Lecture 8

PREPARATION FOR THE COARSE x-EXPANSION

II: PROOF OF THE LEMMAS

R. Langlands

We begin with an easy one, Lemma 7.2. Since the truncation
operator applied to Kp (pabk, ye(p'abk')) 1is applied to it as a function
1

of p it is enough to show that

K. (pabk, ye(p'abk')) = p-z(b)K (pak, vye(p'ak'))
Pl Pl Pl

We recall that

K, (pabk, ye(p'abk')) = ) J ¢(k—1b"1a-1p-1n

(Sya(pa)e(b)e(k))dnl
1 seN \P, N,

1
and notice that e(b) = b. Since P1 cQ,

-1-1-1_ -1-1-1
a 'p =a’'p b ™mn ,

b 2

with n, € Nl’ and a change of variables allows us to absorb n, in ny.

Since Q is e-invariant, e(pa) still lies in Q(A) and
ve(pa)b =n3bye(pa) ,

with n,€ N_.. Since N_. cN we can also absorb n in n and

3 Q Q 1 3 1’

the desired equality follows from the observation that

’



1

d(b nlb)

’ dn ’=ppl

We next turn to Lemma 7.7. Recall that we established during the

proof of Lemma 2.1 that if

%Pl(H(ag) - H(h) - Tj) # 0

then we could find a representative §' for ¢ such that

|H(h)+T
|6'g| < c(]gle

I N
™
Thus Lemma 7.7 follows from Lemma 2.1 provided we note that

[H®) < c(@ +fen [h])

Working our way backwards we next prove Lemma 7.6. Since

KoK = @ we may suppose that g and h lie in Pl' Then

Kp (mhk, gk') # 0

1
implies that for some n € Nl and some m' = ym € M]l'
g-lnm'h € Q(supp ¢)-1§2_1 =C
Py
Thus if we choose p and v, as in the second lecture, ao € AO - AO
we have

lo(g ™ tamm) v | < c



On the other hand we have chosen g and h toliein P, and nm'

1
lies in Pi. Thus
- ‘ d = (H(h)-H(g))
||p(g 1nrn'h)v H =e *° v i
a a
The conclusion is that
= (H(h) - H(g)) < c
for all @, € &P . This clearly implies the statement of the lemma.
1
To prove Lemma 7.5 we observe that R(Y)KP is obtained by
1

replacing ¢ by ¢ = L(Y)¢ and then building the kernel attached to
Thus it is enough to prove the lemma for Y = 1.

We have, for vy € P1

[ s n yekn =pi(g) [ e ' vgn K)dn,
N N
1 1
= oi(h) S qs(k'lnlh'l«{gk)dn1
N
1

Moreover, since KQK = Q we may suppose that h and g lie in Pl’

and indeed in Ml because, for example,
N
m| < clg]

if g =mn, ne€ Nl’ m € Ml' Then the integral can be taken over a
fixed compact set in JNI1 which does not depend on h and g. So

we need only estimate

.



) x(h_lvg)

My

where x is the characteristic function of a compact set C in Ml'

This is the number of v € Ml for which vy € th“l and is easily

estimated by Lemma 2.1.

P
Lemma 7.3 is geometrical. Since A? c Alz we have

a(HY = a(H) > 0
for o € A?. Moreover
e ~
m'(HQ) >0, e Ap
2
Since &Q is the E-orbit of AP , E being {1, e, ..., eﬁ—l}, and since
2
Hé is e-invariant we obtain the same inequality for € AQ. On the
other hand
. OL(HQE) < -a(H%)
A“/D\

for a € A/P . Thus
2

«(HY) <l

e
N
for a € A\Q, and the lemma follows.
o 4

This \f&xs us with Lemmas 7.1 and 7.4. The first is the easier,

and we begin with it.

1

The assumption of the lemma implies that for some p in Pl



-1 -1
ok g pye(gk")) #0
Thus

g—lp‘{e(g) e C ,

C being a compact set depending only on @ and the support of ¢.

we evaluate |p (g_leE(g) )Von“

=N

Taking o € AO - A,

-d w (H(g)-<H(g))

. v

and ]lp(e(g—l)y—lp-lg)vall as

dama(H(g)-eH(g) )I
e IVOL”

*
Both expressions are bounded above. If x & X (G) we can also bound

Ix(g tete)) | = |x(g pvele)) |

above and below, concluding that |[H(g) - ¢H(g)|| is bounded. The
lemma follows.

