave several examples. After that, we discussed a way of fac-
toring an invertible matrix as LPDU. This is an often used method both
in applied mathematics in solving large systems and in pure mathematics
in the study of matrix groups.



