Mathematics 256 — a course in differential equations for engineering students

Chapter 2. Complex numbers

If we want to solve a differential equation
y' = ay + cosbt
we obtain the formula .
y =C% 4 e / e *cosbsds .

¢
/ e **cosbsds

are a bit tricky, as | shall recall a bit later on. There is one technique to apply to integrals like this, and even more
complicated ones, which uses complex numbers. Since complex numbers will turn out to be extremely important
in this course, we shall look at them now.

Integrals like

1. Complex numbers and geometry

A complex number is one of the form z + 2y where z = 4/ — 1. They are required in order to solve all quadratic
equations.

We can picture complex numbers z = z + iy by plotting them in the (z,y) plane. Essentially, then, the complex
number z becomes a 2.D vector from the origin to (z,y).

z=1+1

The real numbers lie along the z-axis. The number z and all pure imaginary numbers lie along the y-axis. If
z = z + ty then z is called its real component and y is called its imaginary component.

If z1 = @1 + iy1 and z2 = @y + tys then z; + z3 = (w1 + 22) +i(y1 +y2). In other words, the addition of complex
numbers is just vector addition.



Complex numbers

Z1 +Zz

Z1

The conjugate Z of a complex number z is what we get when we reflect it in the z axis.

rt+iwy=z—1y.

w|

Ifz=2+tyand z =z — iy then

z+zZ =2
z+z
r =
2
1 +1_
T2%T3*
z—Z =2y
_z—Z
Y= 79
1 1_
= —=Z— —z
21 2t

The product of z and z has geometrical significance:

Z =z = (z +iy) (e —iy) = 2* +y* = R?
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if R is the length of the 2D vector z. The radius R = 1/x? + y?2 is called the magnitude or amplitude of z.
Ifw=a+1b, z=c-+idthen

wz = (a+tb)(c+id) = (ac — bd) + i(ad + bc) .

If z =« + ¢y then
1 1 z—ay 1 T — 1y

z wH4iy w—iyzt+iy z24+y?’

For example, we see that
a+ib  (c—id)(a+ib) (acHbd) +i(bc— ad)

c+id c? +d? c? +d?
which shows how to divide complex numbers and retain the x + iy form. Here is a numerical example:

i 1-2 i 2434
1+2 1-21+2 5

Exercise 1.1. Find1/(1+ ¢),1/(3 + 21).
Exercise 1.2. Write downi™ forn = —4 ton = 8. Forn = 101.

In order to understand well the multiplication of complex numbers we have to look at polar coordinates. If the
polar coordinates of z = z + iy are (R, 6) then

x = Rcost
y = Rsin6
z=x+1ty
= Rcosf +iRsinf
= R(cos@ + isinb)

The angle § is called the argument or phase of z. The numbers z with R = ||z|| = 1, for example, are those of the
form
z=cosf +isinf .

z1 = Ry(cosf; +isin6y), zp = Ra(cosfy + isinby)

then
z1z2 = R1Ry(cos@y +isinfy)(cosfz + isinfy)

=RiR, ((cos 61 cos B2 — sin b sin ) + i(sinf; cos By + cos by sin 92))
= R1R2 ( COS(91 + 92) + Z.Sil‘l(gl + 92))
because of the rules for calculating the trigonometrical functions for sums of angles.

e The magnitude of the product of two complex numbers is the product of their magnitudes. The argument of
the product of two complex numbers is the sum of their arguments.

Multiplication of a complex number by a real positive number R just scales it by the factor R. As a consequence
of the rule above, multiplication by a number cos 8 4 ¢ sin § amounts to rotation by é. In particular, multiplication
by < means rotation by 90°.

Ifw = z~! then wz = 1. This means that the magnitude of 1/z is 1/ R, while the argument of 1/ is the negative
of the argument of z.

Exercise 1.3. Find the amplitude and arguments of 3 + 2i,1/(3 + 2i).
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Exercise 1.4. (a) Find and plot in the (z,y) plane all the roots of z* = 1. (b) Of z* = 1. (c) Of z® = 1. (d) Of
2t =2

Exercise 1.5. Plot roughly the path traversed by
22— 3242

as z moves around the circle ||z|| = 1.
Exercise 1.6. Plot roughly the path traversed by the complex numbers

-
(1-22)+iz

as z goes from —ico to too along the imaginary axis. (Hint: do 0 to too first.)

2. The complex exponential function

The exponential function e® and the trigonometric functions cosz and sinz are related to each other. The
relationship involves complex numbers. It simplifies many of the calculations involved in solving differential
equations.

The exact relationship is called Euler’s equation:

e'® =cosxz +1sine .

In other words, cos z is the real part of the complex exponential function e*, and sin  is its imaginary part. The
complex exponential obeys all the usual rules that the real one does.

Euler’s equation can be proven by using Taylor’s series. If we recall that

2 3
z _ LA
e —1—|—z+2!+3!+
and we set z = iz then we get since i = —1, 4% = —i,i* = 1, etc.
6 — 14 io+ i2z? n i*z® n itzt .
o 2! 3! 4!
_ 1 iBz $4 . $3 $5
= —54—?4—“‘ +1 .7:—5-1-5—
—cosz +isinz .
From this we see that
e Ifc = a + b is any complex number then
ce _ _axtibe _ _ax _tbx __ _ax . ax ¢
e =e =e%e"® = e cosbr + te** sin bz,

or equivalently
e The function e®® cos bz is the real part of e2*1%* and e®® sin bz is its imaginary part.

Euler’s equation ‘explains’ the trigonometrical sum formulas, since they turn out just be a different way of
expressing the identity ¢i(?1192 = i1 ¢if2
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3. Integrals

Let’s look again at exponentials of the form

/e‘“: cosbz dz, /e‘” cosbrdz, .

First recall what you may have learned earlier. For example, let
I, = /e’c cosezde, I, = /e’c sinz dz
Then integration by parts with © = €*, v = sinx gives us
I, = /ew coszdr =e®sinz — /e’c sinzdzr = e®sinz — I,
andwithu = e®*, v = —cosz
I, = /ew sinzdz = —e®cosz + /ew coszder = —e®cosz + I

from which we can solve the pair of linear equations

I + I, =e®sinz

I, — I, =e®cosz .

This is rather complicated and error-prone.

Now let’s use complex exponentials to find the general formula more directly. Recall that for any constant ¢

cE
e
edr = — .
c

This works even if c is complex! So we write the integrals

/e” cosbz dx, /e‘” sinbx dz

as the real and imaginary parts of the complex integral

/e(“Hb)m dz = /em de (c=a+ib)

eca:

&
e(a+ib)z
a+¢b
B (a _ ib)e(a+ib)w
a? + b2

ea:c

a? + b2
ea:l:

T ((a cosbx + bsinbz) + i(asinbz — bcos ba:))

(a — ib)(cosbz + isinbz)



Complex numbers

Equating real and imaginary components, we get

a cosbx + bsinbx
a2 + b2
asinbz — bcosbz
a® + b2

/e‘”c cosbx de = e

/e” sin bz dz = e**

/et costdt

/te“ dt
/ tcostdt

Exercise 3.1. Find

Exercise 3.2. Find the integral

by parts. Find the integral

by applying this for a suitable complex number c.