We deal finally with Lemma 7.4. It is clear that the assumption
implies that

(L) KP (m'ak, ye(nmak)) # 0
1

for some m'é€ M}. For brevity we write H = H(a).
We write v = n'un with n' g Pl’ n € NO’ and with w in the

normalizer of AO. It represents an element s in the Weyl group of



AO or &,. We are free to modify w on the left by an element of Ml’
incorporating the modification in n'. So we can suppose that s_la > 0
if o€ Aé. Since H lies in A?‘ and a(H) > 0OV € A(l3 we have
P
H € OL;E OL‘%. Thus e¢H is also in 01,&-0 and if - o € Aol then
-1
a(H - seH) = -s "a(eH) < 0
Pl
We shall now show in addition that, for o € By - LY
(2) m‘a(H - seH) < c(1 + [[H(m)|)

This will allow us to infer from (iv) of Lecture 2 that

(3) H—seHGX—+0LO

where [IX|| < c(1 + [[Hm)|).

To prove (2) we notice that (1) implies that for some m' € M%

and some nle INI1

)n_lw—ln m'ae C ,

- lm-ln-l
1

e(a

" having been absorbed in n.,m'. Thus

n 1

Hp(e(a—lm_ln_l)n-lm-ln m'a)vaH <c

1

We choose o € AO - A(l). Then

lotamiarv |l = lgy - @] [lv



If w= w_lva then w is a weight vector corresponding to the weight

s "a: H— a(sH). Moreover
p(E(n—l)n—l)w = w+u

where u is an adelic linear combination of weight vectors for weights

of the form

with Cg > 0, ZCB # 0. Consequently

Hw||

Hp(E(a—lmul)E(n-l)n- ) w CIlp(e(a—lm_l))WII

| v

-d w (seH+seH(m))
a d !
ce wi|

We deduce that

d 7w (H-seH-seH(m))
aa
c >e

Taking logarithms we obtain (2).

We write the left side of (3) as
H-seH = H-eH+eH-seH

. + . . . -+ +
Since H € 0!,0, its transform eH also lies in ULQO and eH-seH e &

We conclude that

@
0



with Y € +0L0.

Applying s—:k, 0 <k < 2 to this relation and summing over k

we obtain

2-1
0=X' -7 &5
k=0

with ||X']| < c(1+|H(m)||). Since every sk(Y) lies in +01..0 we infer

that
¥l < cQ+|H@m) D
This implies first that
[H-eH[| < c(1+[Hm)[)
and thus that there is an e-invariant HO with
J-H gl < cCefE(m )
We are reduced to showing that

[Holl < c(HED

knowing that



Xl < c(1+|H(m)||, a relation which we deduce from (3). Since we may
take
-1
H, = % Y K,
k=0

we may suppose that H_ € o& . Then

and we conclude that
Iy sl < eC1#H(m])

At this point we introduce the assumption that vy & FC(Pl, PZ) .

We know that for any H € ®

O’
H-sH = ) ¢ (H, s)a
OLEAO &
where H —> cd(H, s) 1is a linear form on & non-negative on az;.
1 Iy = = + T, =T,
In particular ca(wB’ s) > 0. If ca(mB, s) 0 for all a then ST, = g

Thus

sup CQ(H, s) > cB(H)
o

provided s'uTB # Ty

Applying this to H0 we conclude that

(4) IB(HO)I < c(1+Hm) )



10

unless sm‘e, = YFB,

is constant on such orbits.

for every B8' in the E-orbit of B8, because B(HO)

To prove the lemma we need to establish (4) for all g € Ag. If
P
the E-orbit of B8 does not meet Aol then it cannot happen that

sm's, = '(I)"B, for all B' in this e-orbit for then y & Q' if

AR AR

k
0 0-{5 B}

and Q' DP and is e-invariant. On the other hand if for some B'

1
P
in the E-orbit of B8 we have §8' € Aol then
! =
B(H,) = B(Hy)
and
gH(H) =0
Thus

18(H | = [8'(H-H) | < c(1+[[H(m)|}



